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1. Introduction

U- and V-statistics are classical objects in mathematical statistics. They were introduced in the works of
Halmos [10], von Mises [23] and Hoeffding [11], who provided (amongst others) the first asymptotic results
for the case that the underlying random variables are independent and identically distributed. Since then
there was a lot of progress in this field and the results were generalized in various directions. Under weak
dependency assumptions asymptotic results are for instance shown in Borovkova et al. [5], in Denker and
Keller [9] or more recently in Leucht [17]. The case of long memory processes is treated in Dehling and
Taqqu [6, 7] or in Lévy-Leduc et al. [18]. For a general overview we refer to the books of Serfling [22] and
Lee [16]. The methods applied in the proofs are quite different. One way are decomposition techniques

*Mark Podolskij gratefully acknowledges financial support from CREATES funded by the Danish National Research
Foundation (DNRF78).
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like the famous Hoeffding decomposition or Hermite expansion as for example in Dehling and Taqqu
[6, 7] or in Lévy-Leduc et al. [18]. Another approach is to use empirical process theory (see e.g. Beutner
and Zéhle [2] or Podolskij et al. [19]). In Beutner and Zéhle [3] this method was recently combined with
a continuous mapping approach to give a unifying way to treat the asymptotic theory for both U- and
V-statistics in the degenerate and non-degenerate case.

In this paper we are concerned with U- and V-statistics where the underlying data comes from a
(possibly discontinuous) It6 semimartingale of the form

t t
Xt:XoJr/ bsd5—|—/ o dWs+ Jp, t>0, (1)
0 0

where W is a standard Brownian motion, (bs)s>o and (os)s>o are stochastic processes and J; is some
jump process which will be specified later. Semimartingales play an important role in stochastic analysis
because they form a large class of integrators with respect to which the It6 integral can be defined.
This is one reason why they are widely used in applications, for instance in mathematical finance. Since
the seminal work of Delbaen and Schachermayer [8] it is further known that under certain no arbitrage
conditions asset price processes must be semimartingales. Those price processes are nowadays observed
very frequently, say for example at equidistant time points 0,1/n, ..., |nT] /n for a fixed T € R and large
n. A solid understanding of the statistical methods based on Xo, X1y, ..., X |n7|/n is therefore of great
interest. In particular, we are interested in the limiting behaviour when n tends to infinity. This setting is
known as high frequency or infill asymptotics and is an active field of research since the last two decades.
For a comprehensive account we refer to the book of Jacod and Protter [13].

In Podolskij et al. [19] an asymptotic theory for U-statistics of continuous It6 semimartingales (i.e.
those with J; = 0 in (1)) was developed in the high frequency setting, where a U-statistic of order d is
defined by

1
n
U(X,H)} = ( ) ST HWRALX, . VAALX),  (ATX = X — Xaoi/n)

d
1<i1 <. <ig < nt

for some sufficiently smooth symmetric kernel function H : R* — R. The authors have shown that
U(X, H)? converges in probability to some functional of the volatility o. Also an associated functional
central limit theorem was given, where the limiting process turned out to be conditionally Gaussian.

In this paper we extend those results to the case of discontinuous It0 semimartingales X. A general
problem when dealing with discontinuous processes is that, depending on the function H, the U-statistic
defined above might not converge to a finite limit at all. Therefore we will deal with slightly different
V-statistics of order d, which are in principle of the form

LS Y H(/RAPX AT,

n
i€BY (m) JEBY (d—m)

Y"(H,X,m) =

where 0 < m < d and
By (k) = {i= (i1,... i) € N|L <iy,... i < [nt]} (k € N).

In the definition of Y;"(H, X, m) we used a vector notation, that we will employ throughout the paper:
For s = (s1,...,5;) € R¥ and any stochastic process (Z,)secr, we write

Zs=(Zsyy..., Zs,).

Comparing the definitions of the U- and V-statistics we see that they are of similar type if m = d.
In this case, for continuous X, both statistics will converge to the same limit if H is symmetric. Besides
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allowing for all multi-indices including the hyperdiagonals now, the major difference is the missing scaling
inside the function H whenever m # d, and this is due to jumps. Depending on the choice of H, the scaling
v/n in the first m components is required when they are related to power functions with an exponent
smaller than two (in which case the continuous part of X determines the limit), while there is no need
for a scaling in the last d — m components when they come from exponents larger than two and are thus
dominated by the jump part of X.

While U- and V-statistics for discontinuous Itd semimartingales have not been studied in the literature,
there exist some related asymptotic results in the case d = 1, which give some intuition behind the different
scaling in the statistic Y;*(H, X, m) according to the properties of the function H. Jacod [12] (among
others) considers the statistics

\_ntj [nt]
Y (H, X, 1) = ZH VRArX) and Y(H,X,0) = ZHA”X (2)

for quite general functions H, but with a strong view on power variations, i.e. Hy(z) = |z|?. For 0 < p < 2,
and under some mild additional assumptions, Jacod [12] shows

t
V(X 1) S, [ s, (3)
0

where m, = E(|N(0,1)[?). It follows that Y;"(H,, X,0) explodes for this specific choice of H,. On the
other hand, if p > 2 we have

Y/ (Hp, X,0) = Y |AX, P, (4)

s<t

where AX, = AX; — AX,_ stands for the jumps of X. Clearly, it is now Y;"(Hp, X, 1) which diverges. In
other words, the continuous part of X dominates the limit for powers smaller than two, while the jump
part of X dominates the limit for powers larger than two. This entirely different behaviour explains the
success of power variations in practice, as they allow to disentangle jumps from volatility and to answer
statistical questions about either part of X.

For the associated central limit theorems the assumptions need to be stronger. Precisely, one requires
0<p<1for Y"(Hp X,1) and p > 3 for Y;*(H,, X,0). The limiting processes are (often) conditionally
Gaussian, but of different form: For p < 1 the conditional variance of the limit depends only on the
continuous part of X, whereas in the case p > 3 the conditional variance is more complicated and
depends on both the jump and the continuous part of X.

The same intuition extends to the case of U- and V-statistics of discontinuous It6 semimartingales,
which for the same reasons is helpful for statistical applications. Our aim is to consider V-statistics
Y;*(H, X,m) of order d which essentially consist of kernel functions of the form

H(ﬂ]‘l, ey Tmy Y1, - - 7yd—m) - |J:1|p1 teee s ‘-T7n|pm‘y1|ql teee s ‘yd—7rL|qd7mL(x17~ T Y1, 7yd—m)a

where L has to fulfill some boundedness conditions and needs to be sufficiently smooth. Further we
assume pi,...,pm < 2 and qi,...,qq—m > 2. Clearly there are two special cases. If m = 0 we need a
generalization of (4) to V-statistics of higher order. If [ = m the V-statistic is of similar form as the U-
statistic U(X, H)} defined above. In particular, we have to extend the theory of U-statistics of continuous
It6 semimartingales in [19] to the case of discontinuous It6 semimartingales. Finally, in the sophisticated
situation of arbitrary m, we will combine the two special cases. The limiting processes in the central limit
theorems will still be (in most cases) conditionally Gaussian, with the same structural differences as for
the plain power variations.
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The paper is organized as follows. The short section 2 contains some basic definitions and notations.
In section 3 we start with the jump case and present a law of large numbers and a central limit theorem
in the case m = 0, but for slightly more general statistics than Y;"(H, X, 0). Section 4, on the other hand,
is concerned with a law of large numbers and an associated central limit theorem for Y;*(H, X, m) and
arbitrary m. Here, we rely on the previously established results from section 3 and on a uniform central
limit theorem for U-statistics which generalizes the results given in Podolskij et al. [19]. We present
a statistical application of our probabilistic theory in section 5. The proofs of the main theorems are
collected in section 6. Finally, an appendix contains proofs of some technical results, alongside with a
proof of the aforementioned uniform central limit theorem for U-statistics.

2. Preliminaries
Throughout the paper we assume that we observe a one-dimensional It6-semimartingale
t t
Xi=Xo+ [ bds +/ osdWs 4 (01 g151<13) * (P — )¢ + (01 gi5513) * pe, ¢ € (0,77,
0 0

which is defined on a filtered probability space (2, F, (Fi)i>0,P) that satisfies the usual assumptions.
Obviously we have T' > 0, and we require further that W is a Brownian motion and p is a Poisson random
measure with compensator q(dt,dz) = dt ® A(dz) for some o-finite measure A. Unless strengthened, we
work with mild assumptions on the coefficients and assume that b is locally bounded, ¢ is cadlag and
d is predictable. Observations come in an equidistant way, i.e. we observe Xo, X1/, ..., X|n7|/n, and
eventually n — oo.

Moreover we will use the following vector notation: If p = (p1,...,pa),x = (21,...,24) € RY, then
we let |x|P := szl |xg|P*. Define further p < x < p; < x; forall 1 < i < d. If t € R we let
x <t<=ux; <tforalll <i<d. By || we denote the maximum norm for vectors and the supremum
norm for functions. Finally, we introduce the notation

B() = {p(xl, comy) = Z |lzq |t |2 A C R ﬁnite} . (5)

acA

3. The jump dominated case

In this section we analyze the asymptotic behaviour of the V-statistic V(H, X, )7 defined by

V(H, XD} = —— Y H(A'X) Y"(H, X,0) (6)
16[3” (d)

for different types of continuous functions H : R? — R, where the jump part of X will dominate the
limit. As a toy example in the case d = 2 serve the two kernel functions

Hl(zl,xz) = |IZ?1|p and HQ(IL’l,I'Q) = |$1$2‘p

for some p > 2. Already for these basic functions it is easy to see why there should be different rates of
convergence, i.e. different [, in the law of large numbers. Consider

|nt] [nt] 2
1
V(Hy, X, 1) = 7&”” STIAIXP and V(Hy, X1} = - l<§:|A”X”>
=1
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In order to get convergence in probability to some non-trivial limit we know from the 1-dimensional
theory (see (4)) that we have to choose | = 1 for H; and [ = 2 for Hy.

In the following two subsections we will provide a law of large numbers and an associated central limit
theorem for the statistics defined in (6).

3.1. Law of large numbers

For the law of large numbers we do not need to impose any additional assumptions on the process X.
We only need to require that the kernel function H fulfills (7), which is the same condition as given in
[12] for d = 1.

Theorem 3.1. Let H : RY = R be continuous and 1 <1 < d such that
H(xy,...,xq)

m TS 7 15 —
(@1,emsz) =0 |T1]% o |2]?

for all x;yq,...,24. Then, for fited t > 0,

V(H, X0} - V(H, X, 1), =170 Y H(AX,,0).

s€(0,t]!
Remark 3.2. Note that we can write H in the form
H(zy,...,xq) =|z1 ... 22L(xy, ..., x4),
where Horoon)
L(zy,...,2q) = {W, 1f961,~-.~7331 70
0, otherwise .

By assumption (7), L is continuous at 0 and consequently L is bounded on compact sets. Thus, we

conclude that l

Z ‘H(AX&O)‘]]-B(AXS) <K Z |AX9|2

se(0,t]! s€(0,¢]

for any compact set B € R that contains 0. Hence, the limit V (H, X, 1); is finite, since the squared jumps
of a semimartingale are summable.

Remark 3.3. Condition (7) is stated in a somewhat asymmetric way because it only concerns the first
[ arguments of H. Generally one should rearrange the arguments of H in a way such that (7) is fulfilled
for the largest possible . In particular, H(z1,...,x;,0) is not identically 0 then (unless H = 0), which
will lead to non-trivial limits.

Now, let us present some simple examples to illustrate the result of Theorem 3.1 and to relate it to
existing literature.

Example 3.4. (i) We start with the toy example d = 2 and H (21, x2) = |21 [P*|22]P? for p1,p2 > 2. In
this case condition (7) is satisfied both for I = 1 and I = 2. As mentioned in the previous remark we
should consider the largest possible | (I = 2 in our case) to get non-trivial limits; indeed, for I = 1 we
have H(x1,0) = H(0,22) = 0 and hence V(H, X, 1); = 0. For | = 2 we obtain that

V(H,X,2)p 5 V(H,X,2)e= | Y [AX» S |ax,e
SE(O,t] SE(O,t]
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for any fixed ¢ > 0. This result resembles the convergence (4) in the setting of d = 1 due to the obvious
factorisation property of the function H.
(ii) There are some trivial examples of functions H, which do not satisfy condition (7) for any I. Let us
consider the function

H(xl,...,xd):(m%—&—...—}—xi)p, p > 0.

Then, for any p > 0 and any [ € {1,...,d}, d > 0, the condition (7) is not satisfied.

In the next example we discuss the case of a particular function H, which will be applied in section 5
for a statistical test.

Example 3.5. For a given 5 € R, we consider the function

H(z,y) = x5y*sin (W)

In this case the condition (7) is obviously satisfied for [ = 2 and we conclude that

(7r(AXS1 - AXSQ))'

V(H X,2)p 5 V(H X2 = > |AX,[|AX,[*sin 5

$1,82€(0,t]

3.2. Central limit theorem

In this section we will show a central limit theorem that is associated to the law of large numbers
in Theorem 3.1. The mode of convergence will be the so-called stable convergence. This notion was
introduced by Renyi [21] and generalized the concept of weak convergence. We say that a sequence
(Zp)nen of random variables defined on a probability space (£2, F,P) with values in a Polish space (E, £)
converges stably in law to a random variable Z, that is defined on an extension (Q, F , If") of (Q, F,P) and
takes also values in (F,£), if and only if

E(f(Z,)Y) = E(f(2)Y) as n— oo

for all bounded and continuous f and any bounded, F-measurable Y. We write Z, =L Z for stable
convergence of Z, to Z. For a short summary of the properties of stable convergence we refer to [20].
The main property that we will use here is that if we have two sequences (Y, )nen, (Zn)nen of real-valued

random variables and real-valued random variables Y, Z with Y,, Loy and Zin iy , then the joint

stable convergence (Z,,Y,,) N (Z,Y) can be concluded.

In contrast to the law of large numbers, we need to impose a mild boundedness assumption on the
jumps of the process X. We assume that |0(w, t,z)| A1l < T (2) for all t < 7, (w), where 7, is an increasing
sequence of stopping times converging to infinity almost surely. The functions I';, are assumed to fulfill

/ﬁmm<m. (8)

We still need some definitions before we can state the central limit theorem (see for comparison [13, p.126]).
For the definition of the limiting processes we introduce a second probability space (', F’',P') equipped
with sequences (Yx+)r>1, (Yr—)r>1, and (kx)x>1 of random variables, where all variables are independent,
Ve ~ N(0,1), and kg ~ U([0,1]). We then define a very good filtered extension (Q, F, (F;)i>0, P) of the
original space by

Q=0xQ, F=FeF, P=PaP.
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Let now (Tk)r>1 be a weakly exhausting sequence of stopping times for the jumps of X up to time 7T
The filtration F; is chosen in such a way that it is the smallest filtration containing F; and that ) and
Y+ are Fr -measurable. Further let

Ry = Ry— + Ry, with Rp_ = \/likCTTk_ile_, Riyr =1 — lﬁlkCTTkT/Jk_;,_. (9)
Also define the sets
Ai(d) = {L € CH(RY) lim Ok L(x,y) = 0 for all x € R E=1+1,.. .,d}
y—

forl=1,...,d.
Remark 3.6. The following properties hold:

(i) Ai(d) = CHI(R?) for I =d

(ii) If f,g € Ai(d), then also f + g, fg € Ai(d), i.e. A;(d) is an algebra.

(iii) Let f € C*1(R) with f/(0) = 0, then

L(zy,...,zq) = f(x1 ... xzq) and L(z1,...,zq) = f(x1)+ -+ f(xq)
are elements of A;(d) for all 1 <1 <d.

We obtain the following stable limit theorem.

Theorem 3.7. Let 1 <1 <d and H : R — R with H(x) = |z1|P* - ... |z|P* L(x), where py,...,p > 3
and L € A;(d). Fort > 0 it holds that

\/H(V(H, X,0)" — V(H, X, z)t)

l
=L UH, X, 1), = 0! > > 9;H(AXry,,.....AX1, ,0)Ry,.

The limit is F-conditionally centered with variance

l
E(U(H, X 171F) = 5200 S (S V(i X.1AX,)) (02 +02),
s<t k=1
where
Vi(H, X, 1,y) = > OH(AXsy, .., AXg 1y, AX g1, AX,, 0). (10)

81,y 8k—1,8k+1,---,S1<t

Furthermore, the F-conditional law does not depend on the choice of the sequence (Tx)ken, and U(H, X, 1),
is F-conditionally Gaussian if X and o do not have common jump times.

In section 7.1 we will show that the limit U(H, X,!); is finite and its F-conditional law does not
depend on the enumeration (Ty)ren of jump times of X. When X and ¢ have no common jump times,
then o7, = o7, and we deduce that

R ~N(0,0%,) conditionally on F,

since \/Kptr— + V1 — ks ~ N(0,1). Thus, the limit U(H, X,[); is indeed F-conditionally Gaussian,
because the random variables 0; H (AXTk1 e AXTkL ,0) are F-measurable.
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Remark 3.8. In the case d = 1 this result can be found in Jacod [12] (see Theorem 2.11 and Remark
2.14 therein). A functional version of the central limit theorem in the given form does not exist even for
d = 1. This relies on the fact that the processes V(H, X,1)} and V(H, X,[); do not jump at the same
times; we refer to [13, Remark 5.1.3]. In order to solve this problem one generally needs to consider the
discretized sequence

If we were trying to extend our results in that direction, we had to show that all approximation steps
hold in probability uniformly on compact sets (instead of just in probability), which seems to be out of
reach with our methods. What we could show with our approach, though, is that Theorem 3.7 holds in
the finite distribution sense in t.

Remark 3.9. As we noticed above, the limit in Theorem 3.7 is F-conditionally Gaussian when X and
o do not have common jump times. In this case we may obtain a standard central limit theorem by just
dividing by the square root of the conditional variance, i.e.
n(V(H, X, )} —V(H, X,
VEUH, X, 1)?|F)

Since the conditional variance is generally unknown, we need to consistently estimate it in order to obtain
a feasible central limit theorem. First observe that the identity

E(U(H, X, 1)} F) = 2@y (ka H, X,l,AXS))2os

s<t k=1

holds, because X and o do not have common jump times. In the next step we need to define jump robust
estimates of the quantity o2. Here we proceed similarly to the approach investigated in [1]: We choose an
integer sequence k, — oo with k,/n — 0, and define

n it+kn,—1
~2 L n 2
Tijn = g > ATX PLyarx|<enays
j=i—kn

where ¢ > 0 and ¢ € (0,1/2). It turns out that af/n is a consistent estimator of o?/n. Now, using the
result of Theorem 3.1 we conclude the convergence

VIH X, Ly) = Y OH(ALX,... A% X,y ALX,... Al X,0) — Vi(H, X,1,y).

Te—1 -1
ieB7 (1-1)

In the final step, we observe that Vi (H, X,1,y)/y*> — 0 as y — 0 due to our assumptions on the function
H. Combining the previous results we then deduce that

[nt] 1
Var(H)} = 2(4- ”Z(Z (H, X,Z,A”X)) 62— E(U(H, X, 1)|F). (11)
=1 k=1

We omit the formal proof of this convergence since it follows by similar arguments as presented in [1,
Theorem 4].

Example 3.10. Here we proceed with the discussion of the function H considered in Example 3.4(i).
We set d = 2 and H(x1,x2) = |21[Pt|22]P? for p1,ps > 3. The conditions of Theorem 3.7 are obviously
satisfied for [ = 2. We will now relate this example to the asymptotic theory for d = 1 investigated in
[12]. For simplicity of notations we set f,(x) = |z|?, p > 3, and we define

Lnt]
P LAIX) V()= fp(AX)
=1

s<t
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Jacod [12] has proved that for a finite family of functions (f,,)1<j<x With p; > 3 it holds that

VAV (o)t =V} cien == D fh,(AX7,) R : (12)
m:Tm <t 1<j<k

where the quantity R, is introduced in (9). Due to factorisation property of the function H we conclude
that V(H, X,2)? =V (fp,)?V (fp,)? and V(H, X, 2), = V(fp, )1V (fp,):- Hence, applying the stable limit
theorem from (12), we obtain that

\/E(V(I—L X, 2)? - V(H7 X, 2)1&) = \/ﬁv(fpz)? (V(fpl)? - V(fpl)t)
VRV (fp)e (V(Fpo)t = V(fpa)t)

V(e Y F(AXp )R +V(fp)e Y. fh(AXz,) R,

miTy, <t m:Tm <t

where we have used the properties of stable convergence. We remark that the limit coincides with quantity
U(H, X,2); from Theorem 3.7.

4. The mixed case

In this section we will present an asymptotic theory for statistics of the form

Y (H, X, 1) = Z > H(/nAPX,A7X), (13)
IEB"(Z)JEB"(d 1)

where H behaves like |21|P - - |z;|? for p < 2 in the first | arguments and like |z;41|7-- - |x4|? for ¢ > 2 in
the last d — [ arguments. As already mentioned in the introduction, powers smaller than two and powers
larger than two lead to completely different limits. This makes the treatment of Y;*(H, X,1) for general
I way more complicated than in section 3 where only large powers appear. In fact, we use the results
from section 3, which is why we keep calling the index [, and combine them with quite general results
concerning the case [ = d, which we derive in the appendix. The limits turn out to be a mixture of what
one obtains in both settings separately. In the central limit theorem we get a conditionally Gaussian limit,
where the conditional variance is a complicated functional of both the volatility o and the jumps of X.

4.1. Law of large numbers

We will prove a law of large numbers for the quantity given in (13). As already mentioned we will need a
combination of the methods from section 3 and methods for U-statistics of continuous It6-semimartingales
that were developed in [19]. We obtain the following result.

Theorem 4.1. Let H(x,y) = [z1[P* -+~ [Pty [ - - - |ya—i| 9 L(X,y) withpy,...,pp <2 and qu, ..., qa—1 >
2 for some 0 < 1 < d. The function L : R? — R is assumed to be continuous with |L(x,y)| < u(y) for
some u € C(RY™Y). Then, for fized t >0

Y(H, X)) -5 (X, )= Y / pr (0w, AXs)du
se(0,t]d-1 [0.2]

where
pu(x,y) = E[H (21U, ..., 2,U},y)]
for arbitrary x € Ry € R~ and with (Uy,...,U;) ~ N(0,id;).
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Remark 4.2. In the special case [ = 0 we obtain the result from Theorem 3.1. For [ = d we basically get
the same limit as in the case of U-statistics for continuous semimartingales X (see Theorem 3.3 in [19]).
In the genuine mixed case with e.g. H(z1,x2) = |z1|P|z2]? for p < 2,¢q > 2 the function py factorises and
the limit becomes

Yi(H, X, l)= Y |AX, |Q/ myo?du.

s€(0,t]

4.2. Central limit theorem

In the mixed case we need some additional assumptions on the process X. First we assume that the
volatility process oy is not vanishing, i.e. oy # 0 for all ¢ € [0,T], and that o is itself a continuous
Ito-semimartingale of the form

t t t
ot :ao+/ bSds+/ 5deS+/ 05dV, (14)
0 0 0

where BS, G5, and ¥4 are cadlag processes and V; is a Brownian motion independent of W. As a boundedness
condition on the jumps we further require that there is a sequence I'y, : R — R of functions and a localizing
sequence (7 )ken of stopping times such that [6(w,,2)] A1 < Ty (2) for all w,t with ¢ < 74(w) and

/Fk(z)r)\(dz) < 0 (15)

for some 0 < 7 < 1. In particular, the jumps of the process X are then absolutely summable.
We will now state the main theorem of this section.

Theorem 4.3. Let 0 <1< d and H : R? — R be a function that is even in the first | arguments and can
be written in the form H(x,y) = |21|P* - -+ |21|Pt|y1 | - - - |ya—i|94—1 L(x,y) for some function L € CIH1(RY)
and constants p1, ..., P, q1y---,qd—1 € R with 0 < p1,...,p <1 and q1,...,q4—; > 3. We further impose
the following growth conditions:

95 L(x,y)

IL(x,y)| < u(y), <1+ x|)uly) Q<i<d), (16)

05, 0 Lx,y)| < (14 X7 July), (1<E<di 1<) <o < jy<d) (17)

for some constants B;,7vj,..5. = 0, and a function u € C(RI=Y). The constants are assumed to fulfill
vi+pi<lforiZ#jandi=1,...,1, j=1,...,d. Then we have, for a fizedt >0

ﬁ(YJ’(H, X,1) = Yi(H, X,1))

L VI(H, X, ), Z Z / po, 1 (0, AXT1,)duRy, + Uy (H, AXTk))
ka<t j=I+1

with U defined in (40). Both components of the limiting process are F-conditionally independent, which
is why their sum is F-conditionally centered Gaussian with variance

E[(V'(H, X, 1), Z( Z Vi(H, X, 1, AX, )) Y C(AX,, AXy),  (18)

s<t  k=l+1 sl,Sze(O,t}d*l

where the function C is given in (41) and

Vi(H, X, 1,y) = > /[0 y Por i (Ous AXsys oo AX g 1y AX 1,0, AXG, )du
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Furthermore the F-conditional law of the limit does not depend on the choice of the sequence (Tk)ken-

Remark 4.4. The result coincides with the central limit theorem in section 3 if [ = 0, but under stronger
assumptions. In particular the assumed continuity of o yields that the limit is always conditionally
Gaussian. We further remark that the theorem also holds in the finite distribution sense in t.

Example 4.5. Let us again relate the central limit theorem to results from [12] and discuss H(z1,x2) =
|z1|P|aa]? for p < 1,q > 3. According to Theorem 4.3, the limiting variable becomes

VI(H X D)= Y (qsgn(AXTk)mXTkw*le/ |au\pdu+Ut(H,AXTk)),
kT <t (0,¢]

and U (H, AX7,) has the F-conditional covariance

C(AX7,, AX7,) = |AX7, 27 /0 t ( /R 0?6, () — ( /R |u\p¢gs(u)du)2ds). (19)

Therefore, U;(H, AX7,) is equal in distribution to

t
Uu(H,AX7,) = |AXp, [0 fmapy — m2 / [P
0

for an independent Brownian motion W’ on F’, and we finally obtain

t
]|au|pdu—|—\/m2p—mz2,/0 IauldeL( > |AXTk|f1).

V/(H,X,l)t:< Z ngn(AXTk)|AXTk|q1Rk)/[
kT <t

kTy <t 0.t

On the other hand, it is known from [12] that

t
VIV ()i = V(o)) =5 \fmay —m2 /0 B

and there exists a version of (12) involving both powers smaller than one and larger than three. Proceeding
as in Example 3.10, one then obtains the same form of the limiting variable V'(H, X, 1);.

5. A statistical application

In this section we present a statistical application of the theoretical results demonstrated in section 3.
Let 8 € Ry be a given number. We would like to test whether all jump sizes AX(w) lie on a grid n+ GZ
for an unknown 7 € [0, ). Since the process X is observed only at discrete times and the jumps of X are
”distorted” by the continuous part of X, we need a statistical decision rule to test whether this hypothesis
is true. For this purpose we set ' := {w € Q: (X;(w))sejo,r) contains jumps} and define the measurable
sets

Qy:={weQ: AX (w) €n+PZfor all s € [0,T] with AX(w) #0} N, Q1 :=Q"\ Qo.

Hence, our null hypothesis is H : w € g while the alternative is K : w € ;. Note in particular that
the null hypothesis is automatically satisfied, if there is just a single jump.

In order to construct a first test statistic, we use the function

Hy(z,y) = 2% sin (ﬂxﬂ_y))
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As pointed out in Example 3.5, we obtain the convergence in probability

—AX52)>

V(H, X208 5 VHLX,2)r= Y |AX, 5AX,,|*sin 5

Sl,SQE(O,T]

(W(AXSI

b

for any fixed T' > 0. Obviously, we have V(H;, X, 2)7 = 0 whenever H holds true. In this case, we obtain
from Theorem 3.7 the stable convergence

2
VAV (HL, X, 205 5 UHL X, 2)r = Y > 8;H1(AXq,,, AXz,, )Ry,
k1,ko j=1

Z |AXT, |6|AXT,‘,,2 |* cos (
k1#k2

F(AXTkl - AXT,CQ)
B

T

B

)(Rkl ~Ry,).

In most cases the limit is non-degenerate, even though one can construct non-trivial examples with
U(Hy,X,2)r = 0. If Qg denotes the intersection of Q¢ with those w leading to non-degenerate versions
of U(H1, X,2)p, then according to Remark 3.9 we deduce

P(S% > ¢1_o) — o conditionally on Q,

with S% := /nV (Hy, X, 2)%./+/Var(H;)% and ¢, being the y-quantile of a standard normal distribution,
whenever X and o have no common jumps (see Remark 3.9 for the definition of Var(H;)7.).

Besides the existence of non-trivial cases with a degenerate central limit theorem under H, the most
severe problem with the afore-mentioned test statistic is that it is not able to detect all alternatives,
as V(Hy,X,2)r = 0 might hold true even though the null hypothesis is not satisfied. More natural,
therefore, is to use

Hs(z,y) = 2%y° sin® (71'(xﬁ—y))7

for which V (Ha, X, 2)% — V(H,, X, 2)7 as well and
V(Hy, X,l)r(w) =0 if and only if w € Q.

However, U(Hs, X,2)7 is always degenerate under H, since 0y Hy(z,y) = OoHa(z,y) = 0 for all xz,y €
1 + BZ. Thus, Theorem 3.7 cannot be applied to derive a feasible test. To avoid this problem we have
to extend Theorem 3.7 to higher order asymptotics. In general, those types of results are hard to prove
but in this specific case things remain relatively simple. This mainly relies on the fact that under H the
process X has only finitely many jumps and the methodology of the proof is less advanced. It turns out
that under H it holds that

2
s ™
nV(Hy, X,2)8 =% Sp = 7 > |AXy, [*|AXT,, [*(Rk, — Ri,)*. (20)
k1#k2

We only give a short sketch of the proof of this result as it follows along the lines of the proof of Theorem
3.7, except that it is much simpler due to finite activity of the jumps. We first observe that

n(V(H%X’ 2)% - V*(HQ’X’ 2)?) L 0,

where
V*(Hy, X,2)f =Y Hy(AXgp, +n "*R(n, k1), AXg,, +n"*R(n, ky)),
K1,k
and the random variable R(n, k) is defined in the beginning of section 6.2. This is due to the fact that the
continuous part X ¢ of X fulfills E[|A? X¢|6] < n~3 by Burkholder inequality and is therefore aymptotically
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negligible. In the next step we apply a Taylor expansion to the statistic V*(Hz, X, 2)%. We observe that,
for all x,y € n 4+ BZ, it holds that

272
O Hy(x,y) = OpHs(x,y) = —012Ha(z,y) = ﬁﬂﬁ(jyﬁ-

Thus, using the stable convergence (R(n, k))ken LN (Ri)ken (cf. Lemma 6.4) and a Taylor expansion of
order two, we deduce (20).

We remark that the probabilistic result of stable convergence in (20) is not directly applicable to
testing. Hence, in the following we will describe how to estimate the (F-conditional) quantiles of the
distribution of Sp. The procedure is similar to the methodology described in Remark 3.9: First, we define
the local estimates

it+kn,—1 i—1
~ n pe ~2,— n
0-12/72 = kf Z ‘AiLX|2]l{|A7X|§(m7q}’ UzQ/n = ki Z |A?X|21{\A?X\§cn*q}

j=i " j=i—kn

where ¢ > 0, ¢ € (0,1/2) and k,, satisfies k, — oo and k,/n — 0. Next, recalling the definition of the
random variable Ry, in (9), we introduce the statistic

2 [nT)
n ™ n n
Su = e Y ArXSAr X

ij=1
2
x (V67 i + VI= R, 0is) = (V305 + /T = R0, 054))

Obviously, the F-conditional law of ST converges to the F-conditional law of Sr. We remark however
that it is impossible to assess the unconditional distribution of Sp. For a fixed level a, we now define the
quantiles d7, d, via

P(SE<d'|F)=1-a, and P(Sp<do|F)=1-a.

Notice that the conditional quantile d}, can be simulated by generating the random variables x;, ¥y, ¥;—
and using the definition of S7.. We have d}, — d, in P-probability. Now, choosing the rejection region by
Cl:={nV(Hs, X,2)%} > d2}, we obtain a test which asymptotically attains the level « in the following
sense: Let A C g, then we deduce by properties of stable convergence

P(ANCT) =P(AN{nV (Ha, X,2)% > da}) + o(1)
— P(AN{S > do}) = P(AE(P({St > do}|F)) = aP(A).

As, conditionally on €4, nV (Ha, X, 2)} — oo in probability, we readily deduce that the test is consistent
against any fixed alternative.

6. Proofs

In the proofs we will assume that K (or A) is some generic constant which may change from line to line.
Since all theoretical results of this paper are stable under stopping, we may as well assume by a standard
localization argument (see [13, section 4.4.1]) that all locally bounded processes are in fact bounded. For
instance, in Theorem 3.7 we can assume without loss of generality that

i) <A, Jor(w)[ <A, [X(w)[ <A, |0t 2)(w)] <T(2) < A
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holds uniformly in (w,t) for some constant A and a function T with

/I‘(z)2/\(dz) < A,

where the latter is due to condition (8). On the other hand, due to conditions (14) and (15), in Theorem
4.3 we may assume by the same arguments that there is a function I' : R — R and a constant A such
that d(w,t,2) < T'(z) and

sup{|.X: ()], [be(w)], o2 (@)1, |07 (@), [be(w)], [5e ()], [ ()]} < A,

uniformly in (w,?). We may further assume that I'(z) < A for all z € R and

/ T'(2)"\(dz) < oo,

6.1. Proof of Theorem 3.1

Let t > 0 be fixed. The proof will be divided into two parts. In the first one we will show that

1
& =7 ). (H(A!X) — H(ALX,...,AlX,0)) = 0.

i€B(d)

Then we are left with proving the theorem in the case | = d, which will be done in the second part.

Since the paths of X are cadlag and therefore bounded on compacts by a constant As(w) = supg< <, | Xs(w)l,
we have the estimate

n 1 n n n n
[SHIS a1 Z |A7X - ""AilX‘Q(sL,At(max(|Ail+1X|a"'v|AidX|))
ieB} (d)

[nt] L [nt]
n 1 n n
() s X D)
i=1 g1y ia=1

where
51.4,(¢) == sup { |L(x) = L(y)|

denotes the modulus of continuity of L.

X,y € [—2At,2At}d, Ix — vl < e} , €>0

We will now use the elementary property of the cadlag process X, that for every ¢ > 0 there exists
N € N such that for all n > N the absence a jump of size bigger than € on (1;1 , %] implies |A?X| < 2e.
Since the number of those jumps is finite, we obtain for sufficiently large n the estimate

nt)
1
— Z dr.a, (max(|A? . X|,...,|AT X)) < 9757 4, (2€) +

d—1 41
Gt1yeenstd=1

Ko

Using the continuity of L, the left hand side becomes arbitrarily small, if we first choose € small and then
n large. From [14] we know that

[nt] t
X, X]7 ;:Z|A;LX|2l>[X,X]t:/ o2ds+ 3 |AX,P (21)
i=1 0

0<s<t
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and thus we obtain £ 0.

For the second part of the proof, i.e. the convergence V(H, X,1)} N V(H,X,1); in the case | = d,
we define the functions g2 : R“"1 — R by

[nt]
gk( ) Z|A’NX|2 (zla"'axk—laA?Xaka'wzd—l)

1=1
—Z\AXS|2L(QU1,...,wk,l,AXs,mk,...7xd,1)
s<t
and deduce
VH X, d)f = VH X dy = | Y HAIX) - > H(AX,)
ieB} (d) s€(0,t]4
d
:‘Z{ S Y HANXAX) - Y 3 (A?X,AXS)H

k=1 i€Br (k) se(0,t]d—F iEBP (k—1) s€(0,¢]d—k+1

d

< (XXX X)EF sup |gp(x)].
lIx]|<A:

k=1

By using (21) again we see that it remains to show sup <4, |9z (X)] L5 0for1 <k < d.In the following
we replace the supremum by a maximum over a finite set and give sufficiently good estimates for the
error that we make by doing so.

For any m € N define the (random) finite set A}* by
k
AP = {—‘k ez, ‘<At}
Then we have

sup |gp(x)| < max gp(x)[+  sup  [gi(x) — gk (¥)] = CEa(m) + (i a(m).
x| <A, x€(AT) lixll. Ny <A
x-yll<1/m

Since the sets A} are finite, we immediately get (j! ) (m) — 0 as n — oo from Remark 3.3.3 in [13] for
any fixed m. For the second summand ¢} ,(m) observe that

[nt]
Galm) < (DD IAIX 2+ DT IAX ) ora,(m ),

i=1 s<t
which implies

lim limsup P(|¢y 5(m)| > €) =0 for every > 0.

m—ro0 n—oo

The proof is complete. O

6.2. Proof of Theorem 3.7

A common technique for proving central limit theorems for discontinuous semimartingales is to decompose
the process X for fixed m € N into the sum of two processes X (m) and X'(m), where the part X’(m)
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basically describes the jumps of X, which are of size bigger than 1/m and of whom there are only finitely
many. Eventually one lets m go to infinity.

So here we define D,, = {z:T'(2) > 1/m} and (S(m,j));>1 to be the successive jump times of the
Poisson process 1p, \p,,_,} *P. Let (Sq)¢>1 be a reordering of (S(m, j)), and

n

t
Pm={p:S,=S5(k,j) for j > 1,k <m}, P{L(m):{per:Spg LnJ}, Piim)={p € Pm:S, <t}.

Further let

R_(n,p) = vn(Xs,- — Xi-1)
R+ ?’L,p) = \/E(X% - XSp
R(n’p) =R_ ('fl,p) + R+ (nap)a

if

if =1 < S, < L. Now we split X into a sum of X(m) and X'(m), where X'(m) is the "big jump part”
and X (m)

m) is the remaining term, by setting

b(m), = b, — / 0(t, 2)A\(dz)
{Dmn{z:]5(t,2)|<1}}

X(m)t:/o b(m)sds—i—/o osdWs + (61 pe ) * (b — q)¢
X'(m) =X — X(m) = (61p,,) *p.

Further let €, (m) denote the set of all w such that the intervals (=2,

/ —1, 4] (1 < i < n) contain at most one
jump of X'(m)(w), and

| X (m)(w)irs — X(m)(w)e] < for all t€[0,T),s€[0,n"].

3w

Clearly, P(Q,(m)) — 1, as n — oo.

Before we state the main result of this section we begin with some important lemmas. The first one
gives useful estimates for the size of the increments of the process X (m). For a proof see [13, (2.1.44) and
(5.1.24)].

Lemma 6.1. For any p > 1 we have
E(|X (m)i4s — X (m)e|P|Fp) < K(s®/2M 4 mPsP)
for allt > 0,s €[0,1].

As a simple application of the lemma we obtain for p > 2 and i € BP(d) with iy < -+ <4

B{IALX(m)P ...+ |AL X (m)P] = B[ALX(m)P ...+ |, X(m)PE[IAL X (m)]7] Fops ]|
1 mP R,
(L + 2B X, K] 2 B

for some positive sequence K (n,m) which satisfies limsup,,_,. K(n,m) < K for any fixed m. Conse-
quently, for general i € B*(d), we have

E[JALX(m)[P ... |AL X (m)|P] < K(n,m)n~#lia),
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Since the number of elements i = (iy,...,iq) € BP(d) with # {i1,...,iq} = k is of order n*, we obtain
the useful formula
E[ Y [AnX(m - JALX (m)] < K(n,m), (22)
ieBy(d)
and similarly
TE[ Z NP AL X m)PIAL X (m)]] < K(n,m). (23)
ieBy(d

The next lemma again gives some estimate for the process X(m) and is central for the proof of
Theorem 3.7.

Lemma 6.2. Let C > 0 be a constant. Assume further that f : R x [~C,C]4"! — R is defined by
f(x) = |21|Pg(x), where p > 3 and g € C(R x [~C, C)?~1) is twice continuously differentiable in the first
argument. Then we have
[nt)
E (1o, (m V7| Z( F(ATX(m), @2, 2a) - Z AKX ()2 2)|) < Bt

=n

for some sequence (B (t)) with B, (t) — 0 as m — oo, uniformly inTo, ..., x4

Proof. The main idea is to apply It6 formula to each of the summands and then estimate the expected
value. For fixed s, ..., 24 this was done in [13, p. 132]. We remark that their proof essentially relies on
the following inequalities: For fixed z € [~C,C]¢9~! and |z| < 1/m (m € N) there exists 3,,(z) such that
Bm(z) — 0 as m — oo and

f (2, 2)| < B (@) 2], 101f(2,2)| < B (2)|2]?, 071 f (2, 2)] < B (2)|x]. (24)
Further, for x,y € R, define the functions
k(z,y,2) = f(x +y,2) = [(2,2) = f(y,2), g(z,y,2) = k(z,y,2) = 01 f(x,2)y.
Following [13] we obtain for |z| < 3/m and |y| < 1/m that
k(2 y,2)| < KBum(2)|ollyl, lg(@,y.2)] < KB (2)|allyl*. (25)

Since f is twice continuously differentiable in the first argument and z lies in a compact set, the estimates
under (24) and (25) hold uniformly in z, i.e. we can assume that the sequence §,,(z) does not depend on
z, and hence the proof in [13] in combination with the uniform estimates implies the claim. O

Now we start proving the assertion of Theorem 3.7. To simplify notations we will give a proof only for
symmetric L and p; = --- = p; = p for some p > 3. Note that in this case H is symmetric in the first [
components, which implies

ajH(LL'l,...,l’l,O,...,O) :alH(’I’j,IEQ,...,$j_1,$1,$j+1,...,1171,07...,0).

Therefore, we have for fixed j

> OnH(AXg, ,...,AXr, ,0)Ry,
k1y~~7kl:Tk1 ""7Tkl St
— > OH(AX7, AXry,,...,AXn  AXp AX7, ..., AX7 ,0)Ry,
kl,..A,kl:Tkl ,..A,Tkl <t
= > OH(AXr, ,...,AX1, ,0)Ry,,

k17--*7kl:Tk1 "“’Tkl <t
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and thus the limit can be written as

U(H, X,1); = 1t > OH(AXp, ,...,AX7, ,0...,0)Ry,.
k1~~~7kL:Tk1 ,...,Tkl <t

Later we will prove v/n(V(H, X, 1) Lne] = V(H,X,1)) Lioasn— 00, so it will be enough to show the
discretized version of the central limit theorem, i.e.

& = n(V(H, X0} = V(H, X, 1) a0)) =5 U(H, X, ). (26)

For the proof of (26) we will successively split £ into several terms and then apply Lemma 7.2. As a
first decomposition we use

&' = la,mé + lava,méi-
Since P(Q,,(m)) — 1 as n — oo, the latter term converges to 0 almost surely as n — 0o, so we can focus
on the first summand, which we further decompose into

I d-l l
Lo, & = Loy (€7 () + D0 37 (G (m) = Gy (m) = 37 G (m)) (27)

k=0 j=0 k=1
with
n 1 n [nt] !
¢"m) = V(= Y HAIX(m) - > HAX(m)u,. o AX (m),,0))
ieB(d) ul,...,ulgL”—rfi

R(n,q)
\/ﬁ

d- l)H(AXSP , f(n.p) JATX (m), AXs, +

N ALX (m))

pqepn(m)kXJ ieBP(1-k)
rEB"L(d 1—35)

. Jn Pl
G,y (m) = pd— Z Z k
qe’P"(m)kXJ ieBP(I1—k)
rgB”(d 1—3)

d; l)}](\/lﬁR(n, p), A X (m), % (n,q), A?X(m))

Int] 4

Gim) = VA Y 3 (£>H(AXS AXoyp (M), -, AX, (m),0).

peP (m)k uk+1,~-»’u1§%

The prime on the sums indicates that we sum only over those indices i and r such that A’ X’(m) and
AT X'(m) are vanishing, which in other word means that no big jumps of X occur in the corresponding
time intervals.

The basic idea behind the decomposition is that we distinguish between intervals (1;1 , %] where X
has a big jump and where not. Essentially we replace the original statistic £}* by the same statistic ("(m)
for the process X (m) instead of X. Using the trivial identity

S OHAIX) = Y HAIXm)+ > (HA!X) — HAPX(m)))

ieBy(d) ieBy (d) ieBy(d)

we can see that an error term appears by doing this. Of course, we have AT X (m) = A'X if no big jump
occurs. In the decomposition above, (; ; (m) — égj(m) gives the error term if we have k big jumps in the
first [ coordinates and j big jumps in the last d —[ coordinates. In the same manner the term ¢}*(m) takes
into account that we might have big jumps in k arguments of H(AX,,,...,AX,,,0). All the binomial
coefficients appear because of the symmetry of H in the first [ and the last d — [ arguments. Note also
that this decomposition is not valid without the indicator function 1g, ().

In the appendix we will prove the following claim.
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Proposition 6.3. It holds that

I d-l l
lim_im supﬂ»<nm<m>) SO (G m) = Gy m) = 37 GRm) = (Galm) — )| > n> =0

M0 n—oo k=0 j=0 k=1
for all n > 0.

So in view of Lemma 7.2 we are left with considering the terms (}'y(m) — ¢/*(m) and (,(m), where the
first one is the only one that contributes to the limiting distribution. We will start with proving the three
assertions

lim limsup P(1q, (m)|¢(m) — (Al”o(m)\ >n)=0 forall n>0, (28)

m—00 n—oco

Lo, (m) ({0 (m) — ¢f(m)) =5 U(H, X'(m), 1), as n — oo, (29)

n

U(H, X'(m)); — U(H, X,1);, asm — oo, (30)

where

G = Y2 S Y m(axs, + HR) o)

n
pEP (m)! jEB (d—1) f

For (28) observe that we have

Lo, (m)| o (m) — éﬁo(mﬂ

d—1
1 P \/n n -
Do Y [AXs, + =R S sw L y)IAL X (m)] + Op(n )
PEP:(m)! jeBp (d—1) k=1 x€[-24,24]'

y€[-2/m2/m]*"!

by the mean value theorem. The error of small order in the estimate above is due to the finitely many
large jumps, which are included in the sum over j now, but do not appear in ¢}, (m) by definition. Clearly,

1
lim limsuplimsupﬂ”( Z 'AXSP + ﬁR(n,p)’p > M) =0,

M—00 m—oo n—oo
PEP(m)t

and by Lemma 6.1 we have

d—1
n
B Y Y s sp 0L,y AL X (m)])
n jeBr(d—1) k=1 x€[-2A,24]! y€[-2/m,2/m]d~!

<K(1+mn~"?)  sup sup  |OkL(x,y)l,
x€[—2A,2A) ye[—2/m,2/m]d

which converges to 0 if we first let n — oo and then m — oo, since L € A;(d) and [~24,2A]" is compact.
This immediately implies (28).

For the proof of (29) we need another Lemma, which can be found in [13, Prop. 4.4.10].
Lemma 6.4. For fized p € N the sequence (R(n,p))nen is bounded in probability, and

(R(n,p)—, R(n,p)+)p=1 — (Rp, Rps )p>1

as n — Q.
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Then we have, by the mean value theorem, Lemma 6.4, the properties of stable convergence, and the
symmetry of H in the first [ components

Lo, (m) (Gllo (m) — G (m))

d—1
—Vnlg, om) <L’:fj_l > |H(axs, + %R(n, p),0) H(AXSP,O>])
pEP (m)!
S UH, X (m), 1), =17 81H<AXSP,O)R,,1 as - oo,
PEP:(m)t

i.e. (29). For the proof of (30) we introduce the notation P, = {p € N|S,, < t}. We then use the decom-
position

l
U(H,X,1); = U(H, X' (m), 1)y = 1" >~ >~ > > 0H(AXs,,AXs, ,AXs,,0)R,,

k=1pePk=1 prE€P:\Pe(m) rePy(m)! =k
l
= 117N " (m).
k=1

We have to show that, for each k, 1 (m) converges in probability to 0 as m — co. We will give a proof
only for the case k = 1, in which we work with

AM) = w e Q S (AX (@)IP + [AX (W) + [AX W) 2 < M, MeR,.

Then we have
P([ypr(m)] > n) < P(|¢1(m)|Lacan) > n/2) + P(Q\A(M)). (31)

By the continuity of L and 0; L, and since the jumps of X are uniformly bounded in w, we get

([ (m)|Laary > 0/2) < KE(LaonE(¥1(m)?|F))

2
<KE<ILA(M) > ( > 81H(AXSq,AXSr,0,...,O)>>

qEP\Pt(m) rept(nz)l*1
2(1-1)
SKE(RA(M) 3 <|Aqu|p+|Aqu|“>2( 3 |AXSJ’) )
qEP:\Pt(m) rEPy(m)

<KM2<1—1>1E<1A(M) > (|AXSq|2p+|AXSq|2”‘2)>—>0 as  m — 0o
gEP\Pr(m)

by the dominated convergence theorem. Since the second summand in (31) is independent of m and
converges to 0 as M — oo, we have

P(|sh1(m)| >n) = 0 forall 75> 0.

The proof for the convergence in probability of ¢ (m) to 0 for 2 < k < is similar.

It remains to show that

lim limsup P(1q,, (m)[¢"(m)| >n) =0 (32)

m—r o0 n—
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for all n > 0.

Again, we need several decompositions. We have

¢"(m) =vn(— Y HQAPX(m) - Y H(AFX(m),0))
icB(d) icBr (1)
[t ! . [nt] !
_|_\/7€(W Z H(AI X(m),O)—W Z H(AX(m)uN’AX(m)uUO))
iEB?(Z) UL yeeny U < Lnt]

=: U7 (m)+ 93 (m).
First observe that we obtain by the mean value theorem, and since X is bounded,
Lo, (m)[¥7 (m)]

oy D AL X (m) - AL X (m)P|L(A} X (m)) = LIAL X (m), ..., AL X (m),0)]
i€Br(d)
\/H - n n P n
SKlg, gy D D [ALX(m)- ALX(m)[|AL X (m)]

i€By (d) k=l+1

—K(d— Dlg, o2 S AL X (m) - ATX ()AL X (m)

n(m) ’fld_l U+1
1By (d)
Smﬁlﬂn(m) > JARX(m) - ALX (m)P|AL, X (m))].
ieBr(i+1)

By (23) and limsup,,_, . K(m,n) < K we get
lim limsup E(1g, ()| ¥7 (m)]) = 0.

m—r o0 n—oo

When showing that U4 (m) converges to 0 we can obviously restrict ourselves to the case | = d. We need
further decompositions:

d
Y (XY HARXm),AX ) - > S HAIX(m), AX(m),))

k=1 ieB} (k) s€(0, LT:LH Jd—k ieBp}(k—1) s€(0, LT;LfJ Jd—k+1

w3 (m)

I
M=

U (m, k).
k=1

For a fixed k& we have

Vi(m k)= Y |ARX(m)-- AR Xm)lP Y [AX(m)s, o AX(m)s,, [P

ieBy(k—1) : 56(07%]0171&»
Lnt]
x\/ﬁ( S IARX (m)[PL(APX (m), ATX (m), AX (m)s) — > |AX (m),[PLIAFX (m), AX (m)., AX(m)S)),
=t us g

where we denote the term in the second line by ©F(m, i, s). What causes problems here is that O} (m, i, s)
depends on the random variables A X (m) and AX (m)s and we therefore cannot directly apply Lemma
6.2. To overcome this problem we introduce the function f, € Cat1(R971) defined by

fy(x) = ‘ylpL('rh ooy T—1,Y, Thet1y - - - ,l‘d).
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Then we have

L]
Or(m,i,s) = \/ﬁ( Z fanx ) (Af X(m), AX (m)s) — Z fax(my, (A X (m), AX(m)s))-

< Lnt]
g

Now we replace the function f, according to Lemma 7.1 by
AERTAURS SRS DI (Y RN T
k=11<i1 << <d
Since all of the appearing terms have the same structure we will exemplarily treat one of them:

Lnt] AX?(

f’Z/ A;PX( m)|PO1 L(s1,0,...,0,A"X(m),0,...,0)ds;

-y / N AX (M)W POy L(s1,0, ..., 0, AX (m)q,0,. .., 0)ds;
0

2 |nt]

S/ f’ZIA"X )[PO1L(s1,0,...,0,A" X (m),0,...,0)

— Y JAX(m)y[P91L(51,0,...,0,AX (m),,0,...,0)|ds;.
us i

This means that we can bound |©%(m, i,s)| from above by some random variable ©%(m) which is inde-
pendent of i and s and which fulfills

lim limsupE[lq, (m)@ (m)] =0 (33)

Mm—00 n_yso

by Lemma 6.2. Using the previous estimates we have
|nt] k—1 d—k
|W2 (m, k)| < OF(m (Z AT X (m ) < > AX(m)u|p) .
usbid
Clearly the latter two terms are bounded in probability and therefore (33) yields

lim limsup P(1q, m)|¥5(m)| >n) =0,

m—00 n_yoo

which proves (32).

The last thing we have to show is
\/ﬁ(V(HvXJ)t_V(I—LXJ)M) L07 (34)
e.g. in the case | = d. From [13, p. 133] we know that in the case d = 1 we have

Vi YD AKX, P o, (35)

Lotl g <t
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The general case follows by using the decomposition

‘\/ﬁ( S H@AX,,...AX) - Y H(AXsu---aAXSd))‘

814...,84 <t |nt]
1SS 51,50 <2t

Wﬁi< 3 3 > H(AXSl,...,AXsd)>‘
k=1

81,5..,8—1<t Skt lyrr8a< Lv:ltJ L?Ltj <sp<t

d
Z Z Z [AX, - AX  AXy ...AXSd‘p(\/ﬁ Z |AX5k|p) =50

k=1s1,...,8,-1<t

IN

Sk+17---;5dg% %<Sk§t

Hence the proof of Theorem 3.7 is complete. O

6.3. Proof of Theorem 4.1

By the standard localization procedure as described in the beginning of section 6 we may assume that X
and o are bounded by a constant A. We will start by proving the following two assertions:

1 n P
sup ] Z g(VnAP X,y) - / Pg(Uu»Y)du’ — 0, (36)
yE[—2A72A]d 1 iEB:”(l) [O,t]l,
sup Z pu (X, A?X) - Z pr (X, AXs) L 0, (37)
x€[=AA epn(a—i) S€(0,t]-"

where g(x,y) = |z1|P* -+ |2|P' L(x,y). The proofs mainly rely on the following decomposition for any
real-valued function f defined on some compact set C C R*: If C’ C C is finite and for any x € C there
exists y € C’ such that ||x —y|| <4 for some 0 > 0, then

sup |f(x)| < max |f(x)| +  sup [f(x) = f(y)]-
xeC xed

x,yeC
Ix—yll<é

Now denote the continuous part of the semimartingale X by X¢. For the proof of (36) we first observe
that for fixed y € R4~! we have

% 3 (9(VnATX,y) — g(VnAIX®,y)) — 0.

ieBr(l)

We will not give a detailed proof of this ”elimination of jumps” step since it follows essentially from the
case | = 1 (see [13, section 3.4.3]) in combination with the methods we use in the proof of (38). Using
the results of the asymptotic theory for U-statistics of continuous It6 semimartingales given in [19, Prop.
3.2] we further obtain (still for fixed y)

1 nye oy P
— Y g(WnAPXCy) — pg(0,y)du.
" e [0.2)!

To complete the proof of (36) we will show

g'm)i= s | S (g(WVARXX) - g(VRATX,y) )| <0 (38)
x,yE[72A,2A1]d—l n i€Br (1)
Ix—yl< A ¢
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if we first let n and then m go to infinity. The corresponding convergence of the integral term in (36) is
easy and will therefore be omitted.

Let € > 0 be fixed such that max(pi,...,p;) + € < 2, and for all @ > 0 and k € N define the modulus
of continuity

(@) i= sup {g(u, x) = g(u,y)I| Jull < &, |(x,y)| <24, |x ~ yl| < a}.
Then we have

. _ 1
£"(m) gK(ék(m D+ S > ]l{”ﬁAinXHZk}(|g(\/ﬁAi"X,x)|—|—|g(\/ﬁA?X,y)|)>
x,yE[—2A, - . "
Tlxevi<k ieBr ()

1 nA? X|*+ -+ [V/nAZX|*
SK((Sk(m_l)+7 Z |\/HAZX‘p1|\/T€AZX|pl|\/> i1 | e |f i ‘ )
" ieB(l)
P 1 l l t
— K<5k(m71) + ke Z H/O mpi+51:je|0's pi+6ij€d$> as  n — o0,

j=1i=1

where m,, is the p-th absolute moment of the standard normal distribution and ¢;; is the Kronecker delta
(for a proof of the last convergence see [12, Theorem 2.4]) . The latter expression obviously converges to
0 if we let m — oo and then k — oo, which completes the proof of (36).

We will prove (37) in a similar way. Since py (x,y)/|y1 ... ya—1|> = 0 asy — 0, Theorem 3.1 implies

> en(AX) DT pu(x AX),
jeB(d—1) se(0,t]d-t

i.e. pointwise convergence for fixed x € [~ A, A]'. Moreover,

s D0 [oulx, AFX) — pi(y, A7 X))

yel-A,AlL .
x‘|zf[yu<i] JEB?(dfl)
=m

d—1 |nt]
< H Z |AT X% sup sup ‘pg(x,z) — pg(y,2)|.
i=1 j=1 xyel=4, 4] [|z]| <24
-yl <k

The term in brackets converges in probability to some finite limit by Theorem 3.1 as n — oo, and the
supremum goes to 0 as m — 0o because p, is continuous. By similar arguments it follows that

sup Z ‘pH (X7 AXS) — PH (ya AXS) L 07

x,ye[-A,A] _
ix-yiz L S€O4
- m

if we let m go to infinity. Therefore (37) holds.

We will now finish the proof of Theorem 4.1 in two steps. First we have

\% Y > HWRATX ATX) - > /[Ot]lpH(au,A?X)du’

ieBr (1) jeBy (d—1) jeBr(d—1)

d—1 |nt) 1 .
(I iax) s |0 S oWaniXy) - [ pylouwy)du] 50

i=1j=1 yE[—2A,24]4~! n ieBr (1) [0,¢]
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by (36). From (37) we obtain the functional convergence

( (Oﬁ)Ogsgt > _E% < (Gé)Ogsgt )
> jenp(a—u Pu (5 AP X) D ec(0.qi-t P (- AXS)
in the space D([0,t]) x C([—A, A]"). Define the mapping

®:D([0,1]) x C(R") = R, (f,9)— [Ot]lg(f(m),---7f(uz))dU~

This mapping is continuous and therefore we obtain by the continuous mapping theorem

/ pH (0w, A} X)du N / p(ou, AXg)du,
(0,2 [0,2]¢

jeBy(d—1) se(0,t]d-t

which ends the proof. O

6.4. Proof of Theorem 4.3

Before we state the central limit theorem for /n(Y;"(H, X,1) —Y;(H, X,1)) we give a few auxiliary results.
A typical procedure in proofs of results such as Theorem 4.3 is to replace the scaled increments of X
(for us: the terms in the first [ arguments) by the first order approximation o := \/noi—1 AW of the

continuous part of X. In combination with other simplifications, this procedure will lead to asymptotic
equivalence of \/n(Y;*(H, X,1) — Y;(H, X,1)) with

d
3 (il S 3 H (o}, AXs) R g +va( o Y H(a?,AXSq)_/

(o, AXSq)ds)> .
q:5q<t i€ By (1) k=1+1 ieBy (1) [0,¢]*

For now, consider only the term in brackets, with R(n,qx) = 1 for simplicity. We can see that if AXg,
was just a deterministic number, we could derive the limit by using the asymptotic theory for U-statistics
developed in [19]. For the first summand we would need a law of large numbers and for the second one
a central limit theorem. Since AXg, is of course in general not deterministic, the above decomposition
indicates that it might be useful to have the theorems for U-statistics uniformly in some additional
variables. As a first result in that direction we have the following claim.

Proposition 6.5. Let 0 < [ < d and G : R! x [-A4,A]%! — R be a continuous function that is
of polynomial growth in the first 1 arguments, i.e. |G(x,y)| < (1 + ||x||")w(y) for some p > 0 and
w € C([—A, A]%=Y). Then

n 1 n ooy P
BLGx) = S Glafy) D EGy) = [ pelowy)is
By (1) [0:¢]

in the space C([—A, A]~1), where
pc(x,y) = E|G(z1Un, ..., 2;U;,y))
for a standard normal variable U = (Uy,...,U)).
Proof. This result follows exactly in the same way as (36) without the elimination of jumps step in the

beginning. O
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In addition to this functional law of large numbers we further need the associated functional central
limit theorem for

UpGy) = va(or 3 Glafy) - [

pc (s, y)dS) : (39)
By (1) [0.2]"

In order to obtain a limit theorem we will need to show tightness and the convergence of the finite
dimensional distributions. We will use that, for fixed y, an asymptotic theory for (39) is given in [19,
Prop. 4.3], but under too strong assumptions on the function G for our purpose. In particular, we weaken
the assumption of differentiability of G in the following proposition whose proof can be found in the
appendix.

Proposition 6.6. Let 0 <1 < d and let G : R? — R be a function that is even in the first | arguments
and can be written in the form G(x,y) = |x1|P*---|2;|P'L(x,y) for some function L € C*1(R?) and
constants p1,...,p € R with 0 < p1,...,pp < 1. We further assume that L fulfills the same assumptions
as in Theorem 4.3. Then we have, for a fized t > 0

(U?(Gv ’)7 (R— (nap)v R+ (nap))pzl)) i> (Ut(Ga ')a (RP—7 R;D+);021) (40)

in the space C([—A, A]*=1) xRN xRN, where (Ux(G, ), (Rp_, Ryt )p>1) is defined on an extension (Q, F, P)
of the original probability space, Uy (G, -) is F-conditionally independent of (kk, Yr+ ))k>1 and F-conditionally
centered Gaussian with covariance structure

Cly,y') =E[U:(G,y)U(G,y)|F] (41)
_”ZI/ /fZUYfJUY)¢U du— /foY¢a du /fJuy Vbo. ( )du)ds)
where

filu,y) = /[ - G(05, 01,05, Vi1,Uy Oy Vig 1, - -+ 05,0, Y)P(V)dVds.
0.t R

Remark 6.7. The proposition is stated for the approximations «aj of the increments of X. We remark
that the result is still true in the finite dimensional distribution sense if we replace ;' by the increments
AT X. This follows by the same arguments as the elimination of jumps step in Theorem 4.3 and Proposition
6.8.

In the first part of the proof we will eliminate the jumps in the first argument. We split X into its
continuous part X¢ and the jump part X¢ = §*p via X = Xy + X°+ X% Note that X? exists since the
jumps are absolutely summable under our assumptions. We will now show that

f( S Y H(aAPX,APX) Z > HWRAIXGATX)) o0,
ieBy(l) jeBy(d—1) 168"(l)_]€B"(d 1)

Observe that under our growth assumptions on L we can deduce
[L(x +2,y) — L(x,y)| < Ku(y)(1 + Z [I[™) Z |27 (42)

This inequality trivially holds if ||z|| > 1 because |L(x,y)| < u(y). In the case ||z|| < 1 we can use
the mean value theorem in combination with |z| < |z|? for |z| < 1 and 0 < p < 1. Since we also have
|z + 2i|P* — ||| < |zi[Pe for 1 < i <1, we have, with g = (g1,...,¢a—1), the estimate

[H(x +2,y) = H(x,y)| < Ku(y)ly|?)_ Pu(x)/z|™
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where P, € (1) (see (5) for a definition) and the sum runs over all m = (mq,...,m;) # (0,...,0)
with m; either p; or 0. We do not give an explicit formula here since the only important property is
E[Pm(v/nA" X)) < K for all ¢ > 0, which directly follows from the Burkholder inequality. Because of
the boundedness of X and the continuity of u this leads to the following bound on &,:

el < (K> |A;X\Q)( > Y PalVRAIX VAL X ™),

jeBy(d—1) ieBy(l) m

The first factor converges in probability to some finite limit, and hence it is enough to show that the
second factor converges in L' to 0. Without loss of generality we restrict ourselves to the summand with
m= (p1,...,Pk,0,...,0) for some 1 < k <. From [13, Lemma 2.1.7] it follows that

for all ¢ > 0. (43)

E[ATXYa|F] <
n n

Let r := maxi<;<; p; and by (i) := # {i1,..., i} for i = (i1,...,%;). Note that the number of i € Bj*(])
with by (i) = m is of order n™*+ =% for 1 < m < k. An application of Holder inequality, successive use of
(43) and the boundedness of X gives

( 3 Pu(VRAIX®)|VRAL X ...\\/ﬁA;;de)

ieBy(l)
1—7r
n1/2+kr/2 o A 4 . sirr S4r
<t 2 (ElBa(vaayxo ) (E[(lan A x) )
i€Br (1)
nl/2tkr/2 b(i)(3+r)/ < nl/2tkr/2 . (341)/4, j+i—k £ (2—2k+(2k—j) (r—1)) /4
<K —bg T —§(3+7) /4,7 - K - =) (r=1))/4

The latter expression converges to 0 since r < 1.

In the next step we will show that we can replace the increments A X of the continuous part of X
by their first order approximation af* = \/noi-1 ATW.

Proposition 6.8. It holds that

& = ( > > H(WnAIX AX) Z S oH ,A?X)> oo

i€BP (1) jeBr (d—1) zeB”(l)]eB”(d )

as n — Q.

We shift the proof of this result to the appendix. Having simplified the statistics in the first argument,
we now focus on the second one, more precisely on the process

0, (H ( > Y H(aP,AYX) Z 3 o/zAXs)).

ieBy(l) jeBy(d—1) 168"(1)56(0 t]d—t
In the following we will use the notation from section 3.2. We split 6,,(H) into

Since Q,,(m) i Qasn— 00, the latter term converges in probability to 0 as n — oo. The following
result will be shown in the appendix as well.
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Proposition 6.9. We have the convergence

d
Q, (m)On (H Z Z Z O0yH(af',AXs,)R(n,qr) 20

lGB"(Z) qeP (m)d—t r=l+1
if we first let n — oo and then m — oco.

Using all the approximations, in view of Lemma 7.2 we are left with a discussion of

d
Z S ) okH(o] AXs)R(n.q) + Y Up(H,AXy)

1€B"(l) q€eP(m)d—t r=I+1 se(0,t]4-1
-y <]17>"( Z B} (9 H, AXs,)R(n, q,) + U} (H, AXSq)>.
qeNd—! r=Il+1

The remainder of the proof will consist of four steps. First we use for all & € N the decomposition
O (m) = @7 (m, k) + 7 (m, k), where

d
o (m,k) = Y Appmei(@) Y BY(O-H AXs)R(n,q,) + Y UP(H, AXg,),

1<q1,..,9a—1<k r=I+1 qeNd—t
i.e. we consider only finitely many jumps in the first summand. We will successively show

hm limsup P(|® (m, k)| >n) =0 for all 7 >0, (44)

k—oo n—oco

7 (m, k) =5 ®,(m, k) as n— oo, (45)

for a process ®;(m, k) that will be defined in (48). Finally, with ®;(m) defined in (49) we will show
O, (m, k) SN ®;(m) as k — oo, (46)
®,(m) = V'(H, X, 1) (47)

For (44) observe that we have Pj*(m) C Pi(m) and therefore
P(@g(m,k)\ > n) <P({w:Pimw) ¢ {1,....k}}) =0 as k— oo,

since the sets Pi(m,w) are finite for fixed w and m. For (45) recall that g was defined by g(x,y) =
|z1 [Pt -« - |2|P' L(x,y). By Propositions 6.5 and 6.6 and from the properties of stable convergence (in
particular, we need joint stable convergence with sequences converging in probability, which is useful for
the indicators below) we have

(U9, ), (BY(95H, )1 11,(AXs, )pen; (R(n,p))pen, (Lpy (m) (P))pen)

=5 (Uelg, ), (Be(93H. ))i=r41, (AXs, )pert, (Rp)pen: (Lp, (m) (P))pen)
as n — oo in the space C[—A, A]{=D x (C[—A, A]@=D)d=1 x 2 x RY x RN, where we denote by ¢ the

metric space
0 = {(zr)ren € % 5 |ag| < A for all k € N}.
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For k € N we now define a continuous mapping on C[—A, A](4=0 x (C[—A, A]{@=D)d=l x 2 x RN x RN
into the real numbers via

k d
d—1
Sk (f2 (900520 () jems (W)jems (Z3)iem) = D ZiZia D 9r(@jrs - Tiu )Y,
Jiy--ja—1=1 r=l+1
oo
+ Z |xj1|q1 ‘xjdfz‘qdilf(xjw"'7xjd71)'
Jir--dd—1=1

The continuous mapping theorem then yields

O} (m, k) = (U} (g,), BE(0-H, )11, (AXs, )pen, (R(1, D)) pen, (1pn (m) (P))pen)
5 on(Uelg, ), Be(0-H, )y, (AXs, )pens (Rp)pers (1p, (m) (P))per)

d
= > Ipme-i(@ Y Bi(0-H AXs )R(n,q.) + Y Ui(H,AXg,) = ®(m, k).
q1,---,9a—1<k r=Il+1 gENd—!

For k — oo we have

d
Du(m,k) =5 @u(m) = > (Lp, et (@) Y BudH, AXs,)R(n,q,) + Y Ui(H,AXs,)),

qeNd—! r=l+1 qeNd—!
(49)
i.e. (46). For the last assertion (47) we have
P(|:(m) = V/(H,X,1)| > n) < KE[(®¢(m) — V/(H, X,1))’] = KE[E[(®:(m) — V/(H, X,1))*| F]]
d
= KE[ Z Z (1 - ]]-Pt(7n)d_l(k))|Bt(aTH7 AXSk)‘Q]
keNd—l r=I+1
d—1 ,
Y Z — 1p,(mya—t (K)) [ ] (1AXs,, [ + [AXs,, [%71)7).

keNd—L r=1+1 i=1

Since the jumps are absolutely summable and bounded the latter expression converges to 0 as m — co. [J

7. Appendix

In this section we present some preliminary results. We start with the following two statements. The first
lemma is a generalization of the fundamental theorem of calculus, while the second lemma is a standard
result on convergence of double sequences formulated for stable convergence in law.

Lemma 7.1. Consider a function f € C4(R?). Then we have
+Z Z / / Oip -+ 0iy [(Giy,in(S15- -, SE))dSE . . . dsq,
k=11<i1 << <d
where g, ... 4. : RF — R with

0, if jé& {i1,...,ix}
s, if j=r1.

(gih...,ik (817 ey Sk))j = {
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Proof. First write

d

fl@)=f0)+> (flar, ..., 2k,0,...,0) = f(z1,...,26-1,0,...,0)),

k=1

which yields
d
f(x):f(o)—i-Z/ Oef(@rs e 1,t,0, . 0) dt.
k=170

Now we can apply the first step to the function g;(x1,...,25—1) := O f(x1,...,2-1,%,0,...,0) in the
integral and by doing this step iteratively we finally get the result. O

Lemma 7.2. Let (Z,)nen be a sequence of random wvariables, where, for each m € N, we have a de-
composition Zy, = Zn(m) + Z,(m). If there is a sequence (Z(m))men of random variables and a random
variable Z with

Zn(m) LN Z(m), Z(m) L 57 and lm limsupP(|Z),(m)| >n) =0 forall n>0,

n—oo m—» 00 m—r o0 n—oo

then
st

A A

For a proof of this result see [13, Prop. 2.2.4].

7.1. Existence of the limiting processes

We give a proof that the limiting processes in Theorem 3.7 and Theorem 4.3 are well-defined. The proof
will be similar to the proof of [13, Prop. 4.1.4]. We restrict ourselves to proving that

[, P A aut, (50)
kT <t V10

is defined in a proper way, corresponding to Theorem 4.3. For [ = 0 we basically get the result for Theorem
3.7, but under slightly stronger assumptions. The proof, however, remains the same.

We show that the sum in (50) converges in probability for all ¢ and that the conditional properties
mentioned in the theorems are fulfilled. Let I,,(¢) = {n:1 <n <m,T, <t}. Define

Zmy = Y / Pons (s AX7 ) duRy,
KE T, (£)d—! [0,¢]*
By fixing w € 2, we further define the process Z%(m); on (Q', F',P') by Z%(m):(w') = Z(m)¢(w,w’).

The process is obviously centered, and we can immediately deduce

2
E’(Z"*’(m)%) = Z ( Z / pal+1H(Uu7AXTk17AXTk>du) g%k17 (51)
k1€l (t) kel (Hya-1—1 7 [0

E/(eiuz“’(m)t) _ H /eiu Sketmwyd—i-1 Jjo,qt POy H(0w,AXT, \AXT )JduRy, dP’. (52)

k?l elm(t)

imsart-generic ver. 2013/03/06 file: PSV_CREATES.tex date: December 1, 2015



M. Podolskij et al./U- and V-statistics for semimartingales 31

The processes X and o are both cadlag and hence bounded on [0, T for a fixed w € Q. Let now m,m’ € N
with m/ < m and observe that I, (t)9\ I (t)? C I (T)I\ I (T)9 for all ¢ € N and ¢ < T Since L and
01 L are bounded on compact sets, we obtain

= g -0

)]

=FE' [( sup Z /[0 . Por1 i (0w, AXT )duRy,

tEl0.T] e, (60N, (1)

S]EIK Z /[O,T]l |p31+1H<U“’AXTk)‘du|Rk1|)2}

KEL (T)4= NI,/ (T)4~!

2
<K(@)( > (IAX7,, |77 4+ |AXg, )| AX7,, | - |AXy,, |#)
keI, (T)—\I,,,(T)d-!

m

-0 as m,m — oo

for P-almost all w, since ) ., |AX,|? is almost surely finite for any p > 2. Therefore we obtain, as
m,m’ — oo,

]@( sup |Z(m)y — Z(m')¢| > e) = /IP"( sup |Z%(m)y — Z¥(m');| > e)dP(w) —0
tefo,t] t€[0,T]

by the dominated convergence theorem. The processes Z(m) are cadlag and contitute a Cauchy sequence
in probability in the supremum norm. Hence they converge in probability to some Fi-adapted cadlag
process Z;. By the previous estimates we also obtain directly that

Z%(m)y — Zi(w,-) in L*Q,F,P). (53)
As a consequence it follows from (51) that
2
/Zt(w7w/)2dP/(w/) =3 ( > / pal+lH(au,AXsl,AX82,...7AXSd_L)du) o2
s1<t  S2,...,8q— 1<t [Ovt]l

Note that the multiple sum on the right hand side of the equation converges absolutely and hence does
not depend on the choice of (). By (53) we obtain

E/(eiuZ“’(m)t) N E/(eiuZt(w,‘)).
Observe that for any centered square integrable random variable U we have

’ /(eiyU ~1)dB| <EU?|y? forall yeR.

Therefore the product in (52) converges absolutely as m — oo, and hence the characteristic function and
thus the law of Z;(w,-) do not depend on the choice of the sequence (T}). Lastly, observe that Ry is
F-conditionally Gaussian. (In the case of a possibly discontinuous o as in Theorem 3.7 we need to require
that X and o do not jump at the same time to obtain such a property.) So we can conclude that Z“(m),
is Gaussian, and Z;(w,-) as a stochastic limit of Gaussian random variables is so as well.

7.2. Uniform limit theory for continuous U-statistics

In this chapter we will give a proof of Proposition 6.6. Mainly we have to show that the sequence in
(39) is tight and that the finite dimensional distributions converge to the finite dimensional distributions

imsart-generic ver. 2013/03/06 file: PSV_CREATES.tex date: December 1, 2015



M. Podolskij et al./U- and V-statistics for semimartingales 32

of U;. For the convergence of the finite dimensional distributions we will generalize Proposition 4.3 in
[19]. The basic idea in that work is to write the U-statistic as an integral with respect to the empirical

distribution function
LntJ

Z ]]‘{a" <1}

In our setting we have
Z G(of,y) G(x V) E,(t,dxy) - - Fy(t, dxy).
1€B"(l)

Of particular importance in [19] is the limit theory for the empirical process connected with F;,, which is
given by
[nt]

Gyt ) \FZ (Turcay - o (@),

where @, is the cumulative distribution function of a standard normal random variable with variance z=.
As a slight generalization of [19, Prop. 4.2] and by the same arguments as in [13, Prop. 4.4.10] we obtain
the joint convergence

(Gnlt,x), (R-(n,p), Re-(n,p))p>1) — (G(t,2), (Ryp—, Rpy )p>1)-

The stable convergence in law is to be understood as a process in ¢ and in the finite distribution sense in
z € R. The limit is defined on an extension (2, F, P) of the original probability space. G is F-conditionally
independent of (k, ¥r+)k>1 and F-conditionally Gaussian and satisfies

E[G(t,mﬂf]:/o T, (2)dWW,,
fE[G(tl,xl)G(tQ,xgﬂf] - fE[G(tl,x1)|.7-']fE[G(t2,m2)\F] =

t1A\to —
/ By (21 A 22) — B, (12) 80, (2) — By, (1) B, (2)ds,
0

where @ (z) = E[V1{,y<,] with V ~ N(0,1).
As in the proof of Prop. 4.3 in [19] we will use the decomposition

1 k—1 1
UGy) = Y [ Gxy)Gattdny) [T Futt.do) [T )
k=1 ) m=1 m=k+

l
+\/ﬁ(% Z PG(U(jfl)/mY)—/ Z,O (O's7 )ds) =: ZZ]?(G y)_|_Rn( )

jeBr () (05¢] k=1

where
LntJ

Z (I)U(J 1)/n

From [19, Prop. 3.2] we know that both F,, and F,, converge in probability to F(t,z) fo x)ds for
fixed t and x. If G is symmetric and continuously differentiable in x with derlvatlve of polynomlal growth,
[19, Prop. 4.3] gives for fixed y

!
ZZLGy —>Z/ G(x,y)G(t,dxy) HFtdxm ::ZZk(G,y). (54)
k=1

m#k k=1
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We remark that the proof of this result mainly relies on the following steps: First, use the conver-
gence of F,, and F, and replace both by their limit F, which is differentiable in z. Then use the
integration by parts formula for the Riemann-Stieltjes integral with respect to G, (t,dxi) plus the
differentiability of G in the k-th argument to obtain that Z}(G,y) is asymptotically the same as
— [ OWG(x, )Gy (t, 1) [Tnzx (¢, zm)dx. Since one now only has convergence in finite dimensional
distribution of G, (t,-) to G(t,-), one uses a Riemann approximation of the integral with respect to dxy,
and takes limits afterwards. In the end do all the steps backwards.

From the proof and the aforementioned joint convergence of G,, and (R+(n,p))p>1 it is clear that we
can slightly generalize (54) to

((ZI?(Ga Y))i<k<i, (R—(nap)7R+(nap))P21)) = ((Zk(G,Y))lgkgz, (Rp—7Rp+)P21)7 (55)

where the latter convergence holds in the finite distribution sense in y and also for non-symmetric, but
still continuously differentiable functions G. A second consequence of the proof of (54) is that the mere

convergence Z(G,y) =Y 7 (G,y) only requires G to be continuously differentiable in the k-th argument
if k is fixed.

To show that (55) holds in general under our assumptions let 1. € C*(R) (e > 0) be functions with
0 < <1,9%(x) =1 on [—€/2,¢/2], P(z) = 0 outside of (—¢,¢€), and ||| < Ke~! for some constant
K, which is independent of e. Then the function G(x)(1 — t¢(xy)) is continuously differentiable in the
k-th argument and hence it is enough to prove

lim limsupP(  sup  |ZF(Gve,y)| >n)=0 (56)
=0 pooo ye[—A,A]d—1
ImP( sup  |Zk(GYe,y)[ >n) =0 (57)

e—0 ye[—A,A]d-

for allp > 0 and 1 < k <. For given k:_the functions 1. are to be evaluated at x. We show (56) only for
k = 1. The other cases are easier since F), is continuously differentiable in x and the derivative is bounded
by a continuous function with exponential decay at +oo since o is bounded away from 0.

For k =1, some P € P(1),Q € P(I — 1) and z; # 0, we have
101G () e(z))| < K1+ | =) P(a) Q1 - win) + K|y [P [P e

Since p; — 1 > —1 the latter expression is integrable with respect to x; on compact intervals. Therefore
the standard rules for the Riemann-Stieltjes integral and the monotonicity of F), in x yield

-1

sup |Z]"(GYe, y)| = sup G(x,y)e(2)Gn(t, dz:r) H Fn(t’dwm)‘
ye[—A, Al yel-A,A1-t | R it
-1
— swp / ~Go(t, )G, y)be(@))day [ Fn(t,dxm)’
yE[-A,A]4-1 IR m=1
. -1
< K|G,(t,2)|(1 4 |2 /P~ P(2)Q(1, . . ., 21 )day E,(t,dx.y,)
RI-1
—€ m=1
. -1
+ /l ) K|Gp(t,z)||x1 [P - - - |2y|Pre  day H F,(t,dxy,)
Ri=4J—e m=1
‘ 1 . B
= [ K X @)IGatt (4l Pl
¢ ieBr(1-1)
; 1 . . _
+ [ K(gm X bl ) Galtan) e o,
€ ieBr(l—-1)
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We have E|a?|? < K uniformly in ¢ for every ¢ > 0. From [19, Lemma 4.1] it further follows that
E|G,(t,z)|? < K for all ¢ > 2. Then we deduce from Hoélder inequality

B( s |Z0Cuy)) <K [ (U la PG + e,
ye[—A,A]d-1 —e
which converges to 0 if we let ¢ — 0. We omit the proof of (57) since it follows by the same arguments.

So far we have proven that (55) holds under our assumptions on G. Furthermore, we can easily calculate
the conditional covariance structure of the conditionally centered Gaussian process 22:1 Zi(G,y) by
simply using that we know the covariance structure of G(¢,z). We obtain the form in (41); for more
details see [19, sect. 5].

Next we will show that

P

sup  [R"(y)| —0 (58)
y€E[-A A4~

as n — oo. Observe that pg(x,y) is C¢t! in the x argument. Therefore we get R"(y) L5 0 for any fixed
y from [19, sect. 7.3]. Further we can write

Rn(Y) = \/ﬁ (pG(U[nsJ/nay) - pG(Us;Y))dS + \/ﬁ(/

[0,[nt]/n] [0,2)!

pc (s, y)ds —/

pc(os, y)dS) :
[0, nt]/n]!

(59)

The latter term converges in probability to 0 and hence we can deduce (58) from the fact that
E|R"(y) — R™"(y’)| < K|y —¥'|l, which follows because pg(x,y) is continuously differentiable in y
and E(y/n|0 |y /m — 0ul) < K for all u € [0,1].

Therefore we have proven the convergence of the finite dimensional distributions

(U} (G y)iss (R (n,p), R (m,9)p21)) = (UG, yi) )iy, (R Ryt )pz1)-

What remains to be shown in order to deduce Proposition 6.6 is that the limiting process is indeed
continuous and that the sequences Z7 (G, -) (1 < k <) are tight. For the continuity of the limit observe
that

E“Ut(G7Y) - Ut(G’y/)Pl}-]
l

= /Ot (/R (Z(fz‘(u,}’) — fi(u, y/)))2¢gs(u)du - (g/ﬂ{(ﬂ(u,y) — fi(u,y’))(bgs(u)du)zds),

i=1
Here we can use the differentiability assumptions and the boundedness of o and ¢~ to obtain
2
E[[Ui(G.y) — U(G,y")|*] = EE[[U(G.y) -~ UG,y )PIF < K |y —¥'II" -
Since U(G, -) is F-conditionally Gaussian we immediately get
E[|U(G,y) - UG,y )] < Kp lly = ¥'II”

for any even p > 2. In particular, this implies that there exists a continuous version of the multiparameter
process Uy (G, -) (see [15, Theorem 2.5.1]).

The last thing we need to show is tightness. A tightness criterion for multiparameter processes can be
found in [4]. Basically we have to control the size of the increments of the process on blocks (and on lower
boundaries of blocks, which works in the same way). By a block we mean a set B C [—A, A]9~! of the
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form B = (y1,y}] X -+ X (Ya—1,y,_,], where y; < yi. An increment of a process Z defined on [—A, A]?~"
on such a block is defined by

1
Ap(Z):= Y ()" BZ(y i =) Yat a1 — ya1)-

11,0 58d—1=0

We remark that if Z is sufficiently differentiable, then

Ap(Z)=01---041Z(E)(yy — 1) - Yyt — Ya—1)

for some ¢ € B. We will now show tightness for the process Z'(G,y). According to [4] it is enough to
show

E[AB(ZMG, NP < Ky — ) oo (o — Ya—1)”

in order to obtain tightness. As before we use the standard properties of the Riemann-Stieltjes integral
to deduce

[ -1 5
E[[Ap(Z (G, )] = ]E( y Ap(G(x,-))Gnl(t, dzy) H F,(t, dxk)) }
k=1
[ -1 9
E_(/Rl Ap(0G(x,))Gy(t, 2))d; HFn(t,dxk)) }

k=1

d—1
(yi — 92)2
i=1

) -1 )
—E ( D11 -+ 0aG(x, )G (t, )y [ Fn(t,dxk)> }
L Rl he1

for some £ € B. As it is shown in [19] there exists a continuous function vy : R — R with exponential
decay at 4oo such that E[G,(t,2)?] < y(x). Using the growth assumptions on L we further know that
there exist P € P(1) and Q € P(I — 1) such that

010141 -+ - 0aG(x,6)| < K(1 4 |z [P ") P(a)Q(a1, - . ., w1—1)

and hence

-1 )
E[(/ QOpy1 -+ 4G (%, )G (t, 21)dm HFn(tadek)> }
R! k=1

nt—1

1 2
<KE| / K > Q) (U oY+ [ @) P(a)) (Gt 2) Gt 27)ldada]| < K
ieBr(I-1)

by Fubini, the Cauchy-Schwarz inequality, and the aforementioned properties of G, (¢, ). The proof for
the tightness of ZJ}(G,y) (1 < k <1—1) is similar and therefore omitted.

7.3. Proofs of some technical results

Proof of Proposition 6.3: ~
i) For j > 0 consider the terms (j';(m) and (j ;(m), which appear in decomposition (27). Since X is
bounded and P;(m) a finite set, we have the estimate

max(|¢it; (m)|, |G (m)]) < K(m)ynn™ >~ [ALX(m)P---|AL_, X (m)|P.
ieBr (1—k)
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By (22) we therefore obtain
E(Lq, (m) (IG5 (m)] + G5 (m)])) = 0 as n — oo
In the case k > 0 we have

Ces(m) < K(m)yan™ %% 3" |R(n,py)|” - [R(n,pi)[” Y [ALX(m)P--- AL X (m)]P.
pEP (m)* ieBy (I—k)

Since (R(n,p)) is bounded in probability as a sequence in n, we can deduce
n P
]lﬂn(m)Kk,j(m)\ — 0 as n — oco.

Furthermore, in the case j = k = 0, we have ({'o(m) = féfo(m).
(ii) At last we have to show the convergence

-1
lim limsup P(1q,, (m)] Z (Cho(m) — ¢ (m))| >n) =0 forall n>0.

m—o0
n—o00o
k=1

First we will show in a number of steps that we can replace AXg  + ﬁR(n, p) by AXs, in (i o(m)
without changing the asymptotic behaviour. Fix k € {1,...,1 — 1}. We start with

<;)1C£,0(m) - % 3 S H(AXs, + \}ﬁR(n,p),AXSWA?X(m))‘

pEPP (m)k—1ieBl (d—k)

pp P (m)
\/> , R(:L/’fk) 1
n n "
= nd—1 Z Z akH<AXSp + %R(n, p), AXSP;C + u, Ai X(m))du
pePD (my)b—1 1B} (d—k) ” 0
PR EPF(m)
T R(n,pr) |?
<K Z |R(n, pr)| sup (IAXs, +ul”+|AXs, +op Y H ’AXSpT 4+ )
pEP(m)k—1 \u|,\v|§% r=1 \/ﬁ
P EPt(m)
Ik
Do (R
ieBp (1—k) j=1
=: K&} (m) x ®5(m).
The first factor ®7(m) converges, as n — 0o, stably in law towards
k—1
®i(m)= Y[Ry l(AXs, [P +IAXs, [P [ 1AXs, |7
peEP(m)k—1 r=1

PR EP(m)

By the Portmanteau theorem we obtain

lim sup P(|®7 (m)| > M) < P(|®;(m)| > M) forall M eR,,

n—roo

whereas, as m — oo,

k—1
By (m) — (ZAXSV’) > R, (IAXs, [P +|AXs, [P7Y).

s<t PLEP:
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So it follows that
lim lim sup lim sup P(|®}(m)| > M) = 0.

M—o00 m—soco n—oo

Furthermore
li li E(1 P < i limsup ————E E | I A =0
mlm 17llrlbup ( Q. (m) 2( )) mlm 171Lnsup e s gy \

ieBr(l—k) j=1
by Lemma 6.1. We finally obtain

lim limsupP(Lg, ()|} (m)®5(m)| >n) =0 forall n>0.

m—00 n_syo0

Doing these steps successively in the first £ — 1 components as well, we obtain

N
lim limsupP(1g, (1 )’( ) Cro(m) —OQ(m)‘ >n)=0 forall n>0

m—o0 p 300 k

with

B

0y (m) ==

nd-

3 H (AXSP, Ai”X(m)) .
€P:

(m)k i€BP (d—k)

By the same arguments as in the proof of the convergence 1q,, (m) V7 (m) 0 (see (32) and below) we
see that we can replace the last d — I variables of H in 1 ()0} (m) by 0 without changing the limit. So
we can restrict ourselves without loss of generality to the case [ = d now and have to prove

lim limsup P(1Lq, (m)|©%(m)| >n) =0 (60)
m—o0 noo
with
Vi Y ( 3 H(AXSP,A?X(m))— 3 H(AXSP,AX(m)S)).
pEP(m)k  i€BP(d—Fk) se(0,1ntljd—k
Since

> IAXg [P <Y |AXP

qEP:(m) s<t
is bounded in probability, we can adopt exactly the same method as in the proof of 1, () V5 (m) 0
to show (60), which finishes the proof of Proposition 6.3. O
Proof of Proposition 6.8:

We will only show that we can replace /nA?X¢ by o in the first argument, i.e. the convergence

I_ntj
Z >y (H(\/EAZXC,\/HA?XC,A}’X)—H(a}j,\/ﬁA?Xc,AJﬁX)) 250, (61)

k=1ieBy(1-1) jeBy(d—1)

All the other replacements follow in the same manner. Define the function g : R? — R by g(w,x,y) =
|w|Pr L(w, x,y). In a first step we will show that, for fixed M > 0, we have

[nt]
T”sup Z VAR X€, z) — g(aﬁ,z))l)o, (62)

z||<M =
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where z = (x,y) € RI=! x R4~!. Note that our growth assumptions on L imply the existence of constants
h,h',h” > 0 such that

w# 0 =101g(w, x,y)| < Kuly) (1 + | (w,)]") (1 + o}~ (63)

w#0, |21 < wl/2 = |01g(w + 2,%,y) = Og(w, %, y)| < Ku(y)l2l(1+[|(w, )" +]2") (1 + [wi™~2)
(64)
l9(w + 2%, ¥) — g(w,x,y)| < Kuly)(1+ || (w, x)||"")|2|” (65)

The first inequality is trivial, the second one follows by using the mean value theorem, and the last
one can be deduced by the same arguments as in the derivation of (42). In particular, for fixed x,y all
assumptions of [13, Theorem 5.3.6] are fulfilled and hence

Lnt]
1 n (& n P
In max E (9(vV/nARXC, z) — g(ay,z)) — 0,
Z2EKm ( )k:1

where K,,,(M) is defined to be a finite subset of [~ M, M]?~! such that for each z € [—M, M]9~! there
exists 2’ € K,,,(M) with ||z — 2’| < 1/m. In order to show (62) it is therefore enough to prove

nt]
= s | ST (RARX m) — glaf ) — (g(VAATX, ) — glaf 7)) | 5 0

T (o1,
VI jeesm |

llzy 23l <1/m
if we first let n and then m go to infinity.

Now, let 67 = /nALX® — o} and B} = {|67] < |a}|/2}. Clearly, g is differentiable in the last d — 1
arguments and on B}’ we can also apply the mean value theorem in the first argument. We therefore get

gy (9(vVRARXC,21) — g(aft,21) — (9(vRALX®,25) — g(a}l, 22)) ZﬂBnal 9O €2) (28 — 20)er,

where Xjp i between /nA} X and o} and fnk is between z; and zs. zm stands for the j-th component of
z;. We have |010;g9(w,z)| < p1|w|P*=1|9; L(w, z)| + |w|P*|010; L(w, z)| and therefore the growth conditions
on L imply that there exists ¢ > 0 such that

1010;9(w, )] < Ku(y)(1 + [w[" =)L+ [[(w, x)||).

On By we have [x7 | < 31a®|. From ||z < M we find

[t
1
—E ‘E Ly (g(vVRAPXC nog) — ATXC. 75) — g(a, ‘
Vn <<z1,sz1i?|<M Pk 21) = g(ak z) — (9(VRALX" 22) = glaj Z2)))>

llz1 —z2|<1/m

LntJ

L Jaf =) (1 + g | + [VRARX[1)[67]).

By Burkholder inequality we know that E((1 + |af|? + [\/nA7X¢?)*) < K for all u > 0. Since o is a
continuous semimartingale we further have E(|67|%) < Kn~%/2 for u > 1. Finally, because o is bounded
away from 0, we also have E((Jag[P*~!)*) < K for all u > 0 with u(1 — p;) < 1. Using this results in
combination with Hélder inequality we obtain

e K

( ) nip1—1 n|q nycl|q n ( )
1 AT X <

Jam k§_1E<(1+|ak| )L+ Jeag|? + [vnARXC| )\‘91«|) =T
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which converges to 0 as m — oo.

Now we focus on (B)¢. Let 2 < j < d. Observe that, similarly to (42), by distinguishing the cases
|z| <1 and |z| > 1, we find that

0;L(w + 2,%,y) = 0;L(w,x,y)| < K(1+ |w[F7)[2[.
We used here that ||(x,y)]| is bounded and the simple inequality 1+ a+b < 2(14a)b for all a > 0,b > 1.
From this we get
|ajg(w + Z, X, Y) - a]g(U),X, y)l
<[l + 2P — w1 |0,L(w + 2,%,¥)| + [wlP 05 L(w + 7, %, ¥) — O L(w, %, )
SK (LA [w])(|2[77 + [27)

for some g > 0. Recall that 7; < 1 and 7; +p; < 1 by assumption. For some &}’ between z%j ) and zéj ) we
therefore have

Sk

[[(z1,22) <M
lz1 —z2l|<1/m

L]
— ( sup ‘ Z 1(gpye (9(VnALXC, 2z1) — glag, z1) — (9(vVnAF X°, 2) — 9(042’%)))‘)

[nt] d A _
(L [ttt ) ot ) - 40

ll(z1, z2>n<M
lz1—zgll<1/m Kk=17=2

Lnt]
)

K M
: > B(Lmye 1+ b+ VRALX )G + 05 7))

< Jam

Lnt)
K(M) 10k 0% ] K(M)

< n WK x| <

<o ;E(H(Bk)c(l—&-mk + [VnARXe| )( + )) <

o= T Jagi=0sFe m

by the same arguments as before, and hence (62) holds. For any M > 2A we therefore have (with
a=(q1;---,qa-1))

sl

Z DY ]l{HﬁA?,XC”SM}(H(\/HAZXC,\/HA?XC,AJ?X)—H(a}j,\/ﬁA?XC,AJTLX))‘
k=1ieBp (1-1) j€BP (d—1)

Lnt)

(o Y WAL VA XPIAIXP) | s S (g(VAALX", %) — glof. )

N
ieBr(1—1) jeBP (d—1) V1 s <m k=1

The first factor converges in probability to some finite limit, and hence the whole expression converges
to 0 by (62). In order to show (61) we are therefore left with proving

sl
Z > oY 1y ﬁA?XC”>M}<H(\/ﬁAZXC,\/EA;’XC,AJTLX) H(a}, VnAlX® A"X)) 0,

k=1ieBp(i—1) jeBY (d—1)

if we first let n and then M go to infinity. As before we will distinguish between the cases that we are on
the set BY and on (BP)¢. Let p = (pz,...,p1). With the mean value theorem and the growth properties
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of 01¢ from (63) we obtain for all M > 1:
I_ntJ
Z > Y ymarceean e (H(\/EAZXC,\/HA?XC,AJT‘X) fH(aZ,\/ﬁAi”XC,AJT‘X)N
k=1ieBp (I—1) jeB} (d—1)
[nt]

SK( > IA"X|q>fZ > |\/HA?XC|I~)]1{H\/EA?XC”>M}

jeBy (d—1) k=1ieBy (I-1)
n n C n C h n — n
x (1+ |ap|" + |[VnARX |h+||\/ﬁAiX H )(1+|O‘k|pl 1)\9k|

1 i
(5 3 XY (G X jmspeaan VAATX P [vaar x| )

jeBr(d—1) ieBp(I-1)

IN

[nt]
1 - n
x (ﬁ;m "+ [VRAEX") (1 + g7 1) 67 )

=: A, B, (M)C,,

where we used M > 1 and 1+ a + b < 2(1 + a)b for the final inequality again. As before, we de-
duce that A, is bounded in probability and E(C,) < K. We also have E(B,(M)) < K/M and hence
limps o0 limsup,, , o P(A,Bn(M)Cy, > 1) = 0 for all n > 0. Again, with (65), we derive for M > 1

sl
Z S Ymarxe|eay tape (H(\/ﬁAgXC,\/ﬁA?XC,A;X)—H(ag,\/ﬁA?XC,A;X))]
k=1ieB}(I-1) jeBr(d—1)

WJ
Y YT 1maporn e AT XIVRATXP

k=1ieBp(l1—1) jeBr(d—1)
x ’9(042 + 01, VAT XS ATX) — g(of, ﬁA?X”aA?X>\

1 ]
SK( Z |A}1X|q)(nzfl Z 1{|\\/HA;1XGH>M}|\/EA?XC|I)H\/ﬁAianHh)

jeBy(d—1) ieBr(i—1)

1 [nt] .
(7 2 Ve okl e
1 ~ 1"
<KX X (G X s ean VIATX P [vaarxe|")

JeBy(d-1) ieBr(I-1)
[nt]

(fz (L+ lag ") a1 671).

For the last step, recall that |07|'7P1 < K|a?|'~P* on the set (BP)“. Once again, the final random
variable converges to 0 if we first let n and then M to infinity. O
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Proof of Proposition 6.9: We will give a proof only in the case d = 2 and [ = 1. We use the decomposition

Lo, (m)0n(H)
[nt] |nt]

I].Q (M)<Z H Oé AnX zi: Z OZ AX(m) ) IlQ (nl) Z Z HOé ,AXS)

ig=1 i=1 Lot ooy

[nt] [nt]
oo ST S g axs, eV a) - Haro o)} - 22 ST S i axs)

i=1 pePy*(m) i=1 peP[(m)

=050 (H) — 62)(H) + 0)(H) - 00 (11).

In the general case we would have to use the decomposition given in (27) for the last d — [ arguments.
We first show that we have

lim limsupP(|0Y(H)| >7n) =0 forall 5> 0. (66)

m—00 noo

We do this in two steps.
a) Let ¢y be a function in C*°(R?) with 0 < ¢y < 1, ¢ = 1 on [k, k]?, and ¢ = 0 outside of [—2k, 2k]2.
Also, let §: R? — R be defined by §(z,y) = |y|9* L(x,y) and set Hy = ¢, H and g, = ¢1§. Then we have

nt nt)

61 (H \ Vi Xl \Pl(zgk o AX(m) = Y Gilal, AX(m),))|

9<%
]19( Lnt] Lnt]
‘ m) Z'O‘ ‘m(ng (0, A7X (m)) — ;Jgk(o,AX(m)s))‘
< nt
[t} [nt]
’ .t > il Z/ Ongelu, ATX (m))du — 3 / D16 (1, AX (m).)du)|

s< L“U

[nt] |nt]
( Z|a |p1)(\f11Q ) ]ng (0,A7X(m) = 3 §(0,AX (m),)

s< Lnt]

)
LntJ |nt]

k
Z\a ) (Lo, [ V| DD g ATX )~ 3 g AX (m)s)

< Lnt]
- n

).

which converges to zero in probability by Lemma 6.2, if we first let n — oo and then m — oo, since
LntJ

,Z|a |p1

is bounded in probability by Burkholder inequality.
b) In this part we show

lim lim limsupP(|0Y(H) — 0V (Hy)| > 1) =0 forall 7> 0.

k—00m—00 5 _so0
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Observe that we automatically have |[A X (m)| < k for some k large enough. Therefore,

[nt]
o) (1) — 040 ()| = | \/”’Z(Ha,A;-‘X<m>>—Hk<a?,A?X<m>>)\
1,j=1
[nt]
]lQn(m) nx n n
N Jz_lﬂ{lanbk}\H o, AL X (m) — Hi(al', A7 X (m))|
<= 2 Meriap (a0 25X )
Klq, (m)
< n
< =g

[nt)
D Ljapsa| (1 af P (AT X (m)) 2|
i,j=1
[nt] [nt]
K
T (e (1 +12) (1o, 2185 X(m)|")

j=1

[nt] |nt] |nt]

< (X o) (5 20 +10779) (o 2 145X,

i=1 j=1

Now observe that we have

[nt]

(]152 (m) Z |AT X (m |q1) — Z |AX[",

s<t

if we first let n — oo and then m — oco. Further we have

[nt]
B[S (1+]al[)?] < K

i=1
by Burkholder inequality and finally

L) L) = Efjoy )
(| Zﬂ{|an|>k}\ >n) < E(Zﬂ{wbk}) = Z ke =g 0

as k — oo. For 97(12)(H) we have

[nt] [nt]

IR < =30 3 (el AX M uAK) < (S 3 0+ ler)(va 3D 1Ax)

=1 lntl ooy =1 —L’;” <s<t

since the first factor is bounded in expectation and the second one converges in probability to 0 (see
(35)). For the second summand of 95{3)(H) we get

[nt]
n m — 1 n R(n’p)lh P
=1 pePp(m i=1 pEP(m)

as m — oo because the first factor is again bounded in expectation and since (R(n, p))nen is bounded in
probability and P}*(m) finite almost surely. The remaining terms are 9;4)(H ) and the first summand of
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9,(13)(H ), for which we find by the mean value theorem

Lo, <m> Z 3 { a?, AXg, +n~Y2R(n,p)) — H(a?, AXs,) }— 1o,(m) Z > 0H(a},AXs,)R(n,p)
i=1 pePr(m) i=1 peP{* (m)
[nt]
( LLUNT N (0H (0}, AXs, + €1 (p) — 0 (], AXs,) ) R(n,p) )

=1 peP(m)

for some £*(p) between 0 and R(n,p)/+/n. The latter term converges to 0 in probability since we have
|022H (2, )| < (14 |2]|9)(Jy]? + Jy|2 = + |y|9"~2)u(y) for some g > 0 by the growth assumptions on L.
Therefore,

[t

1o, @m

[P TS (o (o, AXs, + E(9) ~ ol (0}, AXs, ) Rn.p)
i=1 pePp (m)

Ta, (m) a2

o[PS ST G (o AXs, + &G >>5?<p>R<n,p>\
i=1 pePy (m)

|t

S(EYalap) Y gL 2,

=1 pEP(m)

where £7(p) is between 0 and R(n,p)//n. The last inequality holds since the jumps of X are bounded
and |£(p)| < |R(n,p)|/v/n < 2A. The convergence holds because R(n,p) is bounded in probability and
Pi(m) is finite almost surely. O
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