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Abstract

In this paper we present some limit theorems for power variation of stationary
increments Lévy driven moving averages in the setting of critical regimes. In [5] the
authors derived first and second order asymptotic results for k-th order increments of
stationary increments Lévy driven moving averages. The limit theory heavily depends
on the interplay between the given order of the increments, the considered power, the
Blumenthal-Getoor index of the driving pure jump Lévy process L and the behaviour
of the kernel function g at 0. In this work we will study the critical cases, which were
not covered in the original work [5].
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1 Introduction and main results

In the last decade a lot of scientific research has been devoted to limit theory for high
frequency observations of stochastic processes. Power variation functionals and related
statistics play a major role in the analysis of fine properties of a stochastic process, in
stochastic integration theory and statistical inference. The asymptotic theory for high
frequency statistics of various classes of stochastic processes has been intensively investi-
gated in the literature. We refer e.g. to [4, 12, 13, 15] for limit theory for power variations
of Ité6 semimartingales, to [2, 3, 9, 11, 14] for the asymptotic results in the framework
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of fractional Brownian motion and related processes, and to [8, 20] for investigations of
power variation of the Rosenblatt process.

In a recent paper [5] the power variation of stationary increments Lévy driven moving
averages has been studied. Let us recall the definitions, notations and main results of
this paper. We consider an infinitely divisible process with stationary increments (X¢):>o,
defined on a probability space (2, F,P), given via

xi= | " gt - 5) = go(—s)} dL.

where L = (Lt)¢cr is a symmetric Lévy process on R with Ly = 0. That is, for all u € R,
(Lt4+y — Ly)t>0 is a Lévy process indexed by Ry which distribution is invariant under
multiplication with —1. Furthermore, g and gy are deterministic functions from R into
R vanishing on (—o00,0). Throughout the paper we will need the notion of Blumenthal-
Getoor index of L, which is defined via

B := inf {r >0: /11 |z|" v(dz) < oo} € [0,2], (1.1)

where v denotes the Lévy measure of L. It is well-known that }_ . 1 [ALs|? is finite when
p > (3, while it is infinite for p < 8. Here AL, = L, — L, where L;_ = limys y<s Lu-

There are some famous subclasses of stationary increments Lévy driven moving aver-
ages. When gg = 0, the process X is a moving average, and in this case X is a stationary
process. If g(s) = go(s) = s¢, X is a fractional Lévy process. In particular, when L is a
[-stable Lévy process with 5 € (0,2), X is called a linear fractional stable motion and it
is self-similar with index H = a + 1/f; see e.g. [18] (since in this case the stability index
and the Blumenthal-Getoor index of L coincide, they are both denoted by ).

In order to describe the main results of [5] we need to introduce some notation and a
set of assumptions. First of all, we consider the kth order increments AT, X of X, k € N,
that are defined by

k
ALK = (=1) (?)X(i—j)/na i> k.
7=0

For instance, we have that AZIX =Xi: —Xi1 and AZQX =Xi —2Xi-1 + Xi—2. The

main functional is the power variation gomput%d on the basis of kth order increments:
n
V(p; k)n = Z ’AZkX‘p> p > 0.
i=k

Now, we introduce the following set of assumptions on g, gp and v:

Assumption (A): The function g: R — R satisfies

g(t) ~ cot® ast ] 0 for some a > 0 and ¢ # 0,



where g(t) ~ f(t) as t | 0 means that limsog(t)/f(t) = 1. For some 6 € (0,2],
limsup,_, . v(z: 2| > )t < oo and g — go is a bounded function in LY(R,). Fur-
thermore, g is k-times continuous differentiable on (0, 00) and there exists a § > 0 such
that [g¥) ()] < Kt*~* for all t € (0,0), g®) € LY((,00)) and |¢g(¥)] is decreasing on (4, 00).
Assumption (A-log): In addition to (A) suppose that [5* 19 ()|? 1og(1/]g®) (s)]) ds <
00.

Assumption (A) ensures that the process X is well-defined, cf. [5, Section 2.4]. When
L is a f-stable Lévy process, we always choose § = (3 in assumption (A). Before we proceed
with the main statements, we need some more notation. Let hi: R — R be given by

k

mio) = Y0 (e-ig, aew (1.2)

J=0

where y4 = max{y,0} for all y € R. Let F = (F;);>0 be the filtration generated by
(Lt)t>0, (Trm)m>1 be a sequence of F-stopping times that exhaust the jumps of (L)>o,
that is, {Thn(w) :m > 1} NRy ={t > 0: AL{(w) # 0} and T, (w) # Ty (w) for all m # n
with T, (w) < oco. Let (Up)m>1 be independent and uniform [0, 1]-distributed random
variables, defined on an extension (€', 7/, P') of the original probability space, which are
independent of F.

The following first order limit theory for the power variation V(p; k),, has been proved
in [5]. We refer to [1, 17] for the definition of F-stable convergence in law which will be

denoted £=5. Moreover, P, will denote convergence in probability.

Theorem 1.1 (First order asymptotics [5]). Suppose (A) is satisfied and assume that the
Blumenthal-Getoor index satisfies 5 < 2. We have the following three cases:

(i) Suppose that (A-log) holds if 6 = 1. If « < k—1/p and p > [ then the F-stable
convergence hold

0PV (pi k) S JeoP Y |ALL [PVi where Vi =Y [hi(l+ Un)P. (1.3)
m: T, €[0,1] =0

(ii) Suppose that L is a symmetric B-stable Lévy process with scale parameter o > 0. If
a<k—1/p andp < 8 then it holds

n PO (i k), 5 my, (1.4)

where my, = |co[PoP( [ |y (x)|? dx)P/PE[|Z|P] and Z is a symmetric 3-stable random
variable with scale parameter 1.

(iii) Suppose that p > 1. If p = 6 suppose in addition that (A-log) holds. For all o >
k—1/(BV p) we have that

1
n~ PR (p; k;)n&/ |F, [P du (1.5)
0



where (Fy)ucr S a measurable process satisfying

U 1
F,= / ¢®(u—s)dLy a.s. forallueR and / |FulP du < 0o a.s.
0

—0o0

We remark that Theorem 1.1 covers all possible choices of « > 0,3 € [0,2) and p > 1
except the critical cases where p = 8, « = k — 1/p and « = k — 1/5. In this paper we
will show the limit theory for the critical casess « = k —1/p, p > f and a« = k — 1/,
p < /2. Theorem 1.2 below is the main result of our work, and to state this theorem
we let C¥(R>q) denote the set of continuous functions A : [0,00) — R which are k-times

continuous differentiable on R such that limy hU)(t) exists for all j =1,...,k, and we
set
k—1
ko = H(a —J)-
j=0

Theorem 1.2 (Critical cases). Suppose (A) is satisfied and assume that the Blumenthal-
Getoor index satisfies § < 2. Let f : Ry — R be given by f(t) = g(t)t=* fort > 0 and
f(0) = co, and assume that f € CF(Rxg).

(i) Suppose that 1/p+1/0 > 1, and for 0 = 1 suppose, in addition, that (A-log) holds.
Ifa=k—1/p and p > B then
nP

log(n)

V(p; k) — leokal? S AL (1.6)
s€(0,1]

(ii) Suppose that L is a symmetric B-stable Lévy process with scale parameter o > 0. If
a=k—1/p and p < /2 then

n—1t+plat1/B)

P .

where m, = |cokao|PE[|Z|P] and Z is a symmetric (-stable random variable with
scale parameter 1.

We note the appearance of additional logarithmic rates in Theorem 1.2(i) and (ii)
compared to Theorem 1.1(i) and (ii). We also remark that the mode of convergence
in Theorem 1.2(i) becomes convergence in probability rather than stable convergence in
Theorem 1.1(i). In [5] the authors have also shown the weak limit theory associated with
Theorem 1.1(ii), which comprises a central limit theorem and a convergence towards an
(1—«)pB-stable totally right skewed random variable. In this work we dispense with proving
similar asymptotic results associated with Theorem 1.2(ii).

This paper is structured as follows. Section 2 presents some remarks about the nature
and intuition of the main results. Section 3 introduces some preliminaries. We state the
proof of Theorem 1.2(i) in Section 4, while the proof of Theorem 1.2(ii) is demonstrated
in Section 5.



2 Background and basic ideas

In this section we explain the intuition and the methodology of the proofs of Theorems 1.1
and 1.2. For simplicity of exposition we only consider the case k = 1 and we set A?X :=
AZIX, h:=hy and V(p), := V(p; 1)n.

In order to uncover the path properties of the process X we perform a formal differ-
entiation with respect to time. Since g(0) = 0 we obtain a formal representation

dX; = g(0)dL; + (/

—0o0

t
g (t—s) dLS> dt = Fy dt.

We remark that the random variable F; is not necessarily finite under assumption (A).
However, under conditions of Theorem 1.1(iii), the process X is differentiable almost
everywhere and X' = F € LP([0, 1]), although the process F' explodes at jump times of L
when o < 1 (we refer to [5, Lemma 4.3] for the proof of this statement). Thus, under the
conditions of Theorem 1.1(iii), an application of the mean value theorem gives an intuitive
proof of (1.5):

n

1 1

. -1 .

Pl 7V (), =Pl 23 \Fal = [P
1=

where &' € ((i—1)/n,i/n) (see [5, Lemma 4.4] for a formal argument). This gives a sketch

of the proof of the asymptotic result at (1.5).

Now, we turn our attention to the small scale behaviour of the stationary increments
Lévy driven moving averages X. Recall that under conditions of Theorem 1.1(ii), o <
1 — 1/ and thus ¢’ has an explosive behaviour at 0. Hence, we intuitively deduce the
following approximation for the increments of X for a small A > 0:

XHA—Xt:A{g<t+A—s>—g<t—s>}dLs

t+A
~ / (gt + A —s)— g(t— )} dLs
t+A—e

t+A
~ co/ ((t+A— )% — (t—5)%) dL,
t+A—e

~a [{(t+8- 9% - (t- 98} dL = Yiea - Vi
R
where
¥; = o / {(t— )% — (—)%) dLs, 2.1)
R

and € > 0 is an arbitrary small real number with € > A. In the classical terminology Y
is called the tangent process of X. In the framework of Theorem 1.1(ii) the process Y is
a symmetric fractional S-stable motion. We recall that (Y;);>0 has stationary increments,
symmetric S-stable marginals and it is self-similar with index H = a+1/8 € (1/2,1), i.e.

d
(Yar)iso = a™ (V) i>0.



Furthermore, the symmetric fractional S-stable noise (Y; — Y;—1):>1 is mixing; see e.g. [7].
Thus, using Birkhoff’s ergodic theorem we conclude that

n_1+p(a+1/ﬂ)V(p)n — l Z ’nHA;ZXPD
n
i=1

1 n
i=1

Q

1=

R P
=~ V=Yl — E[Y1 - Yopl.
i=1

Noting that Y7 — Y is a symmetric S-stable random variable with scale parameter
Oy = U|CO|||h||LB(R)’

we conclude that m, = E[|Y; — Y,|P]. This method sketches the proof of the convergence
at (1.4); see [5, Section 4.2] for more details. However, in the critical case « =1 -1/
of Theorem 1.2(ii), which corresponds to H = 1, the previous idea does not work. In
particular, the process Y is not well-defined in this framework since h ¢ LA(R). In fact,
we will show the convergence (1.7) more directly, by proving that

n—1+p(a+1/8) n—2+2p(a+1/B)

WE[V(p)n] — My, and ————var(V(p),) — 0.

(log n)Qp/ﬁ
In contrast to Theorem 1.1(ii), where we only require that p < § to ensure that m, < oo,
in Theorem 1.2(ii) we need to assume the stronger condition p < /2 to be able to compute
var(V(p),). At the moment we do not know how to show (1.7) under the mere condition
p<p.

At this stage we need to better understand the fine scale behaviour of the process
X in order to describe the intuition behind the non-standard result of Theorem 1.1(i).
For simplicity of exposition we will discuss the symmetric fractional S-stable motion Y
defined at (2.1), although the stability of the driving Lévy process L does not matter for
our arguments. Instead, the fact that § is the Blumenthal-Getoor index of L is more
important.

As it follows by [19, Theorem 3.4], process (Y;)ic[,1) has Hélder index a (recall o >
0). This is in strong contrast to the framework of fractional Brownian motion, which
corresponds to the case § = 2, that has Holder index H = « + 1/2. Thus, in terms
of Holder continuity, the fractional Brownian motion has much smoother sample paths
than the linear fractional sample motion. We recall that the Holder index of a stochastic
process is the largest index 6 such that the sample paths are (6 — ¢)-Holder continuous a.s.
for all e > 0. Now, we will discuss the asymptotic distribution of the scaled increments
n®A?Y . Although the process Y has infinitely many jumps on finite intervals, we assume
for simplicity of exposition that T € [(j —1)/n,j/n) is the only jump time of L within the



interval [0,1]. As above we consider the approximation
AYY ~ A} + B!

o ([ G e [T () o)

n

Since T' € [(j — 1)/n, j/n) is the only jump time of L, we observe that A7 = 0 for all ¢ # j
and B!' = 0 for all ¢ < j. More precisely, we deduce that

%Am(%4ﬂa 1=0
QAE«<Hlfﬂa—(ﬁ%i—Ty3 1>1

Now, we use the following result, which is essentially due to Tukey [21] (see also [10] and
[5, Lemma 4.1]): Let Z be a random variable with an absolutely continuous distribution
and let {x} :=x — |z] € [0,1) denote the fractional part of € R. Then it holds that

(nZ} E5 U ~u([0,1)),

where U is defined on the extended probability space and U is independent of F. Since
{nT} = j — nT we conclude the stable convergence

nCAL Y ES cAYr (1+U)E - (1-140)%), >0

Thus, we obtain the result of (1.3) for one jump time:

apV(anNZm A”+B")\p—>\coAyT|pZ\z+U —(1-1+0)%".(2:2)
=] =0

which gives an intuitive proof of Theorem 1.1(i). A formal proof of the stable convergence
at (1.3) requires a decomposition of the driving jump measure associated with L into big
and small jumps, and a certain time separation between the big jumps; we refer to [5,
Section 4.1] for a detailed exposition. We remark that the conditions a € (0,1 —1/p) and
p > B of Theorem 1.1(i) seem to be sharp. Indeed, since |h(x)| < Kz®~! for large =, we
obtain from (1.3) that

sup V, < 00
m>1

when a € (0,1 —1/p). On the other hand }_,, 1 1017 [ALz, [P < oo for p > B, which
follows from the definition of the Blumenthal-Getoor index at (1.1). In particular, the
quadratic variation case p = 2 always falls under Theorem 1.1(i) whenever a € (0,1/2).

In the critical case « = 1 — 1/p of Theorem 1.2(i) the above argument fails due to the
fact that >7° |1+ U)% — (1 —1+ U)%|” = co. However, applying mean value theorem
and the same argument as in (2.2), we deduce that

neP |coaAYT|p
— VYV, pp ———
log(n) (¥:p) log(n)

when 7" € (0,1). This give an intuition behind the convergence at (1.6).

Z i N lcoaAY7|P,



3 Preliminaries

For all p > 0 and all measurable functions f : R — R we let || f||zr®) = (Jg [f(z)P dx)/P
which defines a (semi) norm for all p > 1. Throughout the following sections all positive
constants will be denoted by K, although they may change from line to line. Also the
notation might change from subsection to subsection, but the meaning will be clear from
the context. Throughout all the next sections we assume, without loss of generality, that
cp =0 = o = 1. Recall that g(t) = go(t) = 0 for all ¢ < 0 by assumption. When k and p
are fixed and we want to stress that the power variation is built from a process Y we will
sometimes write V(Y), = > i_; [A?, Y|P to simplify the notation. For all n,i € N set

i) = 217 (gl =iy - o), (3.1)

k Ik X
hin(z) = Z(—l)ﬂ <]> ((1 —Jj)/n— x)+,
7=0
gn(x) = n%g(x/n), z € R.
In addition, for each function ¢: R — R define D*¢: R — R by
& k
Dhoa) = Y1 ($)ota i), zek
7=0

In this notation the function hy, defined in (1.2), is given by hy = D*¥¢ with ¢ : z xg.
We note that if ¢ is k-times continuous differentiable on (0, c0) then for all z > k we have

o= [ ([T ([T e an)

k 2

which by the mean-value theorem implies that
DFy(z) = ¥ () for some y € [ — k, x]. (3.2)
Furthermore, by Lemma 3.1 in [5] we have the following estimates on g; ,,.

Lemma 3.1. Assume that g satisfies condition (A). Then we obtain the following esti-
mates

9in(@)] < K(ifn—2)", @€ i~ k)/ni/n] (33)

90n(@)] < Kn ™K (i = k)/n—2)°7, @€ (i/n—1,G—k)/n),

900 (@)] < K (Lammyjmrim1(@) + 90 = k)0 = 2)1 e ym (@), (35)
x € (—o00,i/n —1].

The same estimates trivially hold for the function h;y,.



4 Proof of Theorem 1.2(i)

In this section we prove the assertions of Theorem 1.2(i). The proof will be divided into the
following three steps. First, in Step (i), we prove Theorem 1.2(i) in case L is a compound
Poisson process. Next, in Step (ii), an approximation lemma is derived which is used in
Step (iii) together with the result of Step (i) to obtain the general result of Theorem 1.2(i).
The proof relies heavily on a crucial decomposition derived in [5], see (4.3) below.

Step (i) (compound Poisson case): Suppose that L = (L;)ier is a compound Poisson
process and let 0 < 77 < Ty < ... denote the jump times of the Lévy process (L:)i>0
chosen in increasing order. Consider a fixed ¢ > 0 and let n € N satisfy ¢ > n~!. We
define

Q= {w € Q:for all j > 1 with Tj(w) € [0, 1] we have |Tj11(w) — Tj(w)| > &/2
and ALg(w) =0 for all s € [—6,0}}.
Notice that Q. T 2 as € | 0. Now, we decompose for i = k,...,n
APpX = Mipe+ Rine, (4.1)

where
: i-g
Mi,n,a = / gi,n(s) dLs; Ri,n,a = / gi,n(s) dLS7
i o
and the function g;, is introduced in (3.1). The term M, . represents the dominating
quantity, while R;, . turns out to be negligible.

The dominating term: In the following we will show that almost surely on €2 we have

Zme| = kal? > |ALJP  asn— oo, (4.2)

log s€(0,1]

To show (4.2) the following representation is crucial. For each m let 4, = i,,(w,n) denote
the (random) index satisfying T, € ((iy, — 1)/n,im/n]. On . we have that

bg Z |Mi e |P = with (4.3)
noP len/2]+vm
n,e — AL P i T b
Va, log(n) Z | Ton | Z g m+l,n( )|
m: Trm€(0,1] 1=0

where the random indexes v,,, = vy, (w, n, €) are given by v, = 0 if ([en/2] +ip)/n—€/2 <
T, and v, = —1 else, see (4.4) in [5]. We proceed by showing that for each fixed m we
have almost surely

en/2]+vm

Gimntin (TP — |ka|? as 1 — oo. 4.4
log(n) ZZ; ’ + ( )‘ ‘ ‘ ( )

nP




10

To this aim we start by noticing that

log Z \Gint1n(T)P =0 asn — oo (4.5)

which follows by the estimate |g(x)| < K|z|* for all 2 € (0,1). Next we will show that

len/2]+vm
1
n%gi, +in he(l +{nT, )P — 0 as n — oo. 4.6
e D et (Tn) = ell+ () (1.6

We let f(t) = g(t)t~ for t > 0 and f(0) = 1. Then g(s) = s*f(s) for s > 0 and we find
that

in(s) = ng(s/n) — s =n(s/n)*{f(s/n) = f(0)} = n®¢Y1(s/n)a(s/n)
where 91 (s) = s and a(s) = f(s) — f(0) for s > 0. We start by noticing that

1 Gipt1n (L) — hie(l +{nTi}) = nn(l +{nTm}).

For all s > k there exists, cf. (3.2), a £ € [s — k, s] such that

(DFna)(s) = ) (€0) = o 'fz() O (e /myg= (en fm) (4.7)

where the the last equality follows by the product rule. Applying (4.7) on s =1+ {nT},}
we obtain (' € [l — k,l 4+ 1] such that

k
(D ) (U 4+ AT )| < K3 0 F (g o=dgl 9 (¢ /m)

J=0

where we have use that I/J%j)(t) =ala—1)---(a—j+1)t*7 for t > 0. Hence,

1 [en/2]+vm k
1 Z 17 Gitin(Tin) — his(L + {nT PP < Kzajn (4.8)
og(n) I=k+1 §=0
where for j =0,...,k — 1 we have
= R i < T e e L
" Togln) 2, log(n) Log(n)

(k—=7)

as n — 0o, where we have use that 1/12k is bounded on (0, 1] in the first inequality and
that (o — k)p = —1 to conclude the convergence to zero. For j = k we have

—p len/2]+vm

n 1
< — E P < K—— =0 —
agpn < Tog (1) ) 1€ < K et as n — 0o



11

where we have used that (a«—k)p = —1 and |¢2(z)| < Kz for all z € (0,1]. This completes
the proof of (4.6).

Set ¢(t) =t for all t € R. Next we will show that

l[en/2]+vm
1
hi(l+ {nTn}) — o™ ()P -0  asn — oo. 4.9
Tog(n) l:zk;l \hi (I + {nTn}) ()] (4.9)

We have that hj, = D¥¢, and hence by (3.2) we deduce the estimate
b+ {nTn}) = 6@ (D) < sup (98 (s) — o (D))
s€[l—k,l+1]
<K sup |pFTV(s)| < K(I—k)*F L, (4.10)
s€ll—k,+1]
which shows that

[en/2]+vm

1 nT 1) — 60 ()P
oa() lzzij (1 + {nTw}) = 6P )]

len/2]+vm
1
<K l—k (O‘_k)p_pSKn_p —0 as n — 0o,
gty 2, ) o8(r)

and completes the proof of (4.9). Furthermore, we have

1 [en/2]+vm 1 [en/2]+vm
$FVDP = |kal? 7 = ko P asn — oo. (4.11
o o WOP =i S )

By applying the inequality
l l q
1/p 1/p 1/p
(D tar?) = (2 tol?) 1= (D Jar = brl?) (4.12)
r=1 r=1 r=1
for p > 1 (follows by Minkowski’s inequality), and the inequality

! ! !
’Z!ar\p—Z!br!”l <> lay — b, (4.13)
r=1 r=1 r=1

for p € (0, 1) (follows by sub additivity), we deduce (4.4) from (4.5), (4.6), (4.9) and (4.11).

The rest term: In the following we will show that

Z|R“” 0 as n — oo. (4.14)
log



12

The fact that the random variables in (4.14) are usually not integrable makes the proof
of (4.14) considerable more complicated, however, we can rely on some estimates already
derived in [5] to show this part. Since o = k — 1/p we have the simple estimate

( max |n R; )p. (4.15)

e

We will divide the proof of (4.14) into the two special cases § € (0,1] and 6 € (1,2]
which need separate treatments. Suppose first that 6 € (0, 1]. To show (4.14) it suffices,
according to (4.15), to show that

sup nk\R@mE] < 00 a.s.
neN, i=k,....,n
The proof of this follows by (4.11) of [5] (which also holds under the assumption o =
k —1/p). Next we assume that 6 € (1,2]. According to (4.15) of [5] (which also holds
under the assumption o = k — 1/p) we have that

U .= sup M a.s.

neN, i=k,....,n (10g n) 1/a

where ¢ > 1 denotes the conjugated number to # > 1 determined by 1/6 + 1/q = 1. By
(4.15) we have

log Z\Rme! [1Ogn>1/q_1/pU}p

which shows (4.14) since 1/q—1/p =1-1/6—1/p < 0, the latter follows by the assumption
1/p+1/6 > 1. This completes the proof of (4.14) in general.

End of the proof of Step (i): By the decomposition (4.1) together with (4.2) and (4.14)
we deduce from the two inequalities (4.12) and (4.13) that for all e > 0

nP

o (n)V(X)n s kal? DT AL on Qe asn — oo, (4.16)

s€(0,1]

Since . 1 Q as € | 0, (4.16) implies

nP

log(n)

V(X)n — [kal? Y JALJP  asn— o
s€(0,1]

which completes the proof of Step (i).

Step (i) (an approximation): To prove Theorem 1.2(i) in the general case we need the
following approximation result. Consider a general symmetric Lévy process L = (Lt)icr
as in Theorem 1.2(i) and let N be the corresponding Poisson random measure N(A) :=
#{t € R: (t,AL;) € A} for all measurable A C R x (R\ {0}). By our assumptions (in
particular, by symmetry), the process X (j) given by

X,(j) = /( sy (=9 (s} Vs, (4.17)
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is well-defined. The following estimate on the processes X (j) given in the below lemma
will be crucial. The overall idea in proving the lemma are similar to that of Lemma 4.2 in
[5], however, different estimates are needed due to different assumptions and statements.

Lemma 4.1. Suppose that « =k —1/p and p > 3. Then

ap
lim limsupP( " V(X(@5))n > E) =0 for all e > 0.

J—0 n—oo log(n)

Proof. By Markov’s inequality and the stationary increments of X () we have that

" vix E[|A}, < par X ()P
p( ' )<e - @l
Hence it is enough to show that
a+1/p
lim li E[|Y, ith Y, ,:= T X (g = 4.18
Jimn Tim sup E[}Yy, ;] = with Yy, ;= anAf X (7),  an Qog )17 (4.18)

To show (4.18) it sufficers to show

J—0 n—oo

lim limsupé&,; =0 where €nj = / Xn(z)v(dz) and
|l[<1/j

k/n
Xn($) - / <|angk‘,’l’b(S)x|p:ﬂ'{‘an9k,n(s)$|21}

+ Iangk,n(8)93|2ﬂ{|angk,n(s)r|§1}) ds,

which follows from the representation
Y, = / (angrn(s)z) N(ds,dz),
(—oo,k/n]x[~1,5]

and by [16, Theorem 3.3 and the remarks above it]. Suppose for the moment that there
exists a finite constant K > 0 such that

n(z) < K(|z|P 4 %) for all z € [-1,1]. (4.19)
Then,
lim sup { hmsupfn]} < Khmsup/ (|z|P + 2?) v(dx) =
|z|<1/j

J—00 j—00
since p > (3. Hence it suffices to show the estimate (4.19), which we will do in the following.

Let ®,: R — Ry denote the function ®,(y) = [y[*Lyjy<1y + [¥[PLgy>13- We split xp
into the following three terms which need different treatments

Xn(z) = /k/n Dy (angk,n(S)J/') ds + /_:k/n @, <angk7n(s)x) ds

—k/n

+ /__1 o, (angkm(s)x) ds

[e.9]

= Il,n(x) + I2,n($) + IB,n(l‘)~
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Estimation of I »: By (3.3) of Lemma 3.1 we have that
Gkn ()| < K(k/n—s)%  se[=k/n,k/n]. (4.20)

Since ®,, is increasing on R, (4.20) and the estimate a,, < n®+/P implies that
2k/n
I, (z) < K/ P, (:cno‘+1/psa> ds.
0

Hence using (4.26) and (4.27) from [5] (which also holds under our assumptions) we obtain
the estimate I ,(z) < K(|z|P + 2?).

Estimation of Iz n: By (3.4) of Lemma 3.1 it holds that
gkn(8)] < Kn~F|s|27k, s€(=1,—k/n). (4.21)

Again, due to the fact that @, is increasing on R, (4.21) implies that

1
In(x) <K ®,(x(logn)~HPs™1P) ds (4.22)
k/n

where we have used the assumption « = k — 1/p. For p # 2 we have

1
/k |x8_1/p|2ﬂ{\rs*l/1>|§1}d5

/n
S K<$2(7”L_1)_2/p+1]1{|$|p§n71} + x?(’x’p)—Q/p+l ]]~{|$‘P>n*1}) (423)
< K<x2 v |x\p), (4.24)

where the first term in (4.23) is estimated less than or equal to Kz for for p > 2, and less
than or equal to KzP for p < 2. For p = 2 we have

1
/k/n [2(log ) Y25 P P 10g ) 1/ms-1/mi <1y
1

< 2*(log n)l/ s lds < Ka?. (4.25)
k/n

Moreover,

1
/k/n |z(log n)_1/7’5_1/7’|p]l{‘ma+1/p7ksa_k|>1} ds

1
< K|xp(logn)_1/ s lds < K|z|P. (4.26)
k/n

By (4.22), (4.24), (4.25) and (4.26) we obtain the estimate I, () < K(|z|P + 2?).

Estimation of I3,: For s < —1 we have |gin(s)] < Kn=*|g®)(—k/n — s)| by (3.5) of
Lemma 3.1, and hence

La(z) <K /1 h @, (2g™(s)) ds. (4.27)
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We have that - ~
/1 29 ()P 1agh) (5)1<1) 5 < x2/1 9™ ()| ds. (4.28)

Since |g®)| is decreasing on (1,00) and g¥) € LY((1,0)) for some # < 2, the integral on
the right-hand side of (4.28) is finite. For z € [—1, 1] we have

/1 29 ()L {120 s)51 ds < [l /1 9 P Loy ds. (4.29)

From our assumptions the integral on the right-hand side of (4.29) is finite. By (4.27),
(4.28) and (4.29) we have that I, 3(z) < K(|z|P + 2?) for all z € [~1, 1], which completes
the proof of (4.19) and therefore also the proof of the lemma. O

Step (ii1): The general case. In the following we will prove Theorem 1.2(i) in the general
case by combining the above Steps (i) and (ii).

Proof of Theorem 1.2(i). For each j € N let L(j) be the Lévy process given by

u€(s,t]

and set .

5) = [ (ot = 5) - go(=5)) dL.()).
—00
Since ﬁ( j) is a compound Poisson process, Step (i) shows that

nP

log(n)

V(X))o — Zj = kal? Y AL asn— cc. (4.30)
s€(0,1]

By monotone convergence we have as j — oo,

Z=lkal” Y IALPLgap sy =2 Ikal” D2 AL = 2. (4.31)
s€(0,1] s€(0,1]

Suppose first that p > 1 and decompose

(V0 = (s VX)) "y (V) " (v G0) ]

=Y, ;+Up;.
Equations (4.30) and (4.31) show

Yo —— 27 and  Z}/P L ZVr,
n—00 j—00
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Note that X — X (j) = X(j), where X (j) is defined in (4.17). For all € > 0 we have by the
inequality (4.12) that

ap
lim sup limsup P(|Uy, ;| > €) < limsup limsupIP( n V(X()))n > ep) =0

j—00 n—00 j—o0  nm—0oo 10g(n)
where the last equality follows by Lemma 4.1. Hence, we deduce that
(LV(X)n) PP
log(n)

which completes the proof of Theorem 1.2(i) when p > 1. For p < 1, Theorem 1.2(i)
follows by (4.30), (4.31), the inequality (4.13) and Lemma 4.1. O

5 Proof of Theorem 1.2(ii)

As we mentioned in Section 2 we will prove Theorem 1.2(ii) by showing that

n—1+pla+1/B) B
n—2+2p(a+1/8)

Wv&r(V(p; k)n) — 0, (5.2)

which we will perform in two steps.

(i): Due to stationarity of the increments of X we deduce the identity

n—1+p(a+1/8) notl/8 ‘p]

“lognyp BV k)] =E

’ (logn)1/8

We remark that the random variable A}, X is symmetric S-stable with scale parameter
|gk.nllL5(r)- Hence, it suffices to prove that

a—i—l/ﬁ
(logn)

to show (5.1), cf. the scaling properties of S-stable random variables or alternatively use
[18, Proposition 1.2.17]. By substitution we obtain the identity

a,6’+1
/ngn ! /IDkgn(S)lﬁdS
log(n ~ log(n) ’

where the function g, has been defined at (3.1). Applying (3.2) and recalling that the
function ¢g®) € LP((1, 00)) is decreasing on (1,00) and o = k — 1/, we find that

1 o0 o0
L P i < s [Tl ar o
1

log(n) /oy ~ log(n)

(5.3)
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In addition we have

1

Tog(n) — 0.

k+1 A 5 1
D%g,(s)|"ds < K
/0 D" gu(5) o

Hence to show (5.3) it is enough to show that as n — oo

n+k
b;(n)/kﬂ DEgn(s) — hi(s)|% ds — 0 (5.4)

and

1 n+k 3 8
hr(s)|” ds — |kal|”. 5.5
log(n) /k+1 (5] kol (5:5)

Indeed, this follows by applying the integral versions of the inequalities (4.12) and (4.13).

To prove (5.4) we argue as in the proof of (4.6). The estimate (4.7) implies (as in proof
of (4.8)) that

1 n+k A 8 k
D"%gn(s) — hi(s)|"ds < K Ain
oo L 1D an(s) — h(e) >

where for j =0,...,k — 1 we have

(J—k)B  pntk ' 1
im = 7/ | max{s, s — Kk} ds < n@ NI =0
0g(n) Jit1 og(n)

as n — 0o, where the convergence to zero follows by the assumption (o — k)8 = —1. For
7 = k we have

n*ﬁ n+k 51 1
Ak = | max{s,s — k}|" " ds < K — 0,
T log(n) Jita log(n)

which completes the proof of (5.4). To show (5.5) we have, as in (4.10), that for all s > k
[hi(s) = ¢ (s)] < K (s — k)* (5.6)

where ¢(t) =t for all t > 0. Eq. (5.6) implies that

1 n—+k
Toa () /k+1 \hi(s) — o™ ()P ds -0  asn— oo (5.7)
since (a — k) = —1. Moreover,
! /ka)(s)yﬁds: k |ﬂ1/n+k31 ds — [kal?. (5.8)
log(n) Ji+1 “ log(n) Jit1 “

By (5.7) and (5.8) we deduce (5.5), which completes the proof of (5.1).
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(ii): In order to prove the convergence at (5.2) we need to recall some technical results
from [5]. First, we set

Z0 = [noTVBAR X P — E[lntPAL, X |P)

and observe that with
On(l) == cov(Zy, Zi1)

we have that

n—2+2p(a+1/8) 1 n—=k 2
g V0 = G

n—k
2
< — E 0, (D).
>~ (logn)Qp/ﬁn i | ( )’

For all n > 1 we set u,(z) = D¥g,(z) for x € R. Then functions u, are continuous
functions from R into R and by Lemma 3.1 they satisfying the inequality

un(z)] < K (lﬂﬁ!aﬂ[o,kﬂ} () + 2] Ly () (5.9)

1 (Ui () 0((@ = ) /1)L ) (@) )

where v € LA((1,00)) NC((1, 00)) is a fixed decreasing function which does not depend on
n. In fact, we can choose v = g(*). For all ¢ € [0, 3/2) we set

Ijng ::/ |un(x+l)\ﬁfq|un(x)\qd:1;.
0

Based on the inequality (5.9) we will show for all ¢ € [0,3/2) and alln > 1andl =0,...,n
we have the estimate the estimate

Tipg < K(log(n) “log(IV1) + 1). (5.10)

To show (5.10) we observe that

/ (4 D) ()| Ly 41y

k+1
n (a—k)(B—q) sz (a—k)q
< Kile—k5B / T z da
< G+ (7)
n/l
<K (y+ 1)~ HUBy=1/B gy < K (log(n) — log(l)),
(k+1)/1

since & = k — 1/5. On the other hand, we have that

/ |un (z + l)\ﬁ_qlun(x)\q]l{Iern} dz < Knlo—k(B=a) / R gy < K.
k+1 k
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We trivially obtain
k+1
/ i (2 + )P~ ()] dar < KI~1+9/8 < K.
0
Finally, for the last term we deduce that
/ tn (2 + D), (2)]9 dz < Kn(@=F)B (1 +/ v(z/n)? dx) <K,

where we used that the function v is decreasing on (1,00) and v € LP((1,00)), which
completes the proof of (5.10).

By Cauchy—Schwarz inequality we have that
0n (D < 128012211 284l 22 = ENlZE )
> 2p/P 2p/B
<K( [ ) dn) " = (fono) " < Klogn?? (.11
0
where the last inequality follows by (5.10) used on [ = 0. In the following we will show

that 6,,(1) are bounded for [ suitable close to n. To be more precise we claim that for each
fixed r € (0,1) there exists a constant K, only depending on r such that

10,(1)] < K, foralln > 1,1 =[rn],...,n. (5.12)

In the following we will show (5.12). By arguing as in the second equation after (5.46) in
[5] we obtain the representation

_ 1
On(l) = ap2 /R2 le"(sl, s2) dsi dsa, where

Y (s1,82) = exp <— /R |s1un(x) — soun(x + l)]ﬁ d:r)

—oxp (= [ Isnunl)l + szun(o + 0 d
R
and a, = [ (1 — exp(iu))|u| 7P du € Ry. We decompose 0, (1) as

en(l) = en(l)l + en(l)2

where

1
_ =2 Y
Inllhr = a /R?\[—l 12 ’3182\1+”wl (81, 82) dor o,

1
_ =2 Y
bnll)2 = ap /[—1,1]2 |8182’1+pwl (51, 52) s s

Part (b) of the proof of [5, Lemma 6.3], see (6.15), (6.17), (6.18) and (6.20) in [5], shows
the inequality

‘Hn(l)2‘ < K<Il,n,p + Il,n,O) . (5.13)
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Combining (5.10) and (5.13) yields that for all n > 1 and all I = [rn],...,n we have

10n(1)2] < K(log(n) — log(l) + 1) < K(log(n) — log(rn) + 1) = K<| log(r)| + 1).
To estimate 6, (1)1 we use that |¢]'(s1,s2)| < 1 which implies that

1
0,(0)1] < a;? — = dsydsy < K
il = o /11%2\[1,1]2 [saso 7 712 =

and completes the proof of (5.12). By using the estimate (5.11) for all { = 0,..., [rn| and
the estimate (5.12) for all [ = [rn] + 1,...,n we have that

n—=k [nr] n—=k

1 1 10,(1)] 1 105(0)]
N ==y 2 P
log(n)2r/Pn Z 161 n Z (log n)2r/B ta Z (log n)2r/8

=0 =0 I=[nr]+1
K,
<K — 5.14
<Kr+ (log n)%/7 (5.14)
Hence, we deduce (5.2) by letting first n — oo in (5.14) and then r — 0. This completes
the proof of Theorem 1.2(ii). O
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