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Abstract

We consider the problem of estimating the high-dimensional autocovariance matrix of
a stationary random process, with the purpose of out of sample prediction and feature ex-
traction. This problem has received several solutions. In the nonparametric framework,
the literature has concentrated on banding and tapering the sample autocovariance matrix.
This paper proposes and evaluates an alternative approach, based on regularizing the sample
partial autocorrelation function, via a modified Durbin-Levinson algorithm that receives as
input the banded and tapered partial autocorrelations and returns a sample autocovariance
sequence which is positive definite. We show that the regularized estimator of the auto-
covariance matrix is consistent and its convergence rates is established. We then focus on
constructing the optimal linear predictor and we assess its properties. The computational
complexity of the estimator is of the order of the square of the banding parameter, which
renders our method scalable for high-dimensional time series. The performance of the auto-
covariance estimator and the corresponding linear predictor is evaluated by simulation and
empirical applications.
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1 Introduction

Let {Y;,t = 1,...} be a real valued, discrete time stationary random process, with mean zero

and autocovariance function v(j) = E(Y; - Yi—;),5 = 0,£1,.... Several essential characteristics
of the process can be defined in terms of the autocovariance sequence, such as the spectral
density, f(w) = % oo V(d)eT, w € [—m, m], where 2 = —1, and the long run variance

V=% (), V= 2m ().

The n X n autocovariance matrix

W) () y(n — 1)
r, - ’y(:l) 7'('0) v(n:— 2 (1)
An—1) An—-2) - ~(0)

plays an important role for optimal linear prediction and interpolation from a finite sample. In
particular, the minimum mean squared error linear predictor of Y, 1, at time n, based on the

information set {Yi,...,Y,}, is obtained as Y, thn = 22:1 qﬁg;-) Y,—j—1, where the coefficients
¢7(1h) = [(ﬁgll), gzﬁfo) e gb%}’ are the solution of the Yule-Walker system

B =110

with " = [y(h), y(h+1),....y(h+n—1)]"
The literature has investigated the problem of estimating I',, from a time series realization,

{yt,t =1,...,n}. Denoting the sample autocovariance at lag j by
1 n
@(j)zﬁ Z Ytyr—j,J = 0,1,...,n—1, (2)
t=j+1
we can construct the sample autocovariance matrix I, = {4(|i — j|),4,5 = 1,...,n}, which is

a positive definite Toeplitz matrix. However, as it was shown by [Wu and Pourahmadji| (2009),
'), is not consistent for I',,, as the operator norm (i.e. the largest eigenvalue) of the estimation

error matrix, p(I'y, — '), does not converge to zero as n tends to infinity.
Wu and Pourahmadi (2009) proposed the banded autocovariance matrix estimator

where ¢ is the banding parameter and I(-) is the indicator function.

E. J. Hannan and Deistler| (1988) showed that, for linear ARMA processes and for ¢ <
(logn)®, a < oo, the infinity norm of f‘nvg —-I,is O (n_l/zx/log log n) Wu and Pourahmadi
(2009) proved the consistency of for the class of non-linear short-range dependent processes
considered by 'Wul (2005)), and obtained an explicit upper bound for the operator norm of f‘n,g—f‘n
See Appendix |A| for a review of the different matrix norms. Bickel and Gel (2011)) obtained the
consistency of under the Frobenius norm. |Bickel and Gell (2011), and proposed a cross-
validation method for selecting the optimal banding parameter.

McMurry and Politis| (2010), MP henceforth, proposed the banded and tapered autocovari-
ance matrix estimator

Fn,MP:{FAY(‘Z._].D'wﬂi_j‘)?iﬂj:lv"'vn}v (4)



with w(|i — j|) = k((i — 5)/¢), where ¢ is the banding parameter and x(u) is the trapezoidal
kernel

1, ul <1
Klu) =< 2—1u|, 1<]ul<2 (5)
0, lu| > 2

McMurry et al.| (2015) further develop the theory of optimal linear prediction using the banded
and tapered sample autocovariance sequence.

Both estimators and preserve the Toeplitz structure, but they are not necessarily
positive definite. In general, the estimator {%(|i — j|) - w(|i — j|)} is positive definite if and only
if > ;> w(|i — j])e==3l > 0, Vw € [, 7], which does not holds in either cases. McMurry et
al.| (2015) present and compare several alternative positivity corrections.

This paper proposes an autocovariance matrix estimator based on the idea of banding and
tapering the sample partial autocorrelation sequence and deriving the implied autocovariance by
inverting the Durbin-Levinson (DL) algorithm. The advantages of modelling a covariance matrix
via the partial autocorrelations have been considered by Daniels and Pourahmadi (2009). The
DL algorithm (see Brockwell and Davis| (1991) and Barndorff-Nielsen and Schou/ (1973)) maps
the autocovariance sequence into the partial autocorrelations. It can be inverted so that the reg-
ularized sample partial autocorrelations, resulting from the application of a weighting function,
such as the trapezoidal kernel with banding parameter ¢, are mapped into regularized sample
autocovariances, denoted by 4(j),j = 0,...,n — 1, satisfying the condition }, Ar()e™™7 > 0,
w € [—7,m]. We name our method the regularized Durbin-Levinson (RDL) estimator of I';,. As
a by-product, the RDL estimates the coefficients of the linear predictor of Y;,;; based on the
sample realization {y1,...,yt,...,yn}. The estimator has the following comparative advantages:

e [t is positive definite by construction and no positivity correction is needed.

e The optimal linear predictor based on a sample of size n requires a number of operations
which is O(¢2). Hence, it can be computed for large n with a complexity increasing only
with the square of the banding parameter, which is o(n).

e [t outperforms the banded and tapered autocovariance estimator for processes with high
dynamic range, such as a cyclical process.

The plan of the paper is the following. In section |2l we present the RDL algorithm and derive
its properties when it is applied to the true autocovariances of the process. Section |3| contains
the main results, showing the consistency of the RDL estimator of the autocovariance matrix.
Section 4|deals with optimal linear prediction using the RDL estimator. We consider the problem
of selecting the banding parameter (section . In section @ we assess the performance of our
method by simulation experiments, dealing with the ability of estimating the autocovariance
function of known processes belonging to the ARMA class, and by out-of-sample rolling forecast
experiments dealing with the prediction of sea surface temperatures in the the Nino 3.4 region.
Section [7] concludes the paper.

2  Regularized Durbin-Levinson Algorithm

The Durbin-Levinson algorithm (see Levinson (1946)) Durbin| (1960), and Brockwell and Davis
(1991) and Brémaud| (2014])) processes the autocovariances {v(0),...,v(k)}, recursively for k =
1,...,n—1, and computes the coeflicients of the optimal one-step-ahead predictor at time ¢ > k,
Yt|t—1 = Z?Zl ¢r;Yi—j, based on k past values, where ¢y, is the partial autocorrelation between



Y; and Y;_j, as well as the prediction error variance ¢ = Var(Yy|Y;—1,...,Y;—x). It provides the
solution of a Yule-Walker system of equations in O(k?) operation, by making an efficient use of
the Toeplitz structure of I'y 1.

The following regularised Durbin-Levinson (RDL) algorithm augments the usual DL recur-
sions by equations that i. regularize the partial autocorrelation at lag k& by applying a weight
wy, = Kk(k/l), where k(|u|) is the trapezoidal kernel given in (5| and ¢ is the banding parameter;
ii. compute the regularized autocovariance ~,(k), corresponding to a process with partial auto-
correllation function |wy¢p,| < 1; iii. obtain the coefficients m1;,j = 1,..., k, of the regularized
predictor.

The algorithm is initialised as follows: set ,(0) = v(0) and

<0 = 7(0)7 Vo = ,.)/T(O)a
¢11 = ~v(1)/7(0), w11 = wion, (6)
(1) = womi,
a = (1—¢%)0, v = (1 —7f;)vo.
Then, for k = 2,...,n — 1, the following recursions are run:
(k)-8 21 dp—1,v(k—3)
Pre = =L Tk = WeQkks
(k) = Zﬁ;ll Th—1,Yr(k — J) + Vg1, (7)
Oki = Ok—1j — OkkPk—1k—j> Thj = Th-1j— TkkTh-1k—j» J = 1,2,...,k—1,
Sk = (1 - szk)gk—l, Vk == (]. — W]%k_)vk_l.

The recursions on the left of are the traditional DL recursions, mapping the autoco-
variances (k) into the partial autocorrelations ¢yi. The recursions on the right perform the
reverse mapping, from the regularized partial autocorrelations, mpr = wroik, to the regularized
autocovariances, v,(k), k =0,...,n— 1. If wy = 1, for all k, we recover the usual DL recursion
yielding the raw partial autocorrelations, and ~,(k) = v(k) for all k. If wy, = 1 for k < p, and
wg, = 0 for k > p, the system computes the usual Yule-Walker predictor based on p lagged
values, i.e. it amounts to fitting an autoregressive model of order p. In this case v,.(k) = v(k)

for k= 0,1,...p and (k) = 35_, épjv-(k — j) for |k| > p.

Remark 1. An alternative to tapering the sequence ¢y is tapering the Fisher transform 6 =

%ln igzz and obtaining wp, = ?;ggtwl}i:z:ﬁ}. The solution does not differ relevantly, as %Z‘j: =
40, exp(2wi0;) /[1 + exp(2wi0;)]?, and %’;’j: |luw=0 = Ok
The sequence {7y, k = 1,...,n—1} is a proper partial autocorrelation function, as |mgx| < 1

by construction. It is associated with an auxiliary process, Y;*, which is AR(L), with L = |2¢].
This is evident from 7w, = 0,k > L. An alternative equivalent expression for the regularized
partial autocorrelations is

e (k) =328 1 gy (k=5)
¥r(0) =351 w157 ()
Cov(yy Vi [V, Y7 )
Var(vy vy .Y ,)

Notice also that the first ¢ autocovariances are identical to the original, i.e. ~,.(j) = ~(j) for
J <4, as for the trapezoidal kernel w; = 1,5 < /.
The following two lemmata deal with the properties of the RDL algorithm.



Lemma 1. Let v,(j) and mp—1,4,5 = 1,...,n — 1, be defined as in @ Let 0 <wj < 1,5 =
1,...,n, be the trapezoidal weigthing functions with banding parameter £. Then the following
results hold.

(1) The regularized autocovariance function {~y,(k),k = 0,£1,...} is a positive definite sequence.

(ii) The roots of the polynomial i (z) =1 — Z?:l T2 lie strictly inside the unit circle, i.e.
I (1/2) is a Schur, or minimum phase, polynomial.

(iii)

n—1 n—1 Jj—1
Do dmery = dumrgl <2 3l [T+ [eal). (8)
J=1 j=t+1 i=1

Proof. See Appendix B} 0

The following lemma characterises the nature of the tapered approximation of Y;.

Lemma 2. Let the autocovariance function of Y; be summable, with 3322 |7]"[v(j)| < oo,7 €
N, and Zj Y(§)e ™I > 0, Yw € [, 7], and denote Y; = Z;‘il ¢;Yi—j + €, e ~ WN(0,0?), the
AR(o0) representation. Then,

n—1 00
Z [Tn—14 — ¢;] < C Z |bjjls 9)
Jj=1

j=t+1
0 2.
2
Inv,—1 —Ino* < Z 1 _”2 . (10)
j=0+1 Ji

If further n,¢ — oo, so that £ = o(n)

e’} n—1
D JThG) <oo= lim Y ()] < o (11)
o i=1

Proof. See Appendix [C] O

Remark 2. The assumption 3 72 |j["17(§)] < oo is a smoothness condition implying that
the spectral density has r continuous derivatives. If Y; is a stationary ARMA process, its auto-
covariance function decreases to zero at a geometric rate and the above condition holds for any
positive integer r.

3 The Autocovariance Matrix Estimator

Given the time series {y;,t = 1,2,...,n}, our estimator of the autocovariance matrix is obtained
by running the regularized Durbin-Levinson recursions on the raw sample autocovariances,
{3(k),k = 0,£1,...,+(n — 1)}, where §(k) is given in (2). The latter shrinks the sample
partial autocorrelations qgkk towards zero by setting 7y, = wkdgkk, and yields the regularized
autocovariance sequence {%,(k),k = 0,1,...,n — 1}, along with the estimated AR coefficients
Thj,J=1,...,k—1.

In the sequel, we will denote the Toeplitz RDL sample autocovariance matrix constructed
from the regularized sample autocovariances by

f‘n:{:}/r(‘l—j’),Z,j:l,,n} (12)



The RDL algorithm delivers the elements of the UDU decomposition of the inverse autocovari-
ance function

.= D,C,,

where D,, = diag (1761, 17{1, .. ,ﬁ;}l) ,
i 1 0 0 0]
—T11 1 0
C, = —T22 —T21 1 o 0] (13)
L _ﬁnfl,nfl _ﬁ-nfl,n72 _7~Tn71,n73 e 1 |

The sampling properties of the estimator ([12]) will be investigated under a suitable set of
assumptions concerning the nature of the underlying random process (Assumption (1) and the
design of the estimator (Assumption .

Assumption 1. Let {Y;} be the stationary linear process Yy = Z;‘;O pie—j with g = 1, and
€ satisfying

i. E(e|Fi—1) =0,

ii. B(e2|F—1) = 0% < 00, and E(e}) < .

iii. f(w) =5 S oY@ A0V~ <w <.
iv. 3757 (1D (G)] < oo

Remark 3. The assumption 1. ii can be relaxed to allow for conditional heteroscedasticity as
in |Goncalves and Kilian| (2007), who replace it by the assumption that E(€?) = o2 and the that
the joint cumulants of €; up to the eight order are absolutely summable. The assumption thatY;
is a linear process can be relaxed as in|Wu and Pourahmadi (2009) and McMurry and Politis
(2010), who assume that Yy is a non linear process of the form Yy = g(ey, €41, ...), where g(+) is
a measurable function of the i.i.d. random variables €5, s =t,t —1,..., possessing finite fourth
moment and finite physical dependence (see e.g. |Wu| (2005)).

Remark 4. Assumptions iii. and . imply that >, (1 + |j])|;] < oo and that the infinite
AR representation Yy = 3772, ¢;Yi—j + € has 3°;(1 + |j])|¢;| < co. See |Brillinger (1981),
Theorem 3.8.4, p. 78. Moreover, the spectral density is continuous and bounded and there exists
two real positive numbers m = inf,, f(w) and M = )"  f(w), such that the eigenvalues of 'y,
A, A2, .oy A, satisfy ((Brockwell and Davis, |1991), Proposition 4.5.3)

0<m§)\1§/\2§---§)\n<M<oo.

Assumption 2. The following assumptions are made concerning the banding parameter £ and
a rate py, such that £ < p, < n:

i. pp, =0(n%),0<a<1.

ii. k() is the trapezoidal kernel with banding parameter £ = o (n'/?), and L = [2¢] is such that
with pp [ — 00 as n — oo.



iii. The quantity
o
==+ Nl (14)
converges to zero as n — 0.

iv. lim, o (2)7%¢=0.

vIi=00"),0<B<1/2, and a+ 26 < 1.

The following theorem establishes the consistency the RDL estimator and its rate of con-
vergence, and shows that inverse autocovariance matrix can be estimated consistently using
It

n

Theorem 1. Under the assumptions and@ (i.)~(iv.), T, converges in operator norm to Ty,
and

- 1
p(Lp —Ty) =0, < %rn> . (15)
Moreover,
. 1
p(T, =T, =0, (p%rn> : (16)
Proof. See Appendix [F] O

Remark 5. |Wu and Pourahmadi (2009) and |McMurry and Politis (2010) obtained the faster
convergence rate r,, for the banded (and tapered) estimator. The introduction of p, > L is needed
for having >=° | [3-(5)| = 0p(1). |McMurry et al.| (2015) also need to introduce py to establish
the convergence of the best linear predictor to the oracle predictor. |Bickel and Gel (2011) defined
their {-banded estimator in terms of a submatriz of I, of dimension p, < n, where p, = o(n).

Remark 6. The optimal choice of the rate for ¢ depends on the rate of decay of v(j). If
Iv()| = O(|j]=%),d > 1, the optimal rate for £ is as in Assumptz’on@ v. with f = —1/(2d). If
() = O(gl), [§] <1, then £ = O (In(n)) and p, = O(n*), o < 1/2.

Our second result deals with the consistency and the rate of convergence of the coefficients
of the finite predictor, 7,—1;,j =1,...,n — 1.

Theorem 2. Under the assumptions (1] and[9 (i.)—(iv.),

. 1/2
Z(ﬁ'n—l,j — fn-1,4) = Op (tn), (17)
j=1

Proof. See Appendix [F] O

4 Optimal linear prediction and interpolation

We turn now our attention to the problem of predicting Y,;; from a sample realization of
length n. The optimal linear predictor, ?n+1\n = E?:l ®n,jYi—j+1 can be estimated by ffnﬂm =
Z?zl Tn,jYi—j+1, where the coefficients 7, ; are computed at time n by the RDL algorithm using
the sample autocovariances up to lag n — 1 and setting 7 = 0 for kK = L 4+ 1,...,n. Hence,
ffnﬂm = Z]L:1 7r,jYi—j+1, which means that the computational complexity of the one-step-
ahead predictor is O(¢?) rather than O(n?).



Theorem 3. Optimal linear prediction Under the assumptions[l] and[d (i.)-(iv.), and

nt2 Y g — 0, (18)

L+1

the RDL predictor ffnﬂm = 2?21 Tn,jYn—j+1 converges in probability to the oracle predictor

Yn+1|n = 2?21 ®n,jYi—j+1, and in particular ]}A’n+1|n - ~n+1|n\ =0, (61/21"”) )
Proof. See Appendix [G] O

Notice that our results encompass Berk| (1974)), Bhansali (1978)) and |Gupta et al.| (2013).
These references consider the prediction and the estimation of the spectral density of a stationary
process with infinite AR representation, by fitting an AR({) model by least squares, under
different assumptions on the process ¢;. They also provide results for the consistency of Iy and
le, where £ = O(n%), § < 1/3. [Lewis and Reinsel| (1985), Saikkonen and Liitkepohl| (1996)
and |Lutkepohl and Saikkonen| (1997) extended the theory to multivariate time series, whereas
Goncalves and Kilian| (2007) derive the asymptotic theory when Y; is a stationary linear process
with martingale difference errors ¢; that are possibly conditionally heteroscedastic. |Goncalves
and Kilian (2007)) also show the asymptotic validity of the sieve bootstrap under the same
assumptions. In our framework, given the factorization f; ' = ¢! D,C,, we can envisage the
following bootstrap algorithm. Defining y = (y1,...,yn)’,

e Compute e = D}/ 2Cny, where e is the vector with elements

t—1
ee=|w—> Ty | /Vi-1.t=2,...,n, e =y//To
Jj=1

e Center and sample e with replacement; let e* denote the resulting bootstrap sample.

e Compute the bootstrap sample y* = C,, 1 D,, 1 26*, where the generic element is

t—1
* ~ * ~ * * ~ %
Y = E Tt—1,jYi—j TV Vt—1€;, Y1 = \/ Voey.
Jj=1

We leave to future research establishing the properties of the above bootstrap algorithm, along
with the modifications required in the presence of conditional heteroscedasticity.

5 Estimation of the Banding Parameter

MP propose a data-based selection criterion for the banding parameter ¢, which is chosen as
the smallest £ such that |p({ + k)| < ex/logn/n, k =1,2,...,K,, K, = o(logn), where p(j) =
4(7)/4(0). For the sample sizes typically used in applied work, MP recommend ¢ = 2 and
K, = 5. The rule amounts to conducting an approximate 95% simultaneous test of p(l + k) =
0,k=1,...,K,. See also |Politis (2003).

The empirical rule provides an effective and practical criterion which can be extended to our
RDL estimator, by picking the smallest value of ¢ such that

k(0 + k)| < ey/logn/n, k=1,2,...,K,, K, =o(logn). (19)



where (%kk is the sample partial autocorrelation computed by the RDL algorithm applied to
the sample autocovariances.

Other criteria could be devised. Denoting by v,—1(f), the RDL estimated one-step-ahead
prediction error variance, as a function of the banding parameter ¢, the Akaike Information
Criterion is AIC(¢) = Inw,_1(¢) +2 Y 725 wk/n, where 37— wy measures the complexity of the
predictor based on /.

In principle, the selection of the optimal banding parameter depends on the objective of
the analysis and, for instance, what is optimal for short run forecasting may be suboptimal for
long range prediction, which may call for a larger ¢. Naturally, we can apply the MP rule ((19)
with K, varying with the forecast lead time. Bickel and Gel| (2011]) propose a cross-validation
method which divides the time series into two consecutive segments of length ng (e.g. n/3) and
ny, respectively. Given the reduced computational burden of the RDL predictor, which is O(¢2),
in the applications we will estimate the banding parameter by minimizing the mean square
forecast error (MSFE) of the h-step ahead predictor, where h is the desired forecast horizon.
The MSFE can be estimated by performing an out-of-sample rolling or recursive forecasting
exercise, by dividing the sample into a training set and test set.

6 Simulations and Empirical Illustrations

We explore and compare the performance of the RDL estimator of the autocovariance sequence
and the associated linear predictor by simulation and by an empirical case study dealing with
the prediction of the sea surface temperature index in the Nino 3.4 region.

6.1 Simulations

We conducted three Monte Carlo simulations to assess the properties of our the RDL estimator
of the true autocovariance matrix I, in (), when the data generating process is AR(1), MA(1),
or ARMA(5,5). The main objective is to compare the performance with the banded and tapered
estimator by (McMurry and Politis, [2010), referred to as the MP estimator; the overall con-
clusions can be extended to the class of banded estimator proposed by |[Wu and Pourahmadi
(2009) and Bickel and Gel (2011))

All the reported results are based on 1,000 replications. The selection of the banding param-
eter is based on the empirical rule proposed by Politis| (2003) and used by McMurry and Politis
(2010), applied to the sample autocorrelations for the MP estimator and to the sample partial
autocorrelations for the RDL estimator; see section 5] We have set ¢ = 2 and K, = 5.

The estimation _accuracy of I, and I‘n Mmp is evaluated by computing the operator norms
p(Fn —TI'y) and p( nmp —I'p), i.e. the largest eigenvalue of the estimation error matrix, and
the infinity norms ||Ty, — Tulloo, ||[Tnarp — Tnlloo, i-e. the maximum row sum of the estimation
error matrix. See Appendix for a review of matrix norms.

6.1.1 AR(1)

In the first simulation the data were generated by the autoregressive process X; = ¢ X;_1 + €,
with € being an i.i.d. sequence of N(0,1 — ¢?) random variables, so that y(k) = ¢* k =
0,1,...,n — 1. We consider three sample sizes, n = 250, 500, and 750, and three values of the
AR parameter, ¢ = 0.1,0.5 and 0.9. Table [If reports the mean values of the selected banding
parameter ¢, and operator and infinity norms, averaged across 1,000 independent replications,
along with their standard deviations. As far as the selection of ¢ is concerned, it is noticeable



from the table that Politis’ empirical rule proves very effective in the RDL case in picking up
the oracle value £ = 1. For the MP estimator, we confirm the simulation results produced by
McMurry and Politis| (2010)); in particular, the selected ¢ increases with the sample size.

The mean values of the operator and infinity norms illustrate that for ¢ = 0.5 and ¢ = 0.9
the RDL estimator performs better, and that the results improve if the sample size increases.

Table 1: Banding parameter and losses in the matrix infinity norm and operator norm for the
autoregressive process Y; = ¢Y; 1 + €, ¢, ~ N(0,1 — ¢?).

Regularized Durbin-Levinson McMurry and Politis
l Op norm oo-norm 1 Op norm oo-norm
n ¢ | Mean Std | Mean Std | Mean Std | Mean Std | Mean  Std | Mean  Std
250 0.1 1.01 0.14 0.26 0.14 0.30 0.16 1.01 0.22 0.18 0.10 0.20 0.11
250 0.5 1.01 0.11| 0.67 048 | 0.71 047 | 198 098 | 0.84 0.51| 0.95 0.48
250 0.9 1.02 023 | 7.79 577 | 8.03 593 | 1422 830 | 897 4.90| 10.23 5.50
500 0.1 1.00 0.06 | 0.19 0.10| 0.22 0.11 1.00 0.06 | 0.13 0.07| 0.15 0.07
500 0.5| 1.03 032| 048 0.34| 051 033 | 244 1.02| 061 034] 070 0.32
500 0.9 1.00 0.00 | 5.76 4.59 | 584 459 | 1746 843 | 7.18 530 | 811 5.60
750 0.1 1.01 0.14 | 0.15 0.08| 0.18 0.09| 101 0.13| 0.11 0.06 | 0.12 0.07
750 05| 1.02 032| 037 025| 039 024 | 258 083 | 049 0.26| 057 0.25
750 0.9 1.01 0.19 | 5.02 3.86| 5.07 3.84 | 2092 10.79| 6.64 4.90| 7.63 5.41

6.1.2 MA(1)

When the data were generated by the moving average process Y; = € + fe;—1, with € being an
i.i.d. sequence of N(0,1) random variables, the true I',, is a banded matrix with v(k) =0,k > 1
and partial autocorrelation function is ¢, = —(—6)*(1 — 62)/(1 — 2(+1). For each simulation
0 assumes the values 0.1,0.5,0.9 and we consider three sample sizes, n = 250,500, 750. The
results are reported in Table [2] As it is evident from the table, the MP estimator has the best
performances: the empirical rule tends to select the oracle £ = 1 and the accuracy measures are
systematically better.

Table 2: Banding parameter and losses in the matrix infinity norm and operator norm for the
moving average process Y; = ¢ + 0e;—1, with ¢ ~ N(0, 1).

Regularized Durbin-Levinson McMurry and Politis
l Op norm oo-norm 1 Op norm oo-norm
n 0 | Mean Std | Mean Std | Mean  Std | Mean Std | Mean Std | Mean  Std
250 0.1 1.03 0.40 0.27 0.15 0.33 0.19 1.04 0.42 0.19 0.12 0.20 0.15
250 0.5 1.58 0.70 | 0.52 0.30 | 0.70 0.38 1.08 0.57 | 0.26 0.23 | 0.27 0.29
250 0.9 4.25 1.53 1.52 0.96 224 1.28 1.15 0.79 0.48 0.50 0.52 0.59
500 0.1 1.00 0.00 | 0.18 0.09 | 0.22 0.10 1.01 0.13 | 0.12 0.07| 0.12 0.07
500 05| 205 0.62]| 042 0.23| 055 027| 1.06 043 | 020 0.18 | 0.20 0.20
500 09| 594 1.69 1.21 0.57 | 1.88 0.82 1.09 0.57 | 0.31 0.31 0.33 0.34
750 0.1 1.00 0.00 | 0.15 0.07 | 0.18 0.08 1.00 0.00 | 0.12 0.06 | 0.12 0.06
750 05| 210 094 | 0.39 0.20| 0.55 0.28 1.00 0.00 | 0.20 0.10 | 0.20 0.10
750 0.9 | 6.50 1.50 1.85 139 | 256 1.44| 1.60 1.80| 049 0.64 | 0.58 0.87
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6.1.3 ARMA(5,5)

In our third Monte Carlo experiment 1,000 series of length n = 250, 500, and 750 were generated
according to the ARMA(5,5) process,

1 —0.8762B + 0.0184B2% 4+ 0.0197B3 + 0.8591B* — 0.7491 B®

Y, =
"7 1-0.62818 + 0.3597B2 + 0.2634B3 — 0.5322B%* + 0.7900B5

€, € ~ i.i.d. N(O, 1)

This process is considered by Bickel and Gel (2011), section 5.1. Its spectral density is charac-
terized by a very high dynamic range, i.e. a large excursion between max,, f(w) and min,, f(w),
and by the presence of two distinctive spectral peaks at /2 and 7. The first 8 autocorrelations
are p(1) = —0.15,p(2) = —0.60, p(3) = —0.18, p(4) = 0.89, p(5) = —0.16, p(6) = —0.57,p(7) =
—0.16, p(8) = 0.76; moreover, p(20) = 0.48, p(40) = 0.22, p(60) = 0.11.

Table [3| reports the mean and the standard deviation of the selected banding parameter and
the operator and infinity norm over the 1,000 independent replications. It shows that the RDL
estimator selects a smaller banding parameter and is characterized by a greater accuracy in
estimating the true I'),.

When coupled together with the evidence arising from the AR(1) experiment, we can con-
clude that banding and tapering the partial autocorrelation function is more effective than
banding and tapering the autocovariance function, when the true generating process has high
dynamic range, resulting from the presence of cyclical components and strong autoregressive
components.

Table 3: Banding parameter and losses in the matrix infinity norm and operator norm for the
ARMA(5,5) process considered by Bickel and Gel (2011).

RDL Empirical Rule McMurry and Politis
l Op norm oo-norm l Op norm oo-norm
n | Mean Std | Mean Std | Mean Std | Mean Std ‘ Mean Std | Mean Std
250 | 10.02 2.65 | 170.63 124.06 | 252.73 174.69 | 56.05 37.04 | 189.05 141.13 | 294.10 208.61
500 | 15.66 3.17 | 142.00 98.65 | 208.61 135.51 | 74.97 52.40 | 179.02 152.83 | 285.17 237.04
750 | 18.55 3.28 | 128.74  79.78 | 182.46 103.37 | 80.79 59.83 | 172.84 147.24 | 270.50 238.97

6.2 Forecasting Nino 3.4 sea surface temperature

Our illustrative example deals with the ability to forecast the sea surface temperatures (SST) in
the Nino 3.4 region. This time series has been analyzed by Bickel and Gel| (2011)) and provides an
interesting case study, since its cyclical behaviour is a manifestation of the El Nifio phenomenon,
which determines an increase in SST in the eastern and central Pacific regions. The monthly
time series, available at https://www.esrl.noaa.gov/psd/data/climateindices/list) for the period
January 1950 - December 2016, is plotted in the top left panel of figure The prediction of
SST are an important input of global circulation models and are relevant for the prediction
of El Nino Southern Oscillation (ENSO) events, which are the most dominant forcing factors
of inter-annual climate variability. SST is also the most important surface condition affecting
climate at longer run horizons.

The evaluation of the forecasting ability of the RDL estimator, in comparison with the MP
estimator and traditional ARMA predictors, is carried out by a rolling forecast experiment
such that, starting from January 1970, we compute the RDL and MP h-step-ahead predictors,
h=1,2,...,48, for values of the banding parameters £ = 1,2, ...,48, using a training sample of
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dimension ng = 288 observations (20 years of monthly data); we proceed by adding one future
observation and removing the initial one, until the end of the sample is reached, so that each
forecast is based on a fixed number of observations, and re-estimating the coefficients of the
linear predictors for each rolling window. The experiment yields H = 564 — h + 1 h-step-ahead
prediction errors for each forecasting methodology. The predictive performances of the RDL
and MP estimator depends on the forecast horizon h and the banding parameter ¢; they are
compared to the h-step ahead predictions arising from fitting ARMA (p, ¢) models, with p < 13
and g < 2.

Denoting by gy, a generic prediction of y;, for each forecast lead h and banding parameter
¢ we compute the mean square forecast error, MSFE(h,{) = % > gt (Yt — §t|t_h)2, and the
following measure of predictability:

MSFE(h, ()
4(0)

Figure [2| is a contour plot of P(h,{) for the RDL predictor, whereas figure [Ib| compares its
maximum across ¢, P(h) = maxe—1 48 P(h,¢), h=1,...48, with that characterizing the MP
and ARMA predictor.

The value of £ that is optimal for different horizons, in the sense that it minimizes the MSFE,
grows rapidly from 10 to values in the range (28,33). The empirical rule of section [5| selects a
value around 10 with some variability across the rolling samples; as it can be seen from figure [2]
choosing a small ¢ is detrimental to predictability at forecast lead times greater than 6. For MP,
the optimal bandwidth goes from 42 to 48. For the ARMA models the P(h) measure is defined
as the maximum predictability across the AR and MA orders; the selected specifications in the
majority of cases are AR(12) and ARMA(12,1).

The main evidence is that the predictability of SST is high at inter-annual horizons (up
to lead time 6), and it decreases quite rapidly. However, there is some predictability at longer
horizons. Secondly, the RDL predictor outperforms the MP and ARMA predictors. With respect
to the latter, the performance is about the same for h = 1. Also, the MP outperforms the ARMA
predictors for horizons h > 6. The superior performance with respect to the MP predictor
is due to the fact that SST are characterized by the presence of strong cyclical components,
that are better captured by regularizing the partial autocorrelations rather than the sample

P(h,ﬁ)zmax(O,l— >, h,t =1,...48.

autocovariances.

Figure[lc|displays the sample partial autocorrelation function and the regularized partial au-
tocorrelations for £ = 28; the estimated log-spectral density is plotted along the log-periodogram
of the series in figure The two sharp peaks at occur at the annual and semiannual frequen-
cies, m/6 and 7/3, and are expression of the seasonal cycle in SST. The peak close to the origin
is expression of the alternation of El Ninio and La Nina episodes, with a periodicity of 4 years.
Our RDL seems to capture the main stylized facts concerning the SST series quite well.

This illustration also shows that the selection of the banding parameter can be related to
the forecast horizon that is relevant to the investigator. It can be determined by evaluating the
forecasting performance of the predictor as a function of £.

7 Conclusions

We have proposed an estimator of the autocovariance function of a random process based on
a modification of the Durbin-Levinson algorithm, which regularizes the partial autocorrelation
function, shrinking it towards zero according to a weighting function. In particular, we have

12



focused on the trapezoidal kernel, see Politis and Romano| (1995) and McMurry and Politis
(2010). We have shown the consistency of the regularized Durbin-Levinson autocovariance
matrix estimator and the associated predictor and have derived its rate of convergence. The
simulations and the empirical illustration have shown that the RDL method is very effective and
more efficient than available tapered estimators for processes with high spectral dynamic range
(cyclical processes). Due to its reduced computational complexity, the optimal bandwidth of
the tapering function can be selected by crossvalidation.
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https://www.esrl.noaa.gov/psd/data/climateindices/list

Figure 2: Nino 3.4 Sea Surface Temperature Series. RDL predictor: contour plot of pre-

dictability at forecast horizon h using banding parameter [, P(h,{) = max (0, 1-— m,{:(—g)(h’a»

forh=1,...,48 and £ =1,...,48.

Banding parameter

1 5 10 15 20 25 30 35 40 45
Forecast horizon
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Appendix

A  Preliminaries

A.1 Vector and matrix norms

m p)l/P

If z denotes an m x 1 vector, the vector p-norm is defined as ||z||, = (3> ;" «})’". For an

m X n matrix A, || A [[p= sup,g Hﬁfl‘l” The 2-norm ||A|l2 = v/ Amaz(A’A), the square root of
the maximum eigenvalue of A’A, is also known as the operator norm and it will be denoted
by p(A) = ||A]l2. If A is n x n and symmetric, then ||A||2 is the maximum eigenvalue of A.

In the proofs we will make use of the following result, implied by corollary 2.3.2 in |Golub and
Van Loan (2012): if A= A/,

n
< o o
HMb_gﬁﬁ'J%L
1=

i.e. the operator norm is bounded by the maximum column sum of A (this is also known as the 1-
norm, ||Al|1). The operator norm has the following properties: let ¢ be a scalar, B a conformable
matrix and b an n x 1 vector. Then p(cA) = |c[p(A),p(A + B) < p(A) + p(B),p(AB) <
p(A)p(B), p(Ab) < p(A)||b|l]2. The Frobenius 2-norm is defined as ||A||p = y/trace(A’A) =
DD a?j. In the illustrations we also refer to the infinity norm, |[Alloc = maxi<i<n D5y |aijl,

the maximum row sum of A. If A is symmetric, ||A||e = ||A]]1.

A.2 Consistency of the sample autocovariances

Let ¢(k) = -2 > g1 YtYi—k, ¢(k) = ny(k)/(n — k). A fundamental result that will be used
in the proofs is the following upper bound for the mean square estimation error of the lag k
autocovariance, based on a sample of size n > k:

C’*
n—k

E[(e(k) —7(k))?] <

The above result is due to |[E. J. Hannan| (1960) (page 39, under the i.i.d. assumption for €),
and [E. Hannan et al.| (1972), where the constant C* =23 >0 ~%(r) + Ka(D2; P?)?, where k4
is the 4-th cumulant of ¢, (C' < oo is implied by the assumptions); an analogous result is implied
by Lemma 1 in [Wu and Pourahmadi (2009) (taking o = 4), where the constant C* depends
on [E(Y;*)]'/* and the physical dependence measure of the process; see Wul (2011) for details.
The same result is obtained by applying the Marcinkiewicz-Zygmund inequality, theorem 4.1 in
Dedecker et al.| (2007); see also Bickel and Gel (2011)).

Using 4(k) = “%¢(k), or equivalently 4(k) — v(k) = "% (é(k) — v(k)) — Z~(k), we have

n—=k
n

(k) —y(k)| < |e(k) — (k)| + %lv(k)!-

Hence, for a suitable constant C', we have the following bound for the mean absolute error:

BI(E) ~1(R)| <~ + S (k)] (20)
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B Proof of Lemma 1]

The positive definiteness of the regularized autocovariances can be proved by first noticing that
the assumptions on {wg,k = 0,1,...} imply that |mpx| < 1 and that vg_; = vy Hf;%(l
7r]2~j) is equal to 7,(0) — Zf;ll k-1, (7). Let I'sp denote the Toeplitz matrix formed with
{7(0),...,7(k)}. Then, by a suitable partitioning of I'; 1,

k— .
Tral = [30(0) = S5t w157 G)| M
= Uk;l‘rrkfll
1
= H] OUJ

= o H ( j)kfj-
Hence, [Ty ;| > 0, as |mj;| < 1 and v > 0.

The proof of statement (ii) is by induction. For k = 1, w13 = wi1y(1)/7(0) is such that
|m11] < 1, and thus the root of II1(2) = 1 — 7112, 2 = 7r1_11, is greater than 1 in modulus. Assume
now that II;_1(2) # 0 <= |z| < 1, then II;(2) has all its roots greater than 1 in modulus iff
|Tki| < 1: as a matter of fact, according to , we can write I1;,(z) = Hp_1(2) — mpa 2", _1(1/2),
so that TI(z) = 0 for all {z € C : Hy_1(2) — mur2"r_1(1/2) = 0}. Hence, I;(z) = 0 <=
5= [L Hk—l(l/z)] L/k Hj—1(1/2)

gk Hp—1(2) Ig—1(2)
this result, we can conclude that II;(z) has stationary roots iff |7;;| < 1,7 =1,2,...,k. That
|7;5] < 1 follows directly from the assumptions on {w;} and from |¢;;| < 1.

To prove statement (iii), let us consider a generic k. According to the RDL algorithm ([7)),
for _] < k, Tkj — Qbkj = Tk—-1,5 — gbk,Lj = TkkTk—1,k—j + (Zskkﬁbkfl,kfj- If we take W = 0 (and
thus 7, = 0), the following inequality holds: |mg; — ¢rj| < |mr—1,; — Pu—1,] + |Ork||Pr—1k—j]-
Summing from j =1 to j = k — 1 and adding |¢x| to both sides, we have that (for wy = 0):

and, since has unit modulus, |z| > 1 <= |m| < 1. Iterating

K k-1 k-1
D ks = bkl <D me1y — dp-1gl F kel [ 1+ [dp-1,4] | - (21)

j=1 j=1 j=1
Consider now the AR(¢) approximation to the process, which is the one having wy = 1 for 0 <
k < fand wy =0,£ <k <n—1, and let us denote by m; the coefficients resulting from the RDL

recursions , applying the above uniform weights truncated at ¢. Since Z] 1 ]Wk] ¢rjl =0
for k < £, the recursion . yields
The same reasoning leads to the following mequahty:

Z’ﬂ-n 1,5 — ¢TL 1,]’< Z ’¢]J|<
Z‘ﬂ-n 1,j — Tn— 1,5 < Z ‘WJJ‘<1+Z|7[-] 11’)

J=0+1

j=l+1
where 7, k,7 = 1,...,n — 1, results from applying a trapezoidal kernel (L = [2¢]). Hence, by
the triangle inequality,

S0 M1y — $noy

-1
< Y5 meay - 21J|+Z LIy = bl
i—1
< X lenl (14X \@--m) + S Il (14 S Iyl

and by Lemmaln Append1x|§|both terms are bounded by ZJ o 844 H (1 + | ¢iil), giving
(8)-
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C Proof of Lemma [2

The proof of statement (i) is based on Baxter’s Theorem (Baxter (1962), see also (Bingham,
2012), p. 302), extended by Inoue (2008), according to which the stated assumptions imply
the summability the partial autocorrelations ¢yx, >, [¢j;| < oo, and therefore >, |m;;| < oo;
morever, the AR coefficients ¢; are also absolutely summable by Theorem 3.8.4 in [Brillinger
(1981).

By Baxter inequality, Z;:ll [Pn—1,; — ¢j| < C 3232, |95, for some positive constant C. The
right hand side can be expressed in terms of the partial autocorrelations: in fact, applying the
same argument used in the proof of lemma l we have that for s > r, setting ¢,; = 0 for j > r,
35110 = bsil < X5 1055 TIZ1 (1 + [6aal) <TI0 (1 + [uil) 35—, [s; letting r = n — 1,

and s — 0o, we get
n—1 [e'¢)
D bn-1j— 651 <CT> ey, (22)
j=1 j=n

where C* = [[3Z,(1 + [¢4i]) < 0o as 37, [¢j;| < oo. Expression is an alternative effective
way of expressing Baxter’s inequality in terms of the partial autocorrelations of the process.
By the triangle inequality

Z?:_ll ‘Wn—l,j - QSJ‘ Z] €+1 ‘¢]J‘ H ( + ’¢”’) + CZ] =n ‘(bj‘
Z —€+1 |¢]J‘ Hz 1(1 =+ ’(]5”‘) + c* Z]:n |¢]J|

¢ 2 5ot |95l

The bound follows from v,—1 = v(0) [[jZ L1 - 7rj2j) % = ~(0) [172.(1 - (;S?j), i =
¢jj,7 < and — ln(l—x) <z/(l—2z),z<1.

The proof of statement (]ﬁD is based on the fact that 3222, j7|v(j)| implies Z;’o 17" @] < o0,
by Theorem 2.3 in Baxter| (1962). This in turn 1mphes that lim,—oo Z 1 J 15| < o0
(and Z] 1J"@;| < o0), as we are going to prove. Starting from the 1nequahty I bl <
I bk—151 + 7" |Okkl|r—1,k—;] for j < k, as implied by (7] ' summing for j = 1,...,k — 1, and
adding k"|¢xk| to both sides, yields the recursion

S 5 |6wl D JT’¢k 1J|4‘k¢\¢kk\4"¢kk|§:%_1j |pr—1,5—5]

> _19 k1,51 + K" Prr| + |Prr| D52 ( —J = 1) br-1,]
S [ 1,]’+kr‘¢kk‘+kr’¢kk|zj | |6k1,41

Z JTW 1,J| + kr‘ﬁbkk‘ (1 + Zj:l |¢k71,3‘)

Sl i drm 5] + CFR | b,

where C* = [[72,(1 + |#;;]) is a finite constant (as implied by the summability of the partial
autocorrelatlon) the last line follows from Lemmal 3| of Appendlx@ The above recursion implies

Z] 17" | Prs <C*2J 1J"|#5;], and thus
n—1 o0
Jim lerw)nl,j’ =" j"1¢5] < oo
Jj= j=1

Applying these results to the tapered DL process, the PACF is power summable as ) | j Il <
> ) J"|#j;], which in turns implies that the AR coefficients 7,1 ; are power summable. This in
turn implies, by Theorem 3.8.4 in Brillinger (1981) and Lemma 2.2. in Biuthlmann| (1995)), that
the tapered autocovariances v, (j) are power summable.

IAIAIA

VAN VAN VAN VAN VAN
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D Lemma 3

Lemma 3. Let ¢y;,5 =1,...,k, be generated according to the DL recursions (@ Then

k k
L+ lowl < H 1+ [6540), (23)
=1 j=1
and i
1- Z brj = H — 9jj)- (24)
J=1

Proof. By (7)), |ow;l < lor—1,] + WkkH(ﬁkfl,kfj‘ for j < k. Adding for j = 1,...,k — 1
Zj:ll ol < (1 + |dwk|) Zf;ll |¢r—1,;] and adding (1 + |¢rx|) to both sides yields the recur-
sion

k k—1
L+ " wsl < (14 ldral) | 1+ k-1,
j=1 =1

Also, summing both sides of ¢i; = ¢r_1,; — GrrPr—1,k—; With respect to j, adding ¢z to both
sides and subtracting from 1, gives the recursion:

k k—1
1—Z¢kj=(1—¢>kk) 1—2@:—1&' ;
j=1 Jj=1

which can be solved to give . O

E Proof of Theorem 1

From Corollary 2.3.2 in (Golub and Van Loan) [2012) (see also Appendix and the Toeplitz
nature of the estimation error matrix, it follows that

p(Tn —Tn) < maxicjcn Yopy [Fn(li — 1) — (i — 4|
< Y 1n b 1) = 7G|
< 2370 o 13 (3) — v())
< 22]-:0 e () = ()] + 2 32020 [ (3) — ()
< T+ 1T,
T = 2370 e () — ()
T = 2300 (i) — ()]

Exploiting the notion that 4,(j) is the sample autocovariance function of the process with
theoretical autocovariance function v,(j), we can apply the distributional results of appendix
to the regularized sample autocovariances (3,(j) = 4(j) for |j| < ¢), to characterize it as an
estimator of v,(j): recalling that L = |2/].

L - . . " - . . .
Ti = 25503 G) =%+ 220 0 3 () — 3]+ 22255, 0 13 (F) — 1 ()
= Th+T+Ti3

Using Appendix and the fact that ~,.(j) = ~v(j) for j < ¢, we have

L—I—l L+1 L+1
E|Tu| < [E <T2>11/2<c += Zm |+— > il G)l-
J=0+1
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and thus, 711 = Op(1y).
For j > L the RDL sample and theoretical autocovariance functions are generated according
to the following homogeneous difference equations of order L:

L L
9= 7 = k) v () =D (i — k
k=1 k=1
Hence, for j > L,

e Tl — k) = (G = D+ Sh 907 = B)Ink = o
gé(l)mmzél 9 (G = k) = (G = DI+ Sy (G — k) ke ok — mrkl
p\In),

Wr(]) - ’Yr(])|

Il IAIA

since 25:1 |Trk| and 25:1 |7-(j — k)| are bounded for L — co. As a result, T13 = O (p,l/2rn)

As far as the component 7713 is concerned, the rate p, > L is chosen according to Assumption
such that Y7 [(7)| = o(1) and 0L |9 (j)| = o(1), so that we can write

Pn
T13 = Z |:Yr(]) - ’Vr(])’ + 0(1)'
j=L+1

As a matter of fact, notice that by Brockwell and Davis| (1991]), page 94, ~,(j) follows a ho-
mogeneous linear difference equation with general solution 7, (j) = Zz 1 Zm’_l Bzhpzj where
pi,i =1,...,k, are the reciprocals of the roots of the polynomial 71 (z), which by Lemma (ii)
satisfy |p;| < 1, m; is the multiplicity of the i-th root, >, m; = L, and the coefficients 3;;, are
determined from the initial L autocovariances. Hence, denoting by ¢ = maxj<;< [pi], 0 < 0 < 1,
mp = maxj<ij<k mi,mr < L, |v-(§)] < Cro’j™, so that the autocovariances tend to zero at a
geometric rate and 23&11 |7 (j)| = o(1). An analogous results holds for 4,.(5).

In conclusion, T1 = Op(p}/ 21",1). For the component 75,

T, = 23707 Iw(’)*v(j)l

22; £+1 v () — ()]

2377, e+l e G + 235y ()]
Ca >0 =00 e (),

where Cy > 0 is a suitable constant. Lemma 1| implies that 75 = o(1) under assumptions |1f and

2l

INIA

Hence, T, converges to I';, in operator norm under the stated assumptions and its rate of

1/2

convergence is pp “1j,.
Finally, to prove 1| we write f‘; Lol = f‘; 1 (I‘n — fn> I';!. By the properties of the

operator norm (see Appendix [A.1), p(T;1 — 71 < p(T:Y)p (Fn - fn> p(T;;1). The result

follows from (15, and the fact that both p(I';') and p(T';') are bounded. See Remark 4| for
the former; the latter results from the positive definiteness of the sample RDL autocovariance
sequence (Lemma , which guarantees that the smallest eigenvalue of I'), is strictly positive.

F Proof of Theorem [2

Let 7(,—1) = (Tn=11s---sTn—1,n—1)" denote the vector containing the coeflicients of the finite

predictor of length n — 1. Then, 7z, = 0,k > L, implies 7(,_q) = [WEL),O, ..., 0], where 7(p) =
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(7r,1,-..,7r,1) is obtained as the solution of the Yule-Walker linear system r LT(L) = Y(L), With

Ay = (3r(), -3 (L))
Hence, denOting d)(n—l) = (¢n—1,17 SR ¢n—1,n—1)/7 W(n—l) = (7Tn—1,17 cee 77Tn—1,n—1),7 F)/(L) =
(v+(1),...,% (L))", and by T, 1, the L x L Toeplitz matrix formed from ~,(j),j =0,...,L — 1,

Tn-1) — Pn—1) = T(n—1) — T(n-1) + T(n-1) — P(n-1)
= ML) = T(@) T 1) = Pn-1)

so that, by Lemma [2| and Jensen’s inequality,

|71y = Sl < Fw) = mpylla + X001 655

The first term on the right hand side can be written:

Ty —mwy = T5m =T )
= T G —w) + T2 (TnL—FL> T, L)

so that, applying the properties of the operator norm (see also Appendix ,

17y =Tyl < p ( ) 1%y —vyllz +p (fil) p (FT,L - fL) p(T, DIl

which shows that [|7(z) — 7|l = Op(rs), as p <f‘zl> and ||y(r)l|2 are both bounded, and
15y = vyll2 = Op(ra).

G Proof of Theorem 3

Writing
Yn+1|n - Yn+1\n = Z?:l(¢n,j — ﬁ'n,j)Yn—i—l—j

T N
> i1 (P — Tnyg) Yo—j + 20141 FnYatri—j
— A% B,

it follows from the Cauchy-Schwarz inequality and Theorem [2]

Al =[S (bng = Fng) a1 ]
1/2
< N6 — Flb (Thy V2 ;)
0,(11,
’B| = ‘Z] L+1¢w n+1 J‘

o] (s vza)”

1/2
S b 9nal (S0 V20)
Con'/? > iert1 185,
where the last inequality follows from writing Y%, | [¢n ;| = Z;l: 141 |Png — @5 + @] and ap-

plying Baxter’s inequality (see Pourahmadi (2001), Theorem 7.22). Hence, given two constants
Cl, Cy > 0,

IN A

|Yn+1|n - l?’n—‘,—l|n‘ < ClLl/zrn + 02\/ﬁ Z(;.;L-H |¢J|
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