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Abstract

We consider large N, T panel data models with fixed effects, a common factor allow-
ing for cross-section dependence, and persistent data and shocks, which are assumed
fractionally integrated. In a basic setup, the main interest is on the fractional param-
eter of the idiosyncratic component, which is estimated in first differences after factor
removal by projection on the cross-section average. The pooled conditional-sum-of-
squares estimate is v/ NT consistent but the normal asymptotic distribution might not
be centered, requiring the time series dimension to grow faster than the cross-section
size for correction. We develop tests of homogeneity of dynamics, including the degree
of integration, that have no trivial power under local departures from the null hypoth-
esis of a non-negligible fraction of cross-section units. A simulation study shows that
our estimates and test have good performance even in moderately small panels.
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1. Introduction

The classical approach in the panel data literature for modeling persistence uses autore-
gressive (AR) models under different panel specifications. For example, Arellano and Bond
(1991) and Alvarez and Arellano (2003) develop asymptotics for their estimators based on
AR models characterized by homogeneous slope parameters under large N and fixed or in-
creasing 7. Pesaran (2007) uses a dynamic panel setup to test for panel unit roots allowing
for slope heterogeneity when N and T" are both large. Han and Phillips (2010) obtain infer-
ence in an AR(1) panel based on generalized method of moments (GMM) estimation with
strong instruments when the homogeneous AR parameter is near unity.

There is a recent literature on large N, T panel data models with long-range dependence
constituting an alternative to AR specifications, see e.g. Robinson and Velasco (2015), Erge-
men and Velasco (2017) and Ergemen (2017). Like models with AR dynamics, these models
nest /(1) behaviour, but smoothly and thus the estimates of long-range dependence param-
eters are asymptotically normal unlike the nonstandard asymptotics under nonstationary
AR specifications. This leads to chi-squared test statistics for memory parameter estimates
and, for instance, panel unit-root testing can be readily performed based on the memory
estimates.

Although classical AR panel literature uses both homogeneous and heterogeneous AR
parameter specifications in modeling persistence, little or no justification is provided for
these choices. In fractional panel data literature, Ergemen and Velasco (2017) and Ergemen
(2017) allow memory parameters under their setups to vary across cross-section units, pro-
viding valid arguments that this allows for a greater flexibility in suiting the presentation
of data as well as describing the dynamics of different units more accurately rather than
restricting all units to have the same dynamics. However, a formal testing procedure for
persistence homogeneity has not yet been provided in the fractional panel data literature
either. Developing such a test is important because when there is no statistically significant
discrepancy between the integration orders of different cross-section units, it is preferable to
employ pooled memory estimates that enjoy faster (v NT ) convergence rates and avoid the
curse of dimensionality as N increases.

To fill in this gap, this paper develops a testing framework for persistence homogeneity
when interactive fixed effects are also present. In doing so, we first present a rigorous treat-
ment for a panel data model that allows for fractionally integrated long-range dependence
in both idiosyncratic shocks and a common-factor structure that accounts for cross-section
dependence. In the model, persistence is described by a memory or fractional integration
parameter, constituting an alternative to dynamic autoregressive (AR) panel data models.
The setup we consider requires that both the number of cross section units, N, and the length
of the time series, T, grow in the asymptotics, departing from the case of multivariate time
series (with N fixed) or short panels (with 7" fixed). Our setup differs from Hassler et al.
(2011) and Robinson and Velasco (2015) in that we model cross-section dependence employ-
ing an unobservable common factor structure that can be serially correlated and display
long-range dependence, which makes the model more general by introducing cross-section



dependence without further structural impositions on the idiosyncratic shocks.

Using a type-II fractionally integrated panel data model with fixed effects and cross-
section dependence modeled through a common factor dependence, we allow for long-range
persistence through this factor and the integrated idiosyncratic shock. The model assumes
a common set of parameters for the dynamics of the idiosyncratic component of all cross-
sectional units. We deal with the fixed effects and the unobservable common factor through
first differencing and projection on the cross-section average of the differenced data as a
proxy for the common factor, respectively. Then, estimation of the memory parameter
is based on a pooled conditional sum of squares (CSS) criterion function of the projection
residuals which produces estimates asymptotically equivalent to Gaussian ML estimates. We
require to impose conditions on the rate of growth of N and T to control for the projection
error and for an initial condition bias induced by first differencing of the type-II fractionally
integrated error terms, so that our pooled estimate can achieve the v/ NT convergence rate.
We nevertheless discuss bias correction methods that relax the restriction that 7' should grow
substantially faster than N in the joint asymptotics, which would not affect the estimation of
the heterogeneous model. We also propose a heterogenous model whose estimates, adapting
the same CSS criterion to have heterogeneous dynamics, are shown to be asymptotically
normal for each cross section unit as 7' gets larger.

We then develop LM tests for dynamics homogeneity that are similar to the slope ho-
mogeneity tests of Su and Chen (2013) in panel data models with interactive fixed effects
and that allow for scale heterogeneity. In particular, these tests include the null of homoge-
nous degree of integration and have no trivial power under local departures from the null
hypothesis of a non-negligible fraction of cross-section units.

We explore the performance of our estimates and tests via Monte Carlo experiments,
which indicate that our inference methods have good small-sample properties in a variety of
scenarios.

Next section details the model and necessary assumptions. Section 3 explains the es-
timation strategy for both homogeneous and heterogeneous parameters, and discusses the
asymptotic behaviour of the estimates. Section 4 shows the details of persistence homogene-
ity testing along with the asymptotics. Section 5 presents Monte Carlo simulations. Finally,
Section 6 concludes the paper.

Throughout the paper, we use the notation (NN, T"); to denote joint cross-section and time-
series asymptotics, —, to denote convergence in probability and —4 to denote convergence
in distribution. All mathematical proofs and technical lemmas are collected in the appendix.

2. The Model

In this section, we detail a type-II fractionally integrated panel data model with fixed effects
and cross-section dependence and list our assumptions. We consider that the observable y;;



satisfy
At (L; 90) (yit — Oy — %’ft) = &it, (1)

fort =0,1,...,7,i=1,...,N, where ; ~ iid(0,0?) are idiosyncratic shocks; 6, € © C
R is a (p + 1) x 1 parameter vector; L is the lag operator and for any 6 € © and for each
t>0,

t
A (Li6) = X (6) (2)
=0
truncates \ (L;0) = Ay (L;0). We assume that A (L;6) has this particular structure,
A(L;0) = A% (L; ),

where 4 is a scalar, £ is a p x 1 vector, § = (6,¢')’. Here A =1 — L, so that the fractional
filter A° has the expansion

I'(j—9)
(J+1DI(=5)’

N =3 om0, ) - 7

and denote the truncated version as A? = Z;;B m;(0) L7, with T (=0) = (1)’ 00 for § =
0,1,..., T'(0) /T (0) = 1; ¥ (L;€) is a known function such that for complex-valued x,
| (z;€)] # 0, |x] <1 and in the expansion

b (L;€) = ij (&) L,

the coefficients ; (£) satisfy

o (§) =1, |1 (§)] = O (exp (=¢(£) j)), (3)

where ¢ (§) is a positive-valued function of . Note that

N (O) =D mk (@) (&), =0, (4)

behaves asymptotically as 7;(9),
A (0) =9 (1;8)m;(8)+ O (jf‘S*Q) , as j — oo,
see Robinson and Velasco (2015), where

I 5 - .
;(0) = r(=s)’ H1+0(™) as j — oo,
so the value of §y determines the asymptotic stationarity (dp < 1/2) or nonstationarity
(60 > 1/2) of y;y — a; — i fy and ¥ (L; &) describes short memory dynamics.



The «; are unobservable fixed effects, 7; unobservable factor loadings and f; is the unob-
servable common factor that is assumed to be an I () process, where we treat ¢ as a nuisance
parameter. This way the model incorporates heterogeneity through «; as well as ~; and also
introduces account cross-section dependence by means of the factor structure, ~;f;, which
was not considered in Robinson and Velasco (2015). When we write (1) as

Yit = oG +Yifr + )\t_l (L;00) eir = o + i fr + A (L; ) {eul (t > 0)},

where 1 (-) is the indicator function, the memory of the observed y;; is max {do, 0} , where f;
could be the major source of persistence in data. The model could be complemented with
the presence of incidental trends and other exogenous or endogenous observable regressor
series, see Ergemen and Velasco (2017) and Ergemen (2017).

The model can be reorganized in terms of the variable A%y, for ¢ = 1,..., N, and
t=1,...,T and when 9 (L; &) = 1 — &L corresponds to a finite AR(1) polynomial as

Agoyit =(1-¢&) Afoai + §0Afoyit—1 + 7 (1 = &L) Afoft + €t

which is then easily comparable to a standard dynamic AR(1) panel data model with cross-
section dependence, e.g. that of Han and Phillips (2010),

Yir = (1 — p)ag + pyir—1 + Vifr + €in.

In both models, error terms are iid, and there are fixed effects (so long as dy # 1, § # 1
and p # 1). However, autoregressive panel data models can only cover a limited range of
persistence levels, just [ (0) or I (1) series depending on whether |p| < 1 or p = 1. On the
other hand, the fractional model (1) covers a wide range of persistence levels depending on
the values of &y and p, including the unit root case and beyond. In addition, (1) accounts
for persistence in cross-section dependence depending on the degree of integration of Afo fi

We are interested in conducting inference on 6, in particular on 0. For the analysis in
this paper we require that both N and T increase simultaneously due to presence of the
unobserved common factor and the initial condition term in the fractional difference operator,
unlike in Robinson and Velasco (2015), who only require 7" to grow in the asymptotics, while
N could be constant or diverging simultaneously with 7. In the first part of the paper we
assume a common vector parameter, including a common integration parameter ¢, for all
cross-section units ¢ = 1,..., N. While the fractional integration parameter may as well be
allowed to be heterogeneous, our approach is geared towards getting a pooled estimate for
the entire panel exploiting potential efficiency gains. Further, this pooling has to control for
potential distortions due to common factor elimination, that, as well as fixed effects removal,
lead to some bias in the asymptotic distribution of parameter estimates, cf. Robinson and
Velasco (2015).

We use the following assumptions throughout the paper:

Assumption A.



A.1. The idiosyncratic shocks, €;;, 1 =1,2,..., N, t=0,1,2,...,T are independently and
identically distributed both across i and t with zero mean and variance o2, and have a finite
fourth-order moment, and d, € (0,3/2).

A.2. The I(g) common factor is f; = A; %2/, 0 < 3/2, where 2} = o/ (L)v!_, with ¢/ (s) =
Yoo gogsk, Zzozol{;]cp£| < 00, ¢/ (s) # 0 for |s| <1, and vf ~ iid(O,aJ%), E\v,{|4 < 0.

A.3. ¢, and f; are independent of the factor loadings ~;, and are independent of each other
for all 7 and ¢.

A.4. Factor loadings ~; are independently and identically distributed across i, sup; E|v;| <
00, and 7 = N1V 4, 0.

A.5. For £ € =, ¢ (;€) is differentiable in € and, for all £ # &, ¢ (z;€)] # |¢ (;&)| on
a subset of {z : |z| = 1} of positive Lebesgue measure, and (3) holds for all £ € = with ¢ (¢)
satisfying

infe (§) = ¢* > 0. (5)

Assumption A.1 implies that the idiosyncratic errors A™! (L;0) g5, are fractionally inte-
grated with asymptotically stationary increments, dy < 3/2, which will be exploited by our
projection technique. The homoskedasticity assumption on idiosyncratic shocks, €;, is not
restrictive since y;; are still heteroskedastic as «; and 7; vary in each cross section.

By Assumption A.2, the common factor f; is a zero mean fractionally integrated I(p)
linear process, with the I (0) increments possibly displaying short-range serial dependence
but with positive and smooth spectral density at all frequencies. The zero mean assumption
is not restrictive since we are allowing for fixed effects o; which are not restricted in any way:.
Restrictions similar to Assumption A.2 have been used under different setups in e.g. Hualde
and Robinson (2011) and Nielsen (2014). Under Assumption A.2, the range of persistence for
the common factor covers unit root and beyond, making the model a powerful tool for several
practical problems. Although we treat p as a nuisance parameter, in empirical applications
this parameter could be estimated based on the cross-section average of the observed series
using semiparametric estimates, e.g. with a local Whittle approach. Assumption A.3 and
A .4 are standard identifying conditions in one-factor models as also used in e.g. Pesaran
(2006) and Bai (2009). In particular, the condition on ¥ is related to Assumption 5(b) of
Pesaran (2006) and used to guarantee that our projection to remove factors works in finite
samples.

Assumption A.5 ensures that ¢ (L; §) is smooth for £ € Z, and the weights v, lead to short-
memory dynamics as is also assumed by Robinson and Velasco (2015), where the parameter
space = can depend on stationarity and invertibility restrictions on ¢ (L;¢) .

3. Parameter Estimation

Bai (2009) and Pesaran (2006), among many others, study the estimation of panel data



models with cross-section dependence. Bai (2009) estimates the slope parameter in an in-
teractive fixed effects model where the regressors and the common factor are stationary and
idiosyncratic shocks exhibit no long-range dependence. Likewise, Pesaran (2006) estimates
the slope parameter in a multifactor panel data model where covariates are I(0). In this
section we focus on the estimation of the parameter vector € that describes the idiosyncratic
dynamics of data, including the degree of integration.

In our estimation strategy, we first project out the unobserved common structure using
sample averages of first-differenced data as proxies, where the fixed effects are readily removed
by differencing. We then use a pooled conditional-sum-of-squares (CSS) estimation on first
differences based on the remaining errors after projection.

First-differencing (1) to remove «a;, we get
Ayit = ")/lAft +A)\;l (L;eo)fit, Z: 1,...,N, t = 1,2,...,T,

where we denote by 6, the true parameter vector, and then Ay, is projected on the cross-
section average Ag, = N1 Zfil Ay as (non-scaled) proxies for Af; with the projection
coefficient ¢; given by

T A~
(%‘ - Zt:l Ay Ay
T T — 9
> i1 (A7)
which we assume can be computed for every ¢ with ZL(A@)Z > (. Then we compute the
residuals

Eit(e) = )\t—l (L> 9(_1)) <Ayzt - QEIA@?) ) L= 17 cee 7N7 t= 17 s aT-

where §(=1) = (§ — 1,¢')" adapts to the previous differencing initial step.
Then we denote by 6 the estimate of the unknown true parameter vector 6,

0 = arg rergél Lyr(0),

where we assume © is compact and Ly 7 is the CSS of the projection residuals after fractional

differencing
N T
1
Lyz(0) = 57 D> eald)

i=1 t=1
which is the relevant part of the concentrated (out of 0?) Gaussian likelihood for &4(f).
Note that after the first-differencing transformation to remove «;, there is a mismatch

between the sample available (¢t = 1,2,...,T) and the length of the filter A\;_; (L; 0(_1)) that
can be applied to it, with the filter AN, ' (L;6,) that generates the data, since for instance

Mot (L; 05D AN (L5 00) i = M (L3 0) A (L 00) i — Mo (0°°9) 240,

because \; (L; 9(_1)) A=X(L;0),t=0,1,.... Even when 0 = 6, all residuals involve &,
i.e. the initial condition, which is reflected in a bias term of 6 as in Robinson and Velasco
(2015).



The estimates are only implicitly defined and entail optimization over © = D x =, where
= is a compact subset of R? and D= [§,9], with 0 < § < 0 < 3/2. We aim to cover
a wide range of values of § € D with our asymptotics, c.f. Nielsen (2014) and Hualde
and Robinson (2011), but there are interactions with other model parameters that might
require to restrict the set D reflecting some a priori knowledge on the true value of é or to
introduce further assumptions on N and 7' In particular, and departing from Robinson and
Velasco (2015), it is essential to consider the interplay of ¢ and dy, i.e. the memories of the
unobservable common factor and of the idiosyncratic shocks, respectively, since projection
on cross-section averages of first differenced data is assuming that Af; is (asymptotically)
stationary, but possibly with more persistence than the idiosyncratic components.

Then, for the asymptotic analysis of the estimate of 6, we further introduce the following
assumptions.

Assumption B. The lower bound ¢ of the set D satisfies

max {o, 00} — 1/2 < § < dp. (6)

Assumption B indicates that if the set D is quite informative on the lower possible value
of dy and this is not far from p, the CSS estimate is consistent irrespective of the relationship
between N and T, as we show in our first result.

Theorem 1. Under Assumptions A and B, 6y € ©, and as (N,T); — oo,

é —p 90.

Although the sufficient condition in Assumption B may seem restrictive, the lower bound
could be adapted accordingly to meet the distance requirement from p and &y using informa-
tion on the whereabouts of these parameters. This assumption may be relaxed at the cost
of restricting the relative rates of growth of N and 7' in the asymptotics. In the technical
appendix, we provide more general conditions that are implied by Assumption B to prove
this result.

A similar result of consistency for CSS estimates is provided by Hualde and Robinson
(2011) and Nielsen (2014) for fractional time series models and in Robinson and Velasco
(2015) for fractional panels without common factors. Note that the theorem only imposes
that both N and T grow jointly, but there is no restriction on their rate of growth when (6)
holds. This contrasts with the results in Robinson and Velasco (2015), where only T was
required to grow and N could be fixed or increasing in the asymptotics. An increasing T
therein is required to control for the initial condition contribution due to first differencing
for fixed effects elimination, as is needed here, but projection on cross-section averages for
factor removal further requires that both N and T grow.

Next, we establish the asymptotic distribution of the parameter estimates, for which
we assume that ¢ (L; &) is twice continuously differentiable for all £ € = with 4 (L;§) =



(d/d&)ye(L; &) where it is assumed that @Z}t(L;f)‘ = O (exp(—c(£)7)). In establishing the
asymptotic behaviour, the most delicate part is formulating the asymptotic bias. The initial
condition (IC) bias of (NT)/? <é — 90> is proportional to T7'V7(6y), where

T
ZTt 90 {Tt 90 Xt(fo)}
t=1

where 7 (0) = A, (V) = A\ (L;0) 1 = Z;zo A (8), 7(0) = (0/00)1(0) and x; is defined
by

Y (L:€) = 2 log A (L:6) = (log A, (9/0€) log § (1:€)) ng

06

The term V1 (6p), depending only on the unknown 6y and T', also found in Robinson and Ve-
lasco (2015), appears because of the data-index mismatch that arises due to time truncation
for negative values and first differencing.

Introduce the (p+ 1) x (p+ 1) matrix

o0 2/6 e .
BO =200 = s S © |
and assume B (&) is non-singular. For the asymptotic distribution analysis we further require
the following conditions.
Assumption C.
C.1. As (N,T); = 00
glogz T + % — 0.
C.2. max{1/4,0—1/2} < dp <min{5/4,5/2 — o} .

The next result shows that the fractional integration parameter estimate is asymptotically
normal and efficient at the v NT' convergence rate.

Theorem 2. Under Assumptions A, B and C, 0y € Int(©), as (N,T); — oo
(NT)Y2 (8= 00— T B (&) Vr(0h) ) —a N (0,87 (€0))
where Vr(0p) = O(T =20 1og T1{dy < 1} +log® T1{6y = 1} + 1{dp > 3}).
Corollary 1. Under Assumptions of Theorem 2,
(NT)?2 (é _ 90> s N (0, B71 (&)

for & > %, and this also holds when & € (3, 1) if additionally, as (N,T); — oo, NT* =% log® T —
0, and when &g = % if NT~'log*T — 0 .



These results parallel Theorem 5.3 in Robinson and Velasco (2015) additionally using
Assumption C to control for the projection errors and requiring N to grow with 7" to remove
the cross-sectionally averaged error terms, while the range of allowed values of dy is limited
in the same way. Assumption C.1 basically requires that T" grows faster than N, but slower
than N3, so that different projection errors are not dominating to achieve the v/ NT rate of
convergence. This last restriction is milder than the related conditions that impose TN 2 —
0 for slope estimation, e.g. Pesaran (2006), but we also need T' to grow faster than N to
control the initial condition bias.

Condition C.2 is only a sufficient condition basically requiring that the overall memory,
0 + dg, be not too large so that common factor projection with first-differenced data works
well, especially if N grows relatively fast with respect to 7', and that o is not much larger
than dg, so the common factor distortion can be controlled for. We relax these sufficient
conditions in the technical appendix to prove our results.

The asymptotic centered normality of the uncorrected estimates further requires that

do > % in view of Assumption C.1, so it is interesting for statistical inference purposes to

explore a bias correction. Let 6 be the fractional integration parameter estimate with IC
bias correction constructed by plugging in the uncorrected estimate 6,

G=06-77'B" (5) V().
The next result shows that the bias-corrected estimate is asymptotically centered and efficient
at the v N'T' convergence rate.

Corollary 2. Under Assumptions of Theorem 2,
(NT)Y2 (6= 8) =4 N (0. B (&)

Bias correction cannot relax the lower bound restriction on the true fractional integration
parameter dy, but eliminates some further restrictions on N and T though still requires
Assumption C.1 which implies the restrictions of Theorem 5.2 of Robinson and Velasco
(2015) for a similar result in the absence of factors.

3.2 Estimation of a Heterogeneous Model

Although a panel data approach allows for efficient inference under a homogeneous setup,
it may be restrictive from an empirical perspective. Most of the time, the applied econome-
trician is interested in understanding how each cross-section unit behaves while accounting
for dependence between these units. We therefore consider the heterogeneous version of (1)
with the same prescribed properties as

At (Ls 0i0) (i — 0 — vilft) = €it, (7)

where 0,y may change for each cross-section unit. This type of heterogeneous modelling is
well motivated in country-specific analyses of economic unions and asset-specific analyses

10



of portfolios where cross-section correlations are permitted and generally the interest is in
obtaining inference for a certain unit rather than for the panel.

Under the heterogeneous setup, just like in the homogeneous case, the common factor
structure is asymptotically replaced by the cross-section averages of the first-differenced
data under the sufficient conditions given in Assumption C. The asymptotic behaviour of
the heterogeneous estimates can be easily derived from the results obtained in Theorems 1
and 2 taking N =1 as follows. Now, denote

~

= in L*
b = argmin Li 1 (6),

with ©; defined as before, D; = [4;,4;] C (0,3/2), and

where g; = (¢;1,...,&i1), and
git(0i) = A1 (L; 95_1)> (Ayit - ng‘A.@t> .

We have the following results replacing dg, 4 and § in Assumptions A.1, A.5, B and C.2
with d;0, 9, and d;, respectively. We denote these conditions as A;, B; and C;, and assume
them to hold for all 7.

Theorem 3. Under Assumptions A; and B;, 0,0 € ©;, and as (N,T); — oo,

~

0; —7p tio,
and under Assumptions A;, B; and C;, 0;p € Int(©;), as (N,T); — oo,
T1/2 (61 — 910> —d N (O, Bil (510)) .
An increasing N is still needed here, as in the homogeneous setting, since the projection
errors arising due to factor removal require that N — oo. However the asymptotic theory is
made easier due to the convergence rate being just v/7 now, with which the initial-condition

(IC) bias asymptotically vanishes for all values of d;0 € D, without any restriction on the
relative rate of growth of N and 7.

4. Homogeneity Test

In both AR and fractional panel data literature, the use of homogeneous versus heteroge-
neous dynamic parameters is a rather arbitrary choice in theoretical modeling of persistence.
While it can be argued that allowing for heterogeneity in dynamics is a more flexible way

11



of modeling persistence in applied research, this can cause efficiency losses when the true
dynamics are homogeneous. For example, Ergemen (2017) analyzes debt and GDP series for
OECD countries under heterogeneity of dynamics, however both series are estimated to be
I(1) series, in which case considering homogeneous dynamics appear to be a more efficient
approach.

Bearing in my mind such possibilities and the lack of formal justifications for the hetero-
geneity of dynamics in the literature, we develop a formal testing procedure in this section.
We propose a test of the model (1) against its heterogeneous version (7) similar to the LM
test developed in Su and Chen (2013) for slope homogeneity in panel data models with
interactive fixed effects.

In order to set up the testing framework, we use the following auxiliary heterogeneous
model

At (L; 00 + Di0) (yie — i — ift) = €t
where 1J; denote the deviations from a common value 6, and the null hypothesis of homo-

geneity corresponds to
H0:010:..~:19N0:O_

To estimate the deviations we use the CSS loss function

N T
~ 1 B
LN,T(ﬁla ce ,’L9N) = ﬁ Zzglt(ﬁ )2

i=1 t=1
where

521&(191) = )‘t—l (L7 é(_l) + ?91> <Ayzt - QASZAgt> ’ 1= 17 ceey N7 = ]-7 s 7T’
with 6 defined in Section 3 and to test the null hypothesis H, against
H, : at least one ¥,y # 0,

we consider LM tests, evaluating under Hy the derivatives of L N.T

0 =~
8191 ’(191,...,19]\/') = _Z€Zt gzt )

2 & B 5
:N_gg {819 (LH1)+19)})\t11<L9(1>€zt(9),

i.e.

J - 2 o~ . A
N,T(Oa ce 70) = N Zgit(e)thl L; o 5it(‘9)-
3l (1:0)

Then we can check that

2 T R .
%MLN’T(O, cee 70) ]Vi Z:: {8’19 619/ )\t 1 (L7 6(1)>} (Aylt - ¢1Agt)




and that the cross derivatives with respect to ¥; and v;, ¢ # j, are identically zero, so we
can set up the following LM type statistic

i = 33 (32eu0)) 50 (St

N T
1 . A A
= 722> cul0)e )26 BE) en(d),

i=1 t=1 s=1
where éit(é ) = Xi-1 <L' é(*1)> 5it(é) and we replace the second derivative of the CSS function

by T'B(6) as an approximation to the limit of 3/, &;(8)!,(d) for each 4, ignoring the contri-
butions from second derivatives of A,_; (L;0) . If a common parameter estimate 6 describes
properly the dynamics of all cross-sections, then we expect, for all 7, 5“(0) to be approxi-
mately uncorrelated with £;,(6), which only depends on past observations of e;(6). However,
as the number of restrictions increases with N, we consider instead a properly centred and
scaled statistics in the joint asymptotics,

Iyt = (N"Y2LMyr — Byr) /v/Var
as in Su and Chen (2013) where

Bar = LSS A0 0)B0) 0)

=1 t=1
Var = TQNZZO— Z%é B )]

with individual estimates 62 = T~ 31, €2(f) to account for possible heterogeneity in the
variances across cross-section unlts where Vyr can be replaced by

N
2(p+1) 58
N v

=1

VNT -

or, under cross-section (unconditional) homoskedasticity, by
54

VNT = T2N ZZ Zgzt é Els(é>

i=1 t=1 [s=1

or just Vip =2(p+1)6% with 62 = (NT)"" SN, 27 £2(6).

We introduce a variant of Assumption A for our asymptotic analysis.
Assumption A*.

All other conditions in Assumption A hold and Assumption A.1 is replaced by
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A.1*. Theidiosyncratic shocks, e;,7=1,2,...,N,t=0,1,2,...,T are independently and
identically distributed across ¢ and are independent across i, with zero mean and variance
o2, and have a finite 12th-order moment uniformly in 7, with

N
1
7® = lim N Zas < 00, (8)

and 0y € (0,3/2)

Assumption A* removes the identical distribution condition across 7, in particular allowing
for heterogeneity across 7 in the variance, and it can be shown that under Assumption A* and
the rest of conditions of Corollary 1, (NT) ™2 (8 — 6y) = O, (1) and is still asymptotically
normal but with a different asymptotic variance, increased by the factor %)/ (6(2))2 > 1
compared to the homoskedastic case, with ) and ® defined as described in (8). It also
requires an increased number of moments to account for the structure of LM yr.

Theorem 4. Under the assumptions of Corollary 1 and Assumption A*, as (N,T'); — oo,
under Hy,
JNT —d N(O, 1) .

Then the null hypothesis is rejected when Jyr is large compared to the corresponding
critical value from the standard normal distribution. In practice we would expect that Vi
and Vyr perform better than V3, or Vi, under the null in finite samples, since they resemble
more closely the actual variability in LMy, as the asymptotic approximations on which V.,
and V3, are based might need moderate values of N and T to be accurate.

Similar tests can be developed to test homogeneity in some subset of § (while maintaining
homogeneity in the remaining dimensions). For that we just need to replace £;,(f) in the
definition LMyr, Byt and Vyr by the corresponding coordinates of the (p+ 1) vector

Xt_1 (L;é(_1)> €it(é) to be tested, and then, possibly, replace (p+ 1) in the definitions of

Vnr or Vyr by the number of homogeneity restrictions tested.

To investigate the power properties of our LM test we consider the following sequence of
local alternatives
Hl,TN . ’191‘() = CN_1/4T_1/2 for ¢ € IN

for some (p + 1)-vector ¢ # 0 and some index set Zy satisfying for n = 2,4,

n 1
o = lim =% ol € (0,00),
i€y

which indicates that a non-negligible proportion of cross-section units display dynamics local
to those defined by the common value #y. The next theorem shows that our homogeneity
test has no trivial power under these local alternatives, which converge as in Su and Chen
(2013) to the null almost at an optimal rate defined by the rate of convergence of the pooled
estimate 6.
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Theorem 5. Under the assumptions of Theorem 4, as (N,T); — oo, under Hy rn,

71"¢'BoC
2(p+1)a®)"

INT —*d

+N(0,1).

The positive drift depends naturally on the value of (, on the parameters that are not
constant across i (through By), and on the relative variability of the cross-section units whose

dynamics depart from Hy (through the ratio 5§4) / (6(8))1/2). In case of homoskedasticity, we

find trivially that this drift is just v¢'Bo¢/ (2 (p + 1))"/* where v = limy_ o N1, 1€
(0,1), and for a pure fractional model the drift amounts to v(7?/ (6v/2) .

5. Monte Carlo Simulations

In this section we carry out a Monte Carlo experiment to study the small-sample performance
of the memory estimates and the homogeneity test in the simplest case in which there
are no idiosyncratic short memory dynamics, & = 0, no heteroskedasticity and persistence
depends only on the value of ;. We draw the idiosyncratic shocks ¢;, as standard normal
and the factor loadings ; from U(—0.5,1) not to restrict the sign. We then generate serially
correlated common factors f; = 0.5f;_1+A, Qz{ , based on the #id shocks ztf drawn as standard
normals and then fractionally integrated to the order p. The individual effects a; are left
unspecified since they are removed via first differencing in the estimation, and projections
are based on the first-differenced data. We focus on different cross-section and time-series
sizes, N and T, as well as different values of d; and p, and different { values leading to
departures from the null to determine the power in the testing case. Simulations are based
on 1,000 replications.

5.1. Memory Estimation

We investigate the finite-sample properties of our estimate of §y. In this case, we set N =
10,20 and T" = 50,100 for values of §p = 0.3,0.6,0.9,1,1.1,1.4 thus covering a heavily
biased stationary case, a slightly nonstationary case, near-unit-root cases and finally a quite
nonstationary case, respectively.

We report total biases containing initial-condition and projection biases as well as carry
out bias correction based on estimated memory values to obtain projection biases for o =
0.4,1. As is clear in Table 1, when the factors are less persistent (0 = 0.4), the estimate is
heavily biased for the stationary case of y = 0.3 while the bias gets considerably smaller
around the unit-root case. Noticeably, the bias becomes negative when dy > 0.6 for sev-
eral (N,T) combinations. Better results in terms of bias are obtained with increasing 7.
Expectedly, when the factors have a unit root, the estimate of dy contains a larger bias in
the stationary (dyp = 0.3) and in the moderately nonstationary (6, = 0.6) cases because the
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idiosyncratic shocks are dominated by a more persistent common factor. Biases for other
memory values are also exacerbated due to factor persistence increase except for the very
high persistent case 0y = 1.4. Bias correction works reasonably well when ¢ = 0.4 although
benefits are limited for o = 1. While there is a monotonically decreasing pattern for increas-
ing dy in terms of bias both for the total bias and bias-corrected cases, magnitudes of biases
increase when ¢y leaves the neighbourhood of unity.

Table 1 also reports the root mean square errors (RMSE), which indicate that performance
increases with increasing dy, 7" and NT. Standard errors are dominated by bias in terms of
contribution to RMSE. Table 2 shows the empirical coverage of 95% confidence intervals of
0o based on the asymptotics of our estimate. For p = 0.4, 1, the true fractional parameter is
poorly covered when dy < 0.6. Bias correction in these cases improves the results reasonably.
For near-unit-root cases, the estimate achieves the most accurate coverage, especially by
comparison with intervals based on estimates of dg = 1.4 and dy < 0.6.

5.2. Homogeneity Test

To determine the size and power properties of our test, we consider N = 5,10 to study a
factor-augmented multivariate time-series setup and a small panel setup, respectively, and
T = 50, 100 to show the usefulness of our test in empirical studies that use moderately small
time series. We also consider the pure fractional case in which both the common factor and
the idiosyncratic errors are pure fractional processes as well as the case in which the common
factor, generated as in the previous subsection, is serially correlated.

In terms of size, the test performs well for d; < 1 while it may be oversized when §y > 1,
as Table 3 shows. An increasing N drives down the size of the test while an increasing T
does not affect the size much. When 0y > 1, an increasing o exacerbates the oversize problem
of the test, which is quite pronounced when the factor is serially correlated.

To check the power properties of the test, we consider ( = 0.1NYV4T1/2 0.5N/4T1/2,
corresponding to local departure values of 0.1 and 0.5 under H; 7y, and for ease of exposition,
we analyze the case in which ;9 exhibit departures from the null for all 7. Table 4 shows that
when the departures from the null are by 0.1, the test has low power for §; < 0.6 although
for other 9y values, the power is reasonably high attaining the maximum when J; = 1 in
most cases. Increasing N, T help in terms of power improvement. When ¢ = 0.5NY4T/2 in
Table 5, power of the test is quite high in all cases except when dy = 0.3. These results also
reflect the findings from the previous setting and even more so, demonstrate that the test is
consistent even for relatively small panels.

6. Final Comments

We have considered large N, T panel data models with fixed effects and cross-section depen-
dence where the idiosyncratic shocks and common factors are allowed to exhibit long-range
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dependence. Our methodology for memory estimation consists in conditional-sum-of-squares
estimation on the first differences of defactored variables, where projections are carried out
on the sample means of differenced data. We then develop tests for homogeneity of dynam-
ics based on deviations from our homogeneous estimates. While Monte Carlo experiments
indicate satisfactory results, our methodology can be extended in the following directions:
(a) Different estimation techniques, such as fixed effects and GMM, can be used under our
setup as in Robinson and Velasco (2015); (b) The idiosyncratic shocks may be allowed to
feature spatial dependence providing further insights in empirical analyses. Design of per-
sistence homogeneity tests in a setting that allows for spatial dependence, though possibly
challenging, could make testing procedures more robust.

7. Technical Appendix

We prove our results under more general conditions that are implied by Assumptions B
and C allowing for some trade off between the choice of § and the asymptotic relationship
between N and T. The weaker counterpart of Assumption B is as follows.

Assumption B*.
B*.1. 60— 1<d/2and p— 1< §/2.
B*.2.If p— ¢ > %, as (N,T)j — 00,

N72T2ed=1

B*.3. If 60 — ¢

5, as (N,T), — oo,
N-LT2(60—26)-1
N*l (1 i T2(50+Q*1)*4§) (IOgT + T2(Q*1)+2(5071)71)

— 0
— 0.

7.1 Proof of Theorem 1

The projection parameter from the projection of Ay;; on its cross-section averages, Ay, can

be written as .
2 — Ag Ayi Yi
P = ZtTl—t_Qt ==t (9)
> i1 (AT) g
S AGAN (L3 60) (en — 2&)
Sy (Ap)?

is the projection error. The conditional sum of squares then can be written as

where

i

Lya(0) = 573037 (W (1:0) (50— di2) = n0)(ew — i) —nvhe s (Li0) 1) (10)
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where

AL 0) = N\ (L;0) A1 (L: 0) = Z)\“

and in (10) the first term is the (corrected) usual 1dlosyncratlc component, the second term
is the initial condition term, and the third term is the projection error component.

Following Hualde and Robinson (2011) we give the proof for the most general case where
possibly § < 6y — 1/2. Additionally, the common factor in our model is I(p) by Assumption
A.2. While § may take arbitrary values from [d, ] C (0, 3/2), ensuring uniform convergence
of Ly7(f) requires the study of cases depending on dy — d, while controlling the distance
0 — 0. We analyze these separately in the following.

In analyzing the idiosyncratic component and the initial condition component, we closely
follow Hualde and Robinson (2011). For e¢ > 0, define Q. = {0: |0 —do| <€}, Q. =
{0:0¢ Q.6 ecD}. For small enough e,

Pr(0 e Q) < Pr ( inf Syr(h) < 0)
0cqQ,

where Syr(0) = Lyr(0) — Ly1(60). In the rest of the proof, we will show that Ly 7(6),
and thus Sy r(6), converges in probability to a well-behaved function when dy — ¢ < 1/2 and
diverges when dy — § > 1/2. In order to analyze the asymptotic behaviour of Sy (d) in the
neighborhood of § = §y — 1/2, a special treatment is required. For arbitrarily small ¢ > 0,
such that ¢ < dyp — 1/2 — 4, let us define the disjoint sets ©1 = {0 :6 <06 < § —1/2 - (},
@2:{950—1/2—<<(5<50—1/2},@3:{9(50—1/2§(5§50—1/2+C} and
Os={0:8—1/24+(<d<d},s00 =U;_,04 Then we will show

Pr ( inf  Syr(d) < 0) —0 as (N,T); = o0, k=1,...,4. (11)
QGQeﬁ@k

We write Ly r(6) in (10) as

% ZZ { (AO (L; 0) (i — Cgigt)>2 + 72(0) (10 — digo)? + 1272 (N—y (L: 0) f,)?

i=1 t=1
— 20y (M1 (L3 0) fo) A (L3 6) (git — <Zgz'5t> + 207 (Me—1 (L3 0) fi) * 1(0) (€40 — ngf_o)
—2 X} (L;0) <5it - Qgiét) * 7(0) (10 — Qgi?o)} :

N T
t=

The projection error component in the conditional sum of squares,

N T

1 1
_9 2 . 2
Y N 121 1; T ; (/\t—l (La ‘9) ft)

sup
0O

= OP (1)7 (12)
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because the left hand side is O, (T?¢720=6 4 T~ log T+ N~1T40=6 4 N=2) 1O, (T4e+200=0)-T 4
THe=0=D) Jog T

FNLTAe=0)+400=T | T2(e=0)~1N=2) — ¢ (1) uniformly in 6 € © by 7° =, E[y]*, Lemmas
1 and 2(a) and Assumption B*.2 since 204+ dy — 6 < 7/2, 0 —d < 1 and o+ 25y — d < 7/2,
are implied by Assumption B*.1.

Similarly,
1 N T 1 T 1 T
2 T.=2 2 2
0 — P4 = N — 2¢;5;
op | 7 Y0 en o] = supl 33 2e0) 57733~ (- 2+ 2)o

_ OP(T_7+T_1logT>Op(1): p(1),

because § > 0, + SN ek + * SV 02 =0,1), 5 =0, (N=Y/2) and Cauchy-Schwarz
inequality, see Lemma 1, and therefore we find for the cross term corresponding to the sum
of squares in (12) and (13) that

N T
% Z Z Ny -1 (L;0) fr x 1(0) (40 — g?)igo)

i=1 t=1

sup
/e

=0, (1)

uniformly in § by (12), (13) and Cauchy-Schwarz inequality.

The other cross terms involving usual fractional residuals )\? (L;0) (at — @iét) are also

uniformly o, (1) for § € 6, using Cauchy-Schwarz inequality and that the part of the con-
ditional sum of squares in (XY (L; 0) (g;; — ¢i&;))* converges uniformly in this set. Lemmas 3
and 4 show that these cross terms are also uniformly o, (1) for § € ©; U © U ©3 under

the assumptions of the theorem. Then to show (11) we only need to analyze the terms in
(A2 (L; 0) (25 — ¢i54))? for O, k =1,...,4 as in Hualde and Robinson (2011).

Proof for £ =4. We show that

NTZZ[AO L;0) (i — digy))? 02i)\? ]

i=1 t=1 Jj=

sup
6c0y

op(1), (14)

analyzing the idiosyncratic term, ¢;;, and the cross-section averaged term, (;giét, separately.
For the idiosyncratic term, we first show following Hualde and Robinson (2011),

1 N T 1 N T t 2
N—gg )\0 L 9 5zt = WZ (Z)\? (0)§th)
-, aziA? (0)?
3=0

uniformly in 6 by Assumption 1 as (N,T"); — oo since —1/2+ ¢ < § — dp for some ¢ > 0.
Since the limit is uniquely minimized at 6 = 6 as it is positive for all 6 # 6y, (11) holds for
k =4 if (14) holds and the contribution of cross-section averaged term, ¢;&;, is negligible.
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To check (14) we show

es;,g) % Z Z (Z A)(0) 5@'1‘,]’) -F <Z AJ(0) €itj> = 0,(1),

i=1 t=1

where the term in absolute value is

1 T | N T
T Z/\? (9)2 N Z (e —0?)

7=0 i=1 1=0

5 T-1 LN T
FZSNONO Y Y ey = @)+ 0) (15)

=0 i=1 I=k—j+1
Then,
T—j
0 2 2
Esup] )| < NZ ( Zsup)\l(ﬁ) E lzo(gd —0%) ) :

Uniformly in j, Var(N~=' 328, 27 €2) = O(N'T), so using —1/2 + ¢ < § — &,

sup(a)] = O, (N”ZTW ij) = O, (N~27712)

01 o

By summation by parts, the term (b) is equal to

0
%T_TM. 122 ZA? EilSil—(k—j)

9 T-1 T 1 N k
—E2 N0 Y [N () - A @]NZ > Z Euil—(r—j)
j=0 k=j+1 i=1 r=j+11l=r—j+1
= (b1) + (b2).

A

Then, using that Var (N~' 32N, Zk_ﬁl S i1 {ailsil_(k_j)}> = O (N~'T?) uniformly

in ¢ and j,
T T T—j 1/2
Esupl(bl)\ < TR 2y, ( >y {ailgil_(k_j)}) < N2
Jj=1 k=j+11=k—j+1
while

T T Nk T—j 1/2
Esupl(b)| < T7') j7NE Y kT Var <NZ > 2 {gilgil—u—j)})
j=1

©4 k=j+1 i=1 r=j+1l=r—j+1

< N-V2p-1/2 ij( 1/2 Z E—S— 3/2 )1/2 < KN~ 1/2p— 2(

k=j+1
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and therefore (b) = O,(N~Y2T~%) = 0,(1).
Next, we deal with the terms carrying &, in the LHS of (14). We write

ZZ¢ (N0 (L;0)z Z&TZ(A;’(L;G)Q)Z. (16)

thl

The average in ¢ is O, (1) by Lemma 1, while the sum in ¢ in the lhs (16) satisfies for #* with
first component 92*1) =(— %,

T 00
1 N2 o? . _
fz (N (L;0)&)" =0, (WZAE? (0 )2> — 0, (N7 =0,(1)
t=1 j=0
as N — oo, uniformly in 6 € ©,4 as T — oo, and (16) is at most O,(N~!) = 0,(1) uniformly
in 6 € @4.

Finally, the cross-term due to the square on the lhs of (14) is asymptotically negligible by
Cauchy-Schwarz inequality. So we have proved (14), and therefore we have proved (11) for
k= 4.

Proof for k = 3,2. The uniform convergence for the idiosyncratic component for the proof
of (11) follows as in Hualde and Robinson (2011), since the average in i =1,..., N adds no
additional complication as in the case k = 4. The treatment for the cross-section averaged
term and the cross-product term follows from the same steps as the idiosyncratic term as
well as the results we derived for k = 4 using SN ¢2 = 0, (1) and that & has variance
a%/N.

Proof for £ = 1. Noting that

N T ?
. 1 1 0 1 1 0(7. -
Lyq(0) = Zl: - ; (N (L; 0) (a0 — di5))” > 27 (;Zl A (L; 0) (e — @a)) :

=1
we write

N T 2
1 1
. * 20 : 0 . _
Pr (1é11f Lyr(0) > K) >Pr|T léllf N ;:1 (m ;_1 Av (L3 0) (gir—j — ¢i€tj)> > K

since 0 — 9y < —1/2 —(

For arbitrarily small e > 0, we show

2
2 0
PT T léllfﬁz (TEO 5+1/2 Z)\ L 0 gzt i (bzgt ])) > K

2
1
> Pr léﬂfﬁ (T% 5+1/ZZ)\0 (L) (git—j — dir J)) >e| =1 as (N, T); — o0
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0
Define hgl}(é) = T=00H0=12)\0 ([, 0) gy = T2 30 )‘j—w)git,j and

j=1 Td%0—9
)5\ _ —do46-1/200 (T. 0\ = . _ 125~  ANO) _
hy'(8) =T A (L;0) &y = T7V2 30 7h-56—j- By the weak convergence results
in Marinucci and Robinson (2000), for each ¢ =1,..., N,
(1 —5)%0
R(8) = AL (150 / =7 5,
z,T() oo(?) 0F(50-(5+1) (S)

as (N,T); — oo, where B;(s) is a scalar Brownian motion, ¢ = 0,..., N, and by = we
mean convergence in the space of continuous functions in ©; with uniform metric. Tightness
and finite dimensional convergence follows from the fractional invariance property presented

in Theorem 1 in Hosoya (2005) as well as sup;; F¥ [hng)(é)Q} < oco. Similarly, NY2p{(8) is
weakly converging to the same functional of By(s). Then, as (N,T); — oo, following the
discussions for double-index processes in Phillips and Moon (1999) and + Zfil 7 =0, (1),

1 & 1 T , i 2 . , 1 (1— 3)50*5
N ZZI <T50—5+_1/_2 ;/\t (L;0) (€it—; — ¢zst—j)> -, A0 (1;60)* Var (/0 m(m(s))
a2 2% (1; 9)2
(2(00 = 0) +1)T2(dp — 6 + 1)’

uniformly in 6 € ©,, where

(1 — )% o?

inf X2, (1:6)" Var (/0 T(6 — 0+ 1)53(5)) =0 =)t )2 —s41)

so that

N T 2
e 1 1 _
Pr | inf > <m > A (L;0) (zi—j — ¢i5t—j)> >e] =1 as (N,T); — o0
t=1

1=

and (11) follows for ¢ = 1 as € is arbitrarily small. [J

7.2 Other Proofs in Sections 3 and 4
We use the following more general conditions that are implied by Assumption C in our
proofs.
Assumption C*.
C*.1. As (N, T)j — 00,
N T
C*.2. As (N, T); — oo,
N (THet0) M og? T N2 750 10g? T — 0
N (Tet%0=3) 4 7201062 T) log? T — 0.
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C*.3. As (N,T); — o,
N™'T'2% — 0.

Proof of Theorem 2. We first analyze the first derivative of Ly r(6) evaluated at 6 = 6,

%LN,T(QHG_GO S ZZ{ ni7Ae-1 (L; 0o) fr — 7(6o) (51'0 - <5£0> + it — qgiét}

i=1 t=1
X {—TIWth (L;&0) A1 (L; 00) fi — 7:(00) (51'0 - <23i€_0> + xe (L3 o) (51'1} - Qgigt) } )

where x; (L; 50) it = Xit—1 (L; 50) €t T Xt (50) €i0-

In open form with the (NT)'/? normalization,

N T
W;LN,Tw”G:@o = ]2\7T SO A N1 (L5 00) fr+ xe-1 (L €o) M- (Ls60) £ (17)
—1 =1
AT |
+ Z ZTt(eo)h(%)(Eio — $igo)? (18)
z;l t;l A
- Z ZmW\tq (L;00) fe* 7(60)(gi0 — Pi€o) (19)
z;l t;l A
— Z Z niyA -1 (L;60) fir * xt (L; o) (Eit - @@) (20)

s
I
—
-
Il
—

miAxt—1 (L3 &) A1 (L3 80) fi * 7(60) (gi0 — $ig0)(21)

+
N R R R R
~ N N N ~ N N N N
M-
1M+

M-
M=

7:(60) (gi0 — di%o) * xt (L; &o) (51'15 — ngf_t) (22)

i=1 t=1
N T

- DD mixe-t (Li&o) M1 (Li6o) fix (eir — dig) (23)
z;l t;l A A

- DO wl0)(ei0 — ¢igo) (eit — i) (24)
i=1 t=1
Nl tT A A

+ O e — dign) * xi (L o) <€it - <I5z'5t> : (25)

s
Il
—
~
I
—

The term (17) is asymptotically negligible, since with Lemmas 1 and 2 and o — dp < %,

we find that

2 1
7\/\1_]\[ an Z)‘t 1 L eo)ftXt 1(L 50)/\t 1(L 90)ft

= OP(N1/2T‘1/2)O,,(T29+250 + N7I74%0=6 4 7l og T+ N=2)0, (T),
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which is o, (1) under Assumption C*.1-2.

In (18), we can directly take the expectation of the main term to get the bias term

stemming from the initial condition,

9 N 12 T '
JNT ZZTt (00)7(600)E [e3] = 207 <T> ZTt(HO)Tt(GO),

i=1 t=1 t=1
which is O (N1/2 ( —1/2 L 1/2-200 |gg? T)) =0 (N1/2T*1/2) , with variance

T

LT Z Var [e5] (Z Tt(GO)i’t(Qo)) =0 (T™'+ 71400 Jogt T) =0(1)

t=1

since 0y > 1/4, as (N, T'); — oo, while

N T 9 1N
ZZ% (60)7%(60) ¢ &’ = WNS_%NZ(??Z%(QO)@(@O)
i=1 =1

=1 t=1

%\w
~

- 0, ((TN)‘”2 (1 + T2 Jog? T)> =0, (1)

because &y > 1/4, and by Cauchy-Schwarz inequality the cross term is of order

1/2
O, (N2 (T2 4 TV2 201062 T))) " 0, (TN) ™2 (14 T2 1og? T) )
O, ((T™ + T2 10g> T+ T *0 108> T))"/* = 0, (1)

if 0y > 1/4.

We show that (19) is o, (1) considering the contribution of

\/2_T Z Z nide—1 (L; 0o) fi7:(60)eio

=1 t=1

whose absolute value is bounded, using Lemmas 1 and 2(c), and o — §y < %, by

1L 1 Y21
VNT | — A 2 -
(N;gZON;T’Z> T

— Op ((NT)1/2 <T2(9+6073) —|—T’110gT+ N~ L4d0—6 i N,2)1/2 Tfl)

Z A1 (L;6o) fi7:(0o)

t=11

+0, ((NT)1/2 (T2(9+(50—3) + T og T + N-'T40-6 JrN_Q)l/z{

= 0, (N1/2 (T9+5°_3 +T 2 logT + N_l) 79 2% ]og T)
+0, (NV2Tet0o=37=%/210g T)
+0,, (NV2Te=3%/2  og T  N7V2e=3%/271/2 4 N12T=% 166 T') + 0, (1)
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which, using 0 — §y < %, is
O, (N'2T=%10g? T + N'T 2% 10g” T) + 0, (1)

which is o, (1) by Assumption C*.

For (20), we consider the contribution of

N T
TQ_T Z Z =1 (L; 00) fi * x¢ (L5 &o) €it

=1 t=1
whose absolute value is bounded by

1/2
T /

N N 2
1 51 1 )
2VNT N ;:1 TN ;:1 (T ;1 At—1 (L5 00) fi % xe (L3 o) €it)

- O;D ((NT) (T2g+26o_6 + T logT + N~ 174%0—6 + N—2) T—1)1/2
/2

= O, (N (1?05 £ T og T+ N'T* Clog T+ N2)) /" =0, (1)

by using Assumptions C*.1-2, because, uniformly in 7, using ¢ — dg < %,

. 2
E (% Z =1 (L5 00) fr * xe (Ls &o) 5it)

t=1
1 T T
= 75 D D B (L) foxxa (L &) i v (L3 00) fr % e (Li o) €]
t=1 r=1
1 T T
= 53 B (L) fi# Ao (Li60) £ B [xe (L3 &) £ * X (L3 &) €41
t=1 r=1
1 T t
= O (—2 Z Z (|t — r|2le=0)=2 g — 7“|9_6°_2) logt)
t=1 r=1

= O(T 'ogT + T %) =0 (T 'logT) M.

Then the term (20) is o, (1) because the factor depending on bixe (L; &) & could be dealt

with similarly using Cauchy-Schwarz inequality and Lemma 1.

The proof that the term (21) is o, (1) could be dealt with exactly as when bounding (19),
while the proof that the term (23) is 0, (1) could be dealt with in a similar but easier way

than (20).

The leading term of (24), depending on €&,
5 N

T
VNT Z Z 71(00) (g0 — dio) (it — dice),

~
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has zero mean and variance proportional to

%Zf‘t(eo)? =0 (T +T7*) =0(1)

t=1

so it is negligible and the same can be concluded for the other terms depending on g&

The behaviour of the main term in (22) is given in Lemma 5 and that of (25) in Lemma 6
and, combining the plims of (18) and (22), we obtain the definition of Vr (§).

Then collecting the results for all terms (17) to (25) we have found that

VNT 2 Ly (0 MY S o)l 00)xt(00)} + N (0,48
gt @bes, o (1) 3 GO0 — BB} + N (0,45 &)

Finally we analyze the second derivative of Ly (6) evaluated at 6 = 6,
(02/9000") Ly 17(0)|p=6,, which equals

NT i XT: {—nﬁkt—l (L; 00) fr — 7:(60) (&‘0 - Qgﬁo) + e — Qgiét}

i=1 t=1

X {—7]7;’75? (L) A1 (L; 60) fr — 72(6o) (510 - @50) + b7 (L) <€z‘t - éi@)} )

where 0 (L) = X: (L; &) + Xe (L5 €0) xe (L &0)', Xe (L3 €) = (9/00') 1 (L:€) and

7(0) = (0%/0000') 1, (0) . Using the same techniques as in the proof of Theorem 1, as N
and T get larger, only the term on x; (L; &) cix: (L; &) i in the first element of the rhs
contributes to the probability limit, see the proof of Theorem 5.2 in Robinson and Velasco
(2015). In the second part of the expression, all terms are asymptotically negligible by using
the same arguments as in the convergence in distribution of the score, obtaining as N — oo

and T" — oo,
82
WLN,T(G)M:HO —p 20°B (&) -

Lemma 7 shows the convergence of the Hessian Ly r (6) evaluated at 0 to that evaluated
at 0y, and the proof is then complete. [

Proof of Corollary 1. The result is a direct consequence of Theorem 2.
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Proof of Corollary 2. Follows from Theorem 2 as the proofs of Theorems 5.1 and 5.2 in
Robinson and Velasco (2015).

Proof of Theorem 3. These are simple consequences of the results from Theorems 1 and
2, taking N = 1, where the rate of convergence is just v/T now so that the asymptotic IC
bias is removed for any d,0 € D. O

Proof of Theorem 4. The key point is to write

2N~ . . A .
N7V (LMy7 — N'?Byr) = = D3N cul0)ei(0)2],(0)B(0) e (0)
i=1 t=1 s=1
and approximate this by
T N t—1
IN— 1/2
Z ZnTt,  where zyry = T Z Eit Z €iséh By 'Eis (26)

t=1
by Lemma 10, where By = B (), with zy7; being a Martingale Difference, so that

T

T T
Z zNT,t] = Zval” [2nTt) = Z E [Z]QVT,t]
=1 =1 =1

and fully expanding matrix calculations using &; = x; (L)ey = Z§'=1 Xj€it—j, With x; =

Var

()
4N t—1 2
Var [znri] = ) < EisEs B_léz’s)
NT? ; ; =0
4 N t—1 t—1
= 03 E [eiseinciy By 'éiséiy By ']
NT2 ; r=1 ' t
4 p+1 N t—1 t-1
= 7% Z Ba;BCdZafZZE EisCiryEn e Er]
a,b,c,d=1 s=1 r=1
4 p+1 N
= NT2 Z Ba;Bc,c% 07,2 Z E 7,5 ztégt] E [E?SEZ] (1 +o (1))
a,b,c,d=1
4 p+1 s
- NT? Z Ba;BCdZ ZXJXJZZXka 1+O ))
a,b,c,d=1 s=1 k=1

(omitting lower order contributions from other pairwise moments and higher order cumulant
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combinations) which is

p+1 N t t—1
NT2 Z BG;BCI; J?ZX]X]Z Xka 1+O<1))
a,b,c,d=1 7j=1 k=1
it L .
= NT2Zatrace{B ByB, BO}(1+0(1))
it &

S D To)
i=1
since S0 (t— k) xoxd =t xxd (1 +0(1)) as t — oo, because x? = O (k~'), so that

Var NT?
t=1

N T
ot =20 (p+1),
1 t=1

1=

as (N,T); — oo, so that by Lemma 9

Nﬁl/QLMNT — BNT —d N (O, 25’8 (p—|— 1)) .

Then it remains to show that

T
Ve — prszog lzggtg

i=1 t=1
2 T
ey Z:; ; ol Z:; Z:; E [¢,By éisély By e
4 XKLL
- T°N 2 o? ;t x trace {BO_IBOB()_lBO}

— 25® (p+1),
using Lemma 11, and the theorem follows. [J
Proof of Theorem 5. The proof consists of four steps, where we omit most details already
in other proofs.

Step 1. 0 — 6, —p 0, which follows by an essentially similar proof as Theorem 1, the ;9
contribution for ¢ € Z being negligible.

Step 2. 6 — 0y = O, (N~Y4T=1/2) /i particular for v = 7% /6@ € (0,1),
é . 90 _ UCN_1/4T_1/2 + Op (N—l/QT—1/2)

using the same Taylor expansion as in Theorem 2, with stochastic remainder of order
O, (N~Y27-1/2) | but additional (average) drift v(N~'/4T~1/2 obtained by a similar ar-
gument as in step 4 below.
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Step 3. Equivalence of analysis of Jyr evaluated under 0 and evaluated under 6, (for all
cross-section units) with error 0 — 6y = O, (N~Y/4T=1/2) | similar to Lemma 10 where now

the contribution of the term (37) which depends directly on 60— 0, is O, (]\71/4T*1/2 log® T) =
0p (1), but there is a new drift term, so that the right hand side of

€zt(é) — i (6p) = (9 90) (L; é*> <5it - éz‘@) - Tt(é*)(&'o — éiéf_o) — MY A1 <L3 é) ft

for ‘ o — QH < Hé — HOH is still negligible, but for Oyr = 6y + (N~Y*T=1/2 and for

dip nr = N7VATV2¢x, (Ls 6g) Eitl{iczn)
we have that
Eit (90) = M (L 90) Ar (L QNT) Eit
= ey +diunT

plus a remainder for i € Zy of order N~'/2T~! depending on a lag polynomial of &;; with
coefficients x; = O (t~!logt) as t — oo uniformly in N and 7.

Step 4. Evaluation of the drift generated by dj; y7. We have that now N ~1/2 (LMNT — Nl/QBNT)
can be approximated by Z?zl Zntt where

2N 1/2 t—1
ZNTt = 7 Z it + dit NT Z (gis + dis NT) €1, By s (27)
=1 s=1

and where the term in g;¢;, is the same as Zle znyty leading to the asymptotic normal
distribution, while the term in e;d;s n7 keeps the martingale structure and is negligible,
while that in dit,NTdis,NTa

t—1

T
2N—
DN e (Li60) el xa (L; 60) €sly By s,
ZEIN

t=1 s=1
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converges to its expectation,

t—1

T
NT2 Z ZZE ¢"xt (L; 00) €itC"xt (L; 0p) 5%’511%30 els]

’LEINt 1 s=1

p+1 T t—1
b
- T2 Z Z Z (le 90 CXJ? (90) st (90 XJ4 00 Bg’ Z E 6” j1€is—jaCit—j3€is— 14]
i€y a,b=1j1,...,74 t=1 s=1
p+1 T t—1
b
= TQ DD BT D > ¢ (00) s (90) X, (60) x5, (00)
i€ZN a,b=1 t=1 s=1 j1,....Ja
X {E [€it—j1 €it—js) B [Eis—ja€is—js] + E [Eit—jy Eis— jz]E[&'t js€is—jal T B €it—j €is—jy] B [Eis—jp€it—js] + Ka [Eit
p+1 T t—1
,b
= o 2 ot len 2 B S (00) s, (B0) )33 o 00) s 00) + 0 (1)
1€LN a,b=1 t=1 j1=1 81]21
p+1 T t—1
a,b
= T2 Y oilpery D0 By > ¢ (80) X, 9@2( — k) 'k (60) X, (00) + 0 (1)
1€IN a,b=1 t=1 ji1=1

= &W¢ByBy ' Bo¢ +0(1)
= By +0(1)

taking only into account only the first pair of expectations since the other terms contribute
a smaller order, while the term in €;sd;; N,

3/4
2]7\13/2 Z Z Z C/Xt L; 90 gztgzsgztB 515

i=1 t=1 s=1
converges to zero, because its expectation is

_3/4 N T t-1

2N—%
T3/2 Z Z Z K [(,Xt <L7 80) 5it5isé;tBo_1&:Z‘s}

i=1 t=1 s=1
N1/4 — 1/4—1/2
= T3/2 ZZ (N T )_ (1),
t=1 s=1

because E [g;5€;5] = 0. Finally, using similar arguments, we still obtain Vyr —, 2 (p + 1) o®
as under Hy, and the theorem follows. [
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8. Lemmas

Lemma 1. Under Assumptions A, as (N,T); — oo

Y

2
%

m; = Op(T*P0 =0 4 T og T+ N~'T*070 4 N72)

=z =

1

-
Il

= 0,(1).

2]~
ﬁt\\;
\

=1

Proof of Lemma 1. We only prove the first statement, since the second one is an easy
consequence of the first one, (9) and 32 —, (E[y])? > 0 and E[y?] < co. Write

N we S oy St ATAGe L A (L§ 9(()71)> (e — ZE)AS <LS 9(()71)> (e — Lev)
: _ ,
i=1 (% Zthl(A??t)2>

The denominator converges to a positive constant term because

T T
—Z A =7 —Z(Aft) F2 O (L) +27%;Amf o) =

and by Assumptions A.3 and 4, satisfies as (N, T'); — oo

T
1 _
?Z(Ayt)Q —p E(%)20'2Aft, aAf = lim —ZE (Af)?],

T—o0 1’
t=1

since p < 2/3 and the second term is negligible due to cross section averaging, because it
has expectation

and variance

L
X (E [)\;1 (L; eg*”) Euhy! (L; 9((;1)) 5”/} E [)\;1 (L; 95{”) W (L; 9((;”) ej,t,}
B N (L50570) et (L0577 ) | B[N (L0057 ) esorat (L3667 eanr])

- 0 <T2N4ZZZZ {1t —vpen- }2) = O (T'N2 (7" L 1ogT)) = 0(1),
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and the third is o, (1) because of Cauchy-Schwarz inequality.

In the numerator, it suffices to focus on the dominating term &;; of the error term £;; — %5},
since & = O,(N~Y2) and 4 —, E(y;) # 0 by Assumption A.4. Then,

NT2 Z Z AGe DGy Z A (LS 9(()71)> Eithy ! (L; 9(()71)> Eit! (28)

t=1 t'=1
_ NT2 Z Z AfAfy Z A ( ) k! (L; Qé_n) e
t=1 t'=1
1 N
+ Z Z (L) et (o) & YA (La05) eanat (Li657") e
t=1 t'=1 =1

_ T T N
25 3 N B . - .
v L 2 At (1) e Tt (1t oot (1) e

t=1 t'=1

Up to the factor 42, the expectation of the first term in (28), which is positive, is, using
the independence of f; and &;; and Assumption A.3,

T T
1 _ -1 - -1
=P IACNAN Y </\t ! (L; 0 >) el (L; 0 ’) €w> .

=1 t'=1

The expectations above for all t # ' are, c¢f. Lemma 8,
E(AfAf) = O (=12 41— 1157)
E (At <L; 95‘”) Y <L; 93‘”) git,) - 0 (yt 200D gy i"z)

where |a|, = max {|a|, 1}and bounded for ¢ = ¢’ because max{p, d} < 2/3, so that Af; and
A (L; (9(()71)) €y are asymptotically stationary. Then, this term is

(Tz ZZ A t’!i+5°_4> = 0, (1?70 4 T 1 og T) .

t=1 t'=1

The expectation of the second term in (28), which is also positive, is
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where 70 = 7, (6y) = ;! <9(()_1)> and the expectation can be written using the indicator

function 1 {-} as
= F [Ejt—afkt’—b] E [Eit—cgit’—d] 1 {t —a = t/ — b} 1 {t —C= t/ — d} 1 {] = k}
+E [gjt—agit’—d] E [8]“/_1,6“_0] 1 {t —a= t/ — d} 1 {t/ —b=1t— C} 1 {j == k?}
+E [jt—aCit—c) E [epp—peiv—a)l L{t —a=t —c}1{t' —b=t —d}1{j =i =k}
+hgleu]of{t—a=t'—b=t—c=t'—d}1{j=k=i}.
This leads to four different types of contributions, the first type being

T T At tAY

NTz Z DD T e ek

t=1 t/=1 a=1 c=1

= <NT2 ZZ |t — t’+50 R /|200- ) O (N1 (T Vlog T + T*0-1-2)) |

t=1 t'=

proceeding as in Lemma 8. The second type is

T T tAY tAY

L S S S i = O (N (I o T 7))

t=1 t'=1 a=1 c=1

and the third one is, using that (7°)° = 72 (1 — &) ~ a®~* and &, < 3/2,

a

s T T t
Y @ () o),
t=1 t'=1 a=1 b=1

The final fourth type involving fourth order cumulants is

T T t/\t/ 1 T T
N2T2 Z Z TaHt t, =0 (NT2 Z Z it —t 2+50—4> — O (N7,

t=1 t'=1 a=1 t=1 t'=1

The third term in (28) can be bounded using Cauchy-Schwarz inequality and the Lemma
follows compiling all the contributions. [

Lemma 2. Under Assumptions A and B, as T — oo,

T
1
(b) T > M1 (L 6) fox xao1 (L €0) Moy (L5 60) fr = O, (14 T %) og T))

t=1

1
(C) T th—l(eo))\tfl (L, 90) ft _ Op <T71 + {TQ(Q*250)71 + T*lsofl + T7250 + T2(Q*5071)750}1/2 lOg T) .
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Proof of Lemma 2. To prove (a) note that by the triangle inequality,

1 1 & ) N
2161(13 = ;:1 (A1 (L5 0) fr)7| < 21613 T ;:1 {Mo1 (L50) f1)? = E [(A—1 (L3 0) £2)?] }] (29)
1 & )
+§1€lg T tEZI E (A1 (L;0) £)°]] -

Under Assumption 2, we have

t—1

Nt (L30) fi = (L €) ARz = SN0 = 0:8)z5 = D s,

j=0 Jj=0

where ¢; = ¢;(6 —,§) = i:o gog)\j,k(é —0,&) ~cj? %1 as j — oo under Assumption A.2.

First, notice that uniformly in 6 € ©

T Tt
1 o2 K 5
sup | = E (Ne—1 (L; 0 = sup | — Al <sup|— 1+ ¢2e=0)-1 0147291y,
6o ; -1 (Li0) 1] 6O T;joj 6O T;( ) ( )
while the first term on the lhs of (29) is
| TL T o T2 T-1 T—j
72,62 W)+ = Cjck v (k—j) = (@) + (),
=1 =1 J=0 k=j+1  I=k—j+1
say. Then, with v, (7) = E [vov;],
= T—j
Eswpl(a) < =Y sup By (0] — 7 (4))
© T =0 © =1

Uniformly in j, Var(3—{ v}) = O(T), so

T-1
sup|(a)] = O, (T“Q Zf@‘“) — 0,(T 2 10g T + T2e-0-572)
J=1

Next, using summation by parts, we can express (b) as

{Ulvz (k—j) — v (J—k)}

T-2 T-1 T—j3
=k—

—j+1

% & (Chy1 — Ck) Z Z {Uzvl—(r—j) — Y (J — 7")} = (b1) + (b2).

j=0 k=j+1 r=j+1l=r—j+1
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Uniformly in 7,

(Z Z VU — k;)ZO(T2),

k=j+11=k—j+1
S0,

T T-1 T—j 1/2
Esup (b < KT 'Teo1 001 Ly qp VIV (fo— i
@p\( )l < JZ:;] Z Z 11— (k—3)

k=j+11=k—j+1
= O(THe =1 y 7e=3"1og T)

where K is some arbitrarily large positive constant. Similarly,

ko T—j 1/2
Esgp|(b2)| < KT~ 12]9 -1 Z ko2 {Var(z Z vlvl(rj)>}

k=j+1 r=j+11l=r—j+1
O(T2(9 @ Ly 1e9 og T +1)

since

r(Z Z_: Ul'Ul_(r_j)) SK(k_j>(T_j)'

r=j+1l=r—j+1

The proof of (b) of the Lemma is similar but simpler than that of (a) and is omitted.

To prove (c) of the Lemma, note that 7! Zthl Ai—1 (L;00) fi7:(0p) has zero mean and
variance

T T

1

EZZ” (00)7-(00) E [Mi—1 (L; 6o) fidr—1 (L;00) fr] - (30)
t=1 r=1

When 0 < o — 6o < 1, |E[N—1 (L;00) fi x A1 (L5 00) fr]| < Kt — 7[5 2e=00)=1 and using that
|74(60)] < Kt~ logt, (30) is

T?ZZ (tr) " log tlog r|t — r|2@~%)~ >

t=1 r=1

AA

T
% D % log?t {t% (£27%) 4 logt) + (7% + logt) (777" 4 1) })

(T_l_(so {T_‘SO (TQ(Q—JO) + log T) + (Tl—éo + 1) (T2(9—60)—1 + 1)}) logQT

({17200 (12e7%) 4 log T) 4 (1'% + 1) (T2e 000700 4 P=1=%0) }) log? T
({T2e-20)=1 4 =1-200 o 7y =1=d0 =20 L 2(e-20-DL | 2(e—bo-D)=d0)) |og2 T
({T2(97250) + T 1-6o + T 260 +T2(Q do—1)— 50}10g T) .

When ¢ — 8y < 0, |E [M_1 (L; 00) fo % A1 (L3 60) f]] < K|t — ]2 7", see Lemma 8, so (30)
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18

t=1 r=1
1 T
= 0 (ﬁ > 7% log? t) =0 (T 2+ T % ogT),
t=1

and the result follows. [

T t
1
(Tz ZZ (tr) °1ogtlogr|t_r|g do— 1)

Lemma 3. Under the assumptions of Theorem 1, as (N,T); — oo,

sup
0€®1U@2U@3

szt 1 (L;0) fox X (L; 6) (5zt—¢25t>

zltl

=0, (1).

Proof of Lemma 3. For § € ©; UB, U B3, since ¥ —, E[y;] = O, (1) as N — oo, we only
need to consider

N T
LT Z Z Th')\t—l (L, 9) ft * )\? (L, 9) <5it — (ﬁig_t)

=1 t=1
1 N T 1 N T
- szmxt V(L;0) frx X0 (L3 0) e — TZZTW (L3 0) fo 5 X0 (L; 0) iy,
=1 t=1 =1 t=1

where the first term is equal to

1

T
NT > nidio1 (L;0) fo % A9 (L;0) ea

t=1

M=

7

1
1 1 B
= EE:E:A;ﬂ L'<1)(7, vr) . 0.
T 1Zt(Ayf) NT? UrAr (790 ) Eir — 78 * Ai—1 (L;0) fe x Af (L;0) eir

1 1 LEE (-1) _ (-1 Vi
e S (1)) (1) (s ) s s

Next 7! = O, (1) as N — oo and m =0, (1) as T'— oo, cf. proof of Lemma 1,
t
while

N1T2 DI (3asr+ a7t (Lol ) &) A7t (LsogY) (ei,« - %a) A1 (L;0) foMd (LiB)eir (31)

s
Il
—
-
Il
—
5
Il
—

s
Il
—
-
Il
-
5
Il
-

2
o
o
Il
A

i
Il
-
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The first term on the rhs of (31) can be written as 4 times

N T T
% Z Z Z Z /\j (5 — 0, f) )\2 (9) Zt—jgit—k% Z Afr/\r_l (L7 0((]—1)) Eir
' r=1

N T T
1
oz DS S BIAS A (50) F B [ (1:057) XD (L5 0) ]
i=1 t=1 r=1
-0 %Ztl rl(’t_ |+g1 St |916—i—|t 7|92
2(50 1)— 5+’t 50 1— 6+|t 7"|i?72>

= o(1)

uniformly in § € ©; UBO,U O3, since all exponents in |t — 7| are negative under Assumptions
A and B*.1, so that we can write its centered version as

1 N T t t
N2 222 A N (0) Acy s
i=1 t=1 j=0 k=0
1 N T t
i DD DEVICEFASPHO W
=1 t=1 5=0
N t

= (a) + (b), say, where

1 _ 1 _
Aip—jr—k = Zt—jgit—kf Z A,l,_gzr)\jl (L; 9(() 1)> g"_f Z E [Zt_jfit_kA,,l,_QZr,-)\r_l <L; 6?(() 1)> 5@»] .
r=1 r=1
Then .
1 T 1 N —J
Esup | ( )|<TZSUPP\J(5—97€ ENZZAi,u ;
j=0 ° i=1 (=1
where
1 N T—j 1 T—j
Var N Z Az el = NVCLT Z Ai,é,ﬂ
i=1 (=1 =1
with T_j . y
Var ZAz‘,e,z :ZVCW 06,0 +ZZCOU a0 Aie o]
(=1 (=1 =1 0+l

37



Now Var[A; ] is

3
WE
M=

%
Il
=
ﬁ\
Il
-

E[2A 0 Al et (L5007 ) eird (L5057 0) i
-E [zzaimi*@zrx,—.l (L; 95;”) air] E [zgaigAifng./)\;,l (L; o™ ai,.,}

Il
3=
M=
M=

ﬁ
Il
-
ﬂ\
Il
-

E [nglfngAl’ng/} E [5?2/\:1 (L; 9871)> EiT)\;,l (L; 9671>) 5”/]
) [EiZA:l (L; eg*”) air} E [ZeAi—QZ,»] E [ewxj (L; og*”) aw] E [zeAi,—@zr,]
(E zl?] E [AI_QZTAl_QzT/ +2F [ZZAI_QZT} FE [zzAl_QzT/}
x (E (2] E [A;l (L; 9{;1)5 e At (L; eg‘”) sir,]] 12E [Eig)\;l (L; eg‘”) eir| E EWAT} (L; eg‘”) ew])
—-FE [Eie)\:l (L; 9(()71)> Eir] E [zzAlfng] E [EigA;l (L; 9671)> i | B [zzAlfgzr/]

,}
Il
-
%\
Il
=

Il
3
M=
M=
———

and ZZT:]J Var[A; ] is, using Lemma 8 (omitting the logarithmic terms),

S B (O e S et ey
S (BT = R )

S

-0 (10gT + T2(gfl)+2(5071)71) 7

while using a similar argument

CO’U [Ai’&g, Ai:£’7£,:|
1 i i E [zgzg/Ai_@z,«Aifgzr/gigeig/)\;1 (L; 0(()71)> Eir A (L; 9(()71)) 8”/}

VE = | B [zgsigAi’gzr)\;l (L;Hff”) sir} E [zglgig/Ai,_er/)\;l <L; 9(()_1)> e”/]

i Z Z E [ZnglAlngrAlngw] FE [EMEMIAi;foeirAi__’_fOEiﬂ}
T2 —E e (L:05) ein| E [2eA 22, E e N (L 0N e | B [zg/Alfng/}

=1 /=1 T 0 r T 0 r
1294 —e r r! l r 74 r! 74 r l r!
[ (E [2020) E[AY 22, A2 + E [2)AY 22, E 20 Al7220] + E 20 A2, E [2,AY22,])

FE [Eiggig/] FE [)\;1 <L; 9(()_1)> EiTAT_,l <L; 9(()_1)> 5ir’]

L v < | 4B e (L'H(_1)>e E et (L:059) e
= EZZ Wl N\p » Y0 ir 0 N\t » Y0 ir
r=1 r'=1 —|—E gif/)\r_l <L, 9(()71)> Eir FE 81'@)\;,1 L, 0(()71) Eir

—E [mA;l <L; eg‘”) 5] ElzA22) B [ew)\;l (L; 93‘”) 5] E [z A0z, ]

\

and using Lemma 8 Zfz_lj Ze/# Cov [Aipe, Aip ] is

_ 2(p—1)—1 —9
e =12 (Jr = T = 157?) )

1 _ plo—2],. __ g/ 0—2 I /¢ 0—2|, __ él 0—2
A= Fr = e = O] 4 | = e = O]
2 _ _1)— So—
mEmEA] €= )72 ([r = /[P0 — o] P72)
—|—|7‘ . g‘éo—2|7ﬂ/ . €/|50—2 + |7, _ €/|60—2|7,/ _ 6‘50_2

- 0 (lOgT + T2(g71)+2(6071)71) .
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Then, using ‘)\j (0 —0,¢) )\? (9)} < Cjetdo=20-2,

~

—J

Esup| |<—Zsup‘)\ Ay

N
1/2
— O (N—l (IOgT + T2(g—1)+2(50—1)—1) (T—2 + sup T2(Q—1)+2(50—1)—45))
4

— (1) +0 (N—1T4(g—1)+4(50—1)—1—4§>1/2 — Y (1)

WM

since 0 — 1 < §/2 and p — 1 < §/2, using Assumption B*.1.

For (b) a similar result is obtained using summation by parts as in the proof of the bound
for (b) in Lemma 1. First, we can express (b) = (by) + (b2) with

2)\0 (6) T—-1 T T*_] N
(b)) = 72 N 0—08) ) > Aiee-(e-
j=0 k=j+1b=k—j+1 i=1
9 T-1 T-1 k T—j
(b2) = D N (E—08 >, O (0) =X (0) > > Aire--);
j=0 k=j+1 r=j+1l=r—j+1 i=1

so that we find that that E supy|(b)| is bounded by

T
KT 1T%0—3-1 ng—g—lTN—l/Q (logT 4 T2(g—1)+2(50—1)—1)1/2

1/2

IN

K N~/2760—6-1 (1 + T@—é) (log T+ T2(9—1)+2(5o—1)—1)
< K N7 (7200072 | p2otes1)=48) (oo T 4 Te ) H2A00-1)-1) }1/2

which is o (1) by using Assumptions B*.1-3 while E supy |(bs)| is bounded by

KT-1N-1/2 ng 51 Z k=52 (log T + Te=D+2(0-1)~ )1/2
k=j+1
T-1
< KT—lN—1/2 Zj50+g—2é—2T (IOgT + T2(g—l)+2(50—1)—1)1/2
=0
1/2

< KN_1/2 (1 + Tg+§0—2§—1) (lOgT + T2(9—1)+2(50—1)—1)
which is 0 (1) under Assumptions B*.1-3.

The bounds for the other terms on the rhs of (31) follow in a similar form, noting that

the presence of cross section averages introduce a further N—1/2 factor in the probability
bounds. [
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Lemma 4. Under the assumptions of Theorem 1, as (N,T); — oo,

N T
sup % Z Z A? (L;0) <5it - éi@) 7(0)(€i0 — (131'50)

0cO1UBO2UO3 =1 i—1

=0, (1).

Proof of Lemma 4. Opening the double product \? (L; ) <8it — &i@) (gi0 — (5150) into four
different terms, we study them in turn. First note that the expectation of

% Z Z )\? (L; 0) e (0)eio (32)

i=1 t=1
18
2

T
% Z ()N (0) = O (T*1 logT + T50*2§*1) =o(1)
=1

uniformly in § by Assumption B*.3, so we can show that (32) is negligible by showing that

sup %ZZZA;? (0)7(0) {ewsen0— 0 (t = )| = 0 (1)

#eO1UB2UB3 i=1 t=1 j=0

The term inside the absolute value is

where the first term is O, (N~/2 (T'=! + T%=271)) = 0, (1), uniformly in 6, while the second
can be written using summation by parts as

1 T T 1 N
=2 2 MO )5 Y cnjein
J=0 k=j+1 i=1
T N T
77 (0 1
- Tj(” ) /\(J] (9) NZ Z €ik—j5Ei0
J=0 i=1 k=j+1
1 NI T 1 N k
_WZZ)‘? (6) Z {7h+1(9) _Tk((s)}NZ Z Eir—j€i0
=1 j=0 k=j+1 i=1 r=j+1
= (b1) + (b2)

Then,
T
Esup |b1‘ S KTféfl Zj(So*é*lN*l/Q (T . j)1/2
§
S KT_é_l 1+T60—§) N—1/2T1/2 S KN—1/2 (T—§—1/2 +T§0—2§—1/2) — 0(1)7
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by Assumption B*.3, because Var [Nfl SV ZZ:]‘H €ik_j8i0] < KN7Y2(T — )** . Simi-
larly,

T T
Esuplby| < KT71Y o0t N g8 IN-V2 () — j)t/?

T
< KT*l ZleO*é*lT*QJrl/ZNfl/Q
=0
S KN71/2 (Tfl 4 T(;oféfl) T*é+1/2 S KN*1/2 (Tféfl/Q 4 T&Q*Qé*l/Z) =0 (1) )

The second term is
1 d 1.
_ﬁ Z Z )\g L 9 qsztTt 8@0 = — Z ? L 0 EtTt )N Z gbi{‘:i() = Op (]_)
i=1 t=1 t=1 i=1

because we can show that

sup l Z )\? (L;0) & (0)| = 0, (1)

0eO1UB2UO3 =1

using the same method as for bounding (32), while

LN 1N ", LN
N Z Picin = N Z éﬁio TN Z Ni€io
i=1 i=1 i=1
— Op (N—I/Q) + Op(T29+250—6 +T_1 + N—1T4§0—6 + N_2)1/2 = o, (1>
by Lemma 1 and Cauchy-Schwarz inequality.
The third term,

N N
. ; 0 0 Vi
_WZZ)\t (L; 0) eipri (0 @50 TZZAT/ (L; ) em(0) (; T

=1 t=1 =1 t=1

is negligible because, on the one hand

Z)\? L 0 gtht ) Yi

i=1 t=1

=0, (1)

0€®1U®2U@3 VNT

because &y = O, (N~'/?), 47! = O, (1) and the average can be bounded as (32) since 7; is
independent of ;;, which is zero mean, and on the other hand under Assumption B*,

_ N N T
E—OTZZAS (L:0) cm(0)n; = Z; (A (L; 0) £,0)” 72(0)

i=1 t=1
41
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N

%an

=1

< |eol |7 = 0p (1)




because we can show that

N T
1
sup WZZ (AL (L; 0) ex) 7}2(6)

cO1UB2UO3 i—1 f—1

= 0, (1 + T*=20)71)

N
% Zi:l 771'2

using again the same methods, || = O, (N~1/2)
N~1T40=6 1 N=2) by Lemma 1.

Finally, the last term,

N T T N
1 A 1 1 n
WZZ)\? (L 0) ¢7em(0)z0 = §0fz)\? (L:0) étTt(Q)NZ(b?
i=1 t=1 t=1 i=1

= 0, (N_1/2) Op (1) O, (1) = Op (1),

is also negligible, proceeding as before. [

Lemma 5. Under the conditions of Theorem 2,

7\

Proof of Lemma 5. The main term on the left hand side converges to its expectation,

g MU N\/2 T
_\/ﬁ ZZE i(00)io * Xt (L; &o) €] = —20° (T) ;Tt(eo)Xt (%),

i=1 t=1

since 1ts variance is

I
el
(1~
=
%
O
l—l
M
.
5
_I_

H~
v
+
~—

)

Ny
——

o (Z] (t—r+7)"+ t_lr_l) + kgt 21t = r}]
= O(T'+T*)+0 <T1 > i (rt)™ (Jt — | logt + (tr)_1)>

N T N\/2 T
Z Z (€i0 — ¢i€o)xxs (L; o) (it — Pige) = —20° (T) Z 71(60) Xt (§0)+0, (1) -

t=1 r=1
T

= O(T'+T7*)+0 (let o (¢ log*t + ¢~ 1logt)> O (T 'log" T+ T 1og*T),
t=1
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which is o (1) as T' — oo, while for the other three terms, we can check in turn that

L ZZTt 6)0 5ZO¢ZXt L 50) = Zi‘fonszTt QO)Xt (L &))
VNT ¢_ =

=1 t=1
= ( T/N) -1/2 1 2510¢127—t (6o)x¢ (L3 &o) & )

- 0, ((T/N)—l/2 N‘1/2 {1 + Tl/HO 1og1/2T})

'ﬂ

which is O, (T‘l/2 + T—% Jog!/? T> = 0, (1) because

T T 1/2
ZTt(QO)Xt (L;&o) & = N—1/2 {Z (0 logt}
t=1

t=1
= 0, (N—W {1 4 /2% 1og1/2T}) ,

while

N T
ZZTt 90 qbZeOXt L 50) Eit

i=1 t=1

< &

N T

2 ~

T 20T ) mllo)x (Li o) £
=1 t=1

= 0, ((ND) 2 {14 T 1082 T} ) =0, (1),

3

using & SN ¢ = O, (1), |&| = O, (N'/?) and the same argument as for N = 1, and
finally

N T
——> > mll0)eodixi (Li&o) e = VNe 50— Z ST Z 7e(0o)x: (L3 o) &

=1 t=1 t=1

T 1/2
= 0, —1/2 {Zn logt}
t=1

- 0, (N—1/2 {77124 71082 T} ) = 0, (1),

and the proof is completed. [

Lemma 6. Under the conditions of Theorem 2,

\/% Z Z { (it — i1 [Xt (L o) e — dixe (L &o) 5t] } —a N (0,48 (&)) -

i=1 t=1
Proof of Lemma 6. The left hand side can be written as
9 N T R ) A
—T Z Z {éTz'tXt (L; &) gir — €urdixe (L; &o) &0 — Pi€uxe (L &o) € + ¢?€_t * xt (L; &) §t}
i=1 t=1
(33)
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where Proposition 2 in Robinson and Velasco (2015) shows the asymptotic N (0,4B (&))
distribution of the first term as (N,T); — oo, and we now show that the remainder terms
are negligible. Then the second term on (33) can be written as

2 1 N {% }
T o AT % +n; (Lf)a

where 2 (NT)_I/2 Z]\i ZN: Zt L€iviXe (L &) €j¢ has zero expectation and variance
proportional to

1 N N T N N T
NT N2 Z Z Z Z Z Z Eleavixe (L &o) EjtEirt' Vit Xt! (L; &) 5]’t’]
=1 j=1 t=1 i=145'=1t'=1
1 1 N N T N N T
= 2l 2. 2. 2.2 > Bl Elewxi (L&) izvvxe (Lio) €]
i=1 j=1 t=1 i=1j5'=1t'=1
1 1 N N T
= 7 I DN EMEEE[{x(Lib)en’] =0 (N7 =o(1)
i=1 j=1 t=1

so this term is o, (1) as N — oo. Then the other term depending on #; is also negligible
because, using Cauchy-Schwarz inequality;,

7

1/2

1 N N T
NZZZ&W% (L; fo €t

%\

5 ;XN | X N T 2
< ﬁ NZH?ﬁZ(ZZSnM L; &) 5]t)

i=1 j=1 t=1 = j=1 t=1
_ p( ~1/2 (T2e+2606 +T*1)1/2 (NT)1/2)
— p ( T2Q+25o )1/2) — Op (1)

because

>

=1 t=

T

2 N T
eaxt (L; &) 5jt) = Z Z Z Z E [eicivxe (L; &o) €jexe (L; o) €]
1 i=1 4 =

The third term in (33) is also o, (1) since it can be written as

N N T
2 - 2 Vi _
— E E L; &) €indiey = — E E —+n L; &) e
NT L L Xt ( 50) t¢ t \/W L L { 7 77 }Xt ( 50) tct



where 2 (NT) /2 SN ST vixe (L5 &) €y has zero expectation and variance

N N T

T
Z Z Z Z E [vivir) E [xe (L; &) encjexe (L; €o) €ipe |
=1

j=1 i'=1j5'=1¢=1

>
iiE E [{x: (L;&)ex}’] = O (N7Y)

i=1 j=1 t=1

1/2

ON 1 X 1 T 2
< o (i S (Srme aa)
NT \ N &N 2| £
— Op <N1/2T71/2(T29+25076 _i_Tfl)l/Z (TN71)1/2>
Op ((T20+2(50—6 + T—1)1/2) =0, (1)

N T
‘\/——ZZ nixe (L; o) €inéy

because

T T N N

T 2
(Z . (L; 50) 8it€t> - % Z Z Z Z E Xt L 50 EitEt Xt/ (L fO) 5zt’53’t’]
t=1 t=1 ¢'=1 j=1 j'=1
1 T N :
- N2 ZZE (€5 E [{xe (L;&)ei}’] =0 (TNTY).
t=1 j=1

Finally, the fourth term in (33) is also negligible, since

N T 9 1 N 1 N N T
EZIZ 1(Li&o)ér = WNZ ?szzgatXt(L;§O>5bt

=1 a=1 b=1 t=1

7\

= O ((NT)Z_I/2 T1/2> =0p (N_1/2) =0, (1),

since N"' 0N 62 = 0, (1) and NP0 SOV ST enixe (L5 €o) e is O, (T/?) because it

has zero expectation and variance

T T

| NN N N
o Z Z Z Z Z Z Eleaearxt (L; &) emxy (L; &o) €]

= XYY BRI E[u(L&)an] =0, O

Lemma 7. Under the assumptions of Theorem 2 and for 6 —, 0,

LN7T(6) —p 'LN,T(QO)-
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Proof of Lemma 7. This follows as Theorem 2 of Hualde and Robinson (2011), using the
same techniques as in the proof of Theorem 1 to bound uniformly the initial condition and
projection terms in a neighborhood of 6. [J

Lemma 8. Under Assumptions A and B*.1, for € ©, as T — oo,
E [Afr/\t—l (L§ 9) ft]
o gl s o)
E [)\;11 (L; 9(()71)> e, (L;0) 5#}
O (|t = A7 (log |t — [ =1 =) g g2 gy pf22).
where |a|y = max{|a|, 1}, 1{-} is the indicator function and
B[A™%a] = O(lt=rli™)
L [)‘t:ll <L§ 0(()_1)> 51‘1«5@4 = O(t—r|%?).

Proof of Lemma 8. We only prove the statement for F [Af. A1 (L;0) f;], since the rest
follow similarly. Under Assumption A.2, if ¢t > r

E [AfrAt—l (La 9) ft] =L [Ai_gzr/\t—l (Lv 0 — 0, 6) th| = Og Z dj (1 - Q) Cjtt—r (5 - Q) )

Jj=0

where d; (a) = Y5 o x(a) ~ cj =" and ¢; (a) = ¢; (a,€) = T4 09%)‘] w(a,8) ~cjo!
as j — 00, d; (0) = cpj-c and ) 77 d;j (a) =372 ¢j(a) =0ifa > 0, { € Z, so that the absolute
value of the last expression is bounded by, o > 1,

K |di(1=o)|(j+t—r) """ < "“Zld; 1—o)|+ K Z jre?

J=0 Jj=t—r+1
< K(t—r)2! (t — ) (log |t — 7| )M 4 K (¢ — )Mo
= O((t =7 (gt — r[,)e™)
since p —1 < 4, p < 3/2 and 2(p — 1) — < 0 by Assumption B*.1, and d;(1 — 0) ~ ¢j° 2,
o > 1, while d;(0) is summable.

If o < 1, then using summation by parts E [Af. 1 (L;0) fi] is equal to

-1 J r
Z Cjyt—rs1(0 —0) = Cjpe—r (0 — 0)} de (1—0)+c(0—0) de (1-o0)
k=0 k=0
_ g 6— 22 -0—1 :20—3—68 0—6—1
= 3o+ Z j +t )
( Jj=t—r
_ ( 2(p—1)— 5+(t_7,)g 6— 1)’
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using that ¢j4—r11 (0 — 0) — ¢jp4—r (0 — 0) = i1 (0 —0+ 1) and Y7, di (1 — o) < K.
Ifr>t .
EAf M (L30) fil = 02> djr s (1= 0)¢; (6 —0),

J=0

so that the absolute of the last expression is bounded by, o > 9,

t
K> (j+r—1)22c;(0—0)| < ”Zm —0)|+K Z jres

j=0 j=r—t+1

< K(r—t)% 2(7«— £)27° (log [t — 7[) "=+ K (r — )27 D70

= O((r =" (log|t — r|) =)
since o — 1 < d and o < 3/2 and ¢;(§ — 0) ~ ¢j¢ 179, 0> 6.
If o < 4, then using summation by parts E [Af, 1 (L;6) fi] is equal to

t—1 J t

o} Z {ciprp1(1=0) = ¢t (1—0)} Z di (6—0)+ e (1—0)> dp(5— )

k=0
Q3Z]g§+2]2935+rg2>

j=r—t

= 0O

/\Q

= O((r—t)@ V0 + (r—1)?).

~~

Similarly, if r = ¢
t
E[Afid1 (L;0) f] =00 Y ¢ (1—0)d; (6 —0) = O (1),
§=0

as the absolute value of the last expression is bounded by 7', gHe=D=0-1 < [ since
2(p—1) — 60 < 0 by Assumption B*.1. OJ

Lemma 9. Under the Assumptions of Theorem 4,

Z ANty —ra N (0, 25° (p + 1)) .
where zyr; and 6% are defined in (26) and (8) respectively.

Proof of Lemma 9. Since zy7; is a martingale difference sequence given the independence

of e;;, we have
T

T T
Z zNT,t] = Zval” [2nTt) = Z E [Z]2VT,t]
t=1 t=1 t=1
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where, fully expanding matrix calculations using €;; = x; (L) ey = Z;:l Xj€it—j, With x; =

(o™,
4N t—1 2
Var [ZNTJ] = UZQE < Eisé; B_léis)
NT? ; 2 euiBy
PR t—1 t—1
= af E [eiscintly By '€is€ By "Eir]
NT2 ; r=1 t t
4 p+1 N -1 t-1
= Z Ba;Bc; afZZE [eiscinegenesiet]
a,b,c,d=1 s=1 r=1
A p+1 N —
= 2 B;éB;;Za?ZE EARACEAPACEAREIY)
a,b,c,d=1 i=1 =
4 p+1 s
= 7 Z Ba;Bch ZXJXJZZXka (1+0(1)),
a,b,c,d=1 s=1 k=1

(omitting lower order contributions from other pairwise moments and higher order cumulant
combinations) which is

p+1 t—1
NT2 > BachdZ ZXJXJZ — k) xpxi (1+0(1))
a,b,c,d=1

4t
= w72 Z otrace { By 'BoBy ' By} (1 +0(1))
i=1

4t

= R LoD +o)

since S0 (t— k) xOxd =t 0 xixE (14 0(1)) as t — oo, because i = O (k=) . There-

fore,
T N T
ZZNT,t] - —— NT2 ZUth—ﬂa (p+1),

t=1

Var

as (N,T); — oo, and to apply a standard CLT, e.g. Brown (1971) it remains to show that

T

ZZNT,t] = Z E [Z?VT’t] , (34)

t=1

T
Z E [ZJ%,TA IN,t—l} —p Var

t=1

where Zy ;-1 = 0 (€44-1,€it—2,...;4 = 1,..., N) and that the Lindeberg condition holds . For
the first condition, note that

E [ZJ2VT¢| IN,t—l} =

2
NT2 Z 3(2615%3 5ZS>
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and therefore, proceeding as in the proof of Theorem 4, the expectation of the lhs of (34) is

PR t—1 2 4N T t—1 t—1
T Z Z ) <Z 5@'85%35151‘5) = N7 Z o7 Z Z Z E [eis€)y By 'iseintly By i
t=1 i=1 s=1 t=1 s=1 r=1
PR T
= 7% Zath*tmce {By'BoBy'Bo} (1 +0(1))
= =1

= 26% (p+1)+0(1)

T
E ZNTt

1
t=1

= Var +o0(1)

while its variance is

t1—1 to—1 2
N2T4Z Y co (ZB) (ZB ) (35)
s=1

t1=1t2=1

T t1—1t1—11ta—1to—1

— N2T4§ E E E E E E E 51515“13 513151525“513 51525153%23 61535,84%23 5154]

t1=1ta=1s1=1s2=1s3=1 s4=1

, 2
minus the contribution of E [(ZZ 11 s By 515)2] E [(ZZ,:ll Eis'€hy By 15'1-5/) } . The expec-

tation can be expressed as a linear combination of products of second order moments and
higher order cumulants of €;; (noting that the elements of é; are linear combinations of

€is—j» J = 1,2,...,t), of which the ones providing the contributions with largest order
of magnitude are those expressed as (the product of six) pairwise expectations among
{E€ity, Eitys Eitns ity Eisys Eisyy - - - 5 Eisgs Eisy b - All of them would imply at least 4 expectations

with bounds of the type |s; — sk\jrl log T and/or |t — sj]jrl logT, j,k=1,...,4,j #k;h =

2, (because £;;, and é;, appear twice each, and can be combined in two pairwise expecta-
tions of the form F [é?t h] , considering p = 0 wlog, and because the product of expectations
term, involving only 2 such bounds, is removed in the covariance calculation). All these
combinations of 4 bounds imply that the contribution of at least 2 time summations out of 6
(in {t1,t2, $1,...,54}) can be bounded by O (log4 T) , while the contribution from the other
4 summations is O (T*), so that (35) can be bounded by

N
NET ZO‘?T4 log'T =0 (N '1og*T) =0 (1)
i=1

as (N,T); — oo, and (34) holds.

To check Lindeberg condition we show the sufficient condition
T
> E [z, =0, (36)
t=1
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as (N, T); — oo. Denoting j14 = F [¢},] < 00, we write

T N T

Z E [Znr,) = % Z [hia Z E Z Eis; €1 By e,

t=1 =1 t=1 s;=1

The expectation involves again second order moments and higher order cumulants of €; of
which the ones providing the largest magnitude contributions are again those expressed as
(products of six) pairwise expectations among {&;, €, Eir, Eits Eisys Eisys - - - 5 Eisgs Eisy | - All of
them would imply at least 4 expectations with bounds of the type |s; — sk|11 logT" and/or
|t — sj|jrl logT, j,k=1,...,4,j # k (because ¢; appears 4 times and can be combined in
two pairwise expectations E [¢%] considering p = 0 wlog). These 4 bounds imply that the
contribution of at least 2 time summations out of 5 (in {¢,s1,...,s4}) can be bounded by

O (log*T) , and the contribution from the other 3 summations is O (7®) . Then we can bound

T
K
> E[2yr) < Nl g T =0 (NT'T ™ log" N) = o (1)

t=1

as (N,T); — oo, so (36) holds and the lemma follows. [J

Lemma 10. Under the Assumptions of Theorem 4,

B

(znTt — ZnT) = 0p (1)
=1

where zyry is defined in (26) and
INTE = N1/2T 25” () st &L(0)B(O) " ¢5(0).

Proof of Lemma 10. Note that
5it(‘§) = /\? <L§ é) (5it - éi@) - Tt(é*>(5i0 - Qgiéo) — MY A1 (L; é) It
so that

~

gi(0) —eu = (é - 9) Xt (L; é*> <5it - <5z’5_t> - Tt<é*>(5z’0 - Qgig_o) — DY Ai-1 (L§ é) Jt

for

oo

éit(é)_éit = Xt( ;



with B(6)' = By + 0, (He - 0”) .

We analyze one of the terms in which the difference zy7; — Zyr; can be decomposed,
which is one of the critical ones since its analysis can not exploit the martingale difference
structure that can be used to bound the other contributions. Following as in the proof of
Theorem 1, we can write that

2N71/2 N t—l
T Z Z (511& - 521& ) Z 5isé;;tB(]_léis
t=1 i=1 s=1
2N 1/2 ) N T ) . t—1
_ (0-0) D" x (L) (0 — 62 ) Do el B e (37)
i=1 t=1 s=1
2N_1/2 N T t—1
— T Z gi0 — §Z5Z€() Z T 9*) Z 5isé;tB()_1€is (38)
i=1 t=1 s=1
2N_1/2 N T R t—1
> e (£:0) £ eiscl By s (39)
i=1  t=1 —1
Then [
2N~1/? < P
=22 > X (Lifh) ensiely By iy
i=1 t=1 s=1
has expectation bounded by
N_ /2 N T t—1
—27 9 1/21. 2
T ZZZ(!t—sh log* t) :O(N/ log® T')
i=1 t=1 s=1
because F [61336 1€'is] = 0, and variance bounded by
A
-1 -1 -1
=3 (|5 — ST = s — 8 log? T> = 0 (log” T)
t=1 t/=1 s=1 s'=1

by independence of cross-sections, so using 6 — 6 = O, ((NT)_1/2> , the term (37) can be

showed to be O, (T’l/ 2]og? T) = 0, (1), since the contribution of the factor ¢:&, can be
treated similarly using Cauchy Schwarz inequality and that E[z] = O (N7!).

Next,
2N 1/2 N T t—l . B )
T Z&oZZTt 90)€¢s€;th 151’5
i=1 t=1 s=1

has expectation bounded by

1/2 t—1

N T
T ZZZF&O (s7'|t— |llogt):O(Nl/QT_llog2T):0(1),

i=1 t=1 s=1

o1



and variance bounded by

%iit—lt -1 —50( -1 _1{‘15/ /’+ |S_5l|+ }log t ) O(T_llog5T)
1

et et Lt £ -1 ’1{|t—s|Jr |t’—s/|+ +|t—t’|+ |s—s’|Jr }logt

0 (38)is 0, (1).

Finally, (39) is also o, (1) because

N-12 N T -1
Zn ZZ t— 1 L 80 ftgzsgztB 525
=1 =1 s=1
1/2 911/2
2N71/2 N N t—1
— an Z (Z )‘t 1 L 90 ftgzsgztB 57,8
=1 = t=1 s=1
N 1/2
- N | o, (V1)
=1

1/2

= O, | NY*|N~ =0, (1)

N

1 2
E n;
i=1

using 2(p — dp) < 1 and Assumption C2 with the bound of Lemma 1, because

T
Z E N1 (L;60) fidv—1 (L;00) fu] B [ei€5, By ‘Eis€iwéiy By Eis]

Apspue 2(0—80)—1 So—1 s — /| )t — s s — 8|
< K ZZ<|t—t’|+(9’0)’ -t >( s = slls = sy )
t=1 s=1 t'=1 s'=1 +|t_t|+ |S_S|+

Lemma 11. Under the Assumptions of Theorem /,
VNT, V]:;T —p 2 (p + 1) 5'(8)

and under cross-section homoskedasticity, Vr, Viy —p 2(p+1) 0% as (N, T); — o
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Proof of Lemma 11. Under conditional heteroskedasticity it follows from uniform conver-
gence of 62 to o2 and from convergence of N~' 3>~ 68 to 3®). To show those, write

L I

"2 2 2/(h 2

0, —0; = TE ei(0) — o]
=1

1 <& 1 <&
= X (O -)+ 2> (-0
=1 -
= V14N + V2N, Say,
where

N N 1/2
sup [va,in| < Z [vg,in| < <NZ |’02,z',N\2> =0, (NT*l/Q)
¢ i=1 i=1

because E[vy; y] = 0 and Var[ve; ] = O (T~!) uniformly in 4, while

N NI
Sup‘vl,i,N’ < Zlvl,i,N’ < HQ_QHZTZ (
' =1 i=1 = t=1

= O, (N'?T7210gT)

2
+

|ait|)

Xt (L; é*) 1’ < K logt uniformly in é*, so that

Xt (L; é*) Eit

Xt (L; é*) Eit

because

06| =0, (N27-12) and
sup |67 — 07| = 0, (1)

and sup; |67 — 0| = 0, (1) for any finite n, and therefore

N 1 N

N
%Z&f—ﬁ(& :%Z&f—NZaf—l—o(l) gsgp|&§—ai8|+o(l):0p(1).
i=1 i=1

=1

Under homoskedasticity we have that
XN | XN
£ 2 2 _ A2 2 ~2 2]
O’—O’NZEZIO'i N;:1a gsgp}ai ol =0,(1).

and therefore 6% —5® = 0, (1). Then the rest of the proof follows similarly as that of Lemma
10. O
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Table 1: Empirical bias and RMSE of 6 and &

Uncorrected estimates, )

Bias-corrected estimates, 0 = 6 — T~1V(4)

(N, T): (10,50) (10, 100) (20, 50) (20, 100) (10, 50) (10, 100) (20, 50) (20, 100)
0=04":
0o =0.3 Bias  0.1672 0.1458  0.1787 0.1493 0.0066 0.0355  0.0322 0.0433
RMSE  0.1761 0.1521  0.1838 0.1532 0.1104 0.0830  0.0869 0.0727
0o = 0.6 Bias  0.0485 0.0368  0.0536 0.0380 -0.0011 0.0076  0.0066 0.0094
RMSE  0.0657 0.0484  0.0627 0.0438 0.0596 0.0388  0.0435 0.0279
0o =0.9 Bias -0.0019 -0.0024  0.0042 0.0018 -0.0078 -0.0054  -0.0009 -0.0009
RMSE  0.0406 0.0286  0.0289 0.0192 0.0444 0.0301  0.0306 0.0199
0o =1.0 Bias -0.0120 -0.0096  -0.0049 -0.0042 -0.0126 -0.0099  -0.0052 -0.0043
RMSE  0.0422 0.0302  0.0287 0.0196 0.0441 0.0309  0.0299 0.0201
oo=1.1 Bias -0.0209 -0.0159  -0.0125 -0.0092 -0.0182 -0.0144  -0.0095 -0.0075
RMSE  0.0459 0.0332  0.0311 0.0216 0.0459 0.0329  0.0308 0.0212
0o =14 Bias -0.0549 -0.0400  -0.0402 -0.0291 -0.0474 -0.0361  -0.0326 -0.0252
RMSE  0.0721 0.0528  0.0530 0.0380 0.0668 0.0499  0.0476 0.0351
o=1:
0o = 0.3 Bias  0.3595 0.3718  0.3285 0.3346 0.3039 0.3435  0.2649 0.2995
RMSE  0.3755 0.3856  0.3412 0.3474 0.3380 0.3649  0.2941 0.3209
0o =0.6 Bias  0.1603 0.1652  0.1315 0.1309 0.1357 0.1526  0.1029 0.1153
RMSE  0.1809 0.1833  0.1469 0.1461 0.1677 0.1755  0.1288 0.1357
0o =0.9 Bias  0.0435 0.0478  0.0277 0.0299 0.0404 0.0463  0.0240 0.0281
RMSE  0.0704 0.0663  0.0479 0.0440 0.0710 0.0662  0.0478 0.0434
0o =1.0 Bias  0.0213 0.0273  0.0102 0.0149 0.0220 0.0277  0.0105 0.0152
RMSE  0.0540 0.0471  0.0359 0.0302 0.0559 0.0480  0.0373 0.0308
oo=1.1 Bias  0.0048 0.0128 -0.0023 0.0050 0.0082 0.0147  0.0010 0.0068
RMSE  0.0462 0.0358  0.0317 0.0234 0.0480 0.0370  0.0326 0.0242
0o =14 Bias -0.0316 -0.0146  -0.0270 -0.0121 -0.0240 -0.0106  -0.0194 -0.0081
RMSE  0.0547 0.0338  0.0416 0.0245 0.0509 0.0323  0.0372 0.0228
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Table 2: Empirical coverage of 95% CI based on 6 and &

Uncorrected estimates, )

Bias-corrected estimates, § = 6 — T~ 1V(9)

(N, T): (10, 50) (10, 100) (20, 50) (20, 100) (10, 50) (10, 100) (20, 50) (20, 100)
0=0.4:
9o =0.3 3.90 0.60 0.10 0.00 48.30 42.90 41.70 33.00
0o = 0.6 68.00 66.00 46.00 43.20 76.90 79.80 75.20 77.30
0o =0.9 91.80 92.00 91.50 92.90 89.90 90.50 90.40 91.90
0o = 1.0 91.10 90.80 92.30 93.10 89.90 89.90 90.90 92.50
0o =1.1 87.70 86.40 89.60 89.90 87.90 87.20 89.70 90.30
0o =14 63.40 62.70 61.00 68.30 68.90 66.90 70.00 72.10
o=1:
9o =0.3 0.00 0.00 0.00 0.00 5.90 1.40 4.70 0.70
0o = 0.6 13.90 5.90 9.20 11.10 25.90 11.40 23.90 28.70
0o =0.9 70.60 55.30 73.70 61.40 70.60 55.50 74.70 77.70
0o =1.0 81.90 72.70 85.70 78.80 80.50 72.20 84.90 78.10
dp=1.1 87.50 83.90 89.80 87.40 85.80 82.50 89.10 86.20
=14 79.50 86.30 75.60 84.30 83.40 87.60 82.40 87.60
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Table 3: Size of the test based on é for 5% nominal size (in percentages)

Pure fractional case

Serially correlated factor case

(N, T): (5,50) (5,100) (10,50) (10, 100) (5, 50) (5,100) (10, 50) (10, 100)
0=04:
do=0.3 5.30 5.50 3.70 3.10 5.10 5.10 3.70 3.30
do =0.6 5.90 6.60 4.10 4.00 5.60 6.20 4.00 3.80
0o =0.9 5.50 5.90 3.60 3.80 5.20 6.00 3.60 4.00
0o =1.0 6.60 8.40 6.30 6.70 6.90 8.70 5.80 6.20
0o =1.1 13.30 15.40 15.30 17.50 14.40 15.00 16.70 17.20
o=1:
9o = 0.3 5.20 5.10 4.20 3.30 5.60 6.00 5.00 3.30
0o = 0.6 5.30 6.20 3.80 4.00 5.70 5.40 4.20 3.50
d=0.9 5.60 6.10 4.20 4.70 6.60 7.20 7.60 6.50
0o =1.0 8.90 9.50 7.90 7.20 10.30 11.80 14.10 11.50
0o =1.1 14.30 18.50 18.80 21.10 16.60 19.30 23.10 25.00
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Table 4: Power of the test (with ¢ = 0.1 % NY4T%/2) based on ¢ for 5% nominal size (in percentages)

Pure fractional case Serially correlated factor case

(N, T): (5,50) (5,100) (10,50) (10, 100) (5, 50) (5,100) (10, 50) (10, 100)
0=04:
0o = 0.3 13.90 26.90 8.30 23.80 11.70 18.50 7.30 14.60
0o = 0.6 6.90 8.10 5.30 7.10 7.30 8.90 5.10 7.10
9o = 0.9 53.80 67.90 76.80 90.80 64.40 79.90 82.60 94.80
do = 1.0 81.80 89.30 91.00 93.40 89.10 93.20 93.50 95.50
dp=1.1 87.00 93.30 95.80 96.80 84.20 89.60 93.70 95.10
o=1:
do = 0.3 9.70 13.00 8.00 11.90 13.80 16.80 11.00 16.70
do = 0.6 8.00 9.20 6.60 7.40 18.70 23.60 14.80 17.60
9o =10.9 68.00 84.10 82.90 94.20 79.10 90.70 86.10 90.50
0o = 1.0 89.90 93.90 94.50 97.50 88.50 95.00 95.10 97.50

0o =1.1 82.50 89.10 91.10 94.00 69.90 78.10 82.70 86.40
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Table 5: Power of the test (with ¢ = 0.5 % NY4T%/2) based on ¢ for 5% nominal size (in percentages)

Pure fractional case Serially correlated factor case

(N, T): (5,50) (5,100) (10,50) (10, 100) (5, 50) (5,100) (10, 50) (10, 100)
0=04:
0o = 0.3 56.60 74.80 58.90 78.80 62.00 72.20 65.10 73.70
0o = 0.6 92.50 94.10 98.00 98.90 92.60 94.80 98.10 98.90
9o = 0.9 84.10 89.00 92.30 96.50 90.10 95.90 96.30 99.50
do = 1.0 97.30 99.60 99.60 99.80 98.80 100 99.80 100
0o =1.1 99.20 99.30 99.70 100 98.80 99.00 99.30 99.80
o=1:
do = 0.3 94.80 96.70 97.70 98.60 87.20 90.20 91.80 93.30
do = 0.6 87.90 89.90 94.60 96.40 80.50 86.20 84.60 86.60
9o =10.9 90.00 97.40 97.50 99.40 95.60 99.30 98.40 99.50
0o = 1.0 99.00 99.90 100 100 99.00 100 99.80 99.80

dp=1.1 98.80 99.10 99.50 98.80 96.30 97.10 98.50 98.70




2018

2017-33:

2017-34:

2017-35:

2017-36:

2017-37:

2017-38:

2017-39:

2018-01:
2018-02:

2018-03:

2018-04:

2018-05:

2018-06:

2018-07:

2018-08:

2018-09:

2018-10:

2018-11:

Research Papers mc R EAT E S

Center for Research in Econometric
Analysis of Time Series

Isabel Casas, Eva Ferreira and Susan Orbe: Time-varying coefficient
estimation in SURE models. Application to portfolio management

Hossein Asgharian, Charlotte Christiansen, Ai Jun Hou and Weining Wang:
Long- and Short-Run Components of Factor Betas: Implications for Equity
Pricing

Juan Carlos Parra-Alvarez, Olaf Posch and Mu-Chun Wang: Identification and
estimation of heterogeneous agent models: A likelihood approach

Andrés Gonzalez, Timo Terasvirta, Dick van Dijk and Yukai Yang: Panel
Smooth Transition Regression Models

Sgren Johansen and Morten @rregaard Nielsen: Testing the CVAR in the
fractional CVAR model

Nektarios Aslanidis and Charlotte Christiansen: Flight to Safety from
European Stock Markets

Tommaso Proietti, Niels Haldrup and Oskar Knapik: Spikes and memory in
(Nord Pool) electricity price spot prices

Emilio Zanetti Chini: Forecaster’s utility and forecasts coherence

Torben G. Andersen, Nicola Fusari and Viktor Todorov: The Pricing of Tail
Risk and the Equity Premium: Evidence from International Option Markets

Torben G. Andersen, Nicola Fusari, Viktor Todorov and Rasmus T. Varneskov:
Unified Inference for Nonlinear Factor Models from Panels with Fixed and
Large Time Span

Torben G. Andersen, Nicola Fusari, Viktor Todorov and Rasmus T. Varneskov:
Option Panels in Pure-Jump Settings

Torben G. Andersen, Martin Thyrsgaard and Viktor Todorov: Time-Varying
Periodicity in Intraday Volatility

Niels Haldrup and Carsten P. T. Rosenskjold: A Parametric Factor Model of
the Term Structure of Mortality

Torben G. Andersen, Nicola Fusari and Viktor Todorov: The Risk Premia
Embedded in Index Options

Torben G. Andersen, Nicola Fusari and Viktor Todorov: Short-Term Market
Risks Implied by Weekly Options

Torben G. Andersen and Rasmus T. Varneskov: Consistent Inference for
Predictive Regressions in Persistent VAR Economies

Isabel Casas, Xiuping Mao and Helena Veiga: Reexamining financial and
economic predictability with new estimators of realized variance and
variance risk premium

Yunus Emre Ergemen and Carlos Velasco: Persistence Heterogeneity Testing
in Panels with Interactive Fixed Effects



