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ABSTRACT

Consistency and asymptotic normality are established for the maximum like-
lihood estimators in the nonstationary ARCH and GARCH models with general
t-distributed innovations. The results hold for joint estimation of (G)ARCH ef-
fects and the degrees of freedom parameter parametrizing the t-distribution. With
T denoting sample size, v/T-convergence is shown to hold with closed form ex-
pressions for the multivariate covariances.

KeEyworDs: ARCH, GARCH, asymptotic normality, asymptotic theory, consis-

tency, t-distribution, maximum likelihood, nonstationarity.

JEL CLASSIFICATION: C32.

1 INTRODUCTION

Asymptotic theory is presented for likelihood inference in nonstationary linear ARCH
and GARCH models with (scaled) t,-distributed innovations, where v denotes the de-
grees of freedom. It is shown that when the parameters lie in the region where no
stationary solution exists, maximum likelihood (ML) estimation of the (G)ARCH para-
meters and the degrees of freedom parameter yields estimators which are v/T-consistent
and have a joint normal limiting distribution. Furthermore, the covariances are shown
to have closed form expressions.

Existing theory for likelihood-based estimation of nonstationary GARCH deals with

Gaussian (quasi-) maximum likelihood (QML) estimation as in Jensen and Rahbek
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(2004a,b). As, by definition, the t,-likelihood function differs from the Gaussian, the
arguments employed here are different and the results new. In particular, by exploiting
results for the Beta-distribution, we are able to explicitly characterize distributional
properties of key ratios appearing in the derivatives of the t,-likelihood function.

Theory for t,-likelihood estimation for the stationary case is given in Berkes and
Horvéth (2004) and Straumann (2005, Ch.6). More generally for the stationary case,
asymptotic properties of estimation from maximization of the Gaussian likelihood func-
tion, that is, QML estimation, have been widely studied in the literature, see e.g. Weiss
(1986), Lee and Hansen (1994), Lumsdaine (1996), Berkes, Horvédth, and Kokoszka
(2003), Berkes and Horvath (2003), Hall and Yao (2003), Straumann (2005) and Kris-
tensen and Rahbek (2005). In terms of nonstationary QML estimation of GARCH
models, in addition to Jensen and Rahbek (2004a,b), Francq and Zakoian (2012,2013)
consider nonstationary (asymmetric) GARCH QML estimation and testing for sta-
tionarity, whereas Linton, Pan, and Wang (2010) consider QML estimation allowing
for dependent innovations. Moreover, Aknouche (2014) has recently proposed least-
squares-based estimation of nonstationary ARCH.

To simplify the presentation, as well as the structure of the proofs of the main results
in Theorems 1 and 2, initially the theory for the simple ARCH model is given in Section
2, which is next extended in Section 2.1 to GARCH. The main difference between the
two cases is that the derivations for the GARCH model are notationally more involved
due to the extended recursive structure as reflected in the proofs which are located in
the appendix.

NotaTION: With x a positive scalar, I'(x) denotes the gamma function, and ¢ (z)
and 1’(z) the digamma and trigamma functions, respectively, i.e. 1 (z) := dInT'(z)/dx
and ¢'(z) := d?InT'(z)/da?; see Davis (1964) for more details and properties of T' (z).
All limits are taken as T" — oo unless stated otherwise, and £>, % denote convergence

in probability and convergence in distribution, respectively.

2 NONSTATIONARY t,-ARCH

Consider initially the simple ARCH model of order one introduced in Engle (1982) given
by

Ty =0z, O0F=w+ar? |, (1)
fort =1,2,...,T and with the initial value x, fixed in the statistical analysis. The para-

meters a and w are positive, a,w > 0, and {z};—1 2. is a sequence of i.i.d. innovations

goon

2



following a scaled t-distribution with v > 2 degrees of freedom, denoted ¢,. That is,
2z = /(v — 2)/vZ; where Z has a Student’s ¢-distribution with v degrees of freedom,
and E[z] =0 and E[z?] = 1.

The t,-log-likelihood includes v as a parameter and is given by

Le(0) = 2 SO0), L(6) = — 5 In(o?(6)) + In(a, (i /o:(0)), )

where 0 := (a, v,w)’, the conditional variance 0%() := w + ax? ,, and the density g, (-)

is given by

1 x? _< 2 o F( 2
g, (z) = #)W (1 + E) , v (v) = OR (3)

(v—2 ¥

Let 0y := (v, vo,wp)’, where ag,wo > 0 and v > 2, denote the true parameter value

and such that no stationary solution exists, that is
Elln(aoz)] = 0, (4)

see Nelson (1990) and Bougerol and Picard (1992).

In terms of estimation, note that the ML estimator of the scale parameter w in the
nonstationary case is not consistent. This is equivalent to the nonstationary Gaussian
QML case in Jensen and Rahbek (2004a), and, as there, we derive the results for
estimation of a and v with w fixed at an arbitrary value, see Francq and Zakoian
(2012) for further considerations on this aspect.

Thus, with & and # denoting the maximizers of Ly (0) in (2) for any arbitrary and
positive w, we can state the following theorem for v/T asymptotic inference on « and v

in the nonstationary case:

THEOREM 1 Assume that (4) holds, then for arbitrary w > 0,
VT (& — ag, 7 — vp) % N(0,571),

where the positive definite X is given by

v 3
5 (Eaa 2&:/) _ ( 2(1/0—1?3)04?) ao(r0—2)(vo+1)(vo+3) >
3 (v 1(vo+l 6 ’
Zov e 1(3) V) + G

()

AT

The proof of Theorem 1 is given in Appendix A.



REMARK 2.1 The functional form of the ¢,-likelihood function is by definition different
from the Gaussian likelihood considered in Jensen and Rahbek (2004a,b), with the
important implication that properties of transformations of the Beta-distribution can
be exploited in the proof of Theorem 1. Specifically, the following quantities appear
repeatedly in the derivatives of (the log of) the ¢,-likelihood function,

(vo+1)27

x (vo+1)22 x . (1 22
th = m m and th = (2 hl(l + L

vo—2

) — 2ty ()

O
- ]_7 Z2t o 81/

Observe that, and as used in the proof of Lemma A.5 in the appendix, it holds that 2}, =
[(vo+1)n,—1], 23, = n,(1—n,)(vo+1)/(ro—2), and 25, = [01In~ (o) /Ov+(1/2) In(1—n,)],
where 7, has a Beta(1/2, v/2)-distribution, and results for transformations of the Beta-
distribution applied to z};, i« = 1,2, 3, are then used to derive the explicit form of ¥ in
Theorem 1.

Note furthermore, that of the key quantities in (6) alone the equivalent of z}, appears
in the Gaussian (non-)stationary QML case, while 23, and z3}, are specific to the t,-case.
Moreover, in the Gaussian case the equivalent of 2}, takes the form 22 — 1 corresponding
to vy tending to infinity and the ¢,-distribution approaching the Gaussian. Finally, note

that unlike for the Gaussian case, 27, is bounded by a constant.

REMARK 2.2 Observe that only vy > 2, or Ez? < oo, is required, which contrasts
the QML estimation theory for stationary ARCH models where Ez} < oo is required
corresponding to v > 4; see Berkes and Horvath (2003,2004) for a discussion on general

requirements for QML estimation of ARCH models.

REMARK 2.3 The theorem generalizes the result for Gaussian ML estimation in Jensen
and Rahbek (2004a,b); observe in particular that as vy — oo, such that the ¢,, dis-
tribution tends to the standard Gaussian, the asymptotic variance of &, as given by
Vi = (Zaa —32,/5,,) 7", tends to 202 which is identical to the limiting variance of

the Gaussian ML estimator.

REMARK 2.4 An important result is that also the degrees of freedom MLE 7 is consis-
tent and asymptotically Gaussian at the v/T rate. In particular so as the t, likelihood
expansions in the v direction are entirely different from the a direction and hence require

different arguments when compared to the Gaussian ML theory.

REMARK 2.5 Note the simple explicit form of the individual entries in ¥. One impli-
cation is that Y is consistently estimated by S defined as ¥ with &, U replacing oy and

Vy.



REMARK 2.6 Results for consistency and asymptotic normality of the Gaussian QML
estimator allow for innovations to depart from Gaussianity. Likewise, one could be
interested in studying the properties of the ¢, QML estimator, that is, allow the in-
novations to have a non-t,-distribution while maximizing the t, likelihood function.
However, as thoroughly discussed in Fan, Qi, and Xiu (2014), even for the stationary
case the estimators would be inconsistent. To provide estimation theory in this case ei-
ther very different model assumptions are needed such that o2 is no longer interpretable
as a conditional variance as in Berkes and Horvéth (2004), or the estimation procedure
needs to be changed entirely, such as for the three-step type estimator in Fan, Qi, and
Xiu (2014). Note that, Francq and Zakoian (2014) informally discuss consistency of the
three-step estimator for the nonstationary ARCH, and point at the open issue similar

to here of the asymptotic distribution of the estimator for the nonstationary case.

2.1 EXTENSION TO t,-GARCH

We here present the results for the ¢,-GARCH model which generalizes the t,-ARCH
model in (1). In short, the ¢,-GARCH model is given by

— 2 _ 2 2
Ty = Ok, o —W+Oél't71+60't71,

fort =1,2,...,T, with the initial value z, fixed in the statistical analysis, and {z; }s—12..
is an i.i.d. t,-distributed, v > 2, sequence. Moreover, with the initial variance o3 := v >
0, the parameters are given by 0 := («, 5,v,w,v)’, «, 5,w > 0, and the log-likelihood
function is given by (2) with 0?(0) := w+azx? | +F0? ,(0). Let 0y := (v, By, Vo, w0, Vo)’ s
where oy, 5y, wo, 7, > 0 and vy > 2, denote the true parameter values and such that no

stationary solution exists, i.e.
Elln(aoz; + By)] > 0. (7)

We are now in position to state the equivalent of Theorem 1 for the GARCH case for
arbitrary scale parameter w and initial value <, noting that these are inconsistently

estimated:

THEOREM 2 Assume that (7) holds, then for arbitrary w > 0 and vy > 0,
VT (& — ag, f = 8o, 7 — v0) = N(0,27Y),

with the positive definite Q0 given in (B.1) in the appendix.

The proof of Theorem 2 is given in Appendix B.



3 CONCLUSION

A full theory for ML estimation in the nonstationary ¢,-~ARCH and t,-GARCH models
has been provided. We close by conjecturing that by similar arguments — but with
added notational complexity — it appears possible to extend the results to allow for
different functional forms of the conditional variance o2, including ¢,-(G)ARCH models

of general order, possibly asymmetric.
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APPENDIX

For the appendix we introduce some additional notation: Let %3, . denote almost sure
and L, convergence respectively, ||-|| the Euclidean norm, and finally 1 () denotes the
indicator function.

Note also that full expressions for all first-, second-, and third-order derivatives of
the log-likelihood contribution, /;(#) in (2), are stated in Appendix C.

A PROOF OF THEOREM 1

We prove Theorem 1 in two steps: First, we consider the case of w fixed at wg. Next,
we extend to the case of arbitrary w.

With w = wg and Ly (0) defined in (2), the result follows by Lemmas A.1-A.3 which
provide convergence results for the score and the observed information, and establish
uniform bounds for the third-order derivatives of the log-likelihood function, thereby

establishing the regularity conditions for general asymptotic inference in Jensen and
Rahbek (2004a, Lemma 1).
With w arbitrary, the result follows by Lemma A.4.

A.1 LEMMAS A.1-A .4

Consider first the score:

LEMMA A.1 With Ly (0) defined in (2), the score evaluated at 0y is given by Sy :=
T2 (St 510)', with
S0 = Ol(60) /00 = L0 and sy, = 01(00) /0y = gty + 25, (AL)

W0+a05ﬂ$71 vo—2)

with z}, and 23, defined in (6). Under the nonstationarity condition in (4), as T — oo,
it holds that Sy = N(0,%), where X is defined in (5).

Consider next the observed information.

LEMMA A.2 With Ly (0) defined in (2), define the observed information evaluated at

to by
T . .
IT — T_1 Z (Zt,aa Zt,av) :

t=1 \ Yo Ut



where i a0 = —0%11(00)/00%, iy = —0?1,(00)/0cdv and iy, = —0%1,(0y)/OV* are
defined in terms of zj, and z3, in (6). Under the nonstationarity condition in (4),
Ir 5 S, with S given in (5).

For the third-order derivatives the following uniform bounds hold.

LEMMA A.3 With Ly (0) defined in (2), for any w > 0, the third-order derivatives
of the log-likelihood contributions, i.e. 031,(0)/0a, 931,(0)/0c*dv, B31,(0)/Ov?, and
D31,(0)/ov*da, are uniformly bounded by a constant, ¢, for A\ € N, where N :=
lar, ay| X [vr,vy]. Here ay := ag+ 04, af := g — 04, Vy := Vo + 0, and vy := vy — 9,

for some 44,0, > 0, and such that o, > 0 and vy > 2.

Finally, consider the case of arbitrary scale parameter w:

LEMMA A.4 With Ly (0) defined in (2) and with w arbitrary, there exist oy, ay, vi,

and vy, satisfying ap, < ag < ay and vy, < vy < vy, such that

P

-0

Al (o, Vo w) 0l (0o)
Tl/2 Z ( T (e,

and

P
— 0,

1 Z 8zlt (a,v,w) 921 (ov,v,wo)
T = (a 1/)/8 ay)  d(a,r)d(aw)

sup
(,v) eN

where N := |ay, ay] X [vp, vyl

A.2 PROOF OF LEMMAS A.1-A .4

PrOOF OF LEMMA A.1: First, observe that by definition the of s;, and s;, in (A.1),
for any t > 1,

[stal < %5 and [sy,| < |23,] + 5255, (A.2)

and in particular, E|s, ;| < oo for j = a,v. Lemma A.5 implies next that (s;,s;,)" is
a martingale difference sequence with respect to F; = o(xy, 241, ..., ¥9). Using Lemmas
A.5 and A.7, we find the individual entries in 3 as follows:

T T 2 2
1 2 1 *2] 1 TP P vo _
T 1;231 E(‘St,a‘f.t*l) _ ZE [th] T tz:l (UJO‘H;O;?%_l) - 2(V0+3)o¢8 - Eaa > 0. (A3)
Similarly,

T
LS B Fi) = B(sE,) = Blad) + e Bl + (5 ) Bleesl (A9)



=39 (3) =4 (5] + Grapmerneery = Zw > 0,

and

T 2*2 % % T LBQ_ P
%;E(stﬂsw‘ﬂ,l) = %E [m + th23t] %; <w0+(§t—0;3?,1> — Eau- (A5)

It holds that det (X) > 0, and with equality if and only if 2, = czj, almost surely
for some ¢ € R. This is ruled out by the definition of 2, and z3,, and we have that
det () > 0. As ¥4, %, > 0, it follows that ¥ is also positive definite. We may
therefore conclude that for any ¢ := (¢, ¢,) € R?\ {(0,0)'},

m 1S E [(s0a+ basin)21Fit] D 650 > 0. (A.6)

Turning to the Lindeberg condition, using (A.2) it follows that for any § > 0, and any
(¢17 ¢2)/ S Rza

T
% Z E <(¢1St,a + ¢2St,u)21{|¢13t,o¢ + ¢2St,y| > ﬁ5}> - 0 <A7)
t=1
This establishes the CLT in Brown (1971). O

PrROOF OF LEMMA A.2: Using (C.5) in Appendix C, we have that
ey R 7 2
T t;zt,w =7 t; 3 [21 + 23 (vo — 2)] <w0+;—3;t{1> -

By the strong law of large numbers for i.i.d. processes, limp o, 771371, |5 [25, + 23 (vo — 2)] |
is almost surely bounded by some finite constant c¢. Moreover, for any fixed ¢, it holds by

the Borel-Cantelli lemma that 71 [25, + 23, (vo — 2)] =3 0. Then by applying Toeplitz’
lemma together with Lemmas A.5 and A.7,

T
. P * * 14
72 dae = 3 {E[] + El23)] (vo — 2)} 55 = 5002757 = Zao-

t=1

By similar arguments, and using (C.8) and (C.6),

T T
%;it,au = %tz—:l _% {(VO + 1) zlt Z2t} <WO+;0; 1)
P
= = (o + 1) Elzf, + 1] — E[23)] alo =Y,
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and

T
; 1 _62 Iny() 27 +1 20 Z34
bov = T Z { Ovdv (vo—2)(vo+1) + 2(vo—2)2 + 2(vp—2)

=
=

t=1 t=1
P 9% Invy(v) Elz},]+1 Elz%,] E[z3,]
- - 8ng - (1/0—2;21/04-1) + 2(1/0—1t2)2 + Q(VOES?)
1 v vo+1 1 12
4 |:¢/ (70) - ,QZ)/( 0; ):| - (V0—2)(Z/0+1) + (3—‘,—1/0)(?/0—2)2 - ZVV'
U
PrOOF OF LEMMA A.3: From (C.14), for any w > 0,
loww) | o [ (vu+D)(y—2) | (vu+)(vy—2)° } 1
(a,sul)l’IéN‘ o3 < |(vv+1)+ o T - 1 g Se< oo
Likewise, using (C.15), (C.21), and (C.22),
8311 (a,v,w) 1 (vu—2) (vu+1)(vy—2) 1
(Q?V?EN‘W S [5 To 2 T w22 } a7 S <00,
33l (o,v,w) 9% Inv(v) 3 4(vy+1)
sup ’ > < sup B | T oo T, o S ¢ <00,
(a,v) eN 9 vE[vL,vy] o (vr—2) ( 2)
and
331 (a,v,w) (vu+1) 1 1
(a,Syl)l/Ié/\/" Ov20a < |:(1/L—2)2 I/L—2:| ar, < c< oo
U

PrOOF OF LEMMA A.4: Choose o, > 0 and v, > 2, and define wy, := min(wy,w) and

wy = max(wg,w). Using Taylor expansions, it suffices to show that

a l s70, P
sup || 7173 Z @Eaas ng — 0 (A.8)
wr, Swwy
and
1 931:(0) P
sup sup |5 DL s 0 A9
(a,v) eN wrsw<wy ’ 1; Bew) dlaw)dw ( )
From (C.10),
8211 (ap,vo,w) < 1 1— (vo+1)22 /02 (c,vo,w) o (v+1)(v—2)22 /02 (ap,vo,w)
WLEBIS)UJU Oadw — WLEEIS)WU 2 (vo—2)+a7 /o7 (ao,vo,w) [(y—2)+az%/o‘%(o¢07yo,w)]2
) 0'%(0407’/0,“)0)) < 1 >)
X wLigng <af(o¢o,1/0,w)) (Jf(ao,uo,w) a2(0o)

< [1+ (vo+1)+ W] o (52 + 1) <a%<eo>)’
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and an application of Lemma A.8 and Jensen and Rahbek (2004a, Lemma 11) then gives
that sup,,, <y<, 7~ Y2 Y1, |01, vo, w) /Dadw| £ 0. Similar arguments, and using
(C.12), yield that sup,,, <<, T2 31, |02 (c, vo, w) /OvOw) 20, and we have that
(A.8) holds. Turning to the proof of (A.9), it holds by (C.23) that

831, (0)
da?0w

sup  sup
(a,v) eN wrSw<wy

< sup sup
(a,v) eN wp<w<wy

(v+1)(v—2)%z2/02(6) (v+1)z? /o7 (6) (1) (v—2)z7 /07 (0) 1
[(—2)+a2/c20)]  =DFF/oiO) T [—2)1a2/02(0)]
X sup sup

< ?1>2<U%<eo)>< 1 )
(01 I/)IENWL<W<WU ?( ) 03(9) 05(90)

(vu+1)(vy—2) (vu+1)(vy—2) 1 ey w 1
< <%+( +1)+%+1>g(—0+—°> (—)

(12 ar T ) \ 560
so another application of Lemma A.8 and Jensen and Rahbek (2004a, Lemma 11) yields
that Sup(, ) en SUPy, <wewy 1 ST 10%1,(6) /90 dw] L. 0. Similar arguments, and us-
ing (C.26) and (C.28), give that sup(, ,y cn SUP,, <wcwy 1 ST 10%1,(6)/9advd| o
and sup ., ,yen SUDy, <<y T ST 18%1,(6) ) 9v20u] L0, and we conclude that (A.9)
holds. U

A.3 AuxiLiAry LEmMmAS: t,-ARCH

We state here the expectation and (co)variances of z};, i = 1,2, 3, defined in (6). More-
over, we state important convergence results for ratios of the type z?™ /(wo + o2 ;)F,

with k£ and m nonnegative integers. These properties are repeatedly used in the proofs.
LEMMA A.5 With 23, z5,, and 25, defined in (6),

(i) Blz1] = Elzz] = 0 and Elz5,] = vo/[(vo + 3)(vo — 2)],

(ii) E[z7] = 2vo/(vo + 3) and E[z57] = [/ (10/2) = ¢'((vo + 1)/2)] /4,
(iii) Elz}25) = —(vo+1)71

ProOF OF LEMMA A.5: Notice that z; = \/mét, where Z, has a Student’s
t-distribution with v degrees of freedom. It holds that n, := 22/((vo —2) + 22) =
(22 /v0) /(1 + 22 /o) has a Beta(1/2,v,/2)-distribution, see e.g. Johnson, Kemp, and
Kotz (1995, p.327). Hence, 2}, = [(vo+ 1)n, — 1], 25, = n,(1 —n,)(vo +1)/(vo — 2), and
25 = [0Iny (vg) /Ov + (1/2) In(1 — n,)]. The results then follow by using the results for
the Beta-distribution, listed in Lemma A.6 below. O

12



LEMMA A.6 Assume that the random variable X is Beta-distributed with shape para-
meters p,q > 0, i.e. Beta(p,q). Then

(i) E[X]=p/(p+q) and E[X?| =p(p+q¢) ' (p+1)(p+q+1)7",

(i) E[ln(1 — X)] = ¢(q) —¢(p+¢) and E[ln(1 — X)]* = ¢'(q) = ¢’ (p + ¢) + (¥(q) —
v(p+q))?,

(ii) E[XIn(1 - X)] =[{(q) —¢(p+q) - (p+q) 'Iplp+9) "

PrROOF OF LEMMA A.6: The results in (i) are well-known, see for example Johnson,
Kemp, and Kotz (1995, p.217). The results in (ii)-(iii) follow by using the density
function of the Beta-distribution, and by repeated use of the identity %xy = (Inz) ¥,
x> 0. [

LEMMA A.7 Assume that (4) holds. For m,k € NU {0}, m < k, and with the ratios
v, (m, k) defined by

2m

Y (m k) = (A.10)

wotaoz?_q)k?

it holds that ~, (m, k) il a1 (m =k), ast — oo. Moreover, %Zle v, (my k) il

ag™l(m=k) as T — oc.

PROOF OF LEMMA A.7: The results hold as 22, 2> co under (4) by Theorem 2.1.b in
Kliippelberg, Lindner, and Maller (2004). O

LEMMA A.8 Under the nonstationarity condition in (4) there exists a p < 1 such that
fort>1,
1 —1 ¢—1
B oty | < w0
PrOOF OF LEMMA A.8: Notice that for any ¢ > 1,
t—1

t—1 k
o7 (0y) =z Hl 2l + wo {1 + kzl Hl aozf_i] > wo
1= =11=

tﬁl a2l (A.11)
i=1

with the conventions [[,_, = 1 and 3_)_, = 0. When (4) holds, 1 < exp(E[In(ag2?)]) <
Elapz?](= ag), where the strict inequality holds by Jensen’s inequality and the fact
that the exponential function is strictly convex and that In(agz?) is non-degenerate.
By another application of Jensen’s inequality (for strictly concave functions), we then
have that

E[1/(a0z])] < 1. (A.12)
Combining (A.11) and (A.12) yields the result. O

13



B THE t,-GARCH CASE

We proceed as for the ARCH case by considering first the case of fixed (w,y) at (wo,7v),
and next allow for arbitrary (w,~). Thus with (w,v) = (wo,7,) and Ly (0) defined in
(2), the result follows by Lemmas B.1-B.3 establishing Jensen and Rahbek (2004a,
Lemma 1). With w and v arbitrary, apply Lemma B.4, as in Jensen and Rahbek
(2004a, Sections 4.2-4.3).

B.1 LemMMAS B.1-B.4

LEMMA B.1 The score evaluated at 0, is given by Sp = T—1/? Z;‘le (sm,stﬁ,st’y)/,
with

__ 7} 003(60)/0a .__ 2} 803 (00)/88
2

* *
. Z1t Y94 \Y0)/ 0 ooy \bo)/ 9P S T *
Sta = 5 T o3 0 Shb T 2(00) and s, = So2) T %3t

Under the nonstationarity condition in (7), S — N(0,9), where the positive definite
Q is given by

Qoe Qg Qv
Q= | Qs Qs Q| (B.1)
Qo Qg Dy
where
Qoo = 3503502 Qﬁﬁzg(y0+5‘)ﬁ(§a‘iﬁf)2(l_u2), 1 = El(Bo/ (07 + By))'], i =1,2,
Q, = HW (Z%O)_?’b/(w);l)}+(1/072)2(V06+1)(1/0+3)’ Qa6:2(u0+3)l$0/20(17u1)7
Qv = Gormwememe 9 Qe = (Vo*2)(Vo+1)(il:1+3)aoﬂo(1*u1)'

LeEMMA B.2 Define the observed information evaluated at 6y by

T Z.t,ozoz Z.t,ozﬁ Z.t,al/
=1 . . .
Ir:=T Z o Wps ey |

t=1

Uov UWpy v

where Z.t,aoz = —82115(60)/80[27 it”gg = —82lt(80)/862 Z't’w, = —3zlt(90)/61/2, /l:t’al/ =
—0214(00)/0adv, itap = —0%11(0) /0B, and iyp, = —0%1(0y)/0B0v. Under the
nonstationarity condition in (7), Ir L Q, with Q defined in (B.1).

In the following we define the neighborhood, N(6,)), around 6, as

N(to) ={0:ar<a<ay, B, <P <Py, wr <w<wy, v, <7< y,vr <v <yl
(B.2)

14



for some a; < ag < ay, B < By < By, wr < wo < wy, VL < Yo < Yy, and

vy < vog <Uvy.

LEMMA B.3 With (A1, X2, A3) := («, 8,v), there exists a neighborhood, N (0y) as in
(B.2) such that
max  sup < wr, (B.3)

h,i,7=1,2,3 0N (00)

93Lr(0)
OXLONON;

where 0 < iip 5 ¢ € (0, 00).

Next, let A := (e, 8, v)" and define the neighborhood, N'(},), around X\ := (v, B, 7o)’

as
NXo) ={A=(,5,v) rar <a<ay, B, <P <Py, vy <v<wy}, (B.4)
for some oy, < ap < ay, B < By < By, and vy < vy < vy.

LEMMA B.4 Under the nonstationarity condition (7), there exists a neighborhood, N'(),),
as in (B.4) such that for any fixed w,vy > 0,

T
-1/2 Oli(Mo.w,y) _ Ole(fo) P
HT ;( )\ B\ )‘ — 0
and .
-1 azlt(Avw77) a2lt(A,UJ0,’}/0) P
A:;\L}g) T ;( AN 9N — 0.
. -

B.2 Proors or LEMMAS B.1-B.4:

ProoOF OF LEMMA B.1: By Lemmas A.5 and B.5, (stya,stﬁ,stﬂ,)/ is a martingale
difference with respect to F; := o (ys, Yr_1, -, %0)s Yt := (21, 02(0p))". With uys defined
in (B.11) in Lemma B.5, it holds that

= E 2
F * Z 852(0¢)/0
%,52:1 (S?’O‘| til) }lE [thz] lt 1 <Zi2(—?92)/)a>

T T
v 1 952(00) /0 2 1 2 Py 27
i (425 () — 2]+ 4 o} & iy Bl = O

where we have used Lemma B.5 and the ergodic theorem. Likewise, with ug; defined in

(B.12),

T
1 2 P v 21 v (14pq) o
T t;E(St,glﬂ—l) = s Plusl = seitm maa iy = Less

15



and

K —
(1—pq)

T
P 14 14
%;E(St,ast,6|ft—l) = s Eluatus] = 505 a0m Qap.

Similar to the proof of Lemma 1,

T
1 2 Bl Fie) = 1 [0 (3) =¥ ()] + morapmarmeers = Qs

T
P z 2 * * —
13 BlspasulFir) 5 3B ity + 2028 Blua] = grapimmes @ = Qo

T
1 P 4 2¥2 * % _ 3 2 _
7 2, EGissilFio) = 58 [2<v332> + th'zSt] Elug] = a0 mwers) aobe0pm = ov-

By construction, 2 is positive semi-definite, and next we seek to show that it is in
fact positive definite. Notice that Q = Var[(z],uat/2, 25us:/2, 25,/ (2 (vo — 2)) + 25,)'],
and it hence suffices to show that we cannot find a constant vector ¢ := (¢y, ¢, ¢3)" €
R3\ {(0,0,0)"} such that

¢ (httar /2, 23t /2, 21,/ (2 (Vo — 2)) + 23) =0 aus.

The proof follows by contradiction. First, suppose that (¢, ¢,) # (0,0) and ¢35 = 0,
which means that ¢, 2},uat/2+ Py2],up:/2 = 0 a.s. Since P(25, = 0) = 0, ¢yt +Poup =
0 a.s., but this is clearly ruled out since u,; and ug, are linearly independent. Next,
suppose that (¢q,¢5) = (0,0) and ¢ # 0. Then ¢5(2},/(2(vo —2)) + 23,) = 0 a.s.,
which is ruled out since P(zf,/(2(vo—2)) + 25, = 0) = 0. So it must hold that

(¢1,0,) # (0,0) and ¢3 # 0. Using again that P(z], = 0) = 0, ¢yuar/2 + dyup/2 =
05(1/(2 (vo — 2))+23,/21;) a.s. This is ruled out by the fact that 23, /2], is non-degenerate

and independent of (uq:, up:). We conclude that € is positive definite, and hence for
any ¢ = ((bla bs, ¢3), € R? \ {(Oa 0, O),}7
: 1 A 2 Py
lim 7 > FB [<¢13t,a + ¢a5t,5 + P356.0) |7'-t—1] — ¢ Q¢ > 0.
t=1

T—o0

Turning to the Lindeberg condition, using Lemma B.5 it follows that for any 6 > 0,
and any (¢y, ¢,, ¢3)" € R?,

T
% Z E ((¢18t,a + ¢28t,ﬁ + ¢3St,u)21{|¢18t,a + ¢23t,ul > \/T(S}) — 0.
i=1
This establishes the CLT in Brown (1971). O
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PrOOF OF LEMMA B.2: From (C.4), we have that

T
_ . «1 [ 902(60)/0 « 9202(00)/0B2
T 1;%’56 = 7Ty {%[th (vo — 2)z5] (—f,iz(% /5) + ;th—ai(% B } (B.5)

t=1

T 2 T
«1 | (002(60)/0
= TSl o~ D3] | (Y - 8]+ TS Bt

Mﬂ

4771

« [ 8202(00)/082
Lot + (o — 20z ud + T zm( B — ),

t=1

where ug, and ugg, are defined in Lemmas B.5 and B.6, respectively. By the strong law

of large numbers for i.i.d. processes, Lemma B.5, and Toeplitz’s lemma,

T 2
— * * (90'% 09 8 P
775 4 (o - D5 | () - | Lo (B.6)

t=1

Likewise, using Lemma B.6 instead of Lemma B.5,
1 (0%03(00)/05 P
Z 241 ( o200) “ﬁ5t> -0 (B7)

By Lemmas B.5 and B.6 and the ergodic theorem,

~

T T
o 1‘,—221 3 [0+ (Vo — 2)23)] Uﬁt Z 5 211UBBt

Q

.S.

= S E{[25 + (vo — 2) 23] uf, + Ziyupa)
B 25 + (vo — 2) 23] E[U%t] + %E[th]E[uﬁﬁt]

* v 1
(VO - 2)E [th] E[u%t] = 2(,,0(:_3) ﬁg(i,—;ls()fiw) = Qﬁﬁa (B'S)

NI= N

where we have used that (2], 23,) is independent of (ug;, ugs:). By combining (B.5)-
(B.8), we obtain

1 I . P
T > itps — Qs
t=1

Using similar arguments together with (C.5)-(C.9), we conclude that Zr La. O

Proor oF LEMMA B.3: From (C.13) it holds that,

31 v—2)(v 802(0)/0, 8202(0)/032
sup |28 < 3 [1+ (o + 1) + C240] sup [PEQUR| sup | ek
0eN (0) HEN (0o) 0EN (60)
(vu 1) (v ~2)’ u=2)(y+1) } M‘?’
+ [ + o+ 1)+ T senton | T
30.2 3
+ 214 (vy+1)] sup a;g%

0N (00)
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1+ (o + 1) + S22 5,8, By )assn(By Bu)

<3
2
_9\2 vy — 14 77
| DO o (4 1) + (o) 1] 8 (8, By)
+1 v

1+ (v + 1)] tgspe(Br, By) =: Wy,

where we have used Lemma B.8, and where g (3}, By), uspt (B, By), and ugps:(Br, By)
are defined in Lemma B.8. Another application of Lemma B.8 yields that {w@, } is ergodic

and w;, is integrable, so by the ergodic theorem,

T
< LYy = Eliy] = ¢ < oo

T
asLTg(e)’ <13 sup
08" 1 = T (= pen(oo)

Similar arguments applied to the rest of the third-order derivatives of the log-likelihood
function, stated in (C.14)-(C.22), yield (B.3). O

PRrROOF OF LEMMA B.4: We choose oy, f; > 0and v, > 2, and define wy, := min(wy, w)
and wy = max(wp,w), and, likewise, v, := min(y,,7) and 7, = max(y,,7). Using

Taylor expansions, it suffices to show that

a lt(>\07 7’7 P
sup || 7172 Z axon || 0 (B.9)
wr <wlwy
Y.<y
and
83l,« P
sup  sup E: 6A6A8w — 0, (B.10)
AeN(Ng) wr<w<wy t=1
YLy
for ¢ = w,~. From (C.10),
sup ‘321t(>\07w77) < sup L|1-— (vot+D)zi/ofMowyy) (V0+1)(V0—2)96?/0?()\oﬂwg)
dadw — 2 vo—2)+x2 /02 (Ao,w,y _ 272
wr <wlwy wr <wlwy (ro=2)+ai/ov (ho ) [(VO 2)"‘%/‘71&()\0:%’7)]
TLSYSYU Y.<y
80%(/\0,%7)/804 80%(/\0,%7)/(%1
8 Sup ‘ ( o7 (Xo,w,v) o2 (Ao,w,Y)
wr, <wlwy
YL <7<y

S %(1 + 2 (VO + 1))aat<ﬂL7 ﬁU)/i2[2 + (BO - BL)ult(ﬁoaﬁL)]rlwb

where we have used Lemmas B.8 and B.10, and where (5, 5) and ko are defined
in Lemma B.8 and rq.; is defined in Lemma B.10. An application of Lemmas B.8 and
B.10 together with Jensen and Rahbek (2004a, Lemma 11) gives that

sup T2 Z 021, ( o, w, /8a8w| — 0.
wr, <wlwy
YLV
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Likewise,

sup a?lt(Ao,wn)‘ < sup Ll1- (votDa?/o?Mowy)  (vot+1)(vo—2)z?/o? (Now,y)
Bady - 2 (vo—2)+a7 /07 (No.w,y) _ 2,2 2
w1 <w<wy wp <w<wy /9% [(vo—2)+22 /o2 (No,w,y)]
YLV Y.<y
902 (Mo,w,y) /O 902(Mo,w,y)/0y
X su t ) 3 W,
P ‘ < 0%(/\07“)7’7) O’%()\o,w,'y)
wr <w<lwy
YLY<vw

< 21+ 2o+ 1)ua(Br, Bu)kal2 + (By — BL)UU(BO’BL)]%’

where r.; is defined in Lemma B.10. By arguments similar to the ones above,

T
sup T7Y2¥ 0%1:(Xo, w,7) /0| Zo.
wp<wlwy t=1

YLY<vw

Likewise, similar arguments can be applied to (C.11) and (C.12) in order to conclude
that (B.9) holds. Turning to the proof of (B.10), it holds by (C.23) that

931,(0)

sup sup ERCE
AEN(N) wp <w<wy
YLy

(+1)(v—2)%27/07(6) (v+1)z/0? (0) (v+1)(v=2)2}/0}(0)

<
oy o om0 | @20 T [—2)ra o20))]

AN (N) wp <w<wy
YLy

o2 e’ 2 o2 Ow
<o op (2e) ()
AEN (o) wp <w<wy ' '

YLy
_9)2 v vy —
(S s )

XUy (BL, Bu)k22 + (Bo — Br)u1e(Bo, Br)]riwe,

and, likewise,

2
sup  sup ?9:55997) < (% o+ 1)+ (uualL)g;—Q) X 1)
AEN (Ng) wi <w<wy
YLy

Xtz (B, Bu)ka(2 + (Bo — Br)us(Bo, ﬁL)]%?

so another application of application of Lemmas B.8 and B.10 together with Jensen and
Rahbek (2004a, Lemma 11) yields that

T
sup  sup TP 10%1,(0) /0020 Lo

AEN (Ag) wi <w<wy t=1
YLy
Similar arguments applied to (C.24)-(C.28) yield (B.10). O
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B.3 AuxiLiARY LEmMmAS: ¢,-GARCH

LEmMMA B.5 Define

and

j
Uat = Z 60 Zt —j k]:[1 04023?24’50 (B.].].)
ug =3 87 f[ S — (B.12)
AT et

Then the sequences {un:} and {up:} are strictly stationary and ergodic,

0 < 9BC/0a 0 < aatg( )/)66
ot

a7 (60) < Ut

and for any p > 1

Elug,] < oo and  Eluy,] < oo.

In particular,

Elua] = ag', Elug] = ag”, Elug] = m;
2 (14p4) _
Elug] B (1 /B(E/@)’ and Eluartg] = aoBoF(Lll—m)’

where y1; = E[(Bo/ (02 + Bo))], i = 1,2.
Under the nonstationarity condition (7),

—aai(?e((;l/)aa — Uqt Ly 0 ast — oo, 803(;(% — Ugt = 0 ast— oo,
) o a L g L
b () - ] 0 () - ] 0
t=1 t=1
() () S eim
and .
(o} o 0'2 L
b [(228057) (P80 — varuad] 20 (B14)
for allp > 1.

Proor oF LEMMA B.5: The results hold by arguments similar to the ones given

in the proofs of Lemmas 3 and 4 in Jensen and Rahbek (2004a)!. In particular, no-

tice that u, and ug are measurable functions of the strictly stationary and ergodic

'In Jensen and Rahbek (2004a, Proof of Lemma 4), the convergence in display (25), and in the

display immediately before, holds in probability in the case where the nonstationarity condition holds

with equality, see Theorem 2.1.a in Kliippelberg, Lindner, and Maller (2004). The conclusion of their

Lemma 4 is however still valid, since it is only needed that the convergence in (25) holds in L;. This
holds as [T2_, (Bo/ (0?2, + Bo) — Bhhe—j/ht) is uniformly integrable.
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process {z?}, and due to the fact that w, and wug are integrable, they are almost
surely finite. Hence, {un:} and {ug} are strictly stationary and ergodic. For deriv-

ing the second-order moments of (uq, ug,) it is used that us = o L a.s., see Jensen
and Rahbek (2004a, p.1218). The convergence in (B.13) and (B.14) hold by observ-
ing that [(007(00)/0cx) /7 (00)][(007(00)/0B) /i (60)] — uarus = [(00F(00)/Dcr) /o (0o) —
uat)[(00F(00)/08) /07 (00) —usi|+ (007 (00) / 0cr) /07 (00) —uaeus+[(907(00) /0B) /o7 (00) —
Ugt| Ut O

LEMMA B.6 Let

00 2 ]—1 o0 J
— § : ; -1 *ij B = ] ~2 —fo_
Hodt = j:1(J — 1A aoztzfjﬁ“ﬁo k:l;[1 O‘OZ?_ZWO ooand ugpy = 2320 ~ Db, Ry 0%kt P

Then the sequences {uqp} and {ugp:} are strictly stationary and ergodic,

8202(00)/800p 8202(8) /93
OSWSU@& and OSWSUBL%;

and for any p > 1, Elugs,] < oo and Elujys| < oo. Moreover, under the nonstationarity

condition (7), ast — oo, for all p > 1,

9207 (00)/00/0 L %07 (00) /057

P Ly
0'%(90) — Uapt — 0 and U%(Go) — Uppt — 0.

Proor or LEMMA B.6: The proof follows by arguments similar to the ones given in
the proof of Lemma B.5. O

LEmMA B.7 With a,b > 0, define

0o m—1 J
umt<a7b) :mzarm H (j _n) H 21 ) m = 17273747
iz =l Pl apz;_,+b

with the convention that H?L=1 = 1. For any p > 1 there exists B and By, B < By <
By, such that {um(By, Br)} and {um:(By, By)} are strictly stationary and ergodic with

Elupy(Bo, 81)] < oo and  Elup,(By. By)] < 0.
PrROOF OF LEMMA B.7: See Jensen and Rahbek (2004a, Lemma 3). O
LeMMA B.8 Fora,b > 0, define
Ugi(a,b) = rilun(Bo, a) +uslb, Bo) + 5(b — Bo)uai(b, By)l;
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tgpr(a,b) = Kilug(Bo,a) + ux(b, By) + %(b — Bo)use(b, By)l,
Uppsr(a,0) = ralusi(By, a) + usi(b, By) + 3(b — Bo)uar(b, By)],
[e'e) 2 —1
Uat(a,b) = K22+ (By — a)un(By, a)] Y- <a0:7+60 j aozgﬁﬁo

<
Il
i

ygk:
—
<.

|
—_
~—
S

)I_\

Uapt(a,b) = ka2 + (By — a)ui(By, a)]

Zt27j = b
> Il 2%
aoz;_+0Bg el aoz;_,+Bo

<.
||
I\

s

<
Il
w

22 . i—1
agan(, ) = wol2 4+ (B~ a)un(Bo, )] L0 - 10 -2 (55755 ) T sy

where um(a,b), m =1,2,3,4, is defined in Lemma B.7, and the constants k;, i = 1,2,

are given by

max(ay /a0, Yy /Yo.wu /wo)

(o Ta0 e Ty Gnd Ko = min(ay/ao, Y1,/ Yo, WL/ Wo)-

K1 =

For any p > 1, there exists a neighborhood, N'(0,), as in (B.2) such that

eero)aai(gg# < (B, Bu), (B.15)
eeN(eo)%(g/)w < Ugpe(Br, Bu), (B.16)
06/\/(90)%&0/)853 < Ugps(Br, Bu), (B.17)

geN(eo)%i-(;% < Uar(Br, Bu); (B.18)

b oD < 5180, (B.19)
0EN (0) 530?f§(£a062 < Uappe(Br, Bu)- (B.20)

and such that the process {u;}, where

Ut = [@&(ﬂ[n 5U)7 aﬁﬁt(ﬂL> BU)a aﬁﬁﬁt(ﬁLv BU); aat(ﬂL7 BU); aaﬁt(ﬁL; 5U)> ’aa,ﬂﬁt(ﬁLa 6U)]/7

is ergodic with E|||u||’] < oo.

PROOF OF LEMMA B.8: First, observe that (B.15)-(B.17) and Efuj, (51, 8y)], Elus,(8r, Bu)l,
Eltggs,(81, By)] < oo follow by Lemma B.7 together with Jensen and Rahbek (2004a,

Lemmas 7 and 9). Next, notice that

t ) t )
802(0)/0ac Zj:l ﬁjilwg—j _ Zj:l Bjilzg—j&?*f(%) — i ﬁjfl 2 5§7j(90) o7 (f0)
a7 (0) B a7 (0) B ot (0) - j

22



J J &2 (60)
— J—1, 7 (6o) Gt k(0o) 1,2 at(eo) t—k (%
Z p t —Jj a2(0) I;[ Z B2 —J o2(0) kl;[1 wo+(aoz2_, +B)52_, (60)

Ut k+1 (60)

! j—1 o (00) / L (02(00) 2, = 8
< Z t t —J .
> ]; 5 t—j o2(0) I;[ ozl k+60 g; ( a2(0) > aozt{ﬁﬁo kl;ll aoz? . +Bo

From Jensen and Rahbek (2004a, Lemmas 7 and 9), sup,e NGy (( )) < Kal2 + (By —
Br)u(Bo, B1)], and hence

t 2 izl
sup 802%()0/)8(1 < /{2[2 + (50 - 5L>U1t(60’/8L)] Z ( Zt e ) H fU

0eN(0,) =1 aozf_;+Bo Palec] aozi_,+0Bo
o % = Bu
< ml2+ (B0 = Bu)unBo B X () T ety = ol Bu).
Jj= =

Similar to Jensen and Rahbek (2004a, Proof of Lemma 3), it holds that for any p > 1
there exits a 8y > [, such that

1
E [(WB—U)IJ] <1 and 2— < — as. (B.21)

kB0 Zgtho T g

Combining (B.21) with Lemma B.7 yields that for any p > 1, there exists a neighbor-
hood N (6,) such that E[al,(5;,fy)] < co. Similar arguments yield (B.19) and (B.20)
and E[ul (81, By)l, Elthzs,(Br, By)] < oo. Lastly, u; is a measurable function of the
ergodic process {z?}, and due to the fact that u; is almost surely finite (element-wise),

we conclude that {u;} is ergodic. O
LeEMMA B.9 Under the nonstationarity condition (7),

El(aozf + By) Y] < 1.

PrROOF OF LEMMA B.9: Similar to the proof of Lemma A.8, and due to (7), it holds
that 1 < exp(E[In(apz? + B,)]) < Elagz? + By (= o + B,), where the strict inequality
holds by Jensen’s inequality and the fact that the exponential function is strictly convex
and that In(agz2 + 3,) is non-degenerate. We then have that 1/E[cgz? + 3,] < 1, so by

an application of Jensen’s inequality for concave functions, F[(cpzZ + 3,) 7! < 1. O

LEMMA B.10 Under the nonstationarity condition (7), there exists a neighborhood,
N(6,), as in (B.2) such that

sup % < 52[2 + (50 - 5L)u1t(5076L)]r1Wt7
0EN(8,) 7t

%02 0B0w
Sup tcgg)((/a)ﬂ < k224 (B — Br)un(Bo, Br)]r2ut,
OeN(6,) t

23



30.2 2 w
sup % < ka2 + (B — Br)ui(Bo, Br)]rawt?,
0N (0,) ¢
902(0)/0 r
sup ;g()e/) T < ka2 4+ (By — Br)ur(Bo, 6L)]'yit7
e, 7t °
8202 (0)/0Bdy Tyt
geS/\l/'l(I;O) 20 < k224 (B, BL)Ult(BOaBL)]g(WO J
20.2 Tt
sup %&?M = [ (ﬁ 5L)U1t(50> BL)] 3o (t - 1)
0N () t

where ko is defined in Lemma B.8 and u1(By, B1,) is defined in Lemma B.7. Moreover,
withi=1,2,3,

t
it =0 [(Bu —1)7" 1:[ %1@0 >1)+(1-8)" 1;[ a0l ;ﬁﬁo 1(8p < 1)

and

satisfying
Elriw] = 75" (B, —1)7'p", when By > 1,
Elrin] = 751(1 —B,)7p", when B, < 1
E[T’Yt] - Iotv

with some p < 1.

PrROOF OF LEMMA B.10: The results follow from Jensen and Rahbek (2004a, Lemmas
7,9,12 and 13) and Lemma B.9. Notice that Lemma B.9 implies that Jensen and Rahbek
(2004a, Proposition 1) holds for p = 1, even when the nonstationarity condition (7) holds
with equality. Thereby it is easily concluded that r;.; has exponentially decreasing mean

for the case where 3, < 1. U

C LIKELIHOOD DERIVATIVES

With [;(0) the log-likelihood contribution defined in (2), its first-, second-, and third-

order derivatives are given as follows.

C.1 FIRST-ORDER DERIVATIVES

al(0) 1 | (w+1)z?/02(0) 902(0)/0a
5a -2 (V_2)+;g/;§(9) —1 Zg(g) ) (C.1)
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51/ o (97/ T2 In (1 + v—2 ) + 2(v—2) |:(V—2)+x?/0'f(9) B 1i| : (C3)

C.2 SECOND-ORDER DERIVATIVES
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With 1 denoting either w or v,
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C.3 THIRD-ORDER DERIVATIVES
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