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Abstract

We provide unifying inference theory for parametric nonlinear factor models based on a panel of
noisy observations. The panel has a large cross-section and a time span that may be either small or
large. Moreover, we incorporate an additional source of information provided by noisy observations
on some known functions of the factor realizations. The estimation is carried out via penalized
least squares, i.e., by minimizing the Lo distance between observations from the panel and their
model-implied counterparts, augmented by a penalty for the deviation of the extracted factors
from the noisy signals for them. When the time dimension is fixed, the limit distribution of the
parameter vector is mixed Gaussian with conditional variance depending on the path of the fac-
tor realizations. On the other hand, when the time span is large, the convergence rate is faster
and the limit distribution is Gaussian with a constant variance. In this case, however, we incur
an incidental parameter problem since, at each point in time, we need to recover the concurrent
factor realizations. This leads to an asymptotic bias that is absent in the setting with a fixed time
span. In either scenario, the limit distribution of the estimates for the factor realizations is mixed
Gaussian, but is related to the limiting distribution of the parameter vector only in the scenario
with a fixed time horizon. Although the limit behavior is very different for the small versus large
time span, we develop a feasible inference theory that applies, without modification, in either case.
Hence, the user need not take a stand on the relative size of the time dimension of the panel.
Similarly, we propose a time-varying data-driven weighting of the penalty in the objective function,
which enhances efficiency by adapting to the relative quality of the signal for the factor realizations.
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1 Introduction

We develop unified inference theory for parametric nonlinear factor models from panels of noisy ob-
servations which have an asymptotically increasing cross-sectional dimension and a time span that
is either fixed or increasing. In particular, we provide inference for the time-invariant parameters of
the model as well as the period-by-period latent factor realizations. Importantly, although the limit
theories for the fixed and increasing time span scenarios are very different, our feasible implementation
is identical across the two cases, enabling empirical work that is robust to the relative length of the
time series. The theory is presented in the context of an option panel, i.e., a collection of option
prices observed across time and written on a given underlying asset. Our option prices are recorded
over a sample period, where each observation date typically will have a different set of option strikes
and tenors (times-to-maturity) available. With the rapid increase of trading in derivatives over recent
years, such option panels are readily accessible and provide a unique source of information regarding
the state of the economy and the pricing of volatility and tail risk in financial markets. Moreover,
with suitable adaptation, our theory is applicable for analysis of economic systems with similar panel
structures, such as household and firm data or term structure and large-scale macro DSGE models.

Given a specific parametric model, the theoretical value of an option is a nonlinear function of the
(known) option strike and tenor as well as of the (unknown) time-invariant parameters and the latent
state vector (factor) realization.! Under correct specification, the observed option price equals the
model-implied theoretical value plus an observation error, centered at zero. Therefore, unknown pa-
rameters and factor realizations can be estimated by minimizing the Lo distance between observed and
model-implied option prices (i.e., nonlinear least squares). We further utilize nonparametric volatility
measures based on high-frequency data of the underlying asset and penalize deviations of model-
implied volatilities (determined by the factor realizations) from their nonparametric high-frequency
estimates in the objective function. We refer to this estimation approach as penalized least squares
(PLS). In alternative applications, penalization of this form may be useful if the latent factors can be
associated directly with economic variables that are observed with measurement error.

Andersen et al. (2015a) develop the inference theory for PLS and a fixed time span. In this setting,
both the parameters and factor realizations are estimated at rate /N, where N denotes the average

number of options per observation date. The limiting distribution is mixed Gaussian, i.e., it is Gaussian

! As is common, we rely on a fully parametric specification of the risk-neutral return distribution. This ensures a tractable
representation for which we are able to develop comprehensive estimation and inference techniques, in spite of the highly
nonlinear dependence of the option prices on the underlying latent state variables (or factors), and the strong dependence
in the option prices across nearby strikes and tenors as well as in the time series dimension. In addition, without an
explicit dynamic representation of the risk-neutral distribution, it is hard to impose fundamental no-arbitrage conditions
on the system. Importantly, a battery of diagnostic tests are available to guard against model misspecification, following
the procedures of Andersen et al. (2015a).



conditional on the observed path of the factors. In particular, this enables the approach to convey
explicitly how the precision of the estimates for the option prices and factor realizations changes from
period-to-period, depending on the level of volatility of the underlying asset, the option coverage over
the strike ranges and tenors, the size of the measurement errors, etc.

In this paper, we develop the asymptotic theory for the case where the time span of the panel
may increase at a rate equal to that of the cross-section. This scenario induces a so-called incidental
parameter problem (Neyman and Scott (1948) and Lancaster (2000)). As the time span increases, the
quantities to estimate (the factor realizations in our setting) also increase. For the long time span (7'
large), we show that the rate of convergence of the parameter vector rises to v/ NT. Unlike for the
fixed time span, the limiting distribution for the parameters is now Gaussian. In addition, due to the
incidental parameter problem, there is an asymptotic bias of order O,(1/N). We propose model-based
de-biasing, which allows for feasible inference on the parameters. On the other hand, the rate of
recovery for the factor realizations remains v/N and the asymptotic limit is still mixed Gaussian. We
derive the joint asymptotic distribution of the parameters and the factor realizations. This is critical
for exploring various economic hypotheses. For example, this allows for testing model performance
across different time periods of interest, e.g., calm versus turbulent market conditions.

Despite the fact that the behavior of our PLS estimator is very different in the fixed and increasing
time span scenarios — both in terms of rate of convergence and limiting distribution — we show that
feasible inference can be performed in an identical manner for either of the two asymptotic schemes,
provided it suitably accommodates features of both limit theories. The reason is that the estimate
of the asymptotic bias for the long span case is asymptotically negligible if the time span actually
is fixed. Likewise, estimates for the dependence between the parameters and factor realizations in
the fixed span case become asymptotically negligible in the long span setting. Finally, the estimates
for the conditional variance of the parameters automatically represent long-run asymptotic variance
estimates in the long span case. The above results depend critically on the fact that the limit theory
is F-conditionally stable (F denotes the sigma-algebra of the underlying probability space). Among
other things, this implies that we can apply standard normalization techniques for the construction of
confidence intervals and testing, even when the asymptotic variances are random in the limit. From a
practical point of view, this set of findings is important because the applied econometrician need not
take a stand on whether the time span of the panel is of a length that justifies appealing to one limit
theory versus the other — the procedure automatically adapts to the relevant features of the data.

Another novel aspect of our inference procedure is the use of extra information on the latent factor.
This is reminiscent of the factor augmented vector autoregression (FAVAR) proposed by Bernanke

et al. (2005). In our context, the signal for the factor realization takes the form of a high-frequency



nonparametric estimator of volatility. The asymptotic role of the penalization based on this volatility
estimator depends on the relative size of the option cross-section versus the sampling frequency of the
underlying asset price. This determines the relative (asymptotic) efficiency in recovering the volatility
from options and high-frequency data, respectively. If the former is more efficient, the specification
of the penalization term ensures it has no asymptotic impact while, if the latter is more efficient, the
penalization will play an asymptotic role. Therefore, the user need not take a stand on whether the
option or high-frequency data are more efficient for recovering volatility. As for the span of the panel,
the procedure simply adapts to the situation at hand.

To further improve efficiency, we extend the estimation to weighted penalized least squares. We do
so by forming a consistent estimate for the option observation error variance across each cross-section
from a first-stage PLS estimate of the parameters and factor realizations. We then weight the squared
(pricing) errors in the objective function by the estimated option error variance and the penalization
term by a measure of its (conditional) asymptotic variance. Again, the approach applies for both
the fixed and long span case, without modification. It allows the relative weight of the penalization
in the objective function to shift over the days in the sample, reflecting the time-variation in the
informativeness of the option versus high-frequency data.

Our main theoretical contributions can be summarized as follows. First, we analyze nonlinear
panel models in the joint asymptotic setting where the time and cross-sectional dimensions can grow
at the same rate in the presence of stochastic latent factors (fixed effects). Second, we augment the
estimation by including noisy factor signals in the form of nonparametric high-frequency volatility
estimates. Third, we derive the joint asymptotic limit of the latent factors, the parameters and the
high-frequency volatility estimates in the various asymptotic setups (7 fixed or increasing up to the
rate of V) which is mixed Gaussian. Fourth, and perhaps most importantly, we show that feasible
inference can be conducted in a way that works irrespective of whether T is fixed or increasing.

The above contributions can be compared with prior work in the following way. First, Andersen
et al. (2015a) (see also Andrews (2005) and Kuersteiner and Prucha (2013)) consider only the fixed
time span case. Second, Hahn and Kuersteiner (2002), Hahn and Newey (2004), Arellano and Hahn
(2007), Arellano and Bonhomme (2009), Hahn and Kuersteiner (2011) and Fernandez-Val and Weidner
(2016) consider only the case when 7" and N grow at the same rate, while Gagliardini and Gourieroux
(2014) study the case of T' growing at a slower rate than N. These papers do not allow for noisy factor
signals in the estimation nor do they consider the joint asymptotic behavior of factor realizations and
parameters. Third, Bai and Ng (2002) and Bai (2003) consider estimation of linear factor models.
The major difference from that strand of work is that our factor loadings (i.e., the sensitivity of option

prices to factors) are “structural,” i.e., driven by a parameter vector of fixed size, while Bai and Ng



(2002) and Bai (2003) treat them as unknown, unrestricted coefficients. Hence, in their case, the
number of parameters (factor loadings) grows in proportion to the cross-sectional dimension of the
panel. This implies a very different asymptotic behavior of the factor estimates depending on the
relative size of T' versus N. In particular, when 7T is fixed, Bai (2003) shows that relatively strong
assumptions, including homoskedasticity of the observation error, are necessary for consistent factor
extraction. Finally, our paper relates to Gagliardini et al. (2011), who consider estimation using data
on options as well as the underlying asset. Their asymptotic setup is different as they treat the case of
N fixed and depend importantly on (exact) nonparametric inference from the underlying asset data.?

We conduct numerical experiments to assess the practical relevance of the developed limit theory.
We rely on a popular two-factor stochastic volatility model for the underlying asset price and con-
sider strike and tenor configurations that mimic typical option data sets. The findings illustrate the
advantages of our unified inference framework. For the factor extraction, we find the “stabilization”
of the standard error, captured in the long-span asymptotic setting, to become effective across widely
different horizons for different factors. Thus, neither the fixed nor long span asymptotics is satisfactory
across all factors simultaneously. In addition, we find fairly strong dependence in the extraction error
for the factor realizations. Such dependence is of higher order in the long-span asymptotic setup and
is, thus, ignored if the associated asymptotic is used. Finally, the asymptotic biases, which arise only
in the long-span asymptotic setting, play a nontrivial role for some parameters, even over relatively
short time spans. As noted, our feasible unified inference procedure adapts by accommodating those
features of the fixed or long span asymptotics that are relevant for the situation at hand.

The rest of the paper is organized as follows. In Section 2, we introduce the parametric nonlinear
factor model for the option panel, the option observation scheme and the nonparametric high-frequency
volatility estimator. In Section 3, we derive the asymptotic behavior of the PLS estimator in the long
time span case. Section 4 develops unified feasible inference theory for panels with long and short time
spans. In Section 5, we extend the analysis to weighted penalized least squares. Section 6 contains
numerical experiments, illustrating the gains from the unified inference in the context of a popular
parametric asset pricing model. Section 7 concludes. The Appendix in Section 8 contains the formal

assumptions for the theoretical analysis as well as the proofs.

2There is a large body of earlier empirical option pricing work, see e.g., Bates (2003), Christoffersen and Jacobs (2004),
Eraker (2004), Pan (2002) and the survey by Garcia et al. (2010). The emphasis of these studies, however, is on extracting
information from a limited (fixed N) number of options, which differs fundamentally from our intention of using the full
set of available options, leading to the setup involving an asymptotically increasing cross-section. Moreover, unlike our
analysis, the fixed cross-section typically necessitates parametric assumptions for the observation error and a parametric
specification for the factor evolution.



2 Setup

We start our analysis by introducing the nonlinear factor model for the panel of option prices. We
then describe the observation scheme for the options as well as the high-frequency return data for the

nonparametric volatility measurement.

2.1 A Parametric Nonlinear Factor Model for the Option Panel
The options are written on an underlying process, denoted by X, which is defined on a filtered proba-
bility space (Q(O), FO), (Ft(o))tzo, IP’(O)). The process X is governed by the following general dynamics,

dX ~
X—t = opdt + /V,dWF + / z i (dt, dzx) (1)
t— x>—1

where a; and V; are cadlag; WF is a PO)-Brownian motion; uf is a random measure counting the jumps
in X, with compensator ¥ (dt, dr) = a;dt ® V¥ (dx) for some process a; and Lévy measure v* (dx), and
with associated martingale measure i¥ = u” — 7F. We denote expectations under P(0) by E(-). This
formulation is very general; essentially all parametric models in the literature satisfy equation (1).

The so-called jump activity is bounded by the parameter r, i.e., we have,

/(Iw!’“ A1) (dz) < oo, @)
R

for some r € [0,1) and we define x A y = min(z,y). The leading case is = 0, corresponding to jumps
of finite activity, which have been predominantly used in prior work, while values of r > 0 allow for
infinitely active jumps. The parameter r appears explicitly in our asymptotic results.

Under no-arbitrage, a risk-neutral probability measure, Q, is guaranteed to exist, see, e.g., Section
6.K in Duffie (2001), and is locally equivalent to P(), Tt transforms discounted asset prices into (local)
martingales. In particular, for X under QQ, we have,

dX. ~
ft = (re—6)dt + V/VidW2 + / lw@(dtvdfﬂ)a (3)
— xr>—

where 7 is the risk-free interest rate and d; is the dividend yield, Wt@ denotes a Q-Brownian motion,

and the jump martingale measure is defined with respect to a risk-neutral compensator 72 (dt, dz).
The theoretical values of derivatives written on X equal their expected discounted payoffs under

the risk-neutral measure, Q. In particular, if we denote the prices of European-style out-of-the-money

(OTM) options on X at time ¢ by Oy, -, we have,

EQ [e‘ FTreds (X, — K)*} i K> Fop

Ot,k,‘r = t+7
E? |:€_ Ji T rsds (K — Xt+7'>+} s if K< Ft’t+T ’



where 7 is the tenor, K is the strike price, F} 4, is the futures price of the underlying asset, X, at
time ¢ for the future date t + 7, and k = In(K/F; ;4,) is the log-moneyness.?

We model the risk-neutral probability measure parametrically, rendering the option prices nonlinear
functions of k and 7 as well as a parameter vector and a latent state vector.* In particular, under the
risk-neutral model, the diffusive volatility and jump processes are governed by a (latent) state vector,
or factors, so that V; = &1(S;) and vQ(dt, dz) = &(8S;) ® v(dz), where vQ(dz) is a Lévy measure;
&1(+) and &(-) are known functions; and S; denotes the p x 1 state vector taking values in & C RP.

Importantly, we only require S; to be an ft(o)—adapted stochastic process, whose dynamics need not

> We further assume that the model-implied

be specified explicitly for the purposes of our analysis.
option prices, quoted in terms of Black-Scholes implied variance (BSIV), are given by the functions
k(k,7,Z,0), where k and 7 denote the moneyness and tenor of the option, and Z and 6 denote a
particular value of the state and parameter vectors, respectively. The parameter vector is of dimension
q X 1 and takes values 8 € ©, with ® being a compact subset of R?. We denote the true values of the
latent factors at time ¢ by Sy and the true value of the parameter vector by 6y. We note that the only
time-dependence of the option prices is through the value of the state vector.® Our primary interest
in this paper is inference for 8y and the factor realizations {S;}>0.

The above framework for option pricing nests most continuous-time models used in empirical
work, including the affine jump-diffusion class of Duffie et al. (2000).” The only requirement for
implementation of our inference procedures is knowledge of the function k(k, 7, Z, 0), either in closed-
form, up to numerical integration, or via simulation.® We stress, in particular, that we do allow for
risk-neutral specifications in which there is dependence between the latent state vector S; and either

VVtQ or the jump measure u@. That is, we accommodate the so-called leverage effect, working through

either the diffusive or the jump component of Xy, or both.

2.2 Observation Scheme

The time span of the panel is [0, 7], and we have observations from the option surface at given integer

times t = 1,...,T. For each date, the options cover a significant range of strikes k and several tenors,

3Note that by including the subscript ¢ in the notation of the option price, we allow for the option price to change from
one day to another, even when the log-moneyness of the option, k, stays the same.

4Q0ur focus is on the option panel, which is fully characterized through a model for the risk-neutral probability. We impose
no assumptions on the P dynamics beyond what is implied by our model for the Q dynamics and no-arbitrage.

SFor convenience, we assume the functions &; (-) and &(-) do not depend on the parameter vector. This is almost universally
satisfied in empirical applications. In addition, r and §; should be known functions of the state vector S;.

5Thus, we implicitly assume stationarity of the risk-neutral distribution of the state vector.

"We only assume that the diffusion coefficient and the jump intensity of X are governed by a finite-dimensional state
vector under the risk-neutral probability measure, but make no such assumption for the statistical measure.

8Tn our numerical exercise below, it takes 0.001 seconds to evaluate an entire option cross-section on a given trading day,
and 0.06 seconds to optimize over the factors on a single day, i.e., to perform the optimization in equation (10) below on
a single day.



7. Specifically, at time ¢, we observe the option prices {Oy; r, }j=1,...n, for some (large) integer N,
where the index j runs across the full set of strikes and tenors available on that day. The number of
options for the maturity 7 is denoted Ny, so Ny = > N/, where N and N, are ]:t(o)—adapted.
Given the heterogeneity of the available option data, we allow the panel to be unbalanced, so both
the total number of options and the available strike-tenor combinations (k, ) are free to vary across

time. In particular, we assume,
NT
ot
Ny

where 7] and ¢ are positive-valued processes, and N is an unobserved non-random number, repre-

T

Ny
~ d — =~ 5
T, an ~ St, (5)

senting the “average size of the cross-section”. We refer to Section 8.1 of the Appendix for a formal
statement regarding the nature of the approximations in (5).
For each pair, (t,7), we denote the minimum and maximum log-moneyness by k(t,7) and k(t,7),

respectively. At time ¢ and tenor 7, we define the ft(o)—adapted moneyness grid as,
k(t,7) =k (1) < ke (2) ... <ker(N]) =k(t,7),

and we further set Ay (i) = k¢ (i) — ke (¢ — 1), for i = 2, ..., NJ. Our asymptotic scheme sequentially
adds new strikes to the existing ones within [k(t,7),k(t,7)], so that A;,(i) shrinks towards zero,
asymptotically, while allowing for the strikes to cluster relatively more densely within certain regions

of the range, i.e.,

1 o .
Atﬂ—(l) ~ Fd}tﬁ(ktﬁ(z))a 1= 2, ceny Nt s (6)
t

where ¢ (k) is some positive valued process. Again, we defer a formal characterization of the ap-
proximation in equation (6) to the Appendix.

Finally, 7; denotes the tenors available at a given point in time ¢, and the vectors k, = (k(t, 7))
and k¢ = (k(t, 7))

tenors. These quantities may vary over time and be random, thus accommodating pronounced shifts

TET:
indicate the lowest and highest log-moneyness at time ¢ across the available

€T
in the observed option cross-section along these dimensions over the sample.

The above setting allows for a great deal of intertemporal heterogeneity in the observation scheme.
For example, the tenors need not be identical across days, and we allow for a different number of
options in the panel across days, maturities and moneyness. Also, intuitively, the relative number of
options at a given time will impact the precision of the inference for the state vector compared to other
dates. Likewise, the relative number of options across the maturities and the local “sparseness” of the
strikes impact the quality of inference for parameters and state variables differentially depending on
their sensitivity to tenor and moneyness. The quantities ¢, 7/ and v (k) capture these facets of the

panel configuration, and they appear explicitly in the asymptotic distribution theory below.



We stipulate that option prices, quoted in terms of BSIV, are observed with error, i.e., we have,

,%t,kﬂ' = Kt,k,7 + €tk 75 (7)

where we use the shorthand ¢y » = k(k, T, St, 6p) and the observation (measurement) errors, €; i -, are

defined on a space Q) = X A k7, for Ay - = R, with I' denoting the set of all possible tenors.
teN,keR, 7€l

QW is equipped with the product Borel o-field (1), with transition probability IP’(I)(w(O), dw(l)) from
the original probability space Q) — on which X is defined — to Q). We define the filtration on QM)
via .7-',;(1) =0 (€55,r : 8 < t). Then, the filtered probability space (2, F, (F¢)i>0,P) is given as follows,

Q=00x00 F=FOxFO F =0 FOxFO Pdw®, dw™) = PO (dw@)PM (0@ dw®).

We assume the extension has the property that any local martingale and semimartingale remain
a local martingale and semimartingale (with the same characteristics) on the extended probability
space. Formally, this is assured if the extension is “very good”.?

Intuitively, we motivate this representation by the following considerations. The option errors are
defined on the space Q). We equip this space with the simple product topology as, at any point in
time, only a countable number of them appear in our estimation. Since we want to allow the errors
and the underlying process X to be dependent, we define the probability measure via a transition
probability distribution from Q@ to Q). Importantly, we assume that the observation errors are

FO)_conditionally centered and possibly heteroskedastic of unknown form, i.e.,
E(epr|FY) =0, and E(efy,|F?) = ¢pp, for some ¢y, .

We refer to the Appendix for additional assumptions on the observation error process, but note that
these are satisfied in the case of “modulated” observation noise, i.e., for € 1 = /Pt k.7 Ct.k,r » Where

Ot k,r 1S ]:t(o)—adapted and (- is defined on QW and is independent from F(©) 10

2.3 Volatility Estimation from High-Frequency Asset Prices

We conclude this section by introducing the second source of information, consisting of high-frequency
data on the underlying asset X. These data are used only for nonparametric estimation of the volatility
process which, in turn, assist in the recovery of the state vector (or at least part of it). To this end, we
assume to have an equidistant high-frequency recording of X with grid size A, = 1/n, i.e., we observe

X at times 0,1/n,...,i/n, ..., T 4+ 1. The log-price is denoted by z; = log(X;) and, similarly, its

9That is, w® — [11a)(W?,w™)PO (WP dw®) is F9- measurable for all A € F® (see Definition IL.7.1 of Jacod
and Shiryaev (2003)).

10We also note that we allow the quantities associated with the sampling scheme, k, k and Ny, to be random and depend
on F©. Due to the assumption E(es .| F») = 0, this does not cause “endogeneity” biases in the estimation.



increment by Az = x;/, — x(;_1)/,. Using this, our nonparametric volatility estimator at time ¢ is

defined as

vr = % S (AP Laraicansys L= [tn + 1, tn+ k), (8)
i€l

for some o > 0, w € (0,1/2), and k,, € N with k,, < n. This constitutes the spot counterpart of the
integrated truncated variation estimator of Mancini (2001). For satisfactory finite sample performance,
it is critical to determine « adaptively, based on a preliminary tuning-free estimate of volatility, such as
the bipower variation of Barndorff-Nielsen and Shephard (2004, 2006) or the median realized volatility

of Andersen et al. (2012).
The limit theory for the PLS estimator is directly impacted by the degree of information about
spot volatility embedded in the high-frequency data relative to the option prices. Asymptotically, this

is determined by the rate at which we acquire information from the high-frequency asset returns versus

the option cross-section. We summarize this feature of the system through the assumption,

k
ﬁn — o for some real number ¢ > 0.

Note that we allow ¢ = 0, but not ¢ = co. This is consistent with the empirical findings, where short-
dated option prices are invariably found to be very useful in pinning down the level of volatility, while
the high-frequency spot estimator can be quite noisy. Nonetheless, we do expect the high-frequency

data to provide auxiliary information, corresponding to a limiting ratio o > 0.

3 Inference for Panels with Long Time Span

This section provides our econometric analysis for the scenario where the large cross-sectional di-
mension of the panel is accompanied by a large time span. Given the observation equation (7), we
estimate the system using least squares. However, we further penalize the deviation of the model-
implied volatility from its nonparametric high-frequency counterpart during estimation, so we refer
to our approach as penalized least squares. Section 3.1 introduces the formal estimation criterion
and establishes consistency. We then provide the notation required for the associated limit theory in
Section 3.2, before presenting the limit distribution results in Section 3.3. Finally, Section 3.4 derives

results for the estimation of the factor dynamics from the extracted factor realizations.

3.1 The PLS Estimator and Consistency

Our setup is in some respects similar to that of the classical dynamic nonlinear panel models, see,
e.g., Hahn and Newey (2004) and Hahn and Kuersteiner (2011), with the latent factors playing the

role of the fixed effects. As in this strand of work, we do not model the dynamics of the latent factors



parametrically. Consequently, given our assumption for the observation error in equation (7), it is
natural to estimate the parameters and the fixed effects (latent factors) via least squares. We further
augment the objective function by a penalty term which reflects information in the high-frequency
volatility estimator, 17;”, about the latent factors S;.'!

Formally, we define the 7' x p matrix of factor realizations by Z = {Z/}1_; and use this to write

the objective function, for some finite constant A > 0, as,?
T
L(Z,0)=) Li(Z:,0), with (9)
t=1
N (Fops i, — 6K, Z1, 0)) 2
— t,k]-,’rj K}( ]77—]7 tHy )) kl A'r‘L_
£(2,0)={3" N A5 (0 -az)

J=1

The first part of the objective function is the Lo-distance between observed and model-implied option
prices. The second is a penalization term for the deviation of the model-implied spot volatility estimate
from a direct, but noisy, measure of spot volatility obtained from high-frequency return data, th.w
We recall that V; = £(Sy). The use of a noisy observation of the state vector (or part of it) in the
estimation procedure is reminiscent of the FAVAR approach, proposed by Bernanke et al. (2005).14
Similarly to FAVAR, the penalization in equation (9) serves to improve the identification of the latent
factors which, as we show later, may contribute to an improvement in efficiency.

To characterize the properties of our PLS estimator, it is convenient to concentrate out the factor
realizations, i.e., we set,

S(0) =argminL(Z,0), 6 O, ScR?, (10)
ZeS8T

and the resulting estimator, then, takes the form,

6 = argmin £ (5’(9), 9) , S =5(6). (11)
6cO

In the case when N — oo and 7T is fixed, the asymptotic properties of the estimator (S” , é) have been

derived in Andersen et al. (2015a). In this section, we consider the case where both NV and T" increase

asymptotically. We start with the consistency result.

1Note that our option pricing model does contain a parametric assumption for the evolution of S;. However, this is for its
behavior under the risk-neutral measure Q only. We avoid specifying the P dynamics of S; parametrically in this paper
(this is an interesting extension that can be pursued in future work). As discussed in Andersen et al. (2015a), this has
the distinct advantage of robustness with respect to the modeling of the risk premia, i.e., the P — Q wedge.

12Note that, in Section 5, we will generalize the PLS estimator by allowing A to be time-varying and random, which will
lead to efficiency improvements.

13Recall from equation (8) that we standardized the estimator ‘A/t" by k. This is the reason we multiply the penalization
term in equation (9) by kn. It is merely a matter of normalization.

“Bernanke et al. (2005) augment a VAR of economic variables with a noisy observation of a latent factor, related to the
variables in the VAR system, to exploit auxiliary information regarding the factor realizations.
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Theorem 1. Let Assumptions 1-6 hold. Assume N — oo, T — oo with T/N — ~ for some finite
v >0, A, — 0 and k, — oo with %" — o for some o > 0. In addition let w € (4—;,%) and
knv A, — 0. Then, we have,

sup H.SA't—StHKO and 65 6. (12)

t=1,...,

We note that consistency holds under very general conditions for the tuning parameters of the high-
frequency volatility estimator, w and k,. Of course, these conditions are absent if the penalization

term is left out of the objective function, i.e., when A = 0.

3.2 Auxiliary Notation for the Limiting Distribution

We now turn towards the limit distribution of the parameter and factor estimates. As discussed
in the introduction, the model parameters will be estimated at the rate v/NT, but are subject to an
asymptotic bias due to the incidental parameter problem, while the factor (or state vector) realizations
converge at the slower v/ N rate. In addition, given the multiple and potentially interacting sources
of unobserved heterogeneity, the PLS estimator clearly will not utilize the optimal weighting of the
observations during estimation. As a consequence, the limiting covariance matrices in the asymptotic
distribution take the common sandwich form, albeit with a number of inherent features of the system
impacting the representation. To state the result in an interpretable format, we require additional
notation, which we introduce now.

In what follows, all partial derivatives of x that appear below are assumed to exist, as implied by
our assumptions in Section 8.1. The first-order derivatives with respect to the parameter and state
vectors are given by the ¢ x 1 and p x 1 vectors,

D7, 2,0) = Dk 7. 2,0),  Glk,r,2,0)

80 k;77—’ Z70)7

92"
respectively, and, similarly, their first and second derivatives with respect to the state vector Z are
denoted by D) (k, 7, Z,0), GO (k,7,Z,0), D9 (k,7,Z,0) and G (k,7,Z,0) (of dimensions
q X p, pxp,qxp?and p x p?, respectively), and the corresponding derivatives with respect to 8 are
denoted by DO (k, 7, Z,0) and G\ (k, 1, Z,0) (of dimension ¢ x ¢ and p x q).

ki(Z,0) = k(kj,7j,Z,0), and

simplify the notation for the partial derivatives of the latter analogously. Furthermore, when we

To simplify notation, for each pair (k;,7;), we set &j: = Ry, 1,

evaluate k;(Z,0) at the true vector (S}, 6}), we denote it by k;+0, and the notation for the partial

derivatives of k;(Z, ) is simplified in the same manner, if evaluated at (S}, 6)). Similarly, for the

penalty term,
82

C(Z)=5,6(2) and CO(S)=-

§1(2),
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denote the p x 1 gradient vector and p x p higher-order gradient matrix, respectively, and we will use
the shorthand notation Co = C(S;) and C{g) = C)(S)).

The differential rate of convergence implies that the parameters can be treated as fixed and known,
when deriving the limit distribution for the estimates of the factor realizations. As a result, the quan-
tities determining the limiting conditional covariance matrix for the latter take a fairly conventional
form. The main complication arises from the fact that the usual component stemming from the least
squares criterion is supplemented by a contribution from the penalization term. The relevant matrices

for the factor realizations are given in the next three equations. First, define the p x p matrix,

(t,7)

Zﬂ-t / 1/11& (k77-7 Stveo)G(kaTv St790)/dk7 (13)

which represents an outer product of gradient type term for the least squares criterion. Notice that
the relative number of options at each tenor (7] ) and the relative denseness, or clustering, of options
across certain segments of the strike range (¢ -(k)) enter explicitly in the expression.

A corresponding p x p matrix, reflecting the outer product of the gradient for the penalization
term, is given by,

A
PS,t = ?f X Cnoctl,oa (14)

where the relative number of options available on that date (¢;) and the relative informativeness of
the high-frequency volatility estimator relative to the option data () enter the expression.

Finally, we define the p X p asymptotic covariance matrices 25; and ¥g,, which further include
the variance of the observation error for the option BSIV (¢; ), respectively the variance of the

nonparametric volatility estimator (2V;2),

)\2
QSt = Z / th (btk‘r (vaa St700)G(k77_7 St700),dk7 \IISt - 2?% CtOCtIQ

We turn next to the expressions required to capture the asymptotic behavior of the estimates for the
model parameters, 5. They are more complex and involve interaction terms among the factors and
parameters as well as the features of the system determining the magnitude of the asymptotic bias.

We start by defining the g x ¢ information matrix for the parameter vector,

(t,7)
Zﬂ-t / (vaa Stvao)D(kaT’ StaHO)/dka (15>
k(t,T) th
and the p X ¢ cross information matrix,
(t,7) ,
Tsp:= Zwt / % G (k, 7, S;,00) D (k,T,St,00) dk. (16)
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In turn, these are used to define,
Rio=—(Ts:+ ’P57t)’11'5,g¢ and Uy(k,7,Z,0)= D(k,7,Z,0) + R;OG(k‘,T, Z,0), (17)

the first of which is the influence function of the gradient with respect 8, and Uy(k, T, Z,0) partials
out the effect of the state variables on D(k, 7, Z,0). This corresponds to demeaning the score of 6,
in analogy to eliminating time and individual effects in large linear panel data models. As above, we
denote the first and second derivative with respect to Z as well as the first derivative with respect to
0 of U,(k,7,Z,0) by Ut(S)(k‘,T, Z,0), Ut(ss)(k:,T, Z,0), and Ut(e)(k?,T, Z,0), respectively. In analogy
with our simplified notation for a pair (kj, 7;), we set U;+(Z,0) = U(k;, 7, Z,0), and, when evaluated
at the true vector (S}, (), we further write Uj ;. Similar simplifications are made to the notation for
the partial derivatives of Uy(k, 7, Z,6). With this notation in hand, we define the ¢ x ¢ information

matrix,

U, (k, 7, S:,00) Uy (k, 7, S;,00) dk , (18)

- [

the ¢ x ¢ matrices Py, = Rt,oPS,th,(), Wy, = Rt,o‘I’S,th,O, and,

E(t,T) th

(t,7)
U=~ Z / wt O U (7 S0, 00) Us (k. 7.5,.00) i

t,T) 1
Qo= — T — 112G (k,7, S, 00) Uy (k, 7, St 00) dk
S,Ut Ctzﬂt /k(t,r) ¢t77—(k)¢t’k’ ( T, Ot 0) t( T, Ot 0)

which all appear, directly or indirectly, in the limiting distributions developed subsequently. Finally,

we let X be generic notation for any of the matrices Zy7, Py, 2y, and Wy, which we define by,

plimy_, oo =32 Xy, if T — o0,

% Zthl Xy, if T is fixed.

X =

These matrices are guaranteed to exist by our assumptions.?

3.3 Limiting Distribution of the PLS Estimator

The representation of the asymptotic distribution for the parameters and factor realizations involves
the notion of stable convergence (denoted by ﬁ%‘g) It means that the convergence holds jointly with
any bounded random variable defined on the original probability space. This feature is fundamental

in establishing the following limiting distribution result.

15Typical option data sets contain deterministic cycles in the configuration of the available tenors. This feature renders
quantities such as Zy,; non-stationary. However, considering > ve1.. Loy, for Trm denoting a period covering one calendar
month, such non-stationarities vanish, and standard laws of large numbers suffice for validation of equation (19).
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Theorem 2. Let Assumptions 1-8 hold. Assume N — oo, T — oo with T/N — ~ for some finite
v>0, A, = 0 and k, — oo with %" — o for some finite 0 > 0. In addition, let,

(2—Z)w—1
1 1 Ap ?
—— 2, koA, Tky (knAn vV AZ= = . 2
w6<2(2—r)’2>’ VAn =0, F< VS )%O’ P 20)
Then we have,
VTN (é — 6y — BT,N) 25 (T +Po) " (Q + )2 x By, (21)

where Eg is a ¢ X 1 standard Gaussian vector, defined on an extension of the original probability space

and independent from F, and the asymptotic bias is given by,
Bry = (Zu+Po) " x Z (Bg{)m - Bgz,)m - Bgz,)N,za) ;
j=1

whose components are defined in Section 8.3. In addition, for arbitrary t1,...,t, € N, we have,

S, — Sy, (s, + Psity) N sy + Tgypy) /2 Es,,
VN : Los, diag : X : ) (22)
Si, — S, (Zst, + Psit) N Qs + Tsy, )2 Es,

where Eg, ,...,Eg, s a sequence of standard Gaussian vectors, defined on an extension of the original

th

probability space, with each of them independent of each other, of Eg, as well as of F, and the
convergence in equation (22) holds jointly with that in equation (21).

We now provide some discussion of this limit result. First, the rate of convergence of the parameter
vector is V/NT, so both the increase in the cross-section and time dimension of the panel help in the
recovery of the parameters. By contrast, the factor realizations are estimated at the rate v/N. This
is quite intuitive as increasing the time span of the panel does not provide extra information for the
factor realization at a given point in time.'® The asymptotic limit distributions of the parameters
and factor realizations are fundamentally different. For the former, it is Gaussian with a constant
limiting variance, as is common in econometric applications. On the other hand, it is mixed Gaussian
for the estimates of the factor realizations, i.e., it is Gaussian only when conditioned on the filtration
of the original probability space, and the covariance matrix depends explicitly on the latter. That
is, Zs; + Ps: and Qg + g, which appear in the limiting distribution of the factor realizations in
equation (22), are stochastic. This implies that the precision in recovering the factor realizations is

time-varying and depends on unobserved random quantities associated with the cross-section of option

16We note that this could occur if there were pathwise restrictions on the dynamic evolution of the factors. However,
existing dynamic factor models do not feature such restrictions.
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data at that particular point in time. For example, periods of elevated volatility may be associated
with a larger variance of the observation errors (captured by the function ¢), and hence noisier recovery
for the factor realizations.

We can contrast the limiting behavior above with the case of a panel with fixed time span, but
asymptotically increasing cross-section. In this scenario, both the parameter vector and factor realiza-
tions have mixed Gaussian limiting distributions (see also Lemma 1 below). Furthermore, unlike here,
the parameter and state vector estimates display asymptotic dependence in the fixed time span case.
This dependence becomes asymptotically negligible when the time span is long, since the parameter
vector is now recovered at a faster rate.

We note that, given the non-standard mixed Gaussian distribution of the factors, we need a stronger
notion of convergence in equation (22) — stable convergence — than what is typically derived in econo-
metric applications, in order to specify the joint asymptotic behavior of the parameters and factors.
The stable convergence is also required to accommodate the penalization with the high-frequency
volatility estimator and characterize jointly the asymptotic behavior of the option error and the error
coming from the high-frequency volatility estimation. To the best of our knowledge, the joint asymp-
totic behavior of the factor and parameter estimates in the nontrivial case, where the F-conditional
limiting variance of the factors is stochastic, has not been derived in earlier work on large panels, with
both N and T diverging. Such results are indispensable for deriving the properties of test statistics
for joint model fit across a time period of interest, involving jointly the estimates for the factors,
parameters and high-frequency volatility.”

A further distinguishing feature of the long versus fixed span case is the presence of an asymptotic
bias in the parameter estimation, the explicit form of which is given in the Appendix. This bias
reflects the effect of uncertainty in the recovery of the factor realizations on the parameter estimation.
Intuitively, although the errors in the estimation of the factor realizations average out over time, and
thus do not slow down the recovery rate of the parameters, the nonlinearity of the model, both in
parameters and the state vector, induces an asymptotic bias of order 1/N in the parameter estimates.
Therefore, if T' << N (7 = 0 in Theorem 2), this bias does not affect the central limit theorem for the
parameter vector, i.e., the bias term in the limit result (21) is of higher order. On the other hand, if
T = N, the asymptotic bias does have a non-negligible effect on the limit distribution of the parameter
estimate. The form of the bias terms resembles those in the classical panel data literature, see e.g.,
Hahn and Newey (2004) and Hahn and Kuersteiner (2011), with the difference here arising from the
stochastic nature of the terms, the infill asymptotic setting in the cross-section as well as the penalty

term in the estimation due to the factor signal from the high-frequency data. Finally, we remark that

1"We refer to Jacod and Shiryaev (2003) for more details regarding the notion of stable convergence.
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the limit results in equations (21) and (22) are infeasible because the asymptotic variance and bias
term are based on population quantities. In the next section, we show that they are straightforward
to estimate consistently from the data, thus enabling feasible inference.

In terms of the asymptotic role of the penalization, we have two cases. When k,/N — 0, the
penalization has no first-order asymptotic effect, while for k, /N — ¢ > 0, the penalization impacts the
asymptotic distribution of the estimators for both the parameters and factor realizations. The penalty
condition provides a restriction on the factor realization, namely that the model-implied estimate of
volatility &;(.S;) should be close to the nonparametric estimate of volatility V;. The option panel allows
us to recover the factor realizations at the rate v/N (as implied by (22)). On the other hand, the rate
of convergence of the high-frequency volatility estimate is v/k, (recall, k,, is the local window for the
high-frequency data used to construct the volatility estimator). Therefore, when k, /N — 0, the option
data are more efficient in recovering the volatility, rendering penalization during estimation suboptimal
asymptotically.!® On the other hand, when k,,/N — ¢ > 0, the nonparametric high-frequency volatility
estimate and the option-based are equally efficient, in terms of rate of convergence, and hence the
penalization may have an asymptotic effect. This explains why, in our objective function, the penalty
term is multiplied by )\kﬁ;. This ensures that the penalty becomes asymptotically negligible exactly
when it is suboptimal to utilize high-frequency return data for estimation. Importantly, the user
does not need to take a stand on which data source, options or high-frequency data, is more efficient
for recovering spot volatility. Our PLS procedure automatically adapts to the scenario at hand.
Nevertheless, the user still needs to pick the constant A. In Section 5, we propose a data-dependent
choice for this parameter, which boosts the efficiency of the inference.

Above, we rule out the possibility that k,/N — oo, i.e., that the high-frequency data are more
efficient than the options (in terms of rate of convergence) in recovering spot volatility.'® This case
would heighten the asymptotic role of the penalization term. In fact, we have distinct scenarios
depending on the dimension of the state vector and the role of its components in determining spot
volatility. For example, in the one-factor stochastic volatility model of Duffie et al. (2000), the state
vector equals the level of (spot) volatility. Hence, when k,, /N — oo, the rate of convergence of the state
vector will be the faster v/k, in lieu of the v/N implied by our limit result (22), and the asymptotic
bias for the parameter vector in equation (21) vanishes. In a more general parametric model with
multiple factors, one of which is spot volatility, all components of the state vector, except for spot

volatility, will be estimated at the rate v/ N, while the stochastic volatility will be estimated at the

8Even though it is suboptimal (asymptotically) to use penalization within this scenario, its presence may greatly facilitate
the identification of the state vector in finite samples.

9The “limiting” case of k,/N — oo implies that part of the state vector is observed by the econometrician. This scenario
can be of interest in other applications of factor augmentation than the volatility measurement case considered here.
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faster /k, rate. Since k,/N — oo is implausible on empirical grounds, at least for assets with liquid
option markets, we do not pursue this case any further.

The relative growth conditions (20) are necessary for our limiting result, although they are required
only if the penalty term is present in the objective function, i.e., if A > 0. In assessing the implications
of these conditions, the following points are useful. First, to avoid unnecessary truncation, it is optimal
to follow the convention in the literature and set w very close to 1/2. Second, the higher the k,, the
faster the rate of convergence of the high-frequency estimator. Therefore, we prefer the largest value of
k,, for which condition (20) is satisfied. In the typical case of finite activity jumps, i.e., when r = 0 (the
value of r is typically known from the specification of the risk-neutral model), and provided w is set
arbitrarily close to 1/2, the binding constraints in condition (20) are k,/A, — 0 and \/Tk,k, A, — 0.
Hence, the optimal feasible choice of k, depends on the relative size of T" and 1/A,,. If T' is not very

711/ 2~ for some arbitrary small ¢ > 0, guaranteeing the optimal feasible rate

large, we can set k, <1 /A
for estimating spot volatility from the high-frequency data. On the other hand, if T is of the same order
as 1/A,, the optimal feasible rate is k, < 1/ A}@/ 3~ From a practical perspective, this means that
for panels with a large time span relative to the sampling frequency for the returns, we need to pick
a smaller sized local window for volatility estimation, slowing its rate of convergence, but reducing its
bias. Given the discussion in the previous paragraph, if this implies that the high-frequency volatility
estimator becomes comparatively noisy (k, /IN; is small), then the penalty term may have only an
asymptotically vanishing impact on our estimation.

Finally, in cases where the observation errors become negligible, we may have Q2 as well as 25
vanish for some or all t. Some of our limit results would then become degenerate. In fact, in the
extreme case when options are observed with no error, we obtain exact error-free recovery for the

parameter vector and the sequence of factor realizations. Given the large percentage bid-ask spreads

observed on option markets, we deem such scenarios empirically implausible.

3.4 On the Estimation of the Factor Dynamics

The limit result (22) allows us to quantify the precision in recovering the factor realizations, which is
useful in a number of contexts. For example, as discussed in Andersen et al. (2015a), asset pricing
models impose pathwise restrictions on the relation between derivative securities and the underlying
asset, and our limit result enables us to test these formally. Another important use of the extracted
factors is for the estimation of the underlying factor dynamics. However, for that application, the
limit result (22) is insufficient since we need to analyze the impact of the errors on the recovery of the

factors over a long time span. The following theorem provides the requisite result.

Theorem 3. Let Assumptions 1-8 hold. Assume N — oo, T — oo with T/N — ~ for some finite
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v >0, A, = 0 andk, — oo with % — o for some finite o > 0 as well as condition (20) of Theorem 2.

Then, for any continuously differentiable function g : RP x RP — R® with bounded derivative, we have,

Z( (S1,81-1) = 9(S1, Si-1)) = 0,(1). (23)

We note from Theorem 2 that Sy — O,(1/V/N). In spite of that, the error in recovering the
factor realizations on the statistic in equation (23) is only o0,(1), even in the case where 7' and N
increase at the same rate. The reason is that the error in recovering the factor realizations on different
days across the sample effectively gets averaged out in the time series mean in equation (23), thus
mitigating its impact on the statistic sufficiently to establish the limiting result.

Under standard stationarity conditions for S; and further assumptions guaranteeing a central limit
theorem (e.g., mixing conditions), ﬁ ZtTZQ(g(St,St_l) — E(g(St, S¢—1))) will converge to a normal
random variable. Theorem 3 ensures that the recovery of the state vector from the option panel (and
high-frequency asset returns) has no asymptotic effect on the long span limit result, i.e., it is valid
even after replacing the state vector realizations by their estimates.

If the dynamics for the state vector takes a parametric form and S; is a Markov process under the
physical probability measure, an attractive choice of g, capable of generating asymptotically efficient
estimates for the parameters of the state vector dynamics (with a VT rate of convergence), is based
on the conditional characteristic function, namely g (S;, S;_1)) = '%'5t — E,_(e™*'5t).

The use of the extracted factors for estimation of the state vector dynamics, using the above
theorem, is reminiscent of the implied state inference of Pan (2002) and Pastorello et al. (2003). These
papers employ a finite set of options to invert for the state vector, and then conduct inference based
on the option-implied factor realizations using method of moments or maximum likelihood techniques.
The major difference between these procedures and our approach is that we allow for observation
errors in the option prices, while letting the number of options increase asymptotically. Because of
this difference in the asymptotic setup, we find that, in contrast to Pan (2002) and Pastorello et al.
(2003), the estimation of the risk-neutral parameters has no first order asymptotic effect on the state
vector extraction - the risk-neutral parameters are estimated at the rate v/ NT, while the parameters
of the P dynamics of S; are estimated at the slower rate of v/T.

Finally, in an asymptotic setup with 7" — oo and T/N — 0 (and without using noisy information
for the factor realizations), Gagliardini and Gourieroux (2014) model the dynamics of the state vector
parametrically. They perform joint estimation of the parameters for the nonlinear factor model (6 in
our setting) and for those driving the dynamics of the state vector (for which we make no parametric
assumption) via maximum likelihood, and they establish asymptotic independence between the two

sets of parameters (and rates of convergence of v/ NT and /T, respectively). However, their approach
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excludes the challenging case of 7' < N which can be the pertinent asymptotic scheme for many

practical applications.

4 Unified Feasible Inference with Short and Long Time Span

We now develop feasible inference techniques for the parameter vector and the factor realizations that
enable us to construct empirical confidence intervals and conduct tests. We cover both the cases of a
panel with a fixed or increasing time span. We begin with a lemma that restates the limit distribution
of the PLS estimator for the fixed time span, originally derived in Andersen et al. (2015a), in a manner

that facilitates comparison with our limit results for the case of a large time span.
Lemma 1. Under the conditions of Theorem 2, but with fized time span, i.e., T fized, then,
VTN (é — 00) ﬁ) (Zy + ’Pe)il(QU + ‘119)1/2 X Eg,

where Eg is a q X 1 wvector of standard Gaussian variables, independent of each other and of F.

Furthermore, we have,

S — S Es, AVARg,
VN : £75% (AVARg)Y? x .|, AVARg = diag : + ACOVyg,
Sr—Sr Es, AVARg,
where Eg,, t = 1,...,T s a sequence of standard Gaussian vectors, defined on an extension of the

original probability space, independent of F, but dependent on each other and on Eg. Moreover, the

diagonal elements of asymptotic covariance matriz decomposes as AVARg, = 2?21 AVARg, ; where,

AVARg, 1 = (Zsi +Pss) (Qss + Psi)(Lss + Pss) L,
AVARg, 2 = R 0AVARYR, /T, AVARy = (Zy +Po) ' (Qu + ¥o)(Zu +Po) !
AVARg, 3 = (Zs: + Psi) H(Qsvs + PsiRio) (Zu +Po) R;,/T, AVARg, 4= AVARY, ;.

Finally, the matriz containing the off-diagonal elements is defined as,

Opxp RLOAVARQR/ZO/T e RlyoAVARgR’Tvo/T
Ry 0AVARyR) /T 0 :
ACOVg = 2,0 . 0 1,0/ PXP
RT7OAVAR9 /170/T e Opo

We note that the quantities Zy7, Py, Qu and ¥y are random, as T is fixed (recall equation (19)).

Therefore, the limit distribution of the parameter vector is now mixed Gaussian and has no asymptotic
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bias. Note also that the expression for the asymptotic variance of the parameter vector looks identical
to the one in equation (21). However, when T is fixed, the asymptotic variance is a random quantity.
Only in the asymptotic (7" — oo) limit will the latter coincide with the one for the long time span. On
the other hand, the limiting variance of the factor realizations differs from the long span asymptotic
case. In particular, the F-conditional limiting variance in equation (22) corresponds to AVARg, 1
in Lemma 1 above, while the additional terms {AVARg, ;};j—234 reflect the asymptotic role of the
parameter estimation on the factor extraction. Note that {AVARg, ;};j—234 are all of order 1/7" and,
as a result, they become asymptotically negligible when T increases asymptotically, as detailed in the
previous section. Likewise, ACOVg in Lemma 1 reflects the asymptotic dependence in the recovery
of the factor realizations at different points in time. This dependence is due to parameter uncertainty
and, since it is of the order 1/T, negligible in the long time span scenario.

Despite the distinct differences in the limiting behavior of the PLS estimator, we are able to devise
a feasible central limit theory that covers both the fixed and long time span setting. The formal result
is provided by the following theorem, where N = %Zthl N; denotes the average number of options

per cross-section.?’

Theorem 4. Under the conditions of Theorem 2 but with T either fixed or T — oo,
— . N1 /A . . N1
VTN ((IU +P0) () (Zo+P) )

where Eg is a gx 1 vector of standard Gaussian variables, independent of each other, and the estimators

i'U, Py, Qu, W, and BTJV are defined in Section 8.5. Furthermore, for the state vector,

VN (&VARs,) " (8- 8.) 5 Bs.

o <é — 6y — BT,N) £, Ey,

where Eg, is a sequence of px 1 vectors of standard Gaussian variables. The estimator of the asymptotic

covariance matriz, mst is, similarly, deferred to the Appendiz.

Based on the result of Theorem 4, we can conduct feasible inference regardless of whether the time
span is fixed or asymptotically increasing. This is important from a practical point of view, as the user
need not take a stand on whether the time span of the panel renders Lemma 1 or Theorem 2 more
appropriate for the case at hand. In designing the feasible inference theory, we accommodate features
of the limiting distributions of both asymptotic schemes. Several key features of the limit results for
the fixed and increasing time span case are critical in this regard. First, the stable convergence for the

factor realizations and for the parameter vector in the fixed span case enables us to apply a Slutsky

2°Thus, N can be viewed as the feasible counterpart to N, recall equation (5). We note that one does not need N for
feasible implementation of the limit results of Theorem 4. This can be easily checked by inspection of the formulas for
the asymptotic biases and variances in the Appendix.
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type result, despite the fact that the probability limits of quantities such as iy may be random.
Second, the estimates for the asymptotic variance of the parameter vector in the long span case and
for the F-conditional asymptotic variance in the fixed time span case are identical. Third, the estimate
of the asymptotic bias is asymptotically negligible for a fixed time span. Finally, the estimate for the
asymptotic dependence between the estimates of the parameter vector and factor realizations is of

higher asymptotic order for the long time span case.

5 Weighted Penalized Least Squares

We now propose a weighted counterpart to the PLS estimator, which provides efficiency gains and
enables us to choose suitable values for A, period-by-period (recall equation (9)). In analogy to the
reasoning for the classical weighted least squares estimator, we should weight the options according to
the variance of their observation error (in our case, the F-conditional variance). This implies weighting
each option price by an estimate of the F-conditional variance ¢; ;. While this is feasible, we simplify
matters by assigning all options on a given day an identical weight. This may result in loss of efficiency
due to potential heteroskedasticity in the strike and tenor dimension of the option error variance at
a given point in time. Nevertheless, it still provides non-trivial efficiency improvements due to the
pronounced heteroskedasticity of the F-conditional option error variance over time.

Similarly, for efficiency improvements, we should weight the penalization term period-by-period.
Unlike the option observation error, whose F-conditional variance may be estimated by a preliminary
PLS estimator, the error of the nonparametric volatility estimator has an unknown JF-conditional
variance, which cannot be estimated without further assumptions. However, we can instead weight the
penalization by an estimate for the F-conditional asymptotic variance of the nonparametric volatility
estimator. The latter is given by 2V;2, and, as a result, it is trivial to construct a consistent estimator
for it. Intuitively, since the asymptotic distribution of the nonparametric variance estimator is JF-
conditionally Gaussian with a F-conditional variance of 2V;2, this is asymptotically equivalent to
weighting with the F-conditional variance of the variance estimator.?!

More formally, we define £ (Z,0) = Z?:l LY (Zy,0) with

~ 2
Ny (= _ R 2 ALY (Z)
o —k(ky, T, 21, 0 AV =&z
L (Z,0) = iz(ﬁt’k” b, 75, % ) k—( - ) : (24)
Ny j=1 w(¢) Ny w(Z(V;tn)Q)
where
Ny
R 1 3 N2
& = EZ(F%MU —n(kj,fj,st,a)) Ct=1,..T, (25)
j=1

2! Again, the stable convergence is critical for proving the limit effect from the weighting.
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and w(x) is a twice continuously differentiable function on R4 with bounded first and second deriva-
tives. Moreover, w(z) > € for some € > 0. An example of such a function is a smooth approximation
of xVe. As expected, the above estimator th is consistent for the cross-sectional average F-conditional
option variance at time ¢ (generally a random number). Ideally, we would pick the weight function
w(z) = x but we rule this out for technical reasons.?? Even so, with the class of weight functions w,
described above, we may get arbitrary close to the identity function.

Given the above definitions, the resulting weighted penalized least squares (WPLS) estimator is
defined as

S*(0) = argmin L (Z,0), 0 c 0O,
ZeST

and

% = argmin £” (s“w(o), 9) . Sv = 8v(gv).
0cO

In the next theorem, we characterize its limiting distribution in the long span case, with similar

extensions for the feasible central limit theorem readily applying to this scenario as well.

Theorem 5. Suppose the conditions of Theorem 2 hold. Then, convergence results for 0v and
(S';‘l’, ,S’;‘;) similar to those in (21) and (22) apply, as long as the quantities for their asymptotic

bias and variances are replaced with their weighted analogues, defined in Section 8.6.

We note that, for our WPLS estimator, we do not impose any assumptions regarding the type of
heteroskedasticity in the option observation error. This is unlike the classical weighted least squares,
see, e.g., White (1982) and Robinson (1987), where heteroskedasticity is modeled as either a known
or unknown function of observables. We do assume, however, that the F-conditional option error
variance is a smooth function of log-moneyness k. Then, our asymptotic setup of increasingly denser
observations, across a given strike range for a specific point in time and tenor, generates consistent
estimates of the F-conditional option error variance by local (in moneyness) cross-sectional averaging.

The theorem above is stated for a general weight function w. It is optimal to set w close to the
identity function. If the option error variance ¢ j , is independent of £ and 7, while ¢ - and V; are
bounded from below and the option panel is balanced, then we obtain the optimally weighted penalized
least squares. The limit results are now greatly simplified and take a familiar form, as evident from

the corollary below.

Corollary 1. Suppose the conditions of Theorem & hold and, in addition,

inf inf inf Ot ks > €, and inf V; > e for some finite € > 0, Gtk = Pt -
teRy 7€Te kelk(t,r),k(t,7)] e

22However7 under stronger conditions on the boundedness of ¢ and Vi from below, we may accommodate the case
w(z) = x.
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Finally, suppose ¢ = 1 for all t. Then, if w(x) = x for © > €, the asymptotic distribution of 0% and

SY is characterized as follows.
VTN (éw — 6, — B%,N) L2 Ty + PY) TV x By, (26)

where Eg 1s a q¢ X 1 standard Gaussian vector, defined on an extension of the original probability space

and independent from F, and the asymptotic bias has the form,
w wy— 1w 2w
TN =—(Zy+Py) ' (B(T,N,):s + B(T,N,):s) .

In addition, for arbitrary ti,...,tn € N, we have,

Sl,ful) - Stl (Ilsu,tl + ’P?'S'U,tl)il/Q EStl
VN : £75% diag : x -, (27)
Si, — S, (Zs:, + 'Pg‘),th)*l/Q Es,,
where Eg, , ..., Es,, is a sequence of standard Gaussian vectors, defined on an extension of the original

probability space, with each of them independent of each other, of Eg, as well as of F, and the conver-
gence in (27) holds jointly with that in (26). Finally, all the quantities describing the two asymptotic

distributions, Zi7, Py, LGy, , Pgy,, and B y, are defined in Section 8.6.

One convenient aspect of the WPLS estimator is that we need not choose the weight assigned to
the penalty term in the objective function. In particular, the tuning parameter A in the original PLS
criterion is replaced by the time-varying ratio of the option variance and the asymptotic variance of
the nonparametric variance estimator. As a result, the WPLS estimator alters the objective function
period-to-period, adapting to the relative precision of the option pricing and high-frequency volatility
estimator. From a practical point of view, this is attractive since the precision of these measures vary
substantially over time. The WPLS procedure ensures that the weight of the two components in the

objective function reflects their relative information content.

6 Numerical Experiments

We now undertake numerical experiments to assess the practical relevance of our unified inference
techniques. For this purpose, we rely on a representation that nests many existing models and captures
the complex dynamic features of option panels quite well. It takes the form of a two-factor jump-

diffusive stochastic volatility model for the risk-neutral distribution,

dX — VT AW ~
ft == (Tt - 5t) dt + X/Lt di[](_th + V2,td St + /2 (ex - 1) /’LQ(dt7 dx)?
_ R

dVig = k1 (U1 — Vig)dt + o1 \/VigdBY, + 1 / 2 22 1 gy p2(dt, da), (28)
R
dVay = ko (U — Vag)dt + o2/ Vay dBS,:,
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where (W%,W%,B%,Bgt) is a four-dimensional Brownian motion with W% ui Wgt, W% uis
Bgt, and Wéth AL B%, while corr(W%,B%) = pa, and corr(Wéth,Bgt) = paz2. The risk-neutral

compensator for the jump measure is given by
v (da, dy) = {(Ci ()1 fpcopre 171+ C+(t)1{x>o}>\+€4+x> } dz,
¢ (t) = g Vig- + e Vaue, () = g +o Vig- +e3 Vau.

We exploit the parameter estimates for the model from Andersen et al. (2015b), reproduced in Table 1.
Of course, these are extracted from actual option panels, thus reflecting the risk-neutral dynamics,
and not necessarily the actual statistical (or physical) probability measure. In fact, option prices are
known to embody sizable risk premiums, so to generate the actual evolution of the simulated system, we
modify the above specification of the volatility processes to more closely resemble the actual observed
volatility dynamics, i.e., we account for the risk premiums embedded in the risk-neutral parameter
estimates. In particular, we increase kg to 0.69, implying that a shock to V5 has a (shorter) half-life

of one year, and we limit the magnitude of the jumps in V; to not exceed 0.40.

Table 1: Parameter Values for model (28) used in Numerical Experiments

Parameter Value Parameter Value Parameter Value

p1 —0.762 K2 0.169 cs 52.795
71 0.004 P 0.129 A 16.943
K1 12.831 ey 2.315 At 51.818
o1 0.247 cy 69.208 Ly 6.262
p2 —0.945 e 13.161
) 0.059 cy 97.656

In terms of the option observation scheme, we follow the Monte Carlo setup of Andersen et al.
(2015a), but explore the impact of the time dimension of the panel through experiments with different
time spans. Specifically, consistent with standard practice, we sample option data every fifth day (time
is measured in business days). At each observation date, we obtain option prices at four separate
maturities: 7 = 10, 7 = 45, 7 = 120 and 7 = 252 days. For each tenor, we have 50 OTM option
prices for an equi-spaced log-moneyness grid, covering the range [—4,1] - 01/7, where o is the current
at-the-money BSIV. This implies a time-varying coverage in terms of moneyness, depending on the

level of market volatility, roughly mimicking the characteristics of actual option panels. For the option
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eITor, We assume € r = Otk -2t g, Where Z; j - are standard normal variables, independent across
time, moneyness and tenor, while oy - = 0.5¢,/Qo.995. For the latter, 1}, represents the estimate of
the relative bid-ask spread from a kernel regression on actual S&P 500 index options, as reported in
Andersen et al. (2015a), and Qp.995 denotes the 0.995-quantile of the standard normal distribution.
This noise structure allows for significant fluctuations in the (conditional) noise variance as a function
of both the level of volatility and moneyness.??

Overall, our simulations involve N = 200 options per day, and we experiment with a span ranging
from 1 to 20 years. Since we sample once per week, this generates panels of about 50 to 1,000
cross sections, each containing 200 option observations. For simplicity, we do not penalize with a
high-frequency volatility estimator and abstain from weighting the option observations.

We first consider the effect of the time span on the recovery of the factor realizations. Figure 1
plots the estimate for the standard error associated with the recovery of V; and Vo. We consider
observations recorded in the last week of the first year of the sample, as this period is present for all
time spans explored in our experiments. For ease of interpretation, we report the relative standard
error by dividing the standard error estimate by the true value of the factor (which is random). From
Theorem 2 and Lemma 1, we recall that, regardless of the time span, the rate of convergence of the
factor extraction is v/N. Moreover, we reiterate that we keep N fixed in our experiments (mimicking
what occurs in practice) and that the limit distribution is mixed Gaussian. These features are reflected
in Figure 1. Indeed, the interquantile range of the relative standard error does not shrink with the
length of the span. This is due to the fact that the limiting variance of the error in the factor recovery
depends on the realized (random) path of the state vector. In addition, the error in recovering the
factor realizations tends to be higher for the shorter time spans. This reflects the effect of parameter
uncertainty captured by the terms {AVARg, j}j—234 in Lemma 1. As the time span grows, this effect
diminishes, and the quantiles for the relative standard error stabilize and become insensitive to any
further lengthening of the span. Interestingly, this occurs at different horizons for the two factors.
For Vi, the “stabilization” of the standard error around its long span value is complete after about
6 — 7 years. For V5, however, this occurs only after 15 — 16 years. The reason is that the second
factor is far more persistent than the first and, hence, it is harder to achieve a proper separation
between its realization and long-run parameter-driven properties. Another noteworthy discrepancy is
the relatively larger error in the recovery of V; and the significant heterogeneity in the precision across
samples. This is largely due to the erratic behavior of Vi, which stems from the random occurrence of

large jumps implied by the dynamic specification for this factor.

23In the absence of parametric assumptions on the actual factor dynamics (as in our theoretical treatment), the Gaussian
specification of the option errors implies that the optimally weighted least squares estimator constitutes the maximum
likelihood estimator.
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Figure 1: Relative Standard Errors for Factors. Standard errors are computed for the factor realization
from the last week of the first year in the sample. Standard errors are divided by the absolute value
of the true value of the factor realization. The straight line in each of the plots corresponds to the
median and the shaded area to the inter-quantile range, both computed from 100 draws of the process
(Vi.t, Var).

We next study the intertemporal persistence of the error in the extraction of the factor realizations
across the sample. In Figure 2, we plot estimates for this error serial correlation over the last two
weeks of the first year in the simulation. Theorem 2 and Lemma 1 imply that this dependence
stems exclusively from the finite time span. That is, the intertemporal error correlation is due to
imprecision in the estimation of the parameter vector and, as we increase the span, the effect of the
latter vanishes asymptotically. Indeed, for both factors, the correlation shrinks as we increase the
time span. Nonetheless, the persistence of the error in the recovery of Vo remains fairly high, even
for a panel covering 20 years. This is consistent with the evidence from Figure 1, where we noted
that estimation errors for the model parameters have a strong effect on the recovery of this factor,
even for panels with a long span. If the econometrician relies on our long span asymptotic result, he
or she would be ignoring this nontrivial persistence in the error of the factor extraction. In contrast,
our unified approach, advocated in Theorem 4, automatically accommodates this feature and more
accurately conveys the degree of temporal dependence in the errors of the recovered factors.

s Corr(Viy — Viu, Vieer — Vien) | Corr(Vay — Vou, Va1 — Vau1)

ool

o8l

0.7

0.6

o5

o 0.4

Figure 2: Persistence of the Error in Factor Extraction. The plots display correlation between the
errors in extracting factors over the last two weeks in the first year of the sample. The straight line
in each of the plots corresponds to the median and the shaded area to the inter-quantile range, both
computed from 100 draws of the process (Vi, Vay).
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We conclude with a discussion of the bias and standard error in parameter estimation. Figure 3
provides relative estimates for these quantities (by dividing them by their true values). To conserve
space, we present results for a subset of the parameters only, as the findings for the remaining parame-
ters are qualitatively similar. Contrary to the short time span scenario, the long span limit distribution
of the parameter vector is Gaussian, i.e., the limiting variance is independent of the sample path. We
note that, for the shorter time spans, the interquantile ranges of the relative standard errors tend to
be quite wide but, unlike the case for the factors, they continue to shrink as the time span grows and
eventually become negligible. We also see a large reduction in the bias for some parameters as the span
lengthens. However, since we keep N fixed, the estimate for the bias converges to a constant as the
span grows. As for the factor recovery, the “transformation” of the features of the limiting distribution,
induced by the transition from the fixed to long span asymptotics, occurs at different times across the
parameters. The relative bias is larger for the parameters determining the positive jumps (cir and c; )
and smaller for the parameters controlling the mean reversion of the volatility factors (k; and ko).
The same ranking applies for the relative standard error of the parameters. Comparing the bias to the
standard error, we also observe a nontrivial variation across the parameters. For the longest span of
20 years, the bias is approximately of the same size as the standard error for ¢; and negligible relative
to the standard error for k9. Thus, ignoring the bias, i.e., performing inference according to the fixed
span asymptotics, will imply poor performance for tests involving parameters such as c; for time spans

as short as 5 years, again corroborating the benefit of relying on the unified inference procedures.

7 Conclusion

In this paper we develop unified inference theory for parametric nonlinear factor models based on a
panel of noisy observations augmented with direct, albeit imperfect, measures of a known transforma-
tion of the factors. The panel has a large cross-sectional dimension while its time span is either fixed
or increasing. The estimation is done via penalized least squares, with the penalty term controlling
the size of the deviation between noisy observations and model-implied values for the known trans-
formation of the factor realizations. Even though the limit distributions of the parameter vector and
the factor realizations differ substantially in the fixed and increasing time span settings, we develop a
feasible inference procedure that accommodates the critical features of the asymptotic distribution in
either setup. We further propose a data-driven method for the weighting of the penalty term in the
objective function, reflecting the relative information content of the noisy factor signals.

Numerical analysis demonstrates the practical relevance of our unified inference approach, as it
avoids exclusive reliance on either the fixed or long time span asymptotics in any given application.

In the scenarios explored, to a varying degree, we identify features of the limiting distribution that are
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Figure 3: Relative Standard Error and Bias for Parameters. Standard errors and biases are divided by
the absolute value of the true value of the parameter reported in Table 1. The straight line in each of
the plots corresponds to the median and the shaded area to the inter-quantile range, both computed
from 100 draws of the process (Vi , Vat).
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captured best by the fixed span asymptotics (e.g., the intertemporal persistence of the error in factor
recovery) and others that fall much closer to the long span asymptotics (e.g., the relative importance
of bias in the parameter estimates). Our approach allows the data to determine the relative weight

that is afforded the two asymptotic schemes for different aspects of the inference.
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8 Appendix with Definitions, Assumptions and Proofs
In the proofs, we will use the following function:
fal@)=1+2% zeRy, d>0. (29)

The matrix norm being used throughout is the Frobenius (or Euclidean) norm, that is, for an m x n
dimensional matrix A, we denote ||A|| = i a?’j = /Tr(AA’). Let us also denote with Q the
set in which (7, k;, k:) takes values, and we further set 7 = sup,cp . Ti- Moreover, K is a generic
constant, which may take different values in different places, and Eo(-) and Vo(-) denote E(- |]:;0))
and V(-]]:éo)), respectively. Note that (stochastic) orders sometimes refer to scalars, vectors, and
sometimes to matrices. Finally, we will in the proofs of the main asymptotic results refer to various

auxiliary lemmas, which are collected and established in Section 8.7.

8.1 Assumptions

Assumption 1. The process X in (1) satisfies:

(i) For every p > 0, we have sup;cg, E(|at|P) < 00, sup;er, E(|ViP) < 0o and supyeg, E(|a:|’) < oo,
and further [ ([log(1 +z)|" V [log(1 + z)[P)F (dz) < 0o, for somer € [0,1) and every p > r.
(11) For every t € Ry and s € Ry and p > 2, we have |Ei(Vigs — Vi)| + E¢|Vigs — V3P < Kﬁslt — 5|
with supycp E|K£S|q < oo for q > 0 arbitrarily high.

Assumption 2. (i) As N — oo and T — oo with T/N — ~ for some finite v > 0, we have

NT
2t — ]

N

5o, (30)

Ny
-~ St

P
—0 vV N
) sup N

te[1,7T)

sup
te[1,T),7€Ts

where (1] )re7; and s are }"t(o)-adapted with infier, re; 7 > 0 and supep, re7; T < 00 as well as

infier, ¢ > 0 and SUPyer, St < 0.
(ii) Moreover, for the grids of strike prices, with i = min {i > 2 : k(i) > k}, for k € [k(t,7), k(t, )],
we have

sup sup sup /T INT A (i) — vn (B)] B0, (31)
teERL TE€T: kelk(t,r),k(t,7)]

where wt»f(k))ke[k(m),%(t,r)},7672 is some ]-'t(O)-a,dapted process with

inf B Y +(k) >0, and sup Y- (k) < 00,
teRy, T€T:, kE[k(t,T),k(t,T)] teRy, T€TL, ke[k(t,7),k(t,7)]

and, for its derivative, we have SUDycp 7 kei(tr) E(tr)] Vi (k) < oo.

(i) Finally, we have k,/N — o = O(1/V/N).
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Assumption 3. For some d > 0, we have:

(i) For every € > 0, there exists 6 > 0, such that for S € S,

inf inf Z T
(Teokey k) €Q110—00]|2e U [|Z—5[ze T2

k(t,T) 1 )
X /k(m ) (k(k,7,2Z,0) — k(k,T,8,60))" dk > 5fa(]|S|]). (32)

(ii) For every 6 > 0, there exist € > 0, such that

inf inf  (k(k,7,Z,0) — k(k,7,8,00)* < 6f4(||S|) = ||S—Z| <e (33)
(7—757Et’kf)€QT€7—fv kG[E(t,T),k(t,T)]

Assumption 4. For S, Z € 8,0,0' € ®©, k, k' € R, and 7 < T, we have for somed > 0 and K > 0:

k(k,7,8,0)> < Kfa(llSI), |r(k,7,8,0) — s(K,7,8,0) < K fa(||S||)|k — K|, (34)
”i(k"ﬂ_?S?a) - ’%<k77_7570/)’2 < de(HSH)He - GIHﬂ (35)
|k (k, 7, S,0) — k(k, 7, Z,0)]> < K(1+||S||"+|1Z|))IS — Z]|. (36)

Assumption 5. For the error process, €, we have,
(i) E(erre| FO) =0,
(ii) € rr and ey s are independent conditional on FO) | whenever (t,k,7) # (¢, K/, 7'),

(iii) B (levir 1) = 617 where (&4 Dieipger fiemy,rem 18 Fi- -adapted with

sup qﬁgqlz , <oo for every finite ¢ > 0
teRy, TET, kelk(t,)k(t,7)]

In addition, the derivative of ¢y = <Z>£2k)T in its second argument satisfies

¢t,k,7’

0
sup ‘% < 00.
tER 1, TETs, ke[k(t,7),k(t,7)]
Assumption 6. The process Sy is stationary and ergodic with E||S;||? < oo for every finite ¢ > 0. In
addition, X = plimp_, % Zthl X exists for Xy being one of the matrices Ly, Quy, Lyr, and Q4

defined in Sections 3.2 and 8.6.

Assumption 7. The functions k(k,7,Z,0) and &1 (Z) are four times continuously differentiable in
their arguments. Moreover, there exist constants K > 0 and d > 0 such that for S € S, 0 € O, k € R,
and T < 7',

|G (k,7,8,0)|| + |G (k, 7, 8,0)|| + |G (k,7,8,0)|| < K fa(||S])), (37)
0

1G5k, 7.5,0)|| + 1G (k. 7. 8.0) || + || 5 Gk, 7, 8. 0)|| < K fa(|[S])). (38)

E1(S)| +[IC(S)]| + [|ICH(8)|| + ||CE(S)|| < K fa(||S]]), (39)

and the bounds in (37)-(38) continue to hold with G replaced by D.

31



Assumption 8. Denote the eigenvalues of Zgi + Pss with 0 < A1 < Ago... < A¢p. Then, we have
Aiq > K fq(||Se]]) for some K >0 and d > 0. In addition, Zg; and Ly, are positive definite for all t.

As in Section 3.2, we will use the shorthand notation €, gb] ¢, and ¢, for every pair (k;, ;).

8.2 Proof of Theorem 1

After removing the part of the objective function that does not depend on the parameter and state

vectors, we have

(S1,..,8,.6') = argmin (Ul)(z, 0)+£?(Z,0) + £<3>(z,o)) ,
ZeS8T, 6co

where £0)(Z,0) = ST £7(Z,,0) for i = 1,2,3, with

£(2,,0) = & SN (k(kj, 75, 51, 00) — K(kj, 75, Z1, )2,
LP(Z,0) = 2 SN eu(k(kj, 75, St,00) — Ky, 75, Z1,6)),
O(Z4,0) = N2V = Vi) (Vi — 4(Z0)) + (Vi — €1(Z0))2),
£l t
and we note that £§3)(Zt, 0) does not depend on 0. We start by introducing some sets, which we will

use throughout the proof. First, define

Ny

. 1 11
o) ={w: NtZ( €2, — 1) <§EZ¢“’ fort=1,..,T
Jj=1 J=1
We then have
" T | M 11 M
Dye 2
P((Q7)°) < t:1]P Nt;(ejt bit)| > N ;%,t )

for which, using Burkholder-Davis-Gundy inequality and our integrability assumptions for ¢;; in A5,

it follows that IP’((QEf1 ))C) — 0. Similarly, for

1 Ny N

2 1

0 = Jws |5 Dol - 43)| < Z% fort=1,...T ¢,
j=1

we have P((Qg))c) — 0. Next, define

=1,...,

QE,‘?’)(L) = {w :t sup ||St] < TL}.

Then, using the integrability assumptions for S; in A6, we have P((Qg? )(L))C) — 0, for every fixed
¢ > 0. Finally, we define

Qg)(5)={w:tslup /\f\V; Vt|<6}, §>0.
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Now, using part (b) of Lemma 8, we readily have IP’((QE,%) (0))¢) — 0, for every fixed 6 > 0.
Pick a constant ¢« € (0,1/10) and denote ¢ = SUDyeR ,  reTi, kelk(t,r) R(Er)] bt k,r- Then, from A3(ii),
there exist € > 0 such that if ||S; — Z|| > ¢, then

£(2.0) > (5\/ 2\ 10K swp ellsail) ).

where K is the constant showing in the second bound of A4 (for the first two lower bounds, note that
%5 and 9%2 are finite constants, and, for the last bound, recall that © is a compact set).

We will first show that on a set with probability approaching one, we have supt 1 T 1S;—8y|| < e.
Without further mentioning, in doing this, we will work on the set Qg} ' n Q ((6(]5/ )Y ?), whose
probability approaches one. Suppose that for some ¢t = 1, ..., T, we have ||S; — S| > €. Then, since by
the Cauchy-Schwartz inequality, E( S 0 < 2\//3 St, \/ ;th €5, and since £( )(Z 0) > L2 ,
this shows that

£M(8,,0)+ £2(8,,0) > 1 -8, 6).
Moreover, using the algebraic inequality 2|zy| < 2%+ 32 and the definition of the set ngl ) (6), we have
£§3)(St,é) > —%. Altogether, we get Egl)(S’t,é) + £§2)(S't, 0) + ﬁ( )(St, 0)>(1- 2L)£§1)(St,é).

Now, we will evaluate Egl)(S’t, é) + £§2)(St, é) + L’ig)(St, 9). First, using the second bound of A4,
we have

1£87(8,,0)] = [£V(S1, 0) — £87(S;,00)| < 2K sup ]| fa(l| Sl
S

and, as a result, taking into account the lower bound of E(l)(gt, é) we get E(l)(S’t, é) lﬁ(l)(S’t, é)

Next, we have £§2)(St, é) < Egl)(St, é) + N% Z;th €;; by the algebraic inequality stated above, and,
(1)

hence, using the definition of €2;./, the triangle inequality, and the lower bound of Eg )(S't, 0), we have

(G20 )

Since L’g?’)(St, ) = 0 and ¢ < 1/10, we have
LMN(S,0) + £7(S,0) + £ (5,.0) < £V(S1,0) + £ (5,.0) + £V (S,,6),

which is a contradiction since S; = S;(0) and S(0) = argmin,_gr £(Z,0). Therefore, with proba-

bility approaching one, we must have sup,_; 1 ||S; — S| < €. As a result, (S}, ..., 85, 8') is asymp-

totically equivalent to the solution of the optimization in which each Z, satisfies HS’t — Z;|| < e. For
specificity, we denote the latter with (S, ..., S, @) and show next that this solution is consistent.
We start by defining the set

Qg,?r)) () = {w : sup sup  sup
t:1,. 7T||St ZtH<€0€G)

()

/( d}t (k(k,T, Zy,0) — k(k, T, St,ao))Qdk' < 5},
TGT k tT T
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and, using A2 and A4, we have Riemann sum convergence and hence P(Qg,? )(3—1d) N (Qg,? )(5))0) — 0,
for every fixed § > 0.

We next split the set Z; : || Z;—S;|| < € into subsets S satisfying || Z;— Z}|| < ¢/T" for Z;, Z| € S..
The asymptotic order of the number of these sets, Ng,, is TP*. Similarly, we split @ (recall this set
is compact) into subsets © satisfying [|6 — 0'|| < ¢/T* for 8, 6’ € ©'. The asymptotic order of the

number of these sets, Ng, is T9. Then, using boundedness of qﬁ(l) the bounds in A4, as well as the

j?t ’
integrability assumption for S; in A6, we have with
QP @E) ={w: sup sup swp  1£7(2,,0) - £7)(Z],0)| < §
t=1,..,Ti=1,..,Ne, j=1,...,Ns, 0,0'cOi, thées%

that IP’(QEFZ) N (Qgﬁ)(d))c) — 0, for every fixed 6 > 0.
Next, for every set 8¢, we pick a point in it and denote this by Z;. Similarly, let ° denote an

arbitrary point that belongs to the set @%. With this notation, we introduce

Qg)(cS) ={qw: sup  sup sup |£§2)(th,0i)| <dp, 0>0.
t=1,..,T i=1,...,Ng j=1,...,Ns,

We then have

T Ne Ns,
P(@P0)) <SS Y r(1e (2,60 >5).
t=1 i=1 j=1

By applying the Burkholder-Davis-Gundy inequality, using the integrability assumptions for qbg? and

arbitrary k as well as for Sy (in A5 and A6), and the fact that every th has a distance of at most

from the true value of the state vector S, we have
P <]£§2)(Zg, 6')| > (5) < K/N¢, for some arbitrarily big & > 0,

where K depends on § and £. Then, taking into account the asymptotic orders of Ng and Ng,, we
therefore have IP’((Q(T7) (0))¢) — 0, for every fixed § > 0.

With the results above, we are ready to establish the consistency of (S’{, ey S”T, 0'). Fix some ¢ > 0
arbitrarily small. From A2 and A3(i), we know that on a set with probability approaching one, there
is a corresponding § > 0, such that

N7 k(t,T) 1
inf inf t/ k(k,7,2,0) — k(k,7,S,00))*dk > 5f4(]|S])).
(Todey F)€Q 10-00]|>C U 112-811=¢ = Ni Juer) 1/%,7(1?)( ( ) =l o) ISt

Let « € (0,1/4), then for some

1

) N oWy n o6 n oP6) n ol 6,

w € Qg) N Qgi)’)(
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if |0 —0g|| > ¢, we have L1)(Z,0)+ L3 (Z,0)+ L3 (Z,0) > T5(1 —41) > 0 by applying the triangle
inequality repeatedly over t = 1,...,T while L1)(S,8y) + L2 (S, 8¢) + L3 (S,0¢) = 0. This shows
that @ is consistent for 0.

Now, suppose for some ¢t = 1, ..., T, we have HS’t — S¢|| > ¢. Then, exactly as before, for

1
we?® no¥(=) n aPWe) n a6 n 96 n P,

37
where 1 € (0,1/4), we have £ (S, 0) + £12(S,,0) + £4(3)(S:, 8) > 6£4(||S¢||)(1 — 4¢). On the other
hand, given the consistency of 6 and the second bound in A4, on a set with probability approaching
one, we have £ (S;,8) + £17 (S, 0) + £V (5., 0) < 2L (5,,0) + & 2NV €2, < 1612118l (1 - 30).
This contradicts the definition of Sy, and, as a result, we must have ||S; — Sy|| < ¢ forany t =1, ..., T.
Hence, altogether, this establishes consistency of ( Ni, v S”T, o' ). O

8.3 Definitions and Proof of Theorem 2
Before proceeding to the proof of Theorem 2, we start with providing expressions for the bias terms.

8.3.1 Definitions

The six bias terms in Theorem 2 are explicitly defined as:

(1) L N 1S ()
_ . —1e.
1IN ;
B(Tl,)N,z TN Z N, Z U](,t,)o(IS,t +Ps t) Qs +Psy) (Ts + ’PS,t)ilGj,t,m

=1
Ny Ny
B, = -3 —3 1 NZ¢ Gl1o(Ts e+ Pss) Gy (Tss + Psi) o)
T,N,3 — 46,0 X t 0t £,t,0\=S,t St 4,6,0\= St St £,t,0
=1

kn N
+ 20V N2 (CtO(ISt+PSt) G (Zsi + Psa)” 1Ct,0)},
t

OCt(O) (st +Psy) ' Cro,

N2t

T
A ko _
Blyva= 7> ﬁRt 0CLo (Tt +Psa) ™ Qs + ¥sy) (Tsy + Psa) ' Cho,
t=1

T Nt
2 A k?n N — S —
B(T,)N,s = OTN ; ERQ,oCt,O X {Ntz ;1: Put (G'e,t,o(fs,t +Pst) IO (Tsa + Psi) 1Ge,t,0) ;
o kn

7 <C£,0(IS,t + Ps,t)‘lCt(,ﬁ) (Zs,+ 'Ps,t)_lct,o> }

H‘MZ
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8.3.2 Proof of Theorem 2

With probability approaching one for 8 in a sufficiently small neighborhood of 8y and given the proof
of Theorem 1, {SA’t(H)}t:LM,T solve the first order condition

1 )
M,(0) = Ntz; (Rt — 5 (ks 7. 51(6).0) ) o< gt (ks 7. 51(0).6)

kn O . A .

FAR* pg&(Su) (Vi —a(8i0)) =0, t=1...T. (40)
Henceforth, we use the shorthand convention #;(8) = #;(S¢(0),0). With this in hand, the first-order
condition for 0 is given by

T Ny k T

1 N 0 . n
; N, ; (Faj,t - /%j,t(e))) %Hj,t(g) + )\Nt

A first-order Taylor expansion around the true parameter vector yields I~JT’ N(é —6y) = A, where

%fl(s’t(é)) (th - fl(:ig(é))) = 0. (41)

Ny T

T
1 1 - N 0 . Crn Q
A= Z ~ D (Rt — #j(00)) %/‘ij,t (60) + A\ Z 1(54(80)) (V} —& (St(eo))> ,

and the ¢ x ¢ Hessian matrix is given by

T N,
- -1 I s 0%
Hyrn =7 ZNtZae 540 e/ 73.4(0) = Tzﬁ (“j’t_”j’t(a)) 000 "0)
t=1 j=1
T
kn 1 55 kn 1 0? A o .
+)\Nt ofl(st(e)) 80’61( 1(0)) — )‘Ntthlagaglf 1(8:(0)) (V;& —fl(st(e))>
H&%n—ﬁﬁ% +Hp, — H

for some 6 € (6, 0). Next, write the derivatives in the ¢ x 1 vector A as

PEACH,

9 80) = U;+(5:(60), 60) +< 20 —Rt,0> G;(5:(60),60). (42)

ajﬁj,t(

D61 (84(00)) = RL,C(S.(00) + (asgg,’“ - Rw) C(54(600)).

which are used to make the decomposition A = Ay + As + Az + Ay, where

T N
1 1 N
A1 = f Z 1 ]Zleth’ St(eg) 00 A2 = — Z Z HJJ St,eo '%j,t(OO)) Uj7t(St(00), 00),
fn 1
/ & Y40 Q
Az = /\ﬁt* ; (Rt,OC(St(GO))> <Vt - §1<St<90))) :
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N

Ay = 7{; ]\1ft 2 {Ej,t + (Hj (S, 00) — Kj (St(eo), 90)>} (85;;?0) - Rw) G;j (St(90)7 90)

T A !
+ )‘f\Z; ; <85(:;é?0) — Rt,O) C(St(go)) (‘A/;gn - f1(:§t(00))> .

To decompose A; even further, use a third-order Taylor expansion to write
U, 1(S1(00),80) = U o+ US) (81(00) = S1) + ~USS x {(8,(60) = S,) @ (8,(680) — S 1
5t (54(60), 600) = U0+ Uy (S:(60) = S1) + 5Uj5 0 X{( 1(60) = St) ® (5:(60) — t)} (43)

* é {a(?g U™ (S4(60), 90)} < {(81(80) = $) @ (51(60) — 1) © (S1(80) = S1) }

for some S;(0g) € (S¢(6o),Sy) and t = 1,...,T, utilizing that the function x(-) is four times continu-
ously differentiable in its arguments by A7. Hence, inserting (43) into A1,

VINA, =VTNA; +VTNA;;+VTNA;3 (44)
where the right-hand-side terms are defined as
T Nt Nt
1 N 1 N S) /&
A = N Z N, Z €,tUjt0, Arz = N Z N, Z tUj 0 (St(oo) - St)’
t=1 j=1 t=1 j=1
1 T N N (SS) A A
A= o ; o Zl U0 x { (S160) — S1) @ (Su(00) — 1) }
T Ny (55) (&
1 N ou, (5:(60),60) . . .
+oT ; N, £ { o5 {(8600) ~ 51) @ (S:(60) - 5) © (S(00) ~ 51} }.

J=1

Moreover, for As, we make an additional third-order Taylor expansion in the state vector,

Iij (St(eo), 00) = Iij (St, 00) + G;’,t,O (S't(O()) — St) + (S't(ao) — St),Ggi?O(St(OO) — St)/Q
0

+ (51000) - )/ {52,617 (5160.00) | { (81060 51 (31(00) - )} .

where, again, S;(6y) € (5:(6p), S;), and we use it together with (43) to make a similar decomposition,

VINA; = —VTNAy — VINAg — VTN Ay, (45)
with the right-hand-side terms defined as
T Ny
1 N A
Aot = 7 2o ;22 { Ghan(S100) =59} Ui
T Ny
1 N 4 S) 1 &
Agg = TN Z N, {G;,t,o (St(eo) - St)} Uj(,t,)O (St(eo) - St)
t=1 """ j=1
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L g N g S.(60) — 8) G\ (8,(60) — S)) LU
+ QTNZ;th:l {( 1(60) — 51) G (Si(60) — t)} 4,,0
T Ny
Ags = ﬁ ) ]]\Vf; > {Gi(51(00),00)' (81(80) — 81)  USS) x { (81(80) — S1) @ (81(80) — 1) }
t=1 7j=1
1 - N & - e oU ;™ (54(80),60)
+ W ; ﬁt P {Gj (St(eo), 90) (St(eo) — St)} X { BYY }
X {(S’t(eo) - St) & (St(eo) - St) & (St(eo) - St)}
T N & . , [0GV (S(60). 6 ) )
+ GTLN ; ﬁt 2 Uj,t70 (St(eo) — St) { (as/ 0 0) } {(St(ao) — St) & (St(ao) — St)}
+ o ET: Ny {(5:(00) — $0)/ G, (S1(60) — $1) } US4 (S1(00) - S1)
2TN pt Ny = Jt0 3,0
T N . P ) A )
- (ST% tzl ]]\Z 2 {(St(e(]) - Sy) {as/G§S)(5t(90)v Ho)} {(84(00) = 81) © (84(00) - St)}}
X Ug(,f,)o(gt(eo) — Sy),

where a corresponding first-order Taylor expansion,

Rj (S’t(ao), 00) = Ky (St, 90) + Gj (5’,5(90), 00)/(,§’t(00) - St),

have been applied for some terms in Asg.

For As, we apply a third-order Taylor expansion and the mean-value theorem to decompose

£1(5:(60)) = €1(S) + C(S) (S1(80) — St) + (S:(80) — 1) C ) (8,) (Se(8o) — 1) /2

+(S:(60) - St)’ {azlc(s)(gt(OO))} {(St(ao) — 5;) @ (S(60) - St)} /6,

as well as a second-order Taylor expansion of C (S’t(eo)),
C(S1(60)) = Cro + C1o) (Si(80) — S)

. {a?gfc(s) (S*t(eo))} {(5:(60) — 5)) @ (5:(60) - 8)} /2.

which leads to the following decomposition

VTNAs = VTN Az — VTN Ay + VTN Ass — VTN Asy, (46)

where the right-hand-side terms are defined as
Ak ALk
Agi= 553 R Cro (V= Vi), Aso= 22 >0 SR Cro (Cho(S4(00) - 51))
31 T;Nt 10Cto (Vi f 32 T2, t0Cro (Cto(Si(60) — St) ),
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Py
Agzz = T ERQ,oCt(‘g)(St(go) — St) (V}/ — €1(St))
t=1
Ak S
T > RLCry (5i(60) — St) (Ct o(S:(80) — St)>
t=1 "'t
A o kn )
57 2 wRiCio ((5:(60) —~ 5)CL (5:(60) ~ 51))
t=1

) zATif\Z (Rgvo{acw;(;t(eo)) } {(Svt(go)_st) (84(60) — st)}) (f/ g(st))
+2)\T§;f\g (R;() {adsg(;two)) } {(Srt(go) — S)) @ (84(60) — ) o(Se(60) — St)>

X
— |l
—~ -

1(80) — S,)'CLS) (S:(60) — st)) .

We note that the Taylor expansion of the gradient C(S’t(eo)) has not been inserted into the first term
in Asy involving dC%)(8,(6y))/8S’, since this will be shown below to be asymptotically negligible.

Now, we add Ao; and Ags and define the resulting sum as

T Ny
1 1 Ky )
As = A+ Ap =5 > {Nt > (Djio+ RigGjro) Gjro+ ANtRi,oCt,oCLo} (5:(60) — Si).
t=1 7j=1

With the above decompositions, we are ready to proceed with the proof, which is organized as a
sequence of lemmas. We first show the convergence in probability of the Hessian H N,T,n in Lemma 2.
Second, we have a CLT for A1+ A1 by an application of Lemma 7 in conjunction with the ergodicity
assumption for S; and the convergence in probability results in A6. Third, we show in Lemma 3 that
Ay — Agy + Agzs converges to the asymptotic bias (when appropriately scaled). In Lemmas 4-6, we
show the asymptotic negligibility of A1, Aas, As4, A4 and As. Finally, we apply Lemma 12 to show

the joint convergence of the parameter and state vectors. O
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In the lemmas below, we will make use of the following additional notation:

N¢

1 ky, .
Fn,= N, ; €;,tGjt0 + AECt,o (Vt Vt) t(]\)[n + F}(]\)/n,
1
Z5.(Z,0) ZG (2,0)G,(Z,6)' - (7js —#;(2.60)) G\ (2.8),
j=1
-~ _ kn / kn (S) Orn
Psi(2) =A5rC(2)C(2) -2 09(2) (- a(2)).,
1 Ny , 1 Ny 0
Ts04(2.0)=— Gi(2,0)D;j(2,0) — = (7. — x;(2,0)) G (Z.0)
Ni j=1 N j=1

With this notation, we use a first-order Taylor expansion to write
. . ~ . - -1
$1(00) = Si = (Z54(51(00),00) + Ps(Si(60)))  Fiwms  t=1,....T,

for some S't(Ho) € (St, St(Bo)), provided that the inverse above exists. Finally, we will also use the

following simplifying notation
Lsy=Lsi+ Psy, Z:S,t = iS,t(St(00)7 0o) + 75571:(5'15(90))- (47)
Lemma 2. Under the conditions of Theorem 2, we have
e P
|Enrn — T — Pl 5 0.

Proof. The probability limit for the Hessian is established by considering each term from the decom-

position ININ,Tm = H](\,I)Tn — INL(\?)TH + I:I](\?)Tn — I:I](\;l)T,n First, for INI](\})T, we have

860%&9 1(0) =U;(5,(8),0) + <agt6§,0) - Rt,()) G;(5:(6),0),

similarly to (42). Now, using A7, Theorem 1 and Lemma 9 (c), we have

_*Z ZUJtO 0—019(1)

Moreover, applying A2 and A7, it follows that

Ny

T
Z Z it0Uj 0 — TZIUt_OP(l)

j=1 t=1

and, from here, using the convergence in probability results of A6, we finally have

H =Tu + o,(1). (48)



Next, for ﬁﬁ)r_p > We make the decomposition,

(2) 1 T 1 N o 92 -
HN,T,n = f ; 715 ]; (K]j (St; 00) — /{j?t(a)> m/{j’t(e)
T Nt 2 _—
1 1 o LA 92
FT L 2 (W’W(e) ~ 90007 “ﬂvt(0°)>
T N, ——
1 1 92 0 p i
T > N, > €t 5pag it (00) = H o+ H o+ Hi s,
t=1 j=1

where %;B,%N(Oo) denotes the derivative %;e,/%j,t(eo) in which S’t(GO) is replaced with S;. This term
contains a second-order derivative of S(0), which can be evaluated using implicit function differentia-

tion. Then, using A7 and Lemmas 9 (a) and (c), we have

0? ~ 0?

0?2 . .
a000""'%) ~ age """

0006’ %)

R.t(00)|| < K fa(llSt]]), < Kije N falllSel]),

where the nonnegative process 7 n,, satisfies sup,_; 7% ~nn = 0p(1). From here, using A6 and A7
as well as the uniform consistency sup,_; _r 1S:(8) — Si|| = 0,(1) and ||6 — 6o|| = 0,(1), we get
Hﬂj(\?)Tan = 0p(1). Similarly, using the second bound above and since 7 S N% Z;V:tl leje| fa(||St])
is Op(1) (by applying A5 and A6), we have HIN{](\?)TnQH = 0p(1). Finally, for the third term, INL(\%)T%?’,
we may use part (a) of Lemma 8 and readily conclude that ||I:I](\?7)Tn3|\ = o0p(1).

Next, for INJJ(\?)TW we write

ifl (5:(0)) = R} ,C(St) + R, o(C(Si(0)) — C(S))) + <8§;(/0) - Rt,0> C(5:(0)).

00
Then, using arguments similar to those for the term I~{](\})Tn, we have
. 1 Z 1 X
(3
HN,T,n T ;,PM = Op(l)» T ;’Pe,t =Po+ Op(1)7

and, as a result, INI](\?)TR =Py + op(1).

For the last term, I:I](\?‘)Tn, make the decomposition,

Al il P s6) (e
NI = AN T 2 Seag o1 (5 ))( ST t))
T
fn = O g con) = 5O . gW
AR T 2 aaw (51(0) (6:(8) ~6(510)) = HY + Hyr

We then use A7, the uniform consistency sup;_; _r 15:(0) — Sy|| = 0p(1) and [|@ — Gp|| = 0,(1) as
well as part (b) of Lemma 8, to conclude ||I~{J(\Z,1)Tn1]| = 0p(1) and HINJJ(\?)TRQH = op(1). O
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Lemma 3. Under the conditions of Theorem 2, we have
VTN HA12 — Agp + Azz — (IU + ’PG)BT,NH i 0.

Proof. First, recall that

2

(Zv +Po)Brn = Z (352)1\71 - B’EIZ,)NQ - B’EIZ)N3> -
=1

Then, using a first-order Taylor expansion, we may write
Ap = % XT: ]]\\72 % ej,tU](i)glcg’%F‘t,N,n
t=1 """t j=1
ﬁ tzT; jj\\;t -]th:lejiU](’f’% <ﬁ;1 — ﬁgi) Fynn = A1 + A,
— j=
From part (a) of Lemma 9, ||Z:§1 — £§1|| < K1 Ny % fa(||St||) where the nonnegative process 7 n.p,

satisfies sup;_; 77 nn = 0p(1). Therefore, for the second term in the decomposition, using the

triangle inequality as well as Lemma 9 (a) and Lemma 10, we have

\/ HA122||<\/77N sup |77th|2 \/72 jt tO XH\/>Fth de(HStH)

For the first term, Aq91, we write
T Nt T t
1 N (8) o1 1 N 2 (5) p—1
Ao = N Z N2 Z ‘bjatUj,t,o['S,thvt,U + N tzl NZ j;(e]"t — ¢j,t)Uj’t’O[,S7th,t,0

Z Z 5]t€€tth0£5tG€t0

NE a#
T TN Z N, ; ¢ ZE”’ oo X {£5iCuo (7 - &a(80) |
= B%)NJ + Ao + Ai212 + Ar213.

Now, since Uj(t)07 Zs:, Psand Gy are all adapted to .7-"75(0)7 and since the noise satisfies the regularity
conditions in A5, we have Eg(A1211) = 0 and Eg(A1212) = 0. Moreover, using again A5 and A6 as

well as successive conditioning, we can write

1 <~ /N\2 1 & ) i ) o1 '
Vo (V TNA1211> = ﬁz <Nt> Nz ZEO ( — b51) ) ( jtﬂcStGJ7t70) (Uj,t,OL:S,th,t70)
j=1

t=1
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K T
7]\/' Z <Nt> N2 Z ¢(4) + QS] t) < ](t)O[’S Gj,lf,O) (U](t)OES Gj,t,O) — Op (NfQ) 7

where the last equality follows from the assumed integrability properties of the (F (0)—conditional)

moments of the observation error and the state vector. Similar arguments provide

T N2 Ny
Vo (V TNA1212> = %Z (Nt> ]\173 > Eo(€eiy) <Ug(t)0£ Geto) (U](i)()[:g;Gf,t,O)/

JA=1;j#L
2
(S) —1 ,7 —1
TN Z <N) N? Z Pjt L (UJtOL vatv(’) (Uj,t,OES,th,w) =0, (N71).
K b je=1; j#¢
These conditional moment results imply the following stochastic bounds, ||Aj211] = Op(N~1) and

IlA1212]| = Op(N_l/Q). For A1s13, we can use successive conditioning and A5 for the noise to get

N & 1 ¢ (S) i
S
Vo (VTN Arziz) < KEq T;:l N, 2G| %

j=1

kn 2

SL51Cho (V- &i(S)

Now, we apply Lemma 10 with 71 = 0, ro = 2, r3 = 2 (taking into account that k2A,, — 0) and A6
and A7, to get Vo(VTNAi213) = Op(1/N) and hence VT N||Ai213] — 0. Altogether,

VTN | A1 = B || 5 0.

Turning to the second main term, Ass, we define the two terms in its definition as Age; and Asgs (i.e.,

we have Aoy = Agoy + Ag22), and we further decompose Ao using addition and subtraction as

T

1 1
A221—7 Ntz ]tO{ St (st +Psy) Lg }Gj,t,o
N
.
A~ / — —
+ i D N, > U { (S:(60) — St) (5:(60) = St)' — Lig; (s + Ps,) ﬁsﬁ} G0

We have ||(TN)'/2 Aga11|| = 0,(1/T/N) by making use of the integrability assumptions for the state
vector in A6 and A7, and then applying Lemma 11. For Agso, apply a first-order Taylor expansion as

well as further addition and subtraction to make the decomposition,
1 &N (S)
1
Ago = TN ; ﬁt Z {Fth Sth + D‘C’Stﬂ Nn} Ujio

T
N
Zﬁ

~—1 - S)
{ t/,N,n (ES,t - Esé) G‘(j,t?OLS,Ilth»Nn} Uj,i0

||M2
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2TN Z N i {Ft NaLsiGYY, (gSt [,St) F, Nn} Ui

= Ago1 + A2 + Agoo3,

whose second term, Agz99, may be bounded by the triangle inequality and Lemma 9 (a) as

VTN || Aggas <\/t sup |Uth|ZH\/>Fth

fa(1S:1) ZH oLzt % 1ol

Then, using part (a) of Lemma 9 and Lemma 10, we have VTN || Aga22|| 5 0, and similar arguments
may be used to show VTN || Agzsl| oo Returning to the first term in the decomposition of Aggo,

that is, to Ag91, we make a further decomposition of its term inside the braces,

(£5iFn) G2 (L5 Fivn) = 2 th (£53Ges0) Gy (£51Gueo)

k

TV (£5iCu0) Gﬁ?ﬂ (£5iCe0)

NQZ i~ 001) (£53Gesn) G (£51Guio)

t /=1
1 ! A(S)
1 -1
Nz D Cuicor (ﬁs,tGé,t,O) Giio <£‘S,tG97t70)
to0,g=1;0#g

oo 0ot (i) i e

2 (77— a(s) S e (e5Gran) 657 (£51010)

= 12122211 + 12122212 + 12122213 + ;122214 + ;122215 + A222167

where, for brevity, we have dropped the dependence on ¢ and j from the notation used for the six
terms on the right-hand-side. By definition, we have

N
2TN Z ]]\\72 Z {A22211 + A22212} UJ:t70 = Bg})ng

Moreover, note that the corresponding terms for 2122213, 1422214, and /122216 exactly mirror the structure
of the terms Ai211, A1212, and Aj213, respectively. Hence, by applying arguments that are similar to

the analyses of those terms, we get

TN N i i P
Z N Z {A22213 + Aoooia + A22216} Ujio| — 0.
-1 -1
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For the term 12122215, we use the integrability assumptions in A6 and A7 in conjunction with Lemma 11

to show

1 ) N Ne o P
— A U; — 0.
ST ; N, ; 22215U5,¢.0
Combining all the results for the terms in the decomposition of Ass, we have
VTN || Az - B, - B 5o

For the last main term, Asz, we write

T
A ky, A
Ass T; ERioCtg)(St(OO) Sy) (Vt - fl(St))
T
A<k . .
~ 7 2 3 RiaCL (84(60) = 81) (Clo($1(00) — 50))
=1
T
A Kk . )
T or ; MR;,OCLO ((St(go) - St),Ct(,g) (S:(60) — St)> = Aszi — Asgo — Asss.

Then, as the analyses of Ass1, Asss, and Asss exactly mirror those for the terms Ao, Aso1, and Agos,

respectively, we have by similar arguments,

VTN || A~ BEy || 50, VIN A~ B, 50, VIN g - BE | 50,
concluding the proof. O
Lemma 4. Under the conditions of Theorem 2, we have

VIN (| Ass]| + 1| Azs]| + | Asal)) = 0.

Proof. First, decompose Ai3 as

At = 2TN Z N < Zejt ﬁg % { S:(89) — St) ® (S:(60) — St)}

T 95)(5,(64), 6 . ) )
6TN Z Zem { (a S/( 0),60) } {(st(eo) — S)) @ (8:(80) — S) @ (84(60) — St)}
= A3 + A132-

Now, for the first these terms, Aj31, we invoke Lemma 10 with 1 = 2, 79 = 1, r3 = 0 (noting that
knA, — 0), to establish the bound ||Ay31|] = O,(N~3/?).

Next, using the triangle inequality and addition and subtraction, A132 may be bounded as

VN ad 8Ut0) S 3
VTN [[Aws| < WT; Z €t g || X H(St(Go) - St)”
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U (8:(60).60) oUY

\/NT 1 Ny 8 p ’ " R 3
T e () |« s s

= Aq321 + Ai320.

As above, we use Lemma 10 with ry = 3, ro = 1, r3 = 0 to establish the bound A301 = Op(\/T(kg/QAn\/
1)/N3/2). For A3z, we work on a set on which sup,_; 1 [|5:(69) — Sy|| < € for some € > 0. This

-----

set has probability approaching one since sup;_; 15:(00) — S| 50 and, as a result, focusing on

it is no restriction. Using A7, we have on this set

SS) 1 & SS
U, (8,(60),00)  OUTY

oS’ o8’ Sde(HStH)HSt(eO)_StH-

Hence, we may bound Ajzze by Ksup,—;  p 118:(80) — S¢|| x (Ai3201 + A13922), where

ﬂ

Aqzo01 = \Fi Z (l)fd(HStH) X H(St(ao) - St)H37
=1 \ "'t j=1

Nt

T
A1z = Tz:: Z €.l — Jt ) £a(lISe)| x H(gt(e()) —5)

ﬂ

i

Now, for Aq3001, we use Lemma 10 with 1 = 3, ro = r3 = 0, to show Aj301 = Op(\/T(kZ/2An\/ 1)/N).
For the second term Aj3292, we can apply an analogous result to the one in Lemma 10 in which €;; is
replaced by |ej¢| — ]t), with 71 =3, 790 =1, 73 = 0 to get Aq13009 = Op(\/T(kZ/2An Vv 1)/N3/2). This
plus the fact that sup,_;  p 15:(60) — S| 5 0 as well as vT,Y*A, — 0 and kn/N = O(1), implies
Ai329 = 0p(1). Thus, altogether, VTN || A13z|| = 0,(1) and hence also VTN || A13]| = 0,(1).

Similar arguments are used to derive the bounds VT N||Ags|| = O,(VT(kIA, v 1)/N3/2) and
VTN||Asy|| = Op(\f(k‘{)mA V1)/N), and, since VTEY?A, — 0 and kn/N = O(1), we may combine
results to show VT N||Ags|| + VT N||Az4|| = 0,(1). This concludes the proof. O

Lemma 5. Under the conditions of Theorem 2, we have

VTN| A4l 5 0.
Proof. First, define
T Ny /
85} A
Z Z ( 89’ Rt,()) G (St(eo)’eo)
Nt

(HJ S, 80) — -(St(eo),eo)) (8552‘,90) —Rm) G, (S:(60), 60)

S|

T
YN
t

t=1 j=1
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For A41, we apply a second-order Taylor expansion,

G, (St(GO)a 60) = G0+ Ggi)o (5:(60) — St)

.\ 0G'\”) (5,(80),60)
as'

} {(S*t(oo) — St) ® (S1(60) — St)} , (49)

where S;(00) € (S¢(80), S¢), and make the decomposition,
T Ny A !
. 1 1 08:(6o)
Ap = 7 Z N z_: €jt ( 50 Rio) Gjio

T Ny N !
1 1 08,(6 @
3 e (P - ) @l (s - s)

t=1""" j=1
Tem 1 o5 (08,0 " [0G')(8,(60),6 .
+ T;M;ej,t ( aé/O) - Rm) { j (85/ 0) 60) } {(s (B0) — St) © (Se(8o) — St)}

Then, for Ag1, we use the triangle inequality as well as part (c¢) of Lemma 9 to bound

\/TNHA H<K sup |7 |><\/N2T:f(||5|) lgt:ec;“) XHS'(O)—S
4110 = t:l,.I.).T Mt,n ﬁt:1 d\[|=t N, P 3tS540 t\vo t

where 7, is the variable in Lemma 9, for which we have sup,_y 1 [fn| = 0p(1). Now, we apply
Lemma 10 with 71 = 79 = 1, r3 = 0 and conclude vT' N HA411H = op(\/T/\/]V). For A4z, we may

restrict attention to the set on which sup,_; 7 [|S:(6g) — St|| < € for some € > 0. The probability of

.....

this set is approaching one and, hence, this is no restriction. On this set, using A7, we have

< K fa(llSeIDIISe(80) — Sil].

OGS (51(00),00) OGSV (S1,60)
08’ 08’

By applying this bound as well as part (c) of Lemma 9 and Lemma 10 with 1 = 2, ro = 1, r3 =
0, we readily get VTN HA412H = 0,(VT/N). Moreover, by collecting the above results, we have

VTN| Ay — Ay 5 0. The corresponding results
VTN||Asz — Aga|| + VTN||Ags — Ags| + VTN Asg — Au|| = 0,(VT/VN),
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where Ay, A3, and Ay are defined as

. /
0S5,(0
A= 33 (Gl - 0) (P < o) 6o
A ky [ 0S.(0
Ay = TZ N ( 5é,0) — Rt,O) Cio ( - fl(St))

T ~ /
ANk [ 98:(60) A
Au=7g Zt N, ( 50/0 - Rt’0> Cro ((St(e()) -5 t)/C“O) ’

respectively, are shown in exactly the same way. Hence, the proof will be concluded by establishing
that

\/ﬁ(Au + Agp + Az + A44) = Op(l)-

Defining G = 85}(00) /00" — R; o and using a first-order Taylor expansion, we decompose

ko . e
Apn+Ap+Ap+ Ay = Z { Z €jtGjto+ )\ﬁtCt,O (Vt - 51(575))
-1

1 k., .
_ (]Vt Z Gj,t,OG;'7t70 + )\MC’t,OCAO) (St(eo) — St)}
j=1

T
1 Al -~ kn A
== ; gt{ <£S,t N ZGNOGJ o~ AMCt,chj()) (S:(80) — S¢) }

Moreover, using the definition of ﬁgﬂg, we make the decomposition,

Ny
o 1 . )
Lsi—~ Z GjtoGio— )\ﬁtct,oct',o N > (Gj(St(OO)a 00)G;(S:(60),860)" — Gj,t,oG},t,o>
bi=1 j=1
Ak (C(8:60)C(81(80))' = CioClo) - AEn o) (5,(60) (V7" &(Si(60)))
N, (6o (6o t0C0 N, (6o ¢ 1(S¢(6o

Ny
1 s s . . s 5
N, Z (’%j,t — k;(S(00), 90)) Gﬁs) (S4(00),600) = Lst1+ Lst2+ Lsi3+ Ly
=1

Starting with 21577571, we apply a first-order Taylor expansion and write

Ny
Zs,t,l—NiZGm(st(eo) S:) G, 9)(8,(60), 80) +—ZG (S:(60),60) (S:(60) — 1) G410
j=1 7j=1
N¢
+NLZG )(8:(80),00) (S1(60) — S) (S:(60) — S:)' G (S48, 60)
t i3

for some S;(8g) € (S:(6y), S;). From here, we may apply exactly the same steps as for the analysis
of A1 and conclude that VT N H% Zthl Q;ﬁgm (S’t(Oo) — St) H = op(ﬁ/\/ﬁ). Similar arguments
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provide

T
1 At~ ~ ~
VTN Tth(ﬁm +Lss+ Lsia)(Si(00) — Si)| = 0,(VT/VN).
Hence, altogether, we have VT'N ||Aq1 + Az + A4z + Aysl| = 0p(1), concluding the proof. O

Lemma 6. Under the conditions of Theorem 2, we have
VTN|As|| & o.

Proof. We start by decomposing As as

t

N,
1 N
f Z Z j,t,OGg‘,t,o - I/S,a,t (St(eo) - St)

t=1

Nt
1 1 -
+ 72 Rio {]Vt > GiroGiro — Tsa ¢ (S:(60) — 1)
=1 j=1

T
T
T

A kn o , . s -
1 5
T Z (Tsp4 + Rio(Zst +Psi)) (Se(60) — Sp) = Asi + Asp + Az + Asa.

t=1

Then, by the definition of R, we have A5y = 0. Next, define

9 . )
oz L5\ Z.0)+ 57

hinn(Z,0) = Psi(2),

and use a second-order Taylor expansion for the equation that solves St(GO) to write
_ . 1 - . .
Finn+ Ls:(Si(00) — St) + iht,N,n(St(OO)a 00)(S:(0g) — S) ® (S¢(6p) — S¢) =0
where, as before, 5}(00) is an intermediate value between S’t(Bo) and S;, and

Nt
— 1 k kn -
Lse = Z Git0Glo — Z €, tG( t)o Ay Ct 0Cio )‘ﬁtct(,ﬁ)(‘/} —- V).

] 1

With this notation, we split S't(Ho) -8, = At(l) + S't(Q) + S't(?’), where S’él) = £§7}5F},N7n,
§® _ pl_ gl 53) 11 ~ . .
0= (Ls = Lg)Fnn, 57 = 5Ls1hinn(St(60),00)(S:(60) — Si) @ (Se(60) — St).

By applying this decomposition, we write As; = 23:1 Asy;. Furthermore, using A2 and A7, we have

1 1 Fa(lS¢))
~—> D;10G, 0~ T =3 Gj10G 0~ Thsy|| < K RENIG
N, ~ 756,08 5.¢.0 S.0.t + N, ~ 7,6,085.¢.0 Sitl| = AM,Nn \/N



Hence, by taking the above into account, applying part (b) of Lemma 9 and Lemma 10, we readily
establish that ||Asi2 + As13]] = 0p(1/N). We now turn to Asiy, for which, using A5, part (c) of
Lemma 8, and for n sufficiently high (so that k,/n < 1), we have

IEFLNalFO < Koo (AZ7V kA, )

where K, has finite absolute moments and is adapted to .7-}(0). From here, we have

1 1 _
T A Z DjﬂfaOG;',t,O - Ii?,e,t ﬁséE(Ft,N,n

1 —r)w
ft(O)) = OP (\/N (Av(mz ) v knAn)> )

and, in addition, using Lemma 10 on a set with probability approaching one (that is, on the set in
which we have sup,_; 77 nn < 1), it follows that

2

1 T 1 Al K
_ 0
T > N, > D;10Gjio—Tsos ¢ Lsi(Frnn ~E(FnalF7) | < TNT
t=1 =1

Finally, taking into account that ﬁ(knAn\/Ag_r)w) — 0, we, thus, get VT N||As1|| = 0p(1). Similar
arguments provide VI'N||Asz|| + VI N||As3|| = 0,(1), concluding the proof. O

8.4 Proof of Theorem 3

First, by using Theorem 1 and applying a first-order Taylor expansion, we have
05,(6)
00’
and, from here, by invoking Lemma 9 (c) in conjunction with @ — 8y = O,(1/v/TN) and the fact that

IS¢ — S(60)]| < || || % 116 — 6],

the function g has a bounded derivative, we additionally have
1 & £ oA A A
77 2-(9(8t: 5im1) = 9(S1(60), Si-1(80)) = Op(1/ V).
=2

Next, by using the first-order Taylor expansion for S}(eo) — S;, we may decompose decompose the

sum —= 371 (9(S4(60), S-1(80)) — 9(St, Si-1)) into G + G, where

T T
1 - = _ 1 5 & _
G, = s ;gﬂ(st, St—l)ﬁgéFt,N,n + JT ;gé(sm St—l)ﬁsé_lFt—l,N,m
with ¢} and g5 being the derivative of g with respect to the first and second argument, respectively.
Moreover, G is defined as the difference ﬁ Ethl(g(S’t(Bo), S;_1(680)) — g(Si, Si—1)) — Gy. For Gy,

using successive conditioning and the boundedness of gi and ¢, we have
E||G4|]> < K/N.
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For G, we use Lemma 9 (a), the fact that E||F; v || < K/V'N as well as the boundedness of the first

derivative ¢, to show
E||Gs|| < K\/T/N x op(1)

Finally, by combining the results above, we get the claim in (23). O

8.5 Definitions and Proofs for Section 4

To develop and establish the feasible central limit theory in Section 4, this section first introduces the

necessary notation to establish both Lemma 1 and Theorem 4 before proceeding to the proofs.

8.5.1 Definitions

First, in analogy with Zy; and Zg g, defined in the main text, write
Ry = - Z / ) wt 9 G (k.7 51.00) Dy (k7. S1.00)' d,
k(t,T

Q= - Z / | wt 0D (7. S0.00) Dy (k.7 51, 60)
k(t,T T
and define the T'p x ¢ vector Ry = (R1,, R2p,..., Rr) as well as

I_ I I P P11 Orpxg Q- Qi1 Q2 o — Wi Orpxg

Ty Iy Ogx7p  Ogxq Qo1 Qo Oyx7p  Ogxq
where Loy = Iy = 71 Zthl Igm Qoo =Ny = 71 Z;F:I Qg7t,

In = diag (ISJ,ISQ, PN ,I&T) s QH = diag (9571, 9572, e ,Q&T) s

P11 = diag (Ps, Pse2,---,Psr), Wi =diag(¥s1,¥so2,...,¥s7),

Tio=Th = (Tsp1,Lsp2: - Lsor) VT, Q2= = (Qsp1,Dsp2,...,Qor) /VT.
This simplified notation is used to prove Lemma 1.

Next, for the feasible central limit theory, we first denote N = %Zthl Ny, 0 = kn/N, as well as
& = N;/N. With this notation, write V, = 51(.§t), C, = C(St), and CA’t(S) = C(S)(S’t). We then define
Poi =2 Gl and g, — 222026,
Gt St
Similarly, we denote the gradient vector estimators by IA)]-’t = D(kj,7;, S, é), ij’t = G(kj, 15, S, é),
G’g? = G(S)(kj, Tjs S, é), and ljj(”? = D(S)(k:j, T}, S, é), as well as the Hessian-type estimators

Nt Nt
. 1 " on 1 } . 2 . .
1'57,5 = 7]\7 E GjﬂgG;-’t, Iggt = — E Gj tD QSt = ? N E (Hjﬂg — Hj (St, 9)) Gj,tG;',h
t 4Vt
J=1

o1



which, in turn, are used to define
A - N P 3 A A A 2(S) _ A, prAS
R, = —(Lsy+Psy) 'Tsow, Uj=Dy+RG, UY =DY L RGY,

together with 7597,5 = 1%;755,th, ‘i’g,t = Ré‘i’s’th,

. 1y . 1 Qe o N2
Ty =5 2 Uislj and Qo= 3 (i = #5(51,0) ) U305,
j=1 j=1

The asymptotic covariance matrix terms are, then, estimated as

T
xX=7" Z-jft for Ay = {IU,t7P9,t; QU,h‘I’(),t}
t=1

and, similarly, the asymptotic bias terms as

p— 2 . R . R .
BT,N = (fU + 759> ' X Z <B¥)N1 — B%QQ — Bgfy)N’?)) ,  Where

j=1
T oo o N
Bits = 7y 2o, g (e 800))” (057 (B Poc) ).
B0 _ L LShp0 (50 m ) (G o To+Psi) G
T . N
B(Tl)N:a = 2;;1%1 Jjix
]\_/Nt~ N2 ) 1) (4 ) -1 .
{]\ff;<m’t_m(5t’0)) (Gé,t (Is,t+’Ps,t> G (IS,H-’PS,t) Ge,t>

nokn N [ A, [ . -1 . R . -1 .
SR AC (cg (Zsi+Pse) G (Zsi+Psy) Ct> }

T —
(2 1 kN o gy /s R
B(T,)N,l TN E 222V N? RtCt(S) (IS,t +'Ps,t) C,
- i
- (2) A T k



Finally, let us define

N

. 1 ~ a2 A
Qsvs= = > (Rie—15(81.0)) G101,
GVt =
such that the covariance matrix for the state vector at time ¢t = 1,...,T, may be estimated as

m,st = mﬁgt,l + AV/A\RstQ + mst’g + msﬂ, where
AVARs, 1 = (Zse+ Pss) Qs+ Toi)(Tse + Pse) ',
mstg = Rt’o(f[] + 759>_1(QU + \i’g)(:AZU + 759)_11%270/71,

AVARg, 3= (Zss +Psy) (Qsue + ¥sRio) (IU + 7’9) R /T,

_— ~ ~ ~ -1 . ~ ~ ~ ~
AVARs,1 = Ryo (Tv+Po)  (Qsp+ Bio¥s0)(Eso+Psi) /T,

8.5.2 Proof of Lemma 1

First, define £ = Z + P. Then, by the joint stable central limit theory in (Andersen et al., 2015a,
Theorems 2 and 6), the vector ((S; — 81, (81 — Sa),...,(Sr — S7), (6 — 0)) converges stably in

law to a mean zero mixed Gaussian distribution with (random) asymptotic covariance matrix
AVAR =L 1 (Q+®) L7,

when appropriately scaled by v N for the factor realizations and by v NT for the parameter vector.

Next, by rules for the inverse of partitioned matrices, we can show that

Lol 4+ L Lo (Lon — Ly L7 La0) Ly L —L7 Cro (L2 — L5 L7 L12) "

£l =
—(La2 — £/21£1—11£12)71 Lo L7} (La2 — 5/2151_1{512)71

since Loy — Eglﬁﬁlﬁlg is non-singular by A6 and A8. By definition, —Lilﬁlg = RO/\/T. Further-

more, we may write

T T
1 1
-1 —1 _
£22 - Aclglﬁll £12 = T ;IH,LL — I{S’,e,t (IS,t —+ PS,t) IS,G,t = T ;IU,t + ,P97t = IU + PO,

using simple algebra for the second equality. This implies

L+ Ry (Zy +Py) ' R)/T Ry (Zy+Py) ' /VT
(Zv +Po)”' Ry/VT (Zv +Po)”

£t =

Next, let us compute the g x g partial asymptotic covariance matrix for vT'N (é —6), which we denote
by AVARy. Using matrix multiplication and simple algebra,

AVARy = (Zy +Po) 'Ry (Q1 + 1) Ry (Zy +Py) /T + (Zu +Po) ' R)Quo (Zy +Po) ' /VT
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+(Zu +Po) " QuRo (Zy +Po) ' VT + (Zu +Po) " Q2 (Tu + Po)
= (Zv +Po)” " (Qu + Tp) (Zy +Po) .
Similarly, for the partial asymptotic covariance matrix of vVN((S1 — S1), (81— S2), ..., (St —S7)),
denoted by AVARg, it follows that
AVAR; = (L3 + Ro(Tu +Po) ™ Ry/T) (@1 + ¥11) (L1 + Ro (T + Po) ' By/T)
+ Ry (Zu +Py) " Q1 (L5 + Ro(Tu + Py) " By/T) /VT
+ (L5l + Bo (Tu +Po) ™ Ry/T) s (Tu + Po) ™ Ry/VT
+ Ry (Zu +Po)~" Qo2 (Zv +Po)~ Ry/T
= £ (@ + %) £7) + £ (@0 R0+ @02V + 91 Ro) (Tu + Pg) ' Ry/T

+ Ro (T +Po) " (R + VT + RgWy ) £}/T + Ry x AVARy x Ry/T,
implying that we may write the asymptotic covariance matrix for v/ N (S’t -8y, t=1,...,T, as
AVARg, = AVARg, 1 + AVARg, » + AVARg, 3 + AVARg, 4,

where AVARg, ;, for j = 1,2,3,4, are defined in the lemma. Since L£1; is block-diagonal, this readily
provides the representation of AVARg, where ACOV g is defined from the off-diagonal block elements
of matrix Ry x AVARy x R{)/T, concluding the proof. O

8.5.3 Proof of Theorem 4

Let us first consider the fixed T case for é, that is, the case when v = 0. Here, we may readily invoke
Lemma 1 and (Andersen et al., 2015a, Theorem 3 and 6) to show XL xforx= {Zy, Py, Qu, ¥y}
as N — co. Next, for the bias correction, we need to show that VTN BT,N = 0p(1). However, since
asymptotic negligibility of the various components of the bias correction term follows analogously, we

will only show that VTN ngl )N,l = 0p(1). For the latter, it suffices to prove

N 1
]\1]15 Z <€j,t + (Hj (St, 90) — Ky (St, é)>>2 (Ijj(:j) (.’25715 + 7557t) ' Gjﬂg) = Op(l) (50)
j=1

From (Andersen et al., 2015a, Theorem 1) we have ||S; — S| 5 0,Vt=1,...,T, and |6 — 6| 5o.
Therefore, we may work on a set where ||S; — Sy < €1 and ||6; — 6|| < €2, for some arbitrarily small
€1, €2 > 0, which has probability approaching one. On this set, we have
o a2 . . 2 .
55(S.00) = (51, 0)| < KfallSiD IS = Sell, |05 U\ < Kga IS 18e = Sl (51)

j?t
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and, similarly, |Gy, — Gjl|> < Kfa(|Se])||S; — Si| using A4 and A7. When we combine these
inequalities with A5, A6, and A8, the consistency results for lAfS,t and 755715 in (Andersen et al., 2015a,
Theorem 3 and 6), as well as the Cauchy-Schwarz inequality, this establishes (50), and the desired
result VT NE BT N1 = 0p(1) follows by T/N — 0. Since the remaining bias correction terms are o,(1)
by similar arguments, the fixed T" result follows by the stable central limit theorem in Lemma 1.

Next, for the large T' case, that is, when v > 0, we will show that
Y 1 (1)
TN (B’EF,)N,l - BT,N,l) = op(1),

since consistency of the asymptotic covariance estimators, i'U, 759, Qg, and Wy as well as of the

remaining bias correction terms follow analogously. We make the following decomposition,

fp——— 1 (1) (1 (1
TN <B£.F,§v1 BTNl) = Bg“,)N,ll "‘B(Ty)]v,lw where

= N
_ 1 N AN 2
Bgl},)N,ll = \/TTVZVEZ <¢Jt (’ia, (S 0)) ) (Uy(f)oc 1Gj7t,0>
t=1 7j=1
[z 1 NS S 6 2 ((7(S) ple (8) p—1
TN12 T s Z NZ 4 (’fj,t — (8, )) (Uj7t,0‘C’S,th,t,0 - Uj7t,()£57th,t,0) ;

with ﬁg,t =7 s+ 7557,5. First, by applying the condition A2 and the continuous mapping theorem,
we readily have sup;cp |IN/N;y — 1/ 5o. Next, we expand

030 (R0 = 13(8.0))" = (030 = ) — (w3(S.0) — 5(5.6) )+ 2650 (w;(5.6) ~ ;(5.9)) . (52)

and decompose ngl )N 1= E?:l B(Tl )N 11;» corresponding to the contribution from the three right-hand-

side terms above. Since B(Tl,)N,nl is identical to Aj211 in the proof of Lemma 3, HB(T{)NJH | <Op(NTY)
follows by the same arguments. Moreover, and similarly to the fixed T' case, since sup;—; _p HS’t —
Sl 5 0and 6, 5 6, by Theorem 1, we may readily work on a set where ||S; — Si|| < e and
16, — Bo]| < €2, for some arbitrarily small and positive €; and ey, which has probability approaching

one. Hence, by applying A4, A6, and A7, we have

[l = svw 18- S5 150 25 S [015h516 0] = o (cr02).
=L t=1 j=1

Moreover, by combining these two bounds with the Cauchy-Schwarz inequality, HB(Tl )N sl = op(1).
As a result, we have ||B¥)]V 111 = op(1). For the second main term, B(Tl)N 12> We may write

75 £5,G %) o (S Sy 12 i
U](,t,)oﬁs,th,t,O - U](,t,)oﬁs}th,t,o = (U](,t,)o - U](,t7)())£5,th,t,0 + U(t)O(E’St £51)G;00
+ U}f’)ocgj (éj,t,o - Gj,t,o)
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by addition and subtraction. Moreover, since we work on a set where || Sy — S¢|| < €; and |0, —6¢|| < e,
we may invoke the inequalities in (51). When these inequalities are applied in conjunction with the

decomposition in (52), the regularity conditions in A5, and part (a) of Lemma 9, we have

!

[Bsa] < s (180 Sl +inca) = D" 115 3 i | esiG|
2

. . . . (1
where the nonnegative process 7y, satisfies sup,_; 7 nn = 0p(1). Hence, HB%)N 12l < op(1), as

above, and, by the triangle inequality, this establishes
Y 1 (1)
TN HB(T)Nl - BT,N,lH = 0p(1)

As consistency of the remaining bias and covariance estimators follow analogously, the large T result
follows by combining Theorem 2, the continuous mapping theorem and Slutsky’s theorem.

Finally, the feasible central limit theory for the state vector, S’t, follows, as above, by invoking
Lemma 1 and the corresponding consistency results in (Andersen et al., 2015a, Theorem 3 and 6) for

the components of mst when v = 0. Furthermore, since we may readily show that

4
AV/A\RSM K AVARSt’l, ZAV/A\RSM = 0p(1),
=2

when v > 0, using the same arguments as for é, this concludes the proof. ]

8.6 Definitions for Section 5 and Proofs of Theorem 5 and Corollary 1

This section first defines the necessary asymptotic bias and variance terms to state the central limit

theorem for the weighted PLS case, and then proceeds to establish Theorem 5 and Corollary 1.

8.6.1 Definitions for Section 5

Let us define the weighted PLS analogues of the various components in Theorem 2. First, write,
§0= (1 w@2VR)Psy,  TE, = (1/ w(2VP))* Tsy, Q= Qsp/w(dn)’, XY= Xi/w(er),
for Xy = {Zy s, L5, Lso}, and Ry = —(Z¢, + ’Pg}t)_ll'%’,@’t. Then, let us define,
U"(k,7,Z,0) = D(k,7,Z,0) + (RY,) G(k,T,Z.0),

such that we may, correspondingly, write,
E(t,T)
Z / % U (k,7,S;,00) U (k, 7, S, 00) dk,
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1 k(tT)
w T TU kj/T,S,O Uy k‘,T,S,O /dk‘a
U,t th(¢t)2 Z t / djtr( >¢tk‘ t ( t 0) t ( ¢ 0)

1 - k(t,T) 1 Gk P — 50 /dk
vt = ctw(¢t)2z7rt/ Yo (k )¢tk7 (k, 7,8, 60) U (k,T,8¢,60) dk,

as well as the matrices Py, = (R}fo)/P1§7tR§f0 and W4, = (R?,]o), vy Ri’. Moreover, let

"= plim ZX XY = (T, Py.ap, vy).

T~>oo

Next, let us denote the g x p derivative of U} (k, T, Z,0) with respect to Z as U(Sw)(k,T,Z,G).
Similar to the case without weighting, when a (higher-order) gradient is evaluated at (Sj, 6}), we use

the notation U} ;. Finally, the corresponding asymptotic bias term may be defined as

2
BTN - (Iw + PO X Z ( TN 1 T]t\L;)Q Bg{’;\??)) , where

7=1
T
1 N 1
TNliiNzﬁtw )2N; Z(bﬂt( th Iw t P8 Gj,t,o),
=1
T
1 s, - )
BiN: = TN 2w ZU]téﬂ S0+ P8 (s + 25,) (TE, + Py) Go,

t=1

t
(tw) _ 1
Brivs = orn Z w ¢>t Z 510

t=1

w \— S w oy —
{ (bt Nt Z Put (Ge t 0 ,t + PS»t) 1G§',t?0 (Ig‘J,t + PS,t) 1Gz,t,0)
+

W2 kN S
w(2‘22) N2 (Ct 0( St + ,PS,t) lG;t?O( St + PS,t) 1Ct70> }7
T 2
Quw) _ 1 2V2  kaN o\t (S) Y
Bryi = TN ; w(2V2)2 N? (Rio) Cio (TS, +Pss)” Cuo,

N

2w 1 kn w \/ S W w o\ — w w w w \—
B,EF’N’)Q TNZ?U(QVtZ)Nt( £0) Ct(’o)( S0+ PE)TH(QE, + T, (TE, +PY,) " Cro,

t=1

T
1 k ,
T.N.3 2TNtZIw(2Vt2)Nt( t0) Crox

N
N w w \— S w w \—
{ (w(¢t)Nt)2 Z ¢Z,t (Gz,t,()( St =+ PS,t) 1Ct(,0)( St + ’PS,t) lG[’ti)) ,

RZE kN(

w w \— S w o\ —
w(2V?) N Cio(ZS, +Pg,) 1Ct(,0) (Zg:+Ps:) lct,(J) }
¢
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8.6.2 Proof of Theorem 5

First, let us make the decomposition

N N
T A1) @) @) 1
bt — N, > i = o+ + o7, Bl = N; > (€= 950); (53)
j=1 Jj=1
) 92 5 A L 5 6
O = 5 2o nlria(S1,00) = 15a(81,0)), A = D (w321, 00) — mjalS1,6)7. (54)
j=1 =1

Then, using a second-order Taylor expansion, the regularity conditions in A7, the uniform consistency
bounds for the state vector ||Sy — S| < Ne,N.nfa(||Sel])/V N, where sup;_; 77t N = Op(1), as well
as ||@ — 6o|| = O,(1/v/NT) in conjunction with A5, we may readily conclude

162 + 168 < e fa(llSe) /N, (55)

for some arbitrarily small ¢ > 0. We now make the same decomposition of terms as in the proof of
Theorem 2, but we divide A1, Ao, and the first part of A4 by w(gZA)t), and for Az as well as the second
part of Ay, we replace A with 1/w(2(V;*)?). The corresponding terms are denoted with hats.

To proceed, we will make use of the following algebraic inequality, which follows from a second-order

Taylor expansion and the properties of the weight function w:

oo ) -z —z]? =z
w0 w@ T wEeW Y| s Ky -l iy e Ry (56)

Specifically, we will apply this inequality with y = ¢2t and z = N% Z;V:t 1 ¢ for Ay, Ay and the first
part of Ay, and, similarly, with y = 2(17;")2 and x = 2V;? for Aj as well as the second part of Ay. If
we denote with A}” and AY the analogues of A, and Ag, respectively, in which w(gZA)t) is replaced with
w(N% Z;V:t L $j.¢), and, similarly, with AY and AY the analogues of Az and Ay in which w(2(V;")?) is
also replaced with w(2V;?), then we only need to show the asymptotic negligibility of v NT(A; — AY)
for i = 1,2,3,4. The analysis of the four terms follows by the above bounds, by applying Lemmas 8
and 10 as well as by using arguments similar to those for Theorem 2. The only nontrivial part is the
analysis of the differences vVNT (A — AY,) and VNT(A3z — AY). In particular, using the algebraic
inequality in (56), the nontrivial part of the first of them is
1 i N ie. U, 19
VNT = N j=1 " j7t70w2(LZN:tl 6

Ny £~j

and, by applying A5, the boundedness of w from below, the boundedness of w’, as well as the definition
of qggl), we have that its F(©)-conditional variance is bounded by & S %—j Z;V:tl |[Uj.t0|/?. This
t

readily shows asymptotic negligibility of the term.
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Next, the nontrivial component of vV NT(As; — AY)) is

w'(2V7)

ANV, _—
! w2(2V2)

R;(Cio— Vi —v)2

Tk

Then, by applying Lemma 10 in conjunction with A2 for the ratio N;/N, we easily get that this term
is of order Op(1/ky), establishing asymptotic negligibility, thereby concluding the proof. O

8.6.3 Proof of Corollary 1

First, since the support of ¢; and the process V; is above € > 0, we can equivalently work with weight

function w(z) = x. For this choice of w, we have

k(t,T)
Phi= o Vgctocto, W Zwt/ w” UY (k,7, Si,00) U (k, 7, S, 00 dk,

as well as g, = Lg1/dr, Y&, = Pg,/st, g, = T,/ and Qp, = I, /s Then, using A2 and

these definitions, we have

1,w) (S,w w \— _
B%Nl TNZ§t¢tNtZU]tO) ,t+PS,t) 1Gj,t,0+0p((TN) 1/2)1

(1,w) (S, ) -1
BT,;VU,Q Z §t¢tNt Z Uj,t,éu st tPs) Gio,

implying that their contribution to the asymptotic bias will cancel, and, similarly, for the corresponding

terms Bg,? ’K,U)l — Bg,? ’;?2. Hence, the final result follows by setting ¢ = 1 and applying Theorem 5 as
well as the definitions in Section 8.6.1 with w(z) = z, concluding the proof. O

8.7 Auxiliary Results
In what follows, we will use the simplifying notation Wy = W and write E?(-) for E(-|Fia,,)-

Lemma 7. Let A1, A2 and A5 hold. Assume N — oo, T'— oo with T/N — ~ for some finite v > 0,

A, — 0 and k, — oco. In addition, let

w E (2(21)’ ;> » knvV AR =0, \/ﬂ(knAn N A%Q_T)w) — 0. (57)
—r

Denote a p1-dimensional vector Mj ¢, and a p2-dimensional vector My, with p1,ps > 1, which are both
adapted to .7:,;(0), forj=1,..., Ny andt € N. Assume we have
T

Ny T

1 & N P 1 P

T2 37 2 G M M, = Ma, oy 2VEMIMY = M, (58)
= Vi =1
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and further ||M; || < My with sup, E[M|*™ < oo, and sup, E||My||*™ < oo for some v > 0. Then

T VN ~Ne ,
N s €M\ s M2y, M= My 0y xp, (59)

w3
\/T t=1 \/E (‘A/;‘/n - ‘/t) Mt Opg XPp1 M2

where Y is a (p1 + p2) X 1 vector of standard Gaussian random variables, independent of each other,

defined on an extension of the original probability space and independent of F.

Proof. We start with some preliminary estimates for f/;" — V4. First, by application of It6’s lemma, we

have
dxy = cudt + \/ Vi dW; + / log(1 + z) % (ds, dz), (60)
r>—1
where
1
0 = oy — 5Vt - at/ (log(1 + z) — z)vF (dx). (61)
r>—1

In what follows, we denote the continuous and discontinuous parts of z by z¢ and z¢. We next

decompose Vt” — V4 into

‘7tn . V;S _ ‘7tn,1 + ‘A/;n,2 + f/;n,Bj (62)
~n n n n
Vit= ) (’Ai o Lapaizangy = Viena, A W’Q) ) (63)
" iern
~n 1 Crn 1 n
vt = = > Vina, = Vo).V, P = = D (AW = 1)V, (64)
ey " el

For th’l, we use the following algebraic inequality

2 2 2
A2 1 jar<anzy — |A7 2] ) < 2/AFz " (Laree>2az) + 1arad>aazy) (65)
d d
+ 2| A7z P (L anac zaazy + Ljarad<zaazy) + 2A7° A2 1 An st <20nz) -
Hence, using bounds for increments of 1t6 semimartingales (the Burkholder-Davis-Gundy inequality

and Lemmas 2.15-2.18 in Jacod and Protter (2012)) and the Holder inequality, we have

Ei" 4 ‘\A?$\21{|Ayx|gaAg} - \A?xcﬂp < Ky p ALTEPI® 0yp > 1, (66)
E? (|AF2C? = Vii_ya, (AFW)?)] < Ky n A2, (67)
Ef || ATz — Vii_yya, (AW < Ky APYIY ¥p > 2 and Vi >0, (68)

where E|K;,|? < K for some sufficiently high ¢. Using these inequalities and successively applying

the Burkholder-Davis-Gundy inequality, we have for some arbitrary small ¢ > 0,

ol P 1, - AL+@p=r)@—p
BV < Ko AT, B VM| < KenA2 T BV P < Ko = ;
n
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where, again, E|K; ,|? < K for some sufficiently high q.

. ~n.,2 .
Turning next to V;*, we may write

kn—1

S kp — .7
A nk (Vinti)an — Vienti—1)An)- (70)
j=1 "
Now, by using the inequalities
D
EE! 4 (Via, — Viena, )PP < KAZ. E[Via, — Vipa, P < KA N wp>1, (71)

we, then, have by application of the Burkholder-Davis-Gundy inequality and Jensen’s inequality that
‘Et(f/tmz)‘ S Kt,nknAnv Et’f/tnzvj S Kt,n(knAn)g/\la Vp > 07 (72)

where E|K; |7 < K for some sufficiently high g¢.
By combining (69) and (72), and upon using successive conditioning and Cauchy-Schwartz inequal-
ity, we have

an d Srn, 1
E E(V,"") M,
VT =

|
QS

p (VT A7), “ﬁim(ﬂ”’%m:op (VTRakattn) . (73)

ﬂ

kn
vT

T
Vo S0 — B (G )M] = 0, (ko /A, (75)
t=1

i 1 1 U-nw_1
I — BV >>Mt1=0p(An2 ) (74)
t=1

VT

Given our restrictions on w and kj, in (57), the above quantities are all asymptotically negligible.

Hence, we are left with the analysis of Zthl Xt, where we set

1 R /
Xt =T (%V S e My v/fn‘/}”’?’Mt) ,

and note that x; is 1 /0-adapted, provided n is sufficiently big, and, additionally, E|[x:|| = O,(1).
We will show that Zle Xt L8, M2 x Y. For this, we will make use of Theorem VIIL.5.42 of
Jacod and Shiryaev (2003). First, however, we define F} = f{/%@ﬂ/z X J({et»j}j=17-~-»NLkm t=1,...|kT])
(]-",;‘F should also contain subscripts /N and n, but since we are considering a joint limit in which both
T — oo as well as n — oo and N — 0o, we will suppress this dependence). For n sufficiently high,
we have xj € Fl. Now, note that we have ng - .ngjl for ar = 1/v/T because of our nesting
assumption regarding the option observation grid, i.e., we add option observations to the existing ones
as T' — oo. Finally, we trivially have F = \/T.FgT. This implies that the nesting condition VIII. 5.37

in Jacod and Shiryaev (2003) on the filtration is satisfied. Hence, using Theorem VIIL.5.42 of Jacod

61



and Shiryaev (2003) (applied for a fixed time ¢ = 1 and with X}* in Theorem VIIIL.5.42 of Jacod and
Shiryaev (2003) set equal to Zle Xt), we only need to show that the following conditions hold:

P
Y BOal L) = 0,
P
S AE(xext | FL ) — E(xe| FEDE(XGIFE ) = M, (76)
Zthz E(| x| FL ) L 0, for some ¢ > 0.

The first of these results holds trivially as we have

RN

S B M F ) =0, B MR = (77)

j=1
and €;; are F (0)_conditionally independent.
Next, using successive conditioning, the bound E|E(V;2 — V2)|? < K|t — s|? for 0 < s < t and the

Cauchy-Schwartz inequality, we have

T
ZEt—l/Q (XtX::)

t=2

1i Ei 12 (N2 Z] 1 (e M+ M )) 0p; xp2

+ Op(knAn) (78)
t=2 Opyxpy 2Et—l/?(‘421\475]\4{)

The second limit result in (76), then, follows from the convergence in probability result in (58), assumed

in the lemma, and the following two bounds

1ZT:N§:(¢MM)E NZ¢MM) —o, (=
Tt:2 thj:1 YRZALTN t—1/2 NQ] . g, tdiVEg ¢ =Up \/T P (79)

which, in turn, follow from bounding their respective second moments.
We turn next to the the third limit in (76). First, since €;; are F (0)-conditionally independent and
centered from A5, we have, by applying successive conditioning and using the integrability assumption

for M, of the lemma, that

1
E||l—— 6‘7tM'7t
| 2 ent

<K. (80)

4 K Ny @

4
<E ﬁt Z¢j,t ||M',t
j=1
Moreover, by the Burkholder-Davis-Gundy inequality and inequality in means, we also have

Ei| vk th3‘p<7z‘vz na, P, Vp =2, (81)
zEI”
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and, hence,
A n K
Eyl |V Ea Vi M|t < T > Viina, 1M (82)

" ierr
Combining the above two bounds, we have E||x,||* < K/T?, from which the third limit in (76) follows.
From here, by combining (73)-(75) and (76), we get the convergence result in (59). O

Lemma 8. Let A1, A2 and A5 hold. Assume N — oo, T — oo with T/N — ~ for some finite v > 0,
A, — 0 and k, — oo. In addition, let w € (ﬁ, %) and koA, — 0. Denote p; X pa matrices
M;; and My, with p1,p2 > 1, which are adapted to ]_-t(o)} for 3 =1,..., Ny and t € N and for which
| M 4|| < M with sup, E|M|*** < oo and sup, E||M;||*t* < oo for some ¢ > 0. Then, we have

_ P
(a) Supt:l,...,T HNt 1 Z;Vztl ej,thytH — 07'
(b) Supt:l,...,T H)\% (‘A/;jn — ‘/t> MtH E) 0,

(c) |E(Vt" -Vl < Km(Ag_”w VknAy) for Ky, adapted to ]_-t(o) and E| Ky ,|P < K, for everyp >0
and finite Kp.

Proof. Part (a). For arbitrary € > 0, it readily follows that

Ny T N¢
P sup |[N;2Y eseMye] > el 7P| <Y P HN;1§ M| > FY . (83)
t=1,...,T : 3
[XXXX) j:l t=1 ]:1

Then, by applying Chebyshev’s inequality, the Burkholder-Davis-Gundy inequality, and using the fact

that the random variables €;; are F (0)_conditionally independent, we have

Nt Nt
_ 0 K 4
P HNt PN M| > e AP | < N7 > ol IMyll*. (84)
j=1 Jj=1

From here, applying the integrability assumptions for || Mj ;|| in the lemma and for gbﬁ) in A5, we get
the desired result.

Part (b). Similarly to the proof of part (a), we have for arbitrary ¢ > 0

P sup
t=1,...,T

Now, using the decomposition of Vt” -V, = th’l + thﬂ + ‘A/;n’g, introduced in the proof of previous

Afv’; (V= vi) M,

T
K o
>e> gZ]P’()\Nt\Vt — Vi| | M >e). (85)
t=1

lemma, we may write

3

kl An_ ﬁ An,j
P<ANJVt Vil |10 > e) S;IP’<)\NtM

72l > 5 ). (56
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Then, by invoking the bounds derived in the proof of Lemma 7, Chebyshev’s inequality, and the fact
that k,/N = O(1) as well as T'/N is asymptotically bounded, we have

kn - c Aglfr)wfl
) — < -
P (Al I > 5 ) < K ( ek (87
kn | &no € knA
P(mm I >3) < K (88)
kn O, 3 € K
p()\Nt‘Vt ‘||Mt|| > 3) < 42" for some ¢ > 0, (89)

where the constant K in the above inequalities depends on €. From here, taking into account of the
fact that kyv/A, — 0 and @ > 1, the result in part (b) follows.
Part (c). The result follows immediately from combining the bounds in (73) and (77) in the proof

of the previous lemma. O

Lemma 9. Under the conditions of Theorem 2, and for some positive-valued process {7, nn >0 with

sup;—y 7 M,Nmn = 0p(1) as well as positive K and d:

(a) For some S1,8Ss, ..., St and 6 with SUp;_y 1 1S — Si|| = 0,(1) and ||8 — o] = 0,(1), we have

~ ~ o~ “ ~ -1
| (s5.6) + Psat80) " = £ < Kiwn i)

(b) For Lst= & 3N GjuoGlyo — & SN 614G + AN CroCl g — Men L5 (V7 — Vi), we have

-1 -1 77t N, S
HL:S,t - ‘C’S,tH <K \ﬁn ‘Nt GJ,tGg',t,)o

kn 1o
t

(c) For any 0 such that |6 — 6g|| = 0,(1), we have

08:(0)
o0’

— Rip|| < Ky N fa(||Sel])-

Proof. Part (a). Given the uniform consistency of (S, ..., S7), it is no restriction to work on a set
(whose probability approaches 1) on which sup,_; |S; — Sy|| < € for some arbitrarily small € > 0.
We will assume this to be the case for the rest of the proof, without further mentioning. Also, in the
proof, 7y ., will be a generic positive-valued sequence with sup,_; 77 nn = 0p(1), and which may

change from line to line. Similarly, K and d are positive numbers, which may change from line to line.
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We start by defining i'syt(S’t, é) = ig,m + i's,t,2 and 7557t(,§’t) = 7557@1 + 7557@2. Then, using the
triangle inequality, the difference lAfg,t’l —Zgs; may be bounded as

g

AQQ > (G(81,6) - Gino) Gluo

J=1

N
1
IS,tH < ”N Z ij,OG;',t,o - IS,t
t <
7j=1

j=1

=Zsi11+ZLst12+Lsi3.

First, for i'g,ml, using A2 and A7, we have |\fs¢,11|] < %ﬁt,N,nfd(HStH)- Applying, again, A7 and
the uniform consistency of (S, ..., St) and 6, we have HiS,t,12H + HiS,t,l?’H < K, N fa(|1Se]).-

Next, using the triangle inequality, we bound 1577572 as

o < [ et [ (6.0 -
1 Nt . S (91)
+ H-Nt ; (fﬂj(St, 00) — 15 (S, 9)> G;7(5:.6) H

=TZgsi21 +ZLst22+ sy 23

From Lemma 8 (a), we readily have sup,_; | Zst01]| = 0p(1). Next, for Zg 29, we may use A4
and A7, to bound
K& -
[ Zs 62l < 7 > lejel falllSeDIIS: = Sill.
j=1

Then, by applying Burkholder-Davis-Gundy inequality as well as using the integrability conditions for

a given <b§? in A5 and for the state vector S; in A6, we have

Ny
1 (1)
sup |+~ €itl — @54 ) fa(llSel])| = op(1),
Sy, ;(I il = @50 ) Ja(l[Sel]) | = 0p(1)
the proof of which parallels that of Lemma 8 (a). Hence, using, again, A7 and uniform consistency
of the state vectors (S1, ..., 57), we have, altogether, that |[Zs22|| < K7 nnfa(|[St]). By applying
almost identical arguments, we also have || Zs.23]| < Kt n.nfa(]|St]])-

We continue with 7557,5,1 — Ps,¢, which, using the triangle inequality, may be bounded as

kn

'PS,tH < H)\ <Nt - Ct) Ctocéo

42 H/\ Cio (C(S’t) - ct,o)'

(o) ot )|

= 'Ps,t,n + 'Ps,t,12 + Pst,13-
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First, using A2 and A7, we have ||Pgy11]| < \/%ﬁt,]vmfd(HStH), and by applying A7 as well as the
uniform consistency of (Si, ..., S7), we get ||Psizll + [|Pssizl| < Kiennfa(l|S]).

Next, for ’Issyt,g, we have by triangular inequality that

[Psea] <232 ][ (980 - ) (v - (30|
ek (7 - )2 e (sis) - s))| ®3

=Psit21 + Psyio2 + Psit23.

Then, invoking, once more, uniform consistency of (5’1, ey S’T), part (b) of Lemma 8 and A7, it readily
follows that [P 1| + [ Ps2ll + | Pss2sll < Kie,nnfa(lSi]).

Combining the bounds above, we have
| Z5.0(51.6) + Psa(S1) — £ < K fallISH]]). (94)

Hence, taking into account the lower bound restriction on the eigenvalues of Lg; in A8, we get, for

some sufficiently big integer g > 0,
H['E,Z (fs,t(gm é) + 'i’S,t(gt)> - E;‘i“ H < N¢,Nn- (95)
From here, upon using the triangle inequality, we have
5| = v < || €58 (Z52(50,0) + Psa(S0) | < || 55| + eovin: (96)

This implies that the minimum eigenvalue of Lg‘i(ig,t(gt, 0) + 7537t(§t)) is bounded from below by
K fa(||S¢||) — 7¢,n.n- Hence, on a set with probability approaching one, we have

Hr,g,t (Zs4(5:,0) + ﬁs,xs*t))_lH < K fa(||Sl).

To proceed, we make use of the following identity A=! — B™! = A=}(B — A)B~! for two square
invertible matrices A and B. By applying this with the inequality above, it follows that

Finally, by using ||AB|| < ||A|| x ||B]|, we get the desired result.

£, (Z54(5:,0) + Psu(S T ol
5t (Lst(St,0) +Psi(St) - Lg,

< K, fa(llStl])- (97)

Part (b). From the bounds in the proof of part (a), we have

kn ~n
FASEN = Vil | FallSi). (98)
t

~ Nt
A Tt,Nn 1 (S)
[Lsp — Lspll < K | ==+ ‘Zej,thto
vIN Ny =
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Hence, with A; n,, = [Z;%Zﬁg,t — I,,, we get, using A7,

77th

N s
[ At Nnll < K €5, tG§ t)O

k.~
\N A} s, (99)
Now, by denoting the eigenvalues of I, + At, N,n With ;\?, for + = 1,...,p, and applying Gershgorin’s

circle theorem, we have

max |[A\'—1| < K 77th

(5)
€ +G
i=1,..p ° = ’N I 5,8,0

kn om
AT =Vl | SallSHl,

and, using parts (a) and (b) of Lemma 8 for sup,_; ’Nt ZNt ej,tGg t)O‘ and sup;_y IV — V| as
well as the integrability conditions for S; (so that we can make the inversion), the same holds true for
eigenvalues of I, + fLﬂ Nn|_1 Hence, the eigenvalues of |I), + At, N,n|_1 — I, are bounded in absolute

value by K(ﬁi‘/%" + ‘N% ethth‘ + Ao ]Vt — Vi) fa(l|S¢l]), and, as a result,

H|Ip‘|‘At,N,n|_1_IPH <K 77th ‘N ZEJtGJt)O

+>‘7|‘/t — Vil | fa([lSel)- (100)

From here, the desired result readily follows.
Part (c). First, as for the proof of consistency of the parameter and state vector estimates, we

have

sup [15:(8) — S¢(60)|| = 0p(1). (101)
t=1,...T

Given the above result, it is no restriction to work on a set (whose probability approaches 1) on which
sup;_y__p 15:(0) — Sy|| < € for some arbitrarily small € > 0. We will assume this to be the case for
the remainder of the proof, without further mentioning.

By using the first-order condition, M;(8) = 0 in (40), then 3S;(8)/08’ is recovered by the implicit
function theorem, that is, from dM;(0)/d0’ = 0. In particular, the latter provides

98:0) ~ & A
até/ : =Z50.(5:(0),0). (102)

(Z54(5(6).6) + P5.(5.(60)))

From part (a), we have

| (Z60(51(6).6) + Ps(51(0)) ' (Zsi(8u00).00) + Poa(3:60) | < K SallS.

Furthermore, using A7 and arguments similar to those for the proof of part (a), we have

1(5:(0),8) ~ Ts|| < K faallISell v (103)

By combining the results above with part (a) of the lemma, we easily get the claim. O
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Lemma 10. Assume the conditions of Theorem 2 hold. Denote p1 X pa matrices M;; and My, with
p1,p2 > 1, which are adapted to ft(o), for j =1,..,N; and t € N and for which ||Mj,|| < M, with
sup, E|M|? < co and sup, E(||My||?) < oo for every ¢ > 0. Then, for some, r1,79,73 € N3, we have

N (ritra+rs)/2 T r2 k, rs
— A Mt(V - Vi)

T

~ 1
+(60) — Si|| X

Ny
€5 tM t
Nt Z I VE

r1 47
~0, <k:1+ ALV 1) . (104)

Proof. First, using Lemma 9 (a) and sup;_; _7(kn/N¢) = Op(1), we can bound the stated expression

by (A1 + A2) x Op(1) where

T1
X

I

[V (5= i)

T
1
T Z |(Zss+ Ps,t)_le X HV NFinn
=1

1 &
VN, Z 6]]th¢
j=1

Ay = sup | nnl™
t=1,..T

x ;gummm h < [[VEa (V=) || < satlisel.

L "
— € ‘,tM’,t
N, = J J

Now, since sup,;_; 7 |7t,nnl"" = 0p(1), and the analysis of Ay is done exactly the same way as that
of Ay, we can focus on the latter henceforth. By using the triangle inequality in conjunction with the

definition of F} y 5, we may further bound A; < (411 + Aj2) x Op(1) where

T1

T Nt Nt T2
1 1 1 N 3
A= =S al x| =S 6.Groll x| == S M|l x H\/k (7 =v)|™
T tzl t /Nt J:Zl J J /Nt ]:Zl J n t
T Ny T2
1 2 1 ~n r1+73
L IR 8 O R M )

and where we use the shorthand notation

a; = ||(Tse+Pso) ! IM]™ and af = [[(Tse+Pse) " M

Then, by applying the Burkholder-Davis-Gundy inequality, inequality in means as well as the regularity

conditions in A5, we have for r > 2

r r/2
Ly Ly el
E() — E'7tM‘7t SKE() - € .1\4"7
Nt; J J N, = gt
(105)
TR i
< KEyg EZ|€j7t|T’|Mj,t’|T :ﬁtz Ml
j=1 j=1
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and, for r = 1, by Jensen’s inequality

N
1
—— > M| < K Z Djt||[ M (106)
VN &
Furthermore, given the integrability assumptions for M ; and the ones for d)§f€t) in A5, we have
1 "
v STONMT | < Koy, Ym>0, 722, (107)
t =

where K, , > 0 denotes some finite constant depending on the value of m and r.
Next, using the triangle inequality and the decomposition of Vt" — V4 from the proof of Lemma 7,
we have [V;* — V|7 < K (V"7 4 [V;™|9 + |V/**|7). Then, we may readily use the bounds from the

proof of Lemma 7 to show that for some arbitrary small ¢ > 0, it follows that

I_L
VE, A2 7, ifg=1,

Et‘ /T f/n,1|q < K(l) Y
o T kAT g >,

knvVA,, ifqg=1,

</ 7,2 q (2)
]Et‘ kn‘/t | < Kt,n k1+q/2A

ny ifg2>2,
Eel/kn V7710 < K5,

where K\, K% and Ky @ ) are random variables adapted to .7-"75(0) and having finite moments of all

t,n? t,n
(277)17/ 1
orders. Now, since, from the assumptions of Theorem 2, we have Ai — 0 and kA, — 0, it
follows that
1, ifg=1,
kP, if g > 2,

E¢|vEn(Vi" = V)T < Ky,

(108)

(0)

where K ,, is a random variable adapted to /.’ and having finite moments of all orders. By combining
(105)-(107) and (108), using the fact that a; and a? have finite moments of all orders, and by applying
Holder’s inequality, we get the desired result. O

Lemma 11. Assume the conditions of Theorem 2 hold. Then, we have

il Z { St 6y) — St) (St(OO) - St)/

(109)
T+ Poa) " (s + W) (Tos + Ps)”" }Mt — 0,(1),
1 <& R
=3 {kn(Vt” V)2 - 21/;2} M, = o,(1), (110)
t=1
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where My is féo)—adapted matriz, with dimension p X p1 for the first result and of dimension p1 X pa

for the second result, where p1, pa > 1, and further sup, E(||M¢||?) < oo for every q > 0.

Proof. We start with (110). First, decompose the term on the left-hand side of (110) into C; and Cbo,

where

T
1 , ,
C; = T;cht, j=1,2, (111)

with ¢f = kn(V;"?)2 =2V, and 2 = 2k, V"> (V"' + V%) + k, (V" + V%), using the notation from
the proof of Lemma 7. From here, by applying the bound in (71), we have

Bi(c})] < KinknA, and Ey(c})? < Ky

where E(K;,)? < K. Hence, by splitting C into %ZtT:l Ei(ct)M; and 7 Z?zl(c} — Ey(c})) My, we
get E||C1]|? < K ((koAn)? V 1), and, as a result, C; = o,(1).
Next, for Cy, we invoke the derived bounds for the conditional second moments of Vt”’l and f/f’Q

in (69) and (72),
A(4—r)w

. . 2 . -1
B, (V4 V) < K (k \/ knAn>

4—r)w—1

for some integrable K;,. Hence, we have E;|c7| < K, (An 2 Vv knm), where E(K; )% < K.
Therefore, given the restrictions on w and k,, in (20), we get Cy = 0,(1).

We continue with (109). Given part (a) of Lemma 9 and since E¢||Fi nn|? < At nnKin/N for
some K, with finite moments and sup;_; 7 %,n.n = Op(1), we have that the term on the left-hand

side of (109) is asymptotically equivalent to

Z (Zs:+ '735,1:)71 (NFt,N,n-FZN,n — Qg — ‘I’S,t) (Zs: + 'Ps,trl M,
=1

1 I
T:

which, in turn, may be decomposed into B, By and Bs, where

T

1 _ _
B, = T Z (Tsi+Psy)”! (N(F}(}\)rn)(ﬂ(}\)fn)/ - QS,t) (Tsy+ Pse) ' My,
=1

T
> Tso+Psa) " (NERIER,) — ¥se) (Tse+Psa) " M,
1 T 2 2
By= 2> (Tse+Psa) (NER)ER,) +NERIER,)) Tsi+Pse) ™ M.
First, for By, if we denote Qgt = N% Z;V:tl ¢j,th7t,0G97t70, we may decompose By further as

T

1 - e -

By = T E (Zsi+Psyt) ' (N(Ft(}\)fant(}\)/ny - QS,t) (Zst+Pse) ' M,
t=1
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T

]. — NN -
Bz = T ; (Zst+Pss)™ <QS,t - QSJ) (Zsi+Psi)” M.

When conditioning on F(©), the increments of By are uncorrelated, and by additionally applying
A2 for N;/N, we have By; = O,(1/V/T). Next, using our assumption for the smoothness in k of
G(k,7,8,0), D(k,7,5,0) and ¢;, in A5 and A7 as well as the assumption for the mesh of the
observation grid in A2, we also have Bia = 0p(1). The asymptotic negligibility of By is proved in
exactly the same way as (110), and we are, thus, left with the analysis of Bs. For the latter, by
successive conditioning, and since E| |F;S\),n| 12 4 By |Ft(3\),n| > < A NnKin/N for some K, with finite

moments as well as sup;_y 7 %,nn = Op(1), we have By = O,(1/+/T). This concludes the proof. [

Lemma 12. Assume the conditions of Theorem 2 hold. Then, we have the convergence in (22) holding

jointly with the one in (21).

Proof. In the proof, without loss of generality, we assume that t; < --- < t,. First, given the

consistency result of Theorem 1 and Lemma 9 (a), for any ¢, we have
= & A 5 & A P
Z54(5:,0) + Psi(S,0) = Lsi+ Psg

Furthermore, again for any ¢, we have using the bounds in the proof of Lemma 7 that vV NF; n, =
Op(1). Then, using Lemmas 1-3 in Andersen et al. (2015a), we get the convergence result (22) to

hold, with Eg, ,...,Eg, being a sequence of standard Gaussian vectors, defined on an extension of

‘
the original probability space, each of them independent of each other, and of F.

In addition, by applying Lemma 7, we have the convergence result in (21). What remains to be
proved is that the convergence in (21) and (22) holds jointly with Ey independent from each of the
vectors Eg, ..., ESth' For this, it is sufficient to show that for an arbitrary bounded random variable

Y adapted to F and bounded Lipschitz-continuous functions fi,...,f; and g, we have

E (Yfl (\/NFtl,N,n) I (mFth,N,n) g (m(x‘lu + A31))>
= EYfi(F,) - fn(F,))E(g(F)),

(112)

where Fy, ..., F;, are F-conditionally Gaussian distributed and independent of each other, each of
which with F-conditional asymptotic variance of Qg +Wgy,,....25, + Ws4, , respectively, and F' is
Gaussian distributed with variance of Qy + Wy.

Now, since F;, is separable, we also have the F;, -conditional convergence of VNT (A1 + Asp) to
its limit by Theorem VIIL.5.25 in Jacod and Shiryaev (2003), and, as a result,

E (Yo (VNT(An + A))) 5 E(Y)E(g(F)). (113)
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Therefore, since f1,...,fr are bounded, we have

E<f1 (\/N-Ftl,N,n> [ (\/N-Fth,N,n>

(114)

% (B (Yo (VNT(An + A31)) ) — B(V)E (g (F))) ) 0.

Furthermore, from the stable convergence result of v/ N F; N,n,...,\/ﬁ F;, N, we get
E <f1 (VNFivn) - S (VNFy v ) E(Y)E (g (F)) ) (115)

=B fi(Fy)-- fu(Fy))E(g (F)).

Combining (114) and (115), we get (112), and this establishes joint convergence in (21) and (22). O
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