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Abstract

In this paper, we derive uniform convergence rates of nonparametric estimators for continuous
time diffusion processes. In particular, we consider kernel-based estimators of the Nadaraya-Watson
type with introducing a new technical device called a damping function. This device allows us to
derive sharp uniform rates over an infinite interval with minimal requirements on the processes: The
existence of the moment of any order is not required and the boundedness of relevant functions can
be significantly relaxed. Restrictions on kernel functions are also minimal: We allow for kernels
with discontinuity, unbounded support and slowly decaying tails. Our proofs proceed by using the
covering-number technique from empirical process theory and exploiting the mixing and martingale
properties of the processes. We also present new results on the path-continuity property of Brownian
motions and diffusion processes over an infinite time horizon. These path-continuity results, which
should also have an independent interest, are used to control discretization biases of the nonpara-
metric estimators. The obtained convergence results are useful for non/semiparametric estimation
and testing problems of diffusion processes.
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1 Introduction

In this paper, we derive the uniform convergence rates of kernel-based nonparametric estimators for
continuous time processes. We specifically consider diffusion processes described by the following type of
stochastic differential equation (SDE):

dX, = M(Xs) d8+0-(Xs) dW57 (1)

where {W,} is the standard Brownian motion. y (-) and o (+) are called the drift and diffusion (volatil-
ity) functions, respectively, which are of our interest in the estimation. To estimate y(-) and o2 (-)
nonparametrically, it is standard to use the Nadaraya-Watson (NW) type estimators:
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where K, (2) :== K (2/h) /h; K is a kernel function; and h is a bandwidth. Florens-Zmirou (1993) first

considered this type of estimator, and several authors, such as Jiang and Knight (1997), Bandi and Phillips

(2003), Nicolau (2003) and Ait-Sahalia and Park (2013), have further developed these estimators. While
they have established asymptotic properties of the estimators, such as the consistency and the asymptotic

ji(z) =

(2)

(mixed) normality, they have focused on the pointwise convergence. The uniform convergence has not
yet been fully considered in the literature. This study presents the uniform convergence rates of the NW
type estimators for continuous time diffusion processes of the type (1).

In the discrete time setting, several authors, including Bierens (1983), Andrews (1995), Liebscher
(1996), Masry (1996), Bosq (1998), Fan and Yao (2003), Ango Nze and Doukhan (2004), Hansen (2008),
Kristensen (2009), Kong, Linton and Xia (2010), and Gao, Kanaya, Li and Tjgstheim (2015), have studied
the uniform convergence of kernel-based estimators. Their results may not be directly imported to our
continuous time setting; however, some of their techniques may be used in our context to some extent.
There are several difficulties in dealing with diffusion processes: First, the results in the discrete time
setting require the existence of the higher order moment of the process and the (uniform) boundedness
of some relevant functions. These requirements may be too strong for some class of diffusion processes,
which, in fact, are not satisfied by several parametric models used in the econometrics literature.

Second, the estimators (2) and (3) are based on the discrete time sample {X;a}}_; and incur biases
due to the discretization, which do not appear in the discrete time setting. Note that our estimation
targets p (-) and o2 () are the instantaneous conditional mean and variance functions, respectively. In
estimating such objects without assuming the availability of a continuously recorded path of the process,
we generally experience the discretization biases, unless some parametric restriction or the so-called cross
restriction are exploited (see arguments in Hansen and Scheinkman, 1995; Ait-Sahalia, 1996a; Bandi and
Phillips, 2002; Kristensen, 2010a). To control the discretization biases, we consider the infill assumption,
which means that the time distance between adjacent observations, A, shrinks to zero as the sample size
n tends to infinity. Given the infill, we have the effects due to the discretization asymptotically negligible
(and obtain the consistency). Our derivation of the rate of discretization bias is based on the (sample)
path continuity of the process. However, the existing results on the path continuity are not sufficient for
our purpose. We prove new results on the uniform/global modulus of continuity of Brownian motions
and diffusion processes, which should also have an independent interest.



Third, the aforementioned studies that consider the discrete time setting exploit the asymptotic
independence property of the process for the uniform results, which is (typically) implied by the mixing
condition. While our proofs also use this property (through the large deviation type inequality), we need
to consider a different treatment since we work with the infill. The dependence between consecutive
observations becomes stronger as n — oo under the infill (A — 0), which leads to slower convergence
(than in the standard discrete time setting). Note that we also work with the longspan assumption
where the time horizon of the observations, 7'(= nA) — oo. This is necessary to exploit the asymptotic
independence.

To circumvent the difficulties in the continuous time setting, we propose to introduce a technical
device B (-), which we call a damping function, and consider the following modified estimators for the
drift and diffusion functions, instead of (2) and (3):

fi(z) =, (z) /1L (2); (4)
5% () = Vo (2) /T (), (5)
where
U, () = (1/7) Zjll Ky (Xja — ) B(Xja) [X(rna — Xja] 5 (6)
U, (x) == (1/T) Zj_ll K (Xja = 2) B(X;a) [Xgina = Xja] s (7)
I (z) = (A/T) Z;‘:l Ky (X;a — ) B(X;a). (8)

Unlike the standard estimators in (2) and (3), each component of the new estimators includes B (X;a).
We call (4) and (5) the damped versions of the NW estimators. We subsequently derive the uniform
convergence rates of ji(r) and °(z). The function B (-) should take strictly positive values over the
entire support of the process. The econometrician may choose this function arbitrarily so that the
products of B (-) and relevant functions, e.g., B (z) u (z) and B (z) 02 (), are uniformly bounded. Note
that u (z) and/or o2 (z) are not bounded in many parametric models found in the literature. However,
we can let B (z) p(z) and B (z) o2 (z) uniformly bounded by choosing B (x) with exponential decay rate
(to zero as |z| — o0), if p(z) and o2 (z) are at most of polynomial order (we provide conditions on
B (-) and an example of B (-) in Section 3). We also note that by using the damping function, we can
also work with a process whose invariant density is unbounded, allowing for highly skewed distributions.
This point is discussed in the Supplementary Material.

The introduction of the damping function does not affect the consistency property of the estimators.
This is because ¥, (z) and ¥, (z) converge to B (z) uu (z) 7 (z) and B (z) 0* (x) 7 (x) respectively, where
7 () denotes the invariant density of the process, and II (z) converges to B (z)7 (z). Thus, our new
estimators (4) and (5) are respectively consistent for u (x) and o2 (z), since B (x) (as well as 7 (x)) is
cancelled out. We also note that the limit normal distributions are the same for the new and standard
estimators while asymptotic biases of the estimators are affected by the damping function (see discussions
in Section 5 and the Supplementary Material). The uniform rate we have derived for the diffusion function
estimator is optimal in the sense of Stone (1982). We also conjecture that the rate for the drift function
estimator is also optimal since our uniform rate is y/(log T')/Th and the pointwise rate (derived in the
previous studies) is y/1/Th, while further studies are need to confirm the optimality.

'For example, we allow for the gamma distribution with the shape parameter less than 1, whose density is unbounded
(c0) at the left endpoint 0.



There are several advantages of introducing the damping function device. It enables us to employ
a technique from empirical process theory, i.e., the method by the covering number. As discussed in
Andrews (1994), van der Vaart (1998) and others, empirical process theory provides very useful techniques
for establishing asymptotic theory in econometric and statistical problems. However, it often requires
relatively strong conditions, such as the uniform boundedness of relevant functions, and thus may have
limited applications. As stated above, even when some function f (z) is not bounded, we can choose
B (z) so that B (z) f (z) is (uniformly) bounded. Given this induced boundedness, we can more easily
employ the technique from empirical process theory. The use of the covering number allows us to proceed
without the so-called truncation technique, as used in Bosq (1998) and Hansen (2008), to prove the
uniform convergence over an unbounded support, which in turns allows us to proceed without assuming
the existence of the moment of the process (of any order). We can comfortably accommodate the infinite
mean/variance case, for example. This is in contrast to the results in Andrews (1995), Bosq (1998) and
Hansen (2008), which require the existence of the higher order moments to derive uniform convergence
rates. We note that the covering number technique can work with almost all forms of the kernels functions,
e.g., ones with discontinuity, unbounded support, and/or slowly decreasing tails. We also note that B (z)
plays an important role in controlling the discretization biases. As mentioned previously, for this purpose,
we use the path continuity property of the diffusion processes, the so-called modulus of continuity. This
property, unfortunately, may not generally hold under the longspan (with 7" — o) due to the potential
unboundedness of the drift and diffusion functions. However, we prove the modified version of the
modulus of continuity, i.e., the continuity with a weighted sup-norm (setting the damping function as
weight), which allows us to proceed.

Our uniform convergence results are useful in various econometric/statistical problems for diffusion
processes. In fact, the author applies the results of the paper to nonparametric specification testing of
Markov processes (Kanaya, 2014). They may be used for deriving asymptotic distributions results in
specification testing problems of volatility components as found in Li (2007) and Corradi and Distaso
(2010), as well as in derivative-security pricing problems as in Ait-Sahalia (1996a) and Kristensen (2008).

Some ideas found in econometrics and statistics may seem as similar to those of the damping function.
For example, the so-called trimming device is often used to eliminate aberrant behaviors of nonparametric
estimators (see Sec. 6 of Ichimura and Todd, 2007 for an overview) in two-step semiparametric estimation
problems (e.g., as in Robinson, 1988; Ai, 1997; Cosslett, 2004). This is similar in its concept to our
damping device. However, trimming completely discards some part of estimated values, typically very
large ones (or small ones if the estimator is in the denominator). In contrast, the damping function puts
less weight on some observations and does not discard any part of observations or estimated values. Chen
and Fan (2006) consider a weighting function to verify asymptotic results of copula-based semiparametric
models. Roughly, they show the convergence of the (rescaled) empirical distribution function based on a
weighed norm, sup, |f (z) — g ()| @ (z), instead of the usual sup-norm sup, |f (x) — g ()| (Sec. 4 in Chen
and Fan, 2006). The function @ (z) is introduced to suppress large values in their semiparametric score
function (and its derivative) near the boundaries. Our damping function plays the same role as Chen
and Fan’s weighting function, in that it is used to suppress large values in the nonparametric estimators.
However, we note that Chen and Fan’s weighting function is used only to modify the definition of the
metric. In contrast, our damping function is used to modify the estimators themselves.

In related studies, Fan and Zhang (2003) and Xu (2009, 2010) also consider kernel-based nonparamet-
ric estimators for diffusion processes, working with the local polynomial and/or re-weighted estimators.
It is known that these estimators in general possess better bias properties compared to the simple NW



type as (2) and (3). While their results are pointwise, our techniques of the damping function may also
be used to establish the uniform results of their estimators. Krinsenten (2008) consider convergence rates
of nonparametric estimators with respect to the L, integral norm (the proof of Theorem 5 in p. 405),
which is required for his derivations of asymptotic results for estimators of derivative-security pricing.
Our uniform convergence theorems can be used to derive such Ls-convergence results, and complement
his results. Koo and Linton (2012) consider a kind of time varying semiparametric diffusion model and
present the uniform convergence results for their semi/nonparametric estimators. Since they exploit the
drift function’s parametric restriction as well as the (so-called) cross restriction of stationary diffusions,
the infill assumption is not required. As a result, their estimators are free of the discretization biases,
where the existing results for the discrete time processes may be applied directly. Finally, Kutoyants
(1999) and van Zanten (2000) consider the (invariant) density estimation for diffusion processes and
present the uniform convergence of the kernel-based density estimator. However, their results are distinct
from ours since they assume the availability of a continuous path of the process.

The rest of the paper is organized as follows: In Section 2, we set up our framework. In Section 3,
we derive new results on the path continuity of Brownian motions and diffusion processes. Section 4
presents general convergence theorems for functionals of diffusion processes. Section 5 presents uniform
convergence theorems for our new estimators (4) and (5). Proofs are found in an Appendix, and some
additional proofs, results and discussions are provided in Supplementary Material to this article.

For definitional equations, we write A := B and C' =: D throughout the text. The former means that
A is defined by B, and the latter means that D is defined by C. We also write df (x) and 0% f (z) to
denote the first and k-th derivatives of a function f (z), respectively.

2 Framework

This section formally describes our framework. Let {X}s>0 be a time-homogeneous Markov diffusion
process described by the stochastic differential equation (1) with {W,}s>0 a standard Brownian motion.
The processes are defined on a filtered probability space (€2,§, {Ts}s>0, Pr), which satisfies the usual
conditions. The functional forms of 1 (-) and o (-) are assumed to be unknown and are of our interest in
the estimation. The domain of X is denoted by I, which is a real interval whose left and right boundaries
are given by [ and r respectively (—oo < [ < r < oo0). While we mainly consider I = R := (—o0, 00),
all the subsequent discussions and results hold true for some other choices of I upon suitable/slight
modifications. In the Supplementary Material, we provide some discussions/results in particular for
I =(0,00) and [0, c0).

We require the following conditions for establishing the uniform convergence results of the estimators
over x € (I,r):

Al. (i) p(-) (: (I,r) = R)yand o () (: (,r) — (0,00)) are twice continuously differentiable on (I, 7).
(ii) The process { X}, as a solution to (1), is recurrent.

A2. (i) It holds that ['m (z)dz < oo, where m (-) is the speed density:
m(z) =02 (z)exp {2[" [ (u) /o® (w)] du} for z € (I,r). (9)

(ii) {X,} is strictly stationary with the invariant probability density 7 (-) which is bounded at any
interior point of I (i.e., m(x) < oo for each = € (I,r)), and is a-mixing (strongly mixing) with



mixing coefficients « (s) satisfying

a(s) < As™? for some >0 and A > 0. (10)

These conditions are standard. (Al.i) is sufficient for the existence of a unique strong solution to (1)
up to an explosion time (and up to at least the first hitting time on [ = 0 if I = [0, 00)) for any initial
distribution of Xy.2 Given (Al.ii), the solution to (1) should be non-explosive and should not be killed
at any point in /. Under (Al.i), a simple sufficient condition for (Al.ii) is that

S(x) - —oc0 asx —[; and S(xr) - 00 asz —r, (11)

where S (z) is the scale function:

S(z):= [Texp{=2["[p(u)/o® (w)]du}dy forz € (L), (12)

with ¢ representing a generic element in (, ) (see Proposition of 5.22(a) in p. 345 of Karatzas and Shreve,
1991; henceforth, KS91). The condition in (11) means that neither the left nor the right boundary is
attracting (at the same time, neither is attainable). Therefore, the process is non-explosive. If either
of the boundaries is bounded, we allow X, to attain boundaries in some finite time with a positive
probability. For example, if [ = 0 and I = [0, 00), lim,_; S(x) may be finite (see Sec. 6 in Ch. 15 of
Karlin and Taylor, 1981; KT81, henceforth). In this case, the SDE (1) by itself may not be able to fully
describe the behavior of the process through infinite time horizon, in particular after the hit on [ = 0,
while we need some additional specification.?

(A2.i) is sufficient (and necessary) for the process to be positively recurrent and to have the invariant
probability density 7 (-) under (A1). In particular, 7 (-) is given as m (z) = m (z) / [/ m(z) dz (see, e.g.,
Ch. 15 of KT81). Then, given (Al.i), 7 (z) is twice continuously differentiable at x € (I,7). We also note
that (Al.i) guarantees the existence of the transition density ps (z,v) dy = Pr[X;,s € dy|X; = z] (for any
s,t > 0; see, e.g., McKean 1956, Sec. 5), which, together with the existence of the invariant density, in
turn implies the existence of joint density of (X, Xiis), Trivs (2,y) dedy = Pr[X; € dx, X;1s € dy]. This
fact is effectively used to derive sharp convergence rates (see the proof of Lemma 4).

2This statement can be illustrated as follows: The continuity of x () and o2 (-) in (A1l.i) is sufficient for the existence
of a unique weak solution up to an explosion time (and up to the first hitting time on [ = 0 if I = [0,00)), given any
initial distribution (Theorem 5.15 in p. 341 of Karatzas and Shreve, 1991; KS91, henceforth). The differentiability in (A1.i)
implies the local Lipschitz continuity of y (-) and o2 (-), and thus the pathwise uniqueness of the solution to (1) (Theorem
2.5 in p. 287 and Remark 3.3 in p. 301 of KS91). Then, by applying Yamada and Watanabe’s theorem (Corollary 3.23 in
p- 310 of KS91), which states that weak existence and pathwise uniqueness imply strong existence, we obtain the desired
result.

3We can impose such a specification as follows. Let [ be an instantaneously reflecting boundary (that is, the process,
having attained at [ = 0, returns to the interior immediately (with the Lebesgue measure of time spent at [ equal to zero).
In particular, we consider that {X} is a diffusion in Feller’s sense determined by the scale function S (-) given by (12) and
the speed measure M (), where M(-) is a Borel measure with M ({0}) = 0; M((a;d]) = ff m(z)dx for 0 < a < b < o0;
and m(-) given by (9). We note that M ({0}) = 0 means that the boundary [ = 0 is instantaneously reflecting. For the
definition of diffusion processes in terms of the scale function and the speed measure, see e.g., Ch. I-III of Mandl (1968),
or Sec. 8-9 of Kent (1978). The process { X} constructed in this way, by S(-) and M(-), is a weak solution to the SDE
(1), which can be verified by using the same arguments as in V.48 of Rogers and Williams (2000). By regarding {X;} as a
weak solution to (1), we can proceed in the same way as in the case where (1) fully determines the behavior of {X;}.

We also note that given that lim,_,; .S (z) is finite and S (z) — oo as @ — 7, {X,} is recurrent if [ is made an instan-
taneously reflecting boundary, which can be proved by arguments similar to those for natural-scale diffusions, as Theorem
20.15 of Ch. 20 of Kallenberg (2002).



Under (A2.i) and boundedness condition on 7 (-) in (A2.ii), it is not restrictive to further assume that
7 (+) is uniformly bounded if I = R (as we do so in Section 5). While we might be able to construct
some pathological example where 7 is not uniformly bounded on R, many parametric models found in
the literature satisfy this uniform boundedness. On the other hand, if either of the boundaries is finite,
e.g.,, | = 0, we allow 7 (x) to be unbounded around 0, i.e., it may hold that 7 (z) — oo as z — 0.
{X,} typically has this kind of unbounded density when [ = 0 is attainable, as we exemplify in the
Supplementary Material. Even in this unbounded case, we can derive the uniform convergence results by
suitably choosing the form of a damping function B, as we discuss in the Supplementary Material.

The strict stationarity condition in (A2.ii) is imposed for simplicity. We can work with some hetero-
geneous processes and remove this condition by using arguments similar to those in Kristensen (2009)
(as long as the other conditions are fulfilled). Almost all (parametric) models found in the econometrics
literature can satisfy the mixing condition in (A2.ii). We may use various results to check the condition
(10) (see, e.g., Doukhan, 1994; Hansen and Scheinkman, 1995; Hansen, Scheinkman and Touzi, 1998;
Veretennikov, 1987, 1997, 1999, Kusuoka and Yoshida, 2000; Chen, Hansen and Carrasco, 2010).* Some
previous studies which consider the uniform convergence rates of the nonparametric estimators, such as
Andrews (1995) and Hansen (2008), assume that [ is sufficiently large (e.g., 5 > 2 at least). In contrast,
our uniform convergence results are applicable to any (> 0), while the corresponding rate may be slower
for smaller S (see Theorem 7 in the Supplementary Material). Chen et al. (2010) present a class of
diffusion processes with very slowly decaying mixing coefficients (small /3), and argue that such processes
may exhibit a property resembling long memory. These processes are in the scope of our convergence the-
orems. Note that our results on the path continuity (presented in Section 3) do not require the conditions
in (A2) and they are applicable to both stationary and nonstationary processes if (A1) is satisfied.

Asymptotic Scheme: Before concluding this section, we describe the asymptotic scheme we consider
throughout the paper. We assume that the continuous-time process { X} is observed at discrete time
points, s = A, 2A, ... nA over the time interval (0, 7], where T is some positive number; n is the number
of observations; and A = T'/n is the time distance between adjacent observations. We work under the
infill and longspan asymptotic scheme, i.e., A — 0 and 7' — oo (as n — o0). The availability of the
equi-spaced data {X;a}7_, is assumed only for (notational) simplicity. All of our convergence theorems
may be applied to non equi-spaced data {Xj, %, if the shrinking rates of A and A are the same as
that of A given in each theorem, where A and A are defined as: A := maxj<j<,_1(tj11 — ;) and
A =minigjn-1(tj1 —t)).

We note that the long-span is generally required to identify the drift term nonparametrically without
relying on the cross-restriction (see arguments in Bandi and Phillips, 2003; Kristensen, 2010b). In
contrast, it is not necessary to obtain the pointwise consistency in the diffusion function estimation (see,
e.g., Florens-Zmirou, 1993; Bandi and Phillips, 2003). However, our proofs for the uniform convergence
exploit the asymptotic independence between distant observations as 1" — oo, which is implied by the
mixing condition of the process, and thus we need to work with the longspan assumption.

4Tf { X} satisfies (A1) and (A2.i) and is strictly stationary, it is necessarily a-mixing (with an unknown rate). This is
because a strictly stationary Markov process is S-mixing if and only if it is (Harris) recurrent and aperiodic (see, p. 157 of
Chen et al., 2010), and (A1) and (A2.i) imply the recurrency and aperiodicity of {X,}.



3 Path Continuity of Diffusion Processes

In this section, we present some new results on the path continuity of diffusion processes. Since we
suppose only the availability of discretely sampled data from {X,} (instead of its full and continuously-
recorded trajectory), our estimators for continuous time processes incur biases due to discretization.
To control the discretization biases and obtain the consistency of the estimators, we rely on the infill
assumption A — 0, under which the effects due to the discretization are expected to be asymptotically
negligible. Several approaches can verify its negligibility: for example, 1) computing the moments of
the discretization biases; 2) using the (almost sure) path continuity based on the Kolmogorov-Centsov
criterion (see, e.g., Theorem 2.8 in p. 53 of KS91); and 3) using the Brownian/diffusion modulus of
continuity (see the arguments subsequently). The first approach allows us to derive the sharpest rate,
and it has been used in Florens-Zmirou (1989), Yoshida (1992), Kessler (1997), Nicolau (2003), Jacod
(2006) and Phillips and Yu (2009), for example. However, it generally requires the existence of the higher-
order moment. The second approach also requires the existence of the higher order moment, particularly
for obtaining a sharper rate. It is applicable not only to diffusion processes and Brownian semimartingales
but also to a wider class of general processes including ones based on the fractional Brownian motion (see
Embrechts and Maejima, 2002). This approach has been used in Fan, Fan and Jiang (2007), and Kanaya
and Kristensen (2015) for example.

In this study, we adopt the third approach, since it works without assuming the existence of the mo-
ment and it always gives us a sharper rate than the second approach. While the convergence rate obtained
by our approach is inferior to that obtained by the first, its loss is only minor.> The Brownian /diffusion
modulus of continuity states that the increments of the process, |Xsia — X, are Oy (\/Alog (1/A))
uniformly over s € [0, 7] (as A — oo). This result is local in that it should be applicable to the case where
T =T < co. As previously mentioned, we work with the longspan assumption of T — oo, and this local
result is not sufficient for our purpose. The modulus of continuity might still hold under the longspan
(T" — o0) or even globally over s € [0,00). However, such result has not been fully investigated. We
subsequently discuss this point, present some new results on the global modulus of continuity, and clarify
required conditions. Indeed, we have not been able to show that the modulus of continuity holds under
the longspan or globally for general diffusion processes (with potentially unbounded () and o2 (+)), and
thus, we pursue an alternative approach. We show that weighted increments, B (X;) |Xsa — X, are
O,.5.(\/Alog (1/A)). To discuss this point, we start by reviewing a classical result.

McKean’s Classical Result: The following property of a diffusion process (as a solution to (1)) is
well-known (McKean, 1969, pp. 46-47 and 96-97): If the process { X}, is stopped at some fixed time
T =T < 0o, then there exists some random variable Cr = O, . (1) such that

Pr{limsup s o Sup, sefo.r1; j1-sje(0.a] [ Xt — Xs| /V/Alog (1/A) < Cr] =1, (13)

where we write Cr = O, (1) if and only if Cr < oo for each w € Q* with some Q* such that Pr[Q*] =1
(i.e., almost surely all w € Q; we often use this notation in the sequel). In the estimation of diffu-
sion/volatility functions, we can generally obtain the consistency under 7' < oo (without letting 7" — 00).
Then, this local path-continuity property (13) ensures that the discretization biases of the diffusion esti-
mators are negligible with the almost sure rate /Alog (1/A) as A — 0 (see, e.g., Florens-Zmirou, 1993;

5In general, we obtain the discretization bias of order v/A by using the first approach, but we have its order /A log(1/A)
in the third approach. We also note that Jeong and Park (2014) consider an approach based on extremal processes.



Jiang and Knight, 1997; Bandi and Phillips, 2003; Xu, 2009). However, this may not hold under the
longspan asymptotic scheme where 17" — oo, which is necessary for our uniform results. To the author’s
knowledge, the longspan/global counterpart of (13) has not been available in the literature.® The local
result (13) depends up on the following two facts: (i) each path of the Brownian motion {W} is uniformly
continuous over s € [0, 7] with the degree of continuity y/Alog (1/A) (in the almost sure sense); and (ii)
sUP,epo.r 11 (Xs) | and supye (o 7 0% (X,) are O, (1). We note that (i) is trivially satisfied if 7" is finite (as
long as y (-) and o2 () are continuous and {X,} is nonexplosive) but may not be so for various processes
if T'— oo, where we can generally consider the bound Cr in (13) as follows:

Cr := sup,epqy 1 (Xo)| 4+ max {1, sup,co0° (Xo) } - (14)
We refer to the proof of Theorem 1 to see how this bound can be derived (or McKean, 1969, pp. 96-97).

New Results on the Global Modulus of Continuity: Here, we show a version of (13) with allowing
for T"— oo. For obtaining such a new result, we need to tackle the two points (i) and (ii) mentioned
in the previous paragraph. As for (i), we prove that the modulus of continuity of the Brownian motion
{Ws} actually holds globally over the infinite interval [0, co):

Prllim supas o SUP, sefo,00); 1-sic0.a] |We = Wil /v/2Alog (1/A) = 1] = 1, (15)

which is stated formally with its proof in the Appendix. While this result does not seem to have been
available in the literature, it can be obtained by a slight modification of the proof for the finite-interval
case, where we use factorial rationals (instead of dyadic rationals) to construct partitions of a certain
time interval.

An immediate consequence of (15) is the modulus of continuity of a Brownian martingale, that is, for
each w € O where Q* is an event satisfying Pr[Q*] = 1, there exists some A > 0 such for any A € [0, A],

< \/QA log(1/A) max{1, SUDe[0,00) P2}, (16)

where {p;},, is a uniformly bounded process (over s € [0,00)) with which a (local) martingale process
{M,},., through a stochastic integral M, := [ p,dW, is well-defined (e.g., if {p,} is also adapted and
predictable, then such {M,} is well-defined); and sup,c( o p2 > 0. This result (16) seems to have an

[l pudW,

SUDy te[0,00); |t—s|€[0,A]

independent interest, which can be a theoretical basis for jump thresholding (as in Mancini, 2009) under
the longspan asymptotics (see Kanaya and Kristensen, 2015). The proof of this statement, which is
provided in the Appendix, is based on (15) and the so-called time-change argument.

While the result (16) is often used in our subsequent proofs, it is not necessarily sufficient for our
purpose to uniformly control discretization biases of the nonparametric estimators. To see this, note that
if both the drift and diffusion functions, u (x) and ¢ (z), were bounded uniformly over x € I, then (16)
would imply the almost sure uniform continuity of {X,} with the degree of /Alog(1/A). However,
such uniform boundedness excludes many (parametric) models commonly used in the economics/finance
literature. In particular, provided that I is unbounded as R or (0, c0), the boundedness of y (z) and o2 (z)
does not generally guarantee the stationarity /ergodicity of the process.” To handle the unboundedness of

6Note that the longspan is often necessary in identifying the drift function nonparametrically. It seems that some
previous studies concerning the drift estimation simply assume that the modulus of continuity of diffusion processes holds
globally over s € [0, 00).

"It is known that any diffusion process (on R) whose drift function is compactly supported and whose diffusion function
is (uniformly) bounded is null recurrent (see, e.g., Has’minskii, 1980, Ch. IV). See also discussions in Nicolau (2005) and
Chen et al. (2010) on volatility-induced stationarity.



p (x) and o2 (z), we introduce a technical devise of a damping function B (x) (> 0), and verify a modified
version of the modulus of continuity with the damping function as a weight:

B (X,) ¥ (Xsin) — ¥ (X)] = Ous.(v/Alog(1/A)) uniformly over s € [0,T] as T — oo, (17)

by imposing some additional conditions on B (+), where v (+) is some function, such as f (-), u (+) or o2 (+)
(f (z) = x). Quantities of the form on the left-hand side (LHS) of (17) frequently appear in analyzing
our nonparametric estimators. To obtain the result as in (17), we restrict a class of functions of # (-).
Restrictions imposed on 1) (-) depend upon the damping function B (-), which the econometrician can
choose arbitrarily, as well as the property of the underlying process {X,}. To clarify such restrictions,
we introduce the following conditions:

A3. (i) There exists some constant p > 0 such that |z| — oo, | (z) | = O(|z["™") and 02 (z) = O(|z["*?).
(ii) Let {{7}r>0 be a sequence of positive real numbers, satisfying max,cjo 1) |Xs| = Oq.s.(7) as

T — oco. Then, £1/Alog (1/A) =0 (1) as T — oo and A — 0.
B1l. B(:)(: I — (0,00)) is twice differentiable; sup,.; B (z) < B for some B € (0, >); and
B (z) = O (exp{—c (log |x|)1+62}) as |z| — oo, for some ¢y, ¢y > 0. (18)

The polynomial growth condition (A3.i) on y(-) and o2 (+) is quite mild. While p = 0 corresponds
to the the classical linear condition for the existence of SDE solutions (e.g., Sec. 5.2 of Karatzas and
Shreve, 1991), (A3.i) is much milder, allowing for any p > 0. For example, it allows for hyperbolic
diffusion models (see Bibby and Sgrensen, 1997, 2003), and models with volatility-induced stationarity
(see Conley, Hansen, Luttmer and Scheinkman, 1997; Nicolau, 2005), where diffusion functions of these
models are generally unbounded. Indeed the author does not know of a parametric diffusion model with
its state space / = R (used in economics and finance) that would violate (A3.i).

(A3.ii) restricts the growing rate of the extremal /maximal process max,co,7] | Xs| through the shrinking
rate of A, while no restriction on & is required for p = 0. We can find similar conditions on the extremal
processes in Afit-Sahalia and Park (2013), Jeong and Park (2014), and Kanaya and Kristensen (2015).
While it is generally not an easy task to find the exact rates of extremal processes, they have been
investigated in the literature (e.g., Davis, 1982; Borkovec and Kliipperlberg, 1998; Jeong and Park,
2014). Their results mainly imply O, rates of extremal processes, but we conjecture that such results can
be strengthened to a.s. results with some extra efforts. As an instructive example, we can check that the
Brownian motion {W,} satisfies sup,ciq |[Ws| = 04.5.(T"/?logT) as T — oo (the proof of this result is
provided in Kanaya and Kristensen, 2015).

The condition (B1) presents requirements for the damping function. Its tail needs to decay sufficiently
fast: The decaying rate should be faster than any polynomial functions (but need not to be of an
exponential order). In a numerical example in Section 11 in the Supplementary Material, we set B (z) =
exp {—cz?} (a scaled version of the standard-normal density) with some ¢ > 0. We also provide some
discussions on a choice of B (z) in Sections 5 and 11. We note that (A3.ii) may be removed at the price of
having more rapidly decaying B. That is, we can verify all the subsequent theorems and related results
without (A3.ii) if (B1) is replaced by

B1’. B (x) satisfies the same conditions as those in (B1) but the tail-decay condition (18) is replaced by
the following one: B () = O(exp{—c, |z|"7®}) as |x| — oo, for some ¢y, c; > 0, where p > 0 is the
constant given in (A3.i).%

8The proof of Theorem 1 under this alternative condition is provided in the Appendix.
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Given these conditions, we formally state the result (17) as the following theorem:

Theorem 1. Suppose that { X} is a solution to (1) with (A1.i) and (A2) satisfied, and (B1) holds. Let
Y : I — R be a continuously differentiable function satisfying |¢' ()| = O(|z|?) as |z| — oo for some
q > 0 (i.e., the first derivative of 1 grows at most with a polynomial order). Then, there exists some
positive-valued random variable C = O, . (1) satisfying

Pr 1 1im supa o, 700 SUPs tef0,77; [t—s|e(0.A] B(X,) [¢ (Xy) = (X,) [/ Alog (1/A) < C} =1 (19)

While the formal proof of this theorem is provided in the Appendix, we see its basic idea here. To
this end, write the LHS of (17) as

B (Xs) |'¢ (Xs—i-A) - ¢ (Xs) | =B ( ( )) W ( ( s+A)) ¢ (7_1 (}/;)) ‘7

where 7 is some function which transform X, into Y, = v(X,) (€ I, = ({,7)). E.g., we can set the
range [, of {Y;} as a bounded set (—1,1), so that {Y} is well behaved in that it is globally uniformly
continuous with the degree of continuity /Alog (1/A) (we use the result (16)). However, as the price
for obtaining the well-behaved process {Y,}, the tail behavior of ¢ (y~!(-)) may be aberrant since the
slope of 71 (y) is very steep as y — 7 or [ (this is the case if I, is bounded). To suppress/damp such tail
behavior, we put B (X,), or equivalently B (77! (Y;)), as a weight.

We use the result of Theorem 1 to control the discretization bias of our nonparametric estimators. Its
important implication is that a component such as B(X;a)9 (Xs) is bounded almost surely as n — oo
and A — 0 uniformly, that is,

B(X;a) (Xs) = O (1) uniformly over j € {1,...,n — 1} and s € [jA, (j + 1) A]. (20)

This holds because B(X;a)y (X;) can be decomposed into a uniformly bounded part and the other
negligible part:

B(XJA)¢(X8) = { ( ) ( ) ( JA) W(Xs)_w(XjA)] 1{B(X]A)|1/)(XS)—1p(XjA)|§\/Zlog(l/A)}}
HB(X;a) [¥ (Xs) = D(X58)] Lin(x;ahi(x)—6(x,8)[>vVElog(1/)}

The first term on the right-hand side (RHS) is uniformly bounded, given the uniform boundedness of
B ()4 (z) (which is imposed in Definition 1 below). By Theorem 1, for each w € Q* with Pr[Q*] = 1, we
can find some A(= A(w)) > 0 such that for any A < A, B(X;a)|e (X,) — 1 (X;a) | < C/Alog (1/A) <
vAlog (1/A). This means that the second term on the LHS of (20) almost surely converges to zero with
an arbitrary fast rate (since it is exactly zero for any small A). From these, we can conclude (20).

4 (General Convergence Results

We here present general convergence theorems used for deriving the convergence of the nonparametric
estimators. To set out additional conditions on the damping function, we introduce the following class:

Definition 1. D (B, ) is a class of functions defined for each pair of the damping function B (-) (which
satisfies (B1)) and the invariant density = (-) of the process. A function ¢ : I— R is said to belong to
D (B, ) if it is continuously twice differentiable on I and satisfies the following conditions: (i) There
exists some constant B; > 0 such that sup,.; |B (z) ¢ (x)| < By; (ii) There exists some constant By > 0
such that sup,¢; | (d"/dz*) H (z)| < B, for k = 0,2, where H (z) := B (z) ¢ (z) 7 ().
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This class D (B, ) is introduced to derive convergence results for the so-called smoothing-bias and
variance terms of the nonparametric estimators. v (-) is typically set as the drift or diffusion function
w(+), 0% (+). In the sequel, we suppose that some relevant functions belong to D (B, ) (see the subsequent
theorems’ conditions). The condition (ii) in Definition 1 is a weakening of the stationary version of
Andrews’ (1995) condition in the discrete time setting. He assumes that m (z) 7 (z) and its derivatives
are uniformly bounded over = € R (see Assumption NP3 in Andrews, 1995), where m (z) is the conditional
expectation function F [Y;|X; = z| in a discrete time process {Y;, X;} and 7 () is the invariant density of
{X.}. Note that m (z) needs not to be bounded if the tail decay of 7 () is sufficiently fast. For example,
his condition is satisfied if 7 (x) decays geometrically and m (x) grows at most polynomially (as |z| — 00).
However, we may not be able to expect 7 (x) to decay in that way with m (x) 7 () uniformly bounded. In
fact, the heavy-tailed distribution is often a key feature in a financial time series, where 7 (x) approaches
zero very slowly (only polynomially) as |z| — oo. Moreover, we can easily find several examples of
parametric diffusion models (used in economics and finance) which violate a continuous-time-process
analogue of Andrews’ condition. For example, in a model with p(z) = 2/ (1 + 2?) and 02 (z) = 1 + 2
(Nicolau, 2005), neither of u (z) 7 (z) nor ¢ (x) 7 (x) is bounded. We can find many examples violate
the analogue of Andrew’s condition in a class of processes with volatility-induced stationarity. By having
B (-), we allow for the case where the boundedness of i (z) 7 () and/or o2 (z) 7 () is not satisfied.

Before presenting our convergence theorems, we provide a set of conditions for the kernel function:

B2. K (-) (: R — R) is of bounded variation and satisfies the following conditions: (i) [~ K (z)dz =
1 and [7_xK (z)dz = 0; (ii) There exists some K € (0,00) such that sup,.p |K (z)] < K and
2 2? |K (2)|de < K.

(B2) allows for most of symmetric kernels, including the normal kernel and the polynomial kernels
while excluding the Dirichlet kernel K (z) = sin (z) / (mz). We do not require the continuity and may
choose the uniform kernel, which is excluded in Hansen (2008). It also allows for so-called higher-order
(bias-reducing) kernels as considered first in Bartlett (1963). For simplicity, we only consider the second-
order kernels (and, as a result, the smoothing biases of the nonparametric estimators are of order h?).
However, when imposing appropriate conditions on the differentiability of relevant functions, the use of
the higher-order kernel also leads to the faster convergence rates in our case as in Andrews (1995) and
Hansen (2008). Bosq (1998) and Hansen (2008) assume the tail decay of the kernel function is sufficiently
fast (e.g., the conditions of Corollary 2.2 in Bosq, 1998; Assumption 3 and the conditions of Theorem 4
in Hansen, 2008). They use the tail decay assumption, together with the condition on the existence of
the higher order moment and the Markov inequality, to show that the outside of the expanding compact
set is asymptotically negligible (or to use the so-called truncation argument). In contrast, (B2) does
not impose any condition on the tail of the kernel except for the one implied by the integrability. The
flexibility in the choice of the kernel is a benefit by using the covering-number technique. Note that we
subsequently impose some continuity and compact-support conditions for obtaining a sharp convergence
rate of the diffusion function estimator (Theorem 5), while such conditions are not required for a less
sharp rate (Theorem 10 in the Supplementary Material)

Convergence Theorems: We here present two convergence theorems for components which constitute
the functional estimators for diffusion processes. First, we investigate the uniform convergence rate of an
object of the following form:

(G+1)A

G ) = (D) Y K (X = 0) B(Xa) [ 0 (X)ds. (21)

JA
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E K}, (XA — ) B(Xa) % (Xa)], where we note

to the expectation of its discretized version G, (z) :=
that G, 7 (z) may be regarded as an estimator of H (z) = B (z) ¢ () 7 (x):

Theorem 2. Suppose that { X} is a solution to (1) with (A1)-(A3) andsup,¢; 7 (x) < co. Let B (-) be the
damping function satisfying (B1), and ) (-) € D (B, ) with its first derivative satisfying |¢' (x) | = O(|z]?)
as |x| — oo for some ¢ > 0. Suppose also that the kernel function K () satisfies (B2), and there exists
some 0 € (0,1) such that as T — oo and h — 0,

(logT) /T°h — 0; (22)
B>5(1+6)/(1-6). (23)

Then, it holds that as n,T — oo and A, h — 0,
sup,e; |Gt ( (z)] = Alog (1/A)) + O,(+/(logT) /Th). (24)

The two terms on the RHS of (24) correspond to the discretization bias and the variance-effect compo-
nent. Note that Bandi and Phillips (2003) assume that \/Alog (1/A)/h — 0 to control the discretization

bias, whose order is given by y/Alog(1/A)/h. In contrast, we only require /Alog (1/A) — 0 for the

discretization bias to be negligible, where h is not involved and we can work with weaker conditions on
h and A. This rela,xation of the conditions is made possible by considering a fully discretized process as

Gura () = (1/n) 3702 Kn (Xja — 2) B(X;a) ¢ (Xja) for deriving the rate of the variance-effect compo-
nent. In this Case, the dlscretlzatlon bias corresponds to G, 11 (%) == (1/T) 372, Kp (Xja — ) B (Xja) X
f(JH)A — ¢ (X;a)]ds, where we note that G, r (z) = Gpr1(x) + Gn7T72 (r). We can also think

of an alterna,tlve decomposition of G, r (z), based on a fully continuous-time process, which is conve-
nient to consider a wider class of nonstationary diffusion processes but in general requires some stronger
conditions on the rates of h and A. For details, see Section 3.2 of Kanaya (2015).

The condition (23) requires that the exponent of the mixing coefficients [ is necessarily larger than
5 (since # € (0,1)). We can still derive the convergence result even when 5 € (0, 5], while its rate is
slower than that in Theorem 2 (i.e., for smaller 3, the second term on the RHS of (24) is replaced by
O,(+/(logT) /T?h)). Previous studies have only considered the case where § is sufficiently large (see the
previous arguments concerning the condition (A2.ii)), and uniform results for small $ seem to be new
and are presented as Theorem 7 in the Supplementary Material.

The rate/(logT') /Th in (24) is an infill counterpart of that presented in Hansen (2008, Theorem 2) for
discrete time processes, where he derived /(logn) /nh. Our rate is necessarily slower than Hansen’s rate
due to the infill assumption A(= T/n) — 0. Under the infill asymptotics, the dependence between the
consecutive observations becomes stronger as n — oo, and therefore, we achieve a slower rate. Hansen’s
rate of \/(logn) /nh is optimal for discrete time processes, which is the same as Stone’s (1982) optimal rate
for independent and identically distributed (i.i.d.) data. While it seems that no study has investigated the
uniform optimal rate for the continuous time case with the infill and longspan assumptions, we conjecture
that the rate in (24) is optimal for an object of the form (21) in such cases (note that if A were fixed, then
our rate should coincide with Hansen’s rate since T'= An = O (n)). For the diffusion function estimator
6% (), we can derive the optimal rate of y/(logn) /nh under the infill and longspan (in Theorem 5),
but this is because 6 (x) consists of some components whose variance property is different from that of
Gnr (x) (see decomposition into five terms in the proof of Theorem 5). We also note that the condition
imposed on f is different from that in Hansen (2008). This is because we use the covering-number-based
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technique in Lemma 2, while he uses arguments based on the truncation of variables, expanding compact
sets and the Markov inequality (see the proof of Theorem 2 in Hansen, 2008). Some other remarks on
Theorem 2 are in order:

Remark 1. (i) If the mixing coefficients have geometric decay, i.e., o (s) < Aexp{—fs} for some [,
A > 0 (corresponding to # = oo in (A2.ii)), then the result of Theorem 2 holds under (logT) /Th — 0
instead of (logT) /T?h — 0 (this result can be proven analogously, whose proof is omitted for brevity).
The same/similar remark also applies to Theorems 4, 5 and 10.

(ii) If ¢ = 1, G (z) = T (z), where I (z) is the estimator of the damped invariant density IT (z) =
B (z) 7 (), defined in (8). In this case, we do not need to consider the discretization bias. Accordingly,
we can drop O,(y/Alog (1/A)) on the RHS of (24).

As seen in (1), the increments of diffusion processes consist of two components, the conditional mean
part and the martingale (difference) one. The previous theorem concerns an object involving the former
component. As a general form involving the latter component, we consider the following quantity:

n—1 G+1A
KXo [ pam

Mo (2) = (1/T) Y .

where {p;},-, is an adapted and predictable process uniformly bounded over s (> 0) with which a sto-

chastic integral fot p,dW is well-defined for any ¢ > 0. The next theorem derives the convergence property
of M, r(z):

Theorem 3. Suppose that { X} is a solution to (1) with (A1)-(A2) and sup,; 7 (z) < oo, and the kernel
function K satisfies (B2). Then, as n,T — oo and A, h — 0, it holds that for each a(> 0) large enough,
and for each x € 1,

Pr[| M, s ()] > a\/(log T) /Th] < 2T~/ 4 T=9M 4 4 AT=0p= B+ (1og T)' 7 | (25)
where Cpy (> 0) is some constant independent of z,n,T and a.

For generality, we write this theorem without explicitly specifying the form of p,, which is set as
B (Xs) o (X) for proving the convergence of the drift estimator, for example. (25) is based on the
exponential inequality for continuous martingales and that for mixing processes, where we note that
M, r (z) can be represented as a continuous martingale. The application of the former inequality requires
some boundedness condition on the quadratic variation process of M, r (x). The quadratic variation in
fact grows as T' — oo and is not bounded, but we can control its growing rate by the latter inequality.

Note also that Theorems 2-3 require the uniform boundedness of the invariant density 7. While this
requirement does not seem restrictive for the case I = R, we can find some processes with an unbounded
7 in particular when the either of the end points is bounded, say I = (0,00) or [0,00). Even in such
unbounded cases, we can still verify the convergence results as in Theorems 2-3, given slight modifications
of the condition and a suitable choice of B (see discussions in the Supplementary Material).

5 Uniform Convergence Rates of Nadaraya-Watson Type Es-

timators

In this section, we present two theorems on the uniform convergence rates for the drift and diffusion
estimators (4) and (5), respectively. We require the following conditions:
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Assumption 1. {X} is a solution to (1) satisfying (A1)-(A3) with the state space I = R. Let B (-) be
the damping function satisfying (B1) and K (-) be the kernel function satisfying (B2).

Theorem 4 (Drift Function Estimation). Suppose that Assumption 1 holds; sup,cg |7 ()| < oo; the
observation interval A and the bandwidth h satisfy

AT =0(T%) and (logT) /T°h — 0, (26)
as T — oo and A, h — 0, for some constants (> 0) and 0 € (0,1);
pw(-) €D (B,w); and |0p ()| + |00 ()| = O(|z|™) as |z| — oo for some g > 0. (27)
Let

an = h*++/Alog (1/A) ++/(logT) /Th. (28)

Then, if f > max{5(1+0) /(1 —6),(30 +2+2k) /(1 —0)}, it holds that as n,T — oo and A,h — 0,
sup,ep [V, (¢) = B (2) p (2) 7 (2) | = Op(af, 1) (29)
and further if ay /6,1 — 0,
SUDy <op 11 (2) = p(2) | = Oplar, 7/0n1), (30)
where ¢, is any sequence tending to infinity (as n, T — 00), and 6, 1 = infly<c, , B (v) 7 (x) > 0.

Theorem 5 (Diffusion Function Estimation). Suppose that Assumption 1 holds; maxy—g 12 SUp,cg |0%7 (z) | <
00; the observation interval A and the bandwidth h satisfy

At =0(n”), (logn)/n’h=0(1) and nh®/(logn) =0 (1), (31)

asn — oo and A, h — 0, for some constants » € (0,1/2) and ¥ € (0,1) with (1 — 1 — ) > 0; the kernel
function K is Lipschitz continuous (i.e., |K (u) — K (v)| < Ck |u —v| for some Cx > 0), whose support
is included in [—cg, cx| with some cx > 0; 02 (+) is three-times continuously differentiable;

o> ()€ D(B,7); |0u(z)|+ Zi:o |0%c (z) | = O(|z|®) as |x| — oo for some G > 0;

2
maxy—; 2 |0"B (z)| < Cp x B(z) for some Cp > 0. (32)

Letaz’T = h?+Alog (1/A)++/(logn) /nh. Then, if B > max {(2+ 39 — 25¢) / (1 — 9 — 32),2/ (1 — 230)},
it holds that as n,T — oo and A,h — 0,

sup,er [Wo (2) — I1(2) 0® (2) | = Oplad 7); (33)
and further if a:’T/émT — 0,
SUPp|<c, |07 (2) — 0 (2) | = Oplal /0n7),

where ¢, v and 6, are sequences defined in Theorem 4.
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The form we consider in (29) for the drift estimation is different from the one in (33) for the diffusion
estimation. Instead of the expression in (33), we can also consider the uniform convergence of |\ilgz (x) —
B(z)o*(x) 7 (z)| as in (33) (see Theorem 10 in the Supplementary Material), which can lead to the
uniform rate of |6 (z) — o2 (z)| (with the penalty d,7) as well. The rate we can derive for W2 (2) —
11 (2) 02 (x)| is faster than that for |U,2 (z) — B (z) 02 (z) « ()| (compare the form of Vs with that of
Us in the proofs of Theorems 5 and 4, respectively). However, we need to work with some stronger
conditions for the former, where we impose the continuity and the compact-support conditions of the
kernel K as well as the boundedness conditions in the derivatives of the density, which are not required
for Theorem 10. This is because the potential unboundedness of 0% (z) can be directly suppressed by the
multiplication of B () in |2 (2) — B (z) 02 (x) 7 (x) | while it is not so in |¥,2 (z) —II (x) 02 (z) |, where
we note that the boundedness of the latter component can be induced to some extent by the combination
of the damping function and the compactly-supported kernel.

The growing condition of A~! in (26) or (31), controlled through the restriction on « or s, is required
mainly to control the rate of the martingale components of the estimators. This can be significantly
relaxed for the diffusion estimation case: We only require A~! to grow at most with some polynomial
rate of 7' (Theorem 10 in the Supplementary Material), which essentially impose no restriction on the
growing rate of A~! while it results in a slower convergence rate.

The sequence a:’T which determines the rate for the diffusion estimation involves \/(logn) /nh. If
we let h = O([(logn) /n]*/?) (i.e., ¥ = 1/5) and s € (2/5,1/2), then we can obtain asz = [(logn) /n)?/°
for 3 large enough, which is known to be Stone’s optimal rate for the i.i.d. case with estimation objects
being twice differentiable. The pointwise convergence rate of the diffusion function estimator is 1/ Vnh,
and this is obtained only under the infill without the longspan 7' — oo (see arguments/results in Bandi
and Phillips, 2003). However, Theorem 5 requires the longspan since A™! = O(n*) for s < 1 (note
that we must have s = 1 if the fixed span T = T < oo were assumed). The pointwise asymptotic
normality /distribution results for ji (z) and o2 (z) rely on the central limit theorems for martingales (cf.
the second term on the RHS of the SDE (1)). While our uniform results also exploit the martingale
property of the process (as in Theorem 3), we need to show uniform convergence of some terms which
are not martingales. To show uniform convergence of such terms, we apply the Bernstein exponential
inequality for mixing processes, exploiting the asymptotic independence implied by the mixing, and
this is the reason why we need the longspan "T' — oo" even for the diffusion estimation case (see also
discussions after Theorem 2). It is uncertain if we can derive a sharp uniform convergence rate of the
diffusion estimator as a;’T under the fixed span case.

Penalized Uniform Rates: The uniform rates of /i (z) and 6 (z) are penalized by 5;}, which are of
the ratio types. The rate of ,,+ depends upon the tail thickness/thinness of B (z) 7 (z). By the nature
of the damping, the tail of B (z) 7 () is necessarily thinner than that of 7 (z). For some sequence of ¢, r,
the growing rate of (5;’1T may be very fast. However, given the uniform boundedness of 7 (-), we may be
able to use the following modified estimators in order to avoid such the fast growing 5;sz

i(2) =, (2) /B (1) 7 (2); and 6% (2) i= U0 (x) /B (2) 7 (),

where 7 (7) is the estimator of the invariant density: 7 (z) := (A/T) > 7_) Ki (Xja — ). Let Sp1 =
inf|;) <z, 7 (z) (> 0). Then, corresponding to Theorems 4 and 5,

SUP|i<s, B (@) |1 () — p(2) | = Oy (a7, 7/07) 3 and supps, B (2)]6% (2) — 0® (x) | = Oy (af 1/07) -
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These convergence results with the weighted sup-norm may be similar to that found in Chen and Fan
(2006), who consider the uniform convergence of the empirical distribution function.

In applying our uniform results to semiparametric estimation, we may not necessarily take into account
the penalty due to 6, or 0, 7. For example, Ai (1997) and Coslette (2004) consider the trimming device
in their semiparametric problems to establish distribution theory. They use the ratio-type nonparametric
estimators to construct the objective function for the estimation of a finite dimensional parameter, where
very small values of the nonparametric estimator in the denominator are trimmed. Then, a sequence
used for trimming may be chosen as irrelevant to the tail decay of the object in the denominator (in
our case, it may be chosen independently from the tail thinness of B (z) 7 (z)). This argument seems to
apply to various semiparametric problems, where the uniform convergence results for the estimators in
the numerator and the denominator may be sufficient.

Effects of the Damping Function: Here, we briefly consider the choice of the damping function and
its effects on the estimators. One way is to select the form of B (-) so that it is only effective in the
region where only few observations exist. In this case, there is practically no effect due to damping. This
may reflect the view that the damping function is only a technical device for establishing theoretical
properties.

Alternatively, we may be able to select a form of the damping function through minimizing mean-
squared errors (MSE; or some other objective) of the estimators with respect to B (+), as the Epanechnikov
kernel is obtained as the MSE-optimal one (Epanecnikov, 1969). However, it seems generally difficult to
select such an optimal B. To see this point, observe that an approximation (leading component) of the
pointwise bias of the estimator f (z) = i (z) or 62 (z) can be obtained as

By (x) = 1 {(d/daz) B0 f ()] x i+ Sl PR } [ 2K @)

where f =y or 0%; and B, () is an approximated bias of ji (v) and By (z) is that of 6% (z). While the
choice of B (-) affect the bias expressions, it has no effect on the (asymptotic) variances (since we have
some cancellation between the numerator and denominator; see the Supplementary Material for details).
Therefore the MSE minimization problem is reduced to minimizing B, (z) or B,z (z), given unknown ,
and p or o, with respect to B (probably with some regularization restriction such as [ B (z)dz = 1).
While one can select the optimal kernel independent of the underlying process’ structure, the optimal
B (if it could be found) depends up on unknown components. We may be able to develop a two-step
procedure to estimate some optimal damping function based on preliminary estimators of j (-) and o (-),
but we leave it to future research.

Finally, we provide some graphical illustration of the finite-sample effects of the damping function
in the Supplementary Material, which compares the standard NW estimator and our damped one. Our
graphical result seems to suggest that the damping function B does not have significant effects, as its
effects are cancelled out between numerator and denominator parts.

Extensions: We here briefly discuss two possible extensions of our results. First, while our current
results are on univariate diffusion processes, we can derive uniform convergence rates of nonparametric
estimators of multivariate diffusion processes without significant changes in proof arguments. We note
that the arguments on the degree of path continuity in Section 3 hold true irrelevant of the univariate
or multivariate settings, upon a suitable choice of a multivariate version of a damping function, and the
exponential inequalities for mixing processes and continuous martingales can still hold for the multivariate
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case.” We expect the orders of the smoothing and discretization biases in the multivariate case are the
same as those in the univariate case, i.e., the first two terms in a; ; and a;T. In contrast, the orders
of variance effect terms should be changed to (logT) /v Thé and (logn) /v/nh? for drift and diffusion
estimators, respectively, where d is the dimension of the process. These slower convergence rates for
high-dimension cases are analogous to those in the standard discrete-time setting as in Hansen (2008).

Second, we can also think of an extension to general non-ergodic/non-stationary cases. A key is the
use of Bernstein-type exponential inequalities, where we have used those for mixing processes and martin-
gales. The mixing property does not necessarily hold for non-ergodic diffusion processes, and accordingly
we cannot use the exponential inequality as in Lemma 3, while the martingale-based inequality can be
still used. Instead, we may exploit implications of the Markov property of general diffusion processes.
That is, under the assumption of recurrence, we can split a process {Xs}se[o,T} into blocks which pos-
sess some independent property, and remaining negligible parts, by using a continuous-time counterpart
of Nummelin’s (1984) Markov regeneration/splitting method as in Fukasawa (2008), Locherbacha and
Loukianova (2008), and Loukianova and Loukianov (2008). Then, we can apply the exponential inequal-
ity for independent/mixing processes to the constructed blocks. Nummelin’s method has been used in
Gao, Kanaya, Li and Tjgstheim (2015) for deriving sharp uniform convergence rates of kernel-based es-
timators in a discrete-time setting. We expect that its continuous-time version can be effectively used
to derive uniform convergence rates of drift and diffusion function estimators, while the application of
the exponential inequality requires establishing some uniform moment bounds of the continuous-time
processes (e.g., ones corresponding to Lemmas B.1-B.3 of Gao et al., 2015), which may not be trivial.
We note that the order of discretization biases which we can derive through these techniques should be
VAlog (1/A)/h (see discussions after Theorem 2), and variance effects’ rates should be slower than those
in the ergodic/mixing case, as found in Gao et al. (2015).

6 Concluding Remark

We have proposed to use the damping function device for establishing the uniform convergence results
of the NW type estimators of the diffusion processes. Using the damping function and the covering-
number technique allows us to work with quite mild conditions on the underlying processes and the
kernel functions. Our results should be useful in various estimation and testing problems for diffusion
processes. Note that the same idea/method may also be applied to the discrete time setting, where we
can significantly relax various restrictions imposed in previous studies to obtain uniform convergence
results of the nonparametric kernel estimators. This idea will be pursued in future studies.
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7 Appendix

7.1 Proofs of Path Continuity Results
In this section, we provide proofs of results on the path continuity of a diffusion process, as well as several

auxiliary results. We start with the global modulus of continuity of a Brownian motion:

Theorem 6. Let {W;} . be a standard Brownian motion on a filtered probability space (2, §,{Ss},5¢ , P1)
which satisfies the usual conditions. Then, the global Brownian modulus of continuity (15) holds.

Proof of Theorem 6. Our proof resembles that of Theorem 2.9.25 in Karatzas and Shreve (1991) where
s,t are supposed to take values in some finite interval [0,7] (T' < T fixed), but extends it to the case
with an infinite interval [0, co). For notational simplicity, define g (d) := /20 log (1/6) for 6 > 0.
First, we prove limsup > 1. Look at
Prfma; s [ Winjmt = Wo-tpm| < (1= 0)/2 g (m/mb)] = (1 = O™ < exp{~Cml}, (34
where ¢ := 2Pr[(m/m!)""/? Winm < ] and @ := /(1 — ) 2log(m!/m). The inequality in (34) holds
since (1 — ()™ < exp{—(m!}. From the inequality: [ ° e~ 2du > xe="*/2/ (1 + x2), we have

¢ > 20[V2r (1+2%)] " exp {—2?/2} > C (1 = ) [1 + 21og (m!/m)] ™" (m/m!)'~*

with some appropriate constant C' > 0, which implies that

Pr | max |Wju/m — W | <@a- 0)2 g (m/m!)| < exp ~C-9" m*=? (m!)’
1<y <m I (G=Dm/mt| = M 1+ 2log (m!/m) S

By the Borel-Cantelli lemma, there exists an event €y with Pr (€y) = 1 such that for any w € Qy, IMjy,
VYm > My,

[1/g (m/m!)] maxs <j<mt |[Wimmt = Wii—tymmi| > (1= 0)"2.
Letting A = m/m!, we have for any w € Qy, IMy, Vm > My,

[1/9 (A)] max sefo,oo); [1-si<a [We = Wil > [1/g (m/m!)] maxi<j<omt [Wimmt = Wi-1ym/mi
and thus, for any w € {2y,
lim SupA\O[l/g (A)] maXs te[0,00); [t—s|<A |Wt - Ws| > (1 - 9)1/2 .

We can conclude limsup > 1 by letting 6 ™\, 0.
For the proof of limsup <1, let § € (0,1) and ¢ > (1+6)(1—6)"' — 1. Observe the following
inequalities:

Pr |:maX0§i<j§m!; k=j—i<(m!/m)? m |Vij/m! - VVim/m!‘ > 1+ 5]

[(m!/m)"]

= k=1 Pr [maxosi<i k<m! ‘W(Hi)m/m! - Wim/m!| > (1+¢e)g (b))

| ]’(m'/m)6'| ’ka/m! | m!
Sm-zkzl Pr m>(1+5) 2log (£2,)

m! [(m!/m)’] 2/ m o (1+e)°
< (1+¢€) <_>
Zk:l k m]

14+(14¢)2 m(1-0)(1+e)* 0
< B e
< const. X (m!)p ,

1+(14€)?

m N\ (14 [(m/m)? +1
< (1/Vamym! () { ]
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where [2] denotes the largest integer that is less than or equal to z; p = (1—6) (1 +¢)* — (1+6) >
0
0; and the third and fourth inequalities hold since f;o e~/ 2dy < %e*ﬁ/ 2 and Z,E(:"i!/ M) (1+e)? <

(m'/m)8+1 5 [(m'/m)9+1] 1+(1+s)2 . .
NG (1o = gL , respectively. By the Borel-Cantelli lemma, JMj such that
(Mg /M) ™% < 1/e; (35)
Vm = My, maxXo ;<. k=j—i<(m!/m)? m m/jm/m! - VVim/m!’ <l+e. (36)

Now, fix w € Qy and m > My, and define E* := {km/l! | k=0,1,...,l!}. We prove the following
lemma (whose proof is given below):

Lemma 1.
W= W < (142) [250 e 720 () + g (mas {Jt = 5], m/ (1= 11}) (37)
is valid for every pair (s,t) in Vt,s € E™ = {km/I! | k=0,1,..., 1!} with 0 < |t —s| < (m!/m)? x
m/m! = (m/m!)"~
Given this lemma, we define E™ := | J;°, E" and let | — oo in (37). Then,
Vi, s € E™ with 0 < |t — s| < [Om]! x m/m!;

Wi Wi < (142 R Y P (k) + ot = s )

For any s, ¢ satisfying s, ¢ € E,, for some m and 0 < |t — s| < (My/Mjy!)' ™, we can select m (> M) that
satisfies s,t < m and
{(m+1)/(m+1)} P <A(=t—s) < (m/m!)' . (39)

Since ¢ is increasing on (0, 1/e], we have

S s P () < S 0 () < 0o () < 625 () 0 4,

for some constant C' > 0. We conclude from (38), (39) and the continuity of W. (w) that for every w € €y
and m > M@,

m2 [ _m 6/2
TlA) Sup0§s<t§m; t—s=A |VVt - WS| S (1 + 6) |:3/Cﬁ <(mj__11)l> + 1:| (40)
holds for any A € [{(m + 1)/ (m+ )1}, (m/m!)'™?). Since the strict increasingness of g on (0,1/¢]

and the continuity of the Brovvman path, we may replace the condition t — s = A by ¢t — s < A. Since
(40) holds with any m, we have

m2 [ m o/2
SUD; ref0,00); [1—s|<a gray Wt = Ws| < (1 +¢) [3/0179 ((m—ﬁ)x) + 1]
for all A € [{(m+1)/ (m+ 1) (n/m)' %), Letting /m — oo, we obtain

lim Sup A\ o SUP; te(0,00); [1—s|<a [We = Wil /g (A) < (1 +¢).

Finally, by letting 6 ™\, 0 and hence simultaneously € “\, 0 along the rationals, we establish that

lim Sup -~ o SUPs te[0,00); [t—s|<A (Wi — Wil /g (A) <1,
as desired. s
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Proof of Lemma 1. Note that g is strictly increasing on (0,1/e]. To show (37), we use the inductive
method. First, for [ = m, (37) follows from (36), since |W; — W,| < (1+¢)g(|t —s|) for s,t € E
with |t — s| < (m/m!)' . Second, suppose that (37) is valid for { = m +1,...,L — 1. For s,t € E/"
with s < ¢ and 0 < t —s < (m/m!)"™?, consider the numbers s; := min {ue By :u>s} and t; ==
max {u € E" | : u < t}, and notice the relationships s1,t, € E" | C EfT}; s,t € E' C Bty 81— s <
m/ (L —1)!; and t —t! <m/ (L — 1)!. Then, by the inequality (36),

(W (@) =W ()| <mL(1+e)g(L+1)/(L+1)});

(Wi (w) =Wy (W) <mL(1+e)g(L+1)/(L+1))).
There are two possible relationships among s,t,s; and t1: (i) If [t —s| > m/ (L —1)!, it holds that
s < s1 < t; <t (with at least one inequality strict); (ii) If |t —s| < m/ (L — 1)!, either of |t — s| <
|s1 —t1| =m/ (L —1)! or |s; — t;] = 0. Noting that 6 € (0,1), we have

Ity — s1| < max {|t —s|,m/ (L — 1)1} < max{|t — 5|, (m/m!))" "} < (m/m!)**

with at least one inequality strict. Thus,

[Way (@) = Wiy ()] < (1+2) (2525001 720 (8 ) + 9 (mac {Jt — s ,m/ (L= 1))
by the induction assumption with [ = L — 1. By the triangle inequalities,
(Wi (w) = Ws(w)| <2mL(1+¢e)g((L+1)/(L+ 1))
+(e) [2505 00 P (k) + g (max {Jt = | m/ (L = 1)1})]

<(1+2) 20 P () + 9 (max{]t — s m/ (L= 1)1})] .
Now, we have shown (37) for any [ (> m), as desired. ]

Proof of the Statement (16). Define a process { M} ., by M = fos pudW,. Since {M;} is a local mar-
tingale, its quadratic variation process {t (s)} is given by t = [ p2du, which satisfies [ p2du < oo
almost surely for each s € [0,00) since {p,} is uniformly bounded. By the representation theorem for
continuous local martingales (see Sec. 7 of Ikeda and Watanabe, 1981), we have a time-changed Brown-
ian motion {WS} such that Wt(t) = M, almost surely, where we consider an enlarged probability space if
necessary (i.e., if t (00) < oo; see Theorem 7.2’ of Ikeda and Watanabe, 1981). Now, by Theorem 6, it
almost surely holds that

|Wt(t) - Wt(s | |Wt(t) — Wt(ﬁ)l

1 = limsup sup ) > lim sup sup , (41)
ANO  t(s)t(t)e[0,00); 1/2Alog (1/A) AND s,t€[0,00); 2Alog (1/A)
[b(s)—t(t)[€ (0,A] jt—s| max{1,5up,,c . o0y P2 }<A

where the inequality follows from the fact that if [t — s| max{1,sup,cj ) P2} < A, then [t (1) —t(s) | =
[!p2du < A; and that u € [0,00) implies that t (u) € [0,00) by the non-explosiveness of {t (s)}. Then,
it almost surely holds that

\/maX{17 Supue[ﬂ,oo) p%}

" W) — Wegs)|
im sup sup
ANO  5t€[0,00); [t—s|<A \/2 [A/ max{1,sup,e( o) P2 }] log(max{1l, sup,cio o) P2 }/A)
Wewy — Wes M, — M,
= lim sup sup | t(f) t(~)| = lim sup sup | ~t ‘~ , (42)
ANO  sitel0.00); [t=s1<A 4 J2ATog(1/A) ANO - st€[0,00); [t=s|<A 4 [2ATog(1/A)
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where A = A/ max{1, sup,c(o o) P4 }; the first inequality follows from (41) and the fact that max{1,
SUDy,e[0,00) p2} > 1; and the equalities hold since "A — 0" is equivalent to "A — 0" for each w € Q* with
Pr[Q] =1 (as sup,e(p,00) p2 < 00) and Wy = M, almost surely. Now, letting A denote the time interval
(instead of A), (42) means that

Pr[lim sup s o SUPs te(0,00); [t—s|<a |f5tpuqu|/\/ 2Alog (1/A) < \/max{l, SUDye0,00) P2 ] = 1,
leading to the desired result. O

Given the result (16), we are ready to prove our main result on the weighted version of the global
modulus of continuity:

Proof of Theorem 1. We first consider the case where p > 0. Let v : I — (—1,1) be a strictly increasing
function:

y(@)==1+|z|Pife<—-1; =7, ifze[-1,1]; =1—aPifz>1, (43)

where ,, (+) is a bridging function on [—1, 1] which is picked so that «y (-) is strictly increasing and twice
continuously differentiable (such +,, (-) can be constructed by some polynomial function). Then, by the
Ito lemma,

Y (Xe) = (Xo) = [7 [V (Xa) p(Xa) +9" (X0) 0% (X) /2] du + [17 (X)) 0 (X,) dW,.

By the construction of « (-) and the growth condition of p and ¢ in (A3), [/ (z) p(z) + " (z) 02 (z) /2]
and [y () o (x)] are uniformly bounded. Thus, by the result (16), there exists some random variable C,,
such that for each w € Q* with Pr (Q*) =1,

SUD; te(0,00); [t—sle(0,a] |7 (Xt) — 7 (Xs)| < C.\/Alog (1/A), (44)

for any A small enough, where we note that C} is bounded for each w(€ 2*) and is independent of A.
Now, look at

sup B (X;) [ (Xt) — ¥ (Xy)|
57t€[07T]; |t_s‘€(07A]
= sup By (v (X)) x [ (v (v (X)) =¥ (v (v (X))
5,t€[0,T); [t—s|€(0,A]
_ sup B (v (v (X)) [n([1 = As e v (Xo) + Aasy (X))] X sup [y (Xe) — 7 (Xo) |
5,t€[0,T); [t—s|€(0,A] s,t€[0,00); |t—s|€(0,A]

(45)

where n (y) = (d/dy) v (v (y)) =¥ (v () /¥ (v (y)); and As; is some random variable whose values
are in [0, 1] (which depends on s and t). Since the second term on the RHS of (45) is O, s.(1/Alog (1/A)),
we can obtain the desired result if we show that the first term is O, (1).

To show the first term’s O, ;. (1)-boundedness, note that given the a.s. growth rate of the extremal
process specified in (A3), for each w € Q* with Pr(Q*) = 1, we can find some ¢ = ¢(w) such that
| Xs|, | Xi| < &y (for s,t < T) and thus, |y (X,)|, |y (X)) <1 —(c€p)". Given (B.2), we can find some
continuous function B (z) such that B (z) < B (z) for any z € R, and B (z) = ].75|7(p+q+1) for |z| > cp
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with cp sufficiently large (independent of w € Q*). Then, the first term on the RHS of (45) can be
bounded as

sup B (v (v (X)) 10 ([T = Asd v (Xs) + Asay (X))

s,t€[0,T); [t—s|€(0,A]

< sup B (v () In(w)|
lyls[w|€[0,(1=(c€r) P]; [y—w|<Cyr/Alog(1/A)
By -
< sup ~(7—1<y>> x sup B (v (w))|n(w)| =: By x Bs. (46)
Byt (w))  we-11)

[yl |w|€[0,(1—(ctr) TP); ly—w|<Cyy/Alog(1/A)

To bound the term B, we consider some random variable ¢ = ¢(w) > 0 that is close enough to 1 (but
with with & < (1 — (c€;) ") so that v (2) = (1 — 2) 7 for z € [¢, (1 — (¢&;) "], where we can find such
¢ independent of T" when T is large enough. Then,

B(y ! B(y!
B, < sup : (7_1 (y)) N sup . (7_1 (y))
y,we[—,e; ly—w|<Cyr/Alog(1/A) B (7 (w)) YwE[E,(1—(ct7) 7P; ly—w|<Cyr/Alog(1/A) B (7 (w))
B -1
+ sup M =:By; + B2 + Bys.

yawel-1+(ctr) P —el; ly—w|<Cy /Blog(/m) B (77 (w))
By the continuity of B and v (+), as well as by the compactness of the domain of y and w for each

w € Q*, we can check By; = O, (1). To bound Bys, look at

_ 14+(g+1)/p
Bio = SUP| 1 ie0,(1—(ctg) 7] ly—wl<Cor/ATog(1/A) {1-w)/(1-y)}

o _ 1+(g+1)/p
SUD|, L lef0.(1— () ) ly—w|<Cy y/ATog/a) WL T 1Y = wl /(1 =)}
< {1+ G /Alog(1/A) x (et P = 0,., (1),

where the last equality follows from the condition (A.3). By an analogous argument, we can also show
Biz = O, (1). As for the term B,, we note that 1/ |y (z)| and |[¢' (z)| are bounded by a (p + 1)-th
polynomial function and a ¢-th polynomial one respectively, and therefore, for some C' > 0,

IN

By < Supjyj<e, B () [ (2) /7 (2)] + 5uppyse, 2] P O (L4 2] < o0

where we have used the continuity of B ()| (z) /4 ()|. Now, we have shown that the first term on
the RHS of (45) is bounded by B; x By = O, (1).
For the case p = 0, we outline only main points. Instead of (43), we set

y(x)=—-1—(loglz|) if z < —1; =7,,(x) fzxe[-1,1]; =1+ (logz) if z > 1,

with some suitable bridging function 7,, (x). By the linear growth condition and this specification of
~(-), we can obtain the result (44). We also consider B (z) such that B (z) = |z|~®™*"V for |z| large
enough (instead of B () = exp{— (log|z|)?} as above). Then we can check the term corresponding to
B, is bounded. Since 77! (y) = exp {y — 1} for sufficiently large y, the term corresponding to By, is

bounded by exp {(p + ¢+ 1) |y — w|} < exp{(p + ¢ + 1) C,,/Alog (1/A)}. The rest of the proof is quite
analogous and we omit details for brevity, completing the proof. O]
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Proof of Theorem 1 without (A3.ii). We note that (A3.ii) imposes no restriction if p = 0, and we here
let p > 0. The proof proceeds quite analogously to that for the case with (A3.ii) and p > 0, and we
only outline main points. We select the same 7 as in (43) but a different B. That is, by (B1’), we can
find some B (z) = Bexp{— |z|'} satisfying B (z) < B (z) for z € R (with some constant B > 0 large
enough). Then, the LHS of (46) is bounded by

Sup|y_w‘§@7\/m exp{— [y — w[} x SUPywe(-1,1) B (7_1 (w)) I (w)],

where the first term is O, (1), and the boundedness of the second term also follows by arguments similar
to previous ones. ]

7.2 Proofs of Convergence Results: Theorems 2-4 and Related Results

Here, we provide proofs of two general convergence results (Theorems 2 - 3) in Section 4, and that of the
drift estimator’s convergence (Theorem 4) in Section 5. The proof of the diffusion estimator’s convergence
can be found in the Supplementary Material. Here, we present two useful results on the covering number
and the Bernstein exponential inequality, which we below use repeatedly.

Covering Number for Kernel Transformations: We start with some discussions on conditions
for the kernel function K. As stated in the Introduction, we establish the uniform convergence results
of the kernel-based estimators over an unbounded support. The technical difficulty arises due to this
unboundedness. Two methods are commonly used to circumvent this difficulty. The classical method
uses a Fourier transformation. This was probably first considered by Parzen (1962) and has been used in
several studies, including Bierens (1983) and Andrews (1995), which exploit the multiplicative expression
of the kernel function by the inversion formula and the boundedness of exp {iz} (i is the imaginary
unit). Some studies, including Bosq (1998) and Hansen (2008), employ another method. They verify the
uniform convergence over a compact set which expands as the sample size increases, and show that the
outside of the compact set is asymptotically negligible. Our method differs from these, which is based
on a covering-number technique from empirical process theory. The advantage of our method is that it
does not require the process’ finite moments. The classical method requires the existence of the moment
in order to bound a component involving the Fourier inversion (see Sec. 2 of Bierens, 1983; or Lemma
A-1 of Andrews, 1995). The aforementioned second method also requires the existence of the moment to
show the negligibility of the outside of the expanding compact set (see the proof of Corollary 2.2 of Bosq,
1998) or to use the so-called truncation argument (see the proofs of Theorems 2-4 of Hansen, 2008). The
use of the covering-number technique also allows for a very flexible form of the kernel function, which
imposes only minimal restrictions. The classical method requires the Fourier invertibility of the kernel
function. In addition, some studies assume that the kernel function is continuous and/or has truncated
support (or sufficiently fast tail decay). We do not require any of these (see the conditions in (B2) and
its discussions in Section 4).

Here, we formally introduce the covering number. To this end, let £,(Q) denote the set of functions
g : R — R such that ||g[|,, = [[ lg|"dQ]"" < 0o, where 7 > 1 and ( is a probability measure on R. The
covering number N (¢, G, £,(Q)) is the minimum number of e-balls in £, (@) needed to cover G, where an
e-ball in £,.(Q)) around a function g € £,(Q) is the set { f € L.(Q) | [[f — glly,. < €}. For a collection of
balls to cover G, all elements of G must be included in at least one of the balls, but the centers of the
balls need not to belong to G. An envelope function for G is any function G such that |g| < G for all ¢
€ G. Given these notions, we have the following lemma:
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Lemma 2. Suppose that a function K (-) (: R — R) is of bounded variation and that there exists some
constant K € (0,00) such that sup,g |K (z)| < K. Let K be a set of all rescaled translates of K, i.e.,

K:={K(%5%) | s€Randh>0}. (47)
Then, the covering numbers of IC satisfy
supg N (8K, K, L.(Q)) < Ae™ fore € (0,1), (48)
where the supremum is over all probability measures on R; and A > 0 is some constant independent of
Q.

A set of functions is called Euclidean if its covering number increases at the rate of ¢~V with some
constant V' > 0. This lemma says that K is Euclidean with V' < 4r. Several studies, including Pollard
(1984), Nolan and Pollard (1987), and Pakes and Pollard (1989), have argued that the set /C defined in
(47) is Euclidean, but they have not provided a further result on the bound of V' (a similar result can
be also found in Lemma B.3 of Escanciano, Jacho-Chévez and Lewbel, 2014). The proof of this lemma,
which is based on several basic results in empirical process theory, is provided in the Supplementary
Material.

The Bernstein-Type Exponential Inequality for Strong Mixing Arrays: We next present a
useful inequality, which is presented in Liebscher (1996) (see Theorem 2.1 and the arguments in Section
3, p. 73) and is derived from Theorem 5 of Rio (1995):

Lemma 3. Let {Zn,j}?zl be a stationary zero-mean real-valued triangular array such that |Z, ;| < Cy,
with strong mizing coefficients « (s). Then, for each positive integer m < n and each real number n such
that m < n/4Cy,

Pr(| >0, Znjl 2 m) < dexp{—n® [64n (X2,/m) + (8/3) Cznm] _1} + (4n/m)a (mA) , (49)
where X7, := E[(377) Znj)?]-

Given two lemmas, we are ready to prove Theorem 2. For notational simplicity, we often write the
product of functions as f - g (z) := f (z) g (z) in the subsequent proofs.

Proof of Theorem 2. By the triangle inequalities, the LHS of (24) is bounded by the sum of three terms:
SUPger {Gan () — Gur (x)| < Ry + Ry + (1/n) sup,¢; |C_¥n7T (x)| , (50)

where

Ry o= sup, oy | (1/T0) S K (K= ””)B(meﬁi“m [¥(X) = ¥ (X)) ds

Ry = b~ sup,e; |(A/T) it [K (2572) B v (Xja) = [ K (52) B -7 () dp] |
We subsequently show that
Ry = 0,(\/Alog (1/A)); (51)
Ry = O,(+/(logT) /Th), (52)



where 6 is given in the statement of the theorem. Since we can easily check that sup,.; |G (z)| = O (1)
(as in (55, provided that sup,.; 7 (z) < oo and ¢ € D(B,w)), (51)-(52) imply the desired result.

Proof of (51). We also look at

n— Xijn—x
Ri < sup,e (A/Th) Y50 K (F572) | % maxicjcn-1 subaepya ona) B (Xja) [ (X,) = v (Xj)|
= : Ry X Ry, (53)

To find the bound of Rq;, observe that

()| - e (%)

where the stationarity of the process is used; the first term on the RHS is o, (1), which can be verified

Ri1 <sup,¢; [(1/nh) 27;11

}‘ + SUp,e; fh ‘K ’7r ) dp, (54)

by the same arguments as those for Ry (below) using the boundedness of 7 () in (A2); and the second
term is bounded since

supye; [ K (¢) 7 (gh + 2)dg < [ |K (q)|dg x sup,e; 7 (z) < o0. (55)

Then, we have Ry; = O, (1). Since v satisfies the conditions of Theorem 1, we have Rys = O, 5.(1/Alog (1/A)).
From these, we can obtain (51) as desired.

Proof of (52). Define two measures on R, @, and Qo, as follows: for every Borel set £ on R,

Qu(E) =1 i L oy B0 (X5a); Qo(B) = [,B 07 (p)dp (56)

@, and g can be considered to be weighted versions of an empirical measure and a probability measure,
respectively, with a weight B - 1¢. Recalling the conditions in Definition 1, we can check that both
are finite measures, i.e., Q, (1) < sup,e;|B -9 (p)| < By for any n, and Qo (I) = [B -4 -7 (p)dp <
sup,c; |B - ¥ (p)|] < Ba. Since we do not assume 1) is positive-valued, @, (£ ) and Qo (F ) may take
negative values for some E. Thus, they are finite signed measures (instead of usual finite measures). It is
known that any finite signed measure v can be expressed as a difference of two (positive) finite measures vy
and v, that is, v = v; —vq, which can be checked by letting v; = (|v| +v) /2 > 0 and vy = (Jv| —v) /2 > 0.
While our empirical-process technique based on Lemma 2 is designed for probability measures, we can
still apply it to general finite signed measures by considering the decomposition as v = v; — vy and
re-normalization of ),, and ()y. For brevity, we regard (),, and () as probability measures throughout this
proof.

Now, consider the following set of functions (indexed by x) for each h (> 0): K (h) :={K ((p — z) /h)
| © € R}. For any h, K (h) C K where K is defined in (47) of Lemma 2. (B2) implies all the conditions
of Lemma 2. Thus, by Lemma 2, the covering numbers satisfy

supgy N (8¢ K, K (h), L, (Q)) < supg N (8¢ K, K, L, (Q)) < Ae™ fore € (0,1), (57)

uniformly over any h > 0. Here, we consider the case with » = 1. Then, for each h, we can construct a
partition of K (h), {K ()}, which satisfies

K (h) C U”(h K (h); each Ky (h) has the center gy () := K (=), such that

_ 58
Ve € (0,1), Vg € Ky (h), [|g9— gkl dQ < 82K for any probability measure Q. (58)

31



To find the bound of Ry, we write it in terms of two measures @), and @y (defined in (56)) and the
partition of C (h):

= (1/h) sup,¢; Ungn - fngo| < Ro1 + Ry, (59)

where
Ry := (1/h) maxyequ,..on)y SWgerc,(ny | (9 — 91) dQn — [ (9 — gr) dQo ; (60)
Ryg := (1/h) maxgeq,.., R)} |f9den - fgdeo‘ ) (61)

where we subsequently derive the bounds these two terms. Given any ¢ in (58), we can bound Ry, as
Ro1 < (1/h) {8eK +8¢K} = O (e/h), (62)
By setting
= n[(log T) /Th]?, (63)

which tends to zero, we have Ry = O([(logT) /Th]"/?).
To find the probability bound of Rj,, we write Ry = (1/nh) maxieq
{Ys; (k,h)};_, is a triangular array defined as

vy | 2021 Yoy (K, h) |, where

.....

Vo (o) o= K (557 ) By (Xa) = [ K (52) B0 7 (p) dp,

for each (k,h). We apply the Bernstein mequahty in Lemma 3 to > "7, 'Y, (k k) (with Z,,; =
Yo (k,h) and 332 = X2 (k,h) := E[| 377", Yo (k h)[?] for each (k,h)). To thls end, we note that
sup;  [Yn,; (k)| < 2[?32 =: Cy (by the boundedness of K and B - ), and the following bound:

Lemma 4. If the mizing exponent 3 > 1, there exists some constant ©o such that for m < (n — 1) with
n sufficiently large

Y2 (k,h) = E]| > iy Yo (k,h) %] < @mh (1 +hPA7Y) | uniformly over k and h. (64)

Given this, we look at

Pr(Ry > a(log T) /Th)"?) < 3270 Pr(| 3252, Yoy (k, 1) | = ay/(log T) /Thnh)

< 4Ae? dexpq — a> (log T) + AATY/2-B/2 (log T)B/z—l/z B—1/2-8/2
= 6420 (A + h1=2/8) + (8/3) Cya

< 4AT? (log T) 2 dexp a?® (logT) L ATVY28/2 (log T),B/2—1/2 p—1/2-8/2
64w + (8/3) Cya

< 4A (logT)*4 {T2+29—a2/[64w+(8/3)6’ya] +A(logT)*1 T5/2—ﬁ/2+(5/2+ﬁ/2)9}’

where the second inequality holds by (57), (49) and (64) with setting n = a[(log T) /Th]|**>nh and m =
[Th/ (logT)]"* A=t (m < (n—1) and m < 1/4Cy are satisfied for large T and a); the third holds
by (63) and "A + h'72/% < 1" (as h,A — 0 for f > 2), and the last inequality holds since h™! <
T% (logT)~" (which follows from (logT) /T°h — 0). Therefore, if 5/2 — 5/2 + (5/2+ 3/2)0 < 0 <
B(1—6) > 5(0+1), we have Pr(Ryy > a[(logT) /Th]"*) — 0 for large a (> 0), which means that
Roy = 0,([(logT) /Th]"?). This, together with the rate of Ry, leads to the desired result: R, =
0,10 T) /TH?). s
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Proof of Lemma 4. We consider bounding the covariance in two ways. First, for any j > 1,

E Y1 (kb)Y i1 (kb))
=W [[K(r)K (s) B9 (r+zh) Bt (s + xph) ma,rna (1 + zph, s + xph) drds
<K |B -9 (r+axh) 7 (r 4 aph) K2 (r) dr < W2BByK [ |K (r)| dr = wh?, (65)

where 7 (j+1)a is the joint density of Xa and Xa(j41), whose existence can be checked by (Al.i); the first
equality holds by changing variables; the inequalities follows from the Schwartz inequality and (i)-(ii) of
Definition 1; and the last equality holds with @ := B B2 K [ |K ()| dg (< o0). Second, by the Billingsley
inequality (Bosq, 1998, Corollary 1.1), for j > 1,

E Yo (k,h) Yo i1 (kD)) < da (jA) x |[Yia(k, B2, < 4A(jA) 7 CF. (66)
We also have the moment bound:
E Y2 (kh)] =h[K?(q)B*- 4?7 (q¢h+ 1) dg < wh, (67)

for any j, k and h, which follows from the stationarity of the process, changing variables and (i)-(ii) of
Definition 1. Then,

El| 3255 Yoy (ks ) P] < 2m 3055 a2 B [Ya (R, R) Yo (k1)
+2m Yo a-newe B Yin (k1) Yisrn (B 1)+ 21y B [Yi0; (R )]
< 2mA R Pwh? + 2m D itisa-ip-2s 44 (GA) P CE + mwh
< 2mh* 2/ A1 [@ +4ACY / (B —1)] + @wmh,

where the first inequality holds by the stationarity; the second by (65)-(67); and the last inequality uses
the following fact:

- oo _ 14— 1-8 _ _
Zj+1>A—1h*2/ﬁj P < fAflhfz/BfE Pdx < [A 'h 2/[3] /(B—=1)= APT1R? 2/’8/ (B-1), (68)

(note that 8 > 1 and A™'h=2/% > 1 for small A and h). We now have shown that (64) holds with
& = 3w +8AC%/ (B — 1). O

Proof of Theorem 3. For each (z,h,n,T), let {N, (z,h;n,T)},c,) be a process on [0,1] defined as

N, (z,h;n,T) := / K (W) B (Xan1a) PenadWana,
0

where [z] is the largest integer which is less than or equal to z. For notational simplicity, we write
N, (z,h) = N, (z, h;n,T) in the sequel. Then, we can write

Moz (x) = (1/Th) N (x, ). (69)

Note that for each (z,h), {N, (z,h)} is a continuous martingale with respect to the filtration {&,} .
where &, := §,,a. This martingale vanishes at » = 0, and its quadratic variation process is given by
(N (z,h)), = [T K? (Xf#) p2oad (snA). We can write (N (z,h)), = = 1K2( o= ) SO p2du.
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To find the probability bound of N; (x, h), we apply the Bernstein-type inequality for continuous martin-
gales (see, e.g., Ex. 3.16 in Ch. IV of Revuz and Yor, 1999): for any a > 0 and y > 0,

Pr(|Ny (2, h)[ = m, (N (z,h)); <y) < 2exp{—1°/2y}. (70)
Then, let a (> 0) be any constant.
Pr(| M, 1 (x)| > a+/(logT) /Th)
< Pr(|Ny (z, h)| > aTh+/(logT) /Th, 1 <y)+Pr((N(z,h)), >v)
<2exp{—a®(logT)/2} + Pr(( N(m,h))l > aTh) =27/ 4 Pr((N (x,h)), >aTh), (71)

where the second inequality holds by (70) with n = aT'hy/(logT) /Th and y = aTh.
We next derive the probability bound of (N (z, h)),. To this end, define an array {Z, ; (z,h)} by

B = 10 (3555) [ — B1 (2) 5,

Observe that |Z,; (x)| < CA for some constant C' > 0 (uniformly over z), and

N @)y = 5 2o )+ S B (5572) (500000 < T 2, () + CTh,

j=1 j=1
where the last inequality holds with some C, € (0,00) by the change-of-variable argument. Given this,
we have

Pr ((N (z,h)), > aTh) < Pr(| Z;:ll Zn,j (z,h)| > (a/2)Th) +Pr(C,Th > (a/2)Th), (72)

where the second term on the RHS is zero for any a large enough (and thus is negligible). To find the
bound of the first term, we use the Bernstein-type inequality in Lemma 3 with the following bound of
S (2, h):

S (2, h) == E| > Znj(z,h) )] < C,A%hm? form < (n—1), (73)
which holds by the change-of-variable argument. Then,
~ 2/4)T?h?
Pr(] Z;:ll Zyi(x,h)| > (a/2)Th) < 4dexpq — (a”/4) + 4Anm TPATP

64n (épA2hm) +(8/3) CA[(a/2) Thm

2

<4exp{ — (a”/4) (log T) + 4AT PR (log T) P < T L 4 AT PR~ (log T) ™
64C, + (4/3)Ca

(74)

where the first two inequalities use (49) with (73), m = nh/(logT) and n = (a/ 2) Th, which satisfy
m < min{(n — 1) ,7n/4(CA)}; and the last inequality holds with Cy; = 1/4[1 + (4/3)C] for a large enough
with 64C),/a < 1. Now, (71), (72) and (74) imply the desired result. O

Proof of Theorem 4. We consider the following decomposition: sup,cp [¥, () — B (z) pu(z) 7 (z)| <
S Uy, where

Uy ¢ = sup,ee [(1/Th) S50 [K (2872) B(Xa) [3740 (X,) ds — B (£222) B u(xa)]] |
Us : =sup,eq|(1/h) E[K (XJA ”)B W(X;a) = B-p-m(@);
Us : = sup,es |(1/Th) Y2 1K( ia- ) B (X;a) [9%0 (x,) aW,|.
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Then, applying Theorem 2 to U; (with ¢ = u), we can immediately obtain U; = O, (a%). We can also
easily derive Uy = O (h?), which is the smoothing bias term, by standard change-of-variable and Taylor-
expansion arguments for kernel estimators with the condition that ¢ € D (B, m). Therefore, if we have
shown that Us = O,(y/(logT") /Th), we obtain the desired result (29). Given the rate result (29) we can
verify the convergence result for fi (x) in the same way as in the proof of Theorem 8 of Hansen (2008)
(we omit details for brevity).

It remain to derive the rate of Us. To this end, let B (X;a )fj(iH)A o (X,)dW, = fj(grlm P, AW +

f(]H)A ¢, dW, for each j, where {¢,} and {¢,} are defined as

05 = B+ 0(Xps/a1a) + B(Xro/a1a)lo (Xo) = 0(Xro/ma) L pix;, o (X0)-o(X 1 ara)|<vBig a1} (75)
¢ - B<X [s/ATA ) |:O- (Xs) - O-(X[S/A]A)] 1{B(X[S/A]A)|O’(X5)—O'(X(S/AWA)’>\/EIOgA_1}' (76)

Recalling the conditions in (27) and the result (20), we can see that ¢, is uniformly bounded over s > 0
and <~b5 is zero a.s. for any sufficiently small A. Therefore, the convergence rate of Us is determined by
that of Us := Supxe]R | (1/Th) > - LK( JA L f(jH)Ang dW,|. To derive the rate of Us, define a class of
functions as K (h) := { K (&%)]z € R} for each h (> 0). By Lemma 2 (with r = 1), we can construct a
finite covering { Ky (h)}z(:hl) of K (h) satisfying the following conditions: K (h) C UZSI) Kr (h); each Ky (h)

has the center g (+) := K (f’“) such that for any probability measure (),

Ve € (0,1), Vg € Ki (h), []9— grldQ <e8K; and v(h) < Ae™* for each e € (0,1), (77)

for some constant A (> 0) (independent of h). Using this covering, we can obtain
A
< (1/Th) masieqs,..om) SWPgerc, o |51 (96 (Xia) = 9/ (X5a)] f“+

+ maxXgeqa,..., ‘(1/Th) Zn K <A—xk> f Qe
We subsequently derive the bounds of Us; and Uss. Now, consider the bound of Us:
Us <

(78)

n—1 G+1A
Th) MmaXke{1,...,v(h)} SUPgeKc, (n) ﬁ Zj:l gk (Xja) — g (Xja)| X max;<j<p 1 |f Y psdWs|

< UGHe8K % O, (v/Alog (1/A)) = O (e3/Alog (1/A) x (1/A)), (79)

where the second inequality holds by the following two results: (i) for @, (E) := — LS i1 '1 (X;acB) (the
empirical probability measure)
MaAXke{1,...v(h)} SUPgeky, (h) =1 Z ! gk (Xja) — 9 (Xja)l = maxpeqs,. v SUP,ex, () J |9k — 91 dQn < 8K,

which follows from (77); (ii) max;<;j<,_1 | f G+1A ¢, dWs| = Oys.(\/Alog (1/A)), which follows from (16)
since {¢,} is uniformly bounded. Next, we consider the probability bound of Usy. By Theorem 3 (with
= ¢,) and the bound of v (h) in (77), we can find some constant C; (> 0) satisfying

Pr(Usy > a\/(logT) /Th) < Ae *[2T~%/2 4 T=%Cv 4 4 AT p~0+D (1og T) 7). (80)

Now, by letting e = \/Ah/T, we obtain Us; = O,,.(1/(logT) /Th) since log (1/A) = logT by the first
condition in (26). Given this ¢ and (26), we have e=* = T2A 2472 < T2120425 (Jog T) 2 as well as
T—8p=B+) < T=B+06+D) (1og T) P Therefore,

Pr(Usy > ay/(log T) /Th) = O(T*20+2% (1og T') 2 [T~/ 4 T=0Cum] 4 = B+242042040(3+1) (19 )~ (2FHF)),

This implies that Usy = O,(y/(logT) /Th) if —=f+2+20+2k+0 (8 +1) <0 <= 30+2+2k < 3 (1 —0).
From these arguments, we have now shown that Us = O,(y/(logT") /Th), completing the proof. O
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8 Proof of Lemma 2 (Covering Number of Kernel Transforma-

tions)

Terminologies in this proof follow those of van der Vaart and Wellner (1996; hereafter referred to as
VWO6). First, observe that K can be decomposed into

K (2) = K (2) — K> (2), (S.2)

since it is of bounded variation, where K; and K, are bounded monotone functions. By (S.2) and
re-parametrization, we have

,CC{Kl_KQ | KIEICl; KQE’CQ}, (S3)
where K; := {K;(ap+b) | a € (0,00); b€ R} for [ = 1,2. Since K is bounded by K, there exists an
envelope function M, for K; (I =1,2).

Note that the set of subgraphs of functions {ap +b | a € (0,00); b € R} is a VC-class with the VC
index 3, which is shown by a similar argument to the proof of Lemma 2.6.16 of VW96 (the set of
subgraphs of functions {ap+b | a € (0,00) and b € R} cannot shatter any three-point set while it can
shatter some two-point set in R?). Then, since K; is monotone, K; is also a VC-class with the VC-index
at most 3, which follows from Lemma 9.9 (viii) of Kosorok (2008). We now have shown that each K, is
a VC-class with the VC-index of the set of subgraphs of functions in C; is 3.

By Theorem 2.6.7 of VW96, we can find the uniform covering number of K, i.e., the exists some
constant A; (> 0) that is independent of ) satisfying

supg N (e [ Millg, . K1, £, (Q)) < Aie™®" for e € (0,1). (S.4)
Then, it holds that for each @,

N(ed||My + Msll,,. . K, L. (Q)) N(ed||My + M|y, , K1 — Ky, £, (Q))
N(e|[Millg, . K1, Ly (Q)N(el[ Ml g, . —K2, L1 (Q))

= Hl:1,2 N(e ||Ml||Q,r K, L£,(Q)), (S.5)
where the first inequality holds by (S.3); the second holds by Lemma 16 of Nolan and Pollard (1987);
and the last equality by the fact —Ks and Ko have the same covering number. From (S.4) and (S.5), it
holds that

<
<

supg IV (€4 || M; + M2HQ,T KL (Q)) < Hz:1,2 supg V(€ HMIHQ,r KL L (Q))
S A1A2€_4T.

Since 4[| My + M|, < 8K, we have shown that (48) holds with some constant A = A; Ay, completing
the proof. 0



9 Proof of Theorem 5 (Uniform Convergence of the Diffusion
Estimator)

Using the Ito lemma:

[X(ana — Xa]* = Ac? () = 2 LV2 [X, — Xja] p(X,) ds
+2 [0 X, - Xjalo (XS) AW, + [V [0%(X,) — 0® (2)] ds, (S.6)

we have the following decomposition:

sup ¥,z (2) — 1 (2) 0® (2) | < 320, Vi,

where
Vi _2i161£((1/Th)2" 1K( i "”)B a) JUTVALX - Xalu (X,) ds|
Vs = 25up | (1/Th) 57 1K( o= I)B ja) JUPVAIX, — Xjalo (X)W
Vi 1= sup | (1/Th) Si) K (F577) B (Xa) [17°007 (X) = 0 (Xj)lds|
Vi = :up |22 K (55) B(p) 7 (p) [0° (p) — 0 ()]dp|
Vs 1= sup (1/nh) |12 Ta (2) = Bl (@)}

and

Da (2) = K (247) B(X,8) [0 (X;8) = 0* (2)].

We below verify the following results:

Vi = Op(Alog(1/A) ++/(logn)/nh); (S.7)
Vo = Op(y/(logn) /nh); (S.8)
Vs = O,(A++/(logn)/nh); (S5.9)
Vi = O(h?); (S.10)
Vs = 0,(/(ogn)nh) (s.11)

under the stated conditions, which imply the first part of the theorem. The convergence of ji (x) can be
verified in the same way as in the proof of Theorem 8 of Hansen (2008) and its proof is omitted.

Proof of (S.7). Plugging the expression X, — X;a = fjsAu (Xy) du + fjsAO (Xy) dW,, we have

B(X;a) [ATV% X, = Xjal p (X ds = [UVABY(Xa) [Xs — Xjal BY2(Xa) [0 (X,) — p(X;a)]ds
+BY*(X;a >u<xm>f;g““f BY2(X;a) i (X,) duds

+B (Xja) p(Xja) [XTV2 [0 (X,) dW,ds.

The first and second terms on the RHS are O, (A?log (1/A)) and O, s (A?) uniformly over j, respectively,
which holds by Theorem 1 and (20), where we note that x (-) is at most of polynomial growth (as supposed
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n (A3.i)). Therefore, we can write

Vi < 2sup(l/nh) 000,

zeR

(=)

+2sup (1/nh) Y1 1K( ia= ””)B(XJA)M AR [0 (X,) dWds

z€eR

= . 2V11 +2V12.

X [Oas.(Alog (1/4)) + Ous (A)]

By the uniform boundedness of 7 (-), we have sup,p (1/nh) Z?;ll ‘K (in—x)‘ = O, (1), which is derived
in the proof of Theorem 2 (see the term Rj;), and therefore, Vi; = Op(Alog(1/A)). For deriving the
rate of V;,, observe that

JER o (X)) dWads = [STV2 [0 %450 (X,) dW,
= [URG+ 1) A - ulo (X,)dW,,

which holds by changing the order of (stochastic) integrals. Therefore, Vi5 can be written as the sum
of martingale differences. It can be represented by a continuous martingale with index r € [0,1] (in the
same way as the term Us in the proof of Theorem 4), and we can show that V2 = O,(y/(logn) /nh) in
the same way as for V, below (and we omit details for brevity).

Proof of (S.8). Let

0sja = =B (Xja) [[jan (Xo) du+ [0 (Xu) dW,]o (X))
8(8:0) 0 = Maup,a B0 ) [0~ 0) | Ho(X0) =0 ()11}

where ex is an indicator function defined for each (s, j) with s € [jA, (j + 1) A]. Using this e, we also
define

Osjn @ = {f]sA{Bl/Z Xja) 11 (Xja) + BY? (Xja) [0 (Xu) — w1 (Xja)lea (u, ) }du
+LA{31/2( Xja) o (Xja) + B2 (X;a) [0 (Xu) — 0 (Xja)]}ea (u, ) dW, }
x{B (Xja) o (X;a) + B(X;a) [0 (X,) =0 (X;a)]ea (s,) }- (S.12)

Then, we can write
QS]A QS]A+QSJA7

where 9, ; is defined through the same form as g, ;» with ea (u, j) and ea (s, j) replaced by [1 —ea (u, j)]
and [1 — ex (s, )], respectively. Therefore, we can also write

Vo = 2sup| (1/Th) S K (28=0) [0, aaw|

z€R

+2sup | (1/Th) it K (2572) X0, jadW,

zeR
= 2V21 + 2V22.

By Theorem 1, there exists some A > 0 such that for any A < A, max;<j<, 1 SUDsepin (j+1a] |1 —e€a (s,7)] =
0 almost surely, implying that Vs, = 0 almost surely for sufficiently small A. Therefore, the convergence
rate of Vs, is determined by that of Vy.



To derive the rate of V51, we note that

0.0 < Co A+ [L 1B (X,8) 0 (X;a) + BY2 (X,a) [0 (X,) — 0 (Xja)fea (w ) dW, ) (813)

for some constant Cy > 0, which follows from the definition of g ;5. Since the integrand of the stochastic
integral on the RHS of (S.13) is uniformly bounded over j and u € [jA,s|, we can apply the same
argument as those for (16) and (20) again. That is, we let

Qs]A QSJA {QSJA<f10gA }+QSJA1{Q JA>\/>10gA 1}

where the second term is exactly zero for sufficiently small A (uniformly over j and s € [jA, (j + 1) A]),
implying that the rate of Vs is determined by that of

n— Xjn—x 1A _
V21 = Slelgl (I/Th) Z 1 K < e > L(i+ ) QsjA {Q JAS\/ZlogAfl}dWsL
To derive the rate of V,;, we consider a finite covering {Ky, (h)} e of a set of functions K (h) := {K (&%)
| © € R} (for each h). By Lemma 2, we can find {/y (h) Vgll) such that each ICj (h) has the center
a () =K ('_}f’“); for any probability measure @,

Ve € (0,1), Yg € Ky (h), {[|g — gr]"dQ}"" < 8K; and v (h) < Ae™™ for each e € (0,1), (S.14)

for some constant A (> 0) (independent of k) and for any 7 > 1. Then, we have

% n-1 (+1)A
Vor < ke{{I}%X( )}geslg;}?h) o E |gk (Xja) Xia)l ’f] SJAl{@SJAS\/ZlogA—l}dWA
G+DA
= Vo + 1_7212

By the Holder and Burkholder-Davis-Gundy (BDG) inequaliites, we have for any 7 > 1,

- n— iy 1/7
Vo < % max osup STl ge (Xga) — g (Xa) )Y
ke{l,...,u(h)} gEKL(R)

nHA_ F/(F—1) (T-1)/T
X{nll ‘«/;]_'_ 0s,jal {25, ja<VAlog A~ l}dW3’ : 1)}
n— T/(T— 7/(r— (F=1)/7
< T—h158K><{OpA/ U (log A=H)/( 1)}
= O,(h'elog A™") = O,(h 'elogn) = O,(+/(logn)/nh), (S.15)
where the last two equalities have used the condition A™' < n”*, implying that log A™! = O(logn), as

well as
h/n(logn). (S.16)

To find the probability bound of the second term Vs12, we note that Z;‘:—ll ar (Xja fj U+A 0s.j 0, AdW
can be written as a continuous martingale indexed by r € [0, 1] in the same was as in the proof Theorem
3 (see the expression for the term Us), whose quadratic variation at r = 1 is given by

n—1 1-2 T (G+1D)A_2
r(k) =2 K (%) f]i N {2, ;a<VAlog A~ 1}d5
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with 24 being a point in R satisfying ¢7 (-) = K2 (=2). This J, 7 (k) satisfies

Jor (k) < K*T'Allog (1/A)]? uniformly over k,
as well as

ElJnr (k)]

IN

n max FE[K? <@) N

1<j<n—1

< C ThA[log(1/A)]* uniformly over k,

for some constant C'; > 0, which follows from the BDG inequality (with the upper bound (S.13)) and the
change-of-variable argument (with the uniform boundedness of 7). Applying the exponential inequality
for continuous martingales (Ex. 3.16 in Ch. IV of Revuz and Yor, 1999), for each a > 0 and each y, we
have

Pr(Va12 > ay/(logn)/nh)
o0 {Pr (/T S5 00 (X08) [ 00ssL s, yvmieas W] = v/ ToRTI R, S () <

IN

+Pr([Jnr (k) = ElJur (R)]| 2 y/2) + Pr(ElJur (k)] = 3//2)}

< 06t (o)) x {2exp { BB | by 17,0.0) = Bl (0] 2 70}

= O h ¥ (logn)” x n=) + O(n*"h~* (logn)*") x Pr(|Jur (k) — E[Jnr (k)]| > aThA), (S.17)
where the second inequality holds with y = 2aThA (for sufficiently large a) since v (h) < Ae™, e™4 =
O (n*"h=?"(logn)*") (recall € = \/h/n(logn) in (S.16)) and

Pr(E [Jur (k)] > y/2) < Pr(C;ThA > aThA) = 0.

The first term on the RHS of (S.17) tends to zero as n — oo (for n large enough). To find the bound of
the second term on the RHS of (S.17), we apply the Bernstein inequality in Lemma 3. To this end, write

Jog (k) = E [Joz (F)] = Y02 {210 — E 1250}
where
. Xja—a (G+1)A
Z = K? (%> S0 a1, cvaigayds.
By the boundedness of K and the definition of g, ;o in (S.12), we can find some constant Cz > 0 such
that max;<j<, 1|2, < K2A? (log A~ )2 By the change-of-variable argument and the BDG inequality,

we can also find some constant ws satisfying E[| >, Z;.,[°] < wzm?hA*. Given these, we have for
m < min{aThA/4K2A? (log A™)* ,n — 1}, and for each a > 0,

Pr (| Juz (k) = E [Joz (k)] > aThA) = Pr(317) 2, > aThA)

< 4dexpy — — 5 + 4Anm A
64n (wzmA4h) (4/3) [CzK2A2 (log A=Y (aThA) m

< 4exp{ —a” (logn) — } + O(h_l_ﬂn_ﬁ (log n)?’(HB) A‘ﬁ)
64wz / (logA 12 4+ (4/3) CzK2a

= O(n~*+h 0" (logn)* "9 A—9),
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where we have set m = nh/ (logn) (log A™)? and used log A~ = O (logn) to derive the last two lines.
Therefore, using k™' = O(n” (logn) ™) and A~' = O(n*), we can write the second term on the RHS of
(S.17) as

O(n%h—%(log n)ZF)[n—a 4+ B1-B,—B (log n)3(1+,3) A—B]
_ O<nfa+277+419 + nfﬁ(lfﬂf%)+2f+19(2f+l)( )4F+4(1+B))

logn

which tends to zero as n — oo for a large enough if

< p.
1—9— p
Since we may pick any 7 > 1 in (S.15), we have this inequality satisfied as long as
2439
< p.
1—9— p

Therefore, given this condition on 3, we have shown that Va2 = O,(1/(logn)/nh), completing the proof
of (S.8).

Proof of (S.9). The convergence rate of V3 can be derived in the same way as those of V; and Vs, and
we here outline only main points. Since o2 (-) is twice continuously differentiable, we can apply the Ito
lemma to o2 (X;) — 02 (X;a) to obtain

Vs <sup|(1/Th) > 7" 1K( o w) f(jH f 3 (X )duds‘
z€R
sup |[(1/Th) i) K (577) B(Xa) ﬁi“’%zw (X.) 0 (X,) dW,ds|
xe

where mj3 (z) := 902 (z) u (z) + 00 (x) 02 (x) /2. Since this ¥ (x) = m3 (x) satisfies the conditions of
Theorem 1, we have B (X;a) ms (X,) = Oq.. (1) uniformly as discussed in (20), and we can show that
the first term on the RHS is O, (A). The second term is O,(1/(logn) /nh), which follows from the same
arguments as those for Vi and Vs, (we omit details for brevity).

Proof of (S.10). We look at

= [K(q)[H (gh+z) — H (z)]dg+ [K (q) [l (¢h + ) — L (z)] 0° (z) dp
< (h*/2) [¢*K (q)dq X i‘éﬂ%'H” (@) + (P*/2) [K (9) |I" (Agh + x)| 0” (z) dg,

where we have set H (z) = B (z) 7 (z) 02 (z) and [ (x) = B (z) 7 (z); the inequality follows from the usual
Talyor-expansion argument with A € [0,1] (which depends on ¢,h and x). Then, we can check that
V, = O (h?), since we have sup, g |H” (z)| < oo (by the condition that o* € D(B,n)), as well as the
compactness of the support of K and the following bound:

|l” (Agh + )| o’ () 1ggi<exy < 4Cp [maxk:O,I,Q SUDzcRr }akﬂ (fU)H X SUPRB (y) o’ () oo yi<exny
x,ye

4Cg [maxk:071,2 SUD,cRr |8k7r (x)H X supRB (y) Co[1 + ]a:\(h]l{‘x,mgc}{h}
RIS

Cr+CiB () [lyl + |2 = yl1™ ™ omyi<orny
Cr+CiB (y) 27 [Jy| =™ + |2 — 9% Lgamyiconn
Cy + C12% [sup,er B (y) [y + sup,eg B (y) (cxch)® ] < oo, (S.18)

VAN VAN VAN

S-6



where the first inequality holds since maxy—¢ 1,2 SUp,cg ‘akw (m){ < oo and maxy—; 2 |0"B (z)]| < Cp X
B (z); the second holds since there exists some constant Cy > 0 such that ¢ (z) < Cp [1+ |3:|‘12+1]
(by the condition that o2 (z) = O(]z|®) as |z| — oo for o > 0); the third holds with a constant
Cy = 4Cp [maxy_g,1,2 sup,ep |0%7 (2)|] Co € (0,00); and the fourth follows from the Jensen inequality.

Proof of (S.11). To bound the term Vs, we consider a compact set [—7,,,7,,] C R with 7,, — oo whose
growing rate is specified below, and its finite covering {Ik}z(:nl) such that [-7,,7,] C UZ(:nl)Ik, each Zj, is
a closed ball in R with its center xj and radius r,, and v (n) = 7, /r,. Then, we can write

Vs(z) < sup (1/nh) Y777 Tya (2) — E[Tja (2)]|

|z|>Tn

g, sup (1/nh) 32D () = Dia(en)| + B[ ()] = B[l

T (1/nh) 3752 T a () — ELjalze)]}

= V51 + Vso + Vss,

where we below consider the bounds of these three terms.
To find the bound of Vs, let

Tja (2) == Tja (2) 1x,ai<7 /2 and Tja (2) == Tja (2) x0T 2}

and observe that

Vsi < sup (1/nh) 32077 |Fja () = E[Tja ()] + sup (1/nh) 32777 Ty (2) = E[Lja (2)]], - (S:19)

For |z| > 7, and |X;a| < 7,/2, it holds that (X;an — ) /h > T,,/2h. Therefore, for sufficiently large n
with 7,/2h > ¢k, K ((X;a —2)/h) = 0 and the first term on the RHS of (S.19) is zero. To find the
bound of the second term, we observe that

sup B2 (y)|o®(y) —o®(x)] = sup BY*(y)|00® (y+ Az — )| |z — y]
|lz—y|<ckxh |z—y|<ckh
< sup BY2(y)Co[l+|y+ Mo — )= exh
le—y|<ckxh
< O(h)+Cy sup BY2(y)2% [jy|=™ + [Nz — y)|®*] exh = O(h), (S.20)
lz—y|<ckh

for some constant Cy > 0, where the first equality follows from the mean-value theorem with some
A € [0,1] (which depends on x and y); the two inequalities use the polynomial growth condition of do?
and the Jensen inequality. Then, we have

sup (1/nh) 32571 [Dja (2) |

|$‘>7;L
< (1/nh) K 3070 X a—al<erny BY?(Xja) |07 (Xja) — 0 (2)] X BY*(Xja)1qx,5157,/2)
< (Inh)KY0 sup BY2(y)|o® (y) — o (2)] x BY* (X;a) | X;al?/ (T./2)°

le—y|<ckxh

= O(1/TY),

for any d > 0, where the last equality holds since BY2 (z) |z|* is uniformly bounded. We can also show
that supy, .7, (1/nh) 27;11 ITa (z)| = O(1/7%) exactly in the same way, and therefore, can conclude
that V51 = O(l/'];ld)



To bound the term Vs, note that for any x € Zy, |z — x| < r,. This implies that for an event
Ein(z, zp) = {max{|X;a — z|,|Xja — zx|} < cxh+1,},
which is defined in Q for each (n, jA, z, x;), we have

{IXja — 2] < cxh} ={|Xja — 2| <cgh & [Xja — x| < cxh + 10} C Epjal@, 2p);
{IXja — x| < cxh} CE,a(z, ).

Therefore, for any x € Z,,

|FJA(> F] ( )|
B(X;a) 0 (X,a) [K (357) = K (25725 ) | + K (8572) B(Xj8) 1o, e |07 (@) = 0% (2

+B (X;a) 0* (w4 )1{\XA z|<ckh or [X;a—=z|<ckh} ‘K <Xj?;m> - K (@))
< {supyer B ()0 (1)} K [y — al /h+ KB (X;8) 1, o |0? (2) — 07 ()]
+B (X;a) 0* (x k:) L5, ;(an K | — 2| /R
< O(rn/h)+ O (rn) + O (rn/h) = O (rn/h),

IN

uniformly over x, x;, and j, where the first inequality uses the triangular inequalities as well as the fact that
if | Xja — 2| > exchand | Xja — 2] > exch, then K(F2=%) = K (F57%) = 0 and 1{x,, —a|<cxch or |X,a—sl<exch}
< 1g, ;(z;); the second inequality uses the Lipschitz continuity and uniform boundedness of K’; and the
third inequality holds since we have

B(Xja) 1g, (a0 ‘02 (z) — o2 (Ik)‘

B (Xja)1E, ;@) ‘802 (Ax + (1= N) xk)’ X |z — x|

{B(X;a) |00® (X;a)| + B (X;a)|00” (Xja) — 00 Az + (1 = X) i) |} 15, e X |7 — 24
{supl,eR B (x !80 )‘ + SUD |y <cchir B () ‘(902 (z) — do? (y) |} X T

O (r,); and

IAIA A

B (X;a) 0% (2x) 1p, ,(oa) = O (1),

uniformly over z,z) and j, which follow from the same arguments as used to derive (S.18) and (S.20).
From these we can conclude that Vs = O(r,/h?). Now, by setting 7, = [nh/ (logn)]*/?? and 7, =

/2 (logn) /n, we can let both Vsi(= (1/Z.%)) and Vs; be Op(y/(logn) /nh).
Finally, to investigate the rate of Vs3, we derive the bound Xf  := 3" {T'ja(zx) — E[Tja(24)]} for
m < (n — 1) and apply the exponential inequality. For this purpose, we observe that

E[{T;a (z) — ETja (xx)]}]
< 2hfK?(q) B* 7 (qh+ xy) [0 (gh + 1) — 0” (x3)]*dg = O(h?),

uniformly over k and j, where the last equality follows from (S.20). Then, we can find some constant
@ € (0,00) such that X2, < &m?h?, and also some constant Cp > 0 satisfying

Tja(z) = K (xji—x> B (Xja) |00 (AXja = (1= N )1 Xja = 2l Ly, of<ern)
< K sup B(x)|90° (y)| cxh < Crh,

z,y€R; |e|<e
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which follows from the compactness of the support of K. Then, applying Lemma 3, we have for each
a>0,

Pr(Vss > ay/(logn) /nh)
< X Pr (| Tl - Ela(@l}] = ay/(ogn) /ufnh)

IN

B (logn) 4n A
v () {46Xp{ 64omh? + (8/3) (2Crh) ar/(log 1) /nhm}+mA( A) }

T exp{ — a’ (logn) nm TPATP
= ) {4 p{ 64@W+16CFG/3}+4A ’ }

= (7,/rn) X 4~ /[645C+16Cra/3] 4 4 4 (T /rn) nm T PAP, (S.21)

where the third inequality holds by setting m = y/n/h (logn) (< min{(a+\/(logn) /nhnh)/Crh,n — 1}
for a large enough), and the last equality holds since nh®/ (logn) < Cs for some constant Cs > 0 (31).
Now, by the definitions of 7,,(= [nh/ (logn)]/?) and r,(= \/h3 (logn) /n), we have

v(n)="1,/r, = (log n)f(lﬂ/@/2 p~(3-1/d)/2,, (1+1/d) /2

Y

which is a polynomial order of n, and the first term on the RHS of (S.21) tends to zero as n — oo for a
large enough. As for the second term, recalling the definition of m and the conditions A™! < n”, we have

(To/rm) x nm~"PA < (log n)—(6+2+1/c?)/2 p(B-2+1/d) /2, (~B+28r+2+1/d)/2

Y

which tends to zero (as n — o0) if
—B+20k+2<0<=2/(1-2k) <f,

where we note that d can be any arbitrarily large integer. Now, the proof of Theorem 5 is completed. []

10 Convergence Results When Mixing Coefficients Decay Slowly

In this section, we present some results which complement convergence results in Theorems 2-5, focusing
on the case when the decaying rate of the mixing coefficients in (10) is slow.

General Convergence Results with Possibly Small 5: Theorem 2 requires at least 5 > 5 as in the
condition (23), but the following theorem allows for any 5 > 0. At the price of possibly small 3, we must

have a slower convergence rate of \/(logT) /T%h (than that of \/(logT) /Th in Theorem 2). We also
note that the smaller 3 requires the smaller 6, implying the slower convergence rate of the bandwidth h

through (22).

Theorem 7. Suppose that the same conditions as in Theorem 2 hold with the condition (23) replaced by
B >50/(1—0). Then, it holds that as n,T — oo and A, h — 0,

sup |G (z) — E|Gur Alog (1/A) + +/(logT) /T°H).

zel



Proof of Theorem 7. The proof proceeds in the same way as in that of Theorem 2. Since only the rate
of the term R, differs, we omit details and outline only main points for Ry < Rs; + Ras. To find the rate

of Ry1, we set
e =h/(logT) /T?h, (S.22)

instead of (63). This means that Ry = O(4/(logT) /T°h). For deriving the rate of Ry, we use the
Bernstein inequality. To this end, observe the following moment bound:

Ll Zj 1 Yo (K, h) |2] < mz;nﬂ E [YnQ,j (k, h)] < wm?h,

uniformly over k and h, where the first inequality holds by the Jensen inequality for m < (n — 1), and
the second by the moment bound derived in (67).
Now, we apply (49) to 377 V;,; (k, h) with Z,, ; = Y, ; (k, h) and £2, = 52 (k, h) := E[(}X1, Y, (k, h))?]

for each (k,h). Let n = a [(logT) /T°h] Y2 ph and m = TA=9/A in (49), where m < (n—1) and
m < n/4Cy are satisfied for large T (since 6 € (0,1) and (logT) /T°h — 0). Then, it holds that for any
a >0,

Pr(Ra > av/{log T) /T7h)
< SN Pr(| ) Vo (B, h) | > a/(log T) /T?hnh)
B a* [(log T') /T’h] n*h? dn
< v(h) {4exp { 64nwmh + (8/3) Cya/(logT) /Teimhm} T (mA)}
a’logT

< 4Ae™*{expl — + ATO-PO=0)
64w + (8/3) Cya+/(logT) /Th
< 4A (logT)_4 {T4e—a2/[64w+(8/3)cya} _|_AT56—[3(1—0)}7 (S.23)

where the second inequality holds by (49) and (67); the third inequality uses (10) in (A2), "v (h) < Ae™*"
and "m = TU=9 /A"; and the last inequality holds for large T since ¢ = hy/(log T) /T?h (which is set in
(S.22)), h2 < T% (logT) > and +/(log T) /T?h < 1 (for large T'). Therefore, for a > 0 large enough,

Pr(Rgy > ay/(logT) /T°h) — 0 as T — oo, (S.24)

if 50 — f(1—-0) < 0 (& 0 < B/(5+p)). This, together with the rate of Ry, we have Ry =
O,(+/(logT) /Th) as desired. O

The next theorem also concerns the small-g case. While Theorem 3 allows for any § > 0 (unlike
Theorem 2), its probability bound is associated with the convergence rate of \/(logT") /Th. If we have

a slower rate of \/(logT) /T°h (as in Theorem 7), we can derive a sharper inequality for the probability
bound of M, 1 ():

Theorem 8. Suppose that the same conditions as in Theorem & hold. Then, asn,T — oo and A, h — 0,
it holds that for each a(> 0) and each z € I,

Pr(M,.r (z) > a\/(logT) /T°h) < 2T~/ + dexp{—aCys (Th)°} + 4AT P06+ (S.25)

for each 6 € (0,1), where Cyr (> 0) is some constant independent of x.
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Proof of Theorem 8. Since we use the same arguments as those for Theorem 3, we only outline main
points. Given the same notation as in the proof of Theorem 3 we have for any 6 € (0,1),

Pr(Myr () > ay/(log T) /T7h)

< Pr(|Ny (z, h)| > aTh+/(logT) /T?h)

< Pr(|Ny (2, h)| = aThy/(logT) /T°h, (N (z,h)); <y)+Pr((N (z,h)); >y)

<2exp{—a®(logT) /2} + Pr ((N (2, h)), > aT?°h)

= 2779"/2 4 Pr ((N (z,h)), > aT*>""h), (S.26)
where the third inequality holds by (70) with n = aThy/(logT) /T?h and y = aT* °h. By applying the

Bernstein inequality for mixing arrays in Lemma 3 to (N (z, h)),, and using arguments quite analogous
to those for (72)-(74), we can also derive

Pr((N (z,h)), > aT?°h) < dexp{—aCy (Th)' ™%} + 4AT P06+,

which, together with (S.26), implies the desired result. ]

Uniform Convergence Rates of Nadaraya-Watson Type Estimators with Possibly Small 3:
The next two theorems are small-5 counterparts of Theorems 4-5 in Section 54. While Theorem 10 on the
convergence of the diffusion function estimator provides rates in terms of 7" (slower than +/(logn)/nh), it
imposes only minimal conditions, allowing for discontinuous kernels with unbounded support and relaxing
conditions on derivatives of m and o

Theorem 9 (Drift Function Estimation with Possibly Small ). Suppose that the same conditions as in
Theorem 4 hold, but replace the condition on the exponent of the mixing coefficient 3 by

B>max{50/(1—0),(40+ 6> +2xr) /(1 —6°)}.

Then the convergence results in (29)-(30) hold with a}, . replaced by

al = h*+/Alog (1/A) ++/(log T) /Th.

Proof of Theorem 9. Proof arguments proceed in the same way as those for the proof of Theorem 4, while
we employ convergence results of Theorems 7-8, instead of those of Theorems 2-3. We omit details for
brevity. O]

Theorem 10 (Diffusion Function Estimation with Possibly Small 3). Suppose that Assumption 1 holds;
SUp,cr T () < 00; the observation interval A and the bandwidth h satisfy

AT =0O(T") and (logT) /T°h — 0,
as T — oo and A, h — 0, for some constants k > 0 and 6 € (0,1);
o () €D (B,m): [|0p(2)] + 100 (z)]] = O(|2|™) as || — oo for some 2 > 0.

Let cor, dnr, ayp and a;, p be sequences defined in Theorems 4 and 9. Then, the following results hold
(as n, T — oo and A,h — 0):

(i-a) If
B> max {50/ (1—0), (40 +6%) / (1 — 0*)},
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then,
sup |V, (2) — B (x) o (z) 7 (z) | = O, (arr) - (S5.27)

rzeR

(i-b) Further if aj, 7/0n1r — 0,
sup |&2 (z) — o*(z)| = 0, (a:’T/én,T) . (S5.28)

|lz[<er
(i) If
B>max{b(1+6)/(1-6),(2+30)/(1—-0)},

then, the convergence results in (i-a) and (i-b) hold with a}, ;- replaced by ay, .

Proof of Theorem 10. Using (S.6), we split the LHS of (S.27) into three terms:

sup [U,2 () — B (z) o® (z) 7 ()| < 31, Vi,

where
V= ilég‘@/m ) 1K( )B 2) JU X, — Xpalp (Xs)ds‘;
Ve —ilelﬂg‘@/Th )X K (287) B(Xa) [AT0 X = Xjal o (X)W
Vs i= sup{(1/Th) - LK (25 B(Xa) [AT00 (X,) ds
— (1/h) BIK (X5=2) B(X;a) 0 < N))E

‘Q—sup\l/h JE (5%) B(p)o® (p) 7 (p) dp — B (v) 0* (x) 7 ()] .
We below investigate these four terms. First, by Theorem 1 and (20), we have

B(X;a) [Xs = Xjal p(Xs) = BY?(Xja)[Xe — Xja] x BY? (X;a) 1 (X,)
= Oa.s.( Alog (1/A))7

j=1 h
which is derived in the proof of Theorem 2. Next, applying Theorem 7 (Theorem 2) to V3 with ¢ () =

o2 (-), we can immediately obtain V3 = O, (a%) (resp. O, (a%)) under the condition on /3 in part (i) (resp.
part (ii)). We can also show that V; = O (h?) in the same arguments as those for the term U, in the
proof of Theorem 4. We subsequently show that

uniformly. This implies that V; = O,(y/Alog (1/A)), since sup,cp (1/nh) 327~} ‘K(M)‘ = Op (1),

Vo = 0,(\/(logT) /T%h) for part (i); and O,(+/(logT') /Th) for part (ii), (S.29)

under the stated conditions. Given these, we have obtained the desired convergence results for sup, . |\i102 (x)—
B (x)0? (x) m (x) |, which in turn allow us to drive the desired convergence results for |6° () — 02 (z) | in
the same way as in the proof of Theorem 8 in Hansen (2008) (we omit the details for brevity).

Proof of (S.29). We derive the convergence rates of V; by using arguments analogous to those for Us
in Theorem 4. Thus, we only outline main points. Look at

B (Xja) [Xs — Xjal 0 (X5)
B2 (Xja) [[Iap (X) du+ [1y0 (X,) dW,] x B2 (X;a) 0 (X;a)
+BY2 (Xja) [[oan (Xu) du + fjAU X,,) dW,] x B2 (X;a) [0 (X,) = 0 (Xja)],
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and define

fa (s,7) := 1{31/2(X;A)[| Jonpdul+] [Ty o(Xa)awal+]o(Xo) -0 (X;a) [|<A1 2 log(1/8) }

Then,

‘/2 = (Q/Th) sup | Zn . K < = x) L(iJrl)AB (XjA) [XS - XjA] g (Xs) fA (S,j) dWs|

<2/Th>sup|z“f<( 220) [XTRB (Xja) [X, = Xjal o (X0) [1— £a (s, j)]dW,)

= :Vy+ V.

By the same arguments as in deriving the result (S.8) in the proof of Theorem 5, we have Vs = 0 almost
surely for sufficiently small A. Therefore, the convergence rate of V5 is determined by that of V5. Letting

q(s,jA) == B(X;a) [Xs — Xja] 0 (X5) £a (s,7),
we have

Vo < (1/Th) max — sup >0~ o (X; f(]H (s,7A) dW,

ke{l,...v (M)} gekcy, (h)
n— Aja—® A '
+ke{{naX (1/Th) Y- lK( — >fj(i+) q(s,jA)
= ‘721 + ‘_/227

where {KCy; (h)}, (:1) is the finite covering of K (h) as defined in the proof of Theorem 5 satisfying (S.14)
with v (h) < Ae™" (for some constant A > 0 and any 7 > 1). In the same way as in (S.15), we can show
that

Vo1 = O,(h telog A™h). (S.30)

By Theorems 8 and 3, for any a > 0,
Pr(Vay > ar/(log T) /TOh) < Ae~*T[277"/? + dexp{—aCly (Th)' "} + 4AT-Fp~06B+D]; (S.31)
Pr(Vay > av/(log T) JTh) < Ae™*T[27~%/2 4 T~ L 4 AT =B+ (1og T) 7). (S.32)

Now, we can derive the convergence result of V5 under the condition on 3 of part (i). We let ¢ =
Vh/T%(log T) and obtain Va; = O,(y/(logT) /T?h) since A~ = O(T*) and log A~! = O(log T'). Then,
by using (S.31) and the condition that h=! = O(T?/ (logT')), we can show that as T — oo,

Pr(Va > ay/(log T) /T7h) — 0,
for any a large enough if
T x TR0 = O((log T)7 Y 5 p-PHaro+0%(5+1))
tends to zero, which occurs as long as

—B+4T0+ 0> (B+1) <0< 470+ 0° < B (1 —6°).



Recalling that any 7 > 1 can be selected, we can see that the last inequality is satisfied if 46 + 6% <
B (1 —6). We now have Vo = O,(y/(logT) /T?h) as desired for the part (i) case.

Finally, suppose that the condition on § of part (i) holds. In this case, plugging ¢ = \/h/T (logT)
into (S.30) and (S.32), we have Va; = O,(1/(logT) /Th), and Pr(Vay > a+/(logT) /Th) — 0 as T — oo
for any a large enough if

Y T—Bh—(ﬁ-',-l) (log T)l—ﬁ _ O((log T>2?—9(,6’+1) x T—5(1—0)+2f+(2f+1)0)
tends to zero, which occurs as long as
2F+ (2r+1)0 < B (1—90).

We can obtain this inequality if 2 + 30 < (1 — 0) since any 7 > 1 can be picked. The proof is now
completed. 0

11 Effects of the Damping Function

In this section, we briefly investigate effects of the damping function by presenting bias, variance and
mean-squared-error (MSE) expressions of the estimators (4) and (5), as well as by providing some results
in finite samples.

Bias and Variance Expressions: The exact expressions are hard to analyze, and we derive their
approximations: for each x € (I,7),

B [(j1(@) = p(@)*] = B2 (2) +V, (2); B[ (6 (2) = 0* (2))°] = Bk () + Ve (1)

where

B, (x) = 12 {(d/dw) B )0 (@) % 57 )ff)(x) /) gB(()) ac) } [ 2K @z
) dz

V(@) i= (1Th) [0 (@) /(2] [ B ()

B,s (z) := h? {(d/dx) (B () 0® (z)] x B(Z)(i)@) G dﬁ;f&? o (""‘“‘)]} / 2K (2) dz;

Vo2 (z) := (1/nh)2 [o* (z) /7 (z)] /K2 (2)dz.

We can derive these approximations from using the standard method as in Pagan and Ullah (1999). For
their validation, we require some conditions on the existence of moments, the decay rate of the mixing
coefficients and the shrinking rate of A. For brevity, we omit the detailed conditions and derivations for
the approximations, which are obtained analogously to ones provided in Kanaya and Kristensen (2014),
who also provide the precise meaning of "~." B, (z) and B,2 () correspond to the biases of the estimators.
V, (x) and V,2 (z) correspond to their variances, which are the same as the variances of the asymptotic
normal distributions. Obviously, the damping function affects only the bias properties, and the variance
components are of the same form as those of the standard NW estimators.



Graphical Illustration of Effects of the Damping Function: To see the effects of B(:) in fi-
nite samples, we compare the standard NW estimator fi (z) and its damped version ji (z) with B (z) =
exp {—cz?} with ¢ = 0.1 and 10. The following figures are based on the same simulated path of the
Ornstein-Uhlenbeck process dX, = A (m — X,) dt+odW,, where (X, m, 0%) = (0.85837,0.089102,0.0021854),
which is Ait-Sahalia’s, (1996a) estimate for short-term interest rates; (7, A,n) = (25,1/52,1300); h =
45n~'/5 (this bandwidth has been used in Stanton, 1997; see p. 360 of Chapman and Pearson, 2000);
f(z) and [i(z) are evaluated over equally-spaced 50 grid points between 1 and 99 percentiles of the
invariant distribution of the process (0.0061 and 0.1721, respectively). As we can see in the two figures,
the NW estimates and its damped version perfectly coincide both for ¢ = 0.1 and 10, even with the
one-hundred time difference in the scale parameter c. While these are only based on one sample, it has
been quite difficult to obtain some other samples/examples in which fi (x) and i (x) look significantly
different for some other choices of date-generating-process, sample-size and bandwidth settings. We have
found a similar result for the diffusion function estimation. From these, we conclude that the effects of
the damping function B are not significant, where we again note that its effects are cancelled out between
the numerator and denominator parts.
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Estimates of u(z)
=

12 Estimation of Non-Negative Valued Processes

In this section, we provide some discussions and results for estimating processes with I = (0,00) or
[0, 00), where we note that many parametric models for short-term interest rates have such state space 1.
While we here focus on the case where the left-end point of I is 0, we can also think of some other cases
(e.g., the left-end point is finite and non-zero and/or the right one is also bounded), to which results for
I =(0,00) or [0,00) carry over with suitable modifications.

When I has a finite end point, the choice of B (-) = exp {—cz?} as considered in Sections 3 and (11)
may not be sufficient. For example, Ait-Sahalia (1996b, 1999) considers a parametric diffusion model
with I = (0,00) and the drift function i (z) := ag + aux + o + az/z, which diverges as @ — 0. To
accommodate this kind of models, we can think of a damping function such as

B(z) =2"exp {-2"}, (S.33)

with some b > 2. This choice of B allow us to establish Theorem 1, even with a drift function such as

i ().



When the left end point of I is 0, we can also think of a case where the invariant density m may not
be bounded around x = 0. Processes with this feature can be easily found. Among others, we can think
of the CIR process:

dX, = k(0 — X,)ds + o/ X, dW,, (S.34)

with x, 0,0 > 0. If 2k0 /02 > 0, the stationary solution to (S.34) can exist whose invariant density 7 (-) is
given by the Gamma distribution with 2x6/0? and 02 /2k representing the shape and scale parameters,
respectively. Given that 2x6/0? € (0,1), the left boundary [ = 0 is attainable. In this case, the process
can have the Gamma distribution as its invariant distribution by making [ instantaneously reflecting (for
construction of this kind of process, see discussions in Section 2 on the behavior of the process running
over infinite time horizon, after the hit on [ = 0; see also discussions in p. 441 of Forman and Sgrensen,
2008). In this case, 7 (x) — oo as z — 0. This process with 2x6/0? € (0,1) satisfies the mixing condition
in (A2.ii) with a geometric decaying rate (i.e. 3 = 00).!® This sort of process with unbounded 7 () at the
end point can be also handled through the choice of B as in (S.33), by which we can ensure the uniform
boundedness of B (x) 7 (x), where we note that the integrability of the density implies that 7 (z) ~ z7¢
(with some g € (0,1)) in the neighborhood of 0 and thus the divergence rates of 7’ (z) and 7” (z) around
zero are also at most of the polynomial order.

For the case 7 (1) — oo as  — 0, we can still verify the uniform convergence of i (x) and 6° (z)
over I = (0,00) (or [0,00)), given the damping function as in (S.33). In Theorem 2, we have supposed
the uniform boundedness of 7, but this condition can be removed if we make slight changes of relevant
conditions such as replacing "¢ (-) € D (B, m)" with

Y (-)eD (Bl/Q,W) and sup BY?(z)7(z) < oo, (S.35)

2€(0,00)

for example. As seen in the proof of Theorem 2, we need to show that the following object:

n—1 X —
A/Th K (== S.36
s (/T3 K (57). (S.36)
is bounded (in probability). However, it may not be so if 7 (x) is unbounded. In this case, instead of
(S.36), we consider
n—1 N —
sup (A/TH) Y. K (H32) B2 (Xja), (3.37)

z€(0,00) j=1

whose O,-boundedness is guaranteed under the condition that sup,¢ g ) BY2 (z) 7 (z) < oo, where we
note that even for the case with I = [0, 00) (i.e., the process may attain the point 0), the supremum of
x needs to be taken over (0, 00), instead of [0, 00), if 7(0) is unbounded. The same argument applies to
Theorem 3, for which the conditions in (S.35) can be used to relax the uniform boundedness of 7 ().

Under the condition as in (S.35), we can still verify the same convergence rates of the variance effect
terms as in Theorems 2-3 even with an unbounded 7 (x) around z = 0. However, the boundedness of
the end point in general makes the convergence rate of the smoothing bias slower. This observation is
summarized as the following remark:

10T his can be checked by noting the following facts: i) the process is conservative and reversible (see Sections 8-9 in Kent,
1978); ii) the spectrum of its (infinitesimal) generator is discrete and has a gap left to zero, which is given by {)\;} with
Aj = —KjJ (see, e.g., p. 334 of KT81); and iii) i) and ii) imply {X,} is geometrically p-mixing (see discussions in p. 799 of
Hansen and Scheinkman, 1995, as well as those in Hansen et al., 1998). Note that in the case 2xk/0? > 1, neither of the
boundaries is attracting, and we can also check the geometric mixing property of the process by the same argument or by
using, for example, Corollary 5.5 of Chen et al. (2010).



Remark 2. (i) Let / = (0,00) or [0,00). Then, given the conditions in (S.35) and the kernel function
K satisfying (B2), it holds that as h — 0,

sup |C_T'n,T (x)— H (x)| = 0(h), (S.38)

z€(0,00)

where H (z) = B (z) ¢ (z) w (x). This slower convergence occurs because we cannot use the symmetricity
property of the kernel in the neighborhood of zero (i.e., [ 2K (x)dx = 0) to kill the first-order term of
the smoothing bias (therefore, if I # R, the use of higher-order kernels does not improve the uniform
convergence rate over I). This kind of phenomenon, the so-called boundary bias, is observed if the
endpoint of the support is bounded and the symmetric kernel is used (see the arguments in Bouezmarni
and Scaillet, 2005), while the boundary bias may be avoided by using asymmetric kernels as in Bouezmarni
et al. (2005) and Gospodinov and Hirukawa (2012). We note that the supremum is taken over the open
set (0,00) in (S.38), which is for avoiding the indefiniteness at * = 0 when I = [0,00) and 7 (0) is
unbounded (we may have [0, 00) in (S.38) if 0 is a point attainable by the process and 7(0) < c0).

(ii) If we use some special kernel and restrict the domain of x, we can recover the smoothing-bias rate
of h%. That is, we suppose that K (-) is a non-negative valued kernel with bounded support (resp. the
normal kernel), then under the conditions in (S.35),

sup |G (2) (z)| =0 (r?), (S.39)
z€[r(h),00)

as h — 0, where 7 (h) (— 0) is a trimming sequence with r (h) = —ckh and cx :=inf{c < 0: K (¢) > 0}
(resp. r (h) = 2h+/log (1/h)).

We can apply the results (S.38)-(S.39) to obtain the uniform rates of iz (x) and 6 (z) when I = (0, c0)
or [0, 00).

Proof of the Statements in Remark 2. Let I = (0,00) or I = [0,00). (i) We prove (S.38) here:

(G (@) = H (@) = sup | [, K (q) [H (gh+ ) — H () ddf

x€(0,00)
— sup |[7%,K (q) H' (%) ahdg|
z€(0,00)
< sup |H (@) hf*, gk (q)|dg = O (h),
2€(0,00)
where we note that ¢h + 2 € I (if 2 € I and ¢ € (—x/h,00)) for the second inequality, and the third
equality holds by the Taylor expansion (Z is on the line segment connecting z to gh+z and the expansion
is valid for any x € (0, 00)).
(ii) Suppose that K (-) is a non-negative valued kernel with a bounded support or it is the normal kernel.
We prove (S.39) here:

|G () — H (2)]

= s [ K @[ @aho+ (/2 1 (3) )] dg
wGT

<h sup |H'(z)]x sup ‘fj/th<q)dq] (12/2) [ ,6* 1K ()l dg sup |H"(z)],  (S.40)
2€(0,00) z€[r(h),00) 2€(0,00)



where we can easily check that the second term on the RHS is O(h?). If the support of K (-) is bounded
and 7 (h) = —ckh(> 0) with cx = inf {¢c < 0: K (¢) > 0}, then the first-order term on the RHS is zero
since ffj:/h qK (q)dq = f;}j qK (q)dq = 0 for any x € [—cgxh,o0). If K (-) is the normal kernel and

r(h) = 2hy/log (1/h), then

sup ‘ff‘;/th (q)dq)z sup ‘ff/oth (C])dCI‘
2l (h),0) 2l (h),0)

< (2m) 2 [T plaexp {—a*/4}] exp {—¢*/4} dg
< (2m) 72 [Pqexp {—q*/4} dg x exp{— (r (h) /h)® /4}
=0(h),

where the first equality holds since ffooo q¢K (q) dg = 0. From these arguments, we can show that the RHS
of (S.40) is O (h?), completing the proof. O
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