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Abstract

In this paper we present the Edgeworth expansion for the Euler approximation
scheme of a continuous diffusion process driven by a Brownian motion. Our method-
ology is based upon a recent work [22], which establishes Edgeworth expansions associ-
ated with asymptotic mixed normality using elements of Malliavin calculus. Potential
applications of our theoretical results include higher order expansions for weak and
strong approximation errors associated to the Euler scheme, and for studentized ver-
sion of the error process.
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1 Introduction

In this work we consider a one-dimensional continuous stochastic process (X;);e[o,1] that
satisfies the stochastic differential equation

dX; = a(Xt)dt + b(Xt)th with Xg = x, (11)

where (W;)c[o,1] is @ Brownian motion, defined on a filtered probability space (Q,F, (Ft)elo,]s P).
A simple and effective numerical scheme for the solution of (1.1) is the Euler approxima-
tion scheme, which is given as follows. Let ¢, : Ry — Ry be the function defined by
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on(t) = i/n when ¢t € [i/n,(i + 1)/n). The continuous Euler approximation scheme is
described by

dXI = a (X;Ln(t)) dt + b ( j;n(t)) dW,  with  X{ = xp. (1.2)

The probabilistic properties of the Euler approximation scheme have been investigated
in numerous papers. We refer to the classical work [3, 4, 9, 11, 12, 13] among many
others. Asymptotic results in the framework of non-regular coefficients can be found in
e.g. [2,6,8,19].

In this paper we are aiming to derive an Edgeworth expansion for the error process
Ur=X"-X. (1.3)
Let us recall the classical convergence result for (Uy*),c(o,1) from [9].

Theorem 1.1. [9, Theorem 1.2] Assume that the functions a,b are globally Lipschitz and
a,b € CY(R). Then we obtain the stable convergence

V= alUm S5V on €([0,1)) (1.4)

equipped with the uniform topology, where V = (Vt)te[o,l} is the unique solution of the
stochastic differential equation

1
V2

and (Bt)ic(o,1] i a new Brownian motion defined on an extension of the probability space

(Q, F, (]:t)te[(),l]ap) and independent of the o-field F.

dVi = a/ (X)) Vidt + V' (X)) VedWy — —bV' (X,)dB,  with  Vo=0,  (1.5)

We will see later that the limiting process V' is an F-conditional Gaussian martingale
with F-conditional zero mean. In particular, for each ¢ > 0, V; has a mixed normal
distribution. The aim of this work is to derive an Edgeworth expansion associated with
Theorem 1.1. More specifically, for any regular g-dimensional random variable F' and any
given times 0 < T} < ... < T}, < 1, we would like to determine the function p, : R¥ x R? —
R such that it holds

sup |E[f(Vp,...,Vp, F)] — / f(z,2)pn(z,x)dzdx| = o(1/+/n) (1.6)
f€Cq,k RF xRRa

for a large class of functions C, 1. The methodology is based upon the work of Yoshida [22],
which applies Malliavin calculus and stable convergence to obtain the Edgeworth expansion
associated with mixed normal limits. Another key ingredient in the derivation of (1.6) is
the stochastic expansion of the error process U™ and a non-degeneracy condition, which
turns out to be rather complex in the case k > 1. Related articles include [7, 15, 16], which
have studied Edgeworth expansions associated to covariance estimators, power variations
and the pre-averaging estimator.
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The paper is structured as follows. Section 2.1 presents various definitions and nota-
tion. Sections 2.2 and 2.3 are devoted to derivation of Edgeworth expansion for multivari-
ate weighted quadratic functionals, which plays a crucial role in the asymptotic analysis
of the Fuler scheme. In Section 3 we investigate the second order stochastic expansion
of the standardised error process associated with the Euler approximation scheme. The
Edgeworth expansion for the error process is investigated in Section 4. Section 5 is devoted
to several applications of our theoretical results, including asymptotic expansion of the
weak and strong approximation errors, and density expansion for the studentized version
of the error process. Some proofs are presented in Section 6.

2 Background

2.1 Definitions and notation

In this subsection we introduce basic notation, some elements of Malliavin calculus and
the definition of stable convergence in law.

All vectors » € R¥ are understood as column vectors; ||z|| stands for Euclidean norm

of z and 2* denotes the transpose of z. For x € R* and m € ZE we set 2™ := Hk z

J=1j

and |m| = Z?Zl m;. For any function f : R — R we denote by f() its Ith derivative; for
a function f: RF x R? — R and a = (o, ) € Z’j_ X Z(_],_ the operator d“ is defined via
d* = dy1dy2. The set CL(RF) (resp. Cp(R¥)) denotes the space of I times continuously
differentiable functions f : R¥ — R such that all derivatives up to order [ have polynomial
growth (resp. are bounded). For a matrix A € R¥** and a vector z € R¥ we write A[x®?]
to denote the quadratic form x*Ax; similarly, for 2,y € R* we write y[z] for the linear

form y*z. Finally, i := /1.

We now introduce some notions of Malliavin calculus (we refer to the books of Ikeda
and Watanabe [18] and Nualart [14] for a detailed exposition of Malliavin calculus). The
set ILP denotes the space of random variables with finite pth moment and we use the
notation Lo— = Mp>1ILP; the corresponding LP-norms are denoted by || - [[L». Define
H = L2([0, 1], dz) and let {-, ) denote the usual scalar product on H. We denote by D'
the [th Malliavin derivative operator and by &' its unbounded adjoint (also called Skrokhod
integral of order [). The space ID;, is the completion of the set of smooth random variables
with respect to the norm

I 1/p
1Y |lep == (E[!Ylp] +> E[I!DmYII]%@m}) :
m=1
For any smooth k-dimensional random variable Y the Malliavin matrix is defined via
oy = ((DY;, DY})u)1<ij<k- We write Ay := det oy for the determinant of the Malliavin
matrix. Finally, we set Do = Np>2);,. We sometimes use the notation DLP(RI“) to
denote the space of all k-dimensional random variable Y such that Y; € ;.

We use the notation Y, 9oy to denote the stable convergence in law. We recall
that a sequence of random variables (Y,,)nen defined on (€2, F,P) with values in a metric
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space F is said to converge stably with limit Y, written Y, LN Y, where Y is defined

on an extension (€2, F,P) of the original probability space (2, F,P), iff for any bounded,
continuous function g and any bounded F-measurable random variable Z it holds that

Elg(Y,)Z] — E[g(Y)Z], n — oo. (2.1)

The notion of stable convergence is due to Renyi [17]. We also refer to [1] for properties
of this mode of convergence.

Finally, for two vector fields Vy and V; we denote by Lie[Vy; V;] the Lie algebra gen-
erated by V; and Vp. That is, Lie[Vp; V1] = span <U?io Ej), where ¥y = {V1} and
Y ={[V,Vil; Ve ¥;_1,i=0,1} (j > 1) with the Lie bracket [, ]. Lie[Vp; V1](x) stands
for Lie[Vp; V1] evaluated at x.

2.2 Edgeworth expansion associated with mixed normal limits: The
quadratic case

In this subsection we will study the (second order) Edgeworth expansion associated with
certain quadratic functionals of Brownian motion that will be crucial for the treatment of
the error process V™. Indeed, we will see later that the dominating martingale term in the
expansion of V™ has a quadratic form. The results are similar in spirit to [22, Theorem
4], but we will require quite different non-degeneracy arguments.

On a filtered Wiener space (€2, F, (Ft)e[o,1], ) we consider a k-dimensional random
functional Z,,, which admits the decomposition

Zn = My, +n"'2N,, (2.2)

where M,, and N,, are tight sequences of random variables. We assume that M,,, which
will have a quadratic form, converges stably in law to a mixed normal variable M:

M, % M, (2.3)
where the random variable M is defined on an extension (2, F, P) of the original probability
space (€2, F,P) and, conditionally on F, M has a normal law with mean 0 and conditional
covariance matrix C' € RF*¥_ In this case we use the notation

M ~ MN(0,C).

For concrete applications it is often useful to consider the Edgeworth expansion for the pair
(Zn, Fy), where F,, is another g-dimensional random functional satisfying the convergence
in probability

F, - F.

Obviously, such a framework is important when the statistic at hand does not only depend
on the sequence Z,,, but also on an external random variable F' (in this case we may set
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F,, = F). In the statistical context the most useful application is the case where F, e
In this situation we obtain by properties of stable convergence that

F7V27, 45 NL(0,idy)

when F,, € RF** is positive definite and idj denotes the identity matrix. Thus, the
asymptotic expansion of the law of (Z,, F},) would imply the Edgeworth expansion for the

studentized statistic Fi, 1 2Zn.

In the next step we embed the previous static framework into a martingale setting. We
assume that the leading term M, is a terminal value of some continuous (F;)-martingale
(M{)ejo,1], that is M, = M{. We also consider stochastic processes (My)e[o,] and

(Cf)iejo,1) With values in R* and RF*k

M=DM, C=(M), Cr=(M"Y, Cn=(M". (2.4)

respectively, such that

Here the process (My).c[o,1], defined on extended probability space (Q, F,P), represents the
stable limit of the continuous (F)-martingale (M{*);c(o,1], while C™ denotes the quadratic
covariation process associated with M™.

Now, we shall introduce a particular type of quadratic functionals. For a sequence
of time points (7})i<;j<k not depending on n with 0 < Ty < ... < T}, we consider a
sequence of partitions 7" = (¢;)i<i<m, of [0,1] such that 0 = g < 1 < ... < tp,
and that {T}}1<j<ip C {ti}1<i<m, for every n € N. Here t; may depend on n though
we omit n for notational simplicity. Let I; = [t;—1,t;) and |[;| = t; — t;—1. Suppose
that nt> 7" |,/ = O(1) as n — oo. Next, we consider a strongly predictable kernel
K" = (K™ )<<k : Q x [0,1] — R¥ satisfying

K™i(t) = K™ (t,_y) fort € I; and  K™i(t)=0if t > T}.

The aforementioned sequence of quadratic type martingales M™ = (M™J Ji<j<k is defined

by
. Mn ) ti Nt S
MM =S KMt y) / / AW,dW,,  te01]. (2.5)
i=1 ti—aNt St

Let K : 2 x [0,1] — R be a continuous adapted process and set
S )
U — 2/ K(r)2dr,  se(Ty_0.Ty. (2.6)
S

Our first set of conditions relates the kernel K™ to K and introduces some integrability
assumptions, which are similar in spirit to assumptions imposed in [22]. Recall that
F eRY set £ =k+q+ 8 and let % <d< %

(B1) (i) K™(t) € Dys1.00(R¥) and there exists a density D, ,,, K™(t) representing each
derivative such that

sup HDm,...,rmKn(t)HLp < X
Tlyeens rm€(0,1),
t€[0,1], neN

for every p>1and m=0,1,...,£+ 1.
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(ii) Foreveryp>1land j=1,...,k,

sup  sup ||[K™(t) — K(t)lgyer, — O(n?
1<i<my, te(tifl,mH (t) = KO1<ry e (™)

as n — o0.

(iii) For every p > 1l and j =1,...,k,

i
sup < oo.
se(y 1) |[[T5 =9
LP
From (B1)(i), (ii) we deduce that
nj ny P y 1 tAT. )
c = (M) — C; =3 K(s)“ds.
0
Furthermore, (B1)(iii) implies
: o
(C7, —CF, ) € Leo- (2.7)

for j =1,..., k. In particular, det C~! € Lo_ for C = (C{l/\h)lgﬁ’jﬁk.

Now, let us set
Cpn=+vn(Cn—C),  F,=+/n(F,—F), (2.8)

where C,, = C} with Cj* = ((M™7, M™72))1<;, j,<k- In the validation of the asymptotic
expansion a truncation functional s, : Q — R¥ will play an important role; see Section 6.4
for its explicit definition. We set ¢, = 2[q/2] 4+ 4 and present the next set of assumptions
that determines the asymptotic distribution of the vector (M" Nn,C’n,F ) along with
some new integrability conditions.

(B2) (i) F' € Dyy1,00(RY), sup,, 1 c(0,1) 1Pra,ir Flle < 00 for every p > 1 and m =
1,...,£+ 1. Moreover r — D, F and (r,s) — D, F (r < s) are continuous a.s.

(il) Fp € Dpy1.00(RY), Ny € Dpy1.00(RF) and s, = (s3,) € Dy o0 (RF). Moreover,

51 {1l + 1Fallesr + Nl Bl | < o0

for every p > 1.

(iii) (M™, Ny, Ch, Fp) =5 LEN (M,N,C, F) for a random vector (M, N,C, ﬁ) defined
on an extension of (2, F, P).

(iv) For u € R* and v € RY, the conditional expectations E[é\Ml = 2] [u®?,
E[F|M; = z|[v] and E[N|M; = z] are in the polynomial ring Dy, o (R)|z]
(with coefficients in Dy, o (R)).
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Finally, we will require a non-degeneracy condition on the pair (M}, F'). Let us introduce
the process

XD = (M M M.
(B3) (i) For each j = 1,....k, there exists a sequence (73)nen C (Tj-1,Tj) such that
sup,, < T; and that

sup ]P’[detaxj<s{l] = O(n")
tE[T‘T{,Tj] ¢

for some v > ¢/6.

(ii) limsupnﬁooE[(sZL)_p] < oo foreveryp>1landj=1,... k.

2.3 Random symbols ¢, and the main result

In order to present the Edgeworth expansion for the pair (Z,, F},) we need to define two
random symbols o and &, which play a crucial role in what follows. We call g the adaptive
(or classical) random symbol and & the anticipative random symbol. The adaptive random
symbol ¢ is defined by

o(z 1w, iv) = %IE[CA’|M1 = 2][(30)®%] + E[N|M,; = 2] [iu] + E[F|M; = 2] 0],

Let K(t) = (K (1)1fs<1;3)1<j<k- The anticipative random symbol  is defined by

1
Fliu,iv) = % /0 (1) [iu]oy (iu, 1v)dt (2.9)
where
2
or(iu,iv) = <—;Dt0[u®2}+DtF[iv]>

+< - %DtDtC[u@’z] + DtDtF[iv]> :

The derivative D;D; stands for limgy; DsD;. The full random symbol is defined by
o = o+7
and has the form

o(z;iu,iv) = z:ca(z)(iu)o‘l(iv)o‘2 (2.10)

where o = (a1, a2) € Zﬁ x Z5.
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Under conditions of the previous subsection, the non-degeneracy of F' is ensured and
it has a differentiable density function pf. Thus, the following function p,, is well defined:

pu(z,2) = E[6(2;0,C)|F = z]p" (x) (2.11)

412 Z(—dz)o‘l(—dm)w{E[ca(2)¢(z;O:C)’F = x]pF($)}-

For positive numbers R and v, £(R, ) denotes the set of measurable functions f : R¥*7 —
R such that |f(z,2)| < R(1 + |z| + |z|)” for all z € R¥ and 2 € R?. The error of the
approximation of the distribution of (Z,, F,,) by p, is evaluated by the quantity

An(f) = 'E[f(Zan)] —/f(z,m)pn(z,x)dzdm

for f € £(R,~). The main result of this section is the following.

Theorem 2.1. Suppose that Z,, is given by (2.2) with M, defined by (2.5). Suppose that
(B1), (B2) and (B3) are satisfied. Then

sup Ap(f) = o(n?) (2.12)
fEE(RY)

as n — oo for any positive numbers R and .

3 Stochastic expansion of the error process

In this section we derive explicit expressions for the first and second order approximation
of the normalised error process V™. The following well known lemma, which presents an
explicit solution of an affine stochastic differential equation, will be a helpful tool.

Lemma 3.1. Assume that (Y:),c(0,1) is the unique strong solution of the stochastic differ-
ential equation

AYy = (rYy + &)dt + (diYs + dp)dWy — with Yo = yo, (3.1)

where (ct)ieo,1)> (Ct)eefo]s (di)eefo,1)s (Jt)te[o,l] are predictable stochastic processes. Then
the process (Yt)te[o,l] exhibits an explicit solution given by

t ~ ~
Y, =%, [yo 4 / »o1 ((55 — dydy)ds + ddeS)] , (3.2)
0

t t 1
Yy = exp </ dsdW +/ (cs — d§> d5> .
0 0 2

Proof. The proof follows a classical route for solutions of inhomogeneous differential equa-
tions. First, we recall that the process ¥ satisfies the stochastic differential equation
d¥y = ¢Xdt + di2ydWy, which is shown by applying Ité’s formula to the function
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f(z,y) = exp(z + y). Now, setting Z; = yo + fg Y71 (Es — dydy)ds + f(f 27 d,dW,, we
conclude by the product formula that

t t
Y =0 —l—/ YedZs + / Zsd¥s 4+ (Z, %)
0 0

t ~ t t t t
=yo+ / (s — dsds)ds + / dsdWy + / CsZLgDsds + / ds ZDsdWy + / dsdsds
0 0 0 0 0

t t B
=y0+/ (chs+és)ds+/ (dsYy + dy)ds
0 0

and the proof is complete. O

Applying the same type of proof as in Lemma 3.1, we deduce that the limiting process
V introduced at (1.5) can be written explicitly as

t
V, = / ¥ 10 (X,)dBs,
0

1
——X
\/i t

where the process (3;)>0 is defined by

¥, = exp (/Ot V(X,)dW, + /Ot <a’ - ;(b’)2> (Xs)ds> . (3.3)

Since the process X is F-measurable, we see that V is an F-conditional Gaussian martin-
gale with F-conditional mean zero.

In the first step we will obtain an explicit representation of the leading term of the
normalised error process V" defined at (1.4). This stochastic expansion can be also found
in the proof of [9, Theorem 1.2]. Nevertheless, we will prove this result for the sake of
completeness.

Theorem 3.2. Let us consider the process

t
Vi = _ﬁzt/o B ()2 (X2 () (W = Wop, () AWV, (3.4)

where ¥ is defined in (3.3). Then it holds that

sup |V = V7| 0.
te(0,1]

We remark at this stage that the process (3, 17?)%[071} is a continuous martingale of
quadratic form with random weights. Thus, second order Edgeworth expansion for the
functional V;, can be deduced from the corresponding expansion for the pair (3¢, 8, 1V7}).

In the next step we need to determine the second order stochastic expansion for the
standardised error process (V}")iejo,1)- Apart from rather complex approximation tech-
niques, the result of Lemma 3.1 is crucial for the next theorem. We remark that this
statement has an interest in its own right.
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Theorem 3.3. Assume that the functions a,b are globally Lipschitz and a,b € C?*(R).
Define the process (R})i>0 via

dR} = <2f (X)) + Vb (0 = @) (X5, ) We = Wep) - (35)

i (X3, )t = n(0) = 5 (X )W = W, )7

b2b//
T ) (X i) (Wi = W, )2

(X)) + v (b(¥)? = =

(2\75/
— Vnab (X7, )t = a () )dW, = R}/ (1)dt + B} (2)dW;

Then the process /nR"™ is tight and we have that

Vn sup

t
v — <V? + zt/ 2, (dR? — b’(XS)RT;(2)ds)> ‘ £o.
t€[0,1] 0

Theorem 3.3 implies that, for any fixed ¢ € [0,1], we have the stochastic expansion
Vit =Sy (M] 4+ n~Y2NP) with

M =x7'V), NP = f/ (dR? — ¥/ (X,)R!(2)ds) + op(1).  (3.6)

In the next section we will determine the stable central limit theorem for the triplet

(Mg, vn(Cf = Ct), Ni)eo -

4 Stable central limit theorems and Edgeworth expansion

4.1 Central limit theorems

Having derived the stochastic expansion for the standardised error process (V;")ic[,1] in
the previous section, we now need to prove the stable central limit theorem required in
assumpion (B2)(iii). For this purpose we introduce the following auxiliary processes:
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A1) =n [ 5@ = @) (X, ) (s 71) = 5) aW, (4.1

t
- n/o E;lab'(X;‘n(s))(s — ©n(8))dWs

k —1 /\2 b2b” n 2
+ n/o ZS <b(b) - 9 > (chn(s))(Ws - W@n(s)) dWs,
t 2
AP (2) = 2n3/2/0 (Es_lbb’( ;}n(s))) (n(s+n71) —s) (W =W, () dWs,  (4.2)

AD(3) = n /0 S0 ()2 — o) (X2 () (5 — ou(s)) ds (4.3)

t
— g /0 So1 (%" + 020 — 26(b)?) (X2 (o) (Ws = W%(S))2 ds.

Our first asymptotic result is the following stable central limit theorem.

Proposition 4.1. Assume that conditions of Theorem 3.8 are satisfied. Then it holds
that

L= (M™,A™(1), A(2)) &4 [ = / v dW +/ (us — vivs)/2dBs  on C([0,1])%,
0 0

where (By)ep,1] s a 3-dimensional Brownian motion defined on an extension (Q, F
the original probability space and independent of F, and the processes vs = (vl v
us = (ud )1<ij<s are defined by

/ / 2111
h=vi=0, =37 <b<b’)2—“b UL A ><X5>,

2 4

—

(z

s

(X)), ul =l = —é (25100 (X)),

+ (abl)? — abll (3())* — o’ — bb") )(Xs).

Proof. Note that L™ is a continuous martingale with mean zero. According to [10, Theorem
IX.7.3], it is sufficient to prove that

t t
<L">ti>/ ueds, <L“,W>ti>/ veds, (L™, Q) —0,  Vtelo,1],
0 0
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where the last statement should hold for any bounded continuous martingale @ with
(W, Q) = 0. The first two statements follow by a straightforward but tedious computation

taking into account that X =5 X, for any s € [0, 1], supse(o,1) l¢n(s) — s| — 0 and the
continuity of involved processes/functions. The third condition is a consequence of the
formula ([ wsdWs, Q); = fg wsd(W, Q)s = 0 for any predictable process (ws)sco,1]- O

As a consequence of the previous result we deduce the joint stable central limit theorem
for the triplet (M, N{*, /n(C}" — Ct))iefo1)-

Proposition 4.2. Assume that conditions of Theorem 8.8 are satisfied. Then it holds
that

L
(M™,N"™, /n(C™ — C)) 2 <L1, 2/ S (@ + 0" = 0'b") (X)(LY)%ds + L + A(3),L3>
0

= (M,N,C)  on C([0,1])%, (4.5)

where the process L = (L', L?, L3) has been introduced in Proposition 4.1 and the process
(A:(3))eeio,1) s defined as

¢ 1 1 1 1 1
As(3) = / » ! <2a(b/)2 + 5b(b/)i”’ — 5aa’ — 1a”b2 - 4b2b’b”> (X,)ds.
0

Proof. First of all, it holds that sup,cp 1 |A7 (3) — A¢(3)] N 0, which is due to [9, Theorem
7.2.2]. Secondly, using the identities (W, — W,)? — (b — a) = fo(Ws — W,a)dWs and

f;(YS -Y,)ds = fab(b— $)dYs, which hold for any b > a and any continuous semimartingale
Y, we obtain that

Vn(Cp — Cy) = A} (2).
Furthermore, observing the definition (3.5) of the process R", we deduce the identity

N = \/ﬁ/t Y7 (dRY — V' (X5)R2(2)ds) + op(1)
0
1 t
= AP(1) + AP(3) + 3 /0 SV (d + 6 =6 (X)ds + op(1).

Now, due to convergence (4.4) in Proposition 4.1 and the properties of stable convergence
we deduce that (M™, A"(1), A™"(2),A"(3),%, X) Aot (LY, L2, L3, A(3),%, X) on C(]0,1])°.
Hence, by [10, Theorem VI.6.22] and continuous mapping theorem for stable convergence
applied to the function H : C([0,1])% — C([0,1])?

H(y) := <y1,y2 +ys+ % /O ys(5) " (w1 () (5))? (a" + 0" — b'b") (y6(s))ds,y3)

we obtain that
(M™, N, \/n(C™ — C)) 24 (M,N,C)  on C([0,1])?.

This completes the proof of Proposition 4.2. O
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We remark that the 3-dimensional limiting process (M, N, (7) is an F-conditional Gaus-
sian martingale. This property will help us to compute the classical random symbol
o(z,1iu,iv) in the next section.

4.2 Multivariate Edgeworth expansion associated with the Euler scheme

Let us now consider fixed time points 0 =Ty < T} < ... < T} < 1. In this section we will
investigate the multivariate Edgeworth expansion for the vector (VICL1 Y Vﬁ ). We recall
the representation introduced at (3.6):

Vi =g (Mg, +n ' /2NE)  with
My =37V, Np = / (AR — ¥(X,)R"(2)ds) + op(1).

According to the Edgeworth expansion theory demonstrated in Section 2, we will first
derive the density expansion for the vector (ZT ,M” +nL/2 N7 )1<]<k
We define the k-dimensional (F;)-martingale with components M™/ := (M, min(t,T; ))te[o 1]
1,.

k. Simi-
larly, we set N™J = N" We introduce the set of 1ncreas1ng numbers (ti)ogigmn via

{t:} ={j/n: j=0,.. n} U{T,...,T}. In the notation of Section 2.2 the martingale
M"™J satisfies the representatlon (2.5) with

()bb'( (s)) 0,7)(¢n(s)) and K(s) = —S 7 (X,). (4.6)

which obviously satisfies the terminal condition Mj’n = M o for j =

K™ (s) =

The anticipative random symbol @ is then defined through the identity (2.9). Now, we
turn our attention to the adaptive random symbol o.

We consider a G := (k + ¢)-dimensional random variable
G=3n,....270,F),

where F' is a ¢-dimensional random functional. From Proposition 4.2 we readily deduce
the stable convergence

(M™, N", \/n(C™ — C)) (M, N, 6) (4.7)

where M™ = (M™!,..., M™*) and N" = (N™!, ... ,NT’C). Now, we need to determine
the mixed normal representation of the vector (M, N,C). Note that the F-conditional
mean of the first and the third component is zero, which is due to Proposition 4.2. On the
other hand, the F-conditional mean of N is not vanishing. Observing the representation
of N in Proposition 4.2 and applying [t6’s formula we conclude that

_ T; 1 1T s
= E[NY|F] = /0 7v§dWS—|—ATj(3)+§ /0 'y, (a" + 0" = b'b") (X,) < /O u}ldr> ds,
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where the processes v?, u!'! and A(3) have been introduced in Propositions 4.1 and 4.2.

Furthermore, the F-conditional covariance structure of the vector (M, N, CA’) is fully de-
termined by Proposition 4.2. Thus, setting p = (1, ..., k), we may write

R O O12 O13
(M1,N,C) ~ MN | (0,1,0), | ©21 ©O22 ©13
©31 O3 O33

Due to F-conditional Gaussianity of the limit (Mj, N, 6), the adaptive symbol ¢ has the
following form:

(03107, 2)[(1u)*?]
2

o(z,iu, iv) = + (1 + 021071 2)[1u] z,u € R (4.8)

Combining two random symbols, we end up with the approximative density

P70 (5, g o ):E[¢(z 0,0)|G = (y,2)lp" (y. @)
+n—1/2z " (Elei(2)6(:0,0)[G = (. 2)]p8(y0)), (4.9)

with (z,2,7) € RF x RF x RY, as in (2.11).

In this setting, however, the kernels K™/ and K are defined by (4.6), and the func-
tionals ¢, (2) in the representation (2.10) of the full random symbol ¢ and also in (4.9) are
associated with ¢ of (4.8) and @ of (2.9).

In the following we will assume the following condition:

(A) The functions a and b are in C*°(R) and all their derivatives of positive order are
bounded.

Under (A) conditions of Theorem 2.1 can be slimed down. Recall that the variables I} are
defined by (2.6).

(C1) Foreveryp>1land j=1,... k,
L1
I3
T; —s

sup
s€(Tj-1,T3)

Lp

Recall that ¢ = k + g + 8.

(C2) F € Dry1,00(RY), sup, oo c01) 1Dry,r FllLr < 00 for every p > 1 and m =
1,...,£+ 1. Moreover, r — D, F and (r,s) — D, F' (r < s) are continuous a.s.

(C3) detog € Loo—.

Under the aforementioned conditions we obtain the following theorem, which is proved
in Section 6.4.
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Theorem 4.3. Suppose that conditions (A), (C1), (C2) and (C3) are fulfilled. Then, for
every pair of positive numbers (K, ),

sup |E[h(Zy, G)] — / h(z,y, 2)pm D (z,y, x)dzdyds| = o(n~'/?)
he&(K ) RE xRk xRe
as n — oQ.

As a consequence of Theorem 4.3 we finally obtain the approximative density of the
pair (Vp,, F) for V,, = (V3, ..., Vi ) and an external g-dimensional random variable F'.

Corollary 4.4. We set

1
pVm ) (2, 2) = / ————pE S (1 yns e 2k Yk YL - s Uk ) dy. (4.10)
R’j_ Y1 Yk

Under the conditions of Theorem 4.3 we obtain that

sup
he&(Ky)

E[h(V,, F)] — / h(z, z)pVt) (2, 2)dzdz| = o(n™1/?).
Rk xRRY

Theorem 4.3 relies on the non-degeneracy of G. We will discuss some sufficient con-
ditions in the following subsections. When k& > 2, the non-degeneracy becomes a global
problem and it is not so straightforward to consider the question in full generality. How-
ever, a localization method provides a practical solution.

4.3 On condition (C1)

In this section we will give a sufficient condition for (C1). We are working in the setting
of Section 4.2 imposing assumption (A). We consider the following condition:

(C1%) (i) infren [b(x)] > 0.

ii) There exists a compact set B C R such that
(ii)

(a) infepe ¥(2)] >0,

(b) Z;’il |b@) ()] # 0 for each z € B.

For example, in the setting of null drift, if X; visits the set {z : b/(x) = 0} after some
time, then ¥; does not diffuse there and we never get non-degeneracy of ¥; thereafter.
This explains the necessity of a global condition like (C1%)(ii)(a). As a matter of fact, such
a degenerate case is essentially in the scope of the classical expansion for a martingale with
an exactly normal limit (cf. [20]). Now we have the following result.

Proposition 4.5. Condition (C1) holds under (A) and (C1%).
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Proof. We need to show that

sup < 00 (4.11)

s€(Tj-1,Tj)

T —s
Lp

for every p > 1and j=1,...,k. Let s € (Tj—1,Tj). Recalling (2.6), we have

I 1 1 T;
S — 2—2 /Xr 2
T‘j_s 27}‘—8 s T {bb( )} Cl?“
1 1 T
> - f D b (X,)}Y2dr.
> g nt st [ o)

By (C 1ﬁ) and the compactness of B, there exist a finite set N' C B, a positive constant ¢
and an integer m > 2 such that

(b (2)}? > ?éij\r}cmﬂ(l/\|x—z|m) (4.12)

for all x € R. Indeed, by (C1%)(i) and (ii)(a), there exists a positive constant ¢’ such that
infmeBc{bb’( )}2 > ¢. For each z € B, by (C1¥)(ii)(b), there exists an integer j, > 1 such
that bU=)(2) # 0 and ¥ (z) = ((j.—1)!)~'1bU=)(2)(x—2)7* '+ - - for all z near z. Therefore,
from (C1%)(i), for each z € B, there exists a positive constant c, and a neighborhood B,
such that {b0'(z)}2 > c,(1 A \x — z|™=) for all x € B,, with m, = (j, —1)?> > 0. Since B
is compact, one can find a finite set N’ C B such that B C U,en B., and hence
{bb (z)}* > 215\1} ( IIllIl c) (LA |z — z|"®ren ™)

for all x+ € B since there exists z for each x € B such that x € B,. If we set ¢ =
(min{c/, min epr cz})2/m for m = max{2, max,cn m,} we obtain (4.12).

Let 6 > 0 and By := {z : dist (z,N) < 20}. Let s; = s +i(T; — s)/n. Then, there
exists ng € N independent of s such that for n > ny,

1
32
P T — dr < 3m/2:|
m/2 i 1
m
< P_Tj—s ?élj\r}(lMX — 2| )drgngm/Q]
. T .
< P min(1 A | X, — 2|2 )dr<—
T — s zeN
n c Si 1
- 2
< ZP[TJ»—S/S. min(1 A X, — 2?)dr < n4]
=1 i—1
n c Si 1
= ZP{ mln(l/\\X —z)? Jdr < —, inf  min|X, —z[ <n” 1/2]
i=1 T] - S Si—1 zeN n T‘E[S2 1,81] zeN
n Si 1
< > ]P’[ / (AA|X, —2)dr < =, sup  |[X, —z| < n—l/ﬂ +0(n1)
zeN i=1 Si—1 " uelsi—1,si]
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where L is any positive number independent of s; in fact, on the event { inf, s, ] | X, —

z| < n~Y/2} for z € N, the process X keeps SUPycfs;_y,s,] | X — 2] < n~1/3

with probability
1 —Om tY), and mingen | X, — 2| = | X — 2| for n > ng since the points in A are

isolated. The first term of the right-hand side of the above inequality is bounded by

>yt

2N i=1

8 1
ZZP[ / X, — 2| dr< , Xr € Bpfor all r € [s;— 1,32]]
; — Si—1 Si—1

zeN i=1

s 1
/ | X, — z|%dr < < , X, € Byfor all r € [s;_ 1,51]]

for large n. Since on the bounded set By, the process X, behaves like a Brownian motion,
the last probability is bounded by cfln exp(—cin) for some positive constant ¢; inde-
pendent of s € (Tj_1,T}), which follows from a similar inequality to [18, Lemma 10.6].
Consequently, we obtain (4.11) by using the estimate

o
sup E[I'[?P] = sup / ptPIP[D, < t7dt
s€(Tj-1,T}) s€(Tj—1,T5) /0

o.9]
< D opn+1PP2 sup PN, <n ¥ < o0
n=0 s€(Tj-1,T3)

for Ty = (T; — s)~* [79{bb/(X,)}2dr and p > 1. O

4.4 On condition (C3) for non-degeneracy of GG in the case k =1

The problem of non-degeneracy of og can be reduced to local properties of the stochastic
differential equations in the case £k = 1. Consider a system of stochastic differential
equations in Stratonovich form

dYt = VO(Yt)dt + Vl(Yt) © th7 Y0 = (.’Eo, 17 f) (413)

for a (2 + g)-dimensional process Xt = (Yij))jzllg, where V; = (ng))j:m,g (t=0,1)
are vector fields. The elements of V;’s are specified as follows:

V@ = ) = aten) - e, V@) = b,
V[()Q)(f) = d'(x1)my = {a/(l’l) - %(b//(i’l)b(fcl) - (bl(xl))Q)}m’
VP@) = V().

Suppose that the vector fields V§3) (1 = 0,1) are smooth and their derivatives of positive
order are bounded, and that the g-dimensional random variable F' is represented by the
third element of X7 as F' = Yﬁf’), T € (0,1]. In the case F =0, X; is (Yﬁl),yl(?)) and V;
are (Vl(l),V@)) (1 = 0,1) respectively. By definition, Y&” = Xp and YE,?) =Y.

(2
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The Lie algebra generated by V; (i = 0,1) at T € R**9 is denoted by Lie[V1, V](Z),
namely, it is the linear span of the vectors in U2, V; with Vo = {V1(Z)}, Vi = {[V;(Z),V];V €
Vi—1} (i € N), where [V, W](z) = DV (x)W (z) —DW (z)V (x) with DV (z) being the deriva-
tive of V' at x. A simple criterion for non-degeneracy of o¢ is provided by the Héormander
condition (see Section 2.3.2 in [14] for details).

Proposition 4.6. Let k = 1. For a constant Xy, if span Lie[V1,V(](Xo) = R*"9, then
(C3) holds.

A variation is the case where F' has a component Xp, that is, F' = (Xp, F}); F} may

be empty. If we have a representation F; = Y? ) , then Proposition 4.6 remains valid.

The non-degeneracy problem for og becomes a global one when k£ > 1 since we need
non-degeneracy of X, — X7, but the support of X7, is no longer compact. Though we
could assume some strong condition that gives uniform non-degeneracy over the whole
space, it would be a quite restrictive solution. Instead, in Section 4.5, we will consider
a different way by slightly modifying Theorem 4.3, but such modification keeps the error
bound of the approximation meaningful in practice.

4.5 Localization

To convey the idea simply, we shall only treat the case F' = (X7;);=1,..x, While more
general cases can be formulated in a similar manner.

Let us consider the situation of Section 4.4 with the system (4.13) of stochastic differ-
ential equations for X; = (Yil),Yf)) = (X¢, 2).

(D) Lie[V1,Vo](z,1) =R? for z € I.

For positive numbers K and ~, let £(K,v,I) be the set of measurable functions A :
R3* — R such that h(z,y,r) = 0 when z; € I¢ for some j € {1,....,k—1}, x = (@) j=1,... ks
and that |h(z,y, x)] < M(1 + |z| + |y| + |z])? for all (z,y,z) € R,

Denote by (Xy(s,x),%(s, (z,y))) the stochastic flow defined by

{ dXi(s,z) = a(Xi(s,z))dt +b(Xy(s,x)) o dWy,
d¥(s, (z,y)) = a(Xi(s,2))u(s, (z,y))dt + V' (Xi(s, 7)) 54 (s, (2, 9)) 0 dW;
with (Xs(s, ), 2s(s, (z,9))) = (z,y), 0 < s <t < 1. Assume conditions (A4), (C1) and

(D). Then by Proposition 4.6 and Theorem 4.3, for each z;_1 € I and y;—1 > 0, there
exists a density

(V%;. Vi _, ;S (T (- 1,95-1)), X1 (ijlymjfl))

a? (& mjyxjlyi—1,2j-1) = pn (¢, mj,25)

with initial value (ET]‘—l?XTj—l) = (yj—1,xj—1) of the system starting at time 7;_; that
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gives the asymptotic expansion
E[h (Vﬂ N Vﬂfl’yj_*llsz’XTj) ‘ETj—l =Yj-1, X1y, = 1]
—/RS hi(Giomys x)ad (Giomgs wjlyj—1, wj—1) d¢dnyda;
0(n—1/2)

uniformly in h; € E(K, ) for every (K,v) € (0,00)?. Indeed, qy(Lj) (Cj,nj,xj]yj_l,xj_l) is
the density p,((j,nj, ;) in the one-step case starting from time 7;_; and the initial values

Xo =1 € I and ¥y = 1. Then we obtain a function an"’G)(z,y,x) that approximates

the distribution of (Z,,G) with G = ((¥1;)=1,....k, (X1;)j=1,..k):
k .
07Dz y2) = [[a¥ (55— -1y 25]y5-1, 1) vy
j=1

for (Z7y7x> = ((zj)jZl,...,k7(yj)jZL...,k?(a;j)jZL...,k)’ (ZO7yO) = (071) We should remark
that this function is defined only when z;_1 € I for j = 1,..., k. Now we give a localized
version of Theorem 4.3.

Theorem 4.7. Suppose that Conditions (A), (C1) and (D) are fulfilled for some finite
closed interval I. Let G = ((X1;)j=1,..k (X1;)j=1,...k). Then, for every pair of positive
numbers (K, ),

sup |E[h(Z, G)] — / h(z,y,2)q7" 9 (2,y, v)dedydz| = o(n~'/?)
he&(K,y,I) Rk xRk xRk
as n — oQ.

For a sketch of the proof of Theorem 4.7, we notice that the function h admits the
estimate

k
h(z,y.2)| < My (L4120 + sl + |z
j=1
for some (M,v1) € (0,00)2.
error bound.

Then repeated use of the approximation yields the desired

The asymptotic expansion for (V,,, (Xr;)j=1,..x) as in Corollary 4.4 also follows under
conditions of Theorem 4.7.

5 Applications

5.1 Strong and weak error expansions

As the first application of the density expansion introduced in (4.10) we study the strong
and the weak approximation error associated with the Euler approximation scheme.
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Proposition 5.1. (Weak and strong approzimation errors) Suppose that conditions of
Theorem 4.3 are satisfied.

(i) (Strong approzimation error) Let p;™(z) be the marginal density obtained from an"’F)(z, x),

defined at (4.10), by projection onto the first component and let Up, = (X7, ..., X7 )—

k
(X1y,...,X1,). Then we obtain the following expansion for the LP-norm of the ap-
proximation error

1/p
E[HUan]”p:”m(/ \Izllpp5n<z>d2> +o(n”'/?).
Rk

(ii) (Weak approzimation error) Consider a function f € C?*(RF) such that the second

derivative of [ has polynomial growth. Setting p%V"’F)(z, z) = pi(z,x)+n"2py(2, x)

we deduce the asymptotic expansion

EBIf (X7, X5 = f( X7y, X))
=n! / ((Vf(x), z) - pa(z,x) + %Z*Hessf(q:)z -pl(z,x)> dzdz + o(n™1).
Rk xR*

Proof. Part (i) of the statement is a direct consequence of Corollary 4.4 applied to the
function h(z) = ||z||P. Now, we set X" = (Xz,,..., X} ) and X = (Xrpy,...,Xp). To
obtain part (ii) of Proposition 5.1 we apply Taylor expansion to conclude that

fX®) = f(X) = (VF(X), X" = X) + %(X” — X)"Hess f(X)(X" — X)

(X" — X)* (Hessf(Y™) — Hessf (X)) (X" — X),

Ll
2

for some random vector Y” € R* with ||[Y" — X|| < ||X" — X||. In particular, Y" 2 X
Observe that

E[(X"™ —X)* (Hessf(Y") — Hessf(X)) (X" —X)] = 0 as n — 0o,
which is due to f € C?(R*). We deduce the expansion

E[f(X7,. .- , X1,) — f(X7y, ..., X7,)]
=n! / <(Vf(x), z) - pa(z, ) + 1z*Hes.sf(ar:)z -pl(z,a:)) dzdx + o(n™1)
RE xRF 2

since, according to Theorem 4.3 and Corollary 4.4 applied to F' = (Xy,..., X7, ), it holds
that

/ (Vf(z),z2) pi(z,x)dzdx =0,
RF xRFk

because the dz-integral is taking over an odd function in z. This completes the proof of
Proposition 5.1. O
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We remark that the weak error expansion of Proposition 5.1(ii) has been obtained in
[3, 4] for k = 1 and the discrete Euler scheme. Furthermore, the authors proved that the
error of the expansion in Proposition 5.1(ii) is O(n~2), which is more precise than o(n~1).
We note however that the theory developed in [3, 4] is not sufficient to obtain the density
expansion (4.10) of Corollary 4.4.

5.2 Studentized statistics

In this part we will apply results of Section 4.2 to derive the density of the studentized
statistic. To avoid complex notations, we restrict our attention to the case k = 1.

To this end, let T € [0,1]. We note that V! = 7ZF and Vp ~ MN(0, Sy) with
St = E%CT. Then, the studentized statistic is

Vi _ Zr
VSt VCr

Hence, it suffices to derive the density of the studentized statistic Z7/+/Cr.
We write (4.8) in the form

(5.1)

o(z,iu,iv) = Hiz(iu)? + (Ha + Hzz)(iu)
Moreover, we restructure (2.9) as
F(iu, iv) =Ha(iu)® + Hs(in)(iv) + He(in)® + Hr(iu)(iv)? + He(iu)®(iv).  (5.2)

Adding these two random symbols, we obtain the full random symbol
7
o(z,iu,iv) =Y ¢;(2)(iu)™ (iv)™ . (5.3)
j=1

where the components of (m,n) = ((m;,n;)),<;<; and ¢(z) = (¢;(2))1<j<7 are given by

(m,n) = ((1,0),(2,0),(1,1),(3,0),(1,2),(3,1),(5,0))

and

c(z) = (Ha + Hzz, Hiz, Hs, Ha, Hr, Hs, He) -
In view of Theorem 4.3 and denoting C' = Cr, Z,, = Z7,, we obtain that

8
P72, 2) = ¢(2:0,2)p° () + 072 pj(z,7)
j=1

where for each j we have

Pz @) = (=)™ (=d,)" (6(2:0,2)p° (2)E 5 (2)|C = a] ).
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Note that, in this case, most of the terms are the same as in [15, Section 6]. Hence,
adopting their derivations, we easily obtain the following identities:

/ 9(z/Vx)p1 (2, x)dzdx ZE[%C_”Q]/g(y)y(b(@/; 0,1)dy
R2 R
+ E[H3] /R 9(0) (s — 1)é(y:0, 1)dy,

0(2/ VTP (2 2)dzdz = B[H,CV?) /R 9(y) Hs(y)d(5:0, 1)dy,

_9(z/V)ps (2, 2)dzdr = %E[%C‘?’/z] /Rg(y)(y?’ — 2y)p(y; 0, 1)dy,

9(2/D)pa(z, 2)dzdz = E[H,C?) /R o(y) Ha(y)é(y; 0, 1)dy,

o/ Vapszsa)dzde = EHC] [ glu)s” — 49)0(0:0. Dy,
R

_9(z/V)ps(z, 7)dzdz = ;E[HsC‘S/Q] /Rg(y)(yE’ — Ty’ + 6y)$(y; 0, 1)dy,

9(2/D)pr (2, 2)dzd = E[HC 7] /R o(y) Hs (y)é(y; 0, 1)dy,

where
Hs(y) =y® —3y, Hs(y) =y° —10y° + 15y.

Due to F' = C in o4(iu, iv) of (2.9), we notice the equalities

Hy = % and 4Hg = H7 = Hs,

which leads to the following result.
Corollary 5.2. Under conditions of Theorem 4.3, the Edgeworth expansion is

PV (y) = 6(y;0,1) + 07 26(y;0, 1) (ary + as(y? — 1) + azy®) (5.4)
where

a1 = E[H2C/%) — 3E[M1C7V?) 4 JE[H;0%%) 4 BE[HeC /),

az = E[H3],

az = E[H,071/7).
6 Proofs

Throughout this section all positive constants are denoted by C' although they may change
from line to line. Furthermore, due to a standard localisation procedure (see e.g. [5]) all
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continuous stochastic processes (Y:);c(o,1] can be assumed to be uniformly bounded in
(w, t) when proving Theorems 3.2 and 3.3. In particular, it applies to stochastic processes
Y; = aD(X;) and Y; = b (Xy) for I = 0,1,2. For a generic diffusion process (Y2)iejo,1) of
the form (1.1) with bounded coefficients we obtain the inequality

E[|Y; — Yi|P] < Cplt — s[P/>  for any p > 0 and t,s € [0, 1], (6.1)

which holds due to Burkholder-Davis-Gundy inequality. We will use the notation Y ek

Y to denote the uniform convergence in probability sup,cp 1 |¥;" — Y1 24 0. In the proofs
we will deal with sequences of stochastic processes of the form

[nt]
=2 8
i=1
where £, i = 1,...,n, are F;/,-measurable random variables with E[|{}'|P] < co for any

p > 0. The following statements trivially hold:

[nt]
YEN =0 = Y"=X0 (6.2)
=1

[nt] e [nt] .

S R Faonyml =5 Y and Y CE[(E)?] Fa-1yml — 0

=1 =1

=YY" =Xy (6.3)

6.1 Proof of Theorem 2.1

We will sketch the proof, basically following the ideas of [22, Theorem 4], but outlining
the difference caused by the multiple stopping in the present situation. Note that as in
[22, Theorem 4], it suffices to verify assumptions of [22, Theorem 1].

6.1.1 Construction of the truncation functional v,, from s,, and other variables

Let d satisfy the inequality 1/3 < d < d < 1/2, where the constant d has been introduced
before assumption (B1), and define §,, by

& = 107'021C, — C? + 2[1 + 4det apy, gy (s5) ']

-\ 8
|CP — Cy — O + Cg|n?
dtds.
+/[0’1]2 ( |t — s[3/8 s

We define Q,, = (M,, F), R, = (Nn,ﬁn) and set

R, = oy <n1/2<DQn, DRy)u +n"Y2(DR,, DQ,) g +n (DR, DRn>H>.
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Let 1p € C*°(R; [0, 1]) be a function such that (z) = 1if |z| < 1/2 and ¢(z) = 0if |z| > 1.
We introduce the random truncation

Yo = V(E)YNYER,?).

Remark that 1, is well defined because so is Uéi under the truncation by &,. In fact, if

&, < 1, then detog, > sF/4, that is nondegenerate thanks to (B3)(ii). Therefore aéi
makes sense on the event {&, < 1}. We are defining v, = 0 on the event {, > 1} since
¥(&,) = 0 there. Thus, 1, is well-defined.

6.1.2 Characteristic function and its decomposition

Let Z, = (Zn, F,,) and let 29 = ZAFS2 for o = (a1, a2) € ZE x Z. Define
gi(u,v) = E[zpnz“f; exp (Zn[iu] + Fp[iv])]

for u € RF and v € R? and let

¢ (z,z) = (2m) Gt /Rkﬂ exp ( — z[iu] — z[iv]) g5 (u, v)dudv. (6.4)

The existence of the integral (6.4) can be verified by the nondegeneracy of the Malliavin
covariance matrix of (Z,, F},) under the truncation by v,,. We define the quantities

U(u,v) = exp ( - %C[u@] + iF[v]>,

en(u,v) = —=(Cp, — O)[u®?] + i(Fu[v] — F[v]) 4+ in~ V2N, [u],

1
2

e (u) = exp (th"[u] ricr [u®2]>,

1
L} (u) =€} (u) — 1 and e (z) = / e**ds.
0
Finally, we introduce the functions

L% (u,v) = O°E [emwu, 0)en(u,0) & (enlu v))v%} ,

B (1,0) = B | LR )0}
The existence of ®*(u,v) and ®2*(u,v) involving e (u)¥(u,v) is ensured by the trun-
cation 1,. Let us set
PO (y,v) = OE[¥ (u,v)iy].
Then §%(u,v) possess the decomposition

gn(u,v) = @5 (u,v) + @ (u,v) + P (u,v).
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6.1.3 Error bound

We apply [22, Theorem 1] by verifying conditions [B1], [B2|s, [B3] and [B4];n therein
under our assumptions (B1), (B2), (B3). Remark that “/” therein corresponds to d + 3,
where d = k+¢. Condition [B1] follows from (B2)(iii) and a standard central limit theorem
with a mixed normal limit. Condition [B2], is verified by (B2)(i), (B1)(i)-(ii), (B2)(ii) and
the definition of &,.

Condition [B3] is verified as follows. C™/ and C7 are expressed as

. tiNt S 2
o= nz / K™(t / ( / dWT> ds
ti—1 At ti—1

7

and

) 1 tAT)
] 2
o = ; /O K (s)%ds.

Routinely, we have

< o0
p

n? sup |C — Y|
te[0,1]

sup
neN

for every p > 1 from (B1)(i) and (ii). Therefore, [B3](i) follows as

Plléal > 1/2] < PRICT — C1f > 1] + Pldet oy < s8]

8
+P / CF = Ci = C3 + Cilnt dtds > ~
[0’1]2 ‘t — 8‘3/8 - 10

— 0

as n — oo thanks to (B3)(i) and (B1)(ii). By the definition of &,, on the event {|¢,| < 1},
n(1=3)/2|C,, —C| < 1 for large n, which is [B3](ii). Moreover, [B3](iii) follows from (B3)(ii)
since lim sup,, , . E [1{|§ <1y det oy ] < limsup,,_,, E[4P(s*)7P] < cc.

Condition [B4]gmn(i) is rephrased as (B2)(iv). The present 7 is in S(d + 3,5,2) in
particular; see [22, p. 892] for the relevant definitions. Thus, [22, Theorem 1] gives the
error bound

sup An(f) = o(n™/?)
feE(R)

if the following two conditions are fulfilled:

lim n'/2®2%(u,v) = O“E[¥ (u,v)o(iu, iv)] (6.5)

n—oo

for v € R¥, v € R? and ani, and

sup  sup n1/2](u,v)\a+1_€}®i’a(u,v)’ < 0 (6.6)
" (uw)EAR(d,d)
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for some € = () € (0, 1) for every o € 74 , where A(d,d) = {(u,v) € RY; |(u,v)| < n9/2}.

We obtain (6.5) as in [22, Eq. (41)], except for the parts concerning the derivation of
[22, Egs. (38) and (43)] by a non-degeneracy argument. We shall show (6.6). By using
duality twice for the double stochastic integrals, we have

n/2$%% (u, v)

0 Y coi /ttl /:iIE[830K”(ti_1)[iu]aalDT{e?(u)Ds(\P(u,v)wn)Hdsdr

ap,aj:aptai=«

for some constants c,,,,. We have

Dr{eg(u)Ds (U (u, v)tn) } ey (u)U(u,v)o(n,r,s;iu, iv)

= F.GH}o(n,r,s;iu,iv),

where
F' = exp (Mg[iu] + F[m]),
Gs = exp < — %(01 - Cs)[u®2}>,
H' = oxp @(cg - cs)[u@])

and o(n,r,s;iu,iv) is a polynomial random symbol of fourth order in (u,v) with coeffi-
cients in Dy_3 o (R).

First, we will consider the case o = 0, and estimate n'/2®%%(u, v). Let s € (Tj-1,Tj).

Then M = (M%’l, ...,M%_’];:l,Mg’j, . ,Mgk) We will estimate the speed of the de-

cay of the expectations of the components of n2®2% (u,v) for (u,v) € A%d,d). Our
strategy is as follows. For s € (73,T}), we apply the integration-by-parts formula for
(M%’l, ...,M%_’J_:l,M?’j,F) to obtain the decay |(u1, ..., u;,v1, ..., 04)|"@F178) where u =
(w1, ...,ux) and v = (v1,...,vq). For that, we need to show that the D-derivatives of G
and H? up to {-times are L,-bounded uniformly in (u,v) € A%(d,d) and n € N, under the
truncation by v,. We see that this property holds for H? by (B1)(ii). For G, we verify
the property as follows. The multiple D-derivative of G is a linear combination of terms
of the form

& k
{ H Da, < Z ]I?/\muhuh) }GS (Aoc = Ta(a—1)+15 - Ta(a)> 1< a(l) < a(2) < )
a=1 11,i2=]
that is bounded by G; times a polynomial p of random variables
DAa]Ié Hi\/Ti—l - Hé ’( ) ’
max |——=| ~ max |— | , max , Ui )imi . k|-
=gk | Ty — 8| =gk | Ty — (s V Ti_1) i=jk | Ty — s =gk
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Indeed,

k
D ]Ih/\iz .
Aa s Uiy Uiy

11,i2=]

k i1 A\© k
Zil,iQZj DAa]Ilsl/\Zg/(nl/\iQ - S)Uil Ui2 1112
- k i1 Aig Z ]Is /(ElAiQ - 5)ui1ui2
Zil,izzj I /(Til/\iz - 5)ui1ui2 i1,i2=]
-1
< |(Pa /@i, - ) (127 i~ )
i1,40=4,....k i1,92=7,....k

X )

k
Z H?/\m/(ﬂﬂ\iz - S)uiluiz

i1,i2=]

where we used

1/2
S5 Il = (s 570) < s

vijv|=1
for any non-degenerate symmetric matrix S. Moreover, the identity

o Lyr,
det (Hsl/\ 2 /(T nig — S)) = H m

i1,i2=],wesk ik

can be used to estimate the inverse matrix in the above expression.

The term pG; is Ly-bounded due to (B1)(i), (iii) and

k m
sup ( Z ]IQMQuilui2> Gs < o0

uERk,w, T .
11,12=
se(T;_1.T;) 1,22=)

for every m € Nand j =1, ..., k.

If j = k, then this estimate is sufficient for our use. When j < k, we also use the
non-degeneracy of the matrix

1 [Tiynig )
Mty = (3 [ Kera)

T; i1i2=j+1,....k

and the estimate

(C1 = COu®? = M(Tjyr, T) [(wjs1, -, ur) 7] (6.7)
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in order to obtain the decay |(uj+1, ..., uk)|_(a+1_5). For (6.7), we note that

k 5\/Til/\z‘2 1 k 2
S [ ket = [ (X tomou)
i1,ia=1"% 5=l
1,k 2
> / < 1[07Ti}(t)ui> K (t)%dt
T Ni=1
k Tiy nig
= Z / K(t)2dt Ujy Ujgy -
i1,ia=j+177Ti
By (2.7) we have
det M(Tji1,Ti)™' € Leo, (6.8)

and hence (6.7) and (6.8) imply that

(cl—cs)[u@}) < G M(Ty, To) 7M™ (6.9)

1
(g1 s )™ exp ( -

is Loo—-bounded uniformly in (w41, ...,ux) for every m € N. Finally, we may use one of
the above estimates of the decay, depending on |(u1, ..., uj,v1,...,vq)| > |(wjt1, ..., ug)| or
not.

Following the proof of [22, Theorem 4], i.e. the procedure (a)-(g) therein with the
additional truncation

i AR
ns = 1/’(2[1""4th‘T(M;IJ,...,M?jij‘ll,M?’JV,F)(S”) } )’

we obtain the desired decay of

M e i
ny /t . / E[aaOK”(ti_l)[iu]aalDr{eg‘(u)Ds(\Il(u,v)wn)Hdsdr

i=1Yli-1
for « = 0. A similar estimate can be shown for a general a.

For s € (T)_1, T%), we apply the integration-by-parts formula for
n,1 n,j—1
(M7 ey My ,F)

to obtain the decay |(u1, ..., uj—1,v1, ..., ’Uq)|_(a+1_a). In order to obtain the decay |(u;, ..., ux) |_(‘3'+1_5)7

we use the nondegeneracy of

] 1 [Tipnin 5
M) = (5 K@

J

- i1,49=7,...k

Then we repeat a similar procedure as in the previous case to obtain the desired decay.
We deduce (6.6) by combining the above estimates.
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6.2 Proof of Theorem 3.2

We state the decompositions in the differential form for the ease of exposition. Applying
Taylor expansion we conclude that

AV = /n (a(X;Ln(t)) —a(X )) dt + v/n ( (X2 ) — b(Xt)) AW, (6.10)
= Vi (a(X?) — a(Xp) dt + Vi (a(Xj,}n(t)) —a(xp)) dt
VR (DX = (X)) AW + Vi (WX, ) — B(XT) ) dTY
= (('(X0) +ap) V" +a;") dt
((b' X;) + b”) — Vb (XD ) (W = W) + 13;") AW,
i

where the processes a”, a are defined as

ay = d (XJ) — d'(Xy), a;" =+/n (a(X;Ln(t)) - a(th)) ’
B = VX) =0, B = v (BOC, ) = DT 08 (X ) (W = Wi, )

and X", X/ are certain random variables with | X" — X,| < |XP — X;|, | X" — X,| <
u.c.p. u.c.p.

| X" — X¢|. In particular, it holds that Xn Y X and X' 2R X Using Lemma 3.1 we
thus can write

v = ([ (@ = (6000 ) (B = VX, )0V W) ds
+/O (£~ (13’" Vnbb' (X, s))(WS_WWn(S))> dWs)v

where the process X" is defined by

" — exp (/0 H(X,) + ) dW, (6.11)

[ (e (o i) o)

Comparing the representation of V" with (3.4), we just need to show that

oLy, (6.12)
t

/zsla;”d 2R, (6.13)
0
t u.c.

/ somdw, 8o, (6.14)
0

/Otzsl (b’(Xt)JrB?) (z}/n Vbt (X, () (Ws = W, ())>d = o, (6.15)
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where the process ¥ has been defined in (3.3). Since both a? and 5” are bounded as

assumed in the beginning of Section 6, and a” LR 0, b ﬂ 0 (because Xn ek X,

X' "% X and a,b € C2(R)), we readily deduce the convergence at (6.12). To show the

convergence at (6.13) we use the decomposition @/ = ai"' + ai"* with

S

d;n,l — —\/ﬁa/(X:Zn(S))/ b(XS’Zn('U«))dWU"

n(s)

~/n,2 __ () n n
CL; - f( (X” ) —a ( ©n (s))) (Xapn(s) - Xs)
_\/ﬁa/(xgn(s))/ O )

. . . . . u.c.p.
where X{" is a certain random variable with [X{" — X 7| < |X{ - X7 | Since X{" —

X, and all involved objects are assumed to be bounded, we conclude by (6.1) that

| < Cep,

Efla"

with €, — 0 as n — oco. Thus, we obtain
t u.c.p.
/ Y tam?ds =50
0

by an application of (6.2). Now, we notice that E[as""| Fi—1)/m) = 0 and E[jas" ?1<c.
Thus, we deduce that

/’t Zs_lagl,lds — / E 1( )~;’n, lds + /t <28_1 _ 271 )d;n,lds Iﬂ)} 0
0 0 n(s)

which follows by a combination of (6.2) and (6.3). Indeed, it holds that

[nt] i

/OE 1(8) @nlds = fzzlnla )b’( : )[ (Wg — Wz 1)ds + op(1),

n

and (6.3) can be applied to the last line. Consequently, we have (6.13). Finally, we show
the convergence at (6.14). Observe the decomposition

b =/n (b’(X;’") V(X3 (s))) (XZn(s> - X;‘)
— VR (XE ) ( /p Ca(XMVdu+ / X - b(X;}n(S))qu) .

n(S) GDH(S)

As for the term ai"? we deduce that E[|0”|] < Ce, with €, — 0 as n — co. Hence,
we obtain (6.14). The proof of (6.15) combines the proof methods of (6.13) and (6.14).
Consequently,

sup [V = V| =0,
te[0,1]

which completes the proof of Theorem 3.2. O
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6.3 Proof of Theorem 3.3

The derivation of the second order stochastic expansion is more involved than the ex-
pansion of Theorem 3.2, but the underlying methodology is similar. For simplicity of
exposition we sometimes use the same notations as in the previous section although they
might have a different meaning. Instead of the first order approximation in the last line
of (6.10), we may further develop

dV" = d (X)V/"dt + (V' (Xe) V" — Vnbb (X3 (1) (Wi = Wy, (1)) dWs (6.16)

+<2\1/ﬁa”(Xt)(Vt”) = Vnbd (X5 1)) (Wi = W, 1))

—Viaa (X, )t~ pu(t)) — 82"

(X5 0) (Wi — Wsonu))Q) dt
n n n
+ (b OV = G0 (X, ) W = W, )
— Vnab (X2 )t gon(t)))th + ardt + brdwy,

where ay and 5? are stochastic processes, whose negligibility in the involved asymptotic
expansions is shown in exactly the same manner as in (6.12)-(6.15) (although these terms
have a different meaning in this subsection).

Now, recall the definition of the first order approximation V7 at (3.4). By Lemma 3.1
this process satisfies the stochastic differential equation

dVy = d' (X)) Vi dt + V(X)) Vi dWy = VnZe S, b (XT () (We = W, 1)) dAW;
—VnEE]! V(X0 (X (1) (We = W, (1))t

Observing the definition of the stochastic process dR}' = Ry (1)dt + Rj*(2)dW; at (3.5), we
deduce by Lemma 3.1 and the negligibility of the terms aj', by the decomposition

Vr-Vi=1% / t 5.1 ((RE(1) =V (X5)RE(2))) ds + RE(2)dWs) + op(n~1/?),
0

where ¥ has been defined in (3.3). This finishes the proof of Theorem 3.3. t

6.4 Proof of Theorem 4.3

We will verify conditions (B1), (B2) and (B3) for Theorem 2.1 under (A), (C1), (C2) and
(C3). Recall that

K(s) = -7 (X,),

0=2k+7G+8, l, =2[G/2] + 4 and we are assuming that a, b are in C°°(R) and all their
derivatives of positive order are bounded. As mentioned just before assumption (A), the
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functionals ¢, (2) in the representation (2.10) of the full random symbol ¢ and also in (4.9)
are associated with ¢ of (4.8) and @ of (2.9).

Conditions (B1)(i), (ii) are obvious. Condition (B1)(iii) is assumed by (C1). In the
present situation, F,, = 0 since F,, = F. Condition (B2)(i) follows from (A) and (C2)(i).
(B2)(ii) will be checked later after constructing s,. Condition (B2)(iii) is already obtained
n (4.7). The property (B2)(iv) has been observed to derive the expression (4.8).

We shall consider non-degeneracy of the Malliavin covariance matrix ox, x,) of (X1, Xo),
where

71 7‘71 7‘
Xp = (Mg ,..Mg” " ,Mg’) and Xy = (Ipy,...%7,)

for S1 =T1i,...,Sj—1 = Tj—1 and S is either s € [(Tj—1 + T})/2,Tj]. We will estimate the
Malliavin covariance matrix ox, x,). Let 0; =i /n. Let

ni(t) = \/E(W(Hz At)—W(0;—1 A t))

and
fz(t) = n((W(H, A t) — W(Gi—l A t))2 — (07, At—0;_1 A t)) .

Then, as in [21], we have

D, Mg" = Z2K(9i—1)77i(Su)l(ei,lASu,Gi/\Su](T)

—1/22( Z D, K(0;—1)& (S, )> 0; 178,075, (T)

=1 Ni/=i+1

for u =1,..., 5. Therefore,

o(n,p1,p2) = (DMg, ,DMg )u

— Z/ [QK 0i—1)1i(Sy, +n1/ZZDK zlfz(m)] 0,5,,1(T)

z’*z—l—l

x[szz-_l)m(sm)ml/z 3 DTK<61-_1>@/<SW>]1[0,5#2}<r>dr
i'=1+1
+Op»(n"1?)

= &(n, 1, p2) + Or(n™/?)

for M1, p2 = 1) "'7j7 where 5(”7”17”2) = 6-1(”7/1’17,“2) + 52(”7”17”2) with

n 0;
a1(n, g1, p2) = Z/ (2K (6i-1)mi(Sp1)) 10,5, () (2K (8i-1)1mi(Spa)) 10,5, (7)dr
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and

n 0; n
sl ) = Y [ <n_1/2 3 Deri_l)af(sm))no,smmr)
=1

0i—1 i'=i+1
X <n1/2 Z DTK(ei—l)gi’(SﬂQ)) 1[073#2] (T)d?“
i =it+1

for p1, pe =1, ..., 5. Moreover, for G = (G"),=1,..3,

o(n,p,v) = (DMg, ,DG")m
n 0;
-3 [MWH)W(SH”‘W > DK% (S >]1[osm]<>
1= i—l i/ =i+1
xD,.G"dr + OLp(n—l/Q)
= &(n,p,v) + Owp(n~"/?),
where
n m, v Z/ (n_1/2 Z DTK(ei1)€il(8ﬂ)>1[0,5#](T)DrGlldT
i'=i+1
Let

1
g(n,vi,vg) = /DrGlerG"er.
0

Then it is easy to see that the matrix

(52(n, pu, uzl) (5(n,p,v)) }
(6(nnu'7y)) (&(n7 V17V2))

is nonnegative definite. As we will see, the matrix (&(n, V1, 1/2)) is positive definite almost
surely. Therefore,

(52(%, M1, :UQ)) - (5(71, My V)) (6(77‘? Vi, VQ))il(&(nv 22 V))*

is nonnegative definite, and hence

ot | @mpnp2)) (600, 0)

det| o) G

= det{ (6(n, p1,p12)) — (6(n, p,v)) (6(n,v1,02)) 1(6(n,u,y))* }
x det (5(n,v1,12))

> det (61 (n, 1, o)) det (6(n, v1,10)) =1 M.

Now M,, converges in Ly, to
Spy ASug 1

Mo = det { / AK (t)2dt x det [ / DTG”lDTG”er]
0 0

p1,p2=1,....j vi,ve=1,...q
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with rate n=1/2. Define s% by

; 1
sl = §MOO.

Then sup,,cy HS%HM) < oo for every p > 1 and every j, so that (B2)(ii) holds additionally
by (A). But M is non-degenerate, i.e.

M € Lo (6.17)

due to (C1) and (C3). This shows (B3)(ii). Moreover, the estimate M, — My =
Op.._(n~12) and (6.17) proves (B3)(i). Hence, the proof of Theorem 4.3 is completed. [J
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