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Abstract

We propose a nonparametric estimator of the empirical distribution function (EDF) of
the latent spot variance of the log-price of a financial asset. We show that over a fixed time
span our realized EDF (or REDF)—inferred from noisy high-frequency data—is consistent
as the mesh of the observation grid goes to zero. In a double-asymptotic framework, with
time also increasing to infinity, the REDF converges to the cumulative distribution function
of volatility, if it exists. We exploit these results to construct some new goodness-of-fit tests
for stochastic volatility models. In a Monte Carlo study, the REDF is found to be accurate
over the entire support of volatility. This leads to goodness-of-fit tests that are both correctly
sized and relatively powerful against common alternatives. In an empirical application, we
recover the REDF from stock market high-frequency data. We inspect the goodness-of-fit of
several two-parameter marginal distributions that are inherent in standard stochastic volatility
models. The inverse Gaussian offers the best overall description of random equity variation,
but the fit is less than perfect. This suggests an extra parameter (as available in, e.g., the

generalized inverse Gaussian) is required to model stochastic variance.
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1 Introduction

Stochastic volatility is a central concept in financial economics with numerous implications for cap-
ital allocation, asset- and derivatives pricing, or risk management. It is therefore essential to select
a model for stochastic volatility that is able to reproduce the main features observed in data from
financial markets, such as the implied volatility surface, as closely as possible. There is, however, no
consensus about which model is “best,” as the extensive list of papers on stochastic volatility sug-
gests (the literature is too big to count, but a partial and necessarily incomplete set of specifications
proposed in the literature can be found in Andersen, Benzoni, and Lund, 2002; Barndorff-Nielsen
and Shephard, 2002; Chernov, Gallant, Ghysels, and Tauchen, 2003; Christoffersen, Jacobs, and
Mimouni, 2010; Comte and Renault, 1998; Gatheral, Jaisson, and Rosenbaum, 2014; Heston, 1993;
Hull and White, 1987, and the references therein).

The goodness-of-fit of a stochastic volatility model can be assessed in several ways. If the
parameters are estimated with a method of moment-based estimator, a standard diagnostic check
is available via a test of overidentifying restrictions (see also, e.g., Gallant, Hsieh, and Tauchen,
1997). This approach can be highly inefficient, however, as it depends on the selection of moment
conditions and the associated estimation of the weighting matrix, which may produce significant
size distortions in finite samples (Andersen and Sgrensen, 1996).

Another idea is to compare the model-implied distribution of volatility with a nonparamet-
ric empirical measure of it (e.g., Ait-Sahalia, 1996). In a continuous-time setting, for instance,
a model is often formulated via a stochastic differential equation for the variance process (or a
transformation thereof, such as the square root or natural logarithm). This, in turn, implies that
the marginal distribution of spot volatility (at least in the stationary case) belongs to a particular
class of distributions. So if the underlying volatility was observed, a specification test based on the
distance—with respect to a suitable norm—between the empirical distribution function (EDF) and
the marginal distribution imposed by the model would be feasible. However, as spot volatility is
not directly observed, this approach is not immediately applicable.

The recent access to financial high-frequency data has alleviated these concerns, as it enables
the computation of an essentially error-free measure of realized volatility, allowing for a more direct
evaluation of the goodness-of-fit of stochastic volatility models. Inspired by the above, a common
approach is to compare (conditional) moments of the integrated variance of a parametric model with
a nonparametric estimator hereof (see, e.g., Bollerslev and Zhou, 2002; Corradi and Distaso, 2006;

Dette and Podolskij, 2008; Dette, Podolskij, and Vetter, 2006; Todorov, 2009; Todorov, Tauchen,



and Grynkiv, 2011; Vetter and Dette, 2012). Zu (2015) proposes a test based on a de-convolution
kernel density estimator of the distribution of the integrated variance, Lin, Lee, and Guo (2013,
2016) resort to the empirical characteristic function, while Bull (2017) proposes a wavelet-based
test. As pointed out by Todorov and Tauchen (2012), however, the mapping between the probability
distribution of the spot and integrated variance is in general not one-to-one. Thus, goodness-of-fit
tests based on the latter suffer from lack of power against some alternatives, due to the smoothing
entailed by integrating spot volatility over a discrete time interval.

In this article, we therefore propose to construct goodness-of-fit tests for stochastic volatility
models that are based on a realized EDF (REDF hereafter) of spot volatility. We build on the
work of Li, Todorov, and Tauchen (2013, 2016), who show that estimation of the EDF amounts to
pinning down the occupation—or local—time of volatility. We first retrieve an estimate of the latent
spot variance at any point in time by employing a Foster and Nelson (1996) rolling window-type
estimator, which is computed on small blocks of high-frequency data. The main distinction is that
we allow the asset price to be recorded at the highest resolution—i.e. the tick-by-tick level-—so
that instantaneous variance can be recovered as accurately as possible. This is crucial if the whole
distribution, including the tails, is of interest and not only measures of central tendency, such as
the mean or median.

At this sampling frequency, however, the data are invariably contaminated by frictions in the
trading process, collectively known as microstructure noise (see, e.g. Hansen and Lunde, 2006). This
complicates the issue a lot. The derived problem of estimating the integrated—or cumulative—
variance process in the presence of noise has received substantial attention in the literature (see,
e.g. Barndorff-Nielsen, Hansen, Lunde, and Shephard, 2008; Jacod, Li, Mykland, Podolskij, and
Vetter, 2009; Zhang, Mykland, and Ait-Sahalia, 2005). We here adapt the pre-averaging approach
of Jacod, Li, Mykland, Podolskij, and Vetter (2009) and Podolskij and Vetter (2009a,b) and show
how it can be applied to design a consistent spot variance estimator from polluted high-frequency
data (an alternative procedure is presented in Zu and Boswijk, 2014). The REDF is then built from
the recovered sample path.

We show that under mild conditions the REDF is a consistent noise- and jump-robust estimator
of the EDF over any fixed time interval, thus expanding Li, Todorov, and Tauchen (2013, 2016)
to the noisy framework. Next, we let the time horizon tend to infinity and are able to prove a
functional CLT for the REDF. This amounts to establish convergence of what van der Vaart and
Wellner (2007) call an empirical process indexed by an estimated function. Here, however, time is

continuous and the observations are not i.i.d.



The theoretical results are refined into two new goodness-of-fit tests for measuring the discrep-
ancy between the marginal density implied by a candidate stochastic volatility model and the non-
parametric gauge at the EDF represented by the REDF. The first is reminiscent to a Kolmogorov-
Smirnov statistic for an observed process, while the second is based on a weighted L? norm. Both
are trivial to compute once the REDF has been constructed, but there are a number of subtle
technical problems that render the asymptotic distribution hard to evaluate, making it difficult
to set critical regions and determine p-values. This is to some extent related to the complexities
encountered in a classical setup, when the parameters of the model under the null are estimated.
We resolve the issue via a parametric bootstrap (based on, e.g., Bull, 2017, and described in the
Supplementary Appendix), which leads to fast evaluation of the t-statistic.

The paper is organized as follows. In Section 2, we cover the setting, assumptions, and introduce
the EDF of volatility. In Section 3, the properties of the REDF are analysed. The asymptotic theory
for our goodness-of-fit tests is also developed here. Section 4 is devoted to a Monte Carlo study of
the REDF and an assessment of the size and power properties of the associated goodness-of-fit tests.
The REDF is found to be accurate over the entire support of volatility. This leads to goodness-
of-fit tests that are both correctly sized and relatively powerful against common alternatives. An
empirical application is conducted in Section 5, where we recover the REDF from stock market
high-frequency data and test the goodness-of-fit of several marginal distributions that are induced
by mainstream stochastic volatility models. The inverse Gaussian offers the best overall description
of random equity variation, but the fit is less than perfect. This suggests an extra parameter (as
available in, e.g., the generalized inverse Gaussian) is required to model stochastic variance. We

conclude in Section 6. The proofs appear in a supplementary web appendix.

2 The setting

Let X = (X})i>0 denote the efficient log-price process of a financial asset, which is defined on
a filtered probability space (Q,]—" , (ﬂ)tzo,]?)- As consistent with no-arbitrage (e.g., Delbaen and

Schachermayer, 1994), we assume X is an Ito semimartingale:
¢ t
Xt = XO + / bSdS + / O'deS + Jt7 fOl" t e [0, T], (21)
0 0

where X, is Fp-measurable, (b:):>o is a locally bounded, predictable drift, (o;):>0 is an adapted,

cadlag volatility, (W;):>o a Brownian motion, and (J;);>o is a jump process:

Jp = / / s, 2)Lq16(s,2) <13 (0 — V) (d(s, 2) / / 8, 2) Lg1s(s,2) > 11 14(d (s, 2)), (2.2)
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where p is a Poisson random measure on (R, R), v(d(s,z)) = ds ® A(dz) is a compensator, and A
is a o-finite measure on R. Also, 6 : 2 x R, x R — R is a predictable function. We assume there
exists a sequence (7y)g>1 of Fi-stopping times * oo such that |0(w, s, 2)| A1 < I'(z) for all (w,s, z)
with s < 7(w) and [ T(2)?A(dz) < oo for all k > 1.

We collect assumptions about the drift and volatility of X below.

Assumption 1 We assume that for eachp > 1 andt > 0, E[|b,[?] +E[|o,[] < C for some constant

C. In addition, o has to fulfill at least one of the following conditions:

(i) There ezists H € (0,1) such that for each p > 1,5 > 0,7 > 0, and a constant C' (dependent on
H and p):
]E{( sup |oy — 03|>p] < Ooref, (2.3)

s<t<s+r

(ii) o has the representation:

¢ t ¢ ¢
o =00+ / byds +/ FsdWi +/ 7.dB; +/ / (s, 2)(u—v)(d(s, 2)), (2.4)
0 0 0 0 JR

where oqy is Fo-measurable, ]E[|l~)t|p} + E[|5:|"] + E[|6,]"] < C for some constant C' and for each
p>1andt >0, while B is a Brownian motion independent of W, 0 is a predictable function, and

0(w,t,2)| AL < T(2) for all (w,t,z) and some T : R — R such that [, T'(2)?A\(dz) < <.

Assumption 1 places some moment conditions on b; and o;. While it is general and encompasses
many volatility models applied in practice, it may feel a bit restrictive. The assumption can be
relaxed, but this entails that a constant ¢ > 0 (restricting the rate at which the sample size T' — oo
and time gap A, — 0, cf. Section 3) has to be bounded from below, while it can be arbitrarily
small with the above setup.

Assumption 1(i) is a smoothness condition. It implies ¢ is continuous, so that it can be approx-
imated by a locally constant process over short time intervals. The condition covers both “rough”
volatility models and long-memory processes (e.g., Comte and Renault, 1998; Gatheral, Jaisson,
and Rosenbaum, 2014) with Hurst exponent H < 1/2 and H > 1/2 (standard Brownian motion is
the intermediate value H = 1/2), respectively.

Assumption 1(ii), which says ¢ is an It6 semimartingale, is common in the literature. It al-
lows volatility to exhibit fairly unrestricted jump dynamics (at the expense of excluding fractional
Brownian motion as in 1(i)) and also enables a leverage effect, as it does not restrict the correlation

structure between the increments of X and o.



Next, we define the EDF of volatility, which in the continuous-time setting is given by the

function:

1 T
Fr(z) = T/o Lvi<aydt, (2.5)

where V; = ¢2.!

Assumption 2 Fp is a.s. continuous.

This condition is fulfilled by most stochastic volatility models. It does not require o to be continuous
nor does it impose the existence of a density.

The right-hand side of (2.5) can be written 7 fOTg(V})dt, where g(v) = 1gy<zy.? Then, if Fr is
absolutely continuous with respect to the Lebesgue measure—which is stronger than Assumption

2—and ¢ is a bounded or non-negative Borel function:

7, otie=g [ owarie) =g [ o (2.6

where fr = FJ.. The EDF thus encapsulates all the information about (V;):>o available in [0, T

and can be viewed as a pathwise version of the distribution function of volatility.

2.1 A discrete and noisy high-frequency record of X

The main difficulty is that Fr is latent, because o is not observable. The aim of this paper is
therefore to construct a consistent estimator of Fp, while making the above minimal assumptions
about X.

Of course, in an ideal world with no markets frictions and continuous trading—i.e. if the entire
trajectory of X is available—we can recover the volatility process perfectly and also the exact time
and size of jumps in X (in constrast to the drift, which cannot be consistently estimated in finite
time, not even if it is constant, see, e.g., Merton, 1980; Foster and Nelson, 1996), but this setup is not
realistic. In practice, we operate with discrete high-frequency data, which we assume are available

at times 1A, for i = 0,1,...,n, where A, is the time gap between consecutive observations and

In probability theory, Fr(z) = fOT 1{y,<zydt is called the occupation—or local—time of the stochastic process
Y (e.g., Geman and Horowitz, 1980). This convention was adopted by Li, Todorov, and Tauchen (2013, 2016), who
applied it to high-frequency volatility estimation. We normalize Frr by T here, as we are heading toward a setting

with stationary volatility and an asymptotic theory with T"— oc.

2Much work in the high-frequency literature studies integrals of the form fOT g(V;)dt, where ¢ is smooth (e.g.,
Barndorff-Nielsen, Graversen, Jacod, Podolskij, and Shephard, 2006; Jacod and Rosenbaum, 2013). Here, in contrast,

g is discontinuous, which makes the theory a lot more inaccessible.



n = |T/A,]| is the sample size (equidistant sampling is convenient here, but it can weakened). In
a near-ideal world, the database then constitutes a high-frequency record of X, i.e. (X;a, ), and
the estimator proposed by Li, Todorov, and Tauchen (2013, 2016) can be applied without further
ado.

The microstructure of financial markets adds measurement error, however, which implies that
we do not observe X directly (e.g., due to bid-ask bounce or price discreteness). Instead, we record

a contaminated log-price Z, which we assume is related to X as follows:

Zin, = Xin, + Uin,, for i=0,1,...n, (2.7)
where U is a centered (i.e., E(U;a,) = 0) and i.i.d. noise process with U 1 X.
Assumption 3 E(|U|") < oo for every r > 0.

The moment condition is not standard in the high-frequency literature, but it is merely made for
technical convenience. In the proofs, we only assume moments of U exist up to some order (for
instance, in Lemma 2.1 we require the 4th moment to be finite).

We define the noisy log-return:
AZLZ = ZiAn — Z(i—l)Anv for i= 1, .o, N (28)

To deal with the noise, we pre-average the return series (see, e.g., Jacod, Li, Mykland, Podolskij,

and Vetter, 2009; Podolskij and Vetter, 2009a,b):
ken—1

Zi:Zg(ki)AZ_jZ, for i=0,...,n—k,+1, (2.9)

j=1
where k, is a positive integer, while g is a kernel function.

Any ¢ : [0,1] = R with g continuous and piecewise C! with Lipschitz derivative ¢’, such that
g(0) = g(1) = 0 and fol g(z)*dz > 0 is permitted. We follow the default choice in the literature by
setting g(x) = min(z, 1 — x).

The selection of k,, entails a trade-off. The intuition is that while pre-averaging lessens the noise,
it also smooths out the underlying volatility of X. This can render it hard to construct estimates
of spot volatility that fit the tails of the distribution if a too wide pre-averaging window is applied.
As shown by Jacod, Li, Mykland, Podolskij, and Vetter (2009), an optimal k,, is achieved via:

kp = +o(A; YY), (2.10)

n

0
VA,
where 6 > 0 is a tuning parameter, which controls the balance struck between the above forces

in small samples. As consistent with prior work, we base our analysis on § = 1/3 and set k, =

10/VAn].



2.2 The realized EDF

We now exploit the pre-averaged high-frequency data to form local estimates of V;. The estimator
we propose is both inherently jump- and noise-robust and can therefore be plugged into a “realized”
version of the EDF (or REDF, as defined in (2.16)). It is computed on small blocks of pre-averaged
returns. We denote the number of increments in a block by a sequence of positive integers h,, with
hnA, — 0 and h,/k, — 00, as A,, — 0, so the time span of the block is decreasing, but there is an
increasing amount of data within it.
Then, we set:
hp—1

1
Vs 2 |

Via, = Zivm)’, for i=0,1,...,n—h, —k, + L (2.11)

As the notation suggests, f/mn is an estimator of the spot variance at time iA,, ie. Via,. It
is convenient to extend this definition to ¢t € [0,7]. We do this by setting V, = NZ-A”, for t €
((i—1)A,,iA,], while for t > (n—h,, — k, + 1) A V, = f/(n_hn_an)An, thus holding the final spot
variance estimate fixed up to time 7.

Finally, we introduce the following constants, which depend on the weight function:

1 1
— '(s)%d d = 2ds.3 2.12
¢1Ag®san¢24m@s (2.12)

With this notation in hand, we have the following result for our preliminary estimator of the spot

volatility.
Lemma 2.1 Suppose that Assumption 3 holds. For each t € [0,T], as A,, — 0,

~ P 1 2

Vi = 0Vi + gwlw ) (2.13)
where w? = var(Ua,)).

To strip out the residual noise variation, we need an estimator of w?. There are several options

around (e.g., Bandi and Russell, 2006; Hansen and Lunde, 2006; Oomen, 2006) and each one has

3In the proofs, after freezing volatility locally, ¥ = k, ngl (9(&) — g(%))2 and 5 = - 2’;;;1 7 ()
appear in the conditional expectation of ‘A/Z-A“. As A, — 0, ¥ — 1, and the error has order ¢ —¢; = O(A}lm),
for ¢ = 1,2. This means we can work with ; in the expressions below, and this substitution has no impact on the
asymptotic analysis. In contrast, ¢} can differ materially from ¢); if k,, is small. As a practical recommendation, it

is therefore better to work with }.



it own merits and disadvantages (see, e.g., Gatheral and Oomen, 2010, for a comparison). In this

paper, we adopt the following:

9 1

o? = n_le”ZAy Z 5w (2.14)
so that
~ (0 o2 P
V, = % — Y, — o V. (2.15)

The subtraction of the bias implies V, can be negative in finite samples. Nevertheless, not a single
point estimate fell below zero neither in our simulations nor empirical work.

We then construct the REDF:

1 T

3 Asymptotic properties of the REDF

In this section, we cover the asymptotic theory of the REDF. In Section 3.1, we deal first with
consistency for the EDF in the infill setting, where we assume that the noisy log-price is recorded
over ever shorter intervals but the total time elapsed is constant, as formalized by A, — 0 with
T fixed. In the following Section 3.2, we then further assume high-frequency data are collected on
an expanding time window by also letting 7" — oo and deduce convergence toward the marginal
distribution function. We exploit these theoretical insights to develop some new goodness-of-fit

tests for stochastic volatility models in Section 3.3.

3.1 Infill setting

We start this section with showing that F,, r is a consistent estimator of the EDF.

Theorem 3.1 Suppose that Assumption 2 — 3 hold true. Then, for each T >0, as A, — 0,

sup |F,r(z) — Fr(z)| 5o. (3.1)

TRy
It is worth noting that F;, r is consistent for Fr, even though it is based on pre-averaged returns
that are not filtered for jumps. This intrinsic robustness is a relatively unique feature of this type
of estimator, although it is shared by the realized Laplace transform of Todorov and Tauchen
(2012). In their work it is due to the properties of the cosine function, while here it stems from the

construction of the spot volatility estimator in (2.11).

8



This is opposite to the estimation of integrated variance, where realized variance—either noise-
robust or not—converges to the quadratic variation, which includes the sum of the squared jumps in
X, and we need to enforce some robustification (e.g., truncation or bipower variation) to recover the
continuous variation of X (e.g., Barndorff-Nielsen and Shephard, 2004; Jing, Liu, and Kong, 2014;
Mancini, 2009; Podolskij and Vetter, 2009a). As an aside, we note Li, Todorov, and Tauchen (2013)
only prove consistency of the jump-truncated statistic in the presence of discontinuous X and no
microstructure noise, but this can also be extended to the non-truncated estimator. Nonetheless,
it may be preferable to truncate in practice, as it can act as a safeguard against finite sample
distortions induced by jumps. Even if X is continuous, there is no cost in doing so asymptotically.
We follow that idea in the empirical section.?

We define Q,, (o) = inf {z : F,7(z) > a} and Qr(e) = inf {z : Fr(z) > a} as the uniquely
determined a-quantile of F, r and Fr, for a € (0,1). Then, using the uniform convergence in
probability of F, r, we deduce @, r(a) is a consistent estimator of Qr(c). As it is an implication

of Lemma 21.2 in van der Vaart (1998), we omit a proof.

Corollary 3.2 Suppose that Assumption 2 — 3 hold. Then, for each T > 0, if Qr(«) is continuous

at o and as A,, — 0:

Qnr() = Qr(a). (3.2)

3.2 Joint infill and long-span setting

The goal here is to extend the above analysis (with 7" fixed) to estimation of the stationary distri-
bution function, F. To do so, we study an asymptotic framework, where the time span T — oo
jointly with A,, — 0. The key result is a feasible CLT for the REDF, which enables us to compute
the accuracy with which the marginal distribution can be recovered from the data. To facilitate

the derivation of this theory we require some additional assumptions on the volatility process.

Assumption 4 (V;)i>o is stationary and strongly mizing with mizing coefficient function a(t) =

O(t™), as t — oo and for some v > 1.

The stationarity condition in Assumption 4 is standard. We also restrict the memory of the volatility
process, so that (V;):>o is not “too” strongly dependent. This implies that Fr (as an estimator of

the marginal distribution, F') is consistent, as 7' — co. We can exploit this to deduce that F;, 1 also

4Moreover, unless X is continuous, truncation is sort of necessary if the aim is to derive rates of convergence for

measures of the continuous variation of X.



converges in probability to F', once we show that the estimation error embedded in the recovery of
the volatility path is asymptotically negligible (as A, — 0 fast enough, because the discretization
error accumulates with 7'). Moreover, it is an essential part in showing the weak convergence of
the empirical processes that we construct in the derivation of our goodness-of-fit test statistics in
Section 3.3.

The mixing condition is slightly weaker than the comparable assumptions made in the literature
on joint infill and long-span asymptotics (see e.g. Todorov and Tauchen (2012) and Andersen,
Thyrsgaard, and Todorov (2018)). It encompasses several stochastic volatility models, for instance a
large class of processes driven by Brownian motion (e.g., Heston, 1993) or the Lévy-driven Ornstein-
Uhlenbeck model of Barndorff-Nielsen and Shephard (2001), where volatility is governed by general
(positive) processes.®% As a result, the setup is not restrictive in practice as it can capture a wide
variety of marginal distributions.

Next, we replace the pathwise smoothness imposed on the EDF of volatility from Assumption

2 with the following condition.

Assumption 5 F is differentiable with bounded derivative f.

Finally, we will for technical convenience also assume that the price process X is continuous. *

Theorem 3.3 Suppose that Assumption 3 — 5 hold true. If either of the following conditions is
fulfilled:

4H+1

_aH+1 H_,
(i) Assumption 1(i) with H € (0,1), hy, < Ap 2 and TV A2 =0 as A, — 0 and T — oo

for some v > 0, or
(i) Assumption 1(ii), h, =< A and TV AYS™ =0 as Ay — 0 and T — oo for some 1 > 0.
Then, for fized v € R, it holds that

VT (Fr(z) — F(z)) % N(0,%(x)), (3.3)

5Assume that V is a solution of the stochastic differential equation: dV; = b(t,V;)dt + &(t, Vi)dW;, where
5(t, V) < K(1+|Vy|'/?), for some K > 0. If there exists an S such that for all |s| > S and ¢ > 0, b(t, s) < —, for

some 7 > 0, Theorem 2 in Veretennikov (1988) implies that a(t) = O(t7).
SIf V is of the form dV; = —kV;dt + dZ,;, where k > 0 and Z is a positive Lévy process (e.g., a subordinator)

with Lévy measure v, then it follows from Jongbloed, van der Meulen, and van der Vaart (2005) that V is stationary
if [;°In(z)v(de) < oco. If further E[|V1|P] < oo, for some p > 0, there exists a > 0 such that a(t) = O(e~*'). The
decay of the mixing coefficient can even be deduced if the driving process in volatility is a fractional Brownian motion

(see, e.g., Magdziarz and Weron, 2011).
"This assumption can be relaxed at the cost of making the rates in 3.3 more tedious to derive.
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where Y(z) =2 [° (Fy(z, ) — F(x)?)dt with Fy(z,y) =P (Vo < z,V, <y).

Notice that the asymptotic variance, ¥(z), is non-stochastic, so that the usual machinery of
stable convergence from high-frequency analysis is not required to conclude that v/7T (FnT(x) —

2))/v/Z@) % N(0,1).

In Theorem 3.3, the block length h, is always selected so that the discrepancy between the
empirical process associated with the REDF and the EDF vanishes at the fastest possible rate. In
order to control this error, we have to restrict the relative speed at which 7' — oo and A,, — 0. The
least binding is to take h,, as indicated. Note that h, is an increasing function of the smoothness
of volatility. In particular, if o is a continuous semimartingale (i.e., H = 1/2), the rate at which
\/T(FnT(x) — Fr(z)) converges to zero is T2+ AYEIf volatility is smoother (H — 1), the rate
of convergence improves to T/ 2+LA,1/ 67L, whereas it gets arbitrarily slow as H — 0. The intuition
is that it is virtually impossible to retrieve spot variance from a “rough” path. On the other hand,
if H = 1/2 the optimal choice of h,, and the associated speed condition is unchanged, irrespective
of whether volatility is allowed to jump or not.

The noise-robustness of F,, r plays a critical role in determining the above condition. To compare,
if there was no error in our measurement of X, a standard non-noise-robust realized measure suffices
for estimation of spot volatility (see, e.g., Jacod and Protter, 2012). Here, the rate condition
improves to TY2HAY*™ 5 0 with H = 1 /2, as is consistent with the fixed 7" asymptotic theory
in Li, Todorov, and Tauchen (2013). The deterioration of the speed condition is due to the added
complexity from retrieving volatility robustly, which cuts the rate of convergence in half. This
problem is well-known in the literature on estimation of integrated variance (see, e.g., Zhang,
Mykland, and Ait-Sahalia, 2005; Barndorff-Nielsen, Hansen, Lunde, and Shephard, 2008; Jacod,
Li, Mykland, Podolskij, and Vetter, 2009). Moreover, while a convergence rate of (almost) AR
slow, it is optimal for extraction of spot variance in noisy diffusion models (e.g., Ait-Sahalia and
Jacod, 2014, p. 296).

The asymptotic variance in Theorem 3.3 depends crucially on the memory of the process. If a
series is highly dependent, which is true empirically for volatility, it becomes harder to recover the
distribution of the process, which results in larger values of () and wider confidence intervals for
F(z). The only way to compensate for this effect is to collect a larger sample.

Y(x) can be computed either analytically or, for example, by numerical integration. As shown

by Dehay (2005), however, for finite 7"

var (VT (Fr(x) ~ F(x))) =2 /OT <1 ~ ;7) (Fi(e,z) — F(2)?) dt. (3.4)



The reduction by (1 —¢/T) in the true variance of Fr is an edge effect. We compute (3.4) in the
simulation section, as it provides an infeasible assessment for the accuracy of the approximation in
(3.3) for finite 7. On the other hand, if A,, is not small enough to ignore the pathwise discretization
error, there is an extra source of randomness in F), r induced by the estimation of spot volatility.
As such, (3.4) may actually understate the variation of F,, 7.

To estimate X(x), we fix £ € (0,1/3) and set:

2ﬂ@0—2ﬁﬁ(l—%a(E%ﬂ@—iﬁﬂ@ﬂdu (3.5)

where

1 T-T%
Ft’n’T({E) = ﬁ . 1{Vs+tS$7Vs§$}ds' (36)

Then, as shown in the proof of Theorem 3.3, 3, r(x) LN X(x).

In practice, we may also be interested in determining how accurate the associated quantile(s) of
F are estimated (e.g., for risk management reporting). These questions are, of course, intertwined.
Indeed, from the assumed existence of the density f and Corollary 21.5 in van der Vaart (1998), we

deduce the following result.

Corollary 3.4 Suppose that the conditions of Theorem 3.3 are fulfilled. Then, for any o € (0,1)
with f(Q(«)) >0, it holds that

VT (Qur(a) — Qa dN(Q§@9%>. 3.7
(@nr(a) — Q) = (@) (3.7)

Thus, inference about any given quantile is feasible, so long as an estimator of the density function

of the marginal distribution evaluated at that quantile is available.

3.3 Goodness-of-fit of the volatility distribution

The preceding theory shows that F,, 7 converges to the stationary distribution function of volatility,
as A, — 0 and T"— oo. In this section, we build upon this analysis to construct realized extensions
of some classical goodness-of-fit tests for the volatility process. To this end, we first derive a

functional central limit theorem for the process G, 7 = {\/T (Fpr(z) — F(x)),z € ]R+}.

Theorem 3.5 Suppose that the conditions of Theorem 3.3 are fulfilled. Then, G, r converges
weakly in Cy(R,) equipped with the uniform metric to a Gaussian process, G g, with mean zero and

covariance function X(z,y) = cov(Gp(z), Gr(y)).
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Note that Theorem 3.5 can also be extended to the empirical process associated with the quantile
estimator: GﬁT = {\/T(Qng’(a) —Q(a)),a € (0, 1)}

As shown in Lemma A.3 in the appendix, ¥(z,y) can be consistently estimated by

TE
Zn,T(xa y) = / (Ft,n,T(xa y) + Ft,n,T(ya iL‘) - 2Fn,T(x)Fn,T(y>)dta (38)
0

for £ € (0,1/3), where

1 T-T¢
Ft,n,T(x7 y) = T 7€ /0 1{\75+t§x,\75§y}d& (39)

Appealing to Theorem 3.5, we can now construct the test statistics for our goodness-of-fit tests,

which evaluate the fit of an assumed stochastic volatility model:

rKS(F) = sup |Gur(z)| and  rL*(F) :/R G (2)*w(x)dz, (3.10)

zeRy

where w : Ry — R, is a continuous weight function.

rK S resembles a classical Kolmogorov-Smirnov test for an observed process, whereas rL? is a
realized version of the goodness-of-fit test based on a weighted L? norm. The latter nests several
existing tests, such as the Cramer-von-Mises (i.e., w(z) = f(z)) or Anderson-Darling (i.e., w(x) =
f(x)/[F(x)(1 = F(z))]). rKS has the advantage that it is rather trivial to implement, once the
REDF is constructed. On the other hand, the literature suggests that an L? statistic, at least in
the i.i.d. setting, may be more powerful in finite samples, but it can also be tedious to compute, if
a closed-form expression for w is unavailable. This is, for example, the case for a Cramer-von-Mises

test if the marginal density is unknown or hard to evaluate.
Corollary 3.6 Suppose that the conditions of Theorem 3.3 are fulfilled. Then, it holds that

rKS(F) % sup |Gr(z)]  and  rL2(F) % | |Gr(z)]w(z)dz. (3.11)

zeR Ry

Now, suppose we are interested in testing the fit of a stochastic volatility model, indexed by
a known parameter vector v. Later in this section, we return to the question of how parameter
estimation affects the proposed tests. We let F,(x) = P(V; < z;v) describe the marginal distribution

of the model.® The null-—and associated alternative—hypothesis is then written as:

Ho: F =F, and  H,: F#F,. (3.12)

8As v — F, is not one-to-one, in general, the model itself is not fully identified by F,,, unless further constraints

are imposed on the drift and volatility (e.g., Ait-Sahalia, 1996; Bibby, Skovgaard, and Sgrensen, 2005).
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It follows that—under Ho—rKS(F,) 4 sup,cg, |Gr, ()], whereas T’KS( v) % oo under H,,
because the alternative means there is at least one x, such that F, r(z ) F,(x). An equivalent
result holds for rL?*(F). As large values of the t-statistics discredit that F' = F,, the tests are
therefore one-sided.

A drawback of this approach is that the limiting distribution of r K S(F') and rL?(F) depends on
the model under H,. This differs from the classical theory, for example the Kolmogorov-Smirnov
statistic in the i.i.d. case with F' continuous and known (see, e.g., van der Vaart, 1998). Even
there, however, the asymptotic distribution is not readily available if the parameters describing F,,
are estimated, as we do below, although in that setting it often suffices to prepare a single table of
family-wise critical values in advance—e.g., as in Lilliefors (1967, 1969)—if F,, belongs to a location-
scale family. This is due to the fact that the limiting distribution, in that case, does not depend
on nuisance parameters of F', only the functional form of the probability distribution (e.g., David
and Johnson, 1948). This is not true here, and we are therefore forced to retrieve critical values
through simulation on a case-by-case basis. In Appendix B, we offer a detailed recipe of how this
procedure works both for Corollary 3.6 and 3.8.

In principle, we can construct a t-statistic that can be evaluated independently of F'. To explain

how, define |||, = \/f[R+ w(z) f(x)2dx, such that E[||Gr|]2] < oo

The other ingredient is a normalizing constant:
Y= / Y(z)w(x)dz, (3.13)
R

with ¥ < co. Then, we set:

[
Py

We can then define a test statistic that rejects Hy, if we observe that T'(F) > xi__, where x3_,

T(F) = (3.14)

is the (1 — a)-quantile of a chi-squared distribution with one degree of freedom. Let ap(p) be the

significance level achieved by such a test. The following proposition summarizes the details.

Proposition 3.7 Suppose that the conditions of Theorem 3.3 are fulfilled. Then, for any o €
(0,0.215), it holds that under Ho:
lim  app) <a, (3.15)

Ap—0,T—o0

while under H,:
P(T(F) > c) — 1, (3.16)

for any ¢ > 0.
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We can thus construct a goodness-of-fit test for which critical values are readily available, however
it achieves a significance level of at most @ and may therefore be overly conservative for some F'.
Moreover, while the constant 3 can be calculated under H,, so that no estimation is required, it is
complicated to derive for many common stochastic volatility models. We therefore do not explore
this test further.

In practice, the parameter vector v is typically unknown and not fixed a priori. It therefore has
to be estimated, which invalidates the previous analysis (assuming F, known). The intuition is that
the estimation moves the model-implied marginal distribution closer to the EDF, making inference
based on the preceding theory too conservative, as is well-known from the traditional literature on
goodness-of-fit testing.

The complication brought about by parameter estimation can be viewed as a different testing
problem that applies if we are interested in testing an entire class of stochastic volatility processes,
as opposed to a particular member of that class.

The null is thus a composite hypothesis:
Ho:JveY:F=F, and Ho:YvoeY: F+#F,, (3.17)

where T is the admissible parameter space (i.e., T = {(x,v0,&) € R3 : 2kvy > &2} for the Heston
(1993) model due to the Feller condition).

We assume a consistent estimator of v, say 0, has been found and introduce a pseudo empirical
process C;’n,T = {ﬁ(FnT(QJ) — Fv(q:)),x S R+}. At a theoretical level, the problem then arises
because the parameters of the underlying distribution typically cannot be recovered at a convergence
rate faster than 772 i.e © —v = O,(T~Y/?). This cancels with the VT scaling in the construction

of CN}’H,T, so that the estimation error inevitably affects the asymptotic distribution.”

Corollary 3.8 Suppose that the conditions of Theorem 3.3 are fulfilled. In addition, we assume 0

v

ov

both v and x over the set R, x Y for a neighbourhood Y around v. Then, émT converges weakly in

18 asymptotically linear with influence function 1 and that (x) is bounded and continuous in

oF, "
Cy(Ry) equipped with the uniform metric to a Gaussian process of the form G, — 5 /deFU.
v

9A standard rate of convergence is required in the following. Although we are not aware about the presence of
so-called “super” consistent estimators in the stochastic volatility literature—at least not in the stationary setting—
we point out that if 0 —v = op(T_l/ 2) the sampling error is asymptotically negligible and the problem reverts back
to Corollary 3.6. On the other hand, a slower rate of convergence implies the error is blown up by the /T scaling

and then our approach just goes out the window.
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The requirement that ¢ should be asymptotically linear is fulfilled by most v/T-consistent estimators
proposed in the literature (e.g., Bickel, Klaassen, Ritov, and Wellner, 1998).

4 Simulation study

We now appraise our estimator of the EDF of spot variance introduced at the end of Section 2 via
Monte Carlo simulation. We also evaluate the size and power properties of the two goodness-of-fit
tests for the marginal distribution of volatility proposed in Section 3.3.

Starting at Xy = 0, the efficient log-price is a Heston (1993)-type process:

dX, = \/V,dW,,
(4.1)
AV, = k(vo — V) dt + £/ Vid By,
where W and B are correlated standard Brownian motions with E[dW,dB,] = pdt and p = —/0.5
(recall that o; = v/V;). The other parameters are x = 0.05, vy = 1, and £ = 0.2, which is calibrated
to our empirical data and broadly aligns with previous studies (see, e.g, Ait-Sahalia and Kimmel,

2007).

In this model, the law of V; (conditional on Vj, for s < t) is—up to a scale factor—non-central chi-
4/1@_”('5_3)

Vs

52(1 _ e—n(t—s))

(e.g., Cox, Ingersoll, and Ross, 1985). As ¢t — oo, the conditional distribution converges to a

square with d = 4vyx€~2 degrees of freedom and non-centrality parameter A =

Gamma(2kvo€ 2, 2k€72) (interpreted as shape and scale parameters), which is also the marginal
(or unconditional) law of V; for any finite ¢, if 1} is drawn from this distribution. We do that here.
The variance of Fr(x) in (3.4) is then computed from these expressions by numerical integration of
the joint density function.

We simulate 10,000 “continuous-time” paths with 23,400 updates per unit of time 7. We
discretize the whole system by an Euler approach. To gauge how close the REDF is to the population
counterpart, we extract a coarser grid of n = 2,3407 log-price increments. This emulates a financial
market, where new transactions arrive regularly every tenth second over a 6.5 hour trading day,
which is aligned to the sample sizes in our empirical work. We add i.i.d. noise Z;a, = Xia, +Uia,

with Uja, ~ N(0,w?), where w? is set by fixing the noise-to-signal ratio (e.g., Oomen, 2006):

w2

A, [o Vidt
below, we assume that v = 0.5.1% Thus, (Z;a, ), comprises our discretely observed sample used

v = . As consistent with Christensen, Oomen, and Podolskij (2014) and our findings

to estimate the spot variances.

10We made a robustness check with v = 2.0 as in Ait-Sahalia, Jacod, and Li (2012). The pre-averaging estimator
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Figure 1: Estimation of the EDF.

Panel A: Sample path of oy. Panel B: EDF and REDF.
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Note. This figure plots a simulated path of ¢ in Panel A. The associated EDF of Vi, Fr, appears in Panel B (solid line). We estimate
Fr with F,, 7 over 1,000 simulations and plot the average (dashed line). The version proposed in Li, Todorov, and Tauchen (2013, 2016)
based on 1- and 5-minute sparse sampling is shown as a comparison (’x’ and ’0’). The dotted line is an infeasible estimate that has
access to the whole record of X, (X;a,, ). It illustrates how minimal smoothing renders it hard to track the tails of the volatility

distribution, even in absence of noise.

In Figure 1, we examine how £, p recovers Fp. We set T' = 1 and freeze volatility across
replica to keep the estimation target fixed. The sample path of o; is shown in Panel A, while the
associated EDF appears in Panel B. We report our estimator and compare it to Li, Todorov, and
Tauchen (2013). We construct the latter statistic from 1- and 5-minute low-frequency returns. As
recommended in their work and to facilitate comparison, h,, is set throughout so that it spans about
1.5 hours worth of data.

At the 1-minute resolution, the Li, Todorov, and Tauchen (2013) estimator is severely distorted
by market frictions, which leads to a systematic upward bias. This was to be expected, as it
is not resistant to noise. On the other hand, while the 5-minute statistic does not accumulate
any discernable bias, it delivers imprecise estimates, resulting in a highly overdispersed REDF. In
contrast, as our noise-robust estimator is able to capitalize on tick-by-tick information, it is more
accurate. This suggests the inferior rate of convergence embedded in pre-averaging is more than
offset by being able to employ all the data.

Next, we vary o; randomly in each iteration and estimate Fr as above. In Figure 2, we plot the

was hardly affected by this change, while the sparse estimator was substantially more biased, due to the amplification

of the noise.
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Figure 2: Mean relative bias and absolute error.

Panel A: Relative bias. Panel B: Absolute error.
0.4 T 0.45 T
+ Q}.‘.”T + ce;,‘?}
X Qn X QU
03 O QU 5 04 N o e © 4
0ol 6 o | 035 lo}
8 x X X 03t O (0]
01f % x ® + F
P x X x X X o + * + L (6] o)
3 X + 0.25
5 x X X Q=+ % 3 o o
g o X T @t T g x
] ++ 1 3 ) 02F e o o} x
-0.1F + + + 3 o o o o X +
+ fo) 051 o 00000 N X N +
02 © 8 HE x X +
0 o1f L x X7+
o) X xxxx xX¥¥ 4+ ++
-03--0 1 005

-0.4 L L L L L L L L L L L L L L L I I I
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

quantile quaﬁtile
Note. This figure plots the average relative bias in Panel A and absolute error in Panel B of our realized estimator of the EDF of spot
variance (’+’). As a comparison, we also plot the Li, Todorov, and Tauchen (2013) no-noise estimator based on 1- and 5-minute sparse

sampling (’x’ and ’0’).

relative error Q,, () /Qr () — 1 in Panel A and absolute error |Q,, (o) — Q7(c)| in Panel B, which
are averaged across Monte Carlo trials, for the vector of quantiles o = (0.05,0.10,...,0.95)". As is
evident—and consistent with Figure 1—our estimator is less biased, especially in the tails. Overall,
the REDF proposed in this paper is roughly unbiased over a large spectrum of the distribution with
a relative error within a few percent. This is further corroborated by Panel B. In general, while all
estimators do a relatively poorer job at fitting the tails of the distribution of spot variance, there
are again substantial improvements by applying our estimator.

We now turn to estimation of the marginal distribution of volatility based on Theorem 3.3.
We work with T" = 250, corresponding to the number of trading days in about a year. This
relatively low value is meant to be conservative and illustrate the potential of our estimator. As a
comparison, 7" = 2,077 in our empirical work in Section 5. Note that n is kept fixed relative to T,
so that A, is constant. In Figure 3, we report point estimates—for the first 100 realizations—and
sample averages across all 10,000 simulations of F,, r(x) and kernel densities of the asymptotic pivot
VT (For(z) — F(2))//2(x) 4N (0,1) evaluated at five distinct points, which cover a variety of
low-to-high volatility states, i.e. F(z) = 0.10,0.25,0.50,0.75 and 0.90. We see that in general the
REDF is unbiased and correctly scaled. If we look far in the tails, in particular the right-hand one,

the density estimate is slightly skewed towards the center, which is intuitive due to the natural
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Figure 3: Inference about marginal distribution, 7" = 250.

Panel A: Point estimate. Panel B: Kernel density.
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Note. In Panel A, we report point estimates of F, r(x) for the first one hundred Monte Carlo replica and sample averages across
all simulations, for F(xz) = 0.10,0.25,0.50,0.75 and 0.90. In Panel B, we plot kernel density estimates (with bandwidth selection via
Silverman’s rule of thumb) of the standardized statistic VT (Fy,,7(z) — F(z))/+/Z(z). The Gaussian curve is superimposed as a visual
reference point. Throughout, A, =1/2,340 and T = 250.

bounds on F, p. Still, the limiting distribution provides a good description of the finite sample
variation of F), 7.

Last but not least, we explore the properties of the realized Kolmogorov-Smirnov and Cramer-
von-Mises (i.e., a weighted L? norm with w(z) = f(x)) goodness-of-fit test. This piece of analysis
is based on a shorter run of 1,000 Monte Carlo replica due to the increased computational cost of
the resampling scheme. We draw 500 bootstrap samples in each simulation trial and inspect both
the setting where v is known and estimated. We follow Corradi and Distaso (2006) and recover
the parameters via 0 using GMM to match the sample mean, variance, plus the first and second
autocovariance of the bias-corrected pre-averaged bipower variation of Podolskij and Vetter (2009a)
to the corresponding model-based moments of integrated variance (the former is consistent for the
latter).

To be able to define a measure of the testing power we simulate from another model, i.e. the
log-normal—or exponential Ornstein-Uhlenbeck—process, which is the solution of the stochastic

differential equation:

dInV, = k(vg — In V;)dt + £d By, (4.2)

where v = (k,v9,&) = (0.08,—0.3,0.45) is comparable to what we observe in the real data. We
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leave the leverage correlation unchanged at p = —/0.5.

In Table 1, we report the size and power of the test for a nominal significance level of o = 5%
and T = 250, 500, 1,000, and 2,000. As seen, the test is roughly unbiased and has a rejection
rate close to a. We next comment on the power, as reported in the second half of Table 1. It is
calculated as the rejection rate achieved by simulating log-normal volatility and testing the square-
root process. Hy in the setting without estimation is here based on the configuration of the Heston
(1993) model with the true parameters used to simulate volatility for the size analysis. As shown,
the test has moderate power if the sample size is small, but the rejection rate increases steadily as T’
grows larger. At T'= 2,000, the power is in the 60-90% range. The largest choice of T' corresponds
to about eight years worth of high-frequency data, which is widely available for many assets in
practice. The impact of parameter estimation is to “flatten” the power curve by adding an upward
bias for small 7', while dampening it for large T'. We conjecture that this effect is caused by the
inherent sampling error in the pre-averaged bipower variation, which leads to systematic upward
biases in the estimate of both the mean reversion and volatility-of-volatility coefficient x and &.!*
The misspecification of the dynamic properties of the system invariably yields simulated critical
values that are slightly off and this effect appears more pronounced under the alternative. Finally,
we notice the realized Kolmogorov-Smirnov test has slightly higher power than our weighted L2

statistic, which is a somewhat surprising finding compared to the classical results for i.i.d. data.

5 Empirical application

We here illustrate the application of our new nonparametric estimator of the EDF of spot variance
and the associated goodness-of-fit tests to real high-frequency data. We construct the F, r measure
from tick data based on selected exchange-traded funds (ETFs) that cover different sectors of the
U.S. stock market. In addition to a proxy for the market index (ticker symbol SPY), we add the
nine industry portfolios of the S&P 500, yielding a total of ten securities.'? High-frequency data was

"The Heston (1993) model has an ARMA(1,1) representation for the integrated variance. We can exploit this
structure by casting the whole system into state-space representation and then use a Kalman filter to extract a
filtered (or smoothed) volatility series before estimating the model, as discussed in Barndorff-Nielsen and Shephard
(2002) (see also, e.g., Todorov, Tauchen, and Grynkiv, 2011, for an alternative approach). This tends to deliver less

biased parameter estimates. However, we do not pursue this idea here.
12There is also a 10th sector ETF (XLRE), which is a diversified portfolio of companies exposed to real estate.

However, as the inception date of this fund is rather recent, we exclude it from consideration due to the limited

availability of high-frequency data. Further information about the ETF's is available at http://www.sectorspdr.com/.
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Table 1: Properties of the realized goodness-of-fit tests.

Size Power
rKS(F) rL*(F) rKS(F) rL*(F)
v 0 v U v U v v
T = 250  0.063  0.083 0.056  0.076 0.114  0.398 0.091  0.302
500  0.050  0.066 0.052  0.064 0.198  0.432 0.127  0.334
1000 0.026  0.031 0.030  0.040 0.453  0.541 0.299  0.407
2000  0.047  0.040 0.050  0.041 0.923  0.717 0.849  0.573

Note. The table reports rejection rates of the goodness-of-fit tests for stochastic volatility models proposed in Section 3.3. rKS(F)
(rL?(F)) is the realized Kolmogorov-Smirnov (Cramer-von-Mises) test. The number of Monte Carlo simulations is 1,000 with 500
bootstrap samples used to compute critical values for the ¢-statistic in each trial. v () is based on the true (estimated) parameter vector.
The power is calculated as the rejection rate achieved by simulating log-normal volatility and testing whether the Heston (1993) process

is the true model. Further details are available in the main text.

acquired from the TA(Q database and comprise a complete series of trades and quotes for each stock
for the sample period July 2008 — September 2016. The analysis here is based on transaction data,
which were filtered for outliers as in Christensen, Oomen, and Podolskij (2014) and subsequently
pre-ticked to an equidistant 10-second grid from 9:30am to 4:00pm EST, resulting in 7" = 2,077
days of n = 2,340 intraday returns.'> A list of ticker symbols and descriptive statistics of the
sample are presented in Table 2.

The calculation of V; proceeds as in Section 2 — 4 in terms of tuning parameters, but we add trun-
cation as an extra level of protection. A pre-averaged increment is removed if |Z;| > ¢i_q \/ﬁ AN
where ¢;_, is the 1 — a quantile of the standard normal distribution, IV is the daily pre-averaged
bipower variation, and @ € (0,0.25) controls how fast the cutoff goes to zero with A, (Z; =
O, (A}@M), if X is continuous). We set v = 0.001 and w = 0.20, which is a standard configuration.
We also account for the diurnal pattern in intraday spot volatility. We follow the standard approach
in the literature, which is to compute the average value of V, at each time point of the day over the
sample. The diurnal factor is then estimated by normalizing the sum of these averages to one. We
correct V; by this quantity and use the adjusted time series to construct F,, 7. In Panel A of Figure

4, we show a kernel-based estimate of the probability density function implied by the variance of

BTrading at NYSE terminates early at 1:00pm on a few regularly scheduled business days each year in observance
of upcoming holidays. We do not collect data after the exchange has officially closed, as there is typically very little

liquidity, and therefore use a shorter sample of n = 1,260 log-price increments on these days.
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Table 2: Descriptive statistics of high-frequency data.

goodness-of-fit test (p-value)

code effective o vy gamma log-normal inverse gaussian
sample rKS(F) rL*(F) rKS(F) rL*(F) rKS(F) rL*(F)
XLB  0.749  0.219 0.232 0.001 0.000 0.009 0.002 0.166 0.094
XLE 0929 0.249 0.117 0.000 0.000 0.035 0.018 0.389 0.344
XLF 0920 0.264 0.910 0.000 0.000 0.000 0.000 0.017 0.008
XLI 0.789  0.188 0.335 0.000 0.000 0.022 0.016 0.277 0.261
XLK  0.728 0.174 0.524 0.000 0.000 0.146 0.101 0.021 0.043
XLP  0.690 0.131 0.568 0.011 0.003 0.063 0.039 0.014 0.023
XLU  0.754  0.176 0.389 0.000 0.000 0.211 0.149 0.040 0.066
XLV 0.737  0.151 0.358 0.000 0.000 0.017 0.012 0.111 0.075
XLY 0.746 0.186 0.245 0.006 0.006 0.001 0.000 0.138 0.089
SPY  1.000 0.175 0.135 0.009 0.002 0.110 0.061 0.493 0.541

Note. The table reports descriptive statistics of our equity high-frequency data. “code” is the ticker symbol, “effective sample” is
the fraction of previous-tick interpolated 10-second prices originating from a new transaction rather than a repetition (a measure of
liquidity), o is annualized volatility based on a pre-averaged bipower variation of Podolskij and Vetter (2009a), while « is the noise-to-
signal ratio defined in the main text. These numbers are computed daily and averaged over the sample. The p-value is for the realized
Kolmogorov-Smirnov and Cramer-von-Mises goodness-of-fit test with marginal distribution under Hg indicated by the designated column

label.

SPY, as representative of our data.

We compute 7K S(F) and rL?(F) with three choices of F' under Hy. The first are the gamma
and log-normal distribution inherent in the square-root and log-normal diffusion models that were
introduced in the simulation section. Furthermore, we also inspect the goodness-of-fit of a non-
Gaussian Ornstein-Uhlenbeck process (Barndorff-Nielsen and Shephard, 2001). The latter is a
pure-jump specification (i.e., in contrast to the other candidates, it has no Brownian part) with
SDE:

dVy = —kVidt + d Ly, (5.1)

where L; is a subordinator with Lévy measure vy (dz).
To maintain a tractable setting, we proceed as in Todorov, Tauchen, and Grynkiv (2011). We

assume the distribution of the increments of the volatility process corresponds to that of a tempered
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Figure 4: Properties of stochastic variance in SPY.

Panel A: PDF of spot variance. Panel B: QQ plot.
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Note. In Panel A, we plot a kernel-based estimate of the probability density function of spot variance for SPY. In Panel B, we create a
QQ plot, where the quantiles of F, 7 (on the z-axis) are mapped against the quantiles of a fitted distribution function F' (on the y-axis).

The gamma, log-normal and inverse Gaussian distribution are included for the latter comparison.

stable process (e.g., Rosinski, 2007), which—in particular—means it has a Lévy density:
-z

e
I/V(dSE) = CW

dx, forz >0, (5.2)

where ¢ > 0, A > 0 and o < 1. The Lévy measure of the background driving process vy (dzx) can
then be backed out from vy (dz), see e.g., Barndorff-Nielsen and Shephard (2001). We fix a = 0.5,

so that the distribution of volatility is inverse Gaussian, i.e. V; ~ IG(p,v) with:

= C\/?’ v =2mc?, (5.3)

flz; p,v) = Y exp{ Y (x — ,u)2}, for z > 0, (5.4)

23  22r

and

is the density function of V.
The procedure in Section 4 is applied to report a p-value for the t-statistic. The exception is
that we boost the number of boostrap samples to 1,000 for higher precision. The non-Gaussian

Ornstein-Uhlenbeck process is discretized and simulated as explained in the appendix of Todorov,

Tauchen, and Grynkiv (2011).'

14As in Meddahi (2003), we exploit the ARMA(1,1) structure for the integrated variance of this model to com-
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In Table 2, we present the outcome of these efforts, while Panel B of Figure 4 shows a QQ-style
plot, where the quantiles of F), 7 (on the z-axis) are compared to the quantiles of the best fitting
distribution function F' in each class (on the y-axis). The graph should align with the 45°-line if
the model is correct. As readily seen, the gamma distribution does not capture stochastic equity
variance very well. The main problem with the square-root process is that it cannot generate
a sufficient level of volatility-of-volatility (via &) without violating the Feller restriction, which is
binding in practice. The p-values of the log-normal model are higher on average, but it also does not
deliver an acceptable fit of the data across sectors. Although there are a few close calls, for example
XLK, XLU and SPY, the model is generally rejected at standard levels of significance. In contrast,
the p-values of the inverse Gaussian are typically much higher. This is in line with Todorov and
Tauchen (2012), and it appears relatively consistent across the ETF space. Nevertheless, the latter
sometimes also struggles a bit (depending a bit on which ¢-statistic we ask), for instance it does not

capture return variation exhibited by the highly volatile financial sector ETF (XLF).

6 Conclusion

We construct a nonparametric jump- and noise-robust realized measure of the EDF of the latent
volatility of a general Itdo semimartingale sampled at high-frequency on a fixed time interval. We
extend previous work of Li, Todorov, and Tauchen (2013, 2016) in the noise-free setting and prove
that in the presence of microstructure noise the pre-averaged version of their estimator is consistent
in the infill asymptotic limit. The resistance to market frictions enables our statistic to fully
exploit information about volatility available in tick-by-tick high-frequency data, which improves
its accuracy in a simulation study.

In a subsequent analysis, we let the time span tend to infinity. We show that our estimator
then converges to the marginal distribution function of volatility. This result is subject to some
rate conditions, which are more restrictive in the presence of jumps or roughness in volatility. We
establish a functional CLT, from which we prove the validity of a family of goodness-of-fit tests
for stochastic volatility models. The limiting distribution of our t¢-statistic depends on the true

model under the null hypothesis, but critical values can be found via simulation. We show how the

™ N, e (1 —e %)
X, Var(ﬂ/}) = W(e + K — 1), COV(IW,IW_1> = ET’

and cov(IV;, IViy;) = e "cov(IVy, IViy 1) for j > 2. We also calculated these expressions based on the ARMA

pute the relevant moments: E[IV;] = ¢

coefficients reported in the appendix of Todorov, Tauchen, and Grynkiv (2011), but the results differ and we suspect

there are some typos in that paper.
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procedure can be adapted to the case with parameter estimation.

We apply the theory to high-frequency data from several ETFs that track different sectors of
the U.S. stock market. The marginal distribution embedded in several classes of popular stochastic
volatility models is tested against our nonparametric measure. There is strong evidence against
the gamma or log-normal distribution, while the inverse Gaussian—implied by the class of non-
Gaussian Ornstein-Uhlenbeck processes of Barndorff-Nielsen and Shephard (2001) with tempered
stable increments—has more support. These findings are consistent with Todorov, Tauchen, and
Grynkiv (2011), but in disagreement with Corradi and Distaso (2006).

Our paper can serve as a starting point for building more refined models of stochastic volatility.
It appears natural, for example, to inspect the properties of the generalized inverse Gaussian (GIG)
as the marginal distribution of volatility. It has the PDF:
(a/b)r’? L(p-1) (ab/x) /2

215, (/ab) |

where K, is the modified Bessel function of the second kind, while @ > 0,0 > 0 and p a real number

f(z;a,b,p) = for x > 0, (6.1)

are the parameters, such that ab # 0. The GIG is self-decomposable (necessary and sufficient for
stationary solutions of (5.1) to exist) and nests the gamma distribution as b — 0 (with a > 0) and
the inverse Gaussian if p = —1/2. The extra degree of freedom may just be enough for a complete

description of equity variance. We leave this assessment for future research.
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A Appendix

We here prove the theoretical results presented in the main text. As usual, the localization procedure
in Jacod and Protter (2012, Section 4.4.1) implies we can assume that b;, oy, by, 5, a; and the jump
component of X are bounded for the infill setting with T fixed, i.e. Lemma 2.1, Theorem 3.1 and
Corollary 3.2. Also, to preserve notation C' denotes a generic constant that changes value from one

line to the next.

Proof of Lemma 2.1

Fixat>0. Ift e ((i —1)A,,iA,], we set t,, = iA,, to highlight the dependence on n and note that

Vi, — Vi, because o is cadlag. Thus, our job is to establish:
. 1 5 P
Via, — 0oV, — gwlw — 0.

We start by introducing an approximation of the pre-averaged return series Z;, in which the stochas-

tic volatility process is fixed locally in each computation:

kn—1 .
Y;’,i—i-m = Z ) (k:i) (O-iAnA?+m+jW + A?+m+jU)a

j=1

and then we deduce the claim based on fﬁ-ﬁm, ie.

hn—1

. 1 o\ - 1 P

A, = > Vi, -0 — —w? = 0. Al
P T A, 2 e e Tt (A1)

Now, it is readily seen that for each m > 0, A, L 4}7@””1 has (conditionally on Flitm) A, ) Iean zero

1
d vari 1 to ko Ao Ve + ———
and variance equal to k,/ A5V, e

. 1 1 P
En/ A5V, + T mw? — GV, — 5¢1w2 - 0.

"w?. Furthermore,

as n — oo. It follows that

_ 1 P
E[Y? irma, | — 0aVi, — ~hiw® = 0
VA 2y P | Fsma ] =00V =g 50
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To this end, we note that

AglE[(Yfﬁm —E[VZ 0 | Farma,)) Vi —E[Y3 | ]:(HZ)ARD} <C, for |m — 1| < k,,

i,9+m

AE[(V2a —E[V2 40 | Forman)) (Vi — B[V | Fara )| =0, for jm—1] > k.

Thus,
? k
_ 2 < (in
E (h\/_z< i,5+m E[Yz+m|‘/—'-z+mA}>) _Ohn—>0,
and (A.1) follows.
We are thus left with the assertion:
Sn = Via, = Via, = 0. (A.2)

To prove this we define X" (k) = (01qr<,y)*(pp—v) and B"(rk) = B" —(d1{psxyxv) for each k € (0, 1),
where B} = fot beds + fot Jr 0(5, 2)1q15(s,2)1>131(d(s, 2) ). Moreover, we let ,(x) denote the set on
which the Poisson process ([0, s] x {z : T > £}) has no jumps on the interval (¢, + (k, + hn)A,].
Note that 2,(x) / Q,asn — 00. OnQ,(k), ATZ = 0ia, ATWHATU+ATB" (k) +ATY'+AT X" (k),
forj=4i+1,...,i+ h, +kn,whereY’—f

ian(0s — 0ia, )dW. Now, from the inequality (Jacod
and Protter, 2012, p. 260):

C
((z +y+ 2 +w)* — 27| §€x2+?<y2—|—22+w2)

with ~ _
x:T/él’ y—T, Z = 1/47 and M—T,
we find that on €, (k):
hn—1
5, < 1 Z Viigm|” L ¢ Xl ®)* Y| | [ Bliwm(#)
h A}L/‘l € A%L/‘l A}L/‘l A711/4 '
As |A'B"(k)| < CA,, uniformly in ¢, we see that
’Bﬂfﬂ) < C’Al/4
A

Then, by means of the Burkholder-Davis-Gundy inequality:

E||Y l? | Fltma ] < Ck,A E{ sup o5 — Tin,|” | Flivmyan |- (A.3)

S€[iAn,(i+hn+kn)An)
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As o is cadlag and can be assumed to be bounded, the last term converges to zero. Next, for the

components involving Yi,Hm, it holds that (Podolskij and Vetter, 2009a, Lemma 1):
E|:|17i,i+m’2 | (i+m)A ] < KAl/Z (A4)
In addition, from Lemma 2.1.5 in Jacod and Protter (2012):

“X”

i+m

R|’] < CAkE(R),

where &(k ['(2)?\(dz). This, along with (A.3) — (A.4), implies that:

f{z T(2)<k}

C
E“Sn“'{ﬂn(n)}] <Ce+ ; (5("{) + E|: sup |Us - UiAn|2:| + Arlz/4) :
[iA

Furthermore, for all n > 0, {|S,| > 7} € Q. (k)P U ({1Sn] > n} N Qu(k)). Markov’s inequality then
yields that

P(|S,| > n) §IP’<Q”(/<L)E> +1 C’e—l—g (k) +E sup log — oin, |?| + AY4) ).
n € s€[iln, (ihn+kn)An]

With n — oo, it follows that

n—o0

limsup P(]S,| > 7n) < l(Ce%— %f(ﬁ:)) (A.5)

3

As this is true for all €, x € (0, 1), we can pick € = £(k)'/2. Doing so and letting x — 0 verifies (A.2)

and hence completes the proof of Lemma 2.1. [ |

Proof of Theorem 3.1

The proof follows the structure of Lemma 1 and Theorem 1 in Li, Todorov, and Tauchen (2013).
We start by showing that IP’(V} = x) = (0. By assumption, Fr is continuous almost surely, so letting
Fr(z—) = limy, Fr(y), it holds that P(Fr(z) # Fr(z—)) = 0. Hence,

/OT P(V, = z)dt = E[/OTG{%%} — 1{Vt<x})dt] = TE(Fr(z) — Fr(z—)) = 0.

Thus, P(V; = z) = 0 for a.e. ¢ € [0,T]. Next, we show the pointwise consistency of F,, r(x). We

therefore fix x € R, and notice that

E||Fur(@) - Fr(z)|| < %/OTE[\l{mx} G

1 T
B T/O E“@{Vts:c} - 1{%gx})1{w¢x}\]dt
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Applying Lemma 2.1 and Lebesgue’s dominated convergence theorem (twice), we deduce that
E[‘FHT(@") — FT(x)ﬂ — 0, which implies the pointwise consistency, F, r(z) L Fr(z). As F,r
and Fp are non-decreasing functions and Fpr is continuous a.s., this convergence is locally uniform
(see, e.g., Resnick, 1998). Furthermore, as the paths of o, are cadlag, for any n > 0 there exists
some constant M such that P(sup,cio Vi > M) < 1, which means that P(Fr(M) # 1) < n. In
turn,

]P’( sup |F,r(z) — Fr(z)| > e) <P

zeRL x>M

x>M

—I—IP’( sup }FT(M) — Fr(z)| >

x>M

8
v
g
Wl m

sup |Fpr(z) — Fr(z)| > e) +IP><1 — F,r(M) > %)

|[Fua (M) = Pr(M)] > %) + P(l — Fr(M) > g)
Taking lim sup and using the pointwise and locally uniform convergence:

lim sup]P’< sup ‘FnT(x) — FT<£L')‘ > e) < 27,

n—r00 zeR

and since 7 is arbitrary, this shows that

P( sup |, r(z) — Fr(z)| > e) -0,

zeRy

as A,, — 0. [ |

Two auxiliary results

As in the paper, we will throughout this section assume that X is continuous.

Lemma A.1 Suppose that Assumption 1(i) with H € (0,1) and 3 — 5 hold true, as does the rate
_H__,  4H+1
condition TY* A2 50, as A, = 0 and T — oo, for some v > 0 and h, < A, 7. Then,

VT sup |F,r(x) — Fr(z)| = 0. (A.6)

zeR

Proof. The proof consists of three parts. First, we show that for each ¢ and p > 2:
E[IVia, = Via, ] < C[(kn/ha)"? + (hasn)™ + A214]. (A7)
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+ IED( sup | Fr(z) — Fr(z)| > e

€

3

)

) — FT(Q:)| > 6)
sup |Fn7T(3:) - FT(x)| > 6) + ]P’( sup ’FnT(x) — FnT(M)’ > =

)

€
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Note that

Via, — Via, = R+ R® + RY + R + R, (A.8)
where
1 hn—1
R = — ol WP
9¢2 \/— Z +m +m>
-1
1 2 ’VL
@ = AN Ui,
n 9¢2 Z_O + +
hn—1
11 o
R® = (A ez _ ¥ )
9¢2 Z_ i+m w
W _ U 2
R 92¢2( —w )7
N 11 _
R = o, (Bt ) ST b (A kY.
er 6w2 hn —0
Consider the random variable: A .
Su=D_ Ym=)_ 5V,
m=0 =1

where (Y;,)m>1 are mean zero and (k, — 1)-dependent, such that for each i S — Ziﬁ:o Yi 1vmk,
is a sum of independent random variates and SupmeNE[|Ym|p] < C. Applying the discrete Holder
and Burkholder inequality, we obtain for each p > 2:

kn,
E[|SaP] < k') R[|SOP] < kR,

=1

This observation leads to
B[R] +E[|RP] + E[|ROL] < C(ka/ha)"* + CZ,
B[R] < 0(a,/T)",

Turning next to Rg), we have for each i and m that

kn—1
Xier - O'iAnV_VHm = Z g<j/kn)Ai+m+ja
7j=1
where
(i+m+j)An (i+m+j)An
Ai+m+j - / bsds + / (US - UiAn)dWS.
(i+m+ji—1)An (i+m+ji—1)An
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The Burkholder inequality then implies that, for each p > 2,
E[\Xm _ %nv‘mm\p} < C((k:nAn)p n (knAn)p/Q(hnAn)pH> < C(Af/z n Ag';/4(hnAn)pH),

uniformly in ¢ and m. Using the above together with the identity |a? — 0*|P = |a — b|P|a + bJ?, plus
the discrete Holder and Cauchy-Schwarz inequality, we deduce that:

B[R]

IN

hg Z [’A 1/4 z+m - UiAnWier) |p‘A;1/4 (Xz+m + UiAnVT/i+m) ’p:|

< (a4 (haan)™),

which finishes the proof of (A.7).

We continue with the second part. We denote 7, 7 = SUPyeo,7] W} - Vt‘ and notice that

Mot < sup |Via, — Via,| + sup sup Vi = Via, |-
€A, T €A, T te((1—1)An,iAy]

where A, 7 ={i:0<i<[T/A,] — h, — k,}. Now, Assumption 1(i) implies:

?

This result, combined with the maximal inequality and (A.7), means that

p
swp Vi = Via, | } < CAPH.
te((i—1)An,iAn)

E[\nnyT\p] < (JAl [(k;n/hn)p/ 4 (haA)PT AP AQH} < oAl [(k:n/hn)p/2 + (hnAn)”H},

which immediately delivers the bound

E|[mnr|’] oAz | (ku/Ba) " (had) "]

_ 4H+1
As p can be arbitrarily large and optimizing h, < A, *"**, we deduce that

N = Op (TLAﬁ’f”_L) .
As for the final step in the proof, recall that by definition of 7, r:
Fr(z —nnr) < For(x) < Fr(x +n,1).
Then,

VT|Fu(0) = Fr(@)] < VT{Fole -+ m5) ~ Frle — )
(A.9)

< |Gr(+mar) — Gr(z — mog)| + VT|F(z + ng) — F(z — m0r)|,
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where Gp(z) = VT (Fp(z) — F(z)).
As the density of F exists and is bounded:

w+nn,T
VT sup |F(z 4 nnr) — F(x —nor)| = VT sup / f(2)dz < 2KVTn, 1,

zeR4 z€Ry Jz—n, 1

which—by the rate condition on 7, 7—implies that v/7 sup, g NE(@ +nnr) — F(x = nar)l 5o
And since n,, 1 LN 0, it follows that for any €,6 > 0 there exists (n’,7") such that P(n,r > ) < ¢€/2
for all pairs (n,T") with n > n’ and 7" > 7", which adheres to the rate condition. Let v > 0 be

given. Then,

IP’( sup |Gr(z + ur) — Gr(z — nor)| > 7) < ]P({ sup |Gr(z + ) — Gr(z — mog)| >} N {nr < 5})

reR 4 zeR4

+ P > )

< IP’({ sup ‘GT(x) - GT(y)‘ > 7}) +]P<77n,T > 5),

|lz—y|<26

(A.10)

where Gp(z) = VT(Fp(z) — F(x)). Tt follows from Theorem 5.2 in Dehay (2005) that for any
€,v > 0 there exists § > 0 such that the first term in (A.10) is smaller than €/2. Hence,

]P’( sup |GT($ + ) — Gr(x — nn,T)‘ > 7) <e.

zeRy

As €,7 are arbitrary, this verifies that sup,cg, |Gr(z + 1) — Gr(T — N0 1) 5o, concluding the
proof of Lemma A.1. |

Lemma A.2 Suppose that Assumption 1(ii) and 8 — 5 hold true, as does the rate condition TYZHAYE

0, as A, = 0 and T — oo, for some v >0 and h,, < A Then,

VT sup |For(z) — Fr(z)| 5o. (A.11)

zeR

Proof. Recall that if o satisfies Assumption 1(ii), the form of V; = o? is representable via (the

general version of) Itd’s Lemma:

t t t t
Vi=VWo+ / byds + / T dWs + / o.dBg + / / 5(s,2) (1 —v)(d(s, 2)).
0 0 0 0 Jr

We split the variance in two: V; = V/(¢) + V" (€), for each € > 0, where

t t t
V;:VO+/ bsds+/ anWS+/ o.dBs,
0 0 0
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=W / /{ze)<6} sl 2) - / /{ T(2)>¢) 2o Al 2))

V(e / /{ . >6} 5(s, 2)u(d(s, 2)).

Moreover, we denote

Jue) ={i €Z:0<i<[T/A] = hy — kn, p([iAn, (i + 1)A,) x {z:T(2) > €}) = 0},
Sn(€) = Uics, o [iAn, (1 + 1)Ay),
Apr={i:0<i<[T/A,] — hy — kn}.
In words, J,(€) is a set of indices that excludes the big jumps and S, (€) is the union of these. It

leads to a decomposition F, r(z) = F,r(z,€) + Ryr(x,€) and Fr(z) = Fr(z,€) + Rr(z, €) with

1 1
Fn’T(Q?,E) = —/ 1,¢ - dt, RmT(l’,é) = —/ 1,¢ . dt,
T Js, o V= T Ji0,11\8n () {Vise}

1 1
Fr(z,€) = :7/5 ( )1{Vt§x}dt’ Brle.e) =7 /[OT]\S ()1Wt§x}dt.

Here, F' is the main term, while R is a remainder. A final piece of notation:

Mr(e) = sup |Via, — Via,| + sup sup (Vi(€) = Via, (e)].
i€Jn(€) i€ Ap 1 te((i—1)ApiAn]

Let ¢, < A,ll/S. The aim is to prove that
M1 (€n) = Op(T'AY). (A.12)
We deal first with the last term of 7, r(€,), which we call

Mnr(en) = sup  sup V() = Viy, (6n)]-
i€An, T te€((i—1)An,iAy)

Observe that

sup  [Vi(en) = Vin, (€)] < A+ 72 442,

te((i—1)Ap,iAp)

where

W= sup [VE-VA
((i—l)An iAn]

'yl(zn) = sup / / 5(s,2)(u — v)(ds, dz)|
’ ApiAy)] (i—D)A, J{zT(2)<en}

%(i) = sup / / 8(s, z)v(ds, dz)|.
’ An il (i—1)A, J{z:T(2)>en}
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Application of the Burkholder and maximal inequality yield that, for any p > 2,

D sup v(n‘p} < CTAP* 1, (A.13)

%
ZGAn T

Moreover, for each p > 2 and 4, Lemma 2.1.5 in Jacod and Protter (2012) implies that
~ ~ p/2
E[22] < ca, / r@)px(mﬂmgﬂ( / r(z)2A(dz)>
{zT(2)<en} {zT(2)<en}
<O(Ae? + Afﬂ).

In view of the maximal inequality:

[I sup vfn)!p} < OT (072 4 AP, (A.14)
’LEAnT
Finally,
| sup fym)| < sup / w(ds,dz) < CAye,t. (A.15)
€A, T i€An T J(i—1)A, J {21 z)>en}

As a result, for any p > 2, a combination of (A.13) - (A.15) shows that
1/
E“ﬁmT(mn)‘p} p < C(Tl/pA}l/Qfl/p _i_Tl/pE?ll*Z/p + Anegl)- <A16)

Now, turn to the first term of 7, r(,), which is 5, 7(€,) = Sup;ey, (e Via, — Via,|- Asin (A.8) in

the proof of Lemma A.1, we disentangle, for each i € J,(¢,),

Via, = Via, = RO + R® + R + Y 4+ RO

It suffices to look at R,(Il), as the rates of the other four terms are equal. As above, utilizing

Burkholder’s inequality, we see that for each p > 2, i € J,(¢,) and 0 < m < h,, — 1:

B[ X~ 0ia, Wian ] < O (80) + (0,2)7B] swp  for s, ]
teliAn,(i+hn)An]

< C((katdn) + (knld) [ A2 4 el 2 4 (han) "))

< ON ()™ + B + (o) 7]

uniformly in ¢ and m. Proceeding as in the proof of Lemma A.1, it follows that

hn—1
E DRS)V)} < — Z E |:|A;1/4(Xi+m - UiAnm+m)|p‘A;1/4(Xi+m + Uz‘AnWHm)‘p]
" m=0

< C[(hnn)" + BB + () e, 7).
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In conclusion, for each p > 2 and i € J,(€,), we get
E[|Via, = Via '] < Clha/ba)?’? + () + hulsaeh® + (hah )67
Hence, for any p > 2, the maximal inequality along with &, < A, Y2 and h, < Ay 3/4 yield
E[‘ﬁmT(enﬂp] T AT [AYS A 4 AV,
Merging this with (A.16):
E[!%,T(Gn)\p] 1/p < CTVPA VP [A}/g 4l +A711/4€;1]
< CTl/pA;l/p [Ai/S + A,lh/8_1/4p],

where ¢, < AL/® was used in the last line. Now, choosing large enough p implies (A.12).

Passing back to the main proof, it holds that

E[T‘l / dt} < CALe .
[0,77\Sn (€n)

This delivers a bound for the remainder term(s):
Ruor(r,6,) + Rr(r,6,) = O,(Aye,?). (A.17)

As V{(€,) vanishes on Sy(en), supeg, (o, Vi — Vil < nar(€n). Then, proceeding as in (A.9) we
deduce that
VT | For(w,en) = Fr(z, ea)| < VT Fr(x + gz (€n), €0) = Pr@ = az(n), )|
< VT|Fr(z + nar(€n)) — Fr(z — nur(en))]
<|Gr(e + nur(en)) = Gr(e = ()| + VT|F (@ + 1 r(en)) = F(@ = thr(en)

where Gp(x) = VT(Fr(z) — F(z)). Here, the second inequality is due to integrating over a larger

set. Now, arguing as in the end of the proof of Lemma A.1 and using (A.17), we conclude that

VT sup |For(z) — Fr(z)| = o0p(1) + Op(Tl/Q"A}/Sﬂ) + Op(Tl/QAnef).

$€R+

1/8 .
As e, < AY , our work is done. [ |
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Proof of Theorem 3.3
Notice that
VT (For(x) — F(2)) = VT (Fyr(z) — Fr(z)) + VT(Fr(z) — F(z)). (A.18)

Appealing to Lemma A.1-A.2, it holds that sup,cg, \/T(FnT( ) — Fr(z)) L 0. Furthermore, by
Theorem 4.1 in Dehay (2005) it follows that /7' (Fr(z) (z)) 4 N(0,%(x)), where

E(x)zQ/OOO(thaz (x)%)dt

and Fy(z,y) = ]P’(Jg <z V< y) We next prove the proposed estimator of the asymptotic variance
Yor(x) LN Y(z), for all x € R;. Thus, let £ € (0,1/3) be fixed and observe that:

/0 (Fynr(z) — Fop(x)?)dt
/0 (Ft,n,T(ZE) - Ft,T(IL‘))dt + 2/0 (Ft,T(x) — FT($)2)dt +27¢ (FT(:E)2 o Fn,T(l')Q),

(A.19)

T-T¢
where Fir(x) = T L{v,,,<zvi<a}ds. The last term in the above display is asymptotically
0

negligible by Lemma A.1 — A.2:
T\ Fr(z)? = For(2)’| = T¢| Fr(z) — For(a)||Fr(z) + For(z))|
P

< 2T¢| Fr(x) — Fn7T(:c)| — 0.

Next,
Fir(x —nur) < Frpr(z) < For(x + nor),

hence |EnT(l’) — FtT(x)| < Fyr(x+nur) — Frr(z —nnr). By definition of F; 7, it follows that for
any z,y € R, with z > y:

1 T-T%
Fir(z) = Fir(y) = T/ Liy<o?, <z y<ar<zyds
0
1 T-1¢ 1 T-T%
= ﬁ/o 1{y<0§+t§z} + ﬁ/o Liy<o2<zyds

= Fr(2) — Fr(y) + O(T*™).

Taking z =z +n,r and y = x — 0, 1
&3
/ |FtnT(x) B FM(I)‘dt =T (Fr(z + o) — Fr(z —n.r)) + O(T*7).
0
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As in the proof of Lemma A.1-A.2, we can show that

Té
[ 1Baste) - Fus@lin 50
0

Finally, for the remaining term in (A.19), we first note that stationarity of (V;);>¢ implies that
E[Fyr(z)] =E[F(z,2)] + O(T*") and E[Fyr(z)] = F(z). Hence,

T T¢
E {2 / (Frr(z) — FT(x)Q)dt] =2 / (Fy(z,2) — F(2)*)dt — 2T var (Fr(z)) + O(T*71).
0 0
Since a(t) = O(¢t™) and & € (0,1/3), Theorem 3.3 in Dehay (2005) implies that T¢var (Fr(z)) — 0
as T' — oo. Therefore,

E[z /0 " (Fir(z) - FT(q:)2)dt} S S(a),

as T — oo. Tt thus suffices to show that 2 fOTg (Fyr(z)—Fr(z)?)dt—E [2 fOTg (Ft,T(a:)—FT(:cy)dt} —
0in L2, as \/Tan;p — 0, A, = 0 and T"— oo, in order to conclude that ¥, r(z) L Y (x). To this

end we decompose the difference as follows

2 /OTE (Fr(z) — Fr(z)?)dt — E{Q /OTE (Frr(z) — Fﬂmf)dt} = 2/0Tg (Fir(z) — Fy(z,z))dt
+ T (Fr(z)* — F(z)?)
+ 2T%var (Fr(z)) + O(T*71).
By Minkowski’s Inequality, it is enough to look at each term on the right-hand side separately. We

define Fyp(z) = %fOT Ly, <z.v.<z}ds and note that Fyr(z) = Foplz) + o(T*1), E[Ft;p(x)} =
Fy(z,z) and

2/0 (Fir(z) — Fy(z,z))dt = 2/0 (FtT(x) — Fy(z,z))dt + O(T*™).

The Cauchy-Schwarz Inequality yields that

</0T§ (Fir(e) - Ft(x,:v))dt>2

Té
E < T§/ var (Fyr(z))dt
0

—o(T%),
where the last inequality follows from the calculations on p. 941 in Dehay (2005). Therefore,
T¢
2/ (Fyr(z) — Fi(z,z))dt — 0
0
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in L?2. As both Fr and F are bounded by 1, the bounded convergence theorem and Theorem 3.3 in
Dehay (2005) implies that

T (Fr(z)® — F(z)?) = 0 (A.20)
in L2, as T — oo. Thus,
T T¢
2/ (Fyr(z) — Fr(z)?)dt — E {2/ (Eyr(z) — Fr(z)?)dt| =0
0 0
in L? given the rate condition from Theorem 3.3. This implies that ¥, r(z) LN X(x). [

We now state a multivariate version of Theorem 3.3.

Lemma A.3 Suppose that the conditions of Theorem 3.3 are fulfilled. Let p € N be given. Then,

forany zq,...,z, € Ry,
d
(Gn,T(x1)> RN Gn,T(xp» — N(O, Z(ml, c. ,xp)),
where X(x1, ..., x,) i the p X p covariance matriz with elements of the form
N1, sy — / (Fi(ws,2;) + Fi(ws2;) — 2F () F(z,)) dt,
0

fori,j=1,... ,p. Furthermore, let £ € (0,1/3) be given. Then,

Té
EmT(IZ’, Ij) = / (E,n,T(xiu l’j) + Ft,n,T<=Tj7 Il) - 2Fn7T(IZ)Fn7T(Ij)>dt E) 2(1‘17 . ,(L’p)ij.
0

Proof. The first part follows by a Cramer-Rao device. Also, proving consistency of the covariance

estimator goes along the lines of the univariate case. We therefore skip it. [

Proof of Theorem 3.5

In view of Lemma A.1-A.2, we obtain that sup,cg, VT (For(z) — Fr(z)) L 0. On the other
hand, Theorem 5.2 in Dehay (2005) implies a functional central limit theorem for the process

Gr = {VT(Fr(z) — F(z)),z € R, }. |

Proof of Corollary 3.6

This follows from Theorem 3.5 by noting that the sup and weighted L? norm are both continuous

mappings from Cy(Ry) — R. |
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Proof of Proposition 3.7

From Corollary 3.6 the limiting distribution of rL? under H, is ||G ||, where G is a Gaussian pro-
cess with covariance operator . The distribution can therefore be written as ||Gp||% = Y oo NP2,
where ®; are independent standard normal random variables, and \; are the eigenvalues of X (see,
e.g., Kuo, 1975). Moreover, from Bosq (2000, chapter 1) we deduce that 3 = Yooy A < 00, so that
E[l|Grl%] = 5. Combining this result with the fact that T(F) is a quadratic form of mean zero

Gaussian random variables, it follows that for all o € (0,0.215):

P(T(F)>a)=1-P(T(F)<a) <1-P(x* <a) =P(x* > o),

where the inequality is due to Székely and Bakirov (2003). This concludes the proof of the first

statement, while the second part follows upon observing that ||Gr||2, % 0o under H,. |

Proof of Corollary 3.8

The proof follows from Theorem 19.23 in van der Vaart (1998). n

B Simulation of critical values for goodness-of-fit testing

To describe how critical values for our goodness-of-fit tests are generated, we again fix the sampling
frequency at A,, and the time horizon at [0, 7.

The stochastic volatility model is assumed to be indexed by a parameter vector v. We discrim-
inate between the case where v is known (I), and the more realistic setup where v is unknown,
but a preliminary estimate 0 is available along with an estimate of the noise variance @ (II). As a
biproduct, we emphasize that the latter approach also accounts for the estimation error induced by
the infill step, which is negligible in the limit but can be sizable in small samples.

We proceed as follows:

[. Without parameter estimation
1. Simulate a volatility path of length T" based on v.
2. Sample the path at frequency A,.

3. Construct the EDF, Fr.

o

Calculate the t-statistic with F based on v.
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5. Repeat step 1 —4 B times.
IT. With parameter estimation
1. Simulate a volatility path of length 7" based on ©. Call it (0)scpo,1)-

2. Construct noisy log-returns at sampling frequency A,, according to: AYZ = o;_1)a, VA, D1+

w®y, where ®; and P, are independent standard normal random variables.
3. Construct the REDF, F), p.
4. Retrieve a new estimate of the parameter vector, denoted by v, from the artificial data.
5. Calculate the t-statistic with F' based on ©.
6. Repeat step 1 — 5 B times.

In both I. and II., the critical values are subsequently found as the a-quantile of the distribution

of t-statistics based on the above B repetitions of the simulation experiment.
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