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Abstract

We study the theoretical properties of the model for fractional cointegration proposed
by Granger (1986), namely the FVECMy . First, we show that the stability of any discrete-
time stochastic system of the type II(L)Y; = ¢ can be assessed by means of the argument
principle under mild regularity condition on II(L), where L is the lag operator. Second, we
prove that, under stability, the FVECMy ; allows for a representation of the solution that
demonstrates the fractional and co-fractional properties and we find a closed-form expres-
sion for the impulse response functions. Third, we prove that the model is identified for
any combination of number of lags and cointegration rank, while still being able to gen-
erate polynomial co-fractionality. In light of these properties, we show that the asymptotic
properties of the maximum likelihood estimator reconcile with those of the FCVAR; ;, model
studied in Johansen and Nielsen (2012). Finally, an empirical illustration is provided.
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1 Introduction

The concept of equilibrium is central in many economic and financial models. In macroeco-
nomics, equilibrium relations often originate from an economic theory linking agents’ expecta-
tions to the actual outcome variables, as those behind the term structure of the interest rates.
In finance, long-run equilibrium relations are often the result of no-arbitrage constraints, where
deviations from the equilibrium can be interpreted as evidence against the ability of the financial
markets to fully process new information and incorporate it in the asset prices. Depending on
the persistence of the deviations from the no-arbitrage relation, i.e. the strength of the reversion
of the system to the long-run equilibrium, we might conclude on the extent of the violation of
the market efficient hypothesis. For almost thirty years, the analysis of cointegrated systems
has been the paradigm in the empirical investigation of equilibrium relations between economic
variables. The notion of cointegration, as originally defined in Engle and Granger (1987), en-
tails a long-run relation between variables characterized by highly persistent common stochastic
trends, I(1), with short-memory, I(0), deviations from the equilibrium.

Unfortunately, the classification of I(1) and I(0) variables is very restrictive and does not ac-
commodate the dynamic features of many economic time series. For example, the very persistent
dynamics of inflation can not be described by means of integrated processes, but, consistently
with the price theory of Rotemberg (1987), inflation is best described by a process with a frac-
tional order of integration which arises from the cross-sectional aggregation of simple, possibly
dependent, dynamic micro processes, see Granger (1980) and Zaffaroni (2004), and the recent
contribution of Schennach (2018). In particular, fractionally integrated processes are character-
ized by long range dependence or long-memory; that is a strong relationship between observa-
tions that are distant in time, since the effects of a shock last for many periods and decay slowly
and hyperbolically, see Granger (1980) and Hosking (1981). For this reason, the class of frac-
tionally integrated processes have changed the way in which researchers describe and forecast
macroeconomic and financial series, providing an elegant and parsimonious way of describing
the dynamic features of economic time series with any order of integration. Evidence of long
memory is found in macroeconomic aggregates, such as the consumer prices and inflation (see
Geweke and Porter-Hudak, 1983), interest rates (see Shea, 1991), and in financial series as ex-
change rates (see Baillie and Bollerslev, 1994) and the volatility of stock prices, see, among others,
Baillie et al. (1996) and Andersen and Bollerslev (1997).

In this paper, we rediscover the multivariate model of Granger (1986) for the analysis of the
long-run equilibrium relations between series that are integrated of any fractional order. We
show that the the model of Granger (1986) is coherent with the concept of fractional cointegra-
tion or co-fractionality. In particular, fractional cointegration implies that linear combinations
of I(d) processes are I(d — b), with d,b € R, and 0 < b < d, see Robinson and Marinucci (2003)
among others for a formal definition. In other words, the concept of fractional cointegration

involves the existence of common stochastic trends integrated of order d, with short-period de-



partures from the long-run equilibrium integrated of order d — b. Thus the range of applicability
of the concept of cointegration is enormously extended compared to that originally defined by
Engle and Granger (1987), which was limited to integer values of d and b.

In his original contribution, Granger (1986, Equation 4.3) already introduces a model for
co-fractionality, the fractional VECM (FVECMy;, henceforth). The FVECM,;, extends the well-
known VECM to the fractional case, which is obtained by setting the parameters d and b to 1. For
many years, most of the econometric analysis has been focusing to cases with d and b restricted
to integers. More recently Johansen (2008b) has noted that the characteristic function of the
co-fractional model of Granger (1986) involves a complicated transcendental equation, so that it
is inconvenient to analyze in the sense that the stochastic properties of the solution generated by the
equations are not easily reflected in properties of the coefficients. Hence Johansen (2008b) proposes
a slightly modified version of the FVECM, 5, namely the FCVAR;;, and studies the properties
of the new model in terms of conditions for the stability and Granger representation theorem.
The FCVAR,;, provides a fully parametric characterization of the long-run relations between
fractionally integrated processes and it encompasses the VECM analyzed in Johansen (1988),
which is obtained when the parameters d and b are restricted to be equal to one. Johansen (2008b)
studies the properties of the FCVAR,, in terms of Granger representation, while Johansen and
Nielsen (2012) derive the asymptotic properties of the profile maximum likelihood (ML) estimator
of the FCVAR, see also Lasak (2010). Although alternative models for fractional cointegration
can be found in Avarucci (2007) and Tschernig et al. (2013), the FCVAR,;, of Johansen (2008b)
is probably the most commonly adopted specification in this context. Empirical applications
of the FCVAR,;, can be found in Rossi and Santucci de Magistris (2013), Caporin et al. (2013),
Bollerslev et al. (2013a), Dolatabadi et al. (2015), Dolatabadi et al. (2016) and Nielsen and Shibaev
(2018). Unfortunately, as noted by Johansen and Nielsen (2012) and subsequently by Carlini
and Santucci de Magistris (2017), the FCVAR, is not identified when the number of lags is over-
specified and the cointegration rank is also unknown. In other words, the FCVAR; ;, can generate
special cases of polynomial fractional cointegration analogous to those studied in Franchi (2010),
when the number of lags is not correctly determined. This problem might have led to a limited
use of the FCVAR ;, in the empirical applications. Indeed, it is often needed to impose restrictions
on the coefficient d or to adopt rather computationally-intensive algorithms (such as grid-search)
to study the shape of the log-likelihood function in different regions of the parameter space, see
the discussion in Nielsen and Popiel (2018).

In this paper, we begin by discussing the stability properties of the FVECM,, in light of the
argument principle, which is a well known result in complex analysis but, to the best of our
knowledge, has never been applied in the context of time-series econometrics. The application
of the argument principle to determine the stability of a dynamic system is a general result that
can be adopted in a wide range of circumstances beyond the context of fractional cointegration.
Examples of possible applications of the argument principle are in the field of rational expec-

tation models when assessing the existence of the steady-state in reduced-form systems, see



Binder and Pesaran (1997) and Klein (2000) among others, and when dealing with non-causal
processes like those introduced in Gouriéroux and Zakoian (2017) for explosive bubbles. Under
the stability condition, we derive a number of theoretical results for the FVECM;, of Granger
(1986). First, we show that the model of Granger (1986) admits a Granger representation in the
fractional context. This makes the model suitable for analyzing equilibrium relations between
fractionally integrated series. Furthermore, the impulse response functions of the FVECM,;, are
obtained in closed-form in terms of a recursive formula built upon the type-II fractional differ-
ence operator. Second, we prove that the model is identified for any choice of the number of lags
and cointegration rank. This result is expected to simplify the empirical analysis of fractionally
cointegrated systems compared with the FCVAR; ;. Third, we show that the FVECM,; allows
for a Granger representation also under polynomial cofractionality, which is a generalization of
the I(2)-type cointegration to the fractional context. Finally, we complete the theoretical analysis
by studying the asymptotic behavior of the ML estimator of the coefficients of the FVECMy ;.
We show that the conditions for applying the asymptotic results of Johansen and Nielsen (2012)
hold in the FVECMy;, context. Hence consistency can be proved and the asymptotic distribution
of the ML estimator can be derived. Finally, we provide an example on the long-run relationship
linking the VIX and the realized variance of SPX to illustrate the ease of adopting the FVECMy;,
in the empirical analysis of cointegrated systems.

The paper is organized as follows. Section 2 presents the FVECM, ;. Section 3 discusses
the conditions for the stability of the system. Section 4 contains the theorem on the Granger
representation of the FVECM,;, and the derivation of the impulse response functions of the
FVECMg,. In Section 5 we prove that the FVECMy,, is identified for any combination of lag-
length and cointegration rank. In Section 6 we show that the FVECMy;, allows for polynomial
fractional cointegration, i.e. we provide a Granger representation theorem for I(2)-type frac-
tional processes. Section 7 contains results on the consistency and asymptotic distribution of
the maximum-likelihood estimator of the parameters of the FVECMy,. Section 8 presents and
discusses the empirical application. Finally, Section 9 concludes. Appendix A contains a discus-
sion of the regularity of the characteristic polynomial, while the proofs of the theorems are in

Appendix B.

2 The fractional VECM of Granger (1986)
In this section, we outline and study the properties of the FVECM,;, of Granger (1986), which is
defined as

k
Hp o AX, = af ATPLX, + Z LAY, + e, (1)
=1



and it is an extension of the well known VECM to the case of fractional cointegration, see also
Davidson (2002). The fractional operator A? in (1) is defined as

A = (1- 1y = (—w( .)Lf,
2,

where L is the lag operator, such that LX, = X;_; and d € R. The operator A4™? := (1 — L)
is defined in an analogous way. The term L, := 1 — A” denotes the so called fractional lag
operator. The term X; is a p-dimensional vector, @ and f are p X r matrices, where r defines
the cointegration rank, ¢ is p-dimensional independent and identically distributed with mean
zero and covariance matrix Q > 0, and I}, j = 1,...,k, are p X p matrices loading the short-
run dynamics. The coefficient d determines the degree of fractional integration of the series X,
while the coefficient b determines the so called cointegration gap, i.e. the degree of fractional
integration of §'X; that is d — b. Model (1) reduces to the classic VECM when d = b = 1.! The
model H, x in (1) has k lags and 0 = {d, b, a, 11, ..., I, Q} is the collection of parameters. The

parameter space of the model is
O={aeR,BeR T;eR j=1,....k,de R",beR",d>b>0,Q >0 e R},

where r is the cointegration rank, such that p — r determines the number of common stochastic

trends between the series. When r = p, the model is

k
Hor:  AXe = EATPLX, + ) TAX, + &, 2)
j=1

where = is a p X p matrix with full rank. By adopting the standard tools for the analysis of
the solutions of the FVECMy,, in (1), Johansen (2008b) notes that it is not possible to study the
stability of the system and obtain the Granger representation for X;. Hence, Johansen (2008b)

1 As also noted in Johansen (2008b), model (1) is a slightly different version of the original Granger’s model in
(1). Indeed, the original model reported in Granger (1986, Equation 4.3) is

k
AX, = af APLLX, g + Z TAYX, ; +é;.
j=1

Imposing the restriction d = b = 1 leads to

k
AXt = aﬁ'Xt_z + ZI}AXt—] + &,
=

which is not the classic VECM since the error correction term f’X; enters on the right-hand side of (1) lagged by
two periods.



proposes an alternative version of the FVECMy, the FCVAR, ;. The FCVAR;, is defined as

k
NX, = af ATPLLX, + Z LAYL) X, + e, (3)
j=1

and it replaces the usual lag operator in the autoregressive polynomial with the fractional lag
operator. In other words, the FVECMy;, in (1) and the FCVARy, in (3) share the same cointe-
gration component, af’ Ad_bLbXt, which, as noted by Johansen (2008b, p.652), arises from the
formulation in terms of common trends and cofractional terms of Breitung and Hassler (2002)
with f'X; = A=ty and Y'X: = A%y, where u; = (uj;, us,) ~ iidN(0,%), and (B, y’) is a full
rank matrix, with f being a p X r matrix and y a p X (p — r) matrix.

The inclusion of the fractional lag operator in the short term dynamics enables Johansen
(2008D) to assess the stability of the FCVAR,;, and to prove that the solution of the characteristic
polynomial of the FCVAR,;, exists so that the FCVAR;;, admits a Granger representation. Based
on this result, Johansen and Nielsen (2012) derive the asymptotic theory for the ML estimator of
the parameters of the FCVAR ;. Recently, Carlini and Santucci de Magistris (2017) highlight the
potential identification issues that emerge when the true lag structure and co-integration rank
of the FCVAR;;, are unknown. The identification problems mostly arise as a consequence of
the presence of the fractional lag operator in the autoregressive part of (3). In the following, we
show that the stability conditions of the FVECMy ;, can be studied through the argument principle
and the Granger representation theorem can be obtained by the inversion of the characteristic

function.

3 Stability

We first provide a number of definitions that are useful for the characterization of the properties
of the FVECMyp.

Definition 3.1. Following Johansen (2008b), we define #(0) processes, ¥ (d) processes and frac-

tional cointegration as follows:

(i) If ¥; is a sequence of p X p matrices for which > 22, [[%]1* < oo with ¥(z) = 220 ¥z,
We call the stationary linear process X; = 3.2 ¥je—; fractional of order zero, denoted as
X; ~ F(0), if the spectrum at zero fx(0) = 5=¥(1)Q¥(1) # 0.

(i) We denote 7(0), the class of processes of the form, X;” = ¥(L), & = Jt-;é Yier_j.

(iii) We say that X, is fractional of order d and write X; ~ ¥ (d), if conditionally on the past
y Yy p
{X;,s <0}, A{{Xt — pr ~ F(0); for some function y; of the past where

t—1
NXp = (1-L1)1X = Z(—l)f(f)ﬂ'xt (4)

J=0



(iv) If X; ~ F(d) and there exists a vector f so that 'X; ~ F(d — b) for some b, 0 < b < d, we

call X; co-fractional with co-fractional vector f.

For a given r < p and k, the characteristic function of the FVECM in (1) is

k
N(z) = (1 - 2)"l, - af' (1 - 2)(1 = (1 - 2)") - > (1 - 2)7, (5)
=1

J

or by setting I1(z) := (1 — 2)?~I1(z), we have

k
(z) = (1-2)"L, —af'(1-(1-2)") - Z Ti(1-2)"7,
j=1
with I, being the p X p identity matrix.

A crucial assumption for the stability of the FVECMy,;, is that there are only p — r roots of
III(z)] = 0in z = 1, while the others are outside the unit circle. While in the FCVARy, of
Johansen (2008b), the trick of substituting y = 1 — (1 — 2z)° in II(z) allows to obtain a polynomial
in the fractional lag operator for which the conditions of stability can be easily shown (up to a
remapping to the fractional unit circle), the same can not be done for the FVECM,;,. However,
the analysis of the stability of the FVECMy;, can be carried out by adopting the general result
in complex analysis known as the argument principle, see Fuchs and Shabat (1964, p.322). Let us
first define the function g(z) = |II(z)| = 0. Given the cointegration rank r, g(z) can be further
factorized as g(z) = (1 — 2)?®™") f(z), so that we can count the number of zeroes of f(z) inside
the unit circle. Provided that f(z) is a holomorphic function in the unit circle, the number of

zeroes is obtained through the following Cauchy integral

1 [
= dz = N — 6
i Fo =N (©)
S
where % is the logarithmic derivative of f(z) in C, and NV and P are respectively the number

of zeros and poles in the region S = {z € Cs.t. |z| < 1}. In Appendix A we show that f(z) is
holomorphic and it does not have poles inside the unit circle (£ = 0) nor zeros and poles on the
boundary of S. Hence, by setting z = ¢!, the Cauchy integral becomes

2 gy, i0
% [ J} ((:ig))ieiedG:N. )

The integral on the right-hand side admits an analytical solution, which can be approximated
numerically with very high accuracy, see Delves and Lyness (1967).2 The following lemma shows

that the stability condition of the FVECM can be equivalently expressed in terms of the principle

2The MATLAB code argument _principle.muses the quadrature method to evaluate the integral, which
is a more accurate alternative than the trapezoidal method studied in Delves and Lyness (1967).



of the argument.

Lemma 3.2. Let f(z) be an holomorphic function. Then, N' = 0 if and only if |T1(z)| = 0 implies
that either z = 1 or z are outside the unit circle. Hence, the FVECMg, is stable.

The lemma is a direct consequence of the Cauchy’s argument principle see Ahlfors (1953),
and Appendix A discusses the conditions on f(z) so that this result can be applied in the present
context. It should be noted that the range of applicability of the Cauchy’s argument princi-
ple to assess the stability of a stochastic process extends beyond the current application to the
FVECMy, and it can be employed when the standard analysis of the characteristic function is
complicated/unfeasible provided that f(z) is a holomorphic function in the unit circle. In the
context of fractional (co)integration, the argument principle could be applied to study the sta-
bility of the FCVAR;; without the need of computing the roots and compare them with the
fractional unit circle as discussed in Johansen (2008b), or for the stability of the FIVAR, model of
Tschernig et al. (2013). In the following section, we show that the FVECM,;, admits a Granger
representation given that the stability condition of the FVECMy, of Granger (1986) is satisfied.

4 Granger Representation Theorem

In the following, we show that the FVECMy, in (1) is coherent with the notion of fractional
cointegration, as in Definition 3.1-(iv). In other words, the FVECM,;, admits a representation of
the solution that demonstrates the fractional and co-fractional properties. In particular, Theorem
4.1 shows that the FVECMy;, allows for a Granger representation in the fractional context. We
also introduce the variable y = 1 — (1 — z)” and we define I1(z) = II(z, y) as

k
(z.y) = (1 =9l =~ afy = ) T -2
Jj=1

Adding and subtracting a8’z from I1(z, y) we obtain
~ k .
H(z,y) =(1-y) (Ip +af - Z l“jzj) —af.
=1

Theorem 4.1. If N = 0 and o and f§ have rank r < p, and if | Tp.| # 0 with = I, — Zle I;,
then
X, = C(L)A e + A]VY, + py, 8)

where C(L) = Bi(«,T(L)B) ', withT(L) = I, — le GL' and C(1) = B(a,T(1)BL) 'e,.
The term Y; ~ F(0) with continuous spectrum that at zero frequency is given by c*é)ﬂc* # 0 and

yy = =TI (L) 'TI_(L)X; depends on the initial values. Thus, X, is fractional of order d, whereas AbX,
and B’ X; are fractional of orderd — b.




Proof in Appendix B.1.

Although sharing similarities with the Granger representation of the FCVAR,;, in Johansen
(2008b), the Granger representation of the FVECMy,;, displays one interesting difference with
its predecessor. Indeed, the loading term of the common stochastic trend is not a reduced rank
matrix as in Johansen (2008b), but it is a reduced rank lag-polynomial matrix, C(L). In particular,

the leading term in (8) can be written as

k
CLA e = B (- Y LI | A%,
i=1

; - =
D NBL@a AT e = " B N,
j=0 Jj=0
where 2 ®;L/ = (/ T(L)B1)~", so that

- S r Aj—d —(d-b
X = COOA e+ ) e e + AP, + . 9)
j=1

Equation (9) shows that the process is composed as the sum of two usual terms C(1)A7%; and
A;(d_b)Yt, but the extra term .72, J_CIDja’lA]:det is (in general) fractional of order d — 1, but

perhaps greater than the order of Y;. In any case, we still have that
FXe= B Y puta, N e+ fAY = A+ B,
j=0

that is f’X; is fractional of order d — b. This means that the FVECM reconciles with the standard
notion of fractional cointegration. Furthermore, under the condition |a’ I'(1)3, | # 0, we cannot
have polynomial fractional cointegration because sp(C(L)) = sp(f,), where the sp(A) denotes
the column space of A. Section 6 discusses the case of polynomial fractional cointegration when
o' T(1)p. has reduced rank.

4.1 Impulse response function

The impulse response functions represent a useful tool to assess the dynamic impact of a shock
of a variable on anther variable in a system. The following lemma contains the recursive formula
to calculate the coefficients of the impulse response functions for the FVECM,;, obtained by the
vector MA representation of the FVECMy;, arising from Theorem 4.1.

Lemma 4.2. Consider the FVECM,, with k lags defined in (1). The impulse responses ©;,j > 0 are



given by the following set of recursions:

O = Ip, ©; = —pi(d) + af'(p1(d — b) — p1(d)) + I,

-1
Or =001+ Y WO i1, (=23, ..
i=0
J
¥ = (Xﬁ'(pjﬂ(d —b) = pjs1(d)) + Z Lipj-i(d) — Ippj+1(d)a j=1...,k-1
i=1
k
¥ = af (pssr(d = b) = posa(d) + ) Tipsi(d) = Lppsrs(d), j=k,...

i=1
where p;(a) = (-1)'(%), a e R*.

Section B.2 in Appendix B reports the derivation of the recursive formulas for the calculation
of the impulse response coefficients. Figure 1 displays an example of IRF for the FVECM,;, when
p =2,r = 1and k = 1. The left panel displays the IRFs of a stable system, which slowly decay
to zero due to the persistent nature of the variables which are fractional of order d = 0.6. The
right panel reports the IRFs of an unstable system, which is correctly detected by computing the

Cauchy integral in (6). Under an unstable setup, the IRFs explode as the horizon h increases.
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Figure 1: Impulse response function for the FVECMg; , whenp = 2,r = 1 and k = 1. The left panel is

generated withd = 0.6, b =04, f =[1,-0.8]", @« = [-0.4;0.3], T} = [ g ] with N = 0. The right
0.3 —-0.2

o1 0.3 }wnhN:l.

panel is generated withd = 1.1, = 0.8, f = [1,-1.2], a = [-0.6,1.7], T} = [

10



5 Identification

We now study the identification property of the FVECMy; for any choice of the lag, k, and
cointegration rank, r. As shown in Carlini and Santucci de Magistris (2017), there exist several
equivalent parametrization of the FCVAR,, for different values of k and r. First, we introduce

the concept of identification and equivalence between two models as in Johansen (2010).

Definition 5.1. Let {Py, 0 € O} be a family of probability measures, that is, a statistical model.
We say that a parameter function g(0) is identified if g(6;) # g(6,) implies that Py, # Pp,. On the
other hand, if Py, = Py, and g(0;) # g(0;), the parameter function g(0) is not identified. In this

case, the statistical models Py, and Py, are equivalent.

As noted by Johansen (1995, p.177), the product af’ is identified but not the matrices « and
B because if there was an invertible r X r matrix &, the product ¢’ would be equal to agﬁé,
where a; = af and fy = 7', In the following, we do not discuss the identification of & and
B, that is generally solved by a proper normalization of . The following theorem states that the
parameters of the FVECMy;, in (1) are uniquely identified.

Theorem 5.2. For anyk andr, the parameters of the FVECMy, in (1) are identified, up to rotations
of the vectors a and f5.

Proof in Appendix B.3.

It follows from Theorem 5.2 that the FVECMy;, is identified for any choice of k and r. This
means that for each combination of k and r we obtain a model that is distinct from the others.
Hence the following corollary highlights the nesting structure of the FVECMg;, that is a direct

consequence of the identification property.

Corollary 5.3. The nesting structure of the FVECMy, is represented by the following scheme:

Hop < Hon € Hop € -+ C (Ho,k

N N N N

7'{1’() C 7'{1’1 - 7'{1’2 c --- C Wl,k
N N N n (10)
N N N N

}{p’o C }{p’l C }{p’z C s C ﬂp’k-

The nesting structure in (10) is a direct consequence of the identification property outlined
in Theorem 5.2. In particular, row-wise we have that, for a given k, the model with full rank
nests all models with reduced rank r < p. Column-wise, it is trivial to note that for a given r,
the model with k lags nests models with 0,1,...,k — 1 lags. Finally, by Theorem 5.2, models
Hox and H, 1 are distinct, and a fortiori Hy and H, _; are also distinct when r < p. The

regular nesting structure of this model facilitates the model selection in the empirical works

11



with a general-to-specific sequence of LR tests similar to the one adopted in the standard VECM
context, see Section 8 for an empirical illustration. On the contrary, the FCVAR,,; of Johansen
(2008b) displays a non-regular nesting structure that makes the model selection more involved

as a consequence of the lack of identification, see Carlini and Santucci de Magistris (2017).

6 Polynomial cofractionality

In the derivation of Theorem 4.1, we assumed that |a/ I'(1)3,| # 0. This assumption is known
as I(1) condition in the classic VECM framework. In the framework of fractionally cointegrated
VAR systems, Carlini and Santucci de Magistris (2017) denoted it as the "#(d) condition” to
signal that under |’ I'(1)3, | # 0 and under correct model specification, there is an unique pair
of parameters d and b such that X; ~ ¥(d) and f'X; ~ F(d — b). Unfortunately, when the
number of lags in the FCVAR, is overspecified, Carlini and Santucci de Magistris (2017) show
that violations of the ¥(d) condition might arise, inducing identification problems associated
with special cases of polynomial cofractionality. For example, there might exist two parameters
di = d—-"b/2and by = b/2 such that X; ~ F(d; + b;) and f’X; ~ F(d; — b;) when k > k.
Provided that Theorem 5.2 guarantees identification of d and b for a generic lag-length in the
FVECM,,, framework, we can now focus on the cointegration properties of X; when imposing

the restriction .

a) (Ip - Z F]) BL =&y, (11)

=1
with & and 5 being (p —r) X s matrices with «; and S, such that @’a; = 0and ', = 0, and that
0 < b < d. This is the analogous of the I(2) model derived in the VECM framework, which is
obtained whend = 2 and b = 1, see Johansen (1992). The characteristic function of the FVECM
under (11) is

k
Az) =1 -2),—af(1-2¢(1-(1-2)) - Z Ti(1 - 2)%, (12)

J=1

where A(z) is different from II(z) in (5) since the restriction (11) is imposed. We can define an

equivalent characteristic function as
Az)=(1-2""Az) =(1-2)"L,-af(1-(1-2)") - Z Ti(1-2)°2.
=1

The analysis of the stability of the characteristic function can be carried out again the princi-
ple of the argument as discussed above. Let us first define the function ¢*(z) = |A(z)| = 0. Given
the cointegration ranks r and s, g*(z) can be further factorized as g*(z) = (1 — z)»*%®"-9) f(2),
see Johansen (1997, p.437). Hence, we can apply the argument principle as in (7) and count the

number of zeroes of f(z) inside the unit circle. Given the stability of the FVECM, system under
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the restriction (11), the following theorem provides the Granger representation of the FVECM

under polynomial cofractionality.

Theorem 6.1. If N = 0 and a and § have rank r < p with o’ (Ip - Z;‘:l FJ) Bi of ranks <p—r
and if a&}T(1)Ba’T(1)B; is invertible with & = a(a’a)™, B = BB B) ™, az = a &\ and Py = Bin.,
then

X, = CuL)A e, + Ci(L)A e + AJVYS 4y, (13)

where j1; = —A,(L)"'A_(L)X; depends on the initial values. The polynomial matrices Co(L) and
Ci(L) are

Co(L)
Ci(L)

B2622(L) "
—p1a; + (B1612(L) — B&’T(L)Bs) O22(L) 'ty +
+B2022(L) " (621 (L)a; — a;T(L)Brat) + PoE(L) e,

where a; = al(a{al)'l witha; = a, &, Bl = [31(,81/31)'1 with By = B.n. The process Y; is stationary
with continuous spectrum, and X; is fractional of order d + b, (f’, 1)’ X; is fractional of order b, and
B'X; — @T(L)AL X, is fractional of order 0.

Proof in Appendix B.4.
In analogy with Theorem 4.1, the loadings C»(L) and C;(L) of the fractional roots of order

d + b and d are matrix polynomials in the lag operator.

7 Inference

As shown in Johansen and Nielsen (2012), the parameters of the FCVAR,;, can be estimated
following a profile likelihood approach. We follow here the same approach for the estimation of
the parameters of the FVECM, ;. For fixed ¢ = (d, b)’, the ML estimator is found by reduced rank
regression of A“X; on AY"’L, X; corrected for {AdLiXt}le, see Anderson et al. (1951) or Johansen
(1995). For fixed ¢ = (d, b)’ in model H,, we define the residuals, R;; (/) for i = 0, 1, of the reduced
rank regression of A?X; on A2L/X; and A%PLX, on A?L/X, for j = 1, .., k, respectively. We also
define the product moment matrices S;;(y/) for i,j = 0,1, that is S;;(y) = T~} Zthl Rit(tﬁ)R}t(l//).

Given the product moment matrices, we can express the generalized eigenvalue problem as

det (0S1:(¢) — S10(¥)Sg0 W)So1(¥)) =0, (14)

whose solutions, w;({) for i = 1,...,p, are sorted in decreasing order. Analogously with the
reduced rank regression in the VECM framework of Johansen (1991), the (profile) log-likelihood

function for given fixed ¢ is

br () = —log det(Soo(¥)) — D log(1 — i(y). (15)
i=1

13



Therefore, for a given value of the cointegration rank r = 1,...,p, ML estimates of d and b,
denoted as d and b, can be calculated by maximizing the profile log-likelihood function, {7, as

a function of ¢ by a numerical optimization procedure, that is

A

) = arg rrlwin b (). (16)

Finally, given d and l; the estimates &, ,5’ IA} j=1,...,k, and Q are found by reduced rank

regression as in Johansen (1991, 1995).

7.1 Asymptotic properties of the ML estimator

This section discusses the asymptotic properties (consistency and asymptotic distribution) of
the ML estimator of the FVECMg ;. The theorems outlined in this section follow Johansen and
Nielsen (2012) very closely and the proofs are aimed at verifying the conditions under which
the asymptotic results of Johansen and Nielsen (2012) can be extended to the FVECMy;, context.

Similarly to Johansen and Nielsen (2012), we make the following assumptions
Assumption 7.1. We assume that:
(i) Fork > 0and 0 < r < p, the process X; t = 1,2,...T, is generated by model H, .
(ii) The errors & are i.i.d. (0, Qo) with Q¢ > 0 and E|&;|® < 0.
(iii) The initial values X_,, n > 0 are uniformly bounded.
(iv) The true parameter value 6, satisfies:

1. (do,bg) € ¥, with ¥ = {(d,b) : 0 < b < d < d;} where d; > 0 can be arbitrarily large.
2.0<dy—by<1/2,by#1/23

3. Tox # 0 (if k > 0), g and fy are p X r matrices of rank r, a9y # —I,. Furthermore, the
F(d) condition, |a; , To(1)fo..| # 0, with To(1) = I, — Xf; To; holds.

4. If r < p, then |II(z)| = 0 has p — r unit roots and the remaining roots are outside the

unit circle. If k = r = 0, only 0 < dy # 1/2 is assumed.

7.2 Consistency

We first have to characterize the asymptotic behavior of the profile log-likelihood function for

full rank as T — oo, that is
6) = Jim 1)), (17)

3This assumption might be restrictive in certain macroeconomic and financial applications. In a recent contri-
bution, Johansen and Nielsen (2018) extend the analysis of the FCVAR, j, to include the possibility that the cointe-
grating vectors are nonstationary, i.e. dy — by > 1/2.
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where .
{1y = ~log det (T-l ZRH(@R}(@) = ~log et (SSRr (). (18)
t=1
so that £,(¢/) is the limit log-likelihood function 1 ,(¢/). The following theorem states the prop-
erties of the £,(/) and the consistency of the ML estimator of ¢/.

Theorem 7.2. The function {,({/) has a strict maximum at = that is,

W) < 6p() = —log|Qol, Y e¥ (19)

and equality holds if and only if y = ). Let Assumption 7.1 hold, and assuming that (dy, by) € ¥(n)
with ¥(n) = {(d,b) : n < b <d < di} C ¥ being a family of compact sets withn > 0, then

brp(0) & —log Q). (20)

Finally, with probability converging to 1, l/; in model H,y forr = 0,1,...,p exists uniquely for
Y € ¥(n) and is consistent.

See proof in Appendix B.5.

The property of identification derived in Theorem 5.2 guarantees that the consistency of
t1,5(10) holds true also when k > ko. Figure 2 reports the surface of the expected profile log-
likelihood function of the FCVAR,;, and FVECMy;, in the two-dimensional space of (d,b) €
[0.2,0.99]* with d > b when the DGP is a co-fractional model with ky = 0 lags. The plot clearly
highlights the presence of two or three equivalent peaks for the FCVAR,;, log-likelihood when
k =1 and k = 2 respectively. Instead, the log-likelihood function of the FVECMy, is always
associated with a unique maximum for any k > ko, as a consequence of the identification prop-
erty of the FVECMy ;. This is relevant in the empirical applications when the true value of k is

unknown and it is normally selected with a general-to-specific approach.

7.3 Asymptotic distribution

Let consider again the FVECMg,
k
AX, = af APLLX, + Z LAY, + e,
j=1

where 0 = {d,b,a, B,11, ..., I, Q} is the collection of parameters and 0is a partition of 6 such
that 9\9~ denotes all parameters but 6. We want to find an expression for Dégt(eo\éﬂ 6=, that is
the derivative of £,(6,\0) with respect to 0. Let define &,(0) as

k
e(0) = ALX, — af ALY, - Y LA, (21)
=1
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Figure 2: The figure reports the contour plot of the values of the function £(i/) for different combinations
of d € [0.2,0.99] (x-axis) and b € [0.2,0.99] (y-axis). The observations from the DGP are generated with
ko = 0lags and both the FCVAR, , and FVECMy ; with k = 1and k = 2 lags are estimated. The parameters
of the DGP are dy = by = 0.8, fy = [1,—-1], ap = [-0.5,0.5]’. The empty area is associated with values of
b > d which are ruled out by assumption.

and the log-likelihood function as —2log £(0) = tr {le Zthl et(G)et(Q)’}, with Q = Qy. By
substituting in (21) the Granger representation of X; evaluated in 6 up to the initial conditions

(that asymptotically are negligible), we get

(o)

et(G) :Ai_do(COé't + Z ﬁloq)joaloA]_;_é‘t + A?_O Yt)—

j=1

—af AR (Coey + Z Bro®iocriolN e + AP Y,)—
j=1

k 00
- Z LA (Coer + Z Bro®iaioN. e + ATY)).
i=1 =1
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To derive the asymptotic distribution of 6 it is necessary to characterize the asymptotic be-
havior of the product moments needed to calculate the log-likelihood function. For this purpose,

it is useful to use a local parametrization of the FVECM, ;. We define the following quantities
= (AT = ADXe, X = (AT - ATOX, X = ATX

where i =0,...,k — 1 and the errors as

k-1
() = Xir — af’Xqp + Z ¥iXit,

i=0
where A = (d, b, a, B, ¥,.) with ¥, = (¥, ..., Pk—1). As in Johansen and Nielsen (2012) we locally
parametrize the likelihood with the following formulation = Sy + o1 (B, ) = Bo + Pord. Let
N(Wo,€) ={¢ : | — | < €}. Then for (d,b) € N(Vo,€),e < 1/2withd_y =d—-b—dy < —1/2
and d +i—dy > —e for i > 0. the process ff;, X_1; is the only non-stationary process in &(A).
We also introduce the normalized parameter { = B (B — fo)T~1%1/2) = 9T7=(-1+1/2) gych that
B = Po+ Por{T>1*/2 Let us define V; = (X', fo. {X/,}*3. X;,Y and ¢ = (d, b, &, '¥.) such that
A = (¢, ). We can write the error as

&) = —aT 2B Xy + (—a, W, IV

When by > 1/2, the product moments in the conditional likelihood function —2T~! log L1(¢, {) =
log |Q] + tr (Q—lT—l T gt(/l)et()t)’) are

Ar(y)  Cr(¥)
Cr(y) Br(¥)

- T 1 i ( T5 1+1/2ﬁ/ X_1t ) ( T5_1+1/2ﬁ(/)J_X_l,t
- v,
t

t=1 Vi

Finally we define

T

CET =777 Z Tl/z_boﬁ(,uxgu‘?;’

t=1
where XEU is X_1; with A = Ap. When by < 1/2, we replace 5_; + 1/2 by zero in the definition of
A(¥), Bi(¥), Ci(¥) and C?;.. The asymptotic behavior of Ar(y), Br(y), Cr(y) and their deriva-
tives when 1/2 < by < dy and 0 < by < 1/2 is derived in Theorem 6 in Johansen and Nielsen
(2012).

We can now outline the following theorem, which is analogous to Theorem 10 in Johansen

and Nielsen (2012).

Theorem 7.3. Under Assumption 7.1, with X_, = 0 forn > T" for some v < 1/2, the asymptotic
distribution of the ML estimator of the FVECMy, is as follows:

e Ifby > 1/2 and E|g;|? < oo for some q > (by — 1/2)7!, the asymptotic distribution of the ML
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estimator ¢ = (d, b, @, l:]) and f is given by

b

( TY2vec(d — ¢o) ) KA » N, %)
T3, (8 - Bo) (/i Fos) ;' FoldGo) (a5 o)™

where %y > 0, Fy = B, CoWp,—1 with Wy _y is the (non-standardized) type II fractional
Brownian motion of order by — 1, and Gy = a{,Q;'W are independent with W := W, denoting
the Brownian motion generated by ¢;. The two components of the asymptotic distribution are
independent (see Lemma 10 in Johansen and Nielsen, 2010). It follows that the asymptotic

distribution ofvec(TbOﬁ_(’)l([; — Po)) is mixed Gaussian with conditional variance given by
1 -1
V= (0(69610[0)_1 ® (/ F()F(;du) .
0

e If0 < by < 1/2, the estimators (a?, l;, a, IA}, ﬁ) are asymptotically Gaussian.
e Ifk=r =0, andd = b the model is A°X, = ¢, and d is asymptotically Gaussian.

Proof. See the proof in Appendix B.7.

7.4 Testing for the cointegration rank

We now focus on the likelihood ratio test for the determination of the co-fractional rank and we
rely on the results of Johansen and Nielsen (2012) to prove its asymptotic distribution. Let us

first define the model H,, x as

k
Hop:  AX, = TIATPL X, + Z LAYLLX, + &,
i=1

where the following analysis holds for any given k = ky. We consider the test for the null
hypothesis H, : rank(Il) < r against the alternative H), : rank(Il) < p. We define the LR

statistic as

. |So0 ()| TTi=1 (1 = &3(¥))
1So0(Wp)| TTE_; (1 = éi(p))

— 2log LR(H,|H,) = Tlo = T(Lr,(§r) — Cr p(¥p). (22)

The following theorem presents the asymptotic distribution of the LR test.

Theorem 7.4. Under Assumption 7.1, with X_, = 0 forn > T" for some v < 1/2, the asymptotic
distribution of the LR test in (22) is:

* Ifby > 1/2,

-1

1
/ Bbo—l(dB),)
0

1 1
~2log LR(H,|H,) KR tr (/ (dB)B;yo_1 (/ Bb0—1B;,O_ldu)
0 0
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where B(u) is a (p—r)—dimensional standard Brownian motion and By,_1(u) is the correspond-

ing standardized type II fractional Brownian motion. The limit distribution is continuous in

bo.

e If0 < by <1/2,
—2log LR(H,|H,) S ¥* ((p - 1)?) .

* Let Py, the probability measure under the alternative Il; = 1] = aff’ + a* ", where
a1 = (a,a%) and B; = (B, B*) are p X (r + r*) matrices of rank ry = r + r* > r, and hence

rank(Ily) > r. Under the Assumption that X, is generated by model ‘H,, then
Pyy,
—2log LR(H,|H),) — oo,

under the alternative.

Proof. See the proof of Theorem 11 in Johansen and Nielsen (2012).

In the framework of the FCVAR,, the parameter b is not identified when k = 0 and we
are testing r = 0 (i.e. IT = 0). Johansen and Nielsen (2012) suggest to follow the approach of
Lasak (2010) and to adopt a sup-type test, sup, LR(b), where LR(b) = —2log LR(II = 0|b), where
the supremum is taken over the values of the index b.* In the FVECMy, the parameter b is
not identified for any k = 0,1,... when testing r = 0. Hence, the sup, LR(b) statistic should be
computed for any choice of k under r = 0. For a given k, the co-fractional rank can be determined
with a sequence of tests for a given nominal size ¢ € (0, 1). The sequence of tests is performed
by considering the null hypothesis H,, for r = 0,1, ... until rejection, and the estimated co-
fractional rank 7 is the last non-rejected value of r. The consistency of the test guarantees that
any test with r < ry, where ry is the true cointegrating rank, will reject with probability 1 as
T — oo. Finally, if the asymptotic size is ¢, then P(7 < ry) — ¢, so that P( = ry) — 1 —¢.
Similarly to MacKinnon and Nielsen (2014), the critical values of the limiting distribution need
to be tabulated.

8 An empirical illustration

As an illustration of the usefulness of adopting a FVECMy, specification in the empirical analysis
of fractional cointegration, we consider the case of the relationship between the volatility index
(VIX) and the realized variance (RV). Being the VIX a 30-days ahead expectation of RV under the
risk-neutral measure, it is natural to verify the existence of a unique common stochastic trend
(possibly fractional) driving the dynamics of both series over time, see among others Bandi and
Perron (2006) and Bollerslev et al. (2013b). In the following analysis, we consider the time series
of VIX and RV collected at daily frequency for the period January 02, 2001 to December 31, 2018

*Alternatively, Lasak and Velasco (2015) propose a two-step procedure to determine the cointegration rank.
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for a total of T = 4226 daily observations.” Since the VIX is an expectation for the RV for the
next 30-days, we avoid to deal with overlapping observations by retaining the VIX observed at
the last trading day of each month and by computing the sum of the daily RV (RV;;) in each

month, t. In other words the monthly RV series is computed as
21
RV, = = > RVqy, (23)

where d; is the number of days in the ¢-th month and 21 is the average number of days in each
month according to the annualization scheme of VIX which assumes 252 transaction days in a
year. After the aggregation over monthly horizons, the sample contains 217 observations. Figure
3 displays the series of monthly RV and squared-VIX for the sample under investigation. Both
series display similar dynamic patterns, being characterized by a high degree of persistence and
a slow reversion to the long-run (unconditional) level. In line with the theory of a positive
variance-risk premium, the series of squared-VIX generally lies above the series of RV, where

the latter, being an ex-post realization, displays more variability.

0.6

Figure 3: Monthly RV (red) and squared-VIX (blue) series. The gray area identifies NBER recessions in
US.

To accommodate the spread between RV and squared-VIX that reflects the unconditional
level of the variance risk premium (VRP), we consider the FVECMy;, with variables in deviations
from the level, that is

k
NX; = af ATPLXT + ) TAIX + &, (24)
j=1

5The series of daily RV is obtained from the realized library available at https://realized.oxford-
man. ox.ac.uk/ and it is computed with the intradaily log-returns of SPX sampled at 5-minutes frequency. Liu
et al. (2015) find limited empirical support that the 5-minute RV is outperformed by other (more refined) measures
of integrated variance. The series of VIX is obtained from CBOE.
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-

d b LogL LR pv AIC BIC pmvQ pQl1 pLM1 pQ2 pLM2

1.038 1.038 -58.18 3.69 0.450 196.37 331.38 1.00 1.00 098 1.00 0.99
1.060 1.060 -60.03 4.22 0.377 192.05 313.56 1.00 1.00 1.00 1.00 1.00
0.961 0.961 -62.14 225 0.690 188.27 296.28 1.00 1.00 1.00 1.00 1.00
0.866 0.866 -63.26 243 0.657 182.52 277.03 1.00 100 1.00 1.00 1.00
0.833 0.833 -64.48 0.54 0.969 176.95 257.96 1.00 1.00 1.00 1.00 1.00
0.894 0.771 -64.75 1.64 0.801 169.50 237.00 1.00 1.00 099 1.00 0.99
0.923 0.771 -65.57 1.72 0.788 163.14 217.14 1.00 097 090 097 092
0.843 0.836 -66.43 8.01 0.091 156.85" 197.36 1.00 098 092 092 0.87
1.016 0.591 -70.43 0.00 0.000 156.86 183.86" 0.88 0.84 0.71 084 0.72

O = N W TN 00|
ORI I RN RN ORI ORI CI O )

Table 1: FVECM, ; lag selection procedure. The procedure considers a maximum of k = 8 lags. The
cointegration rank is fixed to r = p = 2. Table reports the value of the log-likelihood (logL), the LR test
for k vs k + 1 lags, the associated p-value, the AIC, the BIC. The last five columns provide the p-values for
white noise Q tests on the residuals. The first P-value, pmvQ, is for the multivariate Q-test followed by
univariate Q-tests as well as LM tests on the p individual residuals.

where X = X; — p with X; = [log VIX?,log RV,], and y being a 2 X 1 vector with the level pa-
rameters to be estimated together with the other parameters of the FVECMy ;. As an alternative

parametrization, we consider the FCVAR,;, specification

k
AX; = af ATPLXT + ) DAL + e, (25)
=1

which is the same adopted by Nielsen and Shibaev (2018) for forecasting the opinion polls in UK.
Tables 1 and 2 report the results of the lag selection for the FVECMy;, and FCVARy, re-
spectively.® The lag-selection procedure under the FVECM, specification is more robust than
that achieved under the FCVAR;;, model. Indeed, for the FVECMy;, the log-likelihood is always
increasing in k and the estimates of d and b are in the range between 0.591 and 1.038. On the
contrary, for the FCVAR;; the log-likelihood displays a non-monotonic behavior, resulting in a
negative value for the LR test when k = 5. Furthermore, in two cases (k = 4, 8) the estimates
of d and b are found on the lower bound of the parameter space, which for this application has
been set to n = 0.1. We claim that the non-monotonic behavior of the log-likelihood function is
associated with local maxima, which are the consequence of the identification issues discussed
in Carlini and Santucci de Magistris (2017). The sequence of LR tests for the FVECMy;, leads
to select the model with k* = 1 lags at 10% significance level. On the contrary, adopting the
FCVAR,;, specification we would select k* = 8, which is an unrealistically high number of lags.
Alternatively, one could adopt the AIC and/or the BIC for the selection of the number of lags.
For the FVECMy;, both the AIC and the BIC points toward a relatively small number of lags,
k* = 1 and k* = 0 respectively. This is in line with the low number of lags determined by the
sequence of LR tests. On the contrary, the AIC and the BIC associated with the FCVAR,;, select
k* = 8 and k* = 0 respectively. This signals again the difficulty in determining the correct lag

%The estimation has been performed adapting the MATLAB package of Nielsen and Popiel (2018) to the case of
the FVECMg, . All codes are available upon request to the authors.
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structure in the FCVARy ;.

=

d b LogL LR pv AIC BIC pmvQ pQl1 pLM1 pQ2 pLM2

0.100 0.100 -32.17 55.80 0.000 144.35* 279.36 1.00 099 098 098 0.96
1.013 1.013 -60.08 4.07 0397 192.15 313.66 1.00 1.00 1.00 1.00 1.00
0.969 0969 -62.11 1.62 0806 188.22 296.23 1.00 1.00 1.00 1.00 1.00
0.878 0.878 -62.92 -19.69 1.000 181.84 276.34 1.00 1.00 1.00 1.00 1.00
0.100 0.100 -53.07 23.27 0.000 154.14 235.15 099 078 0.78 046 0.45
0.861 0.861 -64.71 2.03 0.731 169.42 236.92 1.00 1.00 099 1.00 0.99
0.968 0.832 -65.72 1.69 0.792 163.44 217.45 1.00 095 086 095 0.88
0.867 0.867 -66.57 7.73 0.102 157.14 197.64 1.00 097 089 092 0.87
1.016 0.591 -7043 0.00 0.000 156.86 183.86* 0.88 0.84 0.71 0.84 0.72

O P DN Wb Ul 0|/
N DNDDNDDNDNDNDDNDND DN

Table 2: FCVAR, , lag selection procedure. The procedure considers a maximum of k = 8 lags. The
cointegration rank is fixed to r = p = 2. Table reports the value of the log-likelihood (logL), the LR test
for k vs k + 1 lags, the associated p-value, the AIC, the BIC. The last five columns provide the p-values for
white noise Q tests on the residuals. The first P-value, pmvQ, is for the multivariate Q-test followed by
univariate Q-tests as well as LM tests on the p individual residuals.

The test of the cointegration rank for the FVECM,;, and FCVAR;; are reported in Table
3. As expected, the LR test for the FVECMy;, is low for r = 1, thus supporting the existence
of a common stochastic trend between VIX and RV. On the contrary, the FCVAR,,;, displays
a non-monotonic behavior of the log-likelihood function that in theory should be an increas-

ing function of r. Instead, the LR statistic for r = 1 is negative. We conclude the empirical

FVECMyp - k" =1 FCVARg, -k* =3
Rank d b Log-likelihood LR statistic Rank d b  Log-likelihood LR statistic
0 0.469 0.469 -73.714 14.574 0 0.481 0.481 -66.340 3.264
1 0.725 0.725 -67.550 2.246 1 0.100 0.100 -60.626 -8.164
2 0.843 0.836 -66.427 —- 2 0.861 0.861 -64.708 —-

Table 3: FVECM, , and FCVAR, ;, cointegration test.

analysis by looking at the parameter estimates of the FVECM, ;. Table 4 reports the parame-
ter estimates together with the standard errors and t-tests. The estimates of d and b are equal
(d = b = 0.725), signaling that the common (fractional) stochastic trend fully determines the
long-run behavior of both series, while the deviations from the stochastic trend are short mem-
ory I(0) processes. Furthermore, the estimates of d and b are in the range between 0.5 and
1. This means that both log VIX? and log RV, are non-stationary processes although display-
ing a slow reversion towards a long-run value, which is py;x = —2.984 and pgy = —3.720.
The difference Ay = fy;x — firy = 0.736 is associated with the unconditional level of the
VRP, expressed in the log-scale. In the original scale of VIX? and RV, the average difference
Ap* = % Zthl(VIX2 — RV;) = 0.0184. This value is very close to the one implied by the estimates
of FVECMy,;, that is Z/\l* = efvix — efirv = (0.0264. The estimate of f; is -0.945 and it is also very
close to the theoretical value (8, = —1), which arises from the theory of the VRP. The VRP is
defined as VRP; = E? [RViy] - E?D [RVy4;], where Q and P denote the risk-neutral and physical
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log VIX? log RV,
Est. Std.Err. t-—Stat P —wval Est. Std.Err. t-—Stat P —wval

7 -2.984 0.245 -12.179  0.000 -3.720 0.274 -13.576 0.000
d 0.725 0.145 5.000 0.000 0.725 0.145 5.000 0.000
b 0.725 0.154 4.707 0.000 0.725 0.154 4.707 0.000
a -0.001 0.112 -0.009 0.998 0.361 0.358 1.008 0.314
log VIX?_1 -0.061 0.306 -0.199 0.842 -0.096 0.428 -0.224 0.823
logRV;_;  0.184 0.127 1.448 0.149 0.159 0.235 0.676 0.505

Table 4: FVECM Results. The table reports the parameter estimates of the FVECM using the monthly
series of log(VIX?) and log(RV}?) over the period January 2001 through December 2018. The estimated
cointegration parameters are f§ = [1,—0.945]".

probability measures respectively and 7 = 1 month is the time horizon usually employed. The
estimates of & are not significant, but we notice that the loading in the equation of log RV, is
of an order of magnitude larger than that of log VIX?, signaling that RV tends to move to re-
store the equilibrium. This has intuitive explanation. Indeed, while VIX; is a forward looking
variable, being an expectation at time ¢ for RV,,, RV, is an ex-post measure of variance in the
month t. We expect the results to change to some extent if looking at the lead-lag relation-
ship, i.e. by considering fractional cointegration relations between X; = [log VIX?, log RV;.1] or
X; = [log VIX?,log RV;_;]. As noted in Nielsen (2005): In standard I(1) cointegration, the timing
of variables in the cointegrating relation does not interfere with the cointegration property. In a gen-
eral (fractional) CI(d,b) model, it is the reduction in integration orders, b, implied by cointegration
that determines whether timing matters. This analysis is however beyond the scope of the present
illustration.

To conclude the empirical analysis, we report in Figure 4 the estimate of the common stochas-

tic trend that is obtained through the Granger representation in Theorem 4.1 as
Vi = (@ Pp) &, A%, (26)

Panel a) of Figure 4 reports the dynamic behavior of RV;, VIX? and V", where the latter denotes
the common stochastic trend remapped to the original scale of monthly volatilities. The common
stochastic trend drives the long-run dynamics of both RV, and VIX?, while the deviations from

the long run equilibrium reported in Panel b) are short memory.

9 Conclusion

In this paper, we have shown that the multivariate co-fractional model of Granger (1986) is
suitable to carry out inference on the long-run equilibrium relations between series that are in-
tegrated of a fractional order. Indeed, we have proved that the FVECM;, allows for a Granger

representation theorem and its stability conditions can be studied through the argument prin-
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Figure 4: Monthly RV (red), squared-VIX (blue) series, common fractional trend (yellow) and error cor-
rection term. Panel a) displays the common fractional trend is computed as V;" = exp(V; + p*), where

u* = (urv + pvix)/2 and V; is given in equation (26). Panel b) reports the error correction term,
EC; = f’X;. The gray area identifies NBER recessions in US.

ciple. Notably, the model is always identified for any combination of number of lags and coin-
tegration rank. Finally, the parameters FVECMy;, can be estimated by ML in a similar fashion
as in Johansen and Nielsen (2012) and they are associated with the same asymptotic behavior as
those of the FCVARy ;.
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A Regularity of f(z)

In this Appendix, we discuss the regularity properties of f(z) = (1 — z)"*®)g(z) such that the
argument principle can be adopted to count the number of zeroes inside the unit circle. In partic-
ular, we have to show that f(z) is an holomorphic function on the unit circle and it does not have
poles inside. An holomorphic function is defined as a complex-valued differentiable function on
an open set D of the C. For instance, the functions h;(x) = 1 — (1 — 2z)’ and hy(x) = (1 — 2)°
are holomorphic in the unit circle for any b € R*, see Johansen (2008b). A useful property of
holomorphic functions is that the composition of two holomorphic functions is also an holo-
morphic function. It follows from this property that I1(z) is an holomorphic matrix function.
Analogously, the determinant g(z) = |[I(z)| is holomorphic since the determinant is a contin-
uous function. Hence, f(z) is holomorphic in the unit circle and it does not have any zero on
the contour |z| = 1. Moreover, the function f(z) does not have any pole inside the unit circle

because g(z) does not involve any inverse function of z.

B Proofs

B.1 Proof of Theorem 4.1

To ease the exposition of the proof, we first derive the Granger representation of the model

k
AX, = af LyX, + Z TAYX,  + e,
j=1

where d = b. First of all, let us write the characteristic polynomial as
k .
a(e) = (1= 2y = Y T2) - af/ (1= (1 - 2)%). (27)
=1
We introduce the variable y = 1 — (1 — 2)? and we write II(z) = IT*(z, y) as

k
My(z.y) = (1-y)I, - Y T7) - apy.
j=1

Following the proof of Theorem 3 of Johansen (2008a) we calculate A'Tl,(z, y)B with A = (&, a,)
and B = (B,f.), with @ = a(«’a)™! and B = B(f’'B)~! . We compute the Taylor expansion of
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IT(z,y)iny =1 (withy =1 < z=1) and we get

ATl(z,y)B =

L 0 ) + ( Z(I) +ap)f T

0 0 «T(2)f o« T(2)h. )(1 v

where I'(z) = I, - ;‘:1 I;z/. Now, we calculate A’ IT’(z, y)BF(y) where

I, 0
Fy) = ( 0 (1-y L, )

and we get

)(1 - y).

K(z,y) = ATly(z y)BF(y) = ( _OIr o )+( AT +af)f 0

a\ I(z)B. a TB 0

K(z) K(z)

Then
K(z,y)™' = (AT}(z,y)BF(y)) "' = K '(2) + K ' (2)K(2)K"'(2) - (1 - y) + (1 — y)°Hi(z. 1),

Hi(z,y) is the remainder term of the infinite series K(z,y)™! iny = 1, and

K'(2) = ( ~I (@T(2)L)(@\T(2)fL)"! ),

0 (@ T(2)p)"!

which is computed with the formula of the partitioned inverse. We now calculate

F(y)K(z,y)™" = (1 - y)'M_1(2) + My(2) + (1 - y)Ha(z, 1),

with

0 0 0 0
M_i(z) = ( 0 (@T@p)" ) = ( 0 (@ T ) + (1 — z)Hs(2),

where I'(1) = I, - Zj‘zl I and || T'(1)B.| # 0 and My(z) contains term of degree 0 in (1 —
y). Therefore, by pre-multiplying by B and post-multiplying by A’, we find that the inverse of
IT(z, y) with respect to y is

BF(y)(A'TI}(z,y)BF(y)) ‘A’ =
1=y Au(@ NP, + C°(2) + (L= YH(z.y). (28)

IT(z,y) "
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and the only pole of (28) is (1 — y) and H(z,y) has zeros in z = 1 and y = 1. The function
H(z,y) = C*(z) + (1 —y)H(z, y) is regular’ in the complex circle with no singularity at y = z = 1.

When b > 0, the function y = 1—(1—2)? is regular for |z| < 1 and continuous for |z| < 1. Hence,
F(z)=H1-(1-2)%2), |z <1,

is continuous for |z| < 1 and regular without singularities on the open unit disk |z| < 1. Hence,
the expansion F(z) = Y% F,2", |z| < 1is defined with Y2 ||F,||* < co. We define now Y; =
F(L)ey = Yoo Fnét—n as a stationary process with mean zero, finite variance and continuous

spectral density given by
1 . . 1 -~ . . : ‘
Frd) = —Fe MRy = —H(1 - (1 - e M, e QA1 - (1 - ), ey,
27 27
and for A = 0 we get
1 , 1 -~ ~ 1 % PR,
—F(1)QF(1) = —H(1,1)QH(1,1) = —C*(1)QC*(1)’.
27 27 27
Given the inequality
Q-a(dQa) o = Qa, (¢, Qay) ', Q > 0,

then it follows that
B'Cr(1)QCY(1)p = 0,

because f’'C*(1)a = —I,. Hence, we have shown that fy(0) # 0, hence Y; ~ #(0). Now, we know
that
I, '(2) = C(2)(1 - 2)™ + F(2),

and applying the operator H;L(L) (defined analogously to the truncated filter in (4)) to the equa-
tion IT4(L)X; = & we find the solution

X = C(L)(1 = 2)7% + ¥ = T (DT, (L)X;.

This means that X; ~ 7(d) because C(1) # 0 and that 'X; = f'Y," ~ F(0)+ because Y; ~ 7(0).

The case d > b can be solved in a similar way by noting that

k
NXy = af ALy X + Z AT, + e,
=1

A regular (or holomorphic) function is defined to be a complex-valued differentiable function on an open (and
arc connected) set D of C, where C denotes the set of complex numbers. For further details see Johansen (2008b).
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has the characteristic polynomial given by
k
I(z) = (1 - z)dIP —af(1-2 (1 -1-2)P) - Z L1 - 2)%7.
=1
that can be written as
k .
M(z) = (1-2)" |(1 -2’ —af'(1 - (1-2)") - Z Ti(1-2)’7| .
=1

)d—b

The polynomial (1 —z)*~" is trivially invertible and the polynomial [(1— z)blp —af(1-(1-2)") -

Z;?:l Li(1- z)P2/] is the same as in (27) where d = b and we proved is invertible.

B.2 Proof of Lemma 4.2

To illustrate the steps to obtain the recursion to compute the IRFs, we first consider the following
FVECM,, with one lag,
NX, = af APLLX, + TIAY X,y + &,

which can be written as
A‘in‘ = aﬂ/(Ai_b - Ajl_)Xt + FlAiXt—l + &.

Now, let us write explicitly X;,t = 1,...,T as a function of &. The first term is X; = ¢ and the
second is given by
Xy — dX1 = (Zﬁ/(—(d - b) + d)Xl + I X1 + &,

so that
X, = (d + baﬁ' + F1)€1 + &9.

Let us define ©; := d + baf’ + I, the third recursion is given by

d(d - 1)

X3 —dX, + X1 = bO(ﬁ,Xz + aﬁ'[(d - b)(d -b- 1)/2 - d(d— 1)/2]X1 + 001X, —d-T1 X + &3,

and rearranging the terms we get

dd-1
X3:d®1€1— ( )

e1+baf'Ore; +af [(d—b)(d—b—1)/2—d(d—1)/2]e; + 11016, —dT1e; + &3
Hence we can define
0, =[0:0; +af’[(d-b)(d—-b—-1)/2—-bb—-1)/2] —dl} —d(d — 1)/2] .

Iterating this process, we can get the impulse response coefficients, ®; j = 1,2,..., for the
FVECMgyp.

31



B.3 Proof of Theorem 5.2

We have to show that
Pgo = Pgl == 90 = 91,

under the condition ¢ ~ N(0,Q), so that the conditional variance of X; is Var(X;|Z;_1) = Q,
where the filtration is the o-field generated as Z;_; = {0, Xo, X1, - . . , X;—1}. Hence, the matrix
Q = Var(e;) is identified, so that Q = Qj. We now show that the conditional mean of the process
X; is identified for given k and r, i.e. that the characteristic polynomial is uniquely determined
as a function of the parameters, 6.
Identification when both k and r are known
Let us consider the two characteristic polynomials
k
Mo(2) = (1 = 2)*I, = a1 = )P (1 = (1= 2)) = > Tjo(1 - 2)* 2,
=1

and

k
i(2) = (1= 20" — ar (1 = )" (1 = (1= 2)P) = > Tja(1 - 242
j=1

We identify the parameters of the model when I1(z) = II;(z) if and only if 6, = 6;. The following
set of equalities holds under the FVECM,;, when k and r are known and fixed

(1-2)%,=1-2)", = dy=d
afy(1 - )™ "1 -(1-2") =afi1-2""(1-(1-2)") e by =b

Lio(1 - z) 7 = La(1- i j=1,... k = Lo =T,

with a; = apé and B; = Boé ™. Hence, d, b, I,j=1,...,k are identified as well as « and f up to

rotations, &.

Identification of Hj, when k > ko

Let us consider the following two models
Hiy - ALX, = apfAL Ly X, + T oAL Xy + -+ - + T, 0APX
ko * AL X = oA boXt T L1 0A L X1 + + g 084 Xi—ky T Ets

and
Hy : A2X; = af APL X + LAYy + - + T, A2 Xk + 64,
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where k is such that k > k¢ and the rank, r, is known and fixed. The characteristic polynomials

of Hy, and Hj are

ko
Mg, (2) = (1 = 2, = a1 = )P (1 = (1= 2)7) = D Tip(1 - 22,
i=1

and

k
M(z) = (1 - 2)"l, - af'(1 - 2P (1 = (1 - 2)) - > L1 - 2)2"
i=1

By equating Iy (z) and IIx(z) we get the following set of conditions

(1-2)%,=1-2, <= d=4d

afi(1-2)0 (1 -1 -2)") =af(1-2"(1-1-2" e b=bh
Lio(1— z)d‘)zi =T(1 - z)dzi, i=1,....kg &= To=1

0=T(1-2)%%, i=ky+1,....k = T =0,

with ag = af and fy = B¢~!. Hence, the model H, is always uniquely identified as a subset of

model Hj. associated with the restriction I; = 0 for i = ko + 1,. ..,k (up to rotations ¢ of « and

p)-

Identification when rank and lags are unknown

Let us consider the following two models

k
do,k do,k
7'[0,]C : A+0 X = Z l—}-’(o’k)Af Xt—j + &,
Jj=1
d d b = d
L k—1 — ,k—1"0p, k-1 ,k—1
Hyr : AP X, = By AT, L X+ Z T pa-nAT "X + 1,
Jj=1

The goal is to prove that Hy s # H, x—1. The characteristic polynomials are

k
Mox(z) = (1= 2841, = 37 Tj0u(1 — 2)*2,
j=1
and
k-1
Hp,k—l(Z) = (l — z)dp,k—ljp — Ep,k—l(l _ Z)dp,k—l— p,k—l(l _ (1 _ z)bp,k—l) + Z rj,(p,k_l)(l _ Z)dp,k—lzj_
j=1

The polynomial IT,, x_;(z) contains the term (1 - 2)%.k17bp.k-1(1 — (1= z)Pr¥-1) that does not appear
in ITy x(z) and there are no restrictions on d, x—1, by k-1, Ij (p.k-1) such that Hyx = H), x—;. Hence
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7_{0,]( * ﬂp,k_l. |

B.4 Proof of Theorem 6.1

To ease the exposition of the proof, we first derive the Granger representation of the FVECM,

under (11) of
k

A:i_Xt = (Zﬂ/LdXt + Z BA:J_Xt_J + &, (29)
j=1

where d = b and o/ (Ip +a'p - Zle I“J) 1 = &n’ with & and n being p — r X s matrices with a;
and f, such that @’a; = 0 and ', = 0. The characteristic polynomial of (29) is

k
Ad(2) = (1= 2] - a1 - (1-2)) = ) (1 -2
=1
which can be written as
k .
Ayzy) = (1 =yl —afy - ) L1 -y)7,
=1
where y = 1 — (1 — 2)?. Hence

k
Az y) = (1 -y) |l +af - Y T -y |-ap.

Jj=1

I'(z)

Let us define A = (@,d,a3) and B = (B, B1, o), where @ = a(ad’a)™, B = BBP)", &1 =
ar(ajar) ™ with oy = @, ¢, B = B1(B;p1)~" with f; = Bin ar = a & and fy = fin,. We can
compute the Taylor expansion of A’/A’j(z,y)Biny =1 (withy =1 & z=1)as

~L +(1-yaT@)p aT()pi(1-y) aT()p(1-y)

ANz y)B=| (1-yaT(2)p (1-y) 0
(1-y)a;T(z)p 0 0
Let us now define
I 0 (1-y)'a'T(z)B;
Fiy)=| 0 (1-y) 'L 0 ,
0 0 (G I A
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and calculate K(z,y) = A’A%(z,y)BF(z) = K(z) + (1 — y)K(z) where

-, @T()f aT(2)pa’T(2)p,

K(z)=| o0 I 0?11“(2),8_0?’1“(2)/32 ,
0 0 aéF(z)ﬁ_o?T(z)ﬁz
and
aT(z)f 0 0

K(z) = aT(z)p 0 0
agl“(z)ﬁ_ 0 0

Then, to guarantee that K(z) is invertible, we have to impose that
|, T(D)BaT()pe| # 0, (30)

which we name ¥ (2b) condition. A necessary condition for (30) to hold is that p < 2r + s. By

inversion of K(z, y), we get
K(z,y)™ = (AN =z y)BFY) ™ = K '(2) + (1 - K (DK(2)K ' (2) + (1 — y)*Hi(z, y)

where H;(z,y) is the remainder term of the infinite series K(z,y)"! in y = 1. Assuming that a
& > 0 exists, such that 0 < |z — 1| < 8, Hy(z, y) is regular for |1 — y| < §. Hence, by the formula

of the partitioned inverse, we get

_Ir &/F(Z)’BJ_ (902(2) - &/F(Z)Blelz(Z)) 822(2)_1
K'2)=| o I —012(2)022(2) " ,
0 0 022(2)~"
where 0;i(z) = A}, ,T(z)f&'T(z)Bj+1 for i,j = 0,1, 2. It follows that

i+1

Fy)'K(z,y)™' = (1 - y) °M_z(2) + (1 = y) "M_1(2) + Mo(2) + (1 — y)Ha(z, 1),

with
0 0 0
M_y(z)=] 0 0 0 ,
0 0 922(2)_1
and
0 0 —a'T(2)f2022(2) "
M-1(2) = 0 =1 012(z)022(2) ,
_ez_zlaér(z)ﬂz 922(2)_1921(2) E(2)
with

E(z) = 022(2) " [T (2)a’T(2)Ba'T(2)f — 021(2)012(2) | O22(2)~".

35



The matrix My(z) is very involved but it has the following form

I + @T(@)Pabn(d) T *

My(z) = * * %
Finally, we use
Aj(z,y)™' = BF(y)(A'Aj(z,y)BF(y))"'A’ = BF(y)K(z)"'A’
O gy + O + Cola) + (1~ pH(z. ).

where H(z,y) is regular for |z — 1] < §, and Cy(z) and C;(z) and Cy(z) are

Co(2) = Poba(2) '
Ci(z) = —piaj + (P1012(2) — Pa'T(2)fs) Ora(2) 't} +
+P2022(2) " (621(2)@] — 3T (2) fat) + PoE(2)cxy
BCo(z)a = -I +aT(z)CI(2)B.

The function A*(z,y) = Co(z) + (1 — y)H(z, y) under the condition that the roots of |A(z, 1 —
(1-2)?)| = 0 are outside the unit circle is regular without singularities inside the unit circle. We
define F(z) = A*(z,1 — (1 — z)?) for |z|] < 1. By Lemma A.1 in Johansen (2008b) F(z) is regular
for |z| < 1sothatY, = X7, Fy&—p is a stationary process with continuous spectrum, where
F(z) = 2,2 Fn2", || < 1. We find then

Az y) " = Co2)(1 - 2)% + Ci(2)(1 - 2)" + F(2). (31)
The solution of the equation A(L)X; = ¢ is obtained by taking A;'(L) and find
Xy = Cu(L)A? + &, + CL(L)AL + &, + V' — Ay (L) IA_(L)X,. (32)

It is seen that X; ~ F(2b) because Co(L) # 0 that (B, f1)’X; ~ F(b). Instead the polynomial
co-fractionality can be obtained by taking f’X; — @'T(L)AX; ~ F(0). To extend to the case

d > b > 0, it is sufficient to consider the case
k
ASPIALX, - afLpX - ) TALLX] = e,
j=1
with characteristic polynomial given by

k
A2)=(1-2 (1 -2, —af(1-(1-2)) - Z Ti(1-2)"7 .

J=1
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Based on the previous results, this implies that

. 1 1
ATPX, = 5 CelDer + 5 CiL)er + Y + ¢,

+ +

where ; = A%t ;. so that

X, = AP0, (L)e, + ALC (L)e + ALVY . m

B.5 Proof of Theorem 7.2

The proof of Theorem 7.2 consists of reconciling with the convergence results of the product mo-
ments, S;j (1), as outlined in Appendix A in Johansen and Nielsen (2012). In particular, we have
to prove that the stochastic properties of X; and of the stationary process U; = Cy(L)e; + Aﬁ‘) Y:
for the FVECMy;, are the same as for the FCVAR, ;. In particular, we can define the following

quantities

5
!

(AP — ADYX,,  Xiy = ATFRX,

(A AR, i=0,.. k-1

U = (AT7% - AT, U = ALK,
(AT - AT ATDY,, i=0,. . k-1

=
|

&
|

such that we can determine the class of stationary processes for a given i/ as
ﬁtat(lp) = {ﬂ(,)[]]t for allj, and Ui for d — d() > —1/2} . (33)

For dy < 1/2,d —dy > —dy > —1/2, the set F4 () contains U;; for all i. We next want
to define the probability limit, £,(1/), of the profile likelihood function £7,(¥). The limit of
log det (SSRr(¢)) is infinite if X} ; is non-stationary and is finite if Xj; is (asymptotically) sta-
tionary. Let us now focus on the stochastic properties of A2X; = C(L)e; + ALY, up to the initial
conditions that are asymptotically negligible by assumption. We first define an analogous of
the Beveridge-Nelson decomposition for fractional processes similar to that of Definition 2 in
Johansen and Nielsen (2012, p. 2673). In particular, the polynomial C(z) = Z}’io Aj(1-2zY canbe
factorized as

C(z) =C(1) + (1 — 2)C*(2), (34)

with C*(z) = X 12, ¢;z and ¢; defining an absolute summable sequence by the classic Beveridge-

Nelson decomposition. It follows that the process A X; can be written as

ANX, = Ce+ ALY+ ALY, (35)
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where Y, = Akbj Y; and with Y = C*(L)&;. As shown in Lemma B.2 below, the process AiXt
belongs to the 7, class. This means that the limit theory for product moments of the stochastic
terms in (35) is the same as Johansen and Nielsen (2012), and that Lemma A.9 and Corollary
A.10 in Johansen and Nielsen (2012) hold also for the FVECMy. Therefore, the concentrated
log-likelihood function £r,,(/) = —log |SSRr(y/)| has the same limit as in Johansen and Nielsen

(2012) for the set of intervals for the parameters d and b given in (33). Hence, consistency follows.

B.6 The Z; class

To characterize the asymptotic behaviour of the product moments in the log-likelihood function,

we follow Johansen and Nielsen (2012) and introduce the class of processes Zj, as defined below.

Definition B.1. Following Johansen and Nielsen (2012, p. 2673), we define the class Z; as the

set of stationary processes Z; that can be represented as

Zy = @& + Aﬁ Z OnEt—ns (36)

n=0
where >, |@r] < 0.
In the following, we show that X; generated by the FCVECM,;, belongs to the class Zp.

Lemma B.2. The process
Zy = NX, = Ce, + A Y] + ALY, (37)

belongs to the class Zp, specified in Definition B.1.

The proof of Lemma B.2 proceeds as follows. Let us define B(z) := o/ I'(z)B.. B(z) is a
stationary process because o’ I1(z)f, = a’LF(z),Bl(l—z)b andI1(z) = ['(z)(1-2)’ —af'(1-(1-2)")
has roots in 1 or outside the unit circle. Given that the #(d) condition holds, B(z) has roots
outside the unit circle and it is an autoregressive process. We want to study the behaviour
of B(z)™! = C(z) = X2, Ciz". It follows from Hamilton (1994, p.263) that the (¢, k) elements
(Cer); of the matrix C; are such that |(Cer);| < M;|A|', where |A| < 1 where M is an universal
constant that bounds |(Czt);| for any i = 1,2,. .. This means that ||C;|| < M;|A|', where |A| < 1,

where || - || denotes a norm defined on the space of matrices. Let us focus on the expansion
C(2) = C(1) + (1 - 2)C*(2). Then C*(z) = GG = 32 GEU = 30 31 2 = B2, G2

where Cf = };5; C;. Let us prove that the power series C*(z) is absolutely summable. It follows
that

DG = MER B A = MEX = 2+ 1A+ + 1217

i=0 j>i

- 1 _ 1 M i
= MXEo = — T = T Ziso AT < oo
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Using the fact that 32, |Ci| < oo if and only if });2, ||Ci|| < oo, see Neusser et al. (2016, p.206),
C*(z) is absolute summable. Hence, Y; = Z;io C}‘et_j with Z;io |CJ*| < oo, We now turn our
attention to the term A%Y; for b > 1, which can be written as ALY = Aib} Y™, where Y, =
220 Ci"e—j with 220 IC;*| < co, and {b} is defined as {b} = b — |b], where |b| denotes the
greatest integer less than b. Hence, if b > 1, the process A1 Z, is in the class Z{b}> a subset of
the class Z,. m

B.7 Proof of Theorem 7.3

B.7.1 The asymptotic distribution of /§

Let us first assume that dy, by > 1/2, so that we are in the non-stationary region and normalize
Bas B = Po+ Pord. Let now set all the other parameters with the exception of ¢ to their true

values. We obtain
&1(00\?) =(Coe; + Z ﬁJ_Oq)joaJ_OAi_gt + Aljro Y;)-
=1

’ -b, j b
—ao(By+ 9 BLo)AT " Ley (Coer + ) Bro®joasol, e + ALY,)-
j=1

k 00
. . b
— Z ro,iLJ(Coé‘t + Z IBJ_()(I)J'OaLoAJ_'_Et + A+O Yt)

i=1 Jj=1

Differentiating with respect to ¢, we find

Dyer(00\9) = —ato(d0) BoA:" Ly, (Coer + ) Bro®josol,er + ALY)). (38)
j=1

In this expression we keep the non-stationary fractional terms of higher order, which determine

the asymptotic behavior of the score function, and find
Doer(B0\9)lo=9, = ~to(dI) (A" = 1)Coe.

where d3 denotes the increment on the coeflicients . The score function then becomes

T
_zT—bo—l/ZD19 log.ﬁ(@o) — tr{(dﬁ)’ﬁiOCoT_bo_l/z Z(A;bo — 1)&8;951050}
t=1

1

d 1) ) ~—

= tr{(d9)' B’ ,Co / Who—1(dW) Q5 ),
0

where
_ d
St = TN — ey = Whyoi(w),
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T T 1
— Y2 —bn— - ’ d ’
T! § Sryel = T~ 0071/ E (AT = D)ee) S / Wh,—1(dWY,
=1 t=1 0

T T 1
- , _ - - , d ,
T 125“5” — T~2bo Z{(A+bo — 1)£t}{(A+b0 —1)&;} —>/ Why-1 W, _,du.
t=1 t=1 0

The information matrix is found as the limit

T 1
_ _ o d - 1! ’ ’
T-2hotr{ Q)" ZD&Et(Qo)DSSt(Qo) } = tr{Qy a0 (d9) IBJ_OCO/ Wop-1 Wy, _1dufio(dd)ay}.
0

t=1

Given that the estimator is consistent, we find that for all matrices d&
r{(@d9Y BLoCoT™ . SraciQy ap) ~ —tr{(d8) BLaCoT™ Y. 1.8, Cobuo(d — B0}ty o)}
t t

Hence

T T
TP = 90) ~[BoCoT™ > S1.481, CoBrol " BroCT™ > Sr.eel Q5 (o Qg ) ™" =

t=1 t=1

1 -1 1
:[ﬁloco ( / Wbo_lwb’o_ldu) C{)ﬁlo] B.,C / Who—1(dW) Qg ot (g Q' arg) ™
0 0

1 -1
0

where Fy = f; CoWy,—1 and Gy = a{Qy'W. When by < 1/2, the right hand side of (38) is
bo

1
/ Fo(dGo) (a5 )™
0

a stationary process because A~ is applied to an I(0) process. Hence, standard asymptotics

applies in this case.

B.7.2 The asymptotic distribution of d

Let now assume that all the parameters are set to their DGP values, with the exception of d. The

error term is

e:(00\d) ZAi_do(Coft + Z ,BJ_O(I)jOaJ_OA{;_Et + Aio Y;)—
=

» ad—do A —Db j b
—a0ﬁ0A+ 0A+ OL[,O(C()St + Z ﬁJ_OCI)joaloAJ_‘_Et + A+0 Yt)—
=1

k

d—dyti ; b
- Z 1—‘i,OA+ OL](COEt + Z ﬁLO(I)J‘OOfJ_OAJ_'_gt + A+0 Y[)
i=1 j=1
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Exploiting that ;Cy = 0, then it follows that

&1(0o\d) :Ai_do(coé‘t + Z /J’loq)jo(XmA{rr?t + Aljro Y;)-
=

k o
—aoﬁéAi_doLbo(Yt) - Z ri,oAi_dOLj(Coft + Z ﬁJ_OquOOCJ_OAJ-r—Et + Aio V),
i=1 j=1
so that the non-stationary fractional terms disappear and the derivative Dye;(6p) is stationary. By
the martingale CLT the score T_%Dd log L(6y) = T 5tr {Zthl Ddgt(Qo)gt(Ho)’Qal} is asymptoti-
cally Gaussian, and the information matrix is found as the limit of the outer product of the gra-
dients, that is T~ tr {Zthl Dger(60)Daer(65)' Q' }. Thus the asymptotic distribution of T3(d - dy)

is Gaussian.

B.7.3 The asymptotic distribution of b

Let now assume that all the parameters are set to their DGP values, with the exception of b. The

error term is

&r(00\b) =(Coe; + Z ﬁLOCDjoaLoA{ré‘t + AYY,)-
=1

—aOﬁéA;bLb(Coft + Z ﬁJ_O‘DjO“J_OA{;_Et + Af_o Yt)—
j=1

k 00
- Z T; 0L/ (Coer + Z Bro®joaro e + Aio ;).
i=1 =

Again, we exploit the fact that f/Cy = ;.0 = 0 and we get
&r(0o\b) =(Coe; + Z Bro®joasoN, e + AYY,)-
=1

k )
—OfoﬂéAio_bLb(Yt) - Z Iﬂi,oLj(Coft + Z ﬁmq)joOquJJrEt + Aio ;).
i=1 j=1

Taking the derivative with respect to b, we find Dpe;(6p\b)|p=p, = —aoﬁ(’)Db(A;b_bo)lb:bO Y;, so
that Dye;(0y\b) is stationary and the asymptotic distribution of b is Gaussian. The information
is found as the limit of T~ 1tr {Zthl Dbet(QO)Dbgt(Qo)’le}.
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B.7.4 The asymptotic distribution of I},i = 1,...,k

Let now assume that all the parameters are set to their DGP values, with the exception of I;. The

error term is

&1(00\b) =(Coe; + Z ,BJ_O(DjOaJ_OA{rft + Aio Y;) — a0 oLy, (Ye)—
=

- Z rj,OLj(C()Et + Z ﬁJ_O@jOaJ_OAJ_;_Et + Aio Yt)
i =1

. . b
—riLl(Coé't + Z ﬂJ_O@jOaJ_OAJ_'_Et + A+0Yt).
=1

Taking the derivative with respect to I} we get
Dr,e:(60\I}) = —(dL3)(Coe; + i ﬁJ_O(I)jOOCJ_OA{;—Et +A%Y,),
j=1
that is stationary and hence the asymptotic distribution of I} is Gaussian. The score T'%Dri log L(6)
is asymptotically Gaussian and the information is found as the limit of T~* tr{Zthl Dr,£+(60)Dr,e:(0) Qg .
B.7.5 The asymptotic distribution of &

Let now assume that all the parameters are set to their DGP values, with the exception of . The

error term is

j b
er(0\a) =(Coer + Z ﬁmq)jofhoA]ﬂLft +AYY;)—
=1
k 00
j j b
—aﬁéLbo Yt - Z I}"OLJ(C()Et + Z ﬁJ_OCDjOCYJ_OA{th + A+0 Yt)
= =

Taking the derivative with respect to a we get
Dyer(O\ax) = —(da)ﬁ(')LYt.

Hence D,é&:(6p\ ) is stationary and the asymptotic distribution of @ is therefore Gaussian. The
score T™2D, log L(6y) is asymptotically Gaussian and the information matrix is found as the
limit of T~1tr{T~' 3_, Dye:(00)Dyer(60) Q).

B.7.6 Asymptotic covariance of é\[?

The off diagonal elements of the asymptotic information matrix of 0\f is given by

T T
tr{T™" )" Dr,(00)e:Dr,r(00)Q5" 1, tr{T™" > Dy(60)er Dr,er(00)25 ™},

t=1 t=1
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T T
tr{T™" " Da(60)e:Drer(00)Q5" ), tr{T™" > Dy(0)e Dr,er(60)2 ™},

t=1 t=1

T T
tr {17 ) Da(B0)eeDae(B0)Q "} tr{T ™ ) D(Bu)eeDyer(60)25 ).

t=1 t=1
which are product of stationary components and have a finite limit. Hence the asymptotic dis-

tribution of
T%vec(cf — do,l; — bo, f - Fo, a— 0[0),

where I' = [I3 : ... : I}] is multivariate Gaussian and it is independent with respect to ﬁ, see

Lemma 10 in Johansen and Nielsen (2010). m
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