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Abstract

The properties of dynamic conditional correlation (DCC) models are still
not entirely understood. This paper fills one of the gaps by deriving weak
diffusion limits of a modified version of the classical DCC model. The limit-
ing system of stochastic differential equations is characterized by a diffusion
matrix of reduced rank. The degeneracy is due to perfect collinearity between
the innovations of the volatility and correlation dynamics. For the special
case of constant conditional correlations, a non-degenerate diffusion limit can
be obtained. Alternative sets of conditions are considered for the rate of
convergence of the parameters, obtaining time-varying but deterministic vari-
ances and/or correlations. A Monte Carlo experiment confirms that the quasi
approximate maximum likelihood (QAML) method to estimate the diffusion
parameters is inconsistent for any fixed frequency, but that it may provide
reasonable approximations for sufficiently large frequencies and sample sizes.
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1 Introduction

Continuous and discrete time volatility models are often considered as two compet-
itive views to modeling financial time series. Thanks to the analytical tractability
ensured by Ito calculus, continuous time models have played a central role in theo-
retical finance. The continuous time setting allows to have a deeper understanding
of the properties of the corresponding discrete time model and to assess probabilistic
and statistic properties of discrete time sequences such as stationarity, existence of
moments or distributional results which are otherwise intractable in discrete time,
see e.g. Nelson (1990), Nelson and Foster (1994) and Nelson (1994).

From an applied viewpoint, inference on continuous time parameters of stochas-
tic volatility models represents an important issue. The intractable likelihood func-
tions and the unobservable volatility process require sophisticated estimation pro-
cedures. Several estimation methods have been proposed, such as the simulation
based method of moments, Duffie and Singleton (1993), the quasi-indirect inference
of Broze, Scaillet, and Zakoian (1998) or Bayesian Markov chain Monte Carlo meth-
ods, Jones (2003). Bollerslev, Engle, and Nelson (1994) and Ghysels, Harvey, and
Renault (1996) provide exhaustive surveys on stochastic volatility models. There-
fore, discrete time volatility models have been most often preferred by the applied
econometrician. Rather than estimating and forecasting with a diffusion model ob-
served at discrete points in time, it is in fact often easier to use a discrete model
directly.

The theory of convergence of discrete time Markov sequences towards continuous
time diffusion processes, see e.g. Stroock and Varadhan (1979), Kushner (1984) and
Ethier and Kurtz (1986), provides the theoretical foundation to establish mutual
complementarities, possible inter-changeability and connections between the two
approaches. Nelson (1990) provides conditions ensuring the weak convergence of a
discrete time Markov chain, defined by a system of stochastic difference equations,
towards a diffusion, defined by a system of stochastic differential equations. The
proposed approach requires the convergence, as the interval between observations
shrinks to zero, of a number of conditional moments to well defined limits at an
appropriate rate. In the context of GARCH-type models, Nelson (1990), illustrates
the convergence through various GARCH specifications. This approach has been
used by Duan (1997) to derive the diffusion limit of the Augmented GARCH model,

by Fornari and Mele (1997) to study the continuous time behavior of the class of non



linear ARCH models proposed by Ding, Granger, and Engle (1993), by Alexander
and Lazar (2005) to derive the diffusion limit of a weak GARCH process and in
a related setting by Trifi (2006) to illustrate the convergence results for the CEV-
ARCH model of Fornari and Mele (2006) and the CMSV model of Jeantheau (2004)
and Hobson and Rogers (1998). In the multivariate case, apart from Nelson (1994)
in the context of asymptotic filtering theory, to our knowledge, the relationship
between discrete and continuous time volatility and correlation models has not been
addressed yet.

The potential advantage of the Nelson approximation approach lies essentially
in estimation and forecasting. Considering the discrete time model as a diffusion
approximation suggests to infer the parameters of the diffusion model by the param-
eter estimates of a discrete time GARCH-type model. Hence, a natural alternative
to the direct estimation of the diffusion parameters consists in inferring the diffusion
parameters by means of a tractable likelihood function of an approximating discrete
time multivariate GARCH process. Following Fornari and Mele (2006), this ap-
proach is called estimation by quasi-approximated maximum likelihood (QAML).
Requiring a feasible computational effort, this approach has been advocated e.g. by
Engle and Lee (1996), Lewis (2000), Barone-Adesi, Rasmussen, and Ravanelli (2005)
and Stentoft (2011) among others. Its computational advantage becomes important
in the multivariate case, where volatility models within the conditional correlation
class can be estimated in a straightforward two-step procedure, estimating first the
conditional variances, then conditional correlations. However, the main drawback of
estimation by QAML is the difficulty of proving its consistency even if the discrete
time approximation is closed under temporal aggregation, see Drost and Nijman
(1993) and Drost and Werker (1996). In the univariate GARCH case, Wang (2002)
has shown that the statistical experiments resulting from the estimation of the dif-
fusion model and its approximating discrete time model are not equivalent, which
would imply inconsistency of the QAML estimator also in the multivariate case.

In this paper we focus on conditional correlation models with GARCH dynamics
for the variances of the marginal processes. We recover the diffusion limit of a modi-
fied version of the classical Dynamic Conditional Correlation (DCC) model of Engle
(2002), called consistent DCC (¢cDCC), proposed by Aielli (2006). Unlike DCC, the
c¢DCC model has a martingale difference property of the correlation dynamics and

is therefore easier to treat from a theoretical viewpoint. For this specification, we



derive the existence of a degenerate weak diffusion limit. The degeneracy is due to
the particular structure of the discrete time model in which the noise propagation
system of the variances and the one of the correlation driving process are perfectly
correlated. This structure is preserved in the diffusion limit which is characterized
by a diffusion matrix of reduced rank. More precisely, the diffusion of the variances
and of the diagonal elements of the correlation driving process are pairwise governed
by the same Brownian motion.

As a special case, we consider the Constant Conditional Correlation model (CCC)
of Bollerslev (1990), which can be obtained from the cDCC under suitable parameter
restrictions. The CCC-GARCH model is particularly interesting because, unlike the
cDCC-GARCH process, it admits a non-degenerate diffusion and, in the bivariate
specification, a closed form solution for the diffusion limit.

We then propose and discuss alternative sets of conditions regarding the speed of
convergence of parameters of the cDCC-GARCH model. In this way, other types of
degenerated diffusions can be obtained which are characterized by a stochastic price
process while variances and/or correlations remain time varying but deterministic.
In the same spirit of Corradi (2000), we then discuss what kind of processes can be
obtained as Euler approximation of the alternative diffusions processes.

The paper is completed by a simulation study to investigate the performance of
the QAML estimator of the diffusion parameters in our model framework. For the
parameters characterizing the innovation in variances and in correlations, we find
a negative bias in all cases, irrespective of the sample size, which only decreases
as the time intervals shrinks to zero. This confirms the results of Wang (2002)
that care needs to be taken in inferring diffusion parameters from a discrete type
approximation when there is no statistical equivalence of the likelihood estimators.
For the remaining model parameters, however, no substantial biases are found and
the mean square error converges to zero as the sample size increases for a given time
interval.

The paper is organized as follows. In Section 2 we present the theorem of weak
convergence of discrete time Markov chains. In Section 3 we study the continuous
time behavior of the ¢cDCC and CCC models. We also present the degenerate
diffusions induced by a reparameterization of the convergence conditions. In Section
4, we illustrate through a Monte Carlo simulation our convergence results. In Section

5 we conclude and discuss directions for further research. All proofs are provided in



the Appendix.

2 Weak convergence of stochastic systems

In this section we introduce a set of conditions for the convergence of a system of
discrete time stochastic difference equations towards system of stochastic differential
equations based on the work of Stroock and Varadhan (1979), Kushner (1984),
Ethier and Kurtz (1986) and Nelson (1990).

Let us define by D ([0,00),IRN ) the space of cadlag mappings from [0, 00)
into RY and B (]RN ) the Borel sets on IRY. Pry, is the probability measure on
D ([0,00), IRY) for each h > 0. Let Fyy, be the o-field generated by (kh, X, X\,
Xéz),..., X,iz)), where X,i},ll) is an N-dimensional discrete time Markov chain in-
dexed by h > 0, k € IN, with v, a probability measure on (IRN , B(RY )), such
that Prh[Xéh) € Il = () for any I' € B(IR") defines the distribution of
the starting point X(gh), and with transition probabilities Prh[X((ZJ)rl)h € T\ Frn] =
thkh(X,gﬁ),F), Vk e N, ' e B (]RN). Let us now define Xt(h) a continuous time
process, formed from the discrete time process X ,EZ)
jumps at h, 2k, 3h, ..., such that Pry[X" = X" kh <t < (k+1)h] = 1. Finally,

let X; be a continuous time process obtained from Xt(h) by shrinking h towards

as a cadlag step function with

zero. X; represents the limiting diffusion process to which, under Assumptions 1

) weakly converges as h — 0. Let

to 4 given below, the discrete time process Xt(h
Q2 denote the space of N x N matrices, and €2 C €2 the set of symmetric positive
semi-definite N x N matrices.

For the convergence results we need the following assumptions.

Assumption 1. There exist a continuous function a(z,t) : IRY x [0,00) — Q' and a

continuous measurable function b(x,t) : IRY x [0,00) — IRYN such that for all r > 0



and (k—1)h <t < kh
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the i'™ element of the vector (X((,?J)rl)h - X,EZ)).

Assumption 2. There exists a continuous function o(x,t) : IRN x [0, 00) — Q such
that for all x € IRY and t >0, a(x,t) = o(x,t)o(z,t).

)

Assumption 3. X(()h converges in distribution, as h — 0, to a random variable X

with probability measure vy on (IRY, B(IRY)).

Assumption 4. vy, b(z,t),a(x,t) uniquely specify the distribution of a diffusion

process X; with initial distribution vy, drift vector b(z,t) and diffusion matriz a(z,t).

We can now state the following theorem for the weak convergence of discrete

time stochastic sequences.

Theorem of weak convergence (Nelson, 1990). Under Assumptions 1 to 4,
the sequence of discrete time process X,g,? indexed by h > 0 k € IN, converges in
distribution, as h — 0, to the diffusion process Xy, i.e. the solution of the system of

stochastic differential equations
dXt = b(Xt,t)dt+U<Xt,t>th, (3)

where Wy is an N-dimensional vector of mutually independent standard Brownian
motions, independent from Xy, and with initial distribution vg. The process X,
exists, it is finite in finite time intervals almost surely, it is distributionally unique

and its distribution does not depend on the choice of o(x,t).

For the proof we refer to Nelson (1990). Conditions under which vg, b(x,t) and
a(x,t) ensure finiteness of the process in finite time intervals and uniqueness of the
limiting diffusion are extensively discussed in Stroock and Varadhan (1979), Ethier
and Kurtz (1986), and Nelson (1990). To ensure weak existence, uniqueness and

non-explosion of the diffusion process X; on compact sets we rely on ‘Condition A’
of Nelson (1990), i.e.,



Condition 1 (weak existence and uniqueness). Let a(z,t) and b(x,t) be continuous

i both x and t with two partial derivatives with respect to x.

Following Theorem 10.2.2 of Stroock and Varadhan (1979), we impose the fol-

lowing conditions of non-explosiveness of X;.

Condition 2 (non-explosiveness). For each T' > 0, there is a Cr < 0o such that

sup |la(z,t)|| < Op(1 + |z?), zeRY
0<t<T

and

sup (z,b(z,t)) < Cr(1 + |z]?), =€ RN,
0<t<T

These are not the weakest possible conditions, but they are easy to check and

will suffice in our model framework.

3 Main theoretical results

Let Y,f,?) be an N-dimensional vector of logarithmic prices indexed by kh, k €
N, h > 0. The superscript (h) represents the time interval between two consecutive
observations, i.e. for given h, prices are observed at times h,2h,3h,.... We let the
parameters depend on the sampling frequency. Furthermore, the variance of the
innovations is made proportional to h. In this paper we focus on the covariance
stationary case, hence usual suitable positivity and stationarity constraints on the
parameters of the variances and correlation driving process apply, see Bollerslev
(1986), Engle (2002), Aielli (2006) and Aielli (2013).

In the remainder of the paper we use the following operators: vec() stacks the
columns of a matrix into a vector, vech() stacks the lower triangular portion of a
square matrix into a vector, vechl() stacks the strictly lower triangular portion of
a square matrix into a vector (i.e., excluding the diagonal elements), diag() stacks
the diagonal of a square matrix into a vector. Furthermore, 1y is a (N x 1) vector
of ones and Iy is the (NN x N) identity matrix. We also make use of the fol-
lowing elementary matrices: Dy denotes the (N? x N(N + 1)/2) duplication ma-
trix, which for any symmetric matrix A transforms vech(A) into vec(A), D} its

generalized inverse, see e.g. Liitkepohl (1996) for details, I* is defined such that



diag(A) = I*vech(A) with I* = "Dy and IT = (1y ® Iy) © [1y @ vec(Iy)] trans-
forms vec(A) into diag(A). Finally, I~ is defined such that vechl(A)vechl(A) =
I~ (vech(A)vech(A)) [~ =I"D}(A® A)DY T}

3.1 The cDCC-GARCH process

The discrete time cDCC-GARCH process of Aielli (2006) for the log price vector of

an IN-dimensional portfolio of assets Y; is specified as follows:

Vi=Yi1+ Sene, ne|Feo1 ~N(O, Ry), tEN (4)
Vier = c+ ASE(n, @ m) + BV, (5)
Qrir = Q +VPmun Py + Qs (6)
P =(Qi® In)'?, (7)
R, =P Qi P, (8)

where F; = o(Y;, 7 < t), S; is a diagonal matrix with positive diagonal elements,
V, = diag(S?). The parameters of the model are: Q (N x N) positive definite; A, B
(N x N) diagonal with positive diagonal elements, ¢ (N x 1) elementwise positive,
and 9, v: positive scalars.

The standard DCC model of Engle (2002) is very similar but instead of (6) speci-
fies Qiy1 = Q+ 91, +~Q;. The advantage of the cDCC model is that the recursion
for @ preserves the martingale difference property, i.e., E[Pnn, P, — Q| F:] = 0.
Hence, the process { Py, vech(Q;)} is a multivariate semi-strong GARCH process
in the sense of Drost and Nijman (1993) and Hafner (2008).

Consider now the properties of the system of stochastic difference equations (4)-
(8) as the time is partitioned more and more finely as in Section 2, letting the
parameters and the covariance matrix of innovations depend on the length h of time

intervals. We begin by partitioning time in (4)-(8), for » > 0 and k£ € N, according

!/

1 0000O0O0O0O 010000
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00000O0TO OO0 1 000010



to the following scheme

Yk(}?) = }/(gc D T Skh nkh)> (9)
‘/(gf}ii-l =cn+ Aph” Skh (th) © W(h)> + By, Vk(i}zl)7 (10)
QEZl—l)h Qn +Oph” lpk(:h nkzh) nkzh) P;f;;}f) + Tn Qkh’ (11)
Py = (@ © )", (12)
Ry = Pé’ﬁ) QPR (13)
and
Pri[(Yo, Vo, Qo) € T] = vp(T) for any I € B (RN<N+5>/2) (14)

where 77,(;;3 is an (N x 1) vector of standardized but conditionally correlated innova-

tions such that Rg}i 1/277,(6’,1 i.i.d. N(0,hly). Further, Sli},? is an (N x N) diagonal
matrix of conditional standard deviations with the (N x 1) vector of conditional
variances denoted by Vk(,? ) = diag(S ,5;2)2). For the correlation driving process QS;,? we
have, under the restrictions Qj, € ', 94,7, > 0, that Q;’;L) € /. We will denote the
non-redundant elements of Q,(;;l) by q,g,? = Vech(Ql(;;L) ). Finally, (14) defines the distri-
bution of the initial value of the random vector (Y, Vi, Qo). Note that, for a given h,
the vector (Yk(: ), 1A% Vi qEle) ,) is a discrete time Markov process, so that the theory

(k+1
of Section 2 applies. Again, note also that h_lE[(PJEh)U;i’;L)UIiZ) Pk(h)) (h)|]-'kh] 0,

so that, for a given h, the process {hil/QPkZ)nl(;L), Qi )} is a multivariate semi-strong

GARCH process.

Without loss of generality, we reparameterize the drift in the recursion Qg}l) as a
combination of a frequency invariant component and frequency dependent parame-
ters. The drift Q, can be expressed as Q) = (1 — ), —75,)@.2 This transformation
will be particularly useful when deriving the diffusion limit of the Constant Condi-
tional Correlation (CCC) model of Bollerslev (1990). In fact, under the parameter
restriction ¥, = v, = 0, Qkh = Qn = Q, and therefore R,g};l) = @ for all h.3 We
denote ¢ = vech(Q) the non redundant elements of Q.

2The same transformation can be carried out for the intercept of the A , process, i.e.,

(k+1)
¢, = (In—Ap— Bp)e. The vector ¢ is frequency invariant and contains the (rescaled) unconditional
variances of the return process (Y((khll)h— Yk(,}f)), ie,c= E[(Y((khll)h Yk(h)) (Y((khil)h kh )]/h =
(h)
E[V{,)). he

3Note that even though in general Q does not need to be a correlation matrix, i.e. diag(Q) = 1y,

under the CCC parameter restrictions the diagonal elements of Q are not identifiable together

9



Before deriving the diffusion limit of cDCC-GARCH process we determine the
convergence rates of the discrete time parameters for the moment conditions to

converge as the sampling frequency increases, as required by Assumption 1.

Proposition 1. Assumption 1 holds under the following convergence rates for the
parameters of the discrete time cDCC-GARCH process (9)-(11),

¢ =hc+o(h) (15)
(Ap+ B — In) = —hA+o(h) (16)
A, =VhA+o(Vh) (17)
(L =Yp =) =ho+o(h) (18)
9, = Vh + o(Vh), (19)

for some (N x 1) vector ¢, A and A are diagonal N x N matrices with positive

diagonal elements, and scalars ¢, > 0.

The convergence rates in Proposition 1 ensure that the first and the second
conditional moments per unit of time converge, as h — 0, to well-behaved limits
and that the first difference of the process [Yk(,}f Y Vk(,}; 4 q,g,ll)/]’ satisfies Assumption 1.

Note that ¢ > 0 (elementwise) ensures positivity of the variance process, A > 0
and ¥ > 0 ensure that the rescaled second conditional moment does not vanish as
h — 0,* while A > 0 and ¢ > 0 ensure covariance stationarity of the return process.”
Under our assumptions, we have the following result of the diffusion limit of the

cDCC-GARCH process.

Theorem 1 (Diffusion limit of the cDCC-GARCH model). Under (15) to
(19), the discrete time cDCC-GARCH process (9)-(11) weakly converges to the dif-

fusion process X, = [Y/, V!, q,]" which is the solution to the system of stochastic
with the intercept of the V((khil)h process. Fixing diag(Q) = 1x ensures that: (i) E[‘/(%h_zl)h] =

(In — A, — Bp)7tey is the rescaled unconditional variance of the return process (E[(Y((kh-i)-l)h —

Yk(,}; o (Y(Sch-s)q) h = Yk(,}; N]/h), (i) Q can be directly interpreted as the (un)conditional correlation

(h) h)
of (Ygy1yn — Yk(h )-
4These conditions imply that the diffusion limit of the cDCC-GARCH process converges to a

continuous time stochastic volatility process.
°In the univariate setting, two special cases, A = 0 (integrated variance) and A < 0 (strictly

stationary but not covariance stationary GARCH process) are also discussed in Nelson (1990). In

this paper we restrict the analysis to the covariance stationary case.

10



differential equations
dXt = b(Xt,t)dt+U<Xt,t>th, (20)

where the drift, b(Xy,t), is given by

0
b(Xy,t)= | c— AV, |, (21)
¢(‘j— Qt>

while the scale, o(Xy,t), is a continuous mapping such that, for all X; € IRN(N+5)/2
and t >0, a(X¢,t) = o( Xy, t)o (X, t) where a(Xy, t) is given by

ayy 0 0
a(Xe,t) = | 0 ayy ayy| (22)

/
0 Ay,  Qgq
with

ayy = SiR;S;

avy = 2ASX(R, ® R,)S2A

av, = 9['K,D%(P ® P)DY — 1yq)] $2A

ta = VDR ® P)DYKDY(P @ P)DY —

where Ky = 2D}, (R ® Ry) Dy + vech(Ry)vech(R;). The matriz a(X,,t) is singular
and its rank is equal to N(N +3)/2 < dim(a(X;,t)) = N(N+5)/2. The conditional

correlation, Ry, is given at each point in time by (13).

Note first that the drift term b(X,,t) is linear in X;, which is due to the fact
that the cDCC-GARCH process satisfies a semi-strong GARCH structure, meaning
that increments to the state variables have a conditional mean that is linear in the
state. In particular, as shown in the proof, we can use that in the cDCC model
E[Aq((le)hU:kh] =(1=9,—7)(q— q,g,?). This is, however, not the case in the DCC
model, where this expectation would be a function of the conditional correlation
matrix R,(J;l), which is a nonlinear function of the state variable qlih). Therefore, it
appears very difficult if not impossible to obtain analytical results for the diffusion
limit of the DCC model.

The singularity of a(X;,t) is due to the particular structure of the model in

which the noise propagation of the variance processes and the one of the diagonal

11



elements of the correlation driving processes are pairwise perfectly correlated. This
is because, although (possibly) different in terms of level and dynamics, (10) and
(11) are driven by the same innovations. For example, in the special case where
(Iy — A, — Bp) ey = diag(Q), A, = 941y, By, = vuly, the model reduces to a
scalar VEC model with N redundant equations.

To investigate the implications of singularity of the diffusion matrix a(Xy,t), let
us rearrange the order of the elements of the diffusion process X; as [Y/, V/, qt(d)', qfl)/]’ ,
where qt = diag(Q;) and ¢\” = vechl(Q,). The two partial diffusion processes
Yy, v/, q" ] and [Y/, g qt(l)/]’ share the same correlation structure, while Corr(dV;;,
dQ::) = 1 Vi implies that the two partial diffusions are driven by the same vec-
tor of Brownian innovations. Thus, the relevant part in terms of noise propagation
system of the diffusion limit of the cDCC-GARCH process consists of a system of
N(N + 3)/2 stochastic differential equations, either [Y/, V/ ,qgl)/] or [Y/ ,qfd)/,qgl)/],
while the remaining N diffusion processes, q,fd) or V; respectively, are characterized
by a specific deterministic part (drift) but a common, though appropriately rescaled,
stochastic component. To illustrate this point, let us consider the following partition

of the diffusion matrix in (22), whose elements have been appropriately reordered,

ayy 0 0 0

aVV a’Vq(‘i) qu(”

a(Xy,t) = (23)

/

avq(d) a’q(d>q(d> a’q(d)q(l)
/ /

Ayq) Qg Aghg®

where

ay g = 20ASF (R, © R,) P} = Yayy(S;A) ' P]
G g = 20°P} (R, ® R, )P} = 9*P}(AS}) ayv (ST A) ' P}

ayq0 = VAS? [I* (DY K. DY) (DY (P, ® P)D) ™' — 1nq,I™']
g g0 =V PI*(DKDF) (D (P, @ P)DF ™ — 1ngd '] = 9P} (AS])  ay 0
ag0q0 = VI [(DY(P; ® P)DY)K(Dy (P @ P)DY) — qag) 1™

Let us also define Cy = 9P?(AS2)~1. We can rewrite (23) as

ayy 0 0 0
0 avy  ayyvCi  ay,o (24)
0 GCuayy CiuayyCi Ciay o
0 a/vq(l> alvqﬂ) o A1) ()

12



Therefore,

ayy 0 0
l
Y Va0 =1 0 ave  ayg (25)
| 0 a;q(l) (1) 4(1)
_CLyy 0 0
v/ (d) (l)’/t — 0 C ' C 26
a([ 24 G ]7 ) tayy Uy tqu(l) : ( )
L 0 CL/Vq(”C; a/q(l)q(l)

The decomposition in (25) and (26) shows that the two partial processes [V/, ¢ (l)l]’

and [q ,qt ] both uncorrelated with Y;, share the same Correlatlon structure.

Furthermore, from Theorem 1, it immediately follows that [V}, qt ] and [qt ,q(l)]

are elementwise perfectly correlated®, which implies that the two diffusion processes
are driven by the same vector of Brownian motions. However, although either

partial diffusion process [Y/,V/ ,qg)/]’ or [Y/,q (@) ,q,gl)/]’

is sufficient alone to fully
characterize the noise propagation system of the cDCC diffusion limit, they are
both necessary to characterize the distributions of Y; and V; which depend on both

[ (@ (1)

Viand ¢ = |q; 7, q; /]’ through the correlation process R;.”

3.2 A special case: the CCC-GARCH process

As a special case, consider the Constant Conditional Correlation (CCC) model of
Bollerslev (1990). The ¢DCC process nests the CCC process under the following
parameter restrictions

19]1 = Yh = 0 Vh.
Thus, the CCC-GARCH process can be written as

h h h) (h

Yk(h) - Y((k )l)h + Slgh) l(ch)7 (27)
h (h

v(gc-i)-l)h = cn+ Aph” lskh (M b © th ) + Bhvkh ; (28)

where ¢, Ap,, By, are defined as before and 771(;1) is an (N x 1) vector of standard-

ized but correlated innovations, such that 771(;1? ~ N(0,hR), where R represents

SMore generally, Corr(dV; ;, dV; ;) = Corr(dqt(d) dqtd)) Corr(dV; ;, dq ) (Rit®Ry);; Vi, j =
N.

"Note that the partial system [V}, q§d)/, qt(l)/]’ is however sufficient to characterize the distribution

1

PEEET)

of the correlation driving process Q¢ and hence of the correlation R;.
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the (frequency invariant) constant conditional correlation matrix. This model, al-
though rather restrictive in practice, is particularly interesting because, unlike the
cDCC-GARCH process, it allows for a non-degenerate diffusion and, in the bivariate
specification, a closed form solution for the diffusion limit. The rates of convergence
for the parameters and the CCC-GARCH process are stated in Proposition 2 and
Theorem 2.

Proposition 2. Under the following convergence rates for the parameters of the

discrete time CCC-GARCH process (27)-(28)

cn =hc+o(h) (29)
A, = Vh A+ o(Vh), (31)

for some (N x 1) vector ¢, (N x N) diagonal matrices A and A with positive and

finite elements, Assumption 1 holds.

The same considerations on the parameters as in Proposition 1 hold by symmetry

with the cDCC-GARCH process.

Theorem 2 (Diffusion limit of the CCC-GARCH model). Under the con-
vergence conditions in Proposition 2, the CCC-GARCH process (27)-(28) weakly
converges to the non-degenerate diffusion process X; = [Y/ V}/]" solution to a system
of stochastic differential equations of the form (20), with drift

0
b( Xy, t) = 32
=]\ (32)
and diffusion matrix
Si RS, 0
a(X,t) =" 5 5 (33)
0 2ASF(R® R)S;A

and driven by a vector Wy of 2N mutually independent Brownian motions, indepen-
dent of the initial value Xo = [Yo Vol'.

The diffusion limit of the CCC model is clearly non-degenerate because it is
driven by as many Brownian motions as the number of variables in the system and

whose covariance matrix is non-singular.
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It is clear that the diffusion limit of the cDCC-GARCH process (as well as of the
CCC-GARCH process) is a continuous time stochastic volatility model (i.e., stochas-
tic variances and correlations). We discuss next the case when rates of convergence
other than the ones introduced in Proposition 1, but still satisfying Assumption 1,

are used.

3.3 Alternative convergence conditions

In this section we reconsider the continuous time approximation of the ¢DCC-
GARCH process (9)-(11). The convergence rate h'/?, suggested in Proposition 1,
represents the slowest rate of convergence for the parameters A, and 1, satisfying

Assumption 1. More generally, the rate h'/? represents the only rate ensuring that

the second conditional moments Var(‘/((,gl)h — V,g;) | Fkn)s Var(q((,};ll)h — q,(C’ZL) | Frn) and
Cov[(l/(gﬁl)h - Vk(:)), (q((grl)h - q,i?ﬂ]—‘kh] scaled by h™!, do not vanish as h — 0.

As shown in Theorem 1, the resulting diffusion limit is characterized by stochastic
variances of the marginal processes and stochastic correlation driving process.
However, there are other admissible convergence rates for A; and 1, which also
satisfy Assumption 1. Thus, depending on the continuous time approximation we
consider, we can recover different types of diffusion for the process (9)-(11).® This

alternative set of results is shown in Proposition 3 and Theorem 3.

Proposition 3. Assumption 1 holds under the following convergence rates for the

parameters Ay and 9y,

limh~ Gt A, = A < 0o (34)
h—0

and
limh~ (302, = J < o0, (35)
h—0

for some (N x N) diagonal matriz A > 0 (elementwise), ¥ > 0, §; > 0 and 6, > 0.

Note that under (34) and (35), A, and ¥, are of order h'/2*% and h'/2+%
respectively. Clearly, the special case 6, = 9o = 0 is covered by Proposition 1.
Proposition 3 suggests alternative sets of conditions regarding the speed of con-

vergence of the discrete time parameters under which Assumption 1 holds. The

8The following arguments can be easily extended to the CCC-GARCH process, although this

case is not explicitly treated here.
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implications of Proposition 3 are straightforward. If either §; > 0 or 9, > 0, then
the terms depending on 77,(;,? on the right hand side of (10) and/or (11) are of order
o(h/?). Consequently, the conditional second moments scaled by h~! converge to
zero as h — 0. The resulting diffusion limits are degenerate and are character-
ized by time varying but deterministic variances of the marginal processes and/or a

deterministic correlation driving process. We have the following results.

Theorem 3 (Alternative convergence conditions). Under (15), (16), (18) and
(34)-(35), the discrete time ¢cDCC-GARCH process (9)-(11) admits a degenerate
diffusion limit. The diffusion process Xy = Y] V! q]' is the solution to a system
of stochastic differential equations of the form (20), with drift given by (21) and

diffusion matrix given respectively by

i) (deterministic variances but stochastic correlation) under (15), (16), (18),
(19) and (34)

SthSt 0 0
0 0 0
a(Xi, ) = . (36)
0 0 P*[Dy(P: ® P) DY K,

Dy (P, ® P) Dy — ¢14;]

The diffusion process defined by (20), (21) and (36) is driven by N(N + 3)/2
independent standard Brownian motions;

ii) (stochastic variance but deterministic correlation) under (15), (16), (17), (18)

and (35)
S,R,S, 0 0
a(Xy,t) = 0  2AS}(R,OR,)S?A 0] . (37)
0 0 0

The diffusion process defined by (20), (21) and (37) is driven by 2N indepen-

dent standard Brownian motions;

iii) (deterministic variances and correlation) under (15), (16), (18) and both (34)

and (35)
SthSt 0 0
aX,t)=| 0 0 of. (38)
0 0 0
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The diffusion process defined by (20), (21) and (38) is driven by N independent

standard Brownian motions.

It is possible to characterize the types of processes that can be obtained as Euler
approximation of the different diffusions in Theorem 3. These approximations are
not unique. For example, in the unvariate GARCH case, Corradi (2000) has shown
that an Fuler approximation of a degenerate diffusion process is GARCH, while that
of a non-degenerate diffusion is stochastic volatility. In the same spirit, and using
stochastic calculus results of Steele (2001) p.123, we can show that the following type
of processes are Euler approximations of the three diffusions defined in Theorem 3:
i) a process with stochastic correlation and GARCH variances, ii) a process with
stochastic volatility and ¢cDCC correlation, and i) a cDCC-GARCH process as in
(9)-(11), respectively.

4 Monte Carlo evidence on estimation by approx-
imation

In this section we investigate the performance of the quasi approximate maximum
likelihood (QAML) procedure of Fornari and Mele (2006), discussed in the intro-
duction, in our model framework using a Monte Carlo simulation study. Estimation
by QAML essentially involves two types of biases: First, the approzimation bias
arising from the approximation of an exact, but unknown, discrete time represen-
tation of the underlying diffusion process. And second, the finite sample bias due
to the availability of a sample of only a finite number of observations. For the drift
parameter of a Cox-Ingersoll-Ross type process, Phillips and Yu (2009) have shown
that the approximation bias for alternative approximation schemes is typically neg-
ligible compared to the finite sample bias. This motivates the use of QAML for
GARCH-type processes, where the exact discrete time model is unknown. Rather
than comparing with alternative estimation strategies, e.g. simulated MLE as in
Kleppe, Yu, and Skaug (2010), we focus on the properties of the simple QAML pro-
cedure and, in particular, the relative importance of approximation and estimation
bias.

For univariate GARCH models, Wang (2002) has shown the non-equivalence

of the statistical experiments resulting from the estimation of the discrete time
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model and its weak diffusion limit. Nevertheless, many studies have used QAML,
see e.g. Engle and Lee (1996), Broze, Scaillet, and Zakoian (1998), Lewis (2000),
Barone-Adesi, Rasmussen, and Ravanelli (2005) and Stentoft (2011), arguing that
the approximation bias tends to disappear as the frequency increases. For the related
case of estimating temporally aggregated multivariate GARCH models, the bias of
QAML has been shown to be negligible, see Hafner and Rombouts (2007). Therefore,
it is of interest to see whether this finding extends to the estimation of some or all
parameters of the cDCC-GARCH diffusion limit.

We estimate the parameters of a sequence, indexed by h, of discrete time ¢cDCC-
GARCH models with i.i.d. innovations. Then, for each h, we use the relationships
given in Proposition 1 to obtain the diffusion parameters and we investigate the
behavior of the latter as h — 0. To keep the computational burden feasible, we focus
on the bivariate case, N = 2, but our results should generalize in an obvious way
to higher dimensions. Using the representations of Section 3.1, the cDCC-GARCH

diffusion limit can be written as

v 0

dYy,

_ TO(p)zaw D 39
I R R R (39)
dVi [ c1 — A Vi An Vi 0 0
AV | = | co— AoV | dt+v2| 0 Ay 0 T (p)zdW,”

— 2
Q] (@12 — Quzr) 0 0 VQuuy/ 55
(40)
dQq1e ¢(Q11 - Qllt) Qllt 0 0
dQat | = | d(Q2 — Qaar) At +v20 | 0 Qo 0 T(2)(pt)5th(2),
dQ12e ¢(Q12 — Q1) 0 0 Qi 12:?
(41)
where
1 Pt
L p
TO(p) = 1, M0 = | g 1
pt 1 2 2 2
Pt 2p;
14p7 1+p7
and

_ Ql?t
P \% Qllt@22t .
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Note that the drift in [dVj;, dVs] can be expressed in terms of a steady state
drift parameter ¢ with components ¢; = ¢;/Ay;, i.e., ¢; — Ny Viy = Ayi(¢; — Viy). Given
the convergence rates of Proposition 1, the estimator of ¢ should be less affected by
the choice of the frequency, so that we will report estimation results also for this
additional parameter.

The two partial systems [dVi;,dVay, dQq2] and [dQ11¢, dQ29s, dQ12] share the
same correlation structure, T (p;), and stochastic component, th(Q).

We use an Euler discretization scheme of (39)-(41) and simulate 500 sample
paths using a discretization interval At = 1/640 and length k& = 2000 periods. The
data is generated using the following parameterization: ¢ = [0.1,0.15]", A;; = 0.07,
Age = 0.10, Ay = 0.13, Ay = 0.10, ¥ = 0.08 and ¢ = 0.04. This parameterization
implies an unconditional variance of the marginal processes ¢ = [1,1.5]". As noted
in Section 3.1, the drift of the correlation driving process has been parameterized as
the product of a frequency invariant parameter @, representing the unconditional
expectation of the process normalized by h, and a linear combination of frequency
dependent parameters. Thus, Q) = Q¢ = Q(1—v;,—~,). Furthermore, the diagonal
elements of () are fixed to one and not included in the estimation. The unconditional
correlation, @19, is set to 0.5. The square root of the correlation matrices of the
diffusion, YW (p,) and T (p,), are computed by spectral decomposition.

For each sample path we estimate the following model

i = St = Y00 | Fn ~ N(0,hRL)), (42)
Wﬁl—wh+Ah”%'%mh®n> (In — AVE — ARV, (43)
QUi = Qoh + 0 W (P )l PO + (1 —ovh— o h)QY),  (44)

that is (9)-(11) expressed as a function of frequency rescaled parameters. This is
obtained by substituting (up to o(1))
c, = ch, (45)
A, = AVh, (46)
B, = (Ixn—AVh—AR), (47)
Ip = 9V, (48)
mo= (L=9Vh=oh), (49)
from Proposition 1, into (9)-(11). The model is estimated using data sampled at

nine frequencies spanning from h = 1 to h = 1/320. The sequences of discrete time
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models are estimated by Gaussian QAML. The bias and root mean square error
(RMSE) of parameter estimates are reported in Tables 1 and 2, respectively.

As the sampling frequency increases, the bias and RMSE tend to disappear
at an appropriate rate for all parameters. For a given frequency, however, there
are remarkable differences. For the parameters in the drift terms, bias and RMSE
decrease as the sample size k increases, suggesting that the finite sample bias dom-
inates the approximation bias, which confirms the results of Phillips and Yu (2009)
for the Cox-Ingersoll-Ross diffusion process. However, this is not the case for the
parameters A and ¢ linked to the innovation terms in V; and @), respectively. For
these parameters, the approximation bias dominates the finite sample bias. Clearly,
QAML is inconsistent when only the sample size is increased but not the frequency,
which confirms the results of Wang (2002) for the univariate case. With sufficiently
high frequency and sample size, however, the bias may be considered negligible in

most practical situations.

Table 1: Bias of the diffusion parameters of the cDCC process

¢1=1.00 c1=0.13 A11=0.07 A11=0.13
h\k 500 2000 500 2000 500 2000 500 2000
1 0.0013  -0.0012 | 0.1536  0.1156 | -0.0425 -0.0488 | 0.1537 0.1159
1/4 0.0003  -0.0017 | 0.1065 0.0367 | -0.0355 -0.0390 | 0.1071 0.0373

1/16 -0.0005 -0.0008 | 0.0298 0.0076 | -0.0259 -0.0260 | 0.0300 0.0078
1/64 0.0000  -0.0005 | 0.0170 0.0067 | -0.0148 -0.0146 | 0.0173  0.0068
1/320 | -0.0001 -0.0005 | 0.0107 0.0026 | -0.0072 -0.0071 | 0.0111  0.0027

co=1.50 c2=0.15 As5=0.10 A25=0.10
h\k 500 2000 500 2000 500 2000 500 2000
1 -0.0048 0.0007 0.1489 0.0634 | -0.0551 -0.0596 | 0.1002 0.0424
1/4 -0.0052  -0.0039 | 0.0662 0.0135 | -0.0399 -0.0410 | 0.0451 0.0095

1/16 -0.0051 -0.0027 | 0.0245 0.0074 | -0.0246 -0.0240 | 0.0173  0.0053
1/64 -0.0044 -0.0017 | 0.0198 0.0066 | -0.0122 -0.0125 | 0.0142  0.0047
1/320 | -0.0032  0.0001 | 0.0146 0.0033 | -0.0054 -0.0058 | 0.0106 0.0024

Q12=0.50 9=0.08 $=0.04
R\ k 500 2000 500 2000 500 2000
1 -0.0063  -0.0013 -0.0300 -0.0356 | 0.0622  0.0087
1/4 -0.0010  0.0012 -0.0211  -0.0214 | 0.0185 0.0043
1/16 | 0.0001  0.0017 -0.0118  -0.0114 | 0.0104 0.0033
1/64 | 0.0036  0.0020 -0.0054  -0.0055 | 0.0075 0.0031
1/320 | 0.0046  0.0033 -0.0022  -0.0022 | 0.0050 0.0023
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Table 2: RMSE of the diffusion parameters of the cDCC process

¢1=1.00 c1=0.13 A11=0.07 A11=0.13
h\k 500 2000 500 2000 500 2000 500 2000
1 0.0941 0.0385 0.3256  0.2765 0.0535  0.0517 0.3248 0.2768

1/4 0.0445 0.0226 | 0.2555 0.1246 | 0.0416 0.0403 | 0.2579 0.1264
1/16 0.0363 0.0186 | 0.0922 0.0309 | 0.0284 0.0265 | 0.0923 0.0311
1/64 0.0338 0.0169 | 0.0456 0.0202 | 0.0162 0.0149 | 0.0464 0.0204
1/320 | 0.0342 0.0165 | 0.0326 0.0131 | 0.0084 0.0074 | 0.0336 0.0134

c2=1.50 c2=0.15 A22=0.10 A22=0.10
h\k 500 2000 500 2000 500 2000 500 2000
1 0.1818 0.0712 0.3150 0.1846 0.0660  0.0620 0.2131 0.1240

1/4 0.1136  0.0573 | 0.1736  0.0490 | 0.0456 0.0422 | 0.1158 0.0335
1/16 0.1034 0.0515 | 0.0639 0.0271 | 0.0275 0.0248 | 0.0440 0.0188
1/64 0.1008  0.0498 | 0.0496  0.0204 | 0.0147 0.0131 | 0.0346 0.0146
1/320 | 0.1000 0.0496 | 0.0408 0.0158 | 0.0074 0.0063 | 0.0291 0.0118

Q12=0.50 9=0.08 $=0.04
R\ k 500 2000 500 2000 500 2000
1 0.0785  0.0350 0.0420 0.0376 | 0.1619  0.0280
1/4 0.0578  0.0294 0.0261  0.0225 | 0.0419 0.0132
1/16 | 0.0548 0.0276 0.0148  0.0123 | 0.0247  0.0092
1/64 | 0.0537  0.0271 0.0083  0.0063 | 0.0204 0.0084
1/320 | 0.0510 0.0251 0.0045 0.0029 | 0.0180 0.0074

5 Conclusions

This paper considered weak diffusion limits of two conditional correlation GARCH
specifications, namely the ¢cDCC model of Aielli (2006) and the CCC model of
Bollerslev (1990). For the cDCC-GARCH model, the diffusion limit is degenerate
in the sense that the diffusion of the variances and that of the diagonal elements of
the correlation driving process are pairwise governed by the same Brownian motion.
We show that this result is due to the particular structure of the noise propagation
system of the variances and of the correlation driving process. The CCC model,
which can be obtained from ¢cDCC under suitable parameter restrictions, admits
a non-degenerate diffusion. Under an alternative set of conditions regarding the
convergence rates of the parameters, we obtain diffusion limits characterized by a
stochastic price process where either the variances, the correlations, or both, are
time-varying but deterministic. Our Monte Carlo study confirms that estimation of
the diffusion parameters by QAML is inconsistent for any fixed frequency, but may
provide good approximations if the frequency and sample size are sufficiently large.

There are several possible extensions of this work. First of all, the assumption
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of Gaussian innovations may be relaxed. One may also extend the results to allow
for volatility spillover. Furthermore, similar to Nelson (1990) it may be possible to
derive the stationary distribution of the continuous time limit of returns, variances
and correlations. Finally, it would be useful to extend the results of this paper to

jump-diffusion processes, based on the results of Ethier and Kurtz (1986).
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Appendix: Proofs

Proof of Proposition 1. The first step is to compute the increments of the
process (9)-(11), that is

h h h
Yk(h) - Y(gc—)l)h - Slih)nl(ch)
h h h)2
V(Sc—:l)h - Vk(h) = ot AhS](gh) h~ (77;(6;1) X/} )) + (B — ]N)V(
h h h h
qgkll)h - qlg‘h) = (L =9n—m)q+Inh™ VeCh(Pkgh nkh nl(ch)/P( )) + (yn — 1)ql(ch)7

where we have used that g, = (1 — 9, — Yp).

Second we compute the moments (conditioned on Fy, = {kh, Yo(h), ...,Y(th_)l)h,
V Vk(,? ,q0 s q,(!,?}) to define suitable convergence conditions as required by
Assumptlon 1. To simplify the notation let us define the difference operator over
an interval of size h as A : AX ,ff,? = X - X ((: Dh . The first conditional moment

per unit of time of the increments of (9) (11) is given by

W EIA Y| Fan) = S5 Blnih)] =0 (50)
h'B[A ‘/(gc}il)h‘Fkh] = I, + Aph 2S5 B © i | Fia] + 7N (B — In) VY
=h7te, +hH AL+ By — ]N)Vk(:) (51)

W E[AG), 1y Fen] = b7 (L = 0 — 1)@ + h™29pvech(B[PL ni nis Py | Fin])

+ B (o — 1Y

= (L= — )T+ R (On o — 1)a, (52)

where B[\, on)| Fin] = h 1y and vech(PO B[R M| Fip] P = hvech(PIY RE) P =
hqk:h

To compute the second moments per unit of time, consider the following partition

Var(AYk,}f |.7-"kh)
COV(AYk:)v AV(k+1 h|fkh),
Cov(AYkh , Aq k+1)h|‘Fkh)/

V&u(AV(,ngl h|]:kh)
COV(AV(kH h’ Aq (k+1) 0| Frn)’
Var(Aq(kH)h]Fkh)

vech (var([AY,j: AV Al Hm)) =

(k+1)h>

The conditional variance of AYk(: ) standardized by h is given by

h™~ 1V&T[AYkh | Fin) = h™ 1Skh ( Nkh nkh !fkh)SEZ = SIE:Z)RI(C}}LL)SIE:Z) (53)

23



Similarly the conditional variance of AV k +1 , 1S given by

B Varl AV, F] = AnSi R [E[(n(h) © mi) ) 1y, © 1)1 Fin]

h (h)2
~El(nfs) © i Pl © ni)|Fal | S5 45 (54)
= 2fflAhSkh (Rkh © Rkh)skh A;L (55)
where the second equality uses that, under the conditional normality assumption,
Bl | Fial = B2(L+2RG)%), 6,5 € {1, ... N}. Moreover, E[(ny) @ njy))| Fin] =
hly.

The variance of Aq((,}:ll) , is given by

W WVar[Aql ) | Fin] = 07k 3E[vech<th e PO yvech (B nkxn,i?’P,éZ))'m
— 92hElvech(Py ni nl) PO Fin Elvech( Py n nt PY))| Fin]

=h- 1192[D+< ( )®p(h))D+/K(h)D+(p( )®P]£Z))D+/ _ l(ch)ql(ch)]' (57)

where the second equality uses that E[VeCh(P]gh n,(fh)n,(ch) P )|]-"kh] = hq,(f;l), and
where Ky;) = h=2Elngy)n) ® nipng" |fkhJ is the (N(N + 1)/2 x N(N +1)/2)
matrix of conditional fourth moments of nkh which, given the normality assumption

of the innovations, is given by
Ky = 2D} (R ® R))DY + vech( Ry vech (R},

which is a consequence of Theorem 10.2 of Magnus (1988), see the proof of Theorem
1 of Hafner (2003).
Finally, the conditional covariances are
B Cov[AY, AVEY 1Tl = B EL(SH mi)) (AnSis k" (ngy) © n )Y | Fia)
= h 28 EG () © i) | Fenl Sip” An = 0, (58)
because all conditional third moments of 771(;}? are equal to zero given the normality
assumption. Furthermore, we have
_ h h)_(h)1 p(h
h~ ICOV[AYkh ,Aq (k+1)h |]:kh] =h 2E[<Sl(fh)77](ch )(ﬁhVGCh(th nl(ch)nl(ch) : )))/|]'_ 0]

= h™20,Sy) Blngy, vech(ng) ns) | Fen] (D (PR @ PR)DY) =0
(59)
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and
hilCOV[AV(gSA h Ay (ke 1yn [ Fkn] =
/
=h7E [(Ahséﬁ (i, @ ?72;3)) (ﬁhvech(Péﬁ)niﬁ)néh) ;S?)) !Fkh}
—h7°E [AhS (ks © i )|fkh] [ﬁhVeCh(P;gZ)nz(;ﬁ)ngi )|fkh]
= h19, 4,8 [I*K,g’;}DfV(P( o PMyD 1 q(h)/] . (60)

where the second equality uses 771(<h) ® nkh = dlag(n,i’,?n,(;,? y=1 *vech(n,(c];)n,i? ).
For the conditional moments (50)-(52) (drift) and (53), (55), and (57)-(60) (sec-
ond moments) to converge to well behaved functions as h — 0, as required by

Assumption 1 a) and b), the following limits must exist and be finite

limh ¢, = ¢ (61)
h—0
limh ™' (A, + By — Iy) = —A (62)
h—0
limh~Y24, = A (63)
h—0
limh ™' (1 =9, — ) = ¢ (64)
h—0
limh~'/29;, =4, (65)
h—0

where cis a (N x 1) vector, A and A are (N x N) diagonal matrices and ¢ and ¢ are
scalars with all elements positive and finite, such that ¢ > 0 (elementwise) ensures
positivity of the variance process, A > 0 and ¢ > 0 ensure that the rescaled second
conditional moment of Vk(;f ) and q,(;;l) does not vanish as h — 0, while A > 0 and ¢ > 0
ensure covariance stationarity of the return process. Finally, by straightforward
computation as in Nelson (1990), under (61)-(65), Assumption 1 ¢) holds for § = 2,

ie.,

L
A limE U(Ay,j,f’)i \Fen| = 0Vii=1,...,N
h—0 i
—1q- h ..
pHim B U(AV(;H ); |fkh_ — 0Vii=1,..N
hHimE U(Aq(,ﬁl M | = 0Vii= 1 NV D)2

which completes the proof. m
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Proof of Theorem 1.

The process (9)-(14) is Markovian with drift and second moment per unit of
time given by (50)-(52) (drift) and (53), (55), and (57)-(60) (second moments),
respectively. The theorem of weak convergence applies if Assumptions 1 to 4 hold.
Proposition 1 provides suitable convergence conditions for Assumption 1 to hold,
and the drift and diffusion matrix for the system of stochastic differential equations
are defined.

Substituting (61)-(65) into (50)-(52) (first moments) and (53), (55), and (57)-

(60) (second moments), we obtain

hE[AY, | F] = 0
WEAV ) Fa] = c— AVSY +o(1)
W E[AGG | Fin] = 6(@+ ap) + 1)

for the drift, while for the second moment

h™'Var[AY, |fkh] Su RS

W Var[ AV Fin) = 240852 (R © RS2 A + (1)

IVar[Aq(kH hmh] P(DE(P) @ Py DY) KL,
(D ( kh ®Pk(h))D+,)_ql(ch)ql(ch)]+0(1)

h~'Cov[AY, k:’, Avgﬁl)h]|fkh) =0

1COV[A A ,Aq kH [ Fin) =0

W Cov AV Al )l Fin) = DAS (1 K %
D;<P,§h @ PY)DY — 1yaly)] + o(1).

Hence, as h — 0, the functions (21) and (22) are solutions of (1) and (2) and repre-
sent the drift and the diffusion matrix of the diffusion process X; = [Y/, V/, ¢}]’. From
the representation (24), we have that the columns N+1,...,2N and 2N +1,...,3N
are collinear. Thus, the diffusion matrix is singular with rank(a([Y/,V/,q]")) =
N(N +3)/2 < dim([a(Y/, V/, ¢]')) = N(N +5)/2.

The scale matrix o (X, t) can be obtained by Cholesky or spectral decomposition
of (22) so that Assumption 2 holds. We assume that the probability law of initial
values in (14) satisfies Assumption 3 and that for each h > 0, v, ([Yy, Vi, ¢ : Vo > 0
(elementwise) and €'Qoe > 0,Ve € IR¥\{0}) = 1. Condition 1 is satisfied given

Assumption 1 ¢) which ensures continuity of the sample paths of the limit process
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X, with probability one. Condition 2 holds since the diffusion matrix and the inner
product of the drift and the state variable X are at most of order two in X. Thus
Assumption 4 holds, which completes the proof. m

Proof of Proposition 2. The proof follows directly from the proof of Proposition
1 under the parameter restriction ¥, = v, = 0 Vh, i.e., R,g,? =(QolIy)?2Q Q0o
IN)™Y2=RVEkh, k€N, h>0. m

Proof of Theorem 2. The theorem of weak convergence applies by symmetry
with the unrestricted model (see Theorem 1). In particular Assumption 1 holds
analogously under the given parameter constraint. Hence substituting (61)-(63)
into the two sets of equations (50)-(51) and (53), (55), and (58), as h — 0, we

obtain the following mappings

0
b(X;, t) = 66
Kot = | (66)
and
S; RS 0
a(Xt7t) = ' ! 2 2 (67)
0 2ASF(R® R)STA

which are solution of (1) and (2) and represent the drift and the diffusion matrix
of the diffusion process X; = [Y/, V/]". Under the assumption that the initial values
satisfy, for each h > 0, v, ([Yy, Vi]' : Vo > 0 (elementwise)) = 1 and €' Re > 0,Ve €
IR\ {0}, the diffusion matrix in (67) is non-degenerate with rank(a(X,,t)) = N2.
u

Proof of Proposition 3.  Assumption la) holds trivially. To show Assump-
tion 1b), consider the limit, as h — 0, of the moments of interests (55), (57)
and (60). The case 0; = dy = 0 is covered by Proposition 1. If §; > 0, then
%h*v&r[mf(gjﬁl)h|fkh] = 0 provided that

limh /24, =0 (68)

h—0

that is A, is of order AY/?191 §, > 0.
Similarly, if d5 > 0, then }lLin%]h*1Var[Aq((Zil)h|fkh] = 0 provided that
%

limh =29, =0 (69)

h—0
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that is, ¥y, is of order A2 §, > 0.
Either 6; > 0 or 3 > 0, or both, also ensure that

. — h h
}Lli%h 1COV[AV(§HL)M Aq((k-)s-l)h|‘rkh] =0.

Hence, under (68) and (69) Assumption 1b) holds. Finally, Assumption 1c) can be

shown similar to the case §; = d, = 0 (Proposition 1). =

Proof of Theorem 3. Under Proposition 3, the theorem of weak convergence
applies by analogy to Theorem 1. Furthermore, depending on the combination of
convergence conditions for A, and 9, we either obtain a diffusion with deterministic
variances and stochastic correlations (i.e. 9; > 0 and Jy = 0), or stochastic variances
and deterministic correlations (i.e. d; = 0 and do > 0), or deterministic variances
and correlations (i.e. §; > 0 and dy > 0). The drift and diffusion matrices can be

derived from those of Proposition 1. =
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