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Abstract

While variable selection and oracle inequalities for the estimation and prediction error have
received considerable attention in the literature on high-dimensional models, very little work
has been done in the area of testing and construction of confidence bands in high-dimensional
models. However, in a recent paper van de Geer et al. (2014) showed how the Lasso can be
desparsified in order to create asymptotically honest (uniform) confidence band. In this paper
we consider the conservative Lasso which penalizes more correctly than the Lasso and hence has
a lower estimation error.

In particular, we develop an oracle inequality for the conservative Lasso only assuming
the existence of a certain number of moments. This is done by means of the Marcinkiewicz-
Zygmund inequality which in our context provides sharper bounds than Nemirovski’s inequality.
As opposed to van de Geer et al. (2014) we allow for heteroskedastic non-subgaussian error
terms and covariates. Next, we desparsify the conservative Lasso estimator and derive the
asymptotic distribution of tests involving an increasing number of parameters. As a stepping
stone towards this, we also provide a feasible uniformly consistent estimator of the asymptotic
covariance matrix of an increasing number of parameters which is robust against conditional
heteroskedasticity. To our knowledge we are the first to do so. Next, we show that our confidence
bands are honest over sparse high-dimensional sub vectors of the parameter space and that
they contract at the optimal rate. All our results are valid in high-dimensional models. Our

simulations reveal that the desparsified conservative Lasso estimates the parameters much more
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precisely than the desparsified Lasso, has much better size properties and produces confidence

bands with markedly superior coverage rates.

Keywords and phrases: conservative Lasso, honest inference, high-dimensional data, uniform
inference, confidence intervals, tests.

JEL classification: C12, C13, C21.

1 Introduction

In recent years we have seen a burgeoning literature on high-dimensional problems where the
number of parameters is much greater than the sample size. At first, much focus was devoted
to establishing the so-called oracle property in models of fixed or increasing dimensions, see e.g.
Fan and Li (2001), Zou (2006), and Huang et al. (2008). This entails showing that the procedure
asymptotically detects the correct, and only the correct, variables and that the non-zero coefficients
have the same asymptotic distribution as if only the relevant variables had been included in the
model from the outset.

The oracle property is an asymptotic one and in recent years more focus has been devoted to
establishing finite sample oracle inequalities for the estimation and prediction error. That is, finite
sample upper bounds on the estimation and prediction error that are valid with high probability.
Pioneering work in this direction was done by Bickel et al. (2009). For excellent reviews, see
Biithlmann and van de Geer (2011), Fan and Lv (2010), and Belloni and Chernozhukov (2011).

Methods for analyzing high-dimensional data sets have also found increasing use in econometrics
as many economic data sets are becoming increasingly high-dimensional. For example, Belloni et al.
(2012) have shown how the least absolute shrinkage and selection operator (Lasso) of Tibshirani
(1996) can be used to select among many instruments. Furthermore, Belloni et al. (2012) have
shown how the Lasso can be used to make inference on treatment effects in the presence of a
high-dimensional set of control variables. The authors also allow for non-gaussian heteroskedastic
errors and construct uniformly valid confidence bands for the treatment effect. Caner and Zhang
(2014) have considered GMM estimation with many parameters while Kock (2013) has considered
estimation and inference in large panel data models.

Despite the big progress that has been made in terms of analyzing high-dimensional models
very little progress has been made in the area of testing and constructing reliable confidence bands.

However, recently van de Geer et al. (2014) showed how the classical Lasso estimator may be



desparsified to construct asymptotically valid confidence bands for a low-dimensional subset of a
high-dimensional parameter vector. The idea behind this procedure is to remove the bias introduced
by shrinkage by desparsifying the estimator and constructing a clever approximate inverse to the
non-invertible empirical Gram matrix. Furthermore, these confidence bands do not suffer from the
critique of Potscher (2009) regarding the overly large size of confidence bands based on consistent
variable selection techniques. By using the Lasso to construct confidence bands and tests, van de
Geer et al. (2014) strike a middle ground between classical low dimensional inference, which relies
heavily on testing, and Lasso-type techniques which perform estimation an variable selection in one
step without any testing.

In the framework of the high-dimensional linear regression model and inspired by the work of
van de Geer et al. (2014) we introduce the so-called conservative Lasso to econometrics (see Section
2.3). The important observation here is that, in the presence of an oracle inequality on the plain
Lasso, the penalty of conservative Lasso on the non-zero parameters will be no larger than the one
for the Lasso while the penalty on the zero parameters will be the same as the one induced by
the plain Lasso. Hence, the conservative Lasso may be expected to deliver more precise parameter
estimates (in finite samples) than the Lasso. And indeed, our simulations strongly indicate that
this is the case.

We provide an oracle inequality for the conservative Lasso estimator and use the method of
desparsification introduced in van de Geer et al. (2014) to conduct inference without the use of any
assumptions regarding the zero and non-zero coefficients being well-separated (no fmin-condition is
imposed). We only assume the existence of r moments as opposed to the classical sub-gaussianity
assumption. The oracle inequalities rely on the use of the Marcinkiewicz-Zygmund inequality which
we argue deliver slightly more precise estimates than Nemirovski’s inequality.

We also show that hypotheses involving an increasing number of parameters can be tested
which generalizes the results on hypotheses involving a bounded number of parameters in van de
Geer et al. (2014). Furthermore, we allow for heteroskedastic error terms and provide a uniformly
consistent estimator of the high-dimensional asymptotic covariance matrix. This is an important
generalization in practical econometric problems over van de Geer et al. (2014) who focus on
low-dimensional hypotheses in the presence of homoskedastic error terms and do not provide a
practically feasible estimator of the asymptotic covariance matrix. However, heteroskedasticity
is omniscient in econometrics and thus our procedure is of practical interest as it is the first of

its kind which is able to handle high-dimensionality and heteroskedasticity simultaneously. Next,



we show that the weak convergence to the normal distribution of our estimator is valid uniformly.
More importantly, this is used to show that confidence bands based on the desparsified conservative
Lasso are honest over the subset of the parameter space consisting of sparse vectors. Thus, there
exists a fixed time, not depending on the true parameter [y, from which on our confidence bands
have coverage close to the desired coverage probability. This is in stark opposition to dishonest
confidence intervals. While dishonest confidence intervals might still have the correct coverage rate
asymptotically the sample size which is needed in order to achieve this coverage rate may depend
on the unknown true parameter 5y. This is unfortunate for the applied researcher who will not
know how large a sample is needed in order to achieve a desired coverage rate. Finally, we show
that the confidence bands have uniformly the optimal rate of contraction such that their honesty
is not bought at the price of them being wide, see Pétscher (2009). As we shall stress again in the
discussion of Theorem 3 below honest confidence are remarkable as Bahadur and Savage (1956)
have shown that honest confidence intervals can not even exist for the mean based on an iid gaussian
sample if one insists on these bands to have a finite length almost surely. This also underscores
that one can probably not hope for honesty to be valid over the whole parameter space.

The simulations show that vast improvements can be obtained by using the desparsified con-
servative Lasso as opposed to the plain desparsified Lasso. To be precise, 5y is in general estimated
much more precisely and y?-tests based on the desparsified conservative Lasso have much bet-
ter size properties (and often also higher power) than their counterparts based on the desparsified
Lasso. Finally, and perhaps most importantly, the confidence intervals based on our procedure have
coverage rates much closer to the nominal rate than the confidence bands based on the desparsified
plain Lasso. This improvement in the coverage rates comes directly from more precise parameter
estimates as well as indirectly through a more precise estimate of the covariance matrix by the use
of the conservative Lasso for nodewise regressions instead of the plain Lasso.

The rest of the paper is organized as follows. Section 2 introduces the model and the conservative
Lasso. Section 3 introduces nodewise regression, desparsification, and the approximate inverse to
the empirical Gram matrix. Section 4 establishes honest confidence intervals and shows that they
contract at an optimal rate. The simulations can be found in Section 5. Section 6 provides a

summary. All proofs are deferred to the Appendix.



2 The Model

Before stating the model setup we introduce some notation used throughout the paper

2.1 Notation

For any real vector z, we let [[z]|, denote the {;-norm. We will primarily use the £1-, £5-, and the
{s-norm. For any m x n matrix A, we define ||Al|, = maxi<i<m,i<j<n |a;j|. Occasionally we shall
also use the induced /o-norm. This will be denoted by || Al|, and equals the maximum absolute
row sum of A. For any symmetric matrix B, let ¢pin(B) and ¢max(B) denote the smallest and
largest eigenvalue of B, respectively. If z € R™ and S is a subset of {1,...,n} we let zg be the
modification of x that places zeros in all entries of x whose index does not belong to S. For an
n X n matrix B let Bg denote submatrix of B consisting only of the rows and columns indexed by
S. If S = {j} is a singleton set, we use B; as shorthand for the j’th diagonal element of B.

For any set S, we shall let |S| denote its cardinality and for an n—dimensional vector z, ||z||> =
LS al. 4 will indicate convergence in distribution and op(ay) as well as Op(by) are used in
their usual meaning for sequences a,, and b,. a, < b, means that these sequences only differ by a

multiplicative constant.

2.2 The model

We consider the model

Y:X60+u7 (1)

where X is the n x p matrix of explanatory variables and u is a vector of error terms. [y is the
p x 1 population regression coefficient which we shall assume to be sparse. However, the location of
the non-zero coefficients is unknown and potentially p could be much greater than n. We assume
that the explanatory variables are exogenous and precise assumptions will be made in Assumption
1 below. For later purposes define X; as the j’th column of X and X_; as all columns of X except

for the j’th one.



2.3 The conservative Lasso

Before we introduce the precise definition of the conservative Lasso we recall that the plain Lasso

of Tibshirani (1996) is defined as

p
BLzﬁﬁgﬂy—Xﬂﬁ+2M;y@| @

where ), is a positive tuning parameter determining the size of the penalty attached to non-zero
parameters. For A, sufficiently large, some parameters will be classified exactly as zero. The plain
Lasso attaches the same penalty to all parameters. However, ideally one would like to penalize the
truly non-zero parameters less than the truly zero ones. The problem is that one does not know
which parameters are zero and which are not. One potential solution to this would be to apply the
adaptive Lasso of Zou (2006) which is defined as

p
. 1
- in||Y — X8| +2x -
Bar = angminllV = X3, + 223 17

1851 (3)

where BALJ is the Lasso estimator for the jth coefficient. However, and first of all, unless one
imposes a restrictive condition on the minimal size of non-zero coefficients, not even the adaptive
Lasso can be guaranteed to penalize truly zero coefficients more than truly non-zero ones. Next,
the adaptive Lasso usually relies on the Lasso as an initial estimator to construct its weights. In
particular, the adaptive Lasso discards those variables from the second step estimation which have
been deemed irrelevant by the first step Lasso estimator. This is unfortunate since we want to
construct confidence intervals and tests for every parameter 3y, 7 = 1,...,p. The conservative
Lasso does not suffer from these two shortcomings and we shall introduce it next. The conservative

Lasso estimator is defined as

p
A . 2 N
ﬂ:argmmHY—X/j’Hn+2)\nij]Bj] (4)
BERP =
with w; = ﬁ Here A, and A,.c. are positive non-random quantities chosen by the re-
L,j prec

searcher which we shall be specific about shortly. As opposed to the adaptive Lasso, the conser-
vative Lasso gives variables that were excluded by the first step initial Lasso estimator a second
chance — even if | Bj| = 0 one has w; = 1 instead of an "infinitely” large penalty. Hence, the name
”conservative” Lasso. The adaptive Lasso usually performs its worst when a relevant variable has
been left out by the initial Lasso estimator. The conservative Lasso rules out such a situation while

still using more intelligent weights than the Lasso as we shall see shortly. Note that our definition



of the conservative Lasso is at first glance slightly different from the one on page 205 in Biithlmann
and van de Geer (2011) since we have merged one of the tuning parameters into the definition of
the weights. However, the difference is merely a matter of parameterization. Furthermore, these
authors do not provide any inferential procedure for the conservative Lasso, they merely suggest it
as a potential estimator.

We shall choose Aprec to equal an upper bound on the estimation error of the first step Lasso
for reasons to be made clear next. In particular, assume that C = {H BL — Boll; < )\prec} is a set
with large probability. In Lemma 1 and Theorem 1 below we shall give examples of Apcc. Its order

will be the rate of convergence of the Lasso estimator in the /;-norm. Observe that

1. wj<1lforallj=1,..,p.

Furthermore, on C = { HBL — Boll; < )\prec} we have the following two properties:
2. w; =1 for all j € S§ since |,6A’L7j] = |3L7j — Bo,j] < Aprec for all j € S§.

3. 12)]‘ — 0 for j € Sy if % — oo. This is because |BL,j| > ‘BO,j‘ — ’BL,]’ — ﬁ07]’| > |,B()7j‘ —/\pmC =

|BO77| -~ . Ap'l‘ec 1
Aprec (/\pm — 1) > Aprec for n large enough. Hence, w; < el < ol —0
prec

Observations 1) and 2) imply that the penalty attached to non-zero coefficients will never be larger
than the penalty attached to the truly zero coefficients on C = {HBL - Boll; < )\pmc}. As we shall
see below this set has a large probability. Observations 1) and 2) also imply that the conservative
Lasso penalizes the non-zero coefficients less than the plain Lasso does since the latter corresponds
tow; =1 for all j = 1,...,p. Put differently, the non-zero coefficients will never be penalized more
than the truly zero ones. Observation 2) implies that the truly zero coefficients receive the same
penalty as they do when the Lasso is applied. By consistency of the Lasso (see Lemma 1 below)
BL,j is often either zero or close to zero for j € S§. Thus even small values of )\, . ensure that
Observation 2 is valid, i.e. the zero coefficients will receive a no smaller penalty than the non-zero
ones.

In the situation where the non-zero coefficients are bounded away from zero by more than A,..
(the rate of the initial Lasso estimator) observation 3 implies that one even has that the weights
attached to the non-zero coefficients tend to zero. We also want to remark that the arguments in
observations 2 and 3 actually only rely on Ap.¢. dominating the in general smaller sup-norm instead
of the /1-norm. Thus, the requirement % — 00 in observation 3 can be relaxed since A, can

be lowered. However, an upper bound on || B — Boll», for the Lasso is only available under rather



strong assumptions, see e.g. Lounici et al. (2008), and we shall stick to the current setting for now.
To sum up, the conservative Lasso is attractive since on a set with high probability it penalizes
the zero coefficients more than the non-zero ones. Thus, on that set the weights are more appropriate
than those of the Lasso which we shall see results in great performance gains.
As is standard in the literature we assume that the covariates X; are iid with ¥ = E(X1X])

satisfying an adaptive restricted eigenvalue type condition: for |S| < s,

)

min —1

seR(0) 052
165ell; <3v/510s]l,

95 (s) = 0, (5)
where S C {1,...,p} and |S] is its cardinality. Instead of minimizing over all of RP, the minimum
in (5) is restricted to those vectors which satisfy ||d0ge||; < 31/s||0s|, and where S has cardinality
at most s.

Notice that the adaptive restricted eigenvalue condition is trivially satisfied if ¥ has full rank
since 0505 < 6’0 for every 6 € RP and so,

a6 686 )

— > —— > min —

16sllz (18] — o<RA\ {0} [|4]]3
Assuming ¥ to be of full rank is a rather innocent assumption as ¥ is nothing else than the
population covariance matrix of X in the case where E(X;) is assumed to have mean zero. Since
the population covariance matrix is commonly assumed to be of full rank, the adaptive restricted
eigenvalue condition is satisfied in particular. We will also see that under Assumption 1, S =
%Zzﬂzl X; X! does also satisfy a restricted eigenvalue condition if ¥ does so as long as p is not too
large.

In order to establish an oracle inequality for the conservative Lasso we shall assume the following.
Assumption 1. The covariates X;, i = 1,...,n are independently and identically distributed while
the error terms w;, © = 1,...,n are independently distributed with E(u;|X;) = 0. Furthermore,
maxi<j<p B| X1 ;" < C and maxi<i<, E|w;|" < C for some r > 2 and a positive universal constant
C. Furthermore, ¢%(so) is bounded away from 0.

Assumption 1 assumes that the covariates are independently and identically distributed with
uniformly bounded r’th moments. The assumption of identical distribution of the covariates is
mainly made to keep expressions simple but could be relaxed. We will comment in more detail on
this later. The error terms are allowed to be non-identically distributed and may, in particular, be

conditionally heteroskedastic. Thus, many economic applications of interest are covered. At this



point it is also worth mentioning that in the literature one often assumes that the covariates as
well as the error terms are uniformly sub-gaussian. This is a much stronger assumption than the
one imposed here and rules out data with heavy tails. However, strengthening our assumption to
sub-gaussianity would also deliver stronger results. In any case, it would not be difficult to pursue
this avenue but we shall not do so here in order to avoid digressions.

Before stating the oracle inequality we state the following result on the Lasso. It is very similar
to the classical oracle inequality for the Lasso that assumes subgaussianity of the error terms in
Bickel et al. (2009). However, it is tailored to our Assumption 1 which only assumes r moments of
the covariates and the error terms and hence we still mention it here. Furthermore, the result is

needed in order to guide our choice of Ay, for the conservative Lasso.

Lemma 1. Let Assumption 1 be satisfied and set \,, = M:’ﬁ—g for M > 0. Then, with probability

r/2
at least 1 — M]?/Q — Dpi% , the Lasso satisfies the following inequalities
IX (s — )2 < 1532 ©)
"% (s0)
~ A S0
18L = Bollr < 2457, (7)
¢%(s0)

for a universal constant D > 0. Furthermore, these bounds are valid uniformly over the fo-ball

By (s0) = {llBollg, < s0}-

Lemma 1 provides an oracle inequality for the prediction and estimation error of the Lasso
under the assumption of uniformly bounded r’th moments of the covariates and the error terms.
It is similar in spirit to previous oracle inequalities, however it does not assume subgaussianity. It
is included here as it reveals that Ap.cc < Ayso will work in connection with observation 3 above to
ensure that C has a high probability. An upper bound on HB L — Polloo would actually be more useful
for the choice of Aprec. Under a quite restrictive assumption of near orthogonality of X, Lounici
et al. (2008) has shown that ||3; — Bollec is of the order A, such that the unknown so could be
dropped in the choice of A\pcc.

We are now ready to state the oracle inequality for the conservative Lasso.

Theorem 1. Let Assumption 1 be satisfied, set A\, = M% for M > 0 and Aprec = 24¢’2\’Zg%).
>

2.1/2
D _ D%, the conservative Lasso satisfies the following

Then, with probability at least 1 — e}



inequalities

5 2 )\%50
A >\n30
I8 — foll < 242, (9)

for a universal constant D > 0. Furthermore, these bounds are valid uniformly over the £y-ball

By, (s0) = {llBollg, < s0}-

We shall see in Section 5 that the conservative Lasso provides more precise parameter estimates
than the plain Lasso since its weights are more intelligent. For establishing the uniform validity of
our covariance matrix estimator over By, (s0) = {||5ol| o < so} in Theorem 2 it will turn out to be
important that (9) is valid uniformly over this set. Theorem 1 is mainly used as a tool to prove

the validity of our inferential procedure but is also of interest in its own right.

3 Inference

In this section we explain how to conduct statistical inference with the conservative Lasso. To do

so we first discuss desparsification.

3.1 The Desparsified Conservative Lasso

In order to conduct inference we shall use the idea of desparsification first proposed in van de Geer
et al. (2014). The idea is that the shrinkage bias introduced due to the presence of penalization
in (4) will show up in the properly scaled limiting distribution of Bj. Hence, we remove this bias
prior to conducting statistical inference. Letting W = diag (1711, vy zf)p) be a p X p diagonal matrix

containing the weights of the conservative Lasso, the first order condition of (4) may be written as
—X'"(Y = XB)/n+ \Whk =0,

[Alloe <1,

and kj = sign(Bj) if Bj # 0 for j =1,...,p. Using the first equation above
AMWi = X'(Y — XB)/n. (10)
Next, as Y = Xy + u and defining S =X'X /n the above display yields

MWa+3(8 - Bo) = X'u/n.

10



In order to isolate B — Bp we need to invert 3. However, when p > n, 3 is not invertible. Thus, the
idea is now to construct an approximate inverse, @, to 3 and control the error term resulting from
this approximation. We shall be explicit about the construction of © in the next section. For any
p X p square matrix we may write, by multiplying the above equation by 0, and adding B — By to

each side of the above equation,
B =Bo—ONWE+OX"u/n— AJnl/?, (11)

where
A = /(0% - 1,)(3 - Bo),

is the error resulting from using an approximate inverse, é), as opposed to an exact inverse. We
shall show that A is asymptotically negligible. Note also that the bias term ON W i resulting from
the penalization is known. This suggests removing it by simply adding it to both sides of (11),

resulting in the following estimator:
b=6+ONWh =B+ 6OX"u/n— A/n*/2 (12)
Hence, for any p x 1 vector a with |||, = 1 we can consider
vnd' (b— o) = a’6X'u/n'/? — /A (13)

such that a central limit theorem for o/©X’u/n'/?

and a verification of asymptotic negligibility
of oA will yield asymptotic gaussian inference. Furthermore, we provide a uniformly consistent
estimator of the asymptotic variance of \/na’ (B — BO) which makes inference practically feasible. In

connection with Theorem 2 we shall see that a central limit theorem for o/ © X'u/n'/?

puts certain
limitations on the number of non-zero entries of o in (13), i.e. the number of parameters involved
in a hypothesis. A leading special case of the above setting is of course a = e; where e; is the j’th

unit vector for RP. Then, (13) reduces to
\/ﬁ (I;J - BO,j) = (éX'u/n1/2)j — Aj. (14)

In general, let H = {j =1,.,p:a; # 0} with cardinality h = |H|. Thus, H contains the indices
of the coefficients involved in the hypothesis being tested. We shall allow for h — oo as the first
in the literature on inference in high-dimensional models with more regressors than observations

(p>mn), but h/n — 0 as n — oo.

11



In the next section we shall construct the approximate inverse © which enters in both terms
in the above display and thus plays a crucial role for the limiting inference. Note that we can

practically compute the desparsified conservative Lasso from the following equation using (10)
b=B+6X'(Y - Xj)/n.

The above desparsification procedure is similar in spirit to the one outlined in van de Geer et al.
(2014). However, B is used instead of 3 1. Furthermore, the construction of the approximate inverse
© in the next section relies on the conservative Lasso as opposed to the plain Lasso.

Remark: Another way to remove the shrinkage bias would be to perform least squares after
model selection (by the Lasso) as in Belloni and Chernozhukov (2013). However, the Lasso is only
guaranteed to include all relevant variable if the non-zero coefficients are well separated from the
zero ones (fmin-condition). An assumption we are avoiding. Thus, in that framework there is in
general no guarantee that all relevant variables will be included in the second step least squares
estimation and hence inference would be difficult for the parameters of these. However, conducting

inference by means of unpenalized post-estimation is an interesting avenue for future research.

~

3.2 Constructing the Approximate Inverse of the Gram Matrix: ©

In this subsection we construct the approximate inverse O of . This is done by nodewise regression
a la Meinshausen and Biithlmann (2006) and van de Geer et al. (2014). To formally define the
nodewise recall that X; is the j'th column in X and X_; all columns of X except for the j’th one.

First, along the lines of van de Geer et al. (2014) we define the Lasso nodewise regression estimates

’?L,j = argminHXj - X*]')’Hi + 2)\node,n Z |’7k| (15)
~yeRpP—1 kAj

for each j = 1,...,p. We use these estimates to construct the weights of the conservative Lasso
nodewise regression which is defined as follows

A4 :argminHXj—X,j'yHi+2)\node7an‘j7H1 (16)
yERP~1

where f‘j = diag (m/l\‘pﬁ, Il=1,...,p,1# j) isa (p—1)x (p—1) matrix of weights. Note that
we choose Ajode,n to be the same in all of the nodewise regressions. This is needed for the uniform

results in Lemma 2 below to be valid. Thus, the conservative Lasso is run p times as an intermediate

12



step to construct O. Using the notation 4; = {fij’k; k=1,...p, k# j} we define

L 2 0 —Hp
O o1 1 =,
—Ap1 —Apa 1
To define © we introduce T2 = diag(72, - ,%5) which is a p x p diagonal matrix with
77 = 11X — X351 + Anode.nl D535 (17)
for all j =1,...,p. We now define
6=1772C. (18)

1 Tt remains to be shown that this © is close to being an inverse of 3. To this end, we define @j
as the j’th row of O but understood as a p X 1 vector and analogously for C'j. Thus, @j = C’j / 7°]-2 .

With this notation in place, note that

- (19)

sgn(3;)' T35 =054
where sgn(9;) = (sgn(%jx), k=1,...,p,k # j). Therefore, postmultiplying the Karush-Kuhn-
Tucker conditions (written as a row vector) of the problem (16) by 4; and adding (X; —X_;;)' X;/n
to both sides yields

(X5 — X 39)" (X5 — X_59) (Xj = X j%)'X;

n + )\node,nHFjrAYj Hl = n (20)
Next, we recognize the left hand side of (20) as @2 such that
; .

n

Dividing each side of the above display by 72j2 (we shall later rigorously argue that %]-2 is bounded

away from zero with high probability) and using the definition of @j implies that

X - X)X (X)X, OiX'X;
72n n n

(22)

! A practical benefit is that the nodewise regressions actually only have to be run for j € H and not all j = 1,...,p

as we only need to estimate the covariance matrix of those parameters involved in the hypothesis being tested.

13



which shows that the j’th diagonal element of S)> equals exactly one. It remains to consider the
off-diagonal elements of ©3. To this end, note that the Karush-Kuhn-Tucker conditions for the
problem (16) can be written as

DX (X — X5%))

n)‘node,n

Rj =

Using ||#j]/cc < 1 yields

TX (X — X%
R M L
n)\node,n 00
which is equivalent to
A1 .
I XL, XCjlloo
node,n

n
since (X; — X_;9;) = X C'j. Then, dividing both sides of the above display by 7A'j2 and using that
@j = % implies that

j

B X X6l _ A

node,n
n - %]2 '
Thus,
R ~ oAl R 4 R
IX2;XOjlloc _ 515 X7 ;X050 < Il 11 XL, X0l  Mnoden (23)
n n = 17N ee n - 27

j
where we have used that ||T';|¢, equals the largest diagonal element of T'; since T'; is diagonal and
that all diagonal elements are less than one by observation 2 after (4). Of course (23) is equivalent

to

“égX,X_j Hoo < >\node,n . (24)

~2
n ;
TJ

In total, denoting by e; the j’th p x 1 unit vector, (22) and (24) yield

e Anode,
675 — ¢l < 25 (25)
J

Hence, the above display provides an upper bound on the j’th row of e% — I, which, combined
with the oracle inequality for ||3 — Sol|, will yield an upper bound on A; in (13) by arguments made
rigorous in the appendix.

3.3 Properties of the Nodewise Regressions

In order to establish a central limit theorem for o/©X’ u/n'/? in (13) we need to understand the

asymptotic properties of 6. To do so we relate © to © := X1 First, let ¥_; _; represent the

14



(p —1) x (p — 1) submatrix ¥ of where the jth row and column have been removed. ¥;_; is the
jth row of ¥ with jth element of that row removed. ¥_j; ; represent the j th column of ¥ with its

jth element removed. By Section 2.1 of Yuan (2010) we know that

1
9jj = (Ej,j - Ej,—jzijl,_jz—j,j)

and

-1
©j—j=~— (Ej,j - E]}—jz—]l‘,—jz—]}j) 25 —25 - = —95%5~5

Next, let X;; denote the ith element of X; and X_;; the ith element of X_; (recall the definition
of X; and X_; just prior to (15)). Now, defining 7; as the value of v minimizing,
2
E(Xji— X—j7)
implies that

/o oyl
V=B

such that
Qj—j = —0;;7j (26)

Thus, for n;; := X;; — X_;;v;, it follows from the definition of v; as an L?-projection that all

entries of X_;;n;; have mean zero such that
Xji = Xjiv + nj (27)

is a regression model with covariates orthogonal in L? to the error terms for all j = 1,...,p and
i=1,...,n. Let ©; be the j’th row of © written as a column vector. Then the crux is that (27) is
sparse if and only if ©; is sparse as can be seen from (26). Let S; = {k: =1,.,p: 0, # 0} with
cardinality s; = |Sj| denote the indices of the non-zero terms of ©;. Then, the regression model
(27) will also be sparse with «; possessing s; non-zero entries. Thus, with Theorem 1 in mind it is
sensible that the estimator 4; resulting from (16) is close to ;. We shall make this claim rigorous

in Lemma 2 below. Next, by (27),
S = E(X3) =S+ E(y) = %5555 555+ E(n3y),
such that

2. 2 —1
7= Ey,) = X5 = X805 Y45 = 6,

15



Thus, defining

L =m2 0 7y
2.1 |
C= ",
_ryp71 _ryp72 “e ]_
and T? = diag(72, - ,T]?) we can write © = T~2C using (26). In Lemma 2 below we will show

that ?]2 as defined in (17) is close to TjQ such that @j is close to ©; when 4; is close to ;.
Remark: The above arguments have relied on X; being i.i.d. such that ¥ = F (XiX{) is constant
and does not depend on ¢ = 1, ..., n. At the cost of more involved notation and proofs the arguments
above would also be valid in the case of non-identically distributed covariates if we consider ¥ =
LS E(X;X!) instead of E(X;X]). However, we shall not pursue this generalization here.

We now turn to the properties of the nodewise regressions which will be of great importance
for the proof of Theorem 2 below. Defining 5 = max;cy s; we introduce the following assumption.

Assumption 2:

a) Pmin(X) is bounded away from zero.

2zr/2

b) E5— — 0.

nr/4

c) E(|n;:|") uniformly bounded over i = 1,...,n and j =1, ...,p.

Assumption 2a) states that the smallest eigenvalue of the population covariance matrix is bounded
away from zero. It is used to make sure that the 7'j2 are bounded away from zero, as 7']-2 =1/0;; >
1/bmax(©) = ¢dmin(X). Part b) is needed to show that Hf] — ZHOO converges to zero sufficiently fast
to conclude that the adaptive restricted eigenvalue of 3 is close to the one of ¥. It implies an upper
bound on how fast the dimension, p, of the model can increase. The more moments one assumes
the covariates and the error terms to possess, the faster p can grow. On the other hand, we must
always have that 5 = o(y/n) independently of the number of moments assumed to exist. Thus,
the inverse covariance matrix must be sparse. This is satisfied if ¥ is e.g. block diagonal. In the
simulations we shall also see that our methods works well even if @ = £ 7! is not sparse as long as

its entries are not too far from zero. Assumption 2c) is a moment assumption on the error terms

from the nodewise regressions.
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h2/rp2/r

Lemma 2. Let Assumptions 1 and 2 be satisfied and set Apoden < T Then,
mas [ X5~ )ll% = Oy (e, (28)
max |55~ 5l = O (W) (29)
max |7 = 77| = 0, (sl/QW) (30)
w6, - 04, =0, (shz/}:/’”) (31)
max |0 — 61> = 0, (5““%) - (32)
ma 18511, = 0,(5'2). (33)

Lemma 2 is an auxiliary lemma which will be of great importance in the proof of Theorem 2
below. Note that all bounds provided are uniform in H with upper bounds tending to zero even
when h = |H| — oo as long as this does not happen too fast. (28) and (29) reduce to inequalities
of the type (8) and (9) in Theorem 1 when H is a singleton such that h = 1. Note also that
(31) can be used to bound the estimation error of each row of O for the corresponding row of ©.
Thus, choosing H = {1, ...,p}, (31) provides a bound on 16— O, - Finally, we remark that the
uniformity of the above results is crucial for establishing the limiting distribution of o/©X’ u/ nl/2
in (13) as well as for estimating the variance of the limiting distribution.

Before stating Theorem 2 we introduce the following notation in connection with the asymptotic
covariance matrix. Let ¥, = n~ !> | FX;X/u? and Spu = n1 S X X2, where 4; =
Y, — X! B . For Theorem 2 we need the following assumptions.

Assumption 3.

Let » > 6 and

h2/r+1/2p4/r

a) SOT — 0.

by PLhs .

ni/2

2/r s 8/r s 8/r _
p=/T/sohs p®/ 7 /sohs p®/"sohs
C) T — 0, T — 0 and n(7*20)/r — O

d) (hE)T/Ztii\flfg)T/4p o

€) ¢min(Xzy) is bounded away from 0 and ¢max (Xzy) is uniformly bounded. ¢nax(2) is bounded

from above.
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Assumptions 3a)-d) all restrict the rate at which the size of the model (p), the number of relevant
variables (sp) as well as the number of coefficients involved in the hypothesis being tested (h) are
allowed to increase. However, part b) of Assumption 3 reveals that the number of 3y ; involved must
be of order o(nl/ 2). Letting the number of parameters involved in the hypothesis increase with the
sample size is a vast generalization of van de Geer et al. (2014) who only mention the possibility
of H possessing a fixed or growing number of elements. Part b) also reveals that if one encounters
a situation where p increases faster than the sample size, then one needs r» > 16. Furthermore, the
maximal number of non-zero terms in the nodewise regression, s, should not increase faster than
the square root of the sample size. Assumptions 3a)-d) are trivially satisfied in the classical setting
where p, h, sg and § are fixed. It is of course sensible, that these quantities can not grow too fast
if one still wishes to obtain standard normal inference with precise estimation of an asymptotic
covariance matrix of increasing dimension. Finally, Assumption 3e) restricts the eigenvalues of 3

and X.,,.

Theorem 2. Let Assumptions 1-3 % be satisfied. Then,
o= B) 4 ), (34)
vV a'0Y,, 0«
where « is a p X 1 vector with |||, = 1. Furthermore,
sup ‘o/é)flw(;)’a — /03,0 al = 0,(1). (35)
Bo€Byy (s0)

Theorem 2 provides sufficient conditions for asymptotically gaussian inference to be valid. We
stress again that the number of f ;, h, involved in the statistic in (34) is allowed to increase as the
sample size tends to infinity as long as this does not happen too fast. Furthermore, these results
can be valid in the presence of more variables than observations (p > n).

We also want to emphasize that the above results allows the error terms to be heteroskedastic
and do not assume that they are independent of the covariates. (35) provides a uniformly consistent
estimator of the asymptotic variance of n'/2a/ (I; — Bo). We are the first to do so in the literature on
high-dimensional regressions models in the presence of heteroskedasticity and an increasing number
of parameters. The uniformity of (35) will also be used in the proof of Theorem 3 below. (35) is also
remarkable as it gives the limit of the variance in the denominator of (34) even as the dimension

(p x p) of the matrices involved in the expression increases. Consider the leading special case where

2 Assumption 2b) is of course implied by Assumption 3b) but to keep the statement clean we shall simply assume

all of Assumption 2 to be valid.
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H = {j} such that « reduces to the j’th unit vector e; of RP. If, furthermore, the covariates and

2

the error terms are independent and the latter are homoskedastic with variance o* we get that

a'0%,,0a= 692710222716]' = 022;]1,

which is nothing else than the standard formula for the asymptotic variance of the least squares
estimator of the j’th coefficient BO Ls,; in a fixed dimensional linear regression model. Thus, there

is no efficiency loss. In the case where H is a set of fixed cardinality h, (34) reveals that

[(05.0)," Vi (b — o), % (). (36)

as it is asymptotically a sum of h independent standard normal random variables. Thus, asymp-
totically valid y2-inference can be performed in order to test a hypothesis on h parameters simul-
taneously. Wald tests of general restrictions of the type Hy : g(39) = 0 (where g : RP — R" is
differentiable in an open neighborhood around 3y and has derivative matrix of rank h) can now
also be constructed in the usual manner, see e.g. Davidson (2000) Chapter 12, even when p > n

which has hitherto been impossible.

4 Uniform Convergence

The next theorem shows that the confidence bands based on the desparsified conservative Lasso

are honest and that they contract at the optimal rate. Recall that By, (so) = {||ﬂ0\|go <50}

Theorem 3. Let Assumptions 1-3 be satisfied. Then, for allt € R and a € RP with ||a|, =1,

n/2a/ (b — fo)
sup  |P | —————===<1t| - 2()| 0. (37)
Bo€Be (so0) ( Vo030«

Furthermore, letting 6; = e;é)ﬁ)xué’ej (corresponding to o = e; in (37)) and z,_5/5 the 1 —§/2
percentile of the standard normal distribution, one has for all j =1,...,p

liminf  inf P (&M c [Bj - zl,m%, b + zla/Q\%D >1-4. (38)

n—00 Bo€By(s0)

Finally, letting diam([a,b]) = b — a be the length (which coincides with the Lebesgue measure of

[a,b]) of an interval [a,b] in the real line, we have that
) G - 5; 1
sup diam(b-—z_5 L b+ zi_59—= >:O <> (39)
G0 By, (50) [ J 1 /2\/5 j 1-6/2 \/ﬁ} *\n
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(37) reveals that convergence to the standard normal distribution in Theorem 2 is actually valid
uniformly over the £g-ball of radius at most sg. Such uniformity is possible in the light of the work of
Leeb and Potscher (2005) since we refrain from model selection: the desparsified conservative Lasso
is, as its name says, not sparse. Hence, our result does not contradict the work of these authors.
(38) is a consequence of (37) and entails that the confidence band [Z;] - 2175/2%, Bj + 21-5/2 %] is
asymptotically honest for By j over B(sg) in the sense of Li (1989). Asymptotic honesty is important
to produce practically useful confidence sets as it ensures that there is a known time n, not depending
on By, after which the coverage rate of the confidence set is not much smaller than 1 — §. Thus,

pointwise confidence bands that are dishonest, i.e. which do not satisfy (38) but

A Gi = o
inf lminf P (Bos € b — 21590 b4 215022 ] ) > 1 -6,
it (o€ o —ran b ] ) 2

are of much less practical use since the n from which point and onwards the coverage is close to 1 —9
is allowed to depend on the unknown Sy. Of course an honest confidence set S, could also easily
be produced by setting S5,, = R for all n > 1. Such a confidence set is clearly of little practical use.
Thus, (39) is important as it reveals that the confidence band [13] - 21_5/2%, sz + 21_5/2%] has
the optimal rate of contraction 1/4/n. Furthermore, these confidence bands are uniformly narrow
over By, (so) such that for all e > 0 there exists an M > 0, not depending on fp, with the property
that diam <[B] - 21_5/2%, i)j + 21-5/2 %}) < M/+/n for all By € By,(so) with probability at least
1—e. Here it is vital that at the same time the confidence intervals are asymptotically honest. Since
the desparsified conservative Lasso is not a sparse estimator, (39) does not contradict inequality 6 in
Theorem 2 of Pétscher (2009) who shows that honest confidence bands based on sparse estimators
must be large. Results (38) and (39) are also remarkable in light of the classical result of Bahadur
and Savage (1956) stating that even in the problem of constructing confidence intervals for the mean
of a gaussian random variable honest confidence bands are not possible in general if one insists on
the diameter of the confidence bands to be bounded almost surely. Finally, the above results are
valid without any sort of Sunin-condition which requires the absolute value of the smallest non-zero
coefficient to be greater than sgA,,.

In total, Theorem 3 reveals that the inference of our procedure is very robust as the confidence

bands are honest and contract uniformly at the optimal rate.
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5 Monte Carlo

In this section we investigate the finite sample performance of the (desparsified) conservative Lasso
and compare it to the one the (desparsified) Lasso of van de Geer et al. (2014). The Lasso as well
as the conservative Lasso are implemented in R by means of the publicly available glmnet package
and for both of these A, is chosen by BIC, see e.g. (9.4.9) in Davidson (2000). A,oge.r is also chosen
by BIC in the nodewise regressions. Of course, one could also use cross validation to choose A, but
in our experience this does not improve the quality of the results while being considerably slower.
All data will be generated from the model (1).

As discussed in subsection 2.3 Ay, should be chosen of the order of the right hand side of (7)
in order for the conservative Lasso to work well. However, this quantity is unknown and we thus
choose it along with A, by means of BIC. We considered the grid {0.01,0.05,0.1,0.5,1} for Aprec.
The motivation for the values in this grid is that ideally A,... should be bigger than BALJ when
j € 5S¢ and smaller than BL,j when j € S. As BL,j is often either zero or very close to zero for
J € 5§ (by consistency of the Lasso) it suffices to consider a grid of rather small values for Apye. in
order to drive a wedge between the zero and the non-zero coefficients. We also experimented with
a wider and denser grid but this did not change the results.

All simulations are carried out with 1,000 replications and we consider the following performance

measures for each of the procedures:

1. Estimation error: We compute the ¢3-estimation error of the Lasso and the conservative Lasso

averaged over the Monte Carlo replications.

2. Size: We evaluate the size of the x2-test in (36) for a hypothesis involving more than one

parameter.

3. Power: We evaluate the power of the y2-test in (36) for a hypothesis involving more than one

parameter.

4. Coverage rate: We calculate coverage rate a gaussian confidence interval constructed as in

(38). This is done for a non-zero as well as a zero parameter.

5. Length of confidence interval: We calculate the length of the two confidence intervals consid-

ered in point 4, above.

In the simulations we investigate the performance of the conservative Lasso in moderate, high,

and very high-dimensional settings. The covariance matrices of the covariates are always chosen
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to have a Toeplitz structure with (7, j)’th entry equal to pl*=7| for some 0 < p < 1 to be made
precise below. The covariates and the error terms are assumed to be t-distributed with 10 degrees
of freedom. At this point we also wish to remark that all experiments reported below were also
carried out with the covariates possessing a block diagonal covariance matrix and/or gaussian error
terms (all combinations were tried). This did only affect the findings in the simulations marginally
and we shall not report these results here.

All tests are carried out at a 5% significance level and all confidence intervals are at the 95%
level. The y2-tests always involve the two first parameters in 8y of which we deliberately make sure
that first one is 1 and the second one is zero. Thus, h = 2 in our simulations. For measuring the size
of the x2-test, we test the true hypothesis Hy : (801, 80.2) = (1,0). For measuring the power of the
x2-test, we test the false hypothesis Hy : (Bo,1,B0,2) = (1,0.4). Thus, the hypothesis is only false
on the second entry of By. Similarly, we construct confidence intervals for the first two parameters
of By such that the coverage rate can be compared between non-zero and zero parameters.

As our theory allows for heteroskedastic error terms we also investigate the effect of this. To
be precise, we consider error terms of the form wu; = ¢; (%Xl,i + bez,i) where ¢; ~ t(10) is
independent of the covariates and b, is chosen such that the unconditional variance of u; is still

3

that of a t-distribution with 10 degrees of freedom®. Note that this u; satisfies our assumption

E(u;]X;) = 0 and has variance conditional on X; given by E(€?) (%Xl,i + mez’i). The reason
we ensure that the unconditional variance of w; is still that of a ¢(10)-distribution is that we do
not want any findings to be driven by a plain change in the unconditional variance. It is also

deliberate that we choose the conditional heteroskedasticity to depend on X;; and X»; as these

are the variables involved in the y?-tests and the confidence intervals.

e Experiment la (moderate-dimensional setting). Sy is 50 x 1 with 10 ones and 40 zeros. The
10 ones are equidistant in the parameter vector. Thus, p = 50 and sy = 10. We consider

p=0,0.5 and 0.9 and n = 100.

e Experiment 1b (moderate-dimensional setting). As Experiment la but with heteroskedastic

errors.

e Experiment 2a (high-dimensional setting). [y is 104 x 1 with the first four entries being

(1,0,1,0.1) and the remaining 100 entries being zero. Thus, p = 104 and sy = 3. We consider

3To ensure that u; still has the variance of €; ~ t(10) a small calculation shows that it suffices to choose b, =

—V2p+1/2p2+2
2

. Thus, the higher the correlation between X, ; and X5 ;, the smaller b, should be chosen.
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p=20,0.5and 0.9 and n = 100.
e Experiment 2b (high-dimensional setting). As Experiment 2a but with heteroskedastic errors.

e Experiment 3a (very high-dimensional setting). [y is 1000 x 1 with 10 ones and 990 zeros.
The 10 ones are equidistant in the parameter vector. Thus, p = 1000 and s¢g = 10. p = 0.75.
This experiment is carried out for n = 100, 150, 200, 500 to gauge the effect of an increasing
sample size. We also experimented with different values of p but this did not qualitatively

alter our findings.

e Experiment 3b (very high-dimensional setting). As Experiment 3a but with heteroskedastic

eITOrS.
X2 Coverage rate Length
n = 100 fo Size Power non-zero zero 1non-zero - zero
= Lasso  0.668 0.136 0.949 0.852 0.929 0.386 0.383
Il
< CLasso 0.425 0.112 0.966 0.885 0.939 0.354 0.360
i Lasso 0.709 0.146 0.900 0.852 0.918 0.394 0.409
! CLasso 0.454 0.105 0.907 0.902 0.944 0.417 0.471
Lasso 1.392 0.201 0.630 0.820 0.854 0.617 0.738

bt
S
I

CLasso 1.237 0.123 0.479 0.897 0.929 0.841 1.113

Table 1: Summary statistics for Experiment la. ¢5: average fo-estimation error, x?: Size and Power report
the size and power of the hypotheses Hy : (80,1, 80,2) = (1,0) and Hp : (Bo1,80,2) = (1,0.4), respectively.
Coverage rate: the actual coverage rate of the asymptotically gaussian 95% confidence interval for 5y, and

Bo,2. Length: the length of the two confidence intervals mentioned above. CLasso: Conservative Lasso.

Table 1 contains the results for Experiment la. First, we wish to stress that as predicted in
Section 2.3, the conservative Lasso has a lower estimation error than the plain Lasso. This is the
case no matter whether p = 0,0.5 or 0.9. Furthermore, the conservative Lasso is always less size
distorted than the Lasso while having slightly more power except for when p = 0.9. When p = 0.9
both procedures have serious power deficiencies. Next, our procedure always has a coverage rate
which is closer to the nominal rate of 95%. This is the case for the zero as well as the non-zero

parameters. When p = 0 one even has that the conservative Lasso has better coverage with narrower
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bands. Note, however, that both procedures still have a slight tendency towards undercoverage (a
phenomenon which disappears as the sample size is increased (not reported here)). This is the case
in particular for the plain Lasso and much less pronounced for the conservative Lasso. The reason
for this is that the confidence intervals produced by the Lasso are too narrow compared to the
more accurate ones produced by the conservative Lasso and that the latter produces more precise

parameter estimates.

2 Coverage rate Length

n = 100 2 Size  Power mnon-zero zero non-zero zero
o Lasso 0.738 0.158 0.765 0.854 0.898 0.557 0.563
Il
< CLasso 0.499 0.155 0.793 0.871 0.912 0.536 0.547
“O? Lasso  0.780 0.193 0.774 0.828 0.913 0.609 0.534
l CLasso 0.528 0.153 0.782 0.856 0.934 0.617 0.564
g Lasso 1.484 0.218 0.524 0.792 0.867 0.789 0.835
Il
Q CLasso 1.378 0.144 0.420 0.868 0.937 0.990 1.203

Table 2: Summary statistics for Experiment 1b. f5: average fo-estimation error, y?: Size and Power report
the size and power of the hypotheses Hy : (80.1,80,2) = (1,0) and Hp : (8o.1,50,2) = (1,0.4), respectively.
Coverage rate: the actual coverage rate of the asymptotically gaussian 95% confidence interval for 5y, and

Bo,2. Length: the length of the two confidence intervals mentioned above. CLasso: Conservative Lasso.

Next, Table 2 adds heteroskedasticity to the results of Experiment la. The main message of
this table is that qualitatively the results of Experiment 1a remain unchanged as both procedures
only suffer slightly from the introduction of heteroskedasticity in the error terms.

Table 3 contains the results for experiment 2a) in which the number of variables is slightly
larger than the sample size. For p = 0, the estimation error of the conservative Lasso is almost
twice as low as the one for the plain Lasso underscoring the prediction in Section 2.3. However, in
this case this does not result in a better performance along the other dimensions measured as the
two procedures perform similarly there: they both have good size and power properties and the
coverage rate is close to the nominal one.

For p = 0.5 the conservative Lasso is still more precise than the Lasso but now it is also
considerably less size distorted than the Lasso and has a power which is around 20%-points higher

than the one of the Lasso. This is a considerable improvement which can also be found in the
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X2 Coverage rate Length

n = 100 { Size Power non-zero zero 1non-zero  zero
= Lasso 0.398 0.058 0.901 0.946 0.931 0.435 0.412
Il
< CLasso 0.220 0.077 0.926 0.925 0.937 0.383 0.389
2 Lasso 0.337 0.162 0.687 0.928 0.823 0.439 0.436
Il
Q CLasso 0.214 0.074 0.867 0.925 0.929 0.445 0.499

= Lasso 0451 0237 0407 0841 0796 0642  0.748
L Classo 0392 0101 0450 0912 0907  0.843  1.080

Table 3: Summary statistics for Experiment 2a. ¢5: average fo-estimation error, x?: Size and Power report
the size and power of the hypotheses Hy : (80,1, 50,2) = (1,0) and Hy : (Bo,1,50,2) = (1,0.4), respectively.
Coverage rate: the actual coverage rate of the asymptotically gaussian 95% confidence interval for 5y 1 and

Bo,2. Length: the length of the two confidence intervals mentioned above. CLasso: Conservative Lasso.

coverage probability for the zero parameter. When p = 0.9 the conservative Lasso again remains
the most precise estimator with superior size and power properties. However, as in Experiment
1, for none of the procedures the x?-test has good power properties. The conservative Lasso has
much better coverage rate, being up to ten percentage points larger for the zero parameter. This
comes from more precise parameter estimates and wider bands.

When adding heteroskedasticity to Experiment 2a, Table 4 shows that the estimation errors
of both procedures increase slightly. The conservative Lasso remains the most precise one. Both
procedures produce confidence bands having around the same coverage probability as in the ho-
moskedastic case. In fact, the coverage rates are better in the heteroskedastic setting when p = 0.9
for both procedure as the bands become quite a bit wider.

The results for the very high-dimensional Experiment 3a are found in Table 5. When the sample
size is n = 100, the plain Lasso has an estimation error which is 50% larger than the one for the
conservative Lasso. Furthermore, the x2-test based on the Lasso is so size distorted (the size is
70%) that its usefulness may be questioned. While the conservative Lasso also suffers from size
distortion (the size is 32%) it is still much more reliable than the Lasso. In terms of power, the
x2-tests based on the two procedures perform similarly.

Turning to the coverage rates of the confidence intervals of the non-zero coefficients, the Lasso

provides such a poor coverage (30%) that it may almost be deemed useless. The conservative Lasso,
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X2 Coverage rate Length
n = 100 { Size Power non-zero zero 1non-zero  zero
o Lasso 0.445 0.082 0.714 0.923 0.945 0.631 0.634
Il
< CLasso 0.283 0.095 0.744 0.911 0.943 0.583 0.609
2 Lasso 0.391 0.184 0.545 0.918 0.875 0.698 0.587
Il
Q CLasso 0.284 0.092 0.686 0.914 0.945 0.670 0.602
Lasso 0.512 0.220 0.315 0.879 0.804 0.870 0.862

=
S
I

CLasso 0.482 0.097 0.354 0.913 0.930 1.028 1.163

Table 4: Summary statistics for Experiment 2b. fy: average fy-estimation error, x2: Size and Power report
the size and power of the hypotheses Hy : (80,1, 50,2) = (1,0) and Hy : (Bo,1,50,2) = (1,0.4), respectively.
Coverage rate: the actual coverage rate of the asymptotically gaussian 95% confidence interval for 5y 1 and

Bo,2. Length: the length of the two confidence intervals mentioned above. CLasso: Conservative Lasso.

while not being perfect, still has produced a coverage of 70%. It also performs much better for the
truly zero parameter than the Lasso. The superior coverage of conservative Lasso is again due to
much more precise estimates and wider confidence bands than the Lasso.

When the sample size is increased to just n = 150 the conservative Lasso delivers more than
twice as precise parameter estimates as the plain Lasso. Actually, we conclude that it performs
well along all dimensions even in this high-dimensional setting. The size distortion has disappeared
and the coverage for the non-zero parameter has increased to 93% (from 70%). The Lasso has also
improved. However, it is remarkable that the size of its x2-test for n = 150 still only corresponds
to the one for the conservative Lasso when n = 100. Similarly, the coverage rate of the confidence
bands for zero as well as non-zero parameters based on the Lasso has only now risen to the coverage
rate that the conservative Lasso produced for n = 100.

It is also remarkable that for both procedures the length of the confidence bands has actually
become wider as n is increased from 100 to 150. This indicates that the undercoverage for n = 100
is to a high extent due to too narrow confidence bands as a result of under estimating the variance
of the parameters.

Next, for n = 200, the conservative Lasso still estimates the parameters much more precisely
than the plain Lasso. It also has better size and power properties but the gap has narrowed as these

quantities approach their asymptotic values of 0.05 and 1, respectively. Regarding the coverage rate,
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X Coverage rate Length

p=0.75 ly Size Power non-zero zero non-zero  zero
§ Lasso 1.524 0.700 0.899 0.297  0.813  0.253  0.254
g CLasso 0.960 0.317 0.871 0.695  0.909 0429  0.504
% Lasso 1.090 0.316 0.794 0.696  0.847  0.360  0.382
g CLasso 0.391 0.081 0.891 0.931 0.940  0.445  0.546
§ Lasso  0.868 0.099 0.860 0.902  0.910  0.391 0.428
Q CLasso 0.280 0.067 0.942 0.939 0942  0.399  0.493
§ Lasso  0.497 0.080 1.000 0929 0919 0.246  0.281
g CLasso 0.150 0.057 1.000 0.936  0.950  0.260  0.320

Table 5: Summary statistics for Experiment 3a. ¢5: average fo-estimation error, x2: Size and Power report
the size and power of the hypotheses Hy : (80,1, 50,2) = (1,0) and Hp : (Bo,1,50,2) = (1,0.4), respectively.
Coverage rate: the actual coverage rate of the asymptotically gaussian 95% confidence interval for 8,1 and

Bo,2. Length: the length of the two confidence intervals mentioned above. CLasso: Conservative Lasso.

the conservative Lasso also remains the superior procedure but now the Lasso now has coverage of
above 90% for both parameters as well.

Finally, for n = 500, both procedures work very well, but the conservative Lasso remains by far
the most precise estimator in terms of fy-estimation error (three times as precise).

Table 6 adds heteroskedasticity to the results in Table 5. Qualitatively nothing changes in the
sense that the rankings between the Lasso and the conservative Lasso remain the same in terms of
estimation precision, size, power and coverage for all sample sizes. The conservative Lasso again
estimates the parameters more precisely and has much better size and coverage properties. For
n = 500 both procedures work well but as usual the conservative Lasso remains the most precise

estimator in terms of fy-estimation error.

6 Conclusion

This paper shows how the conservative Lasso can be used to conduct inference in the high-
dimensional linear regression model. We are the first in the literature to allow for conditional

heteroskedasticity in the error terms and we also show how to consistently estimate the limiting
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X Coverage rate Length

p=0.75 ly Size Power non-zero zero non-zero  zero
§ Lasso 1.663 0.721 0.918 0.277  0.811 0.290  0.271
g CLasso 1.171 0.400 0.832 0.611 0.889  0.504  0.526
§ Lasso 1.225 0.368 0.719 0.646 0.861 0.459 0.421
g CLasso 0.534 0.111 0.765 0.889  0.939  0.588  0.588
§ Lasso 0.964 0.125 0.663 0.892  0.921 0.559  0.518
Q CLasso 0.357 0.082 0.791 0.924 0957 0.563  0.561
§ Lasso  0.558 0.060 0.967 0.933  0.941 0.379  0.342
g CLasso 0.186 0.060 0.971 0.945  0.950  0.387  0.371

Table 6: Summary statistics for Experiment 3b. fy: average f9-estimation error, x2: Size and Power report
the size and power of the hypotheses Hy : (80,1, 50,2) = (1,0) and Hp : (Bo,1,50,2) = (1,0.4), respectively.
Coverage rate: the actual coverage rate of the asymptotically gaussian 95% confidence interval for 8,1 and

Bo,2. Length: the length of the two confidence intervals mentioned above. CLasso: Conservative Lasso.

high-dimensional covariance matrix. In fact, the convergence is uniform over sparse sub vectors
of the parameter space. Next, we show that the confidence bands based on the desparsified con-
servative are honest and that they contract at the optimal rate. This rate of contraction is also
uniform over sparse sub vectors of the parameter space. y2-inference is also briefly discussed. Our
simulations show that the conservative Lasso provides much more precise parameter estimates than
the plain Lasso and that tests based on it have superior size properties. Furthermore, confidence
intervals based on the desparsified conservative Lasso have better coverage rates than the ones
based on the desparsified plain Lasso. Future work may include bootstrapping the desparsified

conservative Lasso to gain further finite sample improvements.

28



A Appendix

A.1 Appendix A — auxiliary lemmas

We begin by providing some auxiliary lemmas used for the proofs of the main results in Appendix
B. First, we provide an oracle inequality for a general weighted Lasso which satisfies certain assump-
tions and then utilize that the plain Lasso and the conservative Lasso satisfy these assumptions.
Define

p
B = argmin (||Y = X8I + 200 Y ig;1651)
BERP =

where w0, ; denotes a general weight. When w,; = 1 one recovers the Lasso, when w,; = w;
the result is the conservative Lasso. In particular, we shall work on the intersection of A =
{1 X"u/n| < An/2} and B = {QZ)QE > ¢%/2}. On these sets we have a handle on the maximal
empirical ”correlation” between the covariates and the error terms, and a lower bound on the
empirical adaptive restricted eigenvalue, respectively.

Lemma A.1. Assume that ||ig,s,]l, < /S0 and w;ngg = minjege w; = 1. Then, on the set AN B
the following inequalities are valid.

X (B — o) < 182850 (A1)
¢5,(50)
A AnS
18w — Bollr < 24@(92)- (A.2)
Proof. We begin by establishing (A.1). By the minimizing property of By it follows that
P P
1Y = XBull? +2M ) g lBul < 1Y = XBollh + 270 Y bg.jlB0,1. (A.3)

J=1 J=1

Inserting Y = X 5y + u, using Holder’s inequality, and using that we are on the set A we arrive at

P P
1X (B — Bo) 7 + 22 Y g j1Bus| < AnllBu — Bollt + 220 Y g,5160.41. (A4)
j=1 j=1

Then, using ||Bull1 = [|Bu,soll1 + |Bw,sz [l one gets

p
X (B = Bo)lIZ + 220 D g jlBuil < AnllBuw = Bollt = 20 Y g5lBuwil + 2Xn > tgi1Bo|

jesg J€80 J=1
< MallBu = Bolli + 22 Y g 51Buj — Bogl- (A.5)
JE€So
Noting that [|8w — Bolli = lBuw,s0 — Bo,sollt + | Buw,sgll1 and D jese gl Buw sl > wg’%"”HBw,Sng =

”Bw,ng rewrite (A.5) as

1X (Bo — Bo)lI2 + 20l Busc 1 < AnllBuso — Bosollt + AnllBuselli +2Xn D g ilBuj — Bol- (A.6)
JE€So
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Subtract )\n||Bw753H1 from both sides of (A.6) to get
1X (B = Bo)l12 + Ml Busslls < AnllBuso = Bosylls 20 Y gl — Bogl- (A7)
Jj€So

Next, use the Cauchy-Schwarz inequality, [|.||1 < \/sol|.||2, as well as ||10g,5,[]2 < /S0 to get

1X (Buw = Bo)l17 + AnllBuscllt < Anv/5ollBu,so — Bo.sollz + 22 llthg,s6 ll2llBu,so — Bo.soll2
= )‘n\/%HBw,SO - ﬁO,SOHQ + 2)‘71\/5”5112730 - 50750 H2
= 3Anv/50Bu,so — Bosol2- (A-8)

(A.8) implies that A R
Hﬁw,Sng < 3\/%H/3w,.5'0 - 60,50”2-

Hence, by the adaptive restricted eigenvalue condition, (A.8) implies

A A X Aw - n
I (B = B0 + Aallusglh < Byt e L0 (A.9)
5:(s0)
Then, using 3uv < u?/2 + (9/2)v?, with v = An\/S0/ds(50), u = 1X (Bw — Bo)||n, one gets
: 2 5 IX (B — Bo)IZ | 9 Aiso
[ X (B — Bo)lln + AnllBuw,sgllt < 5 + 24 (s0) (A.10)

Subtracting the first right hand side term in (A.10) from the left and right hand sides of (A.10)
and multiplying all terms by 2 yields

2
A% 80

#%,(s0)’

HX(Bw - BO)H% + 2)‘nHBw,Sng < 9 (A.ll)

which, using that we are on B, implies (A.1). R
Next, we turn to proving (A.2). By adding A, ||Bw,s, — Bo,s, ||; to both sides of (A.8) and using

1Bu.sgllt + 11Bw,s0 = Bo,sollt = [|Bw — Bollx one gets

)\nHBw - /BOH1 < )\nHBw,So - ﬂO,SoHl + 3An\/%||5w,50 - /6075'0”2 (A12)
< Wav/50llBu,s0 — Bo,s0l2- (A.13)
The adaptive restricted eigenvalue condition and inequality (A.1) of this Lemma yield
5 I1X (Bw = Bo) I S0,
AnllBw — Boll1 < 4Any/s =12 . A.14
0 = Bolls < /505, ) 3250 A
which, using that we are on B, implies (A.2). O

To prove Lemma 1 and Theorem 1 it suffices to provide a lower bound on the probabilities of
A and B. To do so, recall the Marcinkiewicz-Zygmund inequality:

Lemma A.2 (Marcinkiewicz-Zygmund inequality, see Lin and Bai (2010), result 9.7.a). Let {U;};"_,
be a sequence of independent mean zero real random variables with finite r'th moment. Then, for
positive constants a, and b, only depending on r, r > 2

>
i=1

r/2

a,E <Zn: Uf) <FE
=1

r/2

' <b.E (zn: Uf) (A.15)
=1
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Note in particular that, by an application of the summation version of Jensen’s inequality on
the convex map z — z'/2, (A.15) implies that

r n /2 n
1
< r/2 2 < r/2—1 T < r/2 r
bn"'“FE <n E_ Uz> < byn g E\U|" < bn 11;1%]5“]” .

i=1

n

DU

i=1

E

Hence, by a union bound and Markov’s inequality we arrive at the following result which we shall
use frequently throughout the appendix.

Lemma A.3. For each j € {1,...,m} let {Uj,i}?zl be a sequence of independent mean zero real
random variables with finite r'th moment and define S;, = >, Uji. Then,

2
n'/? maxi < j<m maxi<i<n B|Ujil"
t’/‘

P(max |Sjn|>t) <bm
1<5<m

Remark: In Lemma A.3 above we used the Marcinkiewicz-Zygmund inequality. Another
common approach is using Nemirowski’s inequality, see van de Geer et al. (2014). We show that

application of Nemirowski’s inequality will bring an additional (8 10g(2m))r/ ?in Lemma A.3. To
make this point clear, for » > 2, note that Nemirovski’s inequality in Lemma 14.24 of van de Geer

et al. (2014) yields

E( max |S;n|" ) < (810g(2m))r/2E [ max iUfI} . (A.16)

1<j<m

Thus, we need to bound E [maxi<j<m .y U-Qiyﬁ. By convexity of z + 27/2 and Jensen’s

inequality

r/2 n /2
1
_.r/2 - 2 < r/2 -
[mmZ } =B |15 U} " El%nZ'U
1=

m n
< B3 < s B

P 1<5<m 1<i<n
=1 1=

Inserting the above display into (A.16) and using Markov’s inequality yields

) < (8 IOg(Qm))T/Q ’I’LT/Qm maXj<j<m MaXj<i<n E|Uj7i|r

P( max [Sj,| >t m

1<j<m

Note that the above bound, relying on Nemirovski’s inequality, is larger by a factor (8 log(2m))r/ 2

(which increases in m) than the bound in Lemma A.3. This will result in lower choices of the
tuning parameter and hence sharper bounds. This is a new theoretical contribution of the paper.
We are now ready to provide a lower bound on the probability of A.

Lemma A.4. Let M > 0 be an arbitrary positive number. Then, under Assumption 1, for A\, =

ML the set A= {1 X"u/n|| < An/2} has probability at least 1 —

\/ﬁ Mr/2
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Proof. For each j € {1,...,p}, {Xju;},_,; is a sequence of independent mean zero random variables
with (r/2)'th moment E|X;u;|"/? < \/E|X,|"EJu;]” < C. Hence, Lemma A.3 yields

by joCn"/4 C
cy __ / r/2 _
PAY) = P (Xl > n0/2) <0080 s = 5

where the last equality follows from the choice of A, and has merged the constants. O

The next two lemmas will provide a lower bound on the probability of set B.

Lemma A.5. Let A and B be two positive semi-definite p X p matrices and assume that A satisfies
the restricted eigenvalue condition RE(s) for some ¢ 4(s) > 0. Then, for § = maxi<; j<p |Ai; — Bijl,
one also has qﬁzB > qﬁi — 16s6.

Proof. The proof is similar to Lemma 10.1 in van de Geer and Bithlmann (2009). For any (non-zero)
p x 1 vector v such that |lvge||; < 3y/s]||vs]|, one has

o/ Av =/ Bo < v/ Av — o/ Bo| = [v/(A = BYo| < [Jol], II(A = B)oll.. < 8ol
= 8 (Juslly + lvsel)” < 8165 jvs]l3
Hence, rearranging the above, yields
v'Bo > v' Av — 1656 ||vs]|3,
or equivalently,

v'Bv _ v Av
/ 2 /
vgus T vgug

— 16s90.

Minimizing over {v € R™\ {0} : ||vse||; < 3v/s|lvs|l,} and using the adaptive restricted eigenvalue
condition yields the claim. O

In order to verify the restricted eigenvalue condition we present the following lemma.

Lemma A.6. Let Assumption 1 be satisfied. Then, the set B = {qbé > ¢2E/2} has probability at
er/2
n’l‘

least 1 — Dp% for a universal constant D > 0.

~ 2
Proof. By Lemma A.5, with s = sq, it suffices to show that 6 = ||X — X||_ < %500). The (k,1)
entry of Y- Y is given by %Z?:l (Xk,in,z' — E(Xk’inﬂ-)). Each summand has mean zero and
E | XX — E(X MXM)\T/ 2 is bounded by a universal constant D by the Cauchy-Schwarz inequal-

ity. Hence, merging constants, Lemma A.3 yields

¢2E(80) - 2Dnr/4 _ p288/2
32s0 )~ (&)/? /A

S0

PwﬂSPO@—H@>
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A.2 Appendix B
This appendix provides the proofs of the main theorems.

Proof of Lemma 1. The Lasso corresponds to w; = 1 for all j = 1,...,p. Thus, Lemma A.1 com-
bined with the lower bounds on the probabilities of the sets A and B from Lemmas A.4 and A.6
yields (6) and (7). The uniformity over By, (so) follows by noting that the right hand sides of (6)
and (7) only depend on [y through so.

O

Proof of Theorem 1. Choose Aprec = 24 é“(zg). Then, by the observations in section 2.3 and Lemma
1 we get w; <1 for all j € Sy while w; =1 for all j € S§ on AN B. The first observation clearly
implies that [|is,|l, < /5o while the latter implies that g™ = minjege w; = 1. Thus Lemma A.1
applies. Combine this with the lower bounds on the probabilities of the sets A and B from Lemmas
A4 and A.6, respectively to obtain (8) and (9). The uniformity over By, (so) follows by noting that

the right hand sides of (8) and (9) only depend in Sy through so. O

A~

Proof of Lemma 2. We start by establishing the order of magnitude of || X_;(%; — ;) Hi and |95 — vjll;-
For concreteness, consider nodewise regression j. Define

— ) _J .2 ) 2 ,
Anoe = {masc | X mjll . < Mnoten/2} and By = {04 (s5) > 68, (5,)/2}

By an exact adaptation of the proof of Lemma A.1 it can be shown for each j € H that

15X — )2 < 182m0en®s (A17)
G5 = mlIn < = :
5 = 52(s))
A )\node,ns'
195 — vl < 247¢%(8j)] (A.18)

are valid on the set A,,q. N B; for j € H. Hence, these inequalities are valid simultaneously for
all j € H on A,p4e N (NjecuBj) 4. Thus, we establish a lower bound on the probability of this set.
First, consider Ao4e. Since 1;; is the residual from the L?-projection of X i on the linear span of
the elements of X_; ; it follows that E(X_;;n;;) = 0for alli=1,...,n and all j € H. Furthermore,
by the Cauchy-Schwarz inequality, every entry of X_;;n;; has bounded r/2-norm via Assumption
2c. The maximum in the definition of A, qe is over h(p — 1) terms. Thus, merging constants and

choosing Apoden = M % for some M > 0, Lemma A.3 yields,

b C2n"/4 C
c — [ < r =
P( node) p (I]%al‘? ”X*Jn]Hoo > n)\node,n/2> = hp (n)\node,n/z)r/Z Mr/2’

which also shows that

2/r 2/r
hip) (A.19)

ma | X205/, = Op (o) = Op (-~

by choosing M sufficiently large.

Tt will turn out later that it is quite important that (A.17) and (A.18) are valid simultaneously for all j € H
since this will give us a vital uniformity when bounding %1-2 away from 0. If one is only interested in one nodewise
regression the outer maximum in the definition of A, 4. can be omitted.
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Next, we provide a lower bound on the probability of the set NjcyB;. We know by Lemma A.5

A % (s
that {HE_j -2l < 23238 ) } {qﬁz s] ) > % sj)/2} = B;. Thus, the relation

2 (= 2 A
1 — S5l < IIZ =% < 9506 _ ¢5;,_,(s5)

T 325 T 32s4
implies that {Hf] — Y| < ¢322_8)} C Bj for all j € H and therefore {HE 3| ¢§2(§ } CNjenB;.
Next, by arguments exactly parallel to those in Lemma A.6, it follows that
2(c ar/2
A 3¢ S 95:(3) p’s
p () = (1531 > B0) < o7
Hence, with probability at least 1 — 5= < Dpjlf;f
N odesnSi
1X_5 (35 — )|I2 < 187neden®], (A.20)
! ’ $%(s;)
N )\node nSj
195 = yllh < 24=25%emST (A.21)
T % (s;)

By choosing M sufficiently large, using Z /i — 0, and inserting the definition of A\,o4e,n (28) and
(29) follow upon taking the maximum in the above display and utilizing that the above inequalities
are all valid simultaneously on Ay pden N (ﬂje HBj).

We shall also need an upper bound on max;c g || — ;|5 in the proof of Theorem 2. Let 9; and
v; be p x 1 vectors containing 0 in the j'th position and the elements of 4; and +;, respectively, in
the remaining positions in the same order as they appear in 4; and ~;. Thus, max;cg |95 — ¥4, =
maxjcg ||0; — v, Thus,

(95 — v;)' 205 — v;) — (9 — v;)'B(D; — v7)| < |5 = Tloolld; — v;3

such that
b; — v;) B(0; —vj) < b; —v;)S(0; — v;) + max||X — % b — vjlli. A.22
Ij'—%aFXI(UJ v;) X(05 — vj) < I]né}}(vj v;) 5(05 — vj) jé}}[{H llooll; — w51 ( )

Next, we bound each term on the right hand side of the above display. First,

A y Sh4/r 4/r
ij.ﬂeag(((vj o ’Uj)/z(vj _ ]) I]nggg{HX — Uj)H2 — maXHX 7])“2 Op <n> 5

by (28). Next, consider the second term in (A.22). To this end, apply Lemma A.3 and Assumption
1, for any ¢ > 0 to get

. p2nr/4c
P18l > ) = <m\ (11 B0 | > ) < bl
Thus, choosing t = M :ﬁ—g for M > 0 sufficiently large yields
p4/r
- S = 0, < 1/2) (A.23)
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In combination with (29) this implies (using ||5; — v;[|; = |05 — vjl];)

) 4/r ,2h4/7‘ 4/r 72h4/r 8/r
. 2 _ p 5 P = i P
%%(]\E—Eﬂoo””j_vjulfop <n1/2> OP( n > =Op (713/2)

But since
o §2h4/'rp8/r _0 §p4/r §h4/'rp4/'r B §h4/7‘p4/'r
p n3/2 TP 12 n =% n ’
§p4/r _ <p2§'r/2

2/r
W) — 0 by Assumption 2b) we conclude

A . §h4/rp4/r
max(; — v;) 5(0; —vj) < Op <n> :

Therefore, by

R ) A , A §h4/rp4/r
max Gmin (3) [[0j = vjlly < max(d; —v;) 39 —v;) < Op <> )

n
one gets
shd/r.4/r
. 2 X 2 Sh™/p
3 = 1 =m0~ 1 = 0, (P2 ). (a.24)
since ¢min(X) is bounded away from zero by Assumption 2a).
Next, we consider |7A'j2 - sz| First, by (21) and X; = X_;7v; + n;,
o (XX 55X
7=
n
_ I = X506 = )X s £ )
n
_omm Xy G ) XX (=) Xy
n n n n )
Using the above expression one gets
Ui
~2 2 )1 2 ~
mas 77— 7] < max| L — 72| 4 mas o X5 (3 — )/l
/ / 2
, VXL X585 =)
X i . A.25
+ max m/nHI;leag - (A.25)
Since % - Tj2 =15, (77]2Z - F (77]22)) is a sum of mean zero terms with r/2 moments uniformly

bounded by a constant C (the latter is seen by means of the Cauchy-Schwarz inequality and
Assumption 2c¢) it follows from Lemma A.3

M 2/r 1/2 _ I 2 2/r /. 1/2 b.C
P (i 22— ] > aanl = P (gl 2 05 = B0 > M) < 3
which implies that
i 2‘ R
1;3:}4 ST Op (7711/2) . (A.26)
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Next, consider the second term in (A.25). By (29) and (A.19) it follows that

max 1 X535 = )/n| < ma X/l max [, = %

jeH
_ 0 h2/7‘p2/r o §h2/7'p2/r
p \/ﬁ p \/’Tz

_ o, ([gwhw}wr) | (A.27)

n

Before we bound the third term in (A.25) we show that max;cp ||v;]|, = O(v/5). To this end, define
the (p — 1) x (p — 1) matrix ¥_; consisting of all rows and columns of ¥ except the j’th row and
column. Then, note that

/
V3537
j,ijj Z (bmin(z—j) Z ¢min(2)7
Vi
such that
/
V52—
’Y]’YJ a ¢’min(2)

Since X;; = X_j;7j + ;. it follows from the orthogonality in L? of each entry in X_;; to n;, that

E(X2;) = 7/ S_jv; + E(n%;) such that v/£_jy; < E(X2,;) < maxjen E(X2,). Since (E(X2,))"? <
(E(X]’-’,i))l/T < CY" for all j € H one has maxcy E(XJQZ) < C?". Hence,
o2/
Ly < ———. A.28
’YJ’YJ N quin(z) ( )

Thus, by Assumption 2a), 75'7]- is bounded by a constant not depending on j which implies that
maxjc [|v;]; = O(V/5). Hence, returning to the third term of (A.25),

2/r, 2/r
shp ) (A.29)

/ /
ma ;X7 /n| < max ;X —; /nloo max||y; ] = Op (\/57
where we have also used (A.19). It remains to bound the fourth summand in (A.25). By the
Karush-Kuhn-Tucker conditions for the conservative lasso nodewise regression one has

n n

)\node,nf‘jf%j + 0,

which, using X; = X_;v; + n;, is equivalent to
XXy Xomg XX

n n n

Anode,nFj "%j +

The above equation can be rewritten as

X/_~X_j . Xl_"’?j ~
—— - =—

n
This implies

(%5 —75)

XX
n

‘ [e.e]



The second term on the right hand side in the above display can be bounded as
H)\noden ’{]Hoo < ||)\node nr ||€oo||’<!]||oo < )\node M
for all j € H since ||#j]oo < 1 and ||T]|s., < 1. Hence, using (A.19),

XX

n

max

R h2/rp2/r
max (%5 =) 7)

NG

= Op()‘node,n) + Op()‘node,n) = Op (

.
This means, using maxcy ||v]1 = 0(51/2)’
XX,
v — %‘)‘ = Op (5

n

(A.30)

max

12 h?/rpQ/r>
jeHd )

NG

Since h < p, Assumption 2b) implies that

r r r =r 2/r
gl pptt L (SN
N Y T VoA T ’

such that the dominant term in (A.25) is O, (51/”2”%2”). Thus,
n

h2/7" 2/r
2 =1/2 p
rjneax|7' 7| = Op(s i
Next, note that 7' =1/0;,; > 1/bmax(©) = dmin(X) for all j = 1,...,p with ¢min(X) bounded away

from zero by Assumptlon 2. Thus, minj<;<, 7']-2 is bounded away from zero, and so

min 77 = min [7’2—7' +7; 2] > min 77 — max |7' —72]
1<j<p 7 1<ji<p ? 1<j<p 7 1<j<p
2] _1/2h2/r 2/r .
is bounded away from zero with probability tending to one using max;e g |7' —T; | = s ) =
op(1). This implies
_ 22 2/r 2/r
1 1 |7' 7 K2/T
JeH |77 T jeH  TiT NLD

We are now ready to bound max;ecp ||(:)J — O;]l1. Recall that é)j is formed by dividing C'j by
7. Let ©; denote the j’th row of © written as a column vector. Then, ©; is formed by dividing

J
Cj (j’th row of C written as a column vector) by 77.

2

Therefore, using max;ep ||v;]1 = O(5'/?),
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(29), and (A.31)

>

R O
maXH(%j—@-lemax — - = (A.32)
JjEH JjEH ; 7']- 1

1 1 Ni i
Sm%}ﬁ—ﬁ +m%}§< TJ—%
JEHNT Tyl JERNT Ty
11 Vi %o
“mpd e B -2 2
JERNT Tyl JERNTy Ty Ty Tl
1 1 i — 1 1
< max|— — — +maxw+max]\fyj||1max =2
JjEH Tj Tj jeEH Tj VS JjEH J Tj

o, ( 1/2h2/r\/ﬁ2/r> ‘o, (shz\//rgw) ‘o, (8h2/r 2/7")

-0, (W) : (A.33)

Next, for later purposes, we also bound [|©; — ;2. By (A.24), and max;ecy ||;[3 = O(1) by
(A.28)

A 1 19 — vill2
mas16; — sl < maxlz — o e S a1 a ma f*f\
2r2r =1/21,2/r,.2/r 27"27"
_o, (1/2’”/)+O s (Sl/zh//)
vn P nl/2 P vn ’

~0, ( WW). (A.34)

Finally, we show that max;cp 19;]1 = O,(+/3). To this end,

1 2 21/2
max @ 1 < max + max i/ T = O S / A35
jeH 1651, = jeHd 73'2 jE€H /751, (57) ( )

(as 7']-2 is uniformly bounded away from zero). Then, as h < p implies ghi/f}f/r < [p?5"/? /AR —

0 by Assumption 2b, we get

1651 < max |6 — O] 0.1 =0, (PN L 0(/E) = 0,vE). (A6
ma 6]y < max (|0 — O] + max[|0;] = Op (5 ) +O(VE) = Op(v3).  (A36)
OJ

Proof of Theorem 2. We show that the ratio
_ n'%/(b— Bo) (A.37)

v/ a’@imé’a 7
is asymptotically standard normal. First, note that one can write. By (13)

t:t1+t27
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where

/@ X! 1/2 'A
# and ty = %-
Va'03,,0a Va0, 0 o
It suffices to show that ¢; is asymptotically standard normal and ¢ = o0,(1).

Step 1. We first show that ¢ is asymptotically standard normal.
a) To show that ¢; is asymptotically standard normal we first show that

?'OX " u/n'/?
Va0, 0«
converges in distribution to a standard normal where ¥, = n~! 2?21 E(XZXZIU?) Then we show

that ¢; and t; are asymptotically equivalent. Note that, using E(u;|X;) =0 for all i = 1,...,n, we
obtain

t1 =

t =

B Yo Xiui/n1/2_
=B |t =0, (A.38)

oOX'u/nt/?
Va0, 0«

and
/OX"u/nl/?
Va0, 0«

Hence, in order to apply Lyapounov’s condition in central limit theorem for independent random
variables, it suffices to show that

) Sy Xiui/n1/2_
Va'0Y,., 0 o

=F

1
(0/O%,,0'a) "

First, using the symmetry of ©, we get (recall that ©; is the j’th row of © written as a column
vector)

ZE‘& @Xul/nlﬂ‘ 720 (A.39)

la’®]l, = |[©all, =

<> lasllley], = 0 (Vhs).

| JEH

DNCI?:

jeHd
since ||a||, = 1 and max;ecp [|©;]], = O(V/5) by (A.35). Note also that

a/® = (0a) = (Z @ja])/

jEH

such that the non-zero entries of ’© must be contained in S = UjenS; which has cardinality at
most |S| = hs A p, where S; = {O;; # 0}. Thus,

E‘a'@Xiui/nlﬂr/g <FE <H ’@HT/Q maX‘Xk U /n1/2}r/2>

<0 ( )hs/\p)maxE\Xkluﬁ/
gO( hs/\p))
o(tarany)

nr/4
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where the third inequality follows from the Cauchy-Schwarz inequality and using that Xj; and u;
have uniformly bounded r'th moments. Hence,

n , <\r/4+1 5\r/4
ZE}a/@quz/nl/z‘ /2 — O <(h$) A (h’s) p) — 0(1)7

r/4—1
i=1 n

by Assumption 3d). Next, we show that o/©3,,0’« is asymptotically bounded away from zero in
(A.39). Clearly,

1
O/@EquIQ > ¢min(2xu) ||@,OL||§ > ¢min(2xu)¢?nin(®) ||Oé||§ > QZ)min(Exu) D) (A4O)

max(z) ’
which is bounded away from zero since @uin(¥Xzy) is bounded away from zero and @pmax(X) is
bounded from above. Hence, the Lyapounov condition is satisfied and t| converges in distribution
to a standard normal.
b) We now show that ¢§ —¢; = 0,(1). To do so it suffices that the numerators as well as the
denominators of ¢} and ¢; are asymptotically equivalent since o/©X,, 0« is bounded away from 0
by (A.40). We first show that the denominators of #] and ¢; are asymptotically equivalent, i.e.

1a'63%,,0'a — a’'6%,,0'a| = 0,(1). (A.41)

Set Yy =n! S XiX{u%. To establish (A.41) it suffices to show the following relations:

1'6%,,0'a — a’'6%,,0'a = 0,(1). (A.42)
|0/6%,,0"a — a0%,,0 a| = 0,(1). (A.43)
10'6%,,0'a — a'6%,,0'a| = 0,(1). (A.44)
We first prove (A.42).
a'0%,,0'a — a'0%,,0'al < S — Seulloo|€/alf- (A.45)

But by (33) and |||, =1

Z@a]

JjEH

<> lagll|®sll, = 0p (Vh3) . (A.46)

\ JEH

a”l

To proceed, we bound Hf}xu — iquoo Using 4; = u; — X{(ﬂA — o) in the definition of S We get

R - 2
Youw — Zgu = —— X X u; X X! X, X! A.47
- ; 1 X[(B — Bo) + Z (B = Bo) XiX[(B — Ba)- (A.47)
We bound each sum separately. First, by the Cauchy-Schwarz inequality,
X i Xyt — X2 XEu? || X A4
 max |- Z ki X1ui X[ (B — Bo)| < 15132712 2u? || X (6= B, (A48)

Now for any three random variables Z1, Z5 and Z3 with finite r’th moment it follows from two
applications of Holder’s inequality

B|222323)"1% = B2 25 25| < B (12072 257/ B (|125))
<E(Z])"E(25)"*E(125)"" . (A.49)
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Thus, by Assumption 1, all summands in (A.48) have uniformly bounded r/6 moments and therefore
Lemma A.3 implies that

. n Cp2n'r/12
4 _ < — e -
P (v 3 (bt - 2Okt 1) <o

Hence, choosing t = M % for M > 0 sufficiently large shows that
n

1 & 12/r

+3° (3272 - BOCE R0 | =04 (B

Furthermore, since the L"-norm is non-decreasing in r and since r > 6 we have, using (A.49) above,

max
1<k,<p

6/r

1 & /6
i w2 B (R XEd) < e (8 (KE 7))

1 n 6/r
< max — Z [(E’Xk,ir)l/‘? (E|Xz,i‘7“)1/3 (E‘ui|r)1/3} )
i=1

which is uniformly bounded by Assumption 1 since the r’th moments of X} ; and u; are uniformly
bounded. Therefore, \/maxlgk,lgp LS, X2 XEu2=0(1)+ O, (ﬁ) in (A.48). By Theorem 1

1,7

it follows from choosing M sufficiently large

2/r
5 p S0
1X(3 - 80, :op( v ) (A.50)
Thus,
8/r 2/r
E : P /50 D™ 4/S0
12}?2?}) Xk: zXl Wi X, ﬁ Bo )‘ < n3/4 ) +OP( nl/2 > (A51)

Regarding the second term in (A.47) note that

n

< max InaX‘XkZXlz’:LZ(X{(B*IBO))Q‘

1<k,I<p1<i<n -
1=

max
1<k, l<p|n

ZXk zXlz ﬂ BO)/XX (B /80)

(A.52)

By the Cauchy-Schwarz inequality, X}, ;X;; has uniformly bounded r/2 moments. Hence, by the
union bound and Markov’s inequality, for any ¢ > 0 we get via Lemma A.3

t) < np? ¢
> < np TR

Therefore, choosing t = Mp*/™n?/" for M > 0 sufficiently large reveals that

P | max max ‘X;“-X”
1<i<n 1<k, I<p ’ ’

max max ‘X;”X“‘ =0, (p4/rn2/r>.
1<i<n 1<k, I<p

Next, note that by Theorem 1

n « R 4/7“8
LS (xi8- ) =l - sl = 0, (). (A5

=1
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such that, using (A.52),

ZXk iX1i(8 — Bo) XiX[(B — Bo)| =

max
1<k,i<p|n

8/r
_ P So
=0, (n(r2)/r> . (A.54)
Then, combining (A.51) and (A.54) implies that

N B 8/r 2/r 8/r
gmu_gzu\\m:()p(p \/%>+Op<p \/%)H)p(p so)

n3/4 nl/2 n(r=2)/r

Therefore, combining with (A.46) yields

R . s N 8/r h3 2/r h3 8/r =
‘O/@Exu@/a — O/@E:ru@,a‘ = Op <p\/%S> + Op <p\/%s> + Op <80h$> — Op(l),

n3/4 nl/2

by Assumption 3c). This establishes (A.42).
Next, we turn to (A.43). First, note that

|0/0%,,0' 0 — 40X, 0 a| < ||Z0u — Saulle |0 ). (A.55)

Furthermore, similarly to (A.49), three applications of Hélder’s inequality reveal that Xj ;X u?
have uniformly bounded r/4 moments. Hence, by Lemma A.3, for any ¢ > 0

<) pZCnr/S
— r/4 (tn)r/4 N

- 1<
P (sz — Soulloo > t) =P ((n > XpiXpup — B (Xg i Xp0?)
=1

Thus, choosing t = M % for M > 0 sufficiently large shows that
n

8/r
& p
Hzxu_ J:u”oo—O < 1/2>

By (A.55) and (A.46)

A R . 8/rha
|0/©%,,0'a — a0%,,0'al = 0, (phs) = o0p(1),

nl/2

and Assumption 3b).
Finally, we establish (A.44) to conclude (A.41). By Lemma 6.1 in van de Geer et al. (2014)

\a’@Em@'a - ad'0%,,0'a| < HZWHOOH@’Q — @’aH% + QHZm@’aHgHé'a —Oall
< Zeulloc(® = O} + 2¢max(Seu) |||, 10" — ©)ar]|2.

Note that
16~ &l =3 (65 - 0)) | < D716, 0], oyl < maxl|&; — &5, 3 o
jeEH 1 JjEH jeEH
7h2/r+1/2 2/r
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by (31) and ||a||, = 1. Furthermore, using the symmetry of ©,

1
/ J—
[©all; < dna(®)llalls = S—.
which is bounded by Assumption 2a). Finally,
(0" = &alls=|>_ (8, = 6;) el <D _[16; - 64l
jeEH 9 JjeEH ]EH

2/r+1/2 2/r
=0, fhi ,
N

by (32) and ||a||, = 1. Therefore, by ||Xsull < Gmax(Xzu) with the latter assumed bounded from
Assumption 3e),

R . h4/7”+1 4/r h2/r+1/2 2/r
0/6%,,0'a — a/0%,,0/al = 0, <52np> +0, <\/§\/ﬁp> — 0,(1),

where we used

. —0
n - n — nl/2 nl/2 ’

and Assumption 3b (which also implies 5 = o(n'/?)). The uniformity of (A.41) over By, (so) follows
from simply observing that (A.50) and (A.53) above are actually valid uniformly over this set and
that this is the only place in which Sy enters in the above arguments.

We now turn to showing that the numerators of ¢} and ¢; are asymptotically equivalent, i.e.

|a'OX"u/n'? — o/ X u/n?| = 0,(1).

By Lemma A.4 and (A.56) above we get, using h < p, and Assumption 3b

1/2|046)X/u/n a@X’u/n|<n1/2H H e (

_n1/20 <p >

( h2/r+1/2 4/r

©)lh

R
< 2/r+1/2 2/7“)

Op (5
1/2 6/r
op(gh = )

op(1). (A.57)

Step 2. It remains to be shown that to = op(l). The denominators of ¢; and ¢y are iden-
tical. Hence, the denominator of o is asymptotically bounded away from zero with probability
approaching one by (A.40) and (A.41). Thus, it suffices to show that the numerator of ¢, vanishes
in probability. Note that, by the definition of A, and ||a||2 = 1,

o/ A < miae A1 3 loj| < mae| (48 — ;) (vVa( — 50)| 3 I (A.58)
JjeEH jEH

Smax‘(@JE—ej)HOOH\/ﬁ(BA—ﬁo)HlO(\/E) . (A.59)

jEH
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First, it follows from Theorem 1 that n'/2||3 — o1 = Op (sopQ/ "). Next, we consider
h2/7'p2/'r>

00 JjeEH Tj2

AL & Anode,n
(@;E—ej)H < max — =0, (W

where we have used the definition of Ayo4e, and maxjcp 1/ %]-2 = Op(1) by (A.31) and Assumption
3b). Thus, in total we have

h2/7‘p2/7" . h2/7"+1/2p4/r
(" ) O ()0 (V) = 0y ("= 15" ) = o)

by Assumption 3a). The fact that SUDg,eB,, 30)‘0/ A| = 0p( ) follows from the observation that

‘O/A‘ =

Theorem 1 actually yields that supg cp, (s,) 7 172 B— Bollh = (sopQ/ ’") in the above argument
and that this is the only place in which Bg enters these arguments Thus, for later reference,
sup |/ Al = op(1). (A.60)
Bo€Be (s0)
O

Proof of Theorem 3. For € > 0 define
A= { sup ’o/A’ < e}, Az = sup
Bo€Be, (s0) Bo€Be, (s0)

Az p = {‘()/(:)X'u/nl/2 —dOX'u/n'?| < e} :

v/ o/(:)flm(:)’a
A i | P
Va'0Y,., 0 o

and

By, (A.60), (35), (A.57), and v/o&/©X,, 0« being bounded away from zero (by (A.40)) the proba-
bilities of these three sets all tend to one. Thus, for every t € R,

' <1/2/(’80) > —q)(t)
Va'0y,,0/a

'Q Y/ 1/2 /
_|p OC@{(AU/TLA B AozAA <) e
\/@’@Em@’a \/@’@Em@’a
Q) Y/ 1/2 /
S P c (H){(Au/nA - AO[AA = S taAl,naA2,n7A3,n - ‘1>( ) +P(U3 1A )
\/o/@Em@’a \/&’@Em@’a

Using that v/o/©X,,0’a does not depend on [y and is bounded away from zero by (A.40) there
exists a positive constant D such that

A Y/ 1/2 /
P “ ®)A( AU/nA - ?AA = S thl,naA27n7A3,n
Va'0X,,0a VadO0X,, 0«
_p O/C:)X’u/nl/2 B o' A < t\/ a'03,, 0«
N Va'0%,,0a  d'OX,, 0~ /d'0%,,0a’

Al,na A2,n7 A3,n>

< p o'OX"u/n'/? <t14e)+ €e+e
ayvA s b -
- Va'OY ., 0o — Va'0X,, 0«
o/OX'u/n'/?
<Pl ———<t{(1 2D .
- (\/a’@Zm@’a St{1+e€)+2De
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Thus, as the right hand side in the above display does not depend on 3y

o’ 1/2 'A 'Q X’ 1/2
sup P o’© = Au/nA - AaA = S t7A1,7L7A2,n7 A3,n S P a 6/ U/n 7 S t(l + 6) + 2Dk | .
Bo€Bg, (s0) \/@’@Em@’a \/&’@Em@’a V'O, 0 a

a'OX'u/nt/?

In step la) of the proof of Theorem 2 we established the asymptotic normality of Jaor.oa

Therefore, for n sufficiently large,

sup
BoE€Byq (s0)

/AX/ 1/2 /
p(o0Xum ™ oA <@ (t(1+€) + 2De) + €.
\/@’@Ew@’a \/a’@Em@’a

As the above arguments are valid for all € > 0 we can use the continuity of ¢ — ®(q) to conclude
that for any § > 0 we can choose ¢ sufficiently small to conclude that

'O X"u/n'/? o' A
sup P — —
BoeBiy(s0) \ V03,00  Va'0%,,0a

< t, Al,n; Agm, A37n> < q’(t) + 4§+ e (A61)

Next, using that /a/0%,,0’a does not depend on [y and is bounded away from zero by (A.40)

there exists a positive constant D such that

P <a’@X’u/n1/2 B o' A
V03,0 a \/m
_p (a’@X’u/n1/2 B o' A < t\/m
Va'0Y,,0/a /0%, 0a ~ dOX,,0a

S t7 AI,TM A2,n7 A3,n>

’ Al,na A2,n, A3,n>

V'O, 0 o

a’@X’u/nl/Q 6"’6
>P| = <tl-6¢ - === 410, A2, 43,
B (m—( ) Vaesea e
a’@X/U/n1/2
>p (222 YN 41— ) —2De, Ay, Agy, Asn
- (m‘( O AR e e
/ / 1/2
> <a 00X U/TL < t(l _ 6) — 2De> + P (ﬂ?zlAi,n> —1.

Thus, as the right hand side in the above display does not depend on 3y and since P <ﬂ§:1Ai,n>
can be made arbitrarily close to one by choosing n sufficiently we conclude

) o/OX ' u/n'/? o' A

inf P — — ——
Bo€Beqy (s0) \/o/GExu@’a \/a’@Em@’oz
s p[dOX
- Va'0%,,0a

for n sufficiently large. In step la) of the proof of Theorem 2 we established the asymptotic

. ’ ’ 1/2 .
normality of %. Thus, for n sufficiently large,

< t7 Al,nv AQ,n; A3,n>

<t(l—e) —2De> — €,

Va05,,0a  a05,,00a

e X/ 1/2 'A
ot Pl OX'u/n o'
Bo€Be (s0)

<t, A, A2,n,A3,n> > ® (t(1 —€) — 2De) — 2e.
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As the above arguments are valid for all € > 0 we can use the continuity of ¢ — ®(gq) to conclude
that for any § > 0 we can choose € sufficiently small to conclude that

inf
Bo€Be (so0)

P( 'O X"u/n'/? o' A

— = S t, Al,ny Agyn, Agm Z q)(t) — 26 — (5 (A62)
\/a’@Zm@ « \/@’@Ew@’a

By (A.61) and (A.62) and SUDgoeBy, (so) F (U?:lAf,n) =P (U?ZIAEM) — 0 (here we used that none
of the sets Ay, Ay, or A3 depend on [y) we conclude that

sup |P u <t|—-®o(t) —0.
Bo€Byy (s0) Va'03,,0a

To see (38) note that

P<50,j¢[ — 21 a/2\f bj + 21 “/Q\AFD
(’f — Bo,j) >Z1—a/2)

0j 0j

0j 0j

Thus, taking the supremum over 5y € By, (so) and letting n tend to infinity yields (38) via (37).
Finally, we turn to (39). By (35) we know supﬁoelgeo(s()ﬂa’@zgm@’a — /0,0l = o0p(1).

Hence, choosing o = e; and ¢max(©) = 1/dmin(X),

/\ ~

NG supso)diam<[l; 21— a/2\/> b+ 21 a/z\f}> = sup 20j21_q/2

Bo€Byq ( Bo€By (s0)
=2 ( sup /€:0%;,0e; + op(l)) Z1—a/2
Bo€Be (s0)
1
2 max Zzu T e 1 —o

<2 (Voml®a) s+ 0uD)) 1o

- OP(1)7
as Pmax(Xzy) is bounded from above and ¢miy () is bounded from below by Assumptions 2a) and
3e). O
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