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Abstract

In this paper we present some new limit theorems for power variation of k-th order
increments of stationary increments Lévy driven moving averages. In this infill sam-
pling setting, the asymptotic theory gives very surprising results, which (partially)
have no counterpart in the theory of discrete moving averages. More specifically, we
will show that the first order limit theorems and the mode of convergence strongly
depend on the interplay between the given order of the increments, the considered
power p, the Blumenthal-Getoor index of the driving pure jump Lévy process L and
the behaviour of the kernel function g at 0. First order asymptotic theory essen-
tially comprise three cases: stable convergence towards a certain infinitely divisible
distribution, an ergodic type limit theorem and convergence in probability towards an
integrated random process. We also prove the second order limit theorem connected
to the ergodic type result. When the driving Lévy process L is a symmetric stable
process we obtain two different limits: a central limit theorem and convergence in
distribution towards a stable random variable.
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1 Introduction and main results

In the recent years there has been an increasing interest in limit theory for power variations
of stochastic processes. Power variation functionals and related statistics play a major role
in analyzing the fine properties of the underlying model, in stochastic integration concepts
and statistical inference. In the last decade asymptotic theory for power variations of
various classes of stochastic processes has been intensively investigated in the literature.
We refer e.g. to [6, 26, 27, 33] for limit theory for power variations of I1t6 semimartingales,
to [4, 5, 18, 23, 32] for the asymptotic results in the framework of fractional Brownian
motion and related processes, and to [17, 41] for investigations of power variation of the
Rosenblatt process.

In this paper we study the power variation of stationary increments Lévy driven moving
averages. More specifically, we consider an infinitely divisible process with stationary
increments (X¢)¢>0, defined on a probability space (2, F,P), given as

Xi= [ ot =5~ m(-9)}dL. (1.1)

where L = (L)icr is a symmetric Lévy process on R with Ly = 0, that is, for all u € R,
(Lt4vy — Ly)t>0 is a Lévy process indexed by Ry which distribution is invariant under
multiplication with —1. Furthermore, g and gy are deterministic functions from R into R
vanishing on (—o00,0). In the further discussion we will need the notion of Blumenthal-
Getoor index of L, which is defined via

B :=inf {r >0: /11 |z|" v(dz) < oo} € [0,2], (1.2)

where v denotes the Lévy measure of L. When go = 0, process X is a moving average,
and in this case X is a stationary process. If g(s) = go(s) = s%, X is a so called
fractional Lévy process. In particular, when L is a §-stable Lévy motion with 8 € (0,2),
X is called a linear fractional stable motion and it is self-similar with index H = a+1/[3; see
e.g. [36] (since in this case the stability index and the Blumenthal-Getoor index coincide,
they are both denoted by f3).

Probabilistic analysis of stationary increments Lévy driven moving averages such as
semimartingale property, fine scale structure and integration concepts, have been inves-
tigated in several papers. We refer to the work of [8, 9, 10, 11, 29] among many others.
However, only few results on the power variations of such processes are presently available,
exceptions to this are [9, Theorem 5.1] and [21, Theorem 2]; see Remark 2.4 for a closer
discussion of a result from [9, Theorem 5.1]. These two results are concerned with certain
power variation of fractional Lévy process and have some overlad with our Theorem 1.1(ii)
for the linear fractional stable motion, but we apply different proofs. The aim of this paper
is to derive a rather complete picture of the first order asymptotic theory for power vari-
ation of the process X, and, in some cases, the associated second order limit theory. We
will see that the type of convergence and the limiting random variables/distributions are
quite surprising and novel in the literature. Apart from pure probabilistic interest, limit



theory for power variations of stationary increments Lévy driven moving averages give
rise to a variety of statistical methods (e.g. identification and estimation of the unknown
parameters « and ) and it provides a first step towards asymptotic theory for power
variation of stochastic processes, which contain X as a building block. In this context
let us mention stochastic integrals with respect to X and Lévy semi-stationary processes,
which have been introduced in [3].

To describe our main results we need to introduce some notation and a set of assump-
tions. In this work we consider the kth order increments AZkX of X, k € N, that are
defined by

RR S L

For instance, we have that A}y X = Xz Xiz1 and APy X = Xz —2Xi1 + _Xz . Our
main functional is the power variation computed on the basis of kth order filters:

V(p; k)n = Z ALX[P, p>0. (1.3)

Now, we introduce the following set of assumptions on g and v:

Assumption (A): The function g: R — R satisfies
g(t) ~ cot® ast |0 for some a > 0 and ¢g # 0, (1.4)

where g(t) ~ f(t) as t | 0 means that limsog(t)/f(t) = 1. For some 6 € (0,2],
limsup, . v(z: 2| > )t < oo and g — go is a bounded function in LY(R,). Fur-
thermore, g is k-times continuous differentiable on (0,00) and there exists a 6 > 0 such
that [g®)(t)| < Kt for all t € (0,6), g € LY((5,00)) and |¢g¥)| is decreasing on (J, 00).
Assumption (A-log): In addition to (A) suppose that [5* 19%) (5)|% 1og(1/]g™) (s)]) ds <
00.

Assumption (A) ensures that the process X is well-defined, cf. Section 2.4. When L is

a [-stable Lévy process, we always choose # = /3 in assumption (A). Before we introduce
the main results, we need some more notation. Let hi: R — R be given by

:i <>x—])+, z €R, (1.5)

where y4 = max{y,0} for all y € R. Let F = (F;);>0 be the filtration generated by
(Lt)t>0, (Trm)m>1 be a sequence of F-stopping times that exhaust the jumps of (L)>o,
that is, {Thn(w) :m > 1} NRy ={t > 0: AL{(w) # 0} and T, (w) # Ty (w) for all m # n
with T, (w) < oco. Let (Up)m>1 be independent and uniform [0, 1]-distributed random
variables, defined on an extension (€', 7', [P') of the original probability space, which are
independent of F.

The following two theorems summarize the first and second order limit theory for the
power variation V' (p; k),. We would like to emphasize part (i) of Theorem 1.1 and part



(i) of Theorem 1.2, which are truly remarkable probabilistic results. We refer to [1, 35]
and to Section 4 for the definition of F-stable convergence which will be denoted £og

Theorem 1.1 (First order asymptotics.). Suppose (A) is satisfied and assume that the
Blumenthal-Getoor index satisfies B < 2. We obtain the following three cases:

(i) Suppose that (A-log) holds if 6 = 1. If « < k—1/p and p > 8 we obtain the F-stable
convergence

nPV(p; k)p £ lcolP Z |ALz, [PV, where V,, = Z |hi (L4 Un)P.  (1.6)
m: Trm€[0,1] 1=0

(ii) Suppose that L is a symmetric B-stable Lévy process with scale parameter o > 0. If
a<k—1/8 and p < 8 then it holds

n PO BY (k). LN my

where my, = |co[PoP( [, [P ()| dz)P/PE[|Z|P] and Z is a symmetric B-stable random
vartable with scale parameter 1.

(iii) Suppose that p > 1. If p = 6 suppose in addition that (A-log) holds. For all a >
kE—1/(BV p) we deduce

1
n Y (pi k), — / |F, P du (1.7)
0
where (Fy,)uecr 18 a measurable process satisfying

u 1
F, = / ¢® ) (u—s)dLs a.s. forallueR and / |FulP du < oo a.s.
—o0 0

We remark that, except the critical cases where p =, a =k —1/pand a =k —1/8,
Theorem 1.1 covers all possible choices of « > 0,5 € [0,2) and p > 1. We also note that
the limiting random variable in (1.6) is infinitely divisible, see Section 2.4 for more details.
In addition, we note that there is no convergence in probability in (1.6) due to the fact
that the random variables V,,,, m > 1, are independent of L and the properties of stable
convergence. To be used in the next theorem we recall that a totally right skewed p-stable
random variable S with p > 1, mean zero and scale parameter n > 0 has characteristic
function given by

E[e?] = exp ( —n”|0]° (1 — isign(6) tan(7rp/2))), 0 € R.

For part (ii) of Theorem 1.1, which we will refer to as the ergodic case, we also show
the second order asymptotic results.



Theorem 1.2 (Second order assymptotics). Suppose that assumption (A) is satisfied and
L is a symmetric B-stable Lévy process with scale parameter o > 0. Let f :[0,00) — R be
given by f(t) = g(t)/t* fort >0 and f(0) = cg, and assume that f is k-times continuous
right differentiable at 0. For the below case (i) assume, in addition, that |g'(t)| < Kt*!
for allt > 0.

(i) If k=1, a<1—1/8 and p < B/2, then it holds that
nl—ﬁ <n71+p(a+1/ﬁ)v(p; k)p — mp) 4, S,

where S is a totally right skewed (1 — o) 3-stable random variable with mean zero and
scale parameter o, which is defined in Remark 2.5(i).

7 >2, a<k— and p < we deduce that
i) If k> 2 k—2/8 and p < /2 we deduce th
\/ﬁ<n_1+p(a+1/5)V(p; k)p — mp> 4, N(0,7?), (1.8)
where the quantity n? is defined in Remark 2.5(ii).

This paper is structured as follows. Section 2 presents some remarks about the na-
ture and applicability of the main results, and it also includes a discussion about related
problems. Section 3 introduces some preliminaries. We state the proof of Theorem 1.1 in
Section 4, while the proof of Theorem 1.2 is demonstrated in Section 5. Some technical
lemmas are deferred to the Appendix.

2 Related results, remarks and extensions

In this section we will give a review of related asymptotic results in the literature, present
some intuition behind our limit theory and discuss possible extensions.

2.1 Fine properties of stationary increments Lévy driven moving aver-
ages

In this subsection we will discuss the probabilistic properties of the process X defined at
(1.1), such as semimartingale property and small scale behaviour, and their consequences
for the limit theory. For simplicity suppose that L is a symmetric S-stable Lévy process.

Suppose, in addition, that ¢’ satisfies the lower bound Kt*~! < |¢/(t)| for all t € (0,1)
and a constant K > 0. By [8, Example 4.9] it follows that X is a semimartingale if and
only if @ > 1— 1/, which is exactly condition (iii) in Theorem 1.1 when k£ = 1 and p < .

To better understand the limit theory stated in Theorem 1.1(ii) and Theorem 1.2,
which both refer to the ergodic case, we need to study the small scale behaviour of the
stationary increments Lévy driven moving averages X. We intuitively deduce the following



approximation for the increments of X for a small A > 0:
Xeea = Xi= [{olt+a-5)~glt - 9)}dL.
R

t+A
~ [ Gttra-s-g-s)d.
t+A—e

t+A
~ CO/ ((t+A—8)% — (t—5)%) dL,
t+A—e

~ co/{(t+A —8)% — (t—5)3}dLs = Xpn — Xy,
R
where
Tii=co [{(t=9)3 — (o)L, (2.1
R

and € > 0 is an arbitrary small real number with € > A. In the classical terminology
X is called the tangent process of X. The formal proof of this first order approximation,
which will be demonstrated in Section 4, relies on assumption (A) and the fact that, under
conditions of Theorem 1.1(ii), the weight g(t + A — s) — g(t — s) attains asymptotically
highest values when s ~ t, since ¢’ explodes at 0. Recall that the process X is the
linear fractional stable motion. In particular, under the assumptions of Theorem 1.1(ii),
it is a linear fractional stable motion with S-stable marginals and self-similarity index
H = a+1/p. Thus, one may transfer the first order asymptotic theory for power variation
of X to the corresponding results for power variation of X. However, the law of large
numbers for power variation of X is easier to handle than the original statistic due to self-
similarity property of X, which allows to transform the original triangular observation
scheme into a usual one when studying distributional properties. Then, the standard
ergodic limit theory becomes applicable. Indeed, this is exactly the method of proof of
Theorem 1.1(ii). We remark however that it is much more technical to use the relationship
between X and X for the proof of the second order asymptotic theory in Theorem 1.2. In
fact, we use a more direct approach to show the results of Theorem 1.2.

2.2 Limit theory in the Gaussian case

Throughout this subsection we recall the asymptotic theory for power variation of frac-
tional Brownian motion (Bf)¢>o with Hurst parameter H € (0,1) and relate it to our
limit theory. The main demonstrated results have been established in the classical work
[15, 40]. We write V(B p; k), to denote the power variation statistics defined at (1.3)
associated with the fractional Brownian motion (B/?);>o.

First of all, we observe the law of large numbers
n Y (B pik), < my, == E[ln A7, BT,

which follows from the ergodic theorem (note that m,, is independent of n due to self-
similarity property of BY). The associated weak limit theory depends on the inter-
play between the correlation kernel of the fractional Brownian noise and the Hermite



rank of the function h(x) = |z|P — m,. Recall that the correlation kernel pi(j) =
corr(n'! Ay LGB n AT + jjkBH ) of kth order differences of the fractional Brownian motion
satisfies that

ok (4) < K522 for j > 1,

for some K > 0. The Hermite expansion of the function h is defined as
oo
h(z) = |zP —my =) NHi(x),
1=2
where (H;);>0 are Hermite polynomials, i.e.

l
Ho(z) =1 and Hi(z)= (—l)lexp(xQ/Q)%{—exp(xQ/@} for 1 > 1.

The Hermite rank of h is the smallest index [ with A\; #% 0, which is 2 in our case. The
condition for the validity of a central limit theorem associated to a standardized version
of V(BH p; k), is then

[e.9]

> 0i(i) < o,
j=1

where the power 2 indicates the Hermite rank of h. The latter is obviously fulfilled for
any k > 2 and also for k = 1 if H € (0,3/4). The next result is a famous statement
from [15, 40]. The Gaussian limit case is usually referred to as Breuer-Major central limit
theorem.

Theorem 2.1. The following assertions hold:
(i) Assume that k > 2 or k=1 and H € (0,3/4). Then the central limit theorem holds
vn (anpHV(BH,p; k)n — mp) 4, N(0,vp),
where v, = Y 70, IIA? (1 +23222 p%(]))
(ii) When k =1 and H = 3/4 we have

Y (BT ), = my) < A0, 7,),

where Up = 4\ limy, o0 10én Z;L:_ll k2 (j).

(i1i) When k=1 and H € (3/4,1) it holds that
n?—2H (niHPHV(BH,p; k)n — mp) 4, Z,

where Z is a Rosenblatt random variable.



The results of Theorem 2.1 has been extended to the case of general stationary in-
crements Gaussian processes in [23]. Asymptotic theory for power variation of stochastic
integrals with respect to Gaussian processes has been intensively studied in [4, 5, 19]. We
also refer to the interesting work [41] for a study of quadratic variation of the Rosenblatt
process.

Summarizing the asymptotic theory in the Gaussian case, we can conclude that the
limiting behaviour in the framework of stationary increments Lévy driven moving averages
is quite different. Not surprisingly, the quite stunning results of Theorem 1.1(i) and
Theorem 1.2(i) do not appear in the Gaussian setting (the convergence of the type (1.7)
may very well appear for differentiable Gaussian processes).

2.3 Limit theorems for discrete moving averages

Asymptotic theory for statistics of discrete moving averages has been a subject of a deep
investigation during the last thirty years. Indeed, the variety of different limiting dis-
tributions, which may appear under certain conditions on the innovations and weight
coefficients, is quite astonishing. In a functional framework they include Brownian mo-
tion, mth order Hermite processes, stable Lévy processes with various stability indexes
and fractional Brownian motion. We refer to the work [2, 24, 25, 30, 38, 39] among many
others. The limit theory is much more diverse and still not completely understood in
contrast to the Gaussian case discussed in the previous subsection. For this reason, we
will rather concentrate on some asymptotic results related to our set of conditions.

Let us consider a discrete moving average (Z;);cz of the form

Zi=> by,
j=1

where ((;)iez is a sequence of i.i.d. random variables with mean 0 and variance 1, and
(bj)j>1 are non-random coefficients. The innovation (; is assumed to satisfy: There exists
K, 6 > 0 such that for all u € R, [E[e?¢1]| < K (1+ |u|)~°. For simplicity of exposition and
comparison we assume that the distribution of {; is symmetric. Now, we briefly review
the results of [39]. The assumptions on the decay of the coefficients (b;);>1 and the tail
behaviour of the innovations are as follows:

bj ~koj 7 asj— oo, P(|C1| > z) ~ gz ?  as z — oo,

for some v € (1/2,1), p € (2,4) and ko,q # 0. Surgailis [39] studies the asymptotic
behaviour of the statistic

S = zn: h(Z:),
=1

where h : R — R is a bounded measurable function with E[h(Z;)] = 0. In this framework
the most important ingredient is the Appell rank of the function h (cf. [2]). It is defined



as

k= rg?{hg’g)(()) £0}  with  heo(x) == E[h(Z) + x)].

The Appell rank is similar in spirit with the Hermite rank introduced in the previous
section, but it is much harder to prove limit theorems for the statistic 5, for an arbi-
trary Appell rank k*. The main problem is that, in contrast to Hermite expansion, the
expansion with respect to Appell polynomials typically does not exist. Furthermore, the
decomposition of 5,, becomes more complex when k* increases. For this reason only the
cases k* = 1,2,3 are usually treated in the literature in the framework of heavy tailed
innovations. In particular, [39] investigates the cases k* = 2, 3.

At this stage we compare the introduced setting of discrete moving average with our
framework of (1.1). For the sake of exposition, we will rather consider the tangent process
X defined at (2.1) driven by a symmetric S-stable Lévy motion L. We immediately see that
our assumption on 3, namely 5 € (0,2), does not satisfy the tail behaviour condition on the
innovations introduced above (in particular, E[L?] = co). As for the weight coefficients,
our kernel function satisfies that

col(z+1)% —2%) ~ acgz® ! as z — oo.

Thus, the connection to the setting of discrete moving averages is given via kg = acg and
v = 1 — « (indeed, it holds that 1 — a € (1/2,1) under conditions of Theorem 1.1(ii)).
In our framework, the function h is given via h(z) = |z|P — m,, where the quantity m,
has been defined in Theorem 1.1(ii), which is obviously not bounded. Since h is an even
function and L is symmetric, we readily deduce that k* = 2.

Now, we summarize the asymptotic theory from [39] for the statistic S, in the case of
Appell rank k* =2 (2 < 5 < 8/3):

(i) 1/2 <~y < (B+ /B2 —2B)/283: convergence rate n>~27, Rosenblatt limit.
(i) (B4 /B2 —2B)/26 < v < 2/B: convergence rate n'/78 ~fB-stable limit.

(iif) 2/8 < v < 1: convergence rate n'/2, normal limit.

Although the results of [39] are not directly applicable (recall that in our setting € (0, 2)
and h is unbounded), Theorem 1.2(i) corresponds to case (ii) of [39]. Indeed, we apply
a similar proof strategy to show the weak convergence. However, strong modifications
due to unboundedness of h, triangular nature of summands in (1.3), stochastic integrals
instead of sums, and the different set of conditions are required.

Remark 2.2. Case (ii) of [39] is a quite remarkable result, since a y3-stable distribution
appears in the limit although the summands of S,, are bounded (in particular, all moments
of S, exist). In particular, the rate of convergence n'/7% does not correspond to the
variance of S,,. O

Remark 2.3. The symmetry condition on the Lévy process L is assumed for sake of
assumption simplification. Most asymptotic results of this paper would not change if we
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dropped this condition. However, the Appell rank of the function h(z) = |z|P — m, might
be 1 when L is not symmetric and this does change the result of Theorem 1.2(i). More
specifically, the limiting distribution turns out to be S-stable (see e.g. [30] for the discrete
case). We dispense with the exact exposition of this case. ]

2.4 Further remarks and possible extensions

We start by commenting on the set of conditions introduced in assumption (A). First of
all, it follows by [34, Theorem 7] that the process X, defined in (1.1), is well-defined if
and only if for all ¢ > 0,

- | fi(s)z|* A1) w(d) ds < oo, (2.2)
—t JR

where fi(s) = g(t+s) — go(s). By adding and subtracting g to f; it follows by assumption
(A) and the mean value theorem that f; € LY(R,) and f; is bounded. For all € > 0,
assumption (A) implies that

[ £ 1)) < K (Lol + gy o1+,
which shows (2.2) since f; € L(Ry) is bounded. We remark that for #' < 6 it holds

limsupv(z: |z| > )t! <oco = limsupw(z: 2| > t)t? < co.
t—o00 t—o0
On the other hand, the assumption ¢g*) € LY ((8,00)) is stronger than ¢ e L?((8, c0)),
which creates a certain balance between these two conditions. Finally, we note that the
assumption (A-log) will be used only for the case § = 1 (resp. § = p) in part (i) (resp.
part (iii)) of Theorem 1.1.

More importantly, the conditions of assumption (A) guarantee that the quantity

t—e
/ g ¥ (t — s)dLs, €>0,
—00

is well-defined (typically, the above integral is not well-defined for ¢ = 0). The latter is
crucial for the proof of Theorem 1.1(i). We recall that the condition p > 1 is imposed
in Theorem 1.1(iii). We think that this condition might not be necessary, but the results
of [14] applied in our proofs require p > 1. However, when the index a further satisfies
a > k, then the stochastic process F' at (1.7) is continuous and condition p > 1 is not
needed in Theorem 1.1(iii).

The conditions o € (0,k—1/p) and p > (3 of Theorem 1.1(i) seem to be sharp. Indeed,
since |hg(z)| < K2 * for large x, we obtain from (1.6) that

sup V,, < 00
m>1

when o € (0,k — 1/p). On the other hand -, 4 1017 [ALT, [P < oo for p > B, which
follows from the definition of the Blumenthal-Getoor index at (1.2). Notice that under
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assumption o € (0,k — 1/2) the case p = 2, which corresponds to quadratic variation,
always falls under Theorem 1.1(i). We remark that the distribution of the limiting variable
in (1.6) does not depend on the chosen sequence (1}, )m>1 of stopping times which exhausts
the jump times of L. Furthermore, the limiting random variable Z in (1.6) is infinitely
divisible with Lévy measure (v ®@n) o ((y,v) — |coy|pv)_1, where 7 denotes the law of V;.
In fact, Z has characteristic function given by

Elexp(i0Z)] = exp (/

(eP10l™ 1) y(dy) n(dv)).
RoxR

To show this, let A be the Poisson random measure given by A = > | 67, A Ly,,) On
[0,1] x Ry which has intensity measure A ® v. Here Ry := R\ {0} and A denotes the
Lebesgue measure on [0,1]. Set © =3 > | 8(Tp AL, V). Then © is a Poisson random
measure with intensity measure A ® v ® 1, due to [37, Theorem 36], and hence the above
claims follows from the stochastic integral representation

Z :/ (Jcoy[Pv) ©(ds, dy, dv).
[0,1]xRo xR

As for Theorem 1.1(iii), we remark that for values of « close to k — 1/p or k — 1/, the
function ¢(*) explodes at 0. This leads to unboundedness of the process F defined in
Theorem 1.1(iii). Nevertheless, the limiting random variable in (1.7) is still finite.

We recall that L is assumed to be a symmetric S-stable Lévy process in Theorems 1.1(ii)
and 1.2. This assumption can be relaxed following the discussion of tangent processes in
Section 2.1. Indeed, only the small scale behaviour of the driving Lévy process L should
matter for the statement of the aforementioned results. When the small jumps of L are
in the domain of attraction of a symmetric 8-stable Lévy process, e.g. its Lévy measure
satisfies the decomposition

v(dr) = (const x| 7P+ go(x)) dx

with ¢(x) = o(|z|~'=#) for # — 0, the statements of Theorems 1.1(ii) and 1.2 should
remain valid under possibly further assumptions on the function ¢. Such processes include
for instance tempered or truncated symmetric S-stable Lévy processes.

Remark 2.4. Theorem 5.1 of [9] studies the first order asymptotic of the power variation
of some fractional fields (X¢);cga. In the case d = 1, they considers fractional Lévy
processes (X¢)ier of the form

X, —/R{]t—sH_l/Q || 4 (2.3)

where L is a truncated -stable Lévy process. This setting is close to fit into the framework
of the present paper (1.1) with « = H —1/2 except for the fact that the stochastic integral
(2.3) is over the hole real line. However, the proof of Theorem 1.1(i) still holds for X in (2.3)
with obvious modifications of hy and V,,, in (1.5) and (1.6), respectively. Notice also that
[9] considers the power variation along the subsequence 2", which corresponds to dyadic
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partitions, and their setting includes second order increments. For p < 3, Theorem 5.1 of
[9] claims that 2PV (p; 2)an — C a.s. where C'is a positive constant, which in the notation
of [9] corresponds to the case a < < 2. However, this contradicts Theorem 1.1(i) together
with the remark following it, namely that, convergence in probability can not take place
under the conditions of Theorem 1.1(i) not even trough a subsequence. The main part of
the proof of the cited result, [9, Theorem 5.1], consists in proving that E[2"*PV (p; 2)on]| —
C (see p. 372, 1. 11), and this result agrees with our Theorem 1.1(i). However, in the last
three lines of their proof (p. 372, 1. 12-15) it is argued how E[2"*PV (p; 2)an] — C' implies
that 2"V (p;2)en — C a.s. The argument relies on the statement from [9]: “S,(y) =
E[Sy(y)](1 +0(4.5)(1))”, where the stochastic process S, (y) is the empirical characteristic
function of normalised increments defined on [9, p. 367]. This statement is only shown
for each fixed y (see [9, Lemma 5.2]), but to use it to carry out the proof, it is crucial
to know the dependence of the o(, 4 )(1)-term in y. In fact, it is not even enough to have
boundedness in y of the o, )(1)-term. O

Let us further explain the various conditions of Theorems 1.1(ii) and 1.2. The condition
p < 8 obviously ensures the existence of moments m,, while assumption p < /2 ensures
the existence of variance of the statistic V' (p; k). The validity range of the central limit
theorem (« € (0,k — 2/f3)) in (1.8) is smaller than the validity range of the law of large
numbers in Theorem 1.1(ii) (o € (0,k — 1/8)). It is not clear which limit distribution
appears in case of a € (k—2/8,k—1//). There are also two critical cases that correspond
to « = k —1/p in Theorem 1.1(i) and @ = k — 1/ in Theorem 1.1(ii). We think that
additional logarithmic rates will appear in these cases, but the precise proofs are a subject
of future research.

Remark 2.5. (i) To define the constant & appearing in Theorem 1.2(i) we set

1/(1—
, oot /°° B(y)y~ -1/ 1) gy

l—« 0
where ®(y) := E[| X1 +y|? — | X1|P], y € R, and X, is a linear fractional stable motion
defined in (2.1) with ¢y = 1 and L being a standard symmetric S-stable Lévy process.
In addition, set

p-1 for all p € (1,2) (2.4)
Tp = b T p ) ) N
» = T@ = p)lcos(mp/2)]

where I' denotes the gamma function. Then,
1
T —a
o= \co\pap<7ﬁ )(1 7 k.
T1-a)p
The function ®(y) can be computed explicitly, see (5.4). This representation shows,

in particular, that ®(y) > 0 for all y > 0, and hence the limiting variable S in
Theorem 1.2(i) is not degenerate, because & > 0.

(ii) The constant 72 in Theorem 1.2(ii) is given by

7 = leool? (6(0) + 2303, Q(i):aPZ/R :l|1+pwi(31,32)d81d52, (2.5)
i=1

2 |8182
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Yi(s1,82) = exp (—/R\smk(w) — sohy(x +1)]° d:c)

~exp (— [ st + lsahate + z‘)\ﬁdx) ,
R

where the function hy, is defined at (1.5) and ap, := [ (1 — exp(iw))|u| 77 du.
O

Remark 2.6. Let us explain the somewhat complex form of the variance % in (2.5). A
major problem of proving Theorems 1.2(ii) is that the covariance structure of stationary
summands of V(p; k),, can not be computed directly. However, the identity
|x|P = a];l / (1 — exp(iuz))|u| " Pdu for p € (0,1), (2.6)
R
which can be shown by substitution y = ux (a, is defined in Remark 2.5(ii)), turns out

to be a useful instrument. Indeed, for any deterministic function ¢ : R — R satisfying
¢ € LA(R), it holds that

E [exp <w /R o(s) dLs>] ~exp <—aﬂ|u|ﬁ /R 1o (5)[ ds), (2.7)

where o > 0 is the scale parameter of L. These two identities are used to compute the
variance of the statistic V(p; k), and they are both reflected in the formula for the quantity
0(i) in (2.5). O

Remark 2.7. A key to the proof of Theorem 1.2(ii) is a quite technical Lemma 6.3, which
gives an upper bound for the covariances of the summands of V(p; k),,. We do believe that
the obtained decay rates, which are explicitly derived in the proofs of Lemma 6.2 and 6.3,
are essentially sharp (possibly up to a log rate) and they might be of independent interest.
Our estimation method is based upon the identities (2.6) and (2.7). From this perspective
it differs from the typical proofs of asymptotic normality in the framework of discrete
moving average (cf. [24, 25, 39]). We also remark that their conditions, translated to
continuous time Lévy moving averages, are not satisfied in our setting. O

The asymptotic theory of this paper has a variety of potential applications and ex-
tensions. Let us first remark that Theorem 1.1 uniquely identifies the parameters o and
B. Notice that the convergence rates of Theorem 1.1(i)—(iii) are all different under the
corresponding conditions. Indeed, it holds that

pla+1/8)—1<ap < pk—1,

since in case (i) we have o < k—1/p and in case (ii) we have p < 5. Hence, computing the
statistic V(p; k)., at log scale for a continuous range of powers p identifies the parameters o
and 3. More specifically, Theorem 1.1(ii) can be applied directly to estimate the parameter
a+ 1/5. Indeed, we immediately obtain the convergence in probability

Zgi/fl | X2 — Xoa-y P
die ’X% — Xia|P
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under conditions of Theorem 1.1(ii). Thus, a consistent estimator of a (resp. ) can
be constructed given the knowledge of 5 (resp. «) and the validity of conditions o €
(0,1 —1/8) and p < B (similar techniques remain valid for an arbitrary & > 1). We
refer to a recent work [22], which applies log statistics of linear fractional stable motion
to estimate parameters o and S.

The results of Theorems 1.1 and 1.2 can be extended in various directions. One may
prove functional convergence for a partial sums formulation of the statistic V(p; k), (the
reformulation of asymptotic results is then rather obvious). For instance, we immediately
obtain uniform convergence in probability in Theorem 1.1(ii) and (iii), because the limits
are continuous in time and the statistic is increasing in time. It is likely to deduce the weak
convergence towards a Brownian motion, resp. symmetric (1 — «)S-stable Lévy process, in
Theorem 1.2(ii), resp. (i) (cf. e.g. [39] for functional limit theorems in the discrete case).
The case of Theorem 1.1(i) might be more complicated to handle.

In another direction the limit theory may well be extended to integrals with respect
to stationary increments Lévy moving averages (see e.g. [21] for some related results) or
to the so called ambit processes, which include an additional multiplicative random input
in the definition of the model (1.1) (see [7] for the definition, properties and applications
of ambit processes). In this context the Bernstein’s blocking technique is usually used to
extend Theorems 1.1 and 1.2 to a more complex setting.

3 Preliminaries

Throughout the following sections all positive constants will be denoted by K, although
they may change from line to line. Also the notation might change from subsection to
subsection, but the meaning will be clear from the context. Throughout all the next
sections we assume, without loss of generality, that ¢ = 6 = ¢ = 1. Recall that g(t) =
go(t) = 0 for all t < 0 by assumption.

For a sequences of random variables (Y},),cn defined on the probability space (2, F,P)
we write Y, L8y if Y, converges F-stably in law to Y, i.e. Y is a random variable defined
on an extension of (2, F,P) such that for all F-measurable random variables U we have
the joint convergence in law (Y, U) LN (Y,U). In particular, Y, sy implies Y, Ly,
For A € F we will say that Y, £28 Y on A ifY, £78 Y under P4, where P|4 denotes the
conditionally probability measure B — P(B N A)/P(A), when P(A) > 0. We refer to the
work [1, 35] for a detailed exposition of stable convergence. In addition, L, Wwill denote
convergence in probability. We will write V(Y,p; k), = > i, |A?, Y|P when we want to
stress that the power variation is built from a process Y. On the other hand, when k and
p are fixed we will sometimes write V(Y),, = V(Y, p; k), to simplify the notation.
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For all n,7 € N set

=0 J
k
(K .. a
hie) = (1Y (") (=i —ay2, (39)
gn(x) = n%g(x/n), z € R. (3.10)

In addition, for each function ¢: R — R define D*¢: R — R by

k
k = —1)/ k €x—1 x
Do) = 317 <j>¢< ), zeR (3.11)

j
In this notation the function Ay, defined in (1.5), is given by hy = D*¢ with ¢ : z xq.

Lemma 3.1. Assume that g satisfies condition (A). Then we obtain the following esti-
mates

lgin(x)] < K(i/n —x)°, x € [(i—k)/n,i/n], (3.12)

\gin(2)] < Kn k(@i —k)/n — )", z € (i/n—1,(i—k)/n), (3.13)

195 @)] < K0~ (L mo1im-1(@) + 9P (G = k) /n = )1 ao -pym-1(@)) » (3.14)
x € (—o0,i/n —1].

The same estimates trivially hold for the function h;y,.

Proof. The inequality (3.12) follows directly from condition (1.4) of (A). The second in-
equality (3.13) is a straightforward consequence of Taylor expansion of order k£ and the
condition |g¥) ()] < Kt*~F for t € (0,1). The third inequality (3.14) follows again through
Taylor expansion and the fact that the function ¢(¥) is decreasing on (1, 00). O

4 Proof of Theorem 1.1

In this section we will prove the assertions of Theorem 1.1.

4.1 Proof of Theorem 1.1(i)

The proof of Theorem 1.1(i) is divided into the following three steps. In Step (i) we show
Theorem 1.1(i) for the compound Poisson case, which stands for the treatment of big
jumps of L. Step (ii) consists of an approximating lemma, which proves that the small
jumps of L are asymptotically negligible. Step (iii) combines the previous results to obtain
the general theorem.
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Before proceeding with the proof we will need the following preliminary lemma. Let
{z} == x — |z| € [0,1) denote the fractional part of z € R. The lemma below seems to
be essentially known (cf. [20, 42]), however, we have not been able to find this particular
formulation. Therefore it is stated below for completeness.

Lemma 4.1. For d > 1 let V = (Vi,...,Vy) be an absolutely continuous random vector
in R with a density v: R — R_. Suppose that there exists an open convex set A C RY
such that v is continuous differentiable on A and vanish outside A. Then, as n — oo,

({nWi},..., {(nVa}) B U = (Un,...,U)

where Uy, ..., Uy are independent U([0, 1])-distributed random wvariables which are inde-
pendent of F.

Proof. For x = (x1,...,24) € RF let {x} = ({x1},...,{z4}) be the fractional parts of its

components. Let f : R? x R? — R be a C'-function which vanish outside some closed ball
in A x R%. We claim that for all p > 0 there exists a constant K > 0 such that

D, := ‘/]Rd flz, {x/p})v(x)de — /]Rk ( o f(z,u) du)v(m) dx‘ < Kp. (4.1)
Indeed, by (4.1) used for p = 1/n we obtain that

E[f(V,{nV})] — E[f(V,U)] as n — 0o, (4.2)

with U = (Uy,...,Uy) given in the lemma. Moreover, due to [1, Proposition 2(D”)], (4.2)

implies the stable convergence {nV'} £S5 U asn — oo, and the proof is complete. Thus,
it only remains to prove the inequality (4.1). At this stage we use a similar technique as
in [20, Lemma 6.1].

Define ¢(x,u) := f(z,u)v(z). Then it holds by substitution that

/ f(x,{z/p})v d«T—Z/ o(pg + pu,u) du

jezd

/Rd (/[wd fere) dufale)do = Z /[011 /<pj,p(j+1>1 oo dz) du

Hence, we conclude that

D,< > / ’ / ¢(x,u)dz — pd(pj + pu, U)‘ du
0,1]¢ 1 J (pg,p(j-+1)]

jEZA
/ / [0, u) — 003 + pu,w)| .
0,14 J (pj,p(5+1)]

and

]ezd
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By mean value theorem there exists a positive constant K and a compact set B C R% x R¢
such that for all j € Z4, x € (pj, p(j +1)] and u € (0,1]¢ we have

‘@5(3«“,20 — ¢(pj + pu,u)| < Kplp(z,u).
Thus, D, < Kp f(o o Jra 1B(x,u) dx du, which shows (4.1). O
Step (i): The compound Poisson case. Let L = (L;)ier be a compound Poisson process

and let 0 < T; < Ty < ... denote the jump times of the Lévy process (L¢)¢>o chosen in
increasing order. Consider a fixed € > 0 and let n € N satisfy ¢ > n~!. We define

Q= {w € Q:for all k> 1 with Ty (w) € [0, 1] we have |Ti(w) — Tk—1(w)| > &/2
and ALg; =0 for all s € [—6,0]}.
Notice that 2. T Q as ¢ | 0. Now, we decompose for i =k,...,n
AZ}{;X = Mi,n,a + Rim,ap

where

: ier2

Mi’"vff = / gi,n(s) dLs, Ri,n,s = / gi,n(S) dLsg,
r—e/2 —©

and the function g; , is introduced in (3.8). The term M, . represents the dominating
quantity, while R; , . turns out to be negligible.

The dominating term: We claim that on 2. and as n — oo,

0> (Min? ©32 where  Z= Y. |ALp, [PV, (4.3)
i—k m: T €(0,1]
where V,,, m > 1, are defined in (1.6). To show (4.3) let iy, = im(w,n) denote the

(random) index such that T,,, € ((im — 1)/n,im/n|. The following representation will be
crucial: On 2. we have that

n
NP> M el = Ve with (4.4)
i=k
[en/2]+vm
Vae=n® > AL P Y 1Gistn(Tm)
m: Trm€(0,1] =0

where the random index v,,, = vy, (w, n, €) are given by v, = 0 if ([en/2]+4,,)/n—€/2 < Ty,

and v, = —1 else. Indeed, on ). and for each ¢ = k,...,n, L has at most one jump in
(i/n —€/2,i/n]. For each m € N with T},, € (0,1] we have T}, € (i/n — €/2,i/n] if and
only if i € {im,...,[en/2] + im + v} (vecall that € > n~1). Thus,

len/2]+vm

Z ‘Mi,n,e b= ’ALTm|p Z ’gierl,n(Tm)‘p (4'5)
te{k,...n}: Tme(i/n—e/2,i/n] =0




18

and by summing (4.5) over all m € N with T,,, € (0, 1], (4.4) follows. In the following we
will show that
Vie iﬁ VA as n — oo.

For d > 1it is well-known that the random vector (71, ..., Ty) is absolutely continuous with
a C'-density on the open convex set A := {(z1,...,24) ER: 0 < 21 < 29 < -+ < g}
which is vanishing outside A, and thus, by Lemma 4.1 we have
L—
({nTmPm<a == (Um)m<d as n — 0o (4.6)
where (U;)ien are ii.d. U([0, 1])-distributed random variables. By (1.4) we may write

g(x) = 29 f(x) where f: R — R satisfies f(x) — 1 as 2 | 0. By definition of i,, we have
that {nT,,} = i, — nT,, and therefore for all | =0,1,2,... and j =0,...,k,

nag(m ~T,) = na(m _Tm)“f(w - 1,,)
n n + n

= (1= + Gim - nTm)>jf(l;j + 17 (i — 1))

=(i-3+ {nTm})if(l;j +n7H{nT}),

which by (4.6) and f(z) — 1 as x | 0 shows that

I+ im—7 L—s . a
ag(ttm =) Tm>} { _ - } . 4
{n g( - e - (l 7+ U, )+ e as n — 0o (4.7)

Eq. (4.7) implies that
o L—s
{” gimHm(Tm)}ngd — {hk(l + Um)}z,mgd’ (4.8)

with hy being defined at (1.5). Due to the F-stable convergence in (4.8) we obtain by the
continuous mapping theorem that for each fixed d > 1 and as n — oo,

led/2)+vm
Vned :=n Z |ALT,, [P Z ’A?erl,kg(TmNp
m:m<d, T, €[0,1] =0
. led/2]4+vm
Lz, = > ALp, P[> k(4 Un)P
m: m<d, T, €[0,1] =0

Moreover, for w € ) we have as d — 00,

Za(w) 1 Z(w).

Recall that |hg(z)| < K(z — k)% for £ > k + 1, which implies that Z < oo a.s. since
p(a — k) < —1. For all [ € N with k£ <[ < n, we have

nap’ginz+l,n(Tm)|p S K|l - k;|(ll—k)p7 (49)
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due to (3.13) of Lemma 3.1. For all d > 0 set Cq = 3"~ 4.1, c0.1] AL, [P and note that
Cy — 0 a.s. as d — oo since L is a compound Poisson process. By (4.9) we have

Vae = Vinedl < K(Cd +Co Z |l — k\p(a*k)> -0 as d — oo
I=[ed/2] -1
since p(a — k) < —1. Due to the fact that n®?> " | |M;n.P = Vi, as. on Q and

Ve £ Z, it follows that n®? > ", |M;,, P £75 7 on Q., since Q, € F. This proves
(4.3).

The rest term: In the following we will show that

n
nP Z |Rinel’ N as n — 0. (4.10)
i=k

The fact that the random variables in (4.10) are usually not integrable makes the proof of
(4.10) considerable more complicated. Similar as in (3.14) of Lemma 3.1 we have that
nk|gi,n(s)|ﬂ{s§i/n—e} < K(]l{se[—l,l}} + ﬂ{s<—1}’g(k)(_s)|) = 71)(3)
where K = K.. We will use the function 1 several times in the proof of (4.10), which will
be divided into the two special cases § € (0,1] and 0 € (1,2].
Suppose first that 6 € (0,1]. To show (4.10) it suffices to show that

sup nF|Ripe| < 00 a.s. (4.11)
neN, ie{k,...,n}

since a < k — 1/p. To show (4.11) we will first prove that

[(s)z| A1) v(de)ds < oo. (4.12)
RJR

Choose K such that ¢(z) < K for all z € R. For u € [-K, K] we have that

/R <|ux| A 1) v(dr) < K/loo <\xu| A 1):6_1_0 dx

. {KW € (0,1) (4.13)

Klul’log(1/u) 6 =1,
where we have used that § < 1. By (4.13) applied to u = (s) and assumption (A) it
follows that (4.12) is satisfied. Since L is a symmetric compound Poisson process we can
find a Poisson random measure p with compensator A ® v such that for all —co < u <t <
00, Ly — L, = f(u xR x p(ds, dx). Due to [28, Theorem 10.15], (4.12) ensures the existence

of the stochastic integral [, o [¢(s)z|u(ds,dx). Moreover, [ p [¢(s)z|u(ds,dz) can be
regarded as an w by w integral with respect to the measure p,,. Now, we have that

"R | < /( PR ‘nkgm(s)m} p(ds,dx) < / [(s)z| p(ds,dz) < oo, (4.14)
—00,i/n—e€]X

RxR
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which shows (4.11), since the right-hand side of (4.14) does not depend on i and n.
Suppose that 0 € (1,2]. Similarly as before it suffices to show that

¥ Ri e
sup

o Phnsel a.s. (4.15)
neN,ic{k,....,n} (log n)l/q

where ¢ > 1 denotes the conjugated number to 6 > 1 determined by 1/60+1/g = 1. In the
following we will show (4.15) using the majorizing measure techniques developed in [31].
In fact, our arguments are closely related to their Section 4.2. Set T'= {(i,n): n >k, i =
k,...,n}. For (i,n) € T we have

Rzne
n 1 find = | [ Gty ar.

(logn)'/a

nk

W%,n(s) Lis<ifn—e}-

) Ci,n(*S) =

For t = (i,n) € T we will sometimes write (;(s) for (;,(s). Let 7: T x T" — Ry denote
the metric given by

og(n — Ya 4 log(m — “Ya  (in ]
~((6.m). (G.m) = {Lg( s Eniiﬁjii

Moreover, let m be the probability measure on T given by m({(i,n)}) = Kn~3 for a
suitable constant K > 0. Set B,(t,r) = {s € T: 7(s,t) < r}fort € T, r >0, D =
sup{7(s,t): s,t € T} and

D 1 1/q
I,(m, ;D) =su log ————— dr.
a(m; 75 D) te%ﬁ/o (ot w5, )

In the following we will show that m is a so-called majorizing measure, which means that
I,(m, 7, D) < oo. For r < (log(n — k + 1))~/ we have B,((i,n),r) = {(i,n)}. Therefore,
m(B;((i,n),r)) = Kn~3 and

(log(n—k~+1))~*/7 1 1/q (log(n—k+1))~1/7 1/q
1 = 1 log K .

| (o8 wemamy) = (3togn +log )
(4.16)

For all r > (log(n — k + 1))~%%, (k,k) € B.((i,n),r) and hence m(B.((i,n),r)) >
m({(k,k)}) = K(k + 1)~3. Therefore,

D 1 1/q
log - dr 4.17
/aog(nkﬂ))l/q< BT (4.17)
D 1/
g/ (3108(k + 1) + log K ) *dr.
(log(n—k+1))~1/a

By (4.16) and (4.17) it follows that I,(m, 7, D) < co. For (i,n) # (j,1) we have that

Gin(s) = Gas)l _ & , ki ,
7_((2.771)’ U, l)) <n ’91,71(3)‘]1{59/71—6} +1 ‘gj,l(s)‘]l{sﬁj/l—e} < Ky(s).  (4.18)
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Fix tp € T and consider the following Lipschitz type norm of ¢,

ICl(s) = DV (s)| +  sup 18] ZGu(s)],
th,t2€T: 7(t1,t2)
7(t1,t2)#0

By (4.18) it follows that ||C||-(s) < K1 (s) and hence

L 1cieas < (2 [Tl ds) <. (4.19)

By [31, Theorem 3.1, Eq. (3.11)] together with I;(m,7,D) < oo and (4.19) we deduce
(4.15), which completes the proof of (4.10).

End of the proof: Recall the decomposition A}, X = M; e + Ripe in (4.1). Eq. (4.3),
(4.10) and an application of Minkowski inequality yield that

n®?V (p; k)n £ 7 on Q¢ as n — 0. (4.20)
Since Q¢ 1 as € — 0, (4.20) implies that
nPV(p; k)p £ 7.

We have now completed the proof for a particular choice of stopping times (T5,)m>1,
however, the result remains valid for any choice of F-stopping times, since the distribution
of Z is invariant with respect to reordering of stopping times. ]

Step (i1): An approzimation. To prove Theorem 1.1(i) in the general case we need the
following approximation result. Consider a general symmetric Lévy process L = (L;)ier as
in Theorem 1.1(i) and let NV be the corresponding Poisson random measure N(A) := #{t :
(t,AL;) € A} for all measurable A C R x (R\ {0}). By our assumptions (in particular,
by symmetry), the process X (j) given by

Xi= [ el — w9} Ndsa (1.21)

is well-defined. The following estimate on the processes X (j) will be crucial:

Lemma 4.2. Suppose that « < k —1/p and 8 < p. Then

lim limsup P(n®V (X (j))n >€) =0 for all e > 0.

J—00 n—oo

Proof. By Markov’s inequality and the stationary increments of X (j) we have that
n
P(n®PV(X(j))n > €) < € ' Y EJALX ()] < e 'nHE[ AT X (7).
i=k
Hence it is enough to show that

lim limsup E[|Y,, ;|’] =0 with Y, ;= nO‘H/pAZ’kX(j). (4.22)

J—X0 n—oo
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To show (4.22) it sufficers to show

lim limsupé&,; =0 where énj = / Xn(z)v(dz) and
lz|<1/j

J—00 n—oo

k/n N
@)= [ (1051l it i

TG ()2 rassing iy ) 45

which follows from the representation
Y,; = / (naﬂ/pgkm(s)x) N(ds,dz),
(—ook/n]x[-1,]

and by [34, Theorem 3.3 and the remarks above it]. Suppose for the moment that there
exists a finite constant K > 0 such that

xn(z) < K(|z|P 4+ %) for all z € [—1,1]. (4.23)
Then,
limsup { limsup &, ;} < Klimsup/ (Jz|P + 2?) v(dz) = 0
n—00 lz|<1/5

Jj—0o0 j—00
since p > (3. Hence it suffices to show the estimate (4.23), which we will do in the following.

Let ®,: R — Ry denote the function ®,(y) = [y[*Lyy<1y + [¥[PLgy>13- We split xp
into the following three terms which need different treatments

Xn(z) = /k/n o, (no‘ﬂ/”gk,n(s)w) ds +/

—k/n -1

-1
+/ o, (naﬂ/pgk’n(s)x) ds
—00
=: Il,n(x) + Ig’n(.%') + Ig}n(x).
Estimation of I »: By (3.12) of Lemma 3.1 we have that

o P, (naﬂ/pgk,n(s)x) ds

Gkn(s)| < K(k/n—s)%  se[-k/n,k/n]. (4.24)
Since ®,, is increasing on R, (4.24) implies that
2k/n
I p(z) < K/ P, <xn°‘+1/ps°‘) ds. (4.25)
0
By basic calculus it follows that
2k/n
]:xno‘“/psa|211{|ma+1/psa|§1} ds
0
‘x|71/an7171/(ap)>

(ﬂ{Ix\é(%)“*n*”p}xznwpil F Lfa)> 2r)-on-1/r)
(| + ). (4.26)



Moreover,

2k/n 2k/n
/0 ]a:naﬂ/psa|p1l{|ma+1/psa|>1} ds < /0 lzn® VPP ds < K|z|P.

Combining (4.25), (4.26) and (4.27) show the estimiate I; ,(z) < K(|z|P + ?).
Estimation of Iz n: By (3.13) of Lemma 3.1 it holds that

|9k (5)] < Kn_k\s\“_k, se€(—=1,—k/n).

Again, due to the fact that @, is increasing on Ry, (4.28) implies that

1
In(x) <K &, (xn Pk sa=k) g,
k/n

For a # k — 1/2 we have
1
/k ’xna+1/p_k8a_k‘21{‘$na+1/p—ksa7k‘§1}ds

/n
S K($2n2(a+1/p7k) + ]l{|x|§n71/pk7<a7k)}|ﬂ$|2n2/p71

+ ]l{|m|>n—1/1>k—(f¥—k)}|x’1/(k_a)n1/(p(k_a))_1>

< K<x2 + \:1:|p>
where we have used that o < k —1/p. For a = k — 1/2 we have
1
/ |l’na+1/p_k8a_k|2ﬂ{|xna+1/P*ks"‘_k|<1} dS
k/n -

1
< g2p2atl/p=k) / sV ds = 2?n2OFVPR) Jog(n/k) < Ka?,
k/n

where we again have used a < k — 1/p in the last inequality. Moreover,

1
Vp—k ja—h
/ |an PR ORI ke kg k(s 1y dS
k/n

< K|x‘pnp(a+1/pfk)<1 + (1/n)p(a*k)+1> < K|zfP.

By (4.29), (4.30), (4.31) and (4.32) we obtain the estimate I, () < K(|z|P + 2?).
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(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

Estimation of I3, For s < —1 we have that |gy . (s)| < Kn~*|g®) (=k/n — s)|, by (3.14)

of Lemma 3.1, and hence
&M@SK/ @, (not1/r=k k) (5)) ds.
1

We have that

(4.33)

/ \xnaﬂ/p*kg(k)(s)|21l{|ma+1/p7kg(k)(S)|<1} d8§x2n2(°‘+1/pk)/ 19" (s)[2ds. (4.34)
1 - 1
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Since |g®)| is decreasing on (1,00) and g¥) € LY((1,0)) for some # < 2, the integral on
the right-hand side of (4.34) is finite. For x € [—1, 1] we have

/1 |$”a+1/p_kg(k)(5)’pﬂ{|ma+1/pfkg<k)(s)|>1} ds

< [afPrr(et 1o / 190 (L 00051y - (4.35)
1

From our assumptions it follows that the integral in (4.35) is finite. By (4.33), (4.34) and
(4.35) we have that I, 3(x) < K(|z|P + 2?) for all z € [—1, 1], which completes the proof
of (4.23) and therefore also the proof of the lemma. O

Step (iii): The general case. In the following we will prove Theorem 1.1(i) in the general
case by combining the above Steps (i) and (ii).

Proof of Theorem 1.1(i). Let (Tm)m21 be a sequence of F-stopping times that exhaust the
jumps of (L¢)¢>0. For each j € N let L(j) be the Lévy process given by

Lt<j> - Lu(]) - Z ALu1{|ALu|>%}, s <t,

u€(s,t]

and set .

%) = / (gt — ) — gol(—5)) dLs ().

—0o0

Moreover, set

S if [ALz,| >
" oo else,

and note that (T}, ;)m>1 is a sequence of F-stopping times that exhausts the jumps of
(L¢(7))e>0. Since L(j) is a compound Poisson process, Step 1 shows that

nPV(X(e 3 2= Y |ALr, ()FPVie  as i oo, (4.36)
m: Ty, ;€[0,1]

where Vi, m > 1, are defined in (1.6). By definition of T}, ; and monotone convergence
we have as j — 00,

Zi= > ‘ALTm|meﬂ{|ALTm\>§|}i> > AL, [PV = Z. (4.37)
m: T €[0,1] m: T €[0,1]

Suppose first that p > 1 and decompose
(P V(X)) = (VX)) 4 (Y 0) T = 0PV (R ())))
= Ynd‘ + UnJ‘.
Eq. (4.36) and (4.37) show

Yoy == 27 and 2P L g (4.38)

n—00 J Jj—o0



25

Note that X — X(j) = X(j), where X(j) is defined in (4.21). For all € > 0 we have by
Minkowski’s inequality

lim sup limsup P(|Uy, ;| > €) < limsuplimsup P(n®?V (X (j))n > €’) =0 (4.39)

Jj—00 n—00 Jj—o0 n—o00

where the last equality follows by Lemma 4.2. By a standard argument, see e.g. [13,
Theorem 3.2], (4.38) and (4.39) implies that (n®PV (X),)"/? £78 7U/P which completes
the proof of Theorem 1.1(i) when p > 1. For p < 1, Theorem 1.1(i) follows by (4.36),

(4.37), the inequality |V (X)n — V(X (G))nl < V(X (§))n and [13, Theorem 3.2]. O

4.2 Proof of Theorem 1.1(ii)

Suppose that « < k—1/8, p < f and L is a symmetric S-stable Lévy proces. In the proof
of Theorem 1.1(ii) we will use the process V = (V}):>0 given by

v, = / " bt — ) dL, (4.40)

to approximate the scaled version of k-order increments of X. For « < 1—1/3,Y is the k-
order increments of a linear fractional stable motion. For o > 1—1/f the linear fractional
stable motion is not well-defined, but Y is well-defined since the function hy is locally
bounded and satisfies |hg(z)| < K2® % for x > k + 1, which implies that hy € L?(R).

Proof of Theorem 1.1(ii). By self-similarity of L of index 1/ we have for all n € N,
(VAL X i =k, ny 2 (Vipri=k,...,n} (4.41)
where

Vi = / D¥gu(i — s)dLs,

gn and D¥ are defined at (3.10) and (3.11), and 2 means equality in distribution. In the
following we will show that Vj , and V}, are close in L” when n is large, where process V'
is given by (4.40). For s € R let 1,,(s) = gn(s) — s§. Since p < 3,

e p/B
E[|Vin — YilP] = K( / |DE4py, (s5)]P ds) . (4.42)
0
To show that the right-hand side of (4.42) converge to zero we note that
/ |D¥g(s)]? ds < Knf@ / 19" (s — k)/m)? ds (4.43)
n+k n+k
= Knﬁ(a_k)"'l/ 19 (5)|P ds — 0 as n — oo. (4.44)
1

Recall that for ¢ : s — s§ we have D*¢ = hj, € LP(R), which together with (4.43)—(4.44)
show that

/ |D%n(s)yﬁdsgz<(/ ]Dkgn(s)\ﬁds—i—/ Dk Pds) —— 0. (4.45)
n+k n+k n+k n—00
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By (3.13) of Lemma 3.1 it holds that
D gn(s)| < K(s — k)* "
for s € (k+ 1,n). Therefore, for s € (0,n] we have
D 4n(s)] < K (Laghrn) + Lashinp(s = K)*7F), (4.46)

where the function on the right-hand side of (4.46) is in L#(R ). For fixed s > 0, ¥, (s) — 0
as n — oo by assumption (1.4), and hence D*,(s) — 0 as n — oo, which by (4.46) and
the dominated convergence theorem show that

/n |D*4n(s)]° ds — 0. (4.47)
0

By (4.42), (4.45) and (4.47) we have E[|V},, — Vi|P] = 0 as n — 0o, and hence

1 o 1o
B[ Vin Y| = -3 ElVin VP SE[Vin ~ %Pl 50 (448)
i=k i=k
as n — oo. Moreover, (V;)ier is mixing since it is a symmetric stable moving average, see
e.g. [16]. This implies, in particular, that the discrete time stationary sequence {Y;};ez is

mixing and hence ergodic. According to Birkhoff’s ergodic theorem

1 ¢ as
— g |VilP — E[|Vi|P] = m,p € (0, 00) as n — 0o, (4.49)
n

i=k

where m, has been defined in Theorem 1.1(ii). The equality m, = E[|Vj|P] follows by [36,
Property 1.2.17 and 3.2.2]. By (4.48), Minkowski’s inequality and (4.49),

1 n
—Z\Vm]mep as n — oo,
n

i=k
which by (4.41) shows that
~Ltp(a+1/5) LS poti/an xp 4 LS~y o P
n V(X)nzﬁzm Al X| :EZ\V@H — My
i=k i=k
as n — oo. This completes the proof of Theorem 1.1(ii). O

4.3 Proof of Theorem 1.1(iii)

We will derive Theorem 1.1(iii) from the two lemmas below. For k € N and p € [1, 00)
let W*P denote the Wiener space of functions ¢: [0,1] — R which are k-times absolutely
continuous with ¢¥) € LP([0,1]) where ¢ (t) = 0% (t) /0t* M-a.s. First we will show that,
under the conditions in Theorem 1.1(iii), X € W*? a.s.
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Lemma 4.3. Suppose thatp#0, p>1 and (A). Ifa >k —1/(pV B) then

k t
XeWk? as.  and %Xt = / g®(t—s)dLy  A®@P-a.s. (4.50)

Eq. (4.50) remains valid for p = 0 if, in addition, (A-log) holds.

Proof. We will not need the assumption (1.4) on g in the proof. For notation simplicity
we only consider the case k = 1, since the general case follows by similar arguments. To
prove (4.50) it is sufficient to show that the three conditions (5.3), (5.4) and (5.6) from [14,
Theorem 5.1] are satisfied (this result uses the condition p > 1). In fact, the representation
(4.50) of (0/0t)X; follows by the equation below (5.10) in [14]. In our setting the function
¢ defined in [14, Eq. (5.5)] is constant and hence (5.3), (5.4) and (5.6) in [14] simplifies to

1
V(| ————,00]) ) ds < o0, 4.51
/R (<Hg’\|m([s,1+s]) )) o
| [ (g P A1) vidn)ds < . (4.52)
0o JR
1 /19"l Lp ((s,14s])
/ /|g’(t—|—s)\p(/ P y(d:p)) dsdt < oo (4.53)
o JR /19’ (t+3)]

for all > 0. When the lower bound in the inner integral in (4.53) exceed the upper
bound the integral is set to zero. Since o > 1 — 1/ we may choose ¢ > 0 such that
(a = 1)(B+¢€) > —1. To show (4.51) we use the estimates

19| Lo ([s,144)) < K(ﬂ{se[—m} + ]l{s>1}|9'(8)\>, s €R,
and

Ku™? u>1

v((u,00)) < {KU—5—€ u ; (0,1],

which both follows from assumption (A). Hence, we deduce

1
/RV((HQ'HLP([S,lJrs]) ’ Oo>) s
1 o]
< [ (G st [ (G o) s
< 21/((%, OO)> + K/1 (lg'(8)|611{1<|g'(s)|g1} + |g/(5)’6+€:ﬂ-{K|g’(s)|>l}) ds < oo

which shows (4.51) (recall that |¢'| is decreasing on (1,00)). To show (4.52) we will use
the following two estimates:

K 1{|m|§1}|x‘1/(1_a) + ﬂ{|x‘>1}> a < 1/2

1
/0 (Js* 2l A1) ds < § K (Loicnr?log(L/a) + Lgaony ) o =1/2 (4.54)
K ]l{lcvlél}gc2 + ]l{\x|>l}> a>1/2
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and
/{|x>1} (\mg'(s)P A 1) v(dz) < K/loo (|xg'(3)|2 A 1){1—9 dr < Klg(s).  (4.55)

For o < 1/2 we have

/00/ (]xg'(s)|2 A 1) v(dx) ds
o Jr 1 N
< K{ /]R/O (\xso‘_1|2 A 1) dsv(dx) —1—/1 /{|w§1} (|a:g’(s)\2 A 1) v(dr)ds
+/1 /{|x|>1} (\xg'(s)yQ A 1) v(d) ds}

=4 /R (Lo ol 707 4 Doy v(do)

+ (/100 ‘9/(3)’2 ds) </{|w§1} 22 V(d:v)) + /100 |gl(8)|9 ds} < 00,

where the first inequality follows by assumption (A), the second inequality follows by
(4.54) and (4.55), and the last inequality is due to the fact that 1/(1 — «) > § and
g € L9((1,00)) N L?((1,00)). This shows (4.52). The two remaining cases a = 1/2 and
a > 1/2 follow similarly.

Now, we will prove that (4.53) holds. Since |¢’| is decreasing on (1, 00) we have for all
t € [0,1] that

s /19" e (fs,14-5))
/ g/ (t + 5) |p(/ aP y(dx)) ds
1 r/|g’ (t+3)]

o0 1/19'(s)l
< [Cwer( [ aan)ds
1 r/1g'(1+s)|
K o _ B
< p— 0 1 |g/(3)‘p(|g/(3)|0 P — |g/(s + 1)/7’|9 p) ]l{r/|g’(1+s)\§1/|g/(s)|} ds. (456)

For p > 0, (4.56) is less than or equal to

- 9/ d5<oo

and for p < 6, (4.56) is less than or equal to

> _ Krp=0 [
/1 14'(s)|P|g' (s + 1)|PPds < ; /1 14 (s)]’ ds < oo,

-Pp

Krp—t
0—p

where the first inequality is due to the fact that |¢/| is decreasing on (1,00). Hence we
have shown that

/19" e ((s,14-5))
/ / "(t + s) p / aP u(d:r)) dsdt < oo (4.57)
/19’ (t+s)]
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for p # 0. Suppose that p > 5. For ¢t € [0,1] and s € [—1, 1] we have

/19" lp (1s,145)) /g lp ((s,145)) 1
/ 2P v(dx) < / 2P v(dx) + / 2P v(dx)
1

/1 (t+s)] r/lgf (E+2)
< K (10157701 +1)
and hence
/19" lLp ((s,145])
/ / '(t + s) / zP V(dm)) dsdt (4.58)
/g’ (t+s)]
< k([ 1o+ [ 1 Bryds) <o (459

Suppose that p < 8. For t € [0,1] and s € [—1, 1] we have

/19"l (s 1+s]) . Bpe—
/ Pude) < K (10157 1 + 100+ 5) P77

/g’ (t4s5)]
and hence
/N9l (fs,145))
/ / 48l / 2 v(dx) ) ds dt (4.60)
/19’ (t+s)|
e ! 1yB+e
< K(/1 19112 (15, 5+17) ds+/1 191175 e s 140 ds) < o0 (4.61)

since (a — 1)(B +¢€) > —1. Thus, (4.53) follows by (4.57), (4.58)—(4.59) and (4.60)—(4.61).

For p = 0 the above proof goes through except for (4.57), where we need the additional
assumption (A-log). This completes the proof. O

Lemma 4.4. For all { € W*P we have as n — oo,
1
WY (i > [ ¢ s s (162)
0

Proof. First we will assume that ¢ € C**!(R) and afterwards we will prove the lemma by
approximation. Successive applications of Taylor’s theorem gives

Az,kc ¢ ( n )nk+az,n7 neN, k<i<n

where a; , € R satisfies
|ain| < Kn7F 1 neN, k<i<n.

By Minkowski’s inequality,
(@) = (o 1Z\< (5w

n
/p
< (npk_l Z |ai,n]p> < Kn~'"Vr 0.
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By continuity of (¥) we have

s e (5
i=k

as n — oo, which shows (4.62).

» 1
il ®) ()P d
—>/0 ¢ ()P ds

The statement of the lemma for a general ¢ € W¥P follows by approximating ¢ through
a sequence of C*+1 (R)-functions and Minkowski’s inequality. This completes the proof. [

Proof of Theorem 1.1(iii). The Lemmas 4.3 and 4.4 yield Theorem 1.1(iii). O

5 Proof of Theorem 1.2

We recall the definition of m, in Theorem 1.1(ii) and of g; , introduced at (3.8). Through-
out this section the driving Lévy motion L is a symmetric S-stable Lévy process with scale
parameter 1.

5.1 Proof of Theorem 1.2(i)

Throughout the following subsection we assume that the conditions of Theorem 1.2(i)
hold, in particular, k = 1. For all n > 1 and r > 0 set

) —o("), (5.1)

n

r—s

¢r'(s) = Dgp(r — s) =n® (g( -
/ b (s Ve = |V — B[y,

Due to self-similarity of L of order 1/ we have for all n € N that
- T (n—1+p(a+1/ﬁ)v(p; D — mp) L9 4y

where

Su=n"C VS YR and o, = ! TR (BYPP] - my). (5.2)
r=1

We will show Theorem 1.2(i) by showing that r, — 0 and S, N S, where S is the

limit introduced in Theorem 1.2(i). The convergence S, % S follows by the following
Steps 1-3, whereas r, — 0 follows by Step 4.

The following estimates will be useful for us. Let W denote a symmetric S-stable
random variable with scale parameter p € (0,00) and set

O, (x) = E[|W +2"] —E[[W[], zeR. (5.3)

Using the representation (2.6) it follows that

Q,(z) = a;l /R (1- cos(ux))e*pﬁ‘“|ﬁ|url*p du. (5.4)
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Let € > 0 be a fixed strictly positive number. From (5.4), we deduce that H), is two times
continuous differentiable, and

|5 ()] = agl‘ /Rcos(ux)’u‘lpepﬂuw du‘ <a,’ /R ul P71l gy,

which implies that there exists a finite constant K. such that for all p > € and all z € R
@) ()] < K. (5.5)

By (5.4) we also deduce the following estimate by several applications of the mean-value
theorem

Bp(2) = D) < Ke((J2l AL+ gl A1)z = ylL g yizn + 12— 9P Laryoyy)  (5.6)
which holds for all p > € and all z,y € R. Eq. (5.6) used on y = 0 yields that
Bp(@)] < Kellal? A Jo?), (5.7)
which, in particular, implies that
1B, (z)| < K || for all I € (p, B). (5.8)
Moreover, for all r € (p,2] and p1, p2 > € we deduce by (5.4) that
1D, (z) — Py, ()| < K€|p1 - szx]’" for all z € R. (5.9)
We will also need the following estimate:

Lemma 5.1. For all x,7 € LP([0,1]) with 50l oo,y 1Tl Leqoay) < 1 set U = fo s)dLs

and V. = fo s)dLs. Moreover, let ®, be given by (5.3). For allr € (1,5) and € > 0 we
have

[2,(U) = @, (V)| (5.10)
r—1—e r—1—e
< Ko { (115550 s + 1715 oy ) = 7lloso.y + e = 7115470 4 -

Proof. Let q € (r,3). Using (5.6), Minkowski inequality and Holder inequality on ¢ and
q :=rq/(q—r), which satisfies the equality 1/r = 1/q+ 1/¢’, we obtain

H(I)p(U) - q’p(v)”LT
< K, ({1101 A Ul + VIA Ul HIT = Vilzo + 11U = VIPLgovion lar ). (5.11)

Since ¢ —r < 1 < r we have ¢’ > ¢, and hence

r—1
IVIA T SE[VIYS < K850

A similar estimate holds for U. Let W be a standard symmetric S-stable random variable.
For all b € (0,1] and all v < 8 we have the estimate

E[bW[*Lgpw13] < Kb, (5.12)
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which follows from the fact that W has a density 7 satisfying n(z) < K(1 + |z|)~1=5,
x € R, see e.g. [43, Theorem 1.1], and hence by substitution

E[bW "Ly o13] = /R by ()
< Kbl/ |x’vﬂ{‘x|21}|b71x‘flfﬁ dr = Kb°.
R

By applying (5.12) with v = pr on the last term in (5.11) we obtain the desired estimate
(5.10). 0

Recall the definition of ¢ in (5.1), and set

¢j(u) =G —wi - —uv- 15 (5.13)

From Lemma 3.1 we obtain the estimates

1671 26 0,1y < K5, 1511 L5 0.1 < K3, (5.14)

which will be used repeatedly throughout the proof. Set, moreover,

m+1
P? = \|¢?"LB(R\[—j,—j+1})a PO = ”¢1HLB(R)a U:fm = / ¢y (u) dLy,

m

and for all r € R set
Gr=0(Ls—Ly:s,u<r) and Q,}:J(LS—LU:TSS,ugr—I—I).

We note that (G}),>¢ is not a filtration. We are now ready to prove the first approximation
of (Sn)nzl in (52)

Step 1. Set
Sy =nt/ TNz =Y RG] (5.15)
r=1

Jj=1

In the following we will show that
S, — S, 5 0. (5.16)

Before showing (5.16) let us show that the infinite series Z", defined in (5.15), converges
absolutely a.s. To this end fix n and r and set §; := E[‘/ﬂg}_j], j > 1. Notice that
0; = <I>p?( ) —E[@ID;;(U]?’T?J-)]. Since p — |97 |15 (r) as j — oo, we have for all n > 1
large enough that there exists jo = jo(n) such that {p] : j > jo} is bounded away from
zero, which combined with (5.8) and (5.14) implies that for all [ € (p, 8)

B0 < 2B[|@,0 (U7, ;)] < KEUZ,_[!) < Kje. (5.17)
Since the right-hand side of (5.17) is summable in j for all [ close enough to 8 by the
assumption o < 1 — 1/, it follows that Z;’il 6; converge absolutely a.s.
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In the following we will show (5.16) by showing that V" is suitably close to Z, and
to this aim we will use the following telescoping sum decomposition of V"

vir=> (E[Wllgr—jﬂ] - E[V;»n‘gr—j])v (5.18)
j=1
which follows from the fact that lim;_,c E[V,*|G,—;] = E[V;"] = 0 a.s. Such decompOS1t1ons

go back to [24] in the discrete time moving average setting. By definition of S], and (5.18)
we have

Sp = Sy, =n/("DEN "R, Ry = (N, (5.19)
r=1 j=1
¢y =BV Gr—jn] — E[V"|Gr—j] — E[V"(G,_j]- (5.20)

We now use a telescoping sum decomposition of (",
I

Cr,] Z 797'] 1 :'L,j,l = E[Cf,?:f]’g;l—] \ g?“*l] - E[C;f]’g;_] \ grflflL (521)

which follows from the fact that lim;_,. EJ “.|g}_j VG| = E| ;fj|g7}_j] = 0 a.s. The

next lemma gives a moment estimate for 9 RIE

Lemma 5.2. Let 9}, be defined in (5.21) and v € [1,8). Then there exists N > 1 such
that E[|07 ;"] < K L3O for alln > N,r <n,j>1 andl > j.

Proof. For fixed n,j,1, {0 T 1} is a stationary sequence, and hence we may and do
assume that » = 1. Furthermore, we may and do assume that [ > 7 V 2, since the case
[ = j =1 can be covered by choosing a new constant K. By definition of 1971‘7 i1 We obtain
the representation

Ti0 = EIYT'PIGL; v Gid] = E[Y{P1G1-] — E[IYPIGL; v G-) + E[[Y{"PIG-1]. (5.22)

Set p7, = |87 s (—1,1—jjuz—j,1))- For large enough N > 1 there exists € > 0 such that
Py, = eforalln > N,j>1,0>jV2 (we have p7; = 0 for I = 1). Hence by (5.5) there
exists a finite constant K such that

]@an(:c)]gf( foralln>N,j>1,1>jV2 x€R. (5.23)
J»
Let A

-1 2—j

- [ L., B = [ gis)ar,

—00 1—j
and (Bl P ) denote a random vector which is independent of L and which equals
(B, B}) in law. Let moreover E denote expectation with respect to (B! Jrl,BJ’-L) only.
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From (5.22) we deduce that
Voo = B[ @ (A7 + Bfy + BY) = ®pp (A7 + Bfy, + BY)

= @y (AF + Bty + B) + @ (A7 + Bity + B)|
B" BT
= J Ly, n
:]E[/:n /“n @P?J(Al +U1+U2)du1dU2],
I+1
where fyx denotes — [¥ if 2 < y. Hence by (5.23) we have

|95l < K(IBZLHBW + | B "E[| B[] + B[ BF ]| Biya|” + E[\B?I”]E[IBF+1|”]>,

and by independence of B',; and B} for all [ > j we have

E{975,0"] < KEBIEIBL A < KI5 1 a0 1971 s o)

Hence, (5.14) completes the proof. O
For all m < —j, the sequence V; := 197,] _p, for k= m,...,—j, is a martingale
difference in the filtration Qk = g},_j VGrik, Kk =m,...,—j. Hence by the von Bahr—

Esseen inequality (see e.g. [38, Lemma 4.2]) we obtain for all v € [1, 3)

E[|¢;] < ZZE CATIRIE (5.24)
l=j

According to Lemma 5.2, we have the estimate E[|J}!;,[7] < Kj@=D7@=D7  which to-
gether with (5.24) implies that

B[] < KDy " glemtr < ggemtnt, (5.25)
I=j

Eq. (5.25) used on v = 1 yields that series R}’ = Z;; (; converges absolutely a.s. Thus,
by rearranging the terms in (5.19)—(5.20) using the substitution s = r — j, we have

n—1
S — S =nM/ DN M with M o= Z s
§=—00 r=1Vv(s+1)

Recalling the definition of ¢7’; in (5.20), we note that E[(,_;|Gs] = 0 for all s and r,
showing that that {M} : s € (—oo,n) N Z} are martingale differences. Using again von
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Bahr-Esseen inequality ([38, Lemma 4.2]) we deduce that

EHSn o ‘517/1|7"/] < Kn?“'/(a—l)ﬂ ZEHMH,SV,]
s<n

r
n

< Kn /7PN LY Rl

s<n \r=1V(s+1)

S Kn?"//(a—l)ﬁz Z (T‘ o S)l/r/+2(a—1) —. An

s<n \r=1V(s+1)

It now remains to prove that A, — 0, and to do this we distinguish two cases (recall
that 1 < 7/ < 8 close enough to ). Split A, = > ., +> .., = A, + A} and
assume for the moment that 1/8 +2(aw—1) < —1 holds. Since the inner sum is summable
(for ' close enough to ) we immediately see that A/, < Kn™/(@=DF+1 Since g > 1 and
a € (0,1 —1/B) we deduce that A}, — 0. On the other hand, a direct computation shows

that
Alri < Kn" /(ae—1)B+3+42r (afl)’

and since B(a—1) < —1, we readily obtain that A — 0. Now, assume that 1/5+2(a—1) >

—1. Then
Al < Kn' /(a=1)B+2+1'+2r' (a—1)

Since 1/8 4 2(a — 1) > —1, which is equivalent to 1 + 28(ac — 1) > —f3, we obtain for 7/
close enough to
Al < Knt/e=DFL g,

The convergence A — 0 is shown as above. Ul

Next we will show that S/ can be approximated by a rescaled sum of certain i.i.d.
random variables Z,., r > 1.

Step 2. Set Wy := ["T" ¢;(u) dL, and

Spi=n @IS 7 2= 3 { @ (Wiins) — El®py (W)}
r=1 Jj=1

where pg has been defined at (5.13). We will show that
S — S, 0.

The series Z, converges absolutely a.s. according to the same arguments as used in Step 1.
Recall from Step 1 that E[VT”\QL]-] = O (Ur,_;) — E[®pn (U}, _;)] and the series S/

T:T'*j Tvrfj
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converges absolutely a.s. By rearranging the terms in S/, by the substitution s = r — j,
we obtain the decomposition S/, — S” = R} — R2 + R3, where

R =8N ST L@ (U, )~ Bl (U]} ]
s<0 \j=1-s
n—1

B2 = 0N ST L (W) — Bl (W]} |
s=0 \j>n—s

1/(0z b Z Z { PJ Un+s s) - E[(I)P?(U;L—l—s,s)] - ((I)PO (Wj+8,8) - E[(I)PO (Wj+8,s)])}

s=0 \j=1

Now, we will show that all terms converge to 0 in probability. We start with the term R2.
For any [ € (p, ) with [(aw — 1) < —1, we have deduce by (5.8) and (5.14)

[|R2H < 2n!/(= 152 Z E{I®po(Wijts,s)l]

s=0j>n—s
n—1 n—1
< Knl/(afl)ﬁz Z jl(afl) < Knl/(afl)ﬁzsl(afl)Jrl < Knl/(a71)5+l(a71)+2.
5=0 j>n—s s=0

Choosing [ arbitrary close to 3, and taking into account that
24 Ba—1)<1/(1-a)p,

where the latter comes from the fact that 2 — x < 1/x for any > 1, we conclude that
Rz 550

In a similarly way we prove R} 5 0 in the following. By our assumptions we may
choose N > 1 such that {,0? :n > N,j > 1} is bounded away from zero. For any [ € (p, 5)
with [(o — 1) < —1 and n > N we have by (5.8) and (5.14) that

BIRL < 2008 Y S BlJ (U1, ] < Knl/ @ DI S jlen

s<0 j=1-s 5<0 j=1-s

< Kpl/e=D) 52{ (a Di4+1 _ (n— S)(aq)m}
s<0

< Knl/(afl)ﬂzu(afl)l+l < Knl/(afl)ﬁ+(a71)l+2. (526)
u=1

The estimate (5.26) implies R} 4 0 as above.
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Next we will show that R3 P45 0. We start with the following simple estimate

n—1n—s

B[R] < 20!/ 8N ST E |0y (Ufhs) = o (Vi)
s=0 j=1
< 20!/ @ VISR |00 (UF) = Dy (Vi) ] (5.27)
j=1
Next we decompose
Dn (Ufp) = @y (Vio) = CF + QF (5.28)

where

Qj = P,n(Ujo) = ©po(Ujp)  and  CF = @, (Ujlg) = Py (Vj0)-
We have that
Uiy —Wjo = /01 Cjn(u) dL, where C]"(u) = ¢ (u) — oj(u).
In the following we will prove and use the estimate
167 1 pap0,1) < Kn~ 15 (5.29)

Recall that g(s) = s*f(s) for s > 0. The estimate (5.29) follows by the decompose
G =g
with

G (w) = [£((G —w)/n) = £(0)] 5 (),
G w) =[f((G —w)/n) = f((G—u—=1)/n)] (G —u—-DT,

the triangle inequality and continuous right differentiability of f at zero. Fix ¢ > 0. By
Lemma 5.1 used on r =1, (5.14) and (5.29) we have

ZE\C” <KZ JB=1=ap=1jo 4 =B By < Kple=DB=9+ 0 (5.30)

for € small enough. By substitution, Lemma 6.1(i) and (5.14),

16217 = 1o0)?| < [l g) = 611y | + 1621 2o =gy

< K (7 lgo.nll s gy — Nhonlogey| +5°71) < K (nl D550 4 jomt). - (5.31)
For any r € (p, 8) such that (« — 1)r < —1 we have by (5.9), (5.14) and (5.31) that

E[|QF () = Ells (Ufo) — 2oy (Ujo)l] < K197 17 = |ol” [E[US|")
< KHpmﬂ _ ’p’ﬁ"’¢?‘|25([0,1]) < K(n(a—l)b’ﬂj(a—l)r +j(a—1)(1+r)>7
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which implies that

ZEUQ;‘H < K<n(a71)[3+l +n(a71)(1+r)+1) < Kple—DB+1 (5.32)
j=1
The equations (5.27), (5.28), (5.30) and (5.32) show that
E[|R3|] < Knl/la=Dft(a-1)B+2

which implies that R3 0 as above, and the proof is complete. O
We are now ready to complete the proof of S, LN

Step 3. We will show that S, 4, S Since the random variables (Z«)Qo are independent
and identically distributed with mean zero, it is enough to show that

lim 2~PP(Zy > )=~  and lim 2~ PP(Zy < —2) =0 (5.33)

T—00 T—00

cf. [36, Theorem 1.8.1]. The constant v is defined in (5.37) below. To show (5.33) let us
define the function ® : R — R, via

)= Zq)po(ajx) where aj ==j%—(j—1)~

Note that (5.4) implies that ®,,(z) > 0 and hence & is positive. Moreover, by (5.8) and
for I € (p, 8) with (1 — a)l < —1 we have

B(2)| < Kla|'> o < Kla|' > j7Y < oo, (5.34)
! -

which shows that ® is finite. Eq. (5.34) shows moreover that E[®(L;)] < oo, and hence
we can define a random variable Qg via

Qo = B(L1) —E[B(L1)] = > (®p(a;L1) — B[y, (a;L1)]),
=1

where the last sum converge absolutely a.s. Since Qg > —E[®(L1)], we have that
lim 20 P(Qp < —2) = 0. (5.35)
By the substitution ¢ = (/1)Y= we have that
V@ VG(z) = /(@) /OO Dy (a1 4yT) dt
(1—a) / p0 (@11 [(@ )1/ (1 -] T) U —1H/ (=) gy,

(1-a) / Y (e=1) g0 — as x — 00, (5.36)
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where we have used Lebesgue’s dominated convergence theorem and the estimate (5.7)
on ®,,, and the constant x coincides with the definition in Remark 2.5. The connection
between the tail behaviour of a symmetric p-stable random variable S,, p € (1,2), and its
scale parameter & is given via

P(S, > x) ~ 71,6277 /2 as r — 00,

where the function 7, has been defined in (2.4) (see e.g. [36, Eq. (1.2.10)]). Hence,
P(|L1| > z) ~ 732" as & — oo, and we readily deduce by (5.36) that

P(Qo > z) ~ vz with 5 = 7pk(1=5. (5.37)

Next we will show that for some r > (1 — «) we have
P(|Zo — Qo| > z) < Kz forall z > 1, (5.38)

which implies (5.33), cf. (5.35) and (5.37). To show (5.38) it is sufficient to find r > (1—«)f
such that }
E[|Zo — Qo|"] < o0

by Markov’s inequality. Furthermore, by Minkowski inequality and the definitions of Qg
and Zj it sufficers to show that

D 1@ (W) = ®po(aL1)| 1r < 00 (5.39)
j=1

(recall that » > 1). We choose an r satisfying (1 — «)f < r < 3, which is always possible
since we have a € (0,1) under our assumptions. We note that ¢;(0) = a;, and hence
obtain the estimates

65 — ajll ooy < Ki* 2 i=1. (5.40)

For all € > 0 we have by Lemma 5.1, (5.14) and (5.40) that
9 (W) — @y (a, L)l < K (DB 4 ja23/7)

which shows (5.39), by choosing € = 5/(2r) and noticing that (a—2)5/r < a—2 < —1. O

1
In the last step we will show that r, =n' (-7 (E[|Y*P] — my) — 0.

Step 4. Let go, and hg, be defined as in (3.8), and 7, be the absolute p-moment of a
standard symmetric S-stable random variable. By Lemma 6.1(3i)

1- (1—1a)[3 nplat1/B

|1lg0.ll7 5 = honll?s]
1 1

< Knl~Tantetl/Bp=8 _ prp 2= gm a8 (5.41)

\7“”| = Tnpn

where the last inequality follows from the fact that p < . Eq. (5.41) implies that r,, — 0,
which completes the proof. O
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5.2 Proof of Theorem 1.2(ii)
We use the following decomposition:

n n

with
Y .= ﬁ(n—l—l—p(a—&-l/ﬁ)v(p; k) — m;>, VB = Vn(mp —mp).

We will prove that YTSQ) — 0 and

n

1 " n d n a n n
v — v STV S N(0,77),  where Y[t = nPletl/f) (\Ai,kX\” - E[‘Ai,kX‘pD
i=k

and 7? is defined at (2.5). The proof of the latter relies on the short memory approximation
of the random variables Y". Recalling the representation AZ,CX = fR Gin(8)dLs, we

(A
introduce the random variables

Az}cmX ::/Rgi,n(5)1[(z’—m)/n,(i+m)/n](8) dLs.

We will proceed by showing the convergence in distribution

n,m

1 n
vy — = STy L N(0,72)  asn— oo, (5.42)
i=k

where Y™ = ppla+1/6) (]A?’ka]p — E[]A?}CWXV’]) and 72, are positive constants. Next,

we show that 12, — n? as m — oo. In the last step we prove that

lim limsup E[|Y,}) — v, (V}?] = 0. (5.43)

n,m n
m—00 n—oo

Step (i). To show (5.42) we note that for fixed n,m > 1, {V;"" : i = k,...,n} are m-

dependent random variables. By stationarity and m-dependence of {Y;"™ : i =Fk,...,n}
we have
—k m
var(Y,() = =201 (0) + 2071 (n— k- )60 (0) (5.44)
i=1

with (i) = cov(Y,"™, Y;}""). Set

Vit = /th(i = 8)L(i—m)/n,(i+m)/m)(5)dLs  and Y = [V — R[]V [].

By the the line above (4.48) we deduce that for all d > 1 and as n — oo, (Y;""™)L, N

7

(Y/")L,. For any q > 0 with pg < 3, the estimates of the proof of Theorem 1.1(ii) show

(2

that
E[lY;"™| < K, (5.45)
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and by the assumption p < /2 we may choose ¢ > 2. Hence, with 6™ (i) := cov(V;", V;!),
it follows that 6]'(i) — 6™ (i) as n — oo, which by (5.44) implies that

var(Y1)) — 07(0) +2) 0™ (i) =:m?,  asn — oo, (5.46)
=1

By (5.45) and (5.46), the convergence (5.42) follows by the main theorem in [12] since the
sequences {Y;""™ : i =k,...,n} are m-dependent for all n > 1. O

Step (ii). To show that 2, — n? as m — co we set
Ve [Iuli=9)dle Y= VIP-EIVIPL  6() = cov(¥i. Vi),
R
By the definition of §™ (i) and the continuity of the stochastic integrals (cf. [34]) we have

that 0™ (i) — 0(i) as m — oo. Applying the formulas (2.6) and (2.7) we obtain the
expression

0™ (i) = a;2 /R2 |5152’1+p¢z (s1,52)dsy dsa, where

P (s1,82) = exp <— /R |sihy' () — sahi(z + i)|5dx>

~exp (— [lsih@l? + lsaip o+ ¢>|ﬁdx)
R

and hi*(z) = hg(z)1[_pm)(z). The functions u = hj? satisfies the estimate (6.7) for all
n > 1 since |h7(z)| < K|z|® for z € [0,k + 1] and |h7*(z)| < K|z|** for z > k+ 1. Since
u does not depend on n > 1 we obtain, by letting n — oo in the estimate of Lemma 6.3(ii),
that there exists some r > 1 such that

0" ()| < KI™" forallm>1,1>0.

Hence, by dominated convergence we have as m — oo,

=0™(0) +2§:9m(z‘) — 6(0) +2§:9(i) =
i=1 =1

O
Step (ii). In this step we prove (5.43). By stationarity we have that
n—k
E[[Y - YO <2 0, () (5.47)
=0
where 0, (i) = cov(Y,"" =Y, VT — Y ,). We introduce the notation

—m

f:zn(x) = l[fm,m](x)Dkgn(x)v fn(x) = Dkgn(x), fn - f;n — Jn
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where the functions g, are defined at (3.8). By (2.6) and (2.7) we have

Y 1 —Tn,m
9’”':—2/f ,52) ds1 dso,
n(Z) ap - |8182‘1+pwz (31 52) S1 as2

;" (51,82) = exp <_ /R |s1f () = s2fyy (@ +14)]° dx)

— exp <— /R |31f;n(x)|6 + |32f;n(:13 + i)‘ﬁdl‘> )

By Lemma 3.1 it follows that u = ?21 satisfies (6.7). Since u in addition vanishes on [0, m],
Lemma 6.3(iii) and (5.47) implies that there exists r > 0 such that

limsup E[|Y,) — V(D% < Km™"

n—oo

which shows (5.43). O
Steps (i)—(iii) implies that v 4 N(0,1?), and the convergence v, = Vn(my —
myp) — 0 follows by Step (iv) below.

Step (iv). Following the same arguments as in Step 4 of the previous subsection, we readily
deduce that

[V, 2| < KnoB+3/2 Hg(),nuiﬁ(ﬂ{) = o ‘iﬁ(R) ’

Applying Lemma 6.1(ii) immediately shows that Y,® 5 0asn— oo O]

6 Appendix

In this section we present some technical results that are used in various proof steps. Recall
the definition of the functions g;, and h;, in (3.8) and (3.9). Recall that f : Ry — R
is given by f(x) = g(z)z¢ for all x > 0, and f(0) = 1. We may and do extend f to a
function f:R — R (also denoted f) which is differentiable on R.

Lemma 6.1. (i) Assume that the conditions of Theorem 1.2(i) hold. Then,
90,1115 gy = Nhonll s gy | < K.
(ii) Assume that the conditions of Theorem 1.2(ii) hold. Then
90,155 gy = 0.0l gy | < K252,

Proof. We recall that g(x) = x% f(x) and f(0) = 1. We start by proving part (ii) of the
lemma.

Recall that & > 2 and a € (0,k —2/f3). By Lemma 3.1 and condition o < k — 1/ it
holds for all n > 1 that

—1 oo
Ay, = / \ho,n(x)‘ﬁd:c < Kn_kﬁ/ 2 @RB dp < K=k, (6.1)
1

—00



43

The same estimate holds for the function gp,. On the other hand, we have that

0 0
— B gr — B
B, ‘ [y lwal@P o= [ lhon(o) da

which follows by the estimate ||z|® — |y|?| < K max{|z|®~!, |y|®~ 1}z — y| for all z,y > 0,
and that for all x € [—%, 0] we have by differentiability of f at zero that

90,0 (7) — hon(z ‘f: <> —j/n—a)—=1}(—j/n—x)%

Jj=

< Kn=f=2, (6.2)

< Kn~ ’ho,n(iﬁ)’,

together with the estimate (3.12) from Lemma 3.1 on hg,, and go . Recalling that g(z) =
x9 f(x) and using kth order Taylor expansion of f at x, we deduce the following identity

k
) = S (N~ /- a)
j=0
_k -k aklf lf(f]x) Y
R J:()(_l)] (j>(_]/n_x i (10 e & o
k—1 k
- ;(_1) <j><—ﬂ/n)l(—ﬂ/n—f”)+

Zf )1 (B) (- g ).

where &; . is a certain intermediate point. Now, by rearranging terms we can find coeffi-

cients Ag,--- , A\ and 5\0, e ,S\k (which are in fact bounded functions in z) such that
) =S et | 17 (5) = 1= 1 (= i -0
1=0 j=l
k k .
_\"3 ~ i(F -
;)\l(m)n ;(—1)J<j_l>(—]/n—x Zrln

At this stage we remark that the term 7, (x) involves (k — [)th order differences of the
function (—x)% (at scale n=! and with a certain shift) and A\o(z) = Ao(z) = f(—2). Now,
observe that

C, = /_
-1

_k
<K [ max{lgon @l hon(2) P Hou (@) ~ o) do.

2k
n

|90.0(2)]° — |hon(2)|P| da
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Since 19, = fhon, it holds that
[rom(z) — hon(z)] < Kn~ koL,

Recalling that a € (0, k — 2/3) and using the substitution 2 = n~!y, we deduce that

3R

/ mac{|g0.n(2)[P, [hon (@)} rom (@) — hom(@)| dz < Kn~2.  (6.3)
—1

For 1 <1 <k, we readily obtain the approximation

_2k

n
/ max{|go.n(2)|7 ", [hon (2)|°~ i (2)| do < Kn”aﬁ/ YR dy
-1 k
using again the substitution z = n~'y. It holds that

/n P (@—k)B+1<—1
k Klog(n)n(@=RB+HHL (o — k)8 +1> —1.

By (6.3) and (6.4) we conclude that

C, <K (n*o‘ﬁf2 + Iog(n)rfw) .
Since af + 2 < kf due to the assumption o € (0,k — 2/), part (ii) readily follows from
(6.1) and (6.2).

Now, we proceed with part (i), which is in fact easier. Recall that k¥ = 1 and « €
(0,1 —1/8), which implies that g € (1,2). Asin (6.1) and (6.2) it holds that

1 0o
A= [ hon@)Pde < K07 [T o0 d < g (65

—00 1

(the same estimate holds for the function g ) and

< Kn~o872, (6.6)

2
n

0 0
B, = ‘/ |90,n(96‘)\ﬁd1‘—/ |hon(2)]? da

2
Finally, applying the methods of (6.3)—(6.4), we deduce the inequality

2

_2 _2
'/ |90 ()" da / |ho.n(2)|” dz
-1 —1

_2 _2
gK(/ " ho,n(x)y%dﬁnl/ " |h0,n(x)\ﬁ*1xadx)
—1

SKniﬁ.

Now, note that a8+ 2 > /3 since @ > 0 and S € (1,2). We obtain the assertion of part (i)
by (6.5) and (6.6). O



45

Now, we introduce an auxiliary continuous function u = u, : Ry — R, which satisfies
the inequality

fu@)] < K (el U () + 2] L oy () (6.7

1 (g (@) + 0((@ = 8) /1) L 100 (@) )
where v € L?((1,00))NC((1,00)) is a decreasing function. The next lemma presents some

approximations for certain integrals of u.

Lemma 6.2. Suppose that u is a function satisfying (6.7), ¢ € [0,8/2), k > 2, a < k—2/3
and set

T :—/ lu(z + )P~ u(z)|? da.
0

(i) There exists r =148,k > 1 such that for alln >1,1=0,...,n we have

Lipg < K" 4+n™"). (6.8)

(it) There exists 1 = 1o 8.4k > 0 such that for all m > 0 and all functions u satisfying
(6.7) and vanishing on [0, m] we have

n—1

lim supZIlqu < Km™". (6.9)
=0

n—o0

Proof. (i) To show the estimate (6.8) we decompose I ,, 4 into four terms as follows. First
applying the estimate at (6.7) we deduce that

k+1
/ (e + )P~ u(@)|? da < K160,
0
On the other hand, we obtain that

| a4 D @) 1 oy
k+1

< Kila=hp8 /k 11 G +1)(a*k)(b’fq) G)(afk)q .

o0

< K-+ / (y + 1)(@RB-) (a=F)a gy
(k+1)/1

< K max{log(])l{(e=F)A+1 jla=k)(B=a)}

For the last approximation we used the fact that (o — k)8 < —1, which insures the
integrability at infinity, while for the integrability near 0 we distinguished the cases (a —
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k)g > —1 and (o — k)g < —1. Observing that the function v introduced at (6.7) is
continuous and hence bounded on compact sets, we conclude that

[ 1o+ 0P (e 1Ly o < Kol 90 [ gl gy
k+1 k

1 (a—k)B+1 _ _
<K og(n)n (a—k)g> -1
nle—k)(B-q) (o —k)g < —1.

Finally, for the last term we have that
/ lu(z + 1)~ u(z)|? de < Knle=k)8 <1 +/ v(z/n)P dm) < Knlo—kB+1

where we used that the function v is decreasing on (1, 00) and v € L?((1, 00)). By noticing
that max{(a — k)5 + 1,(a — k)(8 — q¢)} < —1, we obtain (6.8) by a combination of the
above four estimates.

(ii) To show (6.9) suppose that the function u, in addition, vanish on [0,m]. By the
decomposition and estimates use in (i) above we have

n—1 n
lim su I < limsu I
where .
ing = [ futa + DI @) o<y
m
For all Il < m,
im < KyeRs / (1)@ D0y @b gy < [pla-ho+
b 7q m/l
and hence

lim sup Z jl,n,q < K(m(a—k)ﬁ-i—l + Z max{log(l)l(o‘_k)ﬁH, l(a—k)(ﬁ—q)})7

n=oo ) I=m+1

showing (6.9). O

Now, we present one of the main results, which provides estimates for various covari-
ance functions. Assume that a given function u = u,, satisfies (6.7) and define

_ 1
0,(1) = ap2 /R2 qu;(sl,@) dsidso, where (6.10)

Yi(s1,82) = exp <— /R |s1u(z) — sou(x +1)|° dx)

~exp (-/Ryslu(g;)yﬁ lssuz + 1)) dx) .
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Lemma 6.3. Suppose that u is a function satisfying (6.7) and 0, (1) is defined in (6.10).

(i) Assume that k=1 and o <1—1/B8. Then, for any l > 1, we obtain

0, ()] < KiloDA+L,

(ii) Suppose that k > 2 and o < k —2/3. There exists r = ro g qr > 1 such that for all
n>1,1=0,...,n we have
O(1) <K(I™"+n™").

(iii) Suppose that k > 2 and o < k —2/3. There exists r = rq g% > 0 such that for all
m >0 and all functions u satisfying (6.7) and vanishing on [0, m]

Proof. (a) We decompose the first integral via fRQ = f[_l 2 ng\[_l 12 In this part we
will analyze the second integral. We need the following identity to deal with large s, sa:

Yi(s1,52) = exp (—(181\6 + [s2/7) /R |u(a:)|5dx>
X Z% (/R |syu(x) — squ(x +1)|° dz — /R |syu(x)|® + |squ(z +1)|° dx)r.

r>1

We will make much use of the inequality

‘\x —yl? —|z|? - |y|ﬁ‘ < K (min{’$|7 ly[}2 + min{|z|, |y} max{|x|, |y|}5_1) B>1
< Kmin{|x|7 |y|}/3 B<1.

We start with the case § < 1. According to Lemma 6.2, for each K > 0 we can find
lo,ng € N such that for all | > Iy, n > ng we have that K’ := Ijno < K. For such [ and n
we have

o(1)7=! = / Mds ds -
i m\(C1ye |sislFP T (6.11)
! 1
<K ————exp(—K(|s1]® + |s2)” “solPTIT, (dsy ds
>~ R2\[71,1]2 ‘8132|1+p p( (‘ 1| ’ 2‘ )) TZZl 7"! | 2’ I,n,0 1 2

1
< KI / ——exp(—K|s1|? + (K" — K)|s2|?) dsy dss,
00 [ T SR 4 (7 = Kl dov

where the latter integral is finite since K’ < K. For | < Iy, we trivially have that

10,(D)] < K, (6.12)
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where we use that [¢;(s1,s2)] < 2 by definition. Let us now consider the case f > 1.
Applying exactly the same arguments as for § < 1, we deduce for [ large enough

(=K (5117 + [s2]))

o)t < K 6.13
i < R2\[—1,1]2 5152|117 (6.13)
1 _ r
ngﬂoaﬁwwm%er@an)dawz
r>

<K npg-1+1I1n0)-

This estimate completes the first part of the proof.

(b) Given the boundedness of the exponential function on compact intervals and sym-
metry arguments, we are left with discussing the quantity

1
0(l)s := _
(D)2 /[071}2 ’5152|1+p (/R

This requires a much deeper analysis. Clearly, we obtain the inequality

Isyu(z) — squ(z + 1) — |sju()]® — [squ(x + l)|ﬁ‘ dx) dsy dsa.

0(1)2 < K(0()2.1 +0(1)2.2)

with

O(1)o1 = /[071 e /0 oomin{]slu(x)lﬁ,|82u(x+l)|ﬁ}d:):> ds1 ds

2 ’8182‘1"'1)

oW2e= [ o ([ mindlsiu) st o+ 0

0,1)2 [s1521F7
B-1 p—-1
x max{|sju(z)|” ", [seu(z + )| }dz) dsi dsy
where the term 6(l)22 appears only in case f > 1. We start by handling the quantity

0(1)2.1. Set ag(x,l) = |u(x + 1)|/|u(z)| € RU {oo} for x > 0, and recall the convention

f; = 0 for any a € RU {+oo}. Notice that we can rearrange the involved integrals due

to positivity of the integrand. Hence, we deduce

0(1)2.1=0(1)211+0(1)212

with
0(1)2.1.1 —/ (3152)1p</ ‘Slu(x)‘ﬁ]l{mﬁszak(x,l)}dm) ds1 dsp
0,1]2 0

00 1 min{1,szak(z,l)}
:/ yu(x)yﬂ(/ 32‘1‘1"/ s dsy dsz) dr.  (6.14)
0 0 0
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Next we will estimate the parenthesis in (6.14) as follows
1 min{1,s2a(z,0)}
/ 821p/ sflprrB dsy dso
0 0
1 e saay (x,l) pis 1 Cpis
< K/ 59 p(]l{SQak(x,l)<1}/ 51 PP dsqy + ]1{82%(3671)>1}/0 5, p d$1> dso
0 0
1
< K/O 32_1_p(1{52ak(x,l)§1}(32ak(x7l))ier/B + H{SQak(x,1)21}) dsa
min{1,a(z,)"1} 1
< K(/ ar(z, )P Psy T sy + Ly o l)_1<1}/ sgl—pdsz)
0 , B ag(x,l)~1
< K(Wc(xvl)ﬁ_p(ﬂ{ak(x,l)—1<1}ak(x7l)_(ﬁ_zp)

+ Lay(e-1211) + Lagp-r<y (1 + ax(z, Up))

up(z +1) |7 up(z +1) |77
< K(huwmzuk(m)} (2 Tun@) | T T Hwerise@} | S, m '
Hence,
00211 < K110 + Linp)- (6.15)
We have

9([)2'1.2 = / (5152)—1—17(/ |82’LL($ + l)|ﬁﬂ{32§51ak(%l)—1} dx) dsy dss
[0,1]2 0

oo 1 min{1,s1ax(z,0)~"}
= |u(z 4+ l)|'8< sy P sz_l_erﬁ dso d31> dzx, (6.16)
0 0 0

and the parenthesis in (6.16) is estimated as follows

1 min{1,s1ay(z,0) "1}
/ sl_l_p/ sgl_erﬂdstsl
0 0
1

1
: K</O ]1{81Sak(z’l)}sl_l_p(slak(x7l)_1>_p+ﬁ dsq +/0 ]1{812ak(z,l)}31_1_p dSl)

min{1,ax (z,0)} 1_opip 1 o
< K(ak(x, l)pﬁ/ 8y PP dsy + ﬂ{ak(:v,l)gl} $q pd81>
0

ag(x,l)

< K(ak(l', l)p_ﬁﬂ{ak(ac,l)ZI} + 2ay, (SL’, l)_p]l{ak(ac,l)gl})a

which shows
0(1)212 < K(Ijno+ L1np)- (6.17)
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We also have 0(l)2.2 = 0(1)2.2.1 + 0(l)2.2.2 with

9(l)2.2.1 = / Sl—l—pg;l—p(/ 1{51552%(17,)}31\u(x)\s§_1|u(az + l)|’871 d$> d81 dSQ
[0,1]? 0

00 1 saay(x,l)
</ u(z)u (m—l—l)’B_l(/ s§_2+p/ sl_pdsld32> dx
0 0
1
<K/ )| u(z 4 1)|°~ 1(/ 3§_2+p(52ak(:c,l))1_pd32) dx
0
<K/ (2)||u(z +1)|°~ 1(@ (z,1)" p/ls'g_lds>d
k 2 2| axr
0
< K/ o)Pluz + D))" dx < Kljpyp, (6.18)
and

o
0(1)2.22 = /[0 2 5;1 s 82 1p/(; ]1{82391%(%[)_1}533*1|u(x)|ﬁ—152’u(aj + )| dz dsy dsz
00 1 slak(x,l)_l
— [P ute 0l [ (e [ 57
0 0 0

1
+ IL{slak(:t:,l)—1>1}/0 Sgpd52> ClSl] dz.
(6.19)

The bracket in (6.19) is estimated as follows

1 — s1ag(z,l)~
/81 -p <l{slak(zl 1<1}/ 82 d32+ﬂ{slak(arl 1>1}/ 82 d82> dsy

1
< K/ A ﬂ{slak(x,l)*lgl}Si_pak(xv l)pfldsl + ]]-{ak(:):,l)<1} 81_2_p+5d81>

ag(z,l)

< Kag(z, )P~ D g 1)~1rthg
< Kay(x,1) s 81+ gy (zpy<1yar(z, 1) s1
0

<K (ak(xJ)p_lﬂ{ak(x,l)Zl} - ak(xal)_l_p+ﬁﬂ{ak(aﬁ,l)§l}> ,

which shows

9@)2.2.2 <K (Il,n,O + Il,n,p) . (6'20)
Combining the estimates (6.11), (6.12), (6.13), (6.15), (6.17), (6.18) and (6.20), and ap-
plying now Lemma 6.2(i)—(ii) we obtain the desired assertion. O
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