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Abstract

This paper proves consistency and asymptotic normality for the conditional-sum-of-squares estima-
tor, which is equivalent to the conditional maximum likelihood estimator, in multivariate fractional
time series models. The model is parametric and quite general, and, in particular, encompasses the
multivariate non-cointegrated fractional ARIMA model. The novelty of the consistency result, in par-
ticular, is that it applies to a multivariate model and to an arbitrarily large set of admissible parameter
values, for which the objective function does not converge uniformly in probablity, thus making the
proof much more challenging than usual. The neighborhood around the critical point where uniform
convergence fails is handled using a truncation argument.

Key words and phrases: Asymptotic normality, conditional-sum-of-squares estimator, consistency,
fractional integration, fractional time series, likelihood inference, long memory, nonstationary, uniform
convergence.

JEL classification: C22, C32.

1 Introduction

This paper considers conditional-sum-of-squares (CSS) estimation of multivariate fractional time series
models. The CSS estimator is based on minimizing the sum of squared residuals, and was applied in
classical work on ARIMA models by, e.g., Box & Jenkins (1970). In later work, CSS estimation was
introduced for fractional time series models by Li & McLeod (1986) and Robinson (1994), in the latter
case for hypothesis testing purposes. The CSS estimator has the anticipated advantage of having the
same asymptotic normal distribution as the (unconditional) Gaussian maximum likelihood estimator
and being efficient under Gaussianity. However, Gaussianity is not assumed in this paper. Compared
to (unconditional) maximum likelihood estimation, though, CSS estimation is computationally much
simpler. For these reasons, the CSS estimator has been very widely applied in the literature, also for
fractional time series models.
In the simplest case, the univariate fractional time series model is

AiXt = &, (1)
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where the operator Ai is given by A‘iXt = Adth{tZI} = Zf@;lo T (—d) Xy—p, with

I'(u+n) uw(u+1)...(u+n—1)

™) = ST+ 1) nl @)

denoting the coefficients in the usual binomial expansion of (1 —z)~*, I'(-) denoting the Gamma function,
and 1y4y denoting the indicator function of the event A. Note that A% X, only depends on X; for ¢ > 1
and is therefore always well defined. The inverse operator Ajrd is given by AjrdXt = ZZ_:IO T (d) Xt

The definition of fractional integration applied in (1) is the so-called “type II” fractional integration.
While “type I1” is certainly not the only type of fractional integration, it does have the desirable feature
that the same definition is valid for any value of the fractional parameter, d, and that no prior knowledge
needs to be assumed about the value of d. Importantly, this implies that both stationary, nonstationary,
and overdifferenced time series are permitted and that the range of admissible values of the fractional
parameter can be arbitrarily large.

This paper proves consistency and asymptotic normality results for CSS estimators in multivariate
fractional time series models. Although the CSS estimator has found widespread use in the literature,
the conditions under which it is consistent in fractional time series models, and especially multivariate
fractional time series models, are only recently beginning to be well understood, as explained below.
Consistency results are of course important in their own right and are also necessary prerequisites in any
proof of asymptotic normality for implicitly defined estimators such as the CSS estimator. However, proofs
of consistency have been avoided in the literature due to the non-uniform convergence of the objective
function.

To illustrate the issue in the context of model (1), let the true value of the fractional integration
parameter be denoted by dp. Then the data generating process is X; = A;d%t, which is found by
inverting (1), and residuals defined as A% X; = A‘iﬁdost appear in the (conditional) likelihood or in the
CSS objective function; see details below. When d—dy > —1/2 the residuals are stationary (except for the
truncation in the definition of Ay ), and a law of large numbers can be combined with standard methods
to obtain uniform convergence in probability of the CSS objective function on any compact subset of
d—dop > —1/2. On the other hand, when d — dp < —1/2 the residuals are nonstationary and a functional
central limit theorem applies under additional moment conditions. Furthermore, the rate of convergence
of the CSS objective function is different in this case, compared to d—dy > —1/2. This change in behavior
of the objective function around the critical point d — dg = —1/2 implies that the objective function does
not converge uniformly in probability on a large parameter space, i.e. one that includes this point, thus
making consistency proofs on a large parameter space much more challenging than usual.

These difficulties have previously been avoided by, for example, restricting the range of admissible
values to an interval of length less than one-half as in, among others, Fox & Taqqu (1986), Dahlhaus
(1989), Giraitis & Surgailis (1990), Hosoya (1996), and more recently Robinson (2006). Other works, e.g.
Li & McLeod (1986) and Beran (1995), assume consistency in application of the usual Taylor expansion
of the score function to derive the asymptotic distribution, while Tanaka (1999) and Nielsen (2004) give
local consistency proofs. Alternatively, with some prior knowledge of the approximate magnitude of dgy
one can (fractionally) difference the data, estimate d, and add back. See also Hualde & Robinson (2011,
pp. 3153-3154) for additional discussion of these issues.

Only very recently, Hualde & Robinson (2011), Lieberman, Rosemarin & Rousseau (2012), and Jo-
hansen & Nielsen (2012a) have proven consistency for time domain estimators! in parametric fractional

'In frequency domain estimation, consistency results for admissible parameter intervals of lengths greater than one-half
are more common, for example Robinson (1995) and Shimotsu & Phillips (2005) for semiparametric estimation, Velasco &
Robinson (2000) for tapered Whittle estimation, and Shao (2010) for nonstationarity-extended Whittle estimation. While
the latter is efficient under Gaussianity, it differs from CSS estimation by using a “type I” definition of fractional integration
and by requiring do # +1/2,+3/2, etc.



M. @. Nielsen: CSS estimation in multivariate fractional models 3

time series models for a large set of admissible values of d. Lieberman et al. (2012), however, considers only
univariate stationary Gaussian processes, i.e. d < 1/2, and do not allow nonstationary or non-Gaussian
processes. Johansen & Nielsen (2012a) applies methods that are in some respects similar to the ones in
this paper, but considers an entirely different class of fractional vector autoregressive models that is not
nested with the multivariate fractional time series models in this paper.

Dealing with the same model setup as the present paper, Hualde & Robinson (2011) give a consistency
proof in the univariate case, using a method of proof that is rather different from the one used below.
They also consider the multivariate case, but argue that their consistency proof does not straightforwardly
extend to that case (see their discussion on pp. 3174-3176), and therefore provide an asymptotic distrib-
ution result assuming the existence of a v/T-consistent initial estimator from which a single Newton step
is taken.

On the other hand, this paper provides a full consistency proof for the CSS estimator in multivariate
fractional time series models. The consistency proof in Section 3 below shares with the univariate proof
of Hualde & Robinson (2011) the idea of analyzing the behavior of the objective function in distinct
intervals. However, their proof for the neighborhood around d — dy = —1/2 requires splitting the critical
interval d — dy € [—1/2 — k2, —1/2 + k3] into two separate intervals immediately to the left and right,
respectively, of the critical point d — dy = —1/2, which the proof below does not. It is the interval around
this critical point that is most delicate to analyze in the proof, since this is where uniform convergence
of the objective function fails, and it therefore also poses the greatest challenge in the multivariate case.
In particular, the inclusion of the critical interval around d — dyp = —1/2 in the proof below is achieved
by a truncation argument, making it possible to show that when v = d — dy € [-1/2 — k2, —1/2 + R3],
the inverse of product moments of critical processes A &; is tight in v, and further that it is convergent
uniformly to zero in probability for (x3,7") — (0, 00).

An additional complication in CSS estimation in the multivariate p-dimensional case is that the
objective function may involve processes whose fractional differencing parameters belong to different
intervals (stationary, nonstationary, critical). This presents a significant challenge in the consistency
proof. In particular, a variation of the truncation argument that is applied in the critical interval can
be applied in this case as well, but only if the nonstationary and critical intervals are separated by a
wedge, i.e., if the former interval is bounded from the right by d — dy < —1/2 — k1 for some k; > Ko.
Although this appears to suggest that a small interval needs to be eliminated from the parameter space,
that is in fact not the case. This separation of the nonstationary and critical intervals is achieved in the
proof by a careful study of all three intervals individually, followed by a study of each situation where
either the nonstationary or the critical interval is left out, and in each of these cases it is shown that
the nonstationary and critical intervals may in fact overlap, i.e., k1 < Ko is allowed. This overlap is then
used to prove that, for the general case with all intervals included, the nonstationary and critical intervals
can be assumed to be separated by a wedge, such that k1 > kg for the general proof. To illustrate the
intuition, suppose there are two processes with fractional differencing parameters that are very close and
close to the boundary between the nonstationary and critical intervals. Then the overlap between the
two intervals implies that the two processes can be assumed to both belong to the nonstationary interval
or both belong to the critical interval. In either case, the other interval is not needed for those processes
which implies that one interval is left out and that situation has already been studied. In other words,
only when these two processes have fractional differencing parameters that are quite distant is it necessary
to assume that they are in different intervals, and hence the intervals can be assumed to be separated by
a wedge, i.e. k1 > kg, in which case the truncation argument can be applied.

The remainder of the paper is structured as follows. In the next section the consistency result is
presented for a multivariate fractional time series model which allows a wide range of short memory
innovations. The consistency proof is quite involved and is presented in Section 3. In Section 4 the
asymptotic distribution theory is given with proof in Section 5. Section 6 concludes, and the paper ends
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with two appendices of auxiliary results used in the main proofs. No empirical applications or finite
sample simulations of the CSS estimation procedure are included because these can be found in, e.g.,
Nielsen & Frederiksen (2005), Hualde & Robinson (2011), and the references therein.

Some comments on notation: for a sequence of stochastic processes Xp(s) € R, s = (s1,...,8m) €9,
where S is a compact subset of m-dimensional Euclidean space, the notation X7 = X or Xr(s) = X(s)
is used to indicate convergence in distribution of the sequence, either as continuous processes in C(S) or

as cadlag processes in D(S), whereas Xr(s) D x (s) means convergence in distribution in R for a fixed s.
The Euclidean norm is denoted | - | and when E|X|" < oo the Ly-norm is defined as || X||, = (E|X|")"/".
A function f(z) : R? — R satisfies a Lipschitz condition of order «, or is in Lip(«), if there exists a
finite constant K > 0 such that |f(z1) — f(z2)| < K|z1 — 22| for all x1,29 € R?. For a function
f(z) : R? — R, the k’th order derivative is sometimes denoted 8; ;c(%), which is ¢ x 1 and ¢ X ¢ when k =1
and k = 2, respectively. For higher-order derivatives this can be thought of as a matrix of high dimension,
the exact form of which is not important. For any vector a, the i’th element is denoted a®, while for
any matrix A, A®) A@) and ACD denote the (i,7)’th element, i’th row, and i’th column, respectively.
Furthermore, A > B (A > B) denotes that A — B is positive (semi)definite, tr{A} denotes the trace of
A, |A| = (tr{A’A})'/2 is the Euclidean norm of A, and det{A} is the determinant of A. Finally, as a

convention, it is assumed that j~! = 0 for j = 0 in summations over j.

2 Consistency result

Let X; = (Xut,...,Xpt)" be a p-dimensional time series and generalize the simple model (1) as follows:
Xy = Ay (d) tuy and uy = A(L, )y, (3)

where d = (dy,...,dp), AL(d) = diag(Ail, A Aip), 1) is a g-dimensional parameter vector and A(z,v) =
Yool o An(¥)2™ with p x p matrix coefficients, A, (¢)). The parametric form of the function A(z,) is
assumed known. Model (3) generalizes model (1) to multivariate time series and to allow short memory
dynamics (i.e., weak dependence) in wu;. Specifically, u; is assumed to be a linear process governed by
an underlying g-dimensional parameter vector. For example, u; could be generated by a vector ARMA
model or by the exponential spectrum model of Bloomfield (1973), which is somewhat popular in the
fractional literature owing to the relatively simple covariance matrix formula it offers in this setting, see,
e.g., Robinson (1994).

Model (3) is analyzed under the following assumptions on the errors €; and the true parameter values,
which are denoted by subscript zero.

Assumption A The p-dimensional errors €, are stationary and ergodic with finite fourth moments and
satisfy E(et|Fi—1) = 0 and E(eg}|Fi—1) = X almost surely, where Fy = o({es, s < t}) is the sigma-algebra
of events generated by €5, < t. Finally, the conditional (on Fi_1) third and fourth moments of €, are
finite and equal the unconditional moments.

Assumption B The true parameter values satisfy Yo > 0 and (do,%g) € DP x ¥, where D = [V1, V3]
with —oo < V1 < Vo < 00 and the set ¥ C RY is convex and compact.

Importantly, only four moments are assumed finite in Assumption A and Gaussianity is not assumed.
The errors are assumed to be conditionally homoskedastic martingale differences, which is somewhat
weaker than the independence and identical distribution assumption in Johansen & Nielsen (2012a).
Furthermore, as in Hualde & Robinson (2011, Section 3), positive definiteness of 3 rules out cointegration
among the components of X;. However, even though cointegration, which has been popular especially in
recent empirical macroeconomics, is ruled out, the present model can still be applied to test a number of
interesting hypotheses such as joint stationarity or I(0)-ness, in which case cointegration is not a concern.
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The cointegrated case is analyzed in Johansen & Nielsen (2012a) using a different model that is not nested
with (3).

In Assumption B the short memory parameters 1 are assumed to be in a compact and convex subset of
RY. More importantly, Assumption B permits the length of the interval D = [V, V3] of admissible values
of d; to be arbitrarily large. Specifically, the length of D is not limited to less than 1/2 as in most previous
studies of fractional time series models that include proofs of consistency. Thus, under Assumption
B, the model can simultaneously accommodate both nonstationary, (asymptotically) stationary, and
overdifferenced processes.

The following condition is imposed on the linear filter A(z,1) and the associated coefficients:

Assumption C For all ¢ € ¥ and all z in the complex unit disk {z € C: |z| < 1} it holds that:

(1) Ao(¢) = I, and det{A(z,v)} is bounded and bounded away from zero.

(i) Each element of A(e, 1) is 2 + max(s,0) times differentiable in A\ with 2 + max(2,0) th derivative
in Lip(&) for any & > 0 and s defined as the integer part of min(p — 1, Ve — V1 — 3/2).

(i (4,5)
(iii) A(z, ) =D 02 An())z" is continuously differentiable in 1 and the derivatives AS’])(w) = 8’4%7;(1/))
satisfy Y00 o | AN (1)) < oo

Assumption C(i) ensures invertibility of u; in (3). Under this assumption the function B(z,v) =
A(z,p)71 =372 Bp(1)2™ is well-defined by its power series expansion for |z| < 1+ d for some § > 0,
and has det{B(z, )} bounded and bounded away from zero on the complex unit disk. Under Assumption
C the p x p matrix coefficients A, (¢) and By, (1) satisfy

|An ()] = O(n~ 27208y and | B, (¢)| = O(n~2™2x(0)=¢) yniformly in 1 € ¥, (4)

see Zygmund (2003, pp. 46 and 71). In contrast, under Hualde & Robinson’s (2011) univariate Assumption
A(ii) the required rate is only O(n=17¢) for ¢ > 1/2. Assumption C(ii) is the only assumption that differs
from those in Hualde & Robinson (2011). The stronger rate required for the multivariate model in this
paper illustrates an interesting trade-off: allowing a higher dimensional model with a large parameter
space for the fractional parameters (i.e., a larger/positive s) requires more smoothness of the linear
coefficients. In any case, Assumption C is easily satisfied by the Bloomfield model or by stationary and
invertible ARMA processes due to the exponential decay of their linear representation coefficients.

Thus, letting 0 = (d,9) € DPxV¥ = © and letting B (L, )Xy = B(L, ) Xi1ly>1y = S Bu() Xy,
denote the truncated filter, the residuals are defined as

£(0) = By (L, ¥)A+ (d) X0, (5)
and the classical least squares or CSS estimator is found by minimizing the sum of squared residuals, i.e.,

0 = arg I@Iéi(gl det{R(0)}, (6)

T
RO) =T e(0)e(6)'. (7)
t=1

The estimator (6) is well-known from, e.g., Li & McLeod (1986) and Beran (1995) in a (univariate)
fractional context and of course Box & Jenkins (1970) for non-fractional models. Motivation for (6)
comes from the fact that (the trace of) (7) is proportional to the exponent in the conditional Gaussian
(quasi-)likelihood function, and (6) is of course equivalent to the conditional (quasi-)maximum likelihood
estimator.
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Note the truncation of the autoregressive representation of X; in calculating the residual in (5), which
is inherent to CSS estimation, and presents an additional challenge that is non-trivial in the context
of fractional models. For discussion of this issue, see e.g. Robinson (2005) and Robinson (2006), where
detailed treatments of the consequences of the truncation are given. However, Robinson (2005) does not
consider consistency for the estimation of d and the consistency proof in Robinson (2006) restricts the
length of the interval D to be less than 1/2. The present paper contains a rigorous treatment of the effects
of the truncation.

Finally, the following identification condition will also be needed:

Assumption D For all ¢ € W\{4o} it holds that A(z,) # A(z,10) on a subset of {z € C: |z| =1} of
positive Lebesgue measure.

Assumption D is identical to Assumption Al(i) in Hualde & Robinson (2011) and is satisfied, for
example, by all stationary and invertible ARMA processes whose AR and MA polynomials are not both
overspecified.

The main result of this section is stated in the following theorem.

Theorem 1 Suppose X; is generated by model (3) and satisfies Assumptions A-D, and let (cf, 7,/3) be
defined by (6). Then (d,1)) il (do, o) as T — oo.

3 Proof of Theorem 1

The residual in (5) is €.(0) = B4 (L, v¥)A4(d — dp)us, and clearly the convergence properties of R(#) in (7)
depend on the vector d — dy. Let the deterministic function r(6) denote the pointwise probability limit of
det{R(0)}, shown subsequently to be given by

r(6) = { det{ E(n:(0)m:(0))} if djy —dox > —1/2for k=1,...,p, (8)

o0 otherwise,

where the untruncated process 7:(6) = B(L,)A(d—dp)u; applies the untruncated filter A(d) = diag(A®%, ...,

and is well-defined when d — dgr, > —1/2 for k = 1,...,p. In the latter case, n:(6) can be represented in
the following convenient way,

Nk

m(0) = Y Bu(¥)A(d — do)us—n

3
Il
=)

B () > mj(dox — dk)uglf)j,n
=0

M
o 2t

o0

m(dor — d) ZB

Il
=)

J

M= IM-

Ah ok ey (), (9)

T

1

where the linear processes ex(v)) = Cx(L,9)er, k = 1,...,p, are defined using
Cr(z, %) = B (2,9) AR (z,49) = Z Clon (1) 2" (10)

In Lemma 1, presented below, a similar representation is given for £.(0).

Ad)



M. @. Nielsen: CSS estimation in multivariate fractional models

From Assumption C the p x p matrix coefficients C,, (1) in (10) satisfy
|Chn(¥)] = O(n~2™2x(0) =8 yniformly in ¢ € W. (11)

In the following, the Beveridge-Nelson decomposition,

oo
ext(¥) = Cr(L,)er = Ci()er + A Crn(¥)et-n, (12)
n=0
will be applied repeatedly, where C§ (1)) = 320 Crn (1) is finite and Cy, (1)) = — > mrent1 Cem (@) =
O(n~17max(5.0)=¢) yniformly in ¢ € W, see (11) and also Phillips & Solo (1992, Lemma 2.1).
Conforming with (8), the parameter space D = [V, V3] for d; is partitioned into three compact
subsets, Dy = Dl(fﬂ) =Dn {dz cdp — dy < —1/2 — Hl}, Dy = DQ(H27H3) =Dn {dZ : —1/2 — Ky <
di — do; < —1/2 + k3}, and D3 = Ds3(k3) = DN {d; : di — dop; > —1/2 + K3}, for some constants
0 < K1 < k2 < k3 < 1/2, to be determined later. Note that Ug’:lDi = D and that there is an overlap
between D; and Dy because k1 < kg, which is used explicitly in Section 3.3.7. Special care is taken
with respect to Da, where the convergence of the objective function is non-uniform, as evident in (8), see
Section 3.3.1.
Clearly, 6y € D} x © and if V1 > max; do; — 1/2 then the choice k3 = V1 — max; do; + 1/2 > 0 implies
that D1 and Dy are empty for all 4 = 1,...,p, in which case the proof is easily simplified accordingly.
The proof of Theorem 1 proceeds by showing the following results. For any K > 0 there exists a
(fixed) "3 > 0 such that

P < inf det{R(0)} > K> —1lasT — oo. (13)
deDP\Ds3(k3)P pel

This implies that P(é € D3(R3)P x ¥) — 1 as T — o0, so that the relevant parameter space is reduced to

©3(k3) = D3(k3)P x U. From Theorem 5.7 of van der Vaart (1998) the desired result then follows if, for

any fixed k3 € (0,1/2),

o |det{R(0)} — det{r(0)}| 2 0 as T — oo, (14)
inf det{r(0)} > det{r(6p)} for all § > 0. (15)

0€O3(13)N{0:10—00|>5}

The first condition entails uniform convergence of the objective function on O3, and the second condition
ensures that the optimum of the limit function is uniquely attained at the true value.

The proofs of (14), (15), and (13) are given in Sections 3.1, 3.2, and 3.3, respectively. The most
delicate part is justifying (13) because in (13) the integration orders of the different processes involved
may fall into different subsets. Hence this presents the main complication for the multivariate case relative
to the univariate case.

Before proceding to show (13)—(15), the following lemma gives a representation of £,(6) similar to (9)
and also analyzes the effect of the truncation in the residual in the definition of R(). The result is given
for Dy and Ds, while the corresponding result for D; is more conveniently given in Section 3.3.2, see
Lemma 2.

Lemma 1 With the notation of this section it holds that

e(0) = (0) + Y rre(drs ), (16)
k=1

p
i (0) =) AL Moy (y), (17)
k=1
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where, under the assumptions of Theorem 1,

T
_ P
sup |71 Zrkt(dk,w)rkt(dk,w)’| —0asT — oc. (18)
dr€D2UD3 peY t=1

Proof. Proof of (16)-(17): As in (9), €:(0) = B+ (L, ¥)A4(d — dp)uy is

t—nm—1

W) S midos — diug?
j=0

t—j—1

Q]
~
—~
>
~—
Il
[+
oy

t—1
A () = 3 S ok~ di) S0 B @,
k=1 k=17=0 =t
such that rg(dg, ) = — Z] Owj(dok di) Yo, 7 B('k)(i/})ugk)J —n

Proof of (18): First note that i (dg, ¥) = > o, gbtmkugli)m, where ¢yni = — Z] —o i (dok— dk)B( k)J (v)
satisfies, see (4) and Lemmas A.1 and A.2,

0o -1
SuP Z |dtmi] < CZZ]dOk A=y — j)=2¢
m=t j=1
-1
<ed g i)
=1

< ¢(log t)tmax(dok —di,—§)—1

Because |u§km (k) »| = Op(1) uniformly in ¢,n, m, the sum of squares of ry(dg, 1) satisfies the bound
T T oo oo
sup > [ree(di, ) (di, )] = sup > Y Z | Dttty S
Vel YEY =1 m=tn
T
< sup |t k| Op(1)
ve ‘I’tz ( =

T
— OP Z(log t)2t2ma,x(d0k—dk,—§)—2>

= Op((log T)2T2max(dor—dy—1/2,~£-1/2,0)
so that

T
sup ‘Tfl Z Tkt(dka ¢)rkt(dk7 w)/‘ _ OP( sup (log T)2T71+2 max(dOkfdkfl/2,7§71/2,O))
dp€DaUD3 el i—1 dp€D2aUDs3

— Op((log T)>T>>1).
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3.1 Convergence on 0O3(k3) and proof of (14)

First of all, if § € O3(k3) for any /<c3 > 0 then et(G) is (asymptotically) stationary. By Lemma 1 the
difference between R(f) and S(0) = T~} Zt L1 (0)m; () is negligible in probability uniformly in d €
Ds(k3)P,7p € ¥, so it suffices to con31der S(0). The dlfference between 7,7 (f) and the stationary and
ergodic process 7;(0) (without truncation), see (9) and (17), is

[e.o]

n(0) — i (0) =

Tn(dok — di) ek, t—n( ZTn Et—ns (19)
k=1 n=t

where 7,(0) = S0 _ 3" T (dok — di) Cen—m (1) and supgee, [7(0)] < c(1+logn)nmax(=1/2=r3,=2-8) <
¢(1+logn)n~1/27% by (11) and Lemma A.2. It follows that

E(ne(0) — 0/ (0)) (1 (0) ZTn )Zo7n (0

< CZ (1+logn)?n=172% < ¢(1 +logt)?t~23 =0

n=t

for all § € ©3 (pointwise). From the law of large numbers for stationary and ergodic processes it then
holds that

=T m(@)m(6)' + op(1) = E(m(O)m(6)) as T — oo, (20)

which shows the pointwise limit in probability, see (8).

The result (20) can be strengthened to uniform convergence in probability by showing that S(6)
is stochastically equicontinuous (or tight). From Billingsley (1968, Problem 6.6) this holds if S(7)(0) is
stochastically equicontinuous for each i, 5 = 1,..., p, and from Newey (1991, Corollary 2.2) this holds if the
derivative of T~} Zthl nj(z)(ﬁ)n:(])(e) =>F,_ T Zle(Ai’rdOkeg (w))(ACﬁ*dO’el(i)(w)) is dominated
uniformly in 6 € ©3 by a random variable 7BT = Op(1). From Lemma B.3 with u; = di — dop >
—1/2+ k3, up = d; — do; > —1/2 4 k3,a = 2k3, and ¥ = ¥ (noting that only summability of the linear
coefficients is assumed in Lemma B.3 and this is satisfied uniformly on ¥ by the derivatives of Cy, (1) by
Assumption C(iii)), it holds that Br = supycg, |%| = Op(1), showing that S() is stochastically
equicontinuous on O3 and hence that (20) holds uniformly in § € ©3. Because the result holds for any x3
it proves (14).

3.2 Proof of (15)

If A> 0 and B > 0 then det{A + B} > det{A} with equality if and only if B = 0. Since det{r(6p)} =
det{Xp} it is therefore sufficient to prove that

f E(ni(0)m(0)) — Lo > 0 (and # 0) for all § > 0 and all 0,1/2).
aeeg(ﬁg)é?&wieo'zé} (me(0)n:(6)") 0>0 (and #0) for all 6 > 0 and all k3 € (0,1/2)
The variance of n¢(8) = B(L,)A(d — do)us = > pe o Tn(0)et—n is E(n(0)n:(0)) = > 02 o (0)X0Tn(0)’,
where 7,,(6) = S0 0o T (dok = di) Chonm(®) with 70(6) = S-7_; mo(dox — di) By ™ () Ay (wo) =
p_ ISP — 1, for all 0 € ©3 by Assumption C. Tt follows that 3% 7,(6)Se7(6) = So +
> oo 1 T(0)X07, (), where the last term is zero if and only if § = 6y by Assumptlon D. Hence,
Em(0)ne(0)) — X0 = > 02 T (0)X07,(0)" > 0 for all  # 0y, which proves (15) by continuity of 7,(-) and
compactness of Og.
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3.3 Proof of (13)

The proof of (13) is structured as follows. First, the proof is given for the case with § € ©y = D5 x ¥ in
Section 3.3.1. Then the proof for the case with # € ©; = D} x ¥ is given in Section 3.3.2. In Section 3.3.3
some notation is introduced for the proof in the general case. Sections 3.3.4-3.3.6 consider cases with
processes in at most two different subsets. In Section 3.3.7 an overlap argument is used to show that a
wedge can be inserted between k1 and kg, which will subsequently be used in Section 3.3.8 to prove (13)
in the general case. In each of Sections 3.3.5-3.3.8, the processes involved may fall into different subsets.

3.3.1 Convergence on 0Oy(kg, Kk3)

First note that, by (18) of Lemma 1, it suffices to prove the result for S*(9) = 7! Zt RAONOR
Using the notation €},(¢) = C*(w)et, the Beveridge-Nelson decomposition (12) Shows that the product
moment ST () can be decomposed as

P T
>TSS (AR () (AL (1) (21)

k=1 t=1
D T
+ T-1 Z Z(Adk dOk * (¢))(Adl do+1 Z Cln 5t—n)/ (22)
kJl=1t=1 n=0
P T [e’s)
+ TN TN (AT " G (e ) (AT e (1)) (23)
kil=1t=1 n=0

The (i,7)’th element of (23) is T~ 1Zkl 1ZtT I(Ad’“_do’“—|r1 > OCN'kZ)(1jJ)€t n)(Adl_dOZC’f(j')(w)st)’ =
Op(1) uniformly in 0 € O3(k,k) for any 0 < x < 1/2 by Lemma B.3 with uy = d — dop, +1 >
1/2 — kyug = d; — dg; > —1/2 — K such that u; + uy > —2k and a = min(1/2 — k,1 — 2k) > 0. The proof
for (22) is identical.

Let the right-hand side of (21) be denoted Sy (d, v) = 320 | T~V Y1, (AP~ ™ker, () (ALl (1))

and define the p-vectors wy; = 27]:[;01 Tn(dox — dk)€;§,t_n(¢) and vg; = Zn:N W"(d% N dk)g’“t_”(w)' To
analyze Sf(d,q/)), decompose Aik_d‘)ke,:tw) as

t—1
Adk ok g Kt Zﬂ-n (dok — dk)gkt W) = wp o, t>N+1,
n=0
for some N > 1 to be determined. It then holds that
P T
- dp—dor _* di—do; _x
P) = > T Y (AP () (AT T (v))
k=1 t=N+1
T 2 T 4 T p
SED VD WTTREED Db DUTTRT I DI DRI AT
t=N+1k,l=1 t=N+1k,l=1 t=N+1k,l=1
1/2—k  1/2

Setting N = T with 0 < a < min( Tatn T/3125
that such an « exists because 0 < max(kg, k3) < 1/2, it follows from (47) of Lemma B.2 that the second
and third terms on the right-hand side of (24) converge in probability to zero uniformly in 6 € ©2(k, k) 2
©2(k2, k3) and that the first term on the right-hand side of (24) satisfies

) for some r satisfying max(kz, k3) < k < 1/2, noting

T 4
sup (T >0 > wpw), — Z C () S0CF (W) FED (d — do)| £ 0 as T — o,
0€02(k.r) t=T+1 k,I=1 k=1

10
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where F](\f’l) (d—dy) = 227701 Tn(dox — di)mn(dor — d;), see Lemma A.3.
Next, using (10), write > % _; Cr(¥)my(dox—di) = B(1,v)Hy,(d)A(1, ¢o), where Hy,(d) = diag(my, (do1—
di),...,m(dop — dp)), so that

p N-1
S CrW)ZeCr W) YV (d — do) = S B(1,4) H(d)To H(d) B(L, 0)’
k=1 n=0

with Tg = A(L,10)S0A(1, o). The (k,1)'th element of S>N"1 H,(d)ToH,(d) is TO) SN 1 (dog —
di)mn(do — d) = TSPV FED(d — dy) so that

N-1
> Hy(d)ToHn(d) = To ® Fy(d — do),
n=0

where ® denotes the elementwise (Hadamard) product and Fy(u) is the p x p matrix with (k,7)’th element
F](V{C’l)(u). Hence,
P * * 1 (k1) /
det{zk 1y Cr@)X0Cr (V) Fy 7 (d = do)} = det{B(1,¢)(To © Fn(d — do)) B(1,¢)'}
= det{B(1,¢)}?det{Ty © Fn(d — do)}
> det{B(1,%)}* det{To} F" (d — do)| -+ [FP (d — do)|

by Oppenheim’s Inequality.
Thus,

P
> " CrW)SoCr (1) Fi (d — do) + pur (6),
kl=1

where p17(0) L0asT — o0 uniformly in 6 € Oy(k, k) O O2(k2, k3) and it follows that
det{S*(0)} > det{ B(1, )} det{A(L, o)} det{ Lo} | Fy"(d — do)] -+ [F\/™ (d — do) | + par (6),
where por(0) = Op(1) as T' — oo uniformly in 6 € O2(k, k) O O2(ke, k3). From Lemma A.3,

1— (T —1)2%s
2H3

FEP (@ —dg) > 1+¢

for d € Da(kg,k3)? and k = 1,...,p. The factor (2x3)~1(1 — (T — 1)72%3) is increasing in T' from 0
(for T = 2) to (2k3)~! and decreasing in k3 from alog(T — 1) (for k3 = 0) to 0, such that (2x3) (1 —
(T —1)722%3) — o0 as (k3,T) — (0,00). Because det{3g} > 0 by Assumption B and det{A(1,v)} > 0,
det{B(1,v)} > 0 uniformly in ¢ € ¥ by Assumption C, it follows that for any K > 0,17 > 0, there exists
k3 > 0 and T5 > 1 such that

P( inf det{R(f)} > K)>1—nforall T > Tp. (25)
96@2(/{2,%3)

Note that (25) holds for any choice of k2 € (0,1/2).

3.3.2 Convergence on 0O(k;)

First of all, if d € D1 (k1)P then do, —dg > 1/2+k1 such that e;(0) = P S04 ! By k)( )Z;;g_l 7 (dok —

k
dk)uif)jfn is a linear combination of nonstationary processes. To normahze R(0) correctly for convergence,
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some rotation is convenient. To that end, apply the Beveridge-Nelson decomposition (12) iteratively to

B (g, 2),
¥) =Y B @) =3 BRI (1-2)" + Z BN, _ o)L, (26)
n=0 h=0

where BGY (W) = 020 B, (1), By, (4) = = S0 By (@) b > 1, BE) () = B (), and
s is the integer part of min(p — 1, Vo — V1 — 3/2) as defined in Assumption C(ii). Suppose, without loss
of generality, that di — dp1 < --- < d,, — dop. In view of the iterated Beveridge—Nelson decomposition

(26), if B(((')l))(w) # 0, introduce the direction vector f1(0) = B( Y ( /\B (1)| such that 51(0)'e:(0) is
fractionally differenced of order di — dp; (i.e., fractionally mtegrated of order dop1 — dy). Since it is clearly
possible that the next term in the decomposition (26) for £ = 1 can have both higher and lower fractional
order than the first term for k& = 2, the next direction depends on the difference between do — dpo and

d1 —do1 +1. Hence, if dy —do; +1 <d2—d02 and (1 (0)' B{;) (¢ )#Othen define B5(0) = B(,) ()/1 B (9)]-

If dy — do2 < di —do1 + 1 and B( 0) ( ) # 0 define (2(0) = ( )/|B(0) (1)|. This procedure defines
Ba(0) for a = 1,...,p, and stacking these vectors next to each other defines the rotation matrix §(0) =
[61(0), ..., Bp(#)], which is orthonormal by contruction.

Let the fractional differencing order of 3,(60)c:(#) be denoted d,. Then the following version of Lemma
1 holds for the nonstationary case.

Lemma 2 With the notation of this section and under the assumptions of Theorem 1, fora,b=1,...,p,
T

To 1 8,(0) R(0)By(0) = Ty " (va(8) Al er) (1(0) Aer) + rr(6), (27)
t=1

where rp(0) = op(1) uniformly in 0 € ©1(k1) and v,(0) = ]B((ql))(w)\(zzf:o Aﬂ;)(wo))’ when B4(0) is
obtained from the above procedure as the q’th term in the iterated Beveridge-Nelson decomposition (26)

fork=1.

Proof. If 3,(0) is obtained from the above procedure as the ¢’th term in the iterated Beveridge-Nelson
decomposition (26) for k = [ then (3,(0) = Bé;]l))(zp)/\é((;]l))(w)] and 6, = d; —do; +¢q. Here, 0 < g <s
because there can be at most s nonstationary terms since the (s + 1)’th term will either be stationary or
Bp(6) will have been reached already.

Applying a finite-summation version of the iterated Beveridge-Nelson decomposition (26), it holds
that

t—1 q t—h—1 t—q—2
B (z,0) =Y BP @) =Y B(( )> ()1 — 2)" + Z B(q+1 —2)atln s (28)
n=0 h=0 n=0

12
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where
g1 t—h—1 l t—1 l
re(0) = Ba(0) Y (Y Bl ) wildo — di — hyug’;, 0 > 1,
h=0 n=0 7=0
t—q—2 t—n—1
l
ron(0) = Ba(0) Y Bl () Y mildor —di—q -,
n=0 7=0
t—qg—1 l t—1 l
ran(0) = Ba(0) (D Bl ()Y mi(=0a)u; — 1a(0) Alre,
n=0 7=0
p t—1 t—n—1 L
ra®) = Ba(0) Y D BIW) Y mildor — diug_,
k=1,k#l n=0 j=0
and the terms r;;(0),7 = 1,...,4, are shown next to be asymptotically negligible uniformly in 6 € ©;.

First, for 714(6), note that by construction of 5,(6) it holds that S3,(0)' B l)) () =0for0<h<g-—1,
so that

-1 oo
r(0) = —Ba(0) D (Y Bl (@) A%ty
h=0 n=t—nh
g—1 oo
1 ~ (- wth—q (I
+B8a(0) D3 BGY L (w) = Bl () A% !,
h=0 n=0

s .1 ~ (.1 00 _
¥ (4), 1222 BYY ()] < et =E and 3002 (B (9) = B L (9)) = Ly S0, (4 TS (n
j))Bgl)(w) < Igpspet™ 1=s+h=¢ hoth uniformly in ¢ € ¥. Using this together with Lemma A.1 and
u;—; = Op(1) shows

sup T25 Zrlt —OP( sup T26 Z Zt 1—s+h— Ezjq h—0a— 1

0€O i—1 0a<—-1/2—kK; =1 h=0

— OP( sup T2§a Z t—2—2$—2§+2q—26a)

0a<-1/2—k1 =1
— OP( sup (log T)T26a Tmax(0,7172572§+2q725a))
6a<—1/2—k1

_ Op((log T)Tmax(flerﬂl,flfQ{)) f) 0,

where the last equality used ¢ < s.

For r9(0), note first that the coefficients B((q}rl)

(4). If dj —doy +q+1 =04 +1 < —1/2 — k1/2, it follows from Lemma B.5 that sup, 7% 23;1 rot(0)? =
Op(T72), and if dj —dy + ¢+ 1 > —1/2 — k1/2, Lemma B.3 shows that sup, 72% Zthl ror(0)? =
T2a+10p(T") = Op(T~"1) by definition of Dy (k1).

(1) are absolutely summable by Assumption C(ii), see
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Next, using the Beveridge-Nelson decomposition (12) applied to A(z, ),

t—q—1
ran(0) = Ba(0) (D Bl () A% U —7a(0) Alrey
n=0
= Bu(0) (Y BU) () AU — 5, (0 Are, — Bu(0Y( S B ()% uf!
n=0 n=t—q
O (2 B 3 AR AT e~ a0 (3 B !
n= m= n=t—q

03 B @)Y AL (w0)) Alrer — va(0) Alrer,

where A( (o) = =300 Aﬁf')(wo). The first term is handled in the same way as r9;(6) and the
second term in the same way as r1;(0) except with h = ¢q. The last term is

Ba(0) (S (BLY (w) = BLY @)Y AL (o)) Adrey,
n=0 m=0

where 30° o (BUY () = Bl (#)) = 1oy S0, (5 TIZo (0 — ) B (1) < 1gzayet=*+4~€ uniformly
in ¢ € ¥, see (4), such that this term can be handled in the same way as r1;(6). Note that () =
Ba(0) (S22 B () (05 A (1)) = Ba(0) B () (S50 A () = 1B ()| (o A% (10)).
Finally, applying (28) with ¢ = s to r4(0) shows that rg(f) contains terms with Ai’“idOHhugk), 0<
h <'s,and a term with 377, P B((ﬁl)m(w) Z;;g_l 7 (dok — dp — s — 1)u§]i)3_n The last term is
handled in the same way as rg;(0). For the other terms, if dy — doi + h > 4 + k1/2, then, as in the proof
for 79;(0), Lemma B.5 shows that sup, 720 S i1 T4t(0)? = Op(T~"1) when dy — dog +h < —1/2 — k1/2,
and Lemma B.3 shows that sup, 7% thl r4:(0)? TZ‘SGHOP(T'“) = Op(T~ ") when dy, — doi, + h >
—1/2 — k1 /2. If dp, — dor + h < 84 + K1/2, then by construction of 5,(0) there will either be another
B-vector obtained from those terms (certainly when d — dox + h < d, since those S-vectors are obtained
prior to (,(0)) or they will correspond to terms not chosen because (,(f) has already been determined.
In either case, by orthonormality of 5(6), the factor > 7, , B((hk)?n(@b) appears multiplicatively and the

terms are handled in the same way as 71:(¢). m

It follows from Lemma 2 that it is sufficient to consider (the determinant of) the product moment
R*(#) with (i,7)’th element T%%+% Zthl(Aﬁw(@)'et)(Aij'yj(Q)’st) since the determinant of 3(0) is one
by orthonormality. Define the 7' x p matrices Ar and By, where the (t,4)’th element of Ap is Agpt’i) =
T‘giAi“yi(Q)’st and the j’th column of By has ones in the first |T'/(p — j + 1) | elements and zeros otherwise,
with [z] denoting the largest integer not greater than x. Then A Ar = R*(0), det{B}.Br} = ¢,T? for
some constant ¢, € (0,00), and the matrix A%.Br has (i,7)’th element T°% Zg{(pfﬂm A‘_;;'fyi(@)’gt =
TéiA‘_sﬁ*l’yi(Q)’ELT/(p,jH)J. From Magnus & Neudecker (1999, p. 201, eqn. (3)) the following generalization

of the Cauchy-Schwarz inequality to matrix determinants is obtained: for any two real matrices Ay and
Bt of the same dimensions it holds that

det { AL A7} > (det{B}Br}) " (det{A}Br})? = ¢, (det{T~ /> A} Br})?, (29)

where the equality uses elementary properties of the determinant function. It follows that the determinant
of the matrix R*(#) can be bounded below, uniformly in § € ©1, by cp ! times the square of the determinant

14
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of the matrix Q7(0) = T~Y/2 A% By with (i, j)’th element Q;’J)(H) = T(Si_l/?Ai'_l%(@)’s \T/(p—j+1)]» Whose
limit is derived next.

Using the notation € (0) = 7;(0)et, €(0) = [e7,(0)', .- -, e (0)] = [11(0), - -, 1p(0)) et = G(0) e, and
§ = (61,...,0p), the functional central limit theorem of Hosoya (2005, Theorem 2) applies to Ay (6 —
1)e;(0) upon verification of Hosoya’s (2005) Assumptions A(i)—(iv) for ; satisfying Assumption A and
0 < |G(#)| < oo uniformly in # € ©1. Because E(ef(0)|F;) = 0 for I > t and E(gf(0)e},(0)'|F:) —
E(ef(0)e;,(0)) = 0 for min(l,m) > t, Hosoya’s (2005) Assumptions A(i) and A(ii) are trivially satisfied.
Furthermore, Assumption A implies that the fourth-order cumulant spectral density function of €},(6) is
bounded such that by Lemma 1 and Theorem 3, respectively, of Hosoya (2005), his Assumptions A(iii)
and A(iv) are satisfied. In particular, the moment condition in Assumption A implies that Hosoya’'s
(2005) Assumption A(iv) is satisfied with 75 = 2 such that the fractional order, —d; + 1, must satisfy
2> (2(—8; +1) —1)~! or § < 1/4 which is clearly satisfied for all d € D1(k1)P for any k1 > 0 since the
latter implies §; < —1/2 — k1. Introduce the normalization matrix Sp(8) = diag(T /2, ... T%~1/2),
Then, as T' — oo, Theorem 2 of Hosoya (2005) implies that

S1(6)A4 (6 — V)ely, (0) = W_s(r) in DY[0, 1] (30)
for fixed d € Dy (k1)P, where W_g(r) is the p-vector fractional Brownian motion of type II with WE@ (r) =

D(=0;+1)7 [y (r—s)~ %dW () (s) and W denotes p-vector Brownian motion generated by &} (), i.e., with
variance matrix E(W (s)W(s)') = sG(0)' Y9G (). Tt then clearly holds that, as T — oo,

Nadl

Qr(0) 2 Q(0) with QU (0) = W (p—j+ 1)) (31)

for fixed 6 € ©1(k1) = D1(k1)? x ¥, which shows the pointwise limit.
The random matrix (@) is non-singular almost surely, uniformly in § € ©1. To see this, consider a
linear combination of the columns of Q(#),

V4
> QY
=1

and a linear combination of the rows of Q(6),

wW S p—i+0Y,. . W -+ 1Y,

T M@

> mQP0) =Y WG 1/p), ... WG,
i=1 =1

Both linear combinations are non-zero almost surely, uniformly in # € ©1, for all u # 0, which implies
that Q(€) is non-singular almost surely, uniformly in € ©;. This holds even though 7,(6) and 7,(0)
may be proportional for some a and b in which case G(#) has reduced rank. The reason is that, if
va(0) and 74(0) are proportional, their associated fractional parameters d, and ¢, are different such that
Wﬁ? (r) and Wfb(s) (r) are linearly independent (noting that Wﬁ? (r) only depends on d,, etc.), and of
course v, (0) X07,(0) > 0 uniformly in 0 for alla =1,...,p

To strengthen the pointwise convergence in (31) to weak convergence in CP*P(©1), it is sufficient to
show that Q7 () is tight as a function of # on 6 € ©1. As in Section 3.1, it is sufficient to prove tightness
of Q(;J)(e) for each 4,5 = 1,...,p by Billingsley (1968, Problem 6.6). Note that Q(” 0) = vi(G)'QT(&-),
with QT(éi) = 7%~ QA‘_Sﬁ*laLT /(p—j+1)]» 18 continuously differentiable in 6 and the parameter ¢ appears

only through the coefficient ~;(), which implies that @ ZJ)( ¢) is tight in ¢ if the p-vector Qr(8;) is
tight in d;; see Lemma A.2 of Johansen & Nielsen (2010). Tightness of the k’th element of Qr(d;), i.e.,

15
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~gg)(di) = T‘Si_l/QAif_lehLT/(p_j_H)J, is shown using the moment condition in Billingsley (1968, Theorem
12.3), which requires showing that Qgc ) (6;) is tight for fixed d; and that

1QP (21) — Q¥ (z2)|l2 < |21 — 2o (32)

for some constant ¢ > 0 that does not depend on T, z;, or zo. Tightness for any fixed §; is implied
by the pointwise convergence in (30) and condition (32) is satisfied by (44) of Lemma B.1. Hence the
convergence in (31) is strengthened to

Qr(0) = Q(#) in CP*P(Oy).
By the continuous mapping theorem applied to the infgeo, (det{-})? mapping, which is continuous
because ©7 is compact, it then holds that
inf (det{Q7(0)1)* 2 inf (det{Q(0)})>. (33)
SIS 0O,

It follows that

eiengl det{R(0)} > ¢, 'T*" eiGHgl(det{QT(H)})2 +op(1)

and, because 2k; > 0 and () is non-singular almost surely, it therefore holds that for any K > 0,
P(eing det{R(0)} > K) — 1 as T — oo. (34)
€01

Finally, note that (34) holds for any choice of k1 > 0 via the use of the generalized Cauchy-Schwarz
inequality (29). Because the moment condition implied by Assumption A(iv) in Hosoya (2005) is in fact
necessary, at least for general fractional processes, see Johansen & Nielsen (2012b), the application of
the generalized Cauchy-Schwarz inequality appears to be necessary, as well, to avoid a stronger moment
condition in Assumption A.

3.3.3 Notation for the proof of (13) in the general case

For the proof of the general case, first define the direction vectors (3,(0) that generate all the processes
with fractional differencing order §, < —1/2 4+ k3 by the procedure in Section 3.3.2 above. Since
these J, need to be classified into different subsets similar to D1, Ds, and D3, define D = Dj (k1) =
{z €e R: 2 < —1/2 — K1}, D5 = Dj(ko,k3) = {z € R : =1/2 — ko < 2z < —1/2 + k3}, and
D3 = Di(k3) = {# € R: z > —1/2 + k3}. Then define the index sets (corresponding to D] and
D3) I ={i:6; € Di} and J = {j : 6; € D3} with number of elements p; and p;, respectively, and
let 5r(6) = [61(0),...,Bp,(8)] and B;(0) = [Bp,+1(0), ..., Bp,+p,(0)] denote the B-vectors that generate
processes whose fractional differencing parameters are in D} and D3, respectively. Note that if p; = p then
J is empty and py = 0. If p; + py < p define also the index set (corresponding to D3) K = {k: 0, € D3}
with pxg = p — pr — ps elements, such that p; + ps + px = p, and define the p X px matrix Sk (6) to be a
basis for the null space of [35(0), 57(0)]. These matrices depend on 6, but this dependence is very simple
and suppressed in the following. Moreover, because the vectors B((gj) W) =32 BSY (1) are orthogonal,
the p x p matrix 5 = [51, 87, BKk] is orthonormal such that, in particular, its determinant is one. The
fractional differencing order of (5,(6)'c4(0) is d4, and conforming with the notation Sr, 5, and Sk, these
are stacked in 07 = (01,...,0p;), 07 = (Op;41s -+ Opsap,)s Ok = (Op,4py+1s---,0p), and 6 = (87,07, 0%)".

The residual product moment R(#) will be analyzed in the directions given by £, and it is convenient
to define the notation Ryx(0) = BIR(0)Bk, Rrr(0) = BrR(0)Br, etc., and let asterisks denote that
nonstationary processes have been normalized, e.g., R}%5(0) has (i, 7)’th element T%+%+13,(9) R(6)53;(0) =
ToiH9; Zthl(%(G)’Aifat)(’yj (0)’Afﬂ et) +op(1), where the op(1) term is uniform in 6 by Lemma 2 and will
be suppressed in the following. Likewise, the processes 3¢:(0) and Sye¢(6) include op(1) contributions
as in Lemma 1, but also from terms like r14(#) in the proof of Lemma 2, and these are suppressed in the
following as well.

16
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3.3.4 Proof of (13) when all processes are in I or all processes are in J

For the proof of (13) either I or J (or both) must be non-empty. The proof for the case where all processes
are in I was given in Section 3.3.2 and placed no restrictions on «1. The proof for the case where all
processes are in J was given in Section 3.3.1, where it was shown that there exists K3 > 0 such that
k3 < k3 would obtain (25), so such a value is used subsequently.

3.3.5 Proof of (13) when J is empty
Suppose 6 € O, which is such that J is empty but I and K are non-empty. In this case,

det{R(0)} = det{R;7(0)} det{Rx 1 (0)},

where Ry 1(0) = Rk (0) — Ry (0)Ry;(0) 'R} (0) denotes the conditional residual product moment.
The analysis in Section 3.3.2 shows that P(infopco, det{R;7(6)} > K) — 1 as T' — o0, see (34), for any
choice of k1 > 0.

The analysis in Section 3.1 shows that Rx x(6) converges uniformly in probability to a positive definite
matrix for any choice of k3 > 0. Next, R} ;(f) converges to zero uniformly in probability by Lemma
B.4 with u; = 0g,us = d; such that a = k3 > 0 and b = k1 > 0. Finally, for any matrix A recall
that A=! = adj{A}/det{A}, where adj{A} denotes the adjoint matrix of A. In the case of R}5(0)~1,
the generalized Cauchy-Schwarz inquality (29) shows that det{Rj;(#)} > c,'(det{Q7(6)})* and using
(33) it holds that supyce,(det{R};(0)})~" < ¢p/infpeo,(det{Qr(6)})* = Op(1). Each element of the
adjoint matrix adj{R;}(#)} is a simple function (addition and multiplication) of elements of R7;(6),
and therefore supycg, adj{R7;(0)} = Op(1) because supycg, R7;(0) = Op(1) by Lemma B.5. Thus,
suppee, Rij(0)~1 = Op(1) and Ry (0)R}5(0) ' Rjx () converges to zero uniformly in probability such
that det{ Rk |7(0)} has the same limit as det{ Rk (0)}.

Hence, (13) follows for any 1 > 0 and any 3 > 0 when J is empty.

3.3.6 Proof of (13) when I is empty
Now suppose 0 € O, which is such that I is empty but J and K are non-empty. In this case,

det{R(0)} = det{ Rk (0)} det{ Rk (0)},

where the analysis in Section 3.1 shows that Rx () converges uniformly in probability to a positive
definite matrix for any choice of k3 > 0. This also implies that supscq, Rxx(0)™* = Op(1). Since
suppeo, Ris(0) = Op(1) by Lemma B.3 with u; = 0y, u2 = §; such that @ = min(1/2+x3,1/2 — k2, k3 —
K2) = k3 — k2 > 0 when choosing k2 < k3, it holds that Rk (0) = Ryy(0) — Rik(0)Rix(0) 'Rk (0) =
R;;(0)+ Op(1), where the Op(1) term is uniform in § € © ;. Section 3.3.1 shows that there exists k3 > 0
and Ty > 1 such that P(infpco, det{R;;(0)} > K) > 1 —n for all T'> Tj and all k3 < k3, and the same
result thus holds for infgcg, det{R ;s (0)} by choosing k2 < K3 to define D3 and D3 (and hence J and
K). Again, (13) follows for any x1 > 0.

3.3.7 Overlap-wedge argument

Because no restrictions have been placed on k1 so far, it can be chosen in the previous subsections as
0 < K1 < Ra, such that there is an overlap between the intervals Dj(x1) and D3(Rg,<3). This implies
that, for the case analyzed in the next subsection, where both I and J (and possibly K) are non-empty,
the analysis can be based on Dj(R1) and Dj(ke,R3) with 0 < Ry < min(&1,k3) such that Dj (1) and
D3 (Re, R3) are disjoint and there is a wedge between them.

To see why this is the case, suppose first that there are two processes in D} U D3 (and possibly some
in D3, but these are irrelevant for this argument). If §; € D3(k3, k3) for i = 1,2 and some % > 0 then I
is empty, while if 0; € Dj(x}) for ¢ = 1,2 and some s} < k% (the overlap) then J is empty, and in both
cases the above arguments (in Sections 3.3.6 and 3.3.5, respectively) apply. The remaining case is that
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d; € (D7 UD3)\Dj(k7) and 6; € (D} U D3)\D5(k3, k3) for i # j, in which case I and J are defined using
k1 = k% and Re = K], respectively, such that 7o < k1 (the wedge).

Suppose next that there are three processes in D} U D3 (and possibly some in Dj). If all three are in
Di(k}) or all are in D3(k3, k3), the arguments above (Sections 3.3.5 and 3.3.6) again apply. Thus, suppose
at least one §; € (D7UD3)\ D7 (x}) and at least one §; € (DjUD3)\D3(k35, k3) for i # j, while §;, € DyUD;
for k # 4,j. Then there are two subcases: (a) If 0y < —1/2 — k7/2 — k4 /2 then the analysis can be based
on I and J defined using k1 = k7/2+k5/2 > k] and kg = k7, respectively. (b) If 0y > —1/2—k]/2—rK5/2
then the analysis can be based on I and J defined using &1 = k3 and ke = K]/2+ k5/2 < K3, respectively.
In either subcase, k1 > ko (the wedge). The argument is straightforwardly generalized to cases with more
than three processes in D} U Dy.

3.3.8 Proof of (13) for the general case

Consider finally the general case, where © is defined using Dj(%1), Dj(Fka,R3), and Dj5(kK3) and is such
that I, J, and K are all non-empty with 0 < Ry < min(&1,<3). If one or more of I, J, or K are empty,
the proof simplies easily. Now

det{R(0)} = det{R;7(0)} det{ R |7(0)} det{ R 1 x(0)},

where the first two terms have already been analyzed in Section 3.3.5 above (the case where J is empty),
and it is shown there that, for any x; > 0 and any k3 > 0, it holds that P(infy.g det{R;7(8)} > K) — 1
as T — oo and Rg () converges uniformly in probability to a positive definite matrix.

It remains to be shown that there exists a 3 > 0 and a Ty > 1 such that P(infy.g det{R ;7 x(0)} >
K) > 1—mnfor all T > Ty. The analysis of Ry x(0) is similar to that in Sections 3.3.1 and 3.3.6,
except for the conditioning on both stationary and nonstationary variables. First eliminate the stationary
variables,

Rypni(0) = Ryjr(0) = Ry r(0)Ricre1(6) " Ry (6).- (35)

To show that there exists a 3 > 0 and a Ty > 1 such that P(infycg det{R;;(0)} > K) > 1—n for all
T > Ty, it needs to be further decomposed, and it is convenient to introduce the notation Z;; and Zj; for
the variables in I and J, respectively, the more compact notation Pr y(Z1¢, Zot) = 71 ZtT: Ntl ZwwZY, and
Pr.n(Zit, Zot| Zst) = Pr.n(Zae, Zot) — Pron(Zat, Zst) Prov(Zst, Zat) "L Proy(Zst, Zat) for product moments,
and again asterisks denote that nonstationary processes have been normalized. Then, as in Section 3.3.1,
bound RJJ‘I(Q) by

Ryn1(0) > Prn(Zge, Zi| Z1t)
> Pr n(we, we| Z1e) + Pron(we, ve| Z1t) + Pron(ve, we| Z1t),

where

Prn(wi, v Z1) = Prn(we,v) — Py (wi, Zo) Py (Zi, Zn) 7 Prov(Zis,ve), — (36)
PT,N(’LUt, wi|Zry) — PT,N(wta wy) = Pj*“,N(wt; ZIt)PFN(ZIn ZIt)flpikﬂ,N(ZIt, wt). (37)

As in Section 3.3.1, the desired result holds for Pr, ~(wg, wy), which determines &3 > 0, and hence &1, ko
are chosen according to 0 < k2 < min(R3, k1) < 1/2 such that there is a wedge between the intervals D7
and Dj as argued in Section 3.3.7. In the analysis of R ;(6), it thus only remains to be shown that the
right-hand sides of (36) and (37) are both negligible uniformly in 6 € ©.

First the result is shown for (36). From Lemma B.2 it holds that supycg Prn(we,vi) = op(1)
when N = T% with a < (1/2 — R2)/(1/2 4+ K2). Lemma B.4 shows that supgeg Pr y(wi, Zn) =
Op((log T)T~ " N™1152) and supgeg Py (Z11,v:) = Op((log T)T™). Since supgeg Priy(Z1i, Z11) ™' =
Op(1) as in the case where J is empty in Section 3.3.5, it thus holds that supycg |(36)| when N = T

18



M. @. Nielsen: CSS estimation in multivariate fractional models

with a < (k1 — R2)/(F1 + R2), in addition to the previous constraints on «, recalling that ko < &1. Thus,
the wedge is needed here to ensure that P7. y (w, Z1¢) converges to zero faster than Pr v (ve, Zrt) diverges.

Next, for (37), Lemma B.4 shows that supyeg Pr: 5 (wi, Z1) = Op((log T)T~" N™772) and, as before,
supgeo Priy(Zi, Zr) 7t = Op(1), such that supyeg |(37)] = op(1) when N = T with « < R&1/(R1 + Ra),
in addition to the previous constraints on a.

Finally, it only remains to be shown that the second term on the right-hand side of (35) is Op(1)
uniformly in § € ©. To see this, note first that Ry K)1(0), and hence Ry 1(8)71, converges uniformly in
probability to a positive definite matrix for any choice of k3 > 0 as in the case where J is empty in Section
3.3.5. The term R (0) = Ryx(0) — R (0)R5(0) 1Ry, (0), where supyeg Ryx(0) = Op(1) by Lemma
B.3 with uy +1/2 > —Ko,us +1/2 > K3, and hence a = k3 — k2 > 0. For the term R*,(0)R}5(0) ' Ry, (0)
it holds that supgcg R33(6) ™! = Op(1) as in Section 3.3.5. In addition, supyeg RY;(0) = Op((log T)T"?)
by Lemma B.4 with a = —f&2 and b = &1 while supycg Ri;(0) = Op((log T)T~™n(F173)) hy Lemma B.4
with a = &3 and b = &1, such that supyeg R%;(0)Ri5(0) ' RY () = Op((log T)?>TF2~min(F1.fs)) = op(1)
because ko < min(k1,k3). Here, the wedge is needed once more to ensure that R} () converges to zero
faster than RY;(0) diverges.

This completes the proof of Theorem 1.

4 Asymptotic distribution theory

To prove asymptotic normality for the CSS estimator for model (3), the smoothness conditions on the
linear coefficients need to be strengthened and an additional condition is needed to ensure that the
asymptotic variance matrix of the estimator is well-defined.

Assumption E For all z in the complex unit disk {z € C: |z| < 1}, A(z,9) = > 02 o An(1)2" is three
times differentiable in 1 on the closed neighborhood Ns(1g) = {1 € W : | —1hg| < 6} for some § > 0,

(4,5)
FAT W) < o6 for all 4 € Ny(wo) and k = 2,3.

k (ZJ
and the derivatives % satisfy > o2 | 95

Assumption F The symmetric (p+ q) x (p + q) matriz Qo with (i,7) ’th element

dontmThe{St Y Cik(¥0)Z0Ckn-m(¥0)'} i i =1,...,p,
n,m=1 k=max(0,m—n)

o0 o0
- anl tr{zal ZCZk(wO)EOF],n+k(¢O),} lf’L = 17 Y4 and] = p+ 17 s 7p+ q,

o0
Z tr{zalrln(,(bO)EOan(q/)O)/} Zflv.] =p+ ]-a -+ q,
n=1

is non-singular, where Cy (1) is defined in (10) and Ty, (¢) = an_zlo Am(w)w%’iw.

In the case with martingale difference errors, i.e. with u; = &;, Assumption F reduces to gy =
%EO © Xy ! being non-singular, where ® denotes the elementwise (Hadamard) product. Thus, at least
in this special case, Assumption F follows immediately from Assumption A and in particular from the
assumption that g > 0. Also in this special case the equations for g given in Assumption F generalizes
the well-known 72/6 from the univariate case in a straightforward way.

Instead of Assumption E, Hualde & Robinson (2011) assume that A(z,1)) is twice continuously dif-
ferentiable in 1, which is slightly weaker. Assumption F is identical to Hualde & Robinson’s (2011)
Assumption A4(v) although it is stated differently. As above, both Assumptions E and F are easily
satisfied by, e.g., the Bloomfield model or stationary and invertible ARMA processes.
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Theorem 2 Under the assumptions of Theorem 1, Assumptions E and F, and (do, o) € int(DP x ¥),
VI((d4') = (do,wp)') = N(0,91) as T = oo.

Theorem 2 proves the anticipated result that the CSS estimator has the same asymptotic distribution
as the (unconditional) Gaussian maximum likelihood estimator. For similar asymptotic distribution re-
sults for the CSS estimator, see also Beran (1995), Tanaka (1999), and Nielsen (2004) in the univariate
case, and Hualde & Robinson (2011) for the multivariate model. An important consequence of these
results is that the CSS estimator is efficient under Gaussianity, c.f. Fox & Taqqu (1986) and Dahlhaus
(1989) for the univariate case. However, the asymptotic normality result in Theorem 2 is valid much
more generally because Gaussianity is not assumed. Although Theorem 2 is proved in Hualde & Robin-
son (2011), the assumptions are stated in a different way here and allow for a rather brief proof, which is
given next.

5 Proof of Theorem 2

By consistency of é, the asymptotic distribution theory for the CSS estimator is obtained from the usual
Taylor series expansion of the score function. That is,

0= T1/28det{R( )} _T1/28det{R(90)} T1/28 det{R(9)}

= 0—0 38
o0’ o0’ aoog 0~ %) (38)
where 0 is an intermediate value satisfying |0; — 0p;| < |9AZ —boil,i=1,...,p+gq.
The normalized score function evaluated at the true value is
Odet{R(0y)} 0
1/2T = de t{R(@o)}tT{R(@O) lo— 1/2 Zylt 15t(00) } with Yit—1 = 8(91 ( )|9 0o -

t=1
Define also the vector ST by

0

a—eiB(L, Y)A(d — do)ut|o—g,-

. 0
S(T)_QT 1/2;515 0 Zzt 1 with 2z 1_89 nt(0)|o=0, =

It is shown in Robinson (2006, pp. 135-136) that 27~ 1/2 Ethl st(Hg)’R(HO)*lym,l—Sg) = op(1) under the
assumptions of Theorem 2. The (untruncated) stationary and ergodic process z;;—1 = a%iB(Lw)A(d -

do)uglg—g, is given by —> > n~1 Y2 oB (%)Ut mek = — 2oy Y22 Cik(Yh0)et—n— When i =
I,...,pand > 7, aBgd()%)ut,n =30  Tin(t0)et—n when i =p+1,...,p+q, where Cji(¢) is defined in
(10).

As usual, the Cramér-Wold device is used to obtain a central limit theorem for the score function, so,
for any (p + g)-vector , it needs to be shown that 'Sy = S 241y QR N(O 41/ Qop). Because z; 41
is measurable with respect to the sigma-algebra F; 1 = o({as, s<t-— 1}), = f+1 Vip = uzstﬂalzi,t_l

is a martingale difference sequence with respect to the filtration F;. By the law of large numbers for
stationary and ergodic processes the sum of conditional variances is

T T p+q
T_le P Fi1) 122%#3 %4155 21
t=1 t=14,j5=1
p+q
Z/’LZ/’LJ tI‘{EO ! Zzzt 12 t 1}
,j=1
p+q p+q

P _
- Zﬂz‘ﬂjtr{zol (2i-1% t D= ZMMJ )

,j=1 t,j=1
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and the Lindeberg condition is satisfied because v, is stationary with finite variance. It therefore follows
from the central limit theorem for martingales, e.g. Hall & Heyde (1980, chp. 3), that St 2 N(0,49)

and hence also that Tl/ZW 2 det{3p}N(0,4€0). The components of the matrix Qp given in
Assumption F are easily found from E(zi,t_lz§-7t_1).

The second derivative in (38) is tight (stochastically equicontinuous) by Newey (1991, Corollary 2.2) if
its derivative is dominated uniformly in d € D% and ¢ € Nj(1o) by a random variable By = Op(1). From
Lemma B.3 with u; = uy =d —dy > —1/2 + k3 and ¥ = Ns(1)g) (noting that only summability of the
linear coefficients is assumed in Lemma B.3 and this is satisfied uniformly on Ny(1)g) by the derivatives of

% = Op(1), showing that the second
derivative in (38) is tight. This result, together with consistency of 6 (Theorem 1), implies by Lemma
A.3 of Johansen & Nielsen (2010) that the second derivative in (38) can be evaluated at the true value.

Hence,

Cin(¥) by Assumption E) it holds that By = SUD e D2 eNi (o)

92 det{R(0o)}

T T
g = det{R(60)} tr{R(60) 20" Y yiju-10(60)'} + det{R(6)} tr{R(60) 2T Y yie1te 1}
L t=1 t=1

T T
+ det{R(60)} tr{R(6o) 271> wis-124(60)'} tr{R(60) 2T yj-124(60)'}
t=1 t=1

T T
— det{R(00)} tr{R (o) 277" > " wir-12¢(00) R(66) 12T "y a-125(60)'},

t=1 s=1

where y; j+—1 = %aej&‘t(e)’g:go. From the argument in Robinson (2006, pp. 135-136), R(0o), €¢(0o), yit—1,
and y; j¢+—1 can be replaced by X, e, zi1—1, and z; 1, respectively, where z; j; 1 = %&%m(eﬂgzgo.

Because zi,j,t,lsg, z@t,lsg, and zj,t,laé are martingale difference sequences with respect to F; with finite
second moments, the first, third, and fourth terms on the right-hand side are op(1). Finally, from

the law of large numbers it follows that tr{EalT*1 Zthl Zi,tflzé‘,tfl} 5 Q(()ivj) such that %{%&QO)} ER
2det{Eg}Qg’j ), which proves the result.
6 Concluding remarks

This paper has proven consistency and asymptotic normality for the conditional-sum-of-squares estimator
for multivariate fractional time series. The model considered is parametric and allows for a wide range
of weak dependence in the linear process innovations. In particular, it encompasses the multivariate
non-cointegrated fractional ARIMA model. In this fractional context, the consistency proof is the most
challenging, since the objective function does not converge uniformly in probability on the (arbitrarily
large) parameter set. The consistency result is of course important not only in its own right but also as a
required prerequisite for a proof of asymptotic normality of the estimator. On the other hand, the proof
of asymptotic normality, given the consistency result, is more standard.

FEmpirical applications and finite sample simulations of the CSS estimation procedure for fractional
time series models are well-known, see e.g. Nielsen & Frederiksen (2005), Hualde & Robinson (2011), and
the references therein.

Appendix A Inequalities

This section presents some useful inequalities that are applied both in the proofs of the main theorems
and in proofs of product moment bounds in the next section.



M. @. Nielsen: CSS estimation in multivariate fractional models
Lemma A.1 Uniformly in —up < v <u <wug and for j > 1,m > 0 it holds that
om N
|G ™ (W] < el +log j)" 5", (39)
om om At 1
(1) = 5 (0)] < efw = 0)(1 + log /)™, (10)
om om N U2
|817L7Tj+1(u) - Wﬂj(uﬂ <c(1+1logj)™"j" %, (41)
where the constant ¢ > 0 does not depend on u, @, or j.
Uniformly in —dp < v+ 1/2 < g for do < 1/2 and j > 1 it holds that
mi(—v) > ¢V, (42)

where the constant ¢ > 0 does not depend on v or j.

Proof. The results (39) and (40) are in Lemma B.3 of Johansen & Nielsen (2010). From (2) it holds that
mj+1(u) —mj(u) = mj(u)(u — 1)/(j + 1) = mj41(u — 1) such that (41) follows directly from (39).
To prove (42) let u = —v € [1/2 — g, 1/2 + dp] and apply Stirling’s formula,
I'(u+ )

m0) = Fte = prgd (L e ))

where supy jo_s,<u<1/2+6, |€(1; j)| — 0 as j — oo. This proves the result and shows that the constant ¢
can be chosen to depend only on ég. =

Lemma A.2 Uniformly for max(|al,|5]) < ag it holds that
t—1
Zjafl(t _j)ﬂfl < C(l _~_logt)trnax(oﬂrﬁfl,0471,571)7 (43)
j=1

where the constant ¢ > 0 does not depend on «a, 3, ort.

Proof. See Lemma B.4 of Johansen & Nielsen (2010). m

Lemma A.3 Let u = (uk,w;) and Fﬁf’”(u) = ZnNz_Ol Tn(—uk)mn(—uy). For N > 2up,u < —1/2 + a,
and a > 0,
—(N—-1)"2

2a ’

1
F](\;C’l)(u) >1+c¢
where the constant ¢ > 0 does not depend on a, u, or N.

Proof. Using (42) of Lemma A.1 it holds that F](\f’l)(u) > 14X Nt nuu=2 and the result follows

because ny:_ll nTUkTwW=2 > lefl o U 2dy = (up+u+1) 11— (N = 1)~ w1y > (2¢) 711 — (N —
1)72). m

Appendix B Product moment bounds

This section contains a series of lemmas that are used to verify tightness and stochastic equicontinuity
conditions for the processes in the previous sections. The first lemma deals with nonstationary processes
and the next lemma with product moments of processes that are nearly stationary. It is Lemma B.2 that
contains the truncation argument used to deal with the non-uniform convergence in ©9, see Section 3.3.1.
Lemma B.3 covers product moments of stationary and nearly stationary processes, and is applied in the
consistency proof — both for the stationary processes and to deal with certain cross-products of stationary
and nearly stationary processes — and it is applied for the Hessian in the proof of asymptotic normality.
The final two lemmas derive bounds for cross-products of nonstationary and (nearly) stationary processes.
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Lemma B.1 Let ¢; satisfy Assumption A. Then, fork=1,...,p,
|T“H2A% e 4]l < ¢ and ||T"V2A%y, — TUHY2AY e 4|2 < cu — o) (44)

uniformly in (u,v) € D x D, where D = {u € D : u+1/2 < —b} for b > 0 and where the constant ¢ > 0
does not depend on u, v, orT.

Proof. See Lemma C.3 in Johansen & Nielsen (2010), which applies also under Assumption A on &
instead of Johansen & Nielsen’s (2010) i.i.d. assumption. m

Lemma B.2 Let Assumptions A and B be satisfied. Define wy = wi(ug) = 27]:[;01 Tn(—uk)C (V)et—n
and v = v (ug) = Zz_le Tn(—uk)Cy(V)et—n, where the p x p matriz C}(v) satisfies 0 < |C}(y)| < oo
uniformly in+ € V. Define the product moments Qint(u,v) = T~} Zf:N-s—l wrrw), —C (Y) S0 Cr ()T H(T—
N)FJ(\;C’I) (u) and Qanr(u,1p) = T~1 ZZ:NH WiV, With F](f’l) (u) given in Lemma A.3 and u = (ug,u;),
and the set © = {(ug,u, ) € D x D x U : |uy +1/2| < a, |y + 1/2| < a} for a € (0,1/2). Then

sup |Qant(u,9)| = Op((log T)*T~V/2HeN1/2Ha), (45)
(u,h)€®
sup  |Qint(u, )| = Op((log T)?T~ Y2 N1/2H2a), (46)
(u,))€®
In particular, if N =T with 0 < a < min(iﬁlg, 1/12432@), then it holds that
sup |Qunr(u, %) 5 0 and  sup_[Qanr(u, )| > 0. (47)
(u,h)€® (u,)€O

Proof. Proof of (45): Let €5, = C}()e;. Rearranging the summations,

N-1 T-1 T
1 * */
Qant(u, ) =T Tn(—ur) § T (—w) E Ekt-nElt—m>
n=0 m=N t=max(N,m)+1
where summation by parts yields
T-1 T T-1 T
* */ _ * */
E Wm(_ul) E E€kt—nllit—m = WT—l(_ul) E § : €kt—nllt—m
m=N t=max(N,m)+1 m=N t=max(N,m)+1
T-2
* */
E 777"—0—1 ul - 7Tr ul § E €kt—nClt—m-
r=N m=N t=max(N,m)+1
Now let
T—n
* */ _ * * !/
E E €k t—nElt—m = Cp(¥) E zsC (V)
m=N t=max(N,m)+1 s=1

where z, = e, S0 ¢!, is mean zero with

E|z)? = Etr{z,z,} = O(K — N).

Using serial uncorrelatedness of z; it follows that

T—n
< 3 Blaf? = O(T —n)(K — ),
s=1
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such that the Lg norm is || ZS 1 zsll2 = (E| Zs I 25)Y? = O((T —n)/?(K — N)'/?) uniformly in n, K.
Hence, Z 25 = Op((T — n)Y2(K — N)'/?), and because 0 < |C}(1)| < oo uniformly in ¢ € ¥,

sup | Z Z €Z,t_n€?‘,2_mlézlég!% P)I|CF (¥

VEY Nt max(N,m)+1
= O0p((T —n)"*}(K — N)1/2).

Now, rearranging the summations and applying the summation by parts result, SUD ()6 |Qant(u, )|
is

N-1
Op( sup T2 fm(—ug)|[7r—1 (— uz)\(T—n)W)

(u,1)€O n=0

N-1 T—2
1o ( sup T Y a0 3 (Farea(=u) = m(—)) (T = )2 N)w) |
(u,¥)€0 n=0 m=N

By Lemma A.1 the first term is

N-1
sup T2 Z 170 (=) || -1 (—w) (T —n) 2 < sup T4} Zn uwl < e(log T)T~Y/2HaN1/2+a
(uﬂb)ee ( ﬂp)e@ n=0

and the second term is

sup CT 1/2 Z ,nfuk 1 Z mul 3/2 < CT 1/2 Z n*1/2+a Z ma 1 < C(lOgT)QT 1/2+aN1/2+a

(unh)€® n=0 m=N n=0 m=N
Proof of (46): Decompose Qin7(u, ) as
N-1 T
Qint(u, ) = > mn(—w)mn (—u)CET ™ D (er-nln — S0)CF () (48)
n=0 t=N+1
N—-1 m—1 T
+2T Y m () D (=) D> Ehahim (49)
m=1 n=0 t=max(N,m)+1

where 7! Z?:N+1(5t,n6;_n —Y0) = Op(T~/?) uniformly in N under Assumption A. Thus, because
0 < |Cf ()| < oo uniformly in ¢ € ¥,

sup [(48) = 0P< sup T/ Z |7 (=g ) Tn (— ul)\)
(u

(u))€® )€d
N-1
=0p ( sup T 1/2 Z n~ kTN 2) =0p ((logT)Tfl/QNm) .
Proceeding as in the proof of (45), summation by parts yields

m—1 T

* !
E 7r’ﬂ(_uk) E ‘Skt n‘glt m = Tm— 1 uk E E €kt—nflt—m

n=0 t=max(N,m)+1 n=0 t=max(N,m)+1

m—2

* */
E 7Tr+1 uk _7T7" uk E E €kt—nClt—m>
r=0

n=0 t=max(N,m)+1
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K T * * :
where supycy | 22520 2 tmmax(N,m)+1 Ekt—nClt—m| = Op(TY2K'/?). Thus, SUP(,, e [(49) is

N-1
OP< sup 171/ Z Iﬂm(Uz)llﬂml(Uk)lmm)

m—2
+ Op (( sup 1™ 1/2 Z ’77 )H Z(m+1(—uk) — Wr(—uk))|r1/2> 7

u,))€O m=1 r=0

where the first term is

N—-1
Op ( sup T~ 1/2 Z kU 3/2) = Op((log T)T71/2N1/2+2a)
( ﬂ/’)G@ m=1

and the second term is

Op( sup T 1/2 Zm—uz 1 Z —Up— 3/2) :Op((logT)QT_1/2N1/2+2a).
(u)e®

Proof of (47): Using the condition on «, the right-hand sides of (45) and (46) converge to zero. m

Lemma B.3 Let Assumptions A and B be satisfied and let Zy =Y 2, Cm(”tf)at_n,z' = 1,2, where the
1 x p coefficients Cin () satz’sfy Zn 0 |Cm( )| < 00, = 1,2, uniformly in 1p € ¥ C W. Define the product

moment Qr(uy,ug, ) =TS 15 (k) (A Zyy) 8ll) (A2 Zy) for k,1 >0 and the set © = {(u1,uz,v) €
DxDxV: min(u; + 1, ue + 1, ug +uQ +1)>a}. Then
sup |Qr(u, uz,¥)| = Op(1) for a >0,
(ul,uQ,w)GG
sup _|Qr(ur,up, ¥)| = Op((log T)*HT7¢) for a <0
(ul,ug,d))eé

Proof. The proof is given only for k,I = 0 since the derivatives just add a log-factor, see (39), which
does not change the proof. Also, p =1 is assumed in the proof to ease the notation.
Rearranging the summations and using symmetry, Qr(u, ug2,?) is

T-1 T
-1 Z 7r_] ul Z Cln <2m(¢) Z 7rk(_fUJ2) Z Et—j—nEt—k—m
n,m=0 k=0 t=max(j,k)+1

T-1 Jj+n T
=T mi(—w) Z > Cun () Com (V)75 4 (—1i2) >, & i (50)

j=0 n=0 m=max(0,j+n—T+1) t=max(j,j+n—m)+1

T-1 min(7T,j+n—m)—1 T
+ 27~ Z —uy) Z Cin (V) Com () Z T (—u2) Z €t—j—nEt—k—m- (51)

j=0 n,m=0 k=0 t=max(j,k)+1

Since T~ ! Z?zmax(j,j—&—n—m)—&-l 5?7%71 = Op(1) uniformly in j,n,m it holds that SUD (1) 1z 16)€® [(50)] is

T—1+n min(7T—-1,T—1+m—n)
Op | sup Z > lan@)lGm (@) > |75 (—un) |74 n—m (—u2)]
(U17u27¢’)€®n 0m= max(On T+1) j:max([),mfn)
%) T—14n min(T—1,T—14+m—n)

=0p sup Z Z [ (V)] |C2m (V)] Z g7 —m) Tt

(u1,u2,9)€0 n=0 m=max(0,n—T+1) j=14max(0,m—n)
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If a > 0 the summation over j is bounded and then sup,, .6 |(50)] = Op(1) because Yo7 [in(¥)] <

oo uniformly in ¢ € ¥,i = 1,2. If @ < 0 the summation over j is Op((log T)T'

bound for the supremum of (50).
Next, summation by parts yields
min(7,j+n—m)—1 T

>, m(w) )

Et—j—nEt—k—m

k=0 t=max(j,k)+1

min(7,j+n—m)—

= Tjtn—m—1(—u2) Z

k=0
min(7T,j+n—m)—2
=0

where
min(T,j+n—m)—1 T

> > e

k=0 t=max(j,k)+1

DD S

k=0 t=max(j,k)+1
Jj+n—m
Here, ws = €5 Zk max(1,1+j+n—m—T)

E(w?) =o2E

s

l T
(i1 (—ug) —m(—u2) Y >

Es— and vg = €5 )

1 T

5 Et—j—nt—k-—m

t=max(j,k)+1

Et—j—nt—k—m>
k=0 t=max(j,k)+1

T—m

n€t—k—m = E Ws,

s=max(j—T+2—m,2—n,1—m)

T—m
n€t—k—m = 5 VUs.
s=max(1l—m,1+j—1l—m)
j+n—m :
kmjtn—m—i Es—k satisfy
. 2
Jt+n—m

Z Es—k = O(T)7

k=max(1,1+j4+n—m—-T)

2

Jj+n—m

E(”?) = UOE Z

Es—k = O(l)7

k=j+n—m—l

and, furthermore, ws and vg are both uncorrelated sequences such that

2
T—m

E Z W =

s=max(j—T+2—m,2—n,1—m)

2
T—m

FE Z Vg =

s—max(lfm 1+j5—l—m)
It follows that me Tjtn=m)

T—m

> B(u?) =

s=max(j—T+2—m,2—n,1—m)

o(1?),

T—m

> E(v?) =

s=max(l—m,14+j—1l—m)

Op((T +1— §)Y/21'/2), in both cases uniformly in j, n, m.
Now, rearranging the summations and applying the summation by parts result, SUD (1, 1up.44)€® |(51)] is

min(7T—-1,T+m—n)

Op sup Z |Cin (¥

(u1,uz2,4)€O n,m=0

)ICam ()] >
IZ\WJ —uq) Z |C1n (¥

n,m=0

+Op sup
(u1,u2,)€0

|mj () |74 n—m—1(—u2)]

j=max(0,14+m—n)

O((T +1— 5)).

~%) which is then also the

l T —
Zt =max(j,k)+1 Et—j—nEi—k—m = OP( ) T') and Zk:O Zt:max(j,k)+1 Et—j—nCi—k—m =

(53)

T—2
) ICam ()] Z |1 (—ug) — m(—u) (T + 1 — )1/2[1/2
=0

(54)
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The result for (53) follows as in the analysis of (50). For term (54) it holds, using (41) and that
>0 o [Cin(¥)| < 0o uniformly in ¢ € W, i = 1,2, that the order is

sup -1 Zj—ul 1 Zl uz—3/2 T+l )1/2

(u1,u2,¥)€0
TH+I-1
< sup 12[ u2—3/2 Z ]7u1 1T—|—l )1/2
(u1,u2,9)€O
T-2
< sup C(lOg T)Tfl Z l*’u273/2(T + l)max(1/2,1/27u1)
(u1,u2,)€O0 =1
T-2
< sup C(lOg T)Tfl/Z Z l7u273/2+max(0,7u1)’
(u1,u2,)€0 =1

where the second inequality follows from Lemma A.2 and the third because (T' 4 [)max(1/21/2=w) —

(T 2(T+1)m2x0—m) < (o7)1/2pmax(0,=w) - Since —uy—3/2+max(0, —uy) = — min(ug+1, u; +ug+1)—
1/2 < —a — 1/2, the right-hand side is bounded by c(log 7)1~/ 21max(0.1/2=a) — (]og T)2T™max(~1/2,—a)
if a > 0 and c(log T)T—/?2T/?7¢ = ¢(log T)T~*if a < 0. m

In the next lemma, note that when N = 0, Qo (u1,u2,v) = Tu2—1/2 E?ZI(AT Z11) (A Zoy).

Lemma B.4 Let Assumptions A and B be satisfied and let Zy =Y Cm(’lﬁ)&—nji = 1,2, where the
1 x p coefficients Cin(¢) satisfy > oo o |Cin(¥)] < o0,i = 1,2, uniformly in ¢p € ¥ C V. Define the
product moments Q17 (uy, ug, ) = TU2~1/2 Zf:NJrl(ij:_ol i (—u1) Z1—5) (A2 Zot) and Qar(ur, ug, ) =
Tu2—1/2 Z?:N—H( thW]( u1)Z1 ) (A" Zy,) and the set 0 = {(u1,u2,v) € D x D x U:oug + 1/2 >
a,up +1/2 < —b} for some b > 0. Then

sup |Qur(un, uz,¥)| = Op((log T)T P N™0=09) 4 Op((log )T~ /2 Nmax1/2-0.0)),
(Ul,’UQ,’[Z))Eé

sup |Qa2r (u1, uz, )| = Op((logT)T~ min(a7b,1/2)).
(“1#24&)6@

Proof. The proof follows that of Lemma B.3 and is given for ()17 only, since that for Qor follows in
exactly the same way replacing N by T in the relevant summation limits. As in the proof of Lemma B.3,
p =1 is assumed to ease the notation.

Rearranging the summations, Q17 (u1, ug, ) is

T-1 T
Tu2—1/2 Z mj(—u1) Z Cin(¥)Cam (¥) Z T (—us2) Z Et—j—nEt—k—m
j=0 n,m=0 k=0 t=max(j,k,N)+1
N-1 Jj+tn T
=T Z mj(—u1 Z Z C1n (V) Com (V) Tj4n—m (—u2) Z Eg—j—n (55)
j=0 n=0 m=max(0,j+n—T+1) t=max(j,j+n—m,N)+1
N-1 ) min(T,j+n—m)—1 T
+ TN () Y Ga@)m@®) D> me(-u2) Y e jnEkm  (56)
j=0 n,m=0 k=0 t=max(j,k,N)+1
N—-1 T-1 T

+ Tu2—1/2 mj(—u1) Z Cin (V) Cam () Z m(—u2) Z €t—j-nt—k-m- (57)

j=0 n,m=0 k=max(0,j+n—m+1) t=max(j,k,N)+1
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Since 71 ZtT:max(j,j+n—m,N)+1 E%_j_n = Op(1) uniformly in j, n, m, N it holds that SUD (41 1y 00) €6 |(55)]

is

—14n min(N—-1,T—14+m—n)
Op sup  Tu2/2 Z Z |G ()| Cam ()] Z |75 (—u)| 17— (—u2)|
(u1,u2,4)€0 n=0 m=max(0,n—T+1) j=max(0,m—n)
—1+4n min(N—-1,T—14+m—n)
~0p( s Y S @@ S G 12
(u1,u2,)€0© n=0 m=max(0,n—T-+1) j=14+max(0,m—n)

If b>1/2 then (j +n —m)?~1/2 < TP1/2 and the bound for (55) is

N-1
O [ s TS (GG X 5 | = Op((og Tyr /2 mest/2-00)
(u17u271b) n,m=0 J=1

because 20 [Gin (1) < 0o uniformly in ¢ € ¥,i = 1,2. If b < 1/2 the bound is

min(N—1,T7—14+m—n)

00 n—1
Op sup TN > | (¥)]|C2m (V)] > GG A =)

(u1,u2,9)€O n=0 m=max(0,n—T+1) j=1
(58)
—14n N-1
+O0p | sup bZ Z Cin@Gm@)] D PG +n—m)H . (59)
(Ul,UQ,’l/J)EG) n=0 m=n j=14+m-n
n (58), (j +n —m)b=1/2 < j>=1/2 such that the bound is
o] n—1 N-—1
Op| swp T > fan®)llGm@)] D> 57| = Op((log T)T P Nmaxb-e0))
(u1,u2,9)€O n=0 m=max(0,n—T+1) Jj=1

because > 7 [Cin ()] < oo uniformly in ¢ € WU,i = 1,2. For (59), the summation over j is bounded if
b < a and Op((log T)N®~%) if b > a. Because > oo |¢in(1)] < co uniformly in ¢ € ¥,i = 1,2, it then
follows that (59) is Op((log T)T > Nmax(b=a0)),

Next, summation by parts as in (52) shows that SUD () 1y )6 |(56)] is

Op sup TWH/ZZW Z [Cin () Cam (V)| 7)1 n—m—1(—u2)] (60)

(u11“27w) n,m=0
T—2
+0p sup T2 Z |7 (—u1)] Z C1n () |[C2m (¥)] Z 711 (—ug) — my(—ug)|11/2 (61)
(u1,u2,9)€O n,m=0 1=0

The analysis of (60) is identical to that of (55) and the bound is the same. Since ) 2, [Gn(¥)] < o0
uniformly in ¢ € U,i =1,2, and —ug —3/2 >b—1> —1, (61) is of order

N-—1 -
sup Tu2 Z j—u1—l Z l—u2—3/2 S c sup Tu2 (10g T)Nmax(o’_ul)T_“2_1/2
(u1,u2,1) €O j=1 =1 (u1,u2,4)€O

< C(lOg T)Nmax(o,l/Q—a)T—l/Q‘
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Finally, for (57) apply summation by parts again,

T-1 T
Z T (—u2) Z €t—j-nEt—k—m
k=max(0,j+n—m+1) t=max(j,k,N)+1
T-1 T

= mr_1(—u2) > > Et—j—nEt—k—m

k=max(0,j+n—m+1) t=max(j,k,N)+1

T-1 l T
— E (M1 (—u2) — m(—u2)) E g Et—j—nEt—k—m>
l=max(0,j+n—m+1) k=max(0,j+n—m+1) t=max(j,k,N)+1

where, as before, it holds that, uniformly in j,n,m,

T-1 T T—j—n T—14m—j—n
S Y Y a3 a0
k=max(0,j+n—m+1) t=max(j,k,N)+1 s=max(l—n,2—m,1+N—j—n)  k=max(l,m—n—j)
l T T—j—n l+m—j—n
SRS SRS T S )
k=max(0,j+n—m+1) t=max(j,k,N)+1 s=max(1-n,2—m,1+ N—j—n)  k=max(l,m—n—j)
such that sup(, .. . cq |(57)] is
Op sup T“2+1/2Z |5 (—ua) Z [Cin (V)] |Com (V)| [7r—1(—u2)| (62)
(u1,u2,9)€O n,m=0
T-1
+O0p sup T Z |mj(—u1)] Z [C1n (V)] |C2m ()] > 7141 (—u2) — m(—ug) |1
(u1,u2,1)€O j=0 n,m=0 l=max(0,j+n—m+1)

(63)

Because Y.0°  [Gin(1)| < oo uniformly in ¢ € ¥, i = 1,2, (62) is bounded by

N-1 N-1
Op sup TU2+1/2‘7TT71(—”LL2)| Z ‘Wj(_ul)’ = Op T—1/2 Z jfa71/2
(u1,u2,1)€0 =0 j=1

— OP((]Og T)T_l/szax(l/2_a’0)),
while (63) is bounded in an identical way to (61). m

Lemma B.5 Let Assumptions A and B be satisfied and let Zyy = o> o Cin()et—n,i = 1,2, where the
1 X p coefficients (i (V) satisfy > 02 o |Gin(¥)] < 00,1 = 1,2, uniformly in ¢p € ¥. Define the product
moment Qr(uy,us, ) = TU1T42 Zthl(Ail Z14) (A2 Zoy) and the set © = {(u1,u2,9) € D x D x ¥ : u; <
—1/2—=b,i=1,2} forb> 0. Then

sup  |Qr(u1,u2,9)| = Op(1).
(ul,uz,w)ee

Proof. The proof is almost identical to that of Lemma B.3, so only the differences are outlined. The
product moment Qr(uy,us,) is decomposed into (50) and (51), multiplied by T“+%2+1 where (51) is
further decomposed into (53) and (54) using the summation by parts result (52).
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For the term (50), with the normalization of this lemma, the relevant bound is

min(7T—-1,T—1+m—n)

sup Ty ()| ()]
(u1,u2,9)€0 j=max(0,m—n)
min(T—1,T—1+m—n)
<ty GG )T

j=14max(0,m—n)
T-1 1
<crt Z:(j/T)zb*1 — c/ %z < oo,
j=1 0

where the second inequality is Cauchy-Schwarz and the last line is because b > 0. The bound for term
(53) is identical to that just derived for (50). Finally, the bound for term (54), with the normalization of
this lemma, is

T-2 T+I—1
sup Tu1+u2 Z l—uz—3/2 Z j—ul—l(T 41— j)1/2

(u1,u2,9)€O 1=1 j=1

T—2 T+1—1
<T@/ S G/T) AT + 1 5)/T)

=1 j=1

T-2 T+I-1 1/2 T+1—1 1/2
STy /T Tt Y G/t T Y (G/T)

1=1 j=1 j=1

T-2 2T 1/2 2T 1/2
<T Y T T G/ T (/T)

=1 j=1 Jj=1

1 2 1/2 2 1/2
— / 20tz </ :L“Qb_ldm> </ xdm) < 00
0 0 0

because b > 0. m
References

Beran, J. (1995), ‘Maximum likelihood estimation of the differencing parameter for invertible short and
long memory autoregressive integrated moving average models’, Journal of the Royal Statistical
Society Series B 57, 659-672.

Billingsley, P. (1968), Convergence of Probability Measures, Wiley, New York.

Bloomfield, P. (1973), ‘An exponential model for the spectrum of a scalar time series’, Biometrika 60, 217—
226.

Box, G. E. P. & Jenkins, G. M. (1970), Time Series Analysis, Forecasting, and Control, Holden-Day, San
Francisco.

Dahlhaus, R. (1989), ‘Efficient parameter estimation for self-similar processes’, Annals of Statistics
17, 1749-1766.

Fox, R. & Taqqu, M. S. (1986), ‘Large-sample properties of parameter estimates for strongly dependent
stationary gaussian series’, Annals of Statistics 14, 517-532.



M. @. Nielsen: CSS estimation in multivariate fractional models 31

Giraitis, L. & Surgailis, D. (1990), ‘A central limit theorem for quadratic forms in strongly dependent
linear variables and its application to asymptotic normality of Whittle’s estimate’, Probability Theory
and Related Fields 86, 87—104.

Hall, P. & Heyde, C. C. (1980), Martingale Limit Theory and its Application, Academic Press, New York.

Hosoya, Y. (1996), ‘The quasi-likelihood approach to statistical inference on multiple time-series with
long-range dependence’, Journal of Econometrics 73, 217-236.

Hosoya, Y. (2005), ‘Fractional invariance principle’, Journal of Time Series Analysis 26, 463—-486.

Hualde, J. & Robinson, P. M. (2011), ‘Gaussian pseudo-maximum likelihood estimation of fractional time
series models’, Annals of Statistics 39, 3152-3181.

Johansen, S. & Nielsen, M. . (2010), ‘Likelihood inference for a nonstationary fractional autoregressive
model’, Journal of Econometrics 158, 51-66.

Johansen, S. & Nielsen, M. 0. (2012a), ‘Likelihood inference for a fractionally cointegrated vector autore-
gressive model’, Econometrica 80, 2667—2732.

Johansen, S. & Nielsen, M. . (2012b), ‘A necessary moment condition for the fractional functional central
limit theorem’, Fconometric Theory 28, 671-679.

Li, W. K. & McLeod, A. I. (1986), ‘Fractional time series modelling’, Biometrika 73, 217-221.

Lieberman, O., Rosemarin, R. & Rousseau, J. (2012), ‘Asymptotic theory for maximum likelihood estima-
tion of the memory parameter in stationary Gaussian processes’, Econometric Theory 28, 457—470.

Magnus, J. R. & Neudecker, H. (1999), Matriz Differential Calculus with Applications in Statistics and
Econometrics, revised edn, John Wiley and Sons, New York.

Newey, W. K. (1991), ‘Uniform convergence in probability and stochastic equicontinuity’, Econometrica
59, 1161-1167.

Nielsen, M. 0. (2004), ‘Efficient likelihood inference in nonstationary univariate models’, Econometric
Theory 20, 116-146.

Nielsen, M. @. & Frederiksen, P. H. (2005), ‘Finite sample comparison of parametric, semiparametric,
and wavelet estimators of fractional integration’, Fconometric Reviews 24, 405—443.

Phillips, P. C. B. & Solo, V. (1992), ‘Asymptotics for linear processes’, Annals of Statistics 20, 971-1001.

Robinson, P. M. (1994), ‘Efficient tests of nonstationary hypotheses’, Journal of the American Statistical
Association 89, 1420-1437.

Robinson, P. M. (1995), ‘Gaussian semiparametric estimation of long range dependence’, Annals of Sta-
tistics 23, 1630-1661.

Robinson, P. M. (2005), ‘Efficiency improvements in inference on stationary and nonstationary fractional
time series’, Annals of Statistics 33, 1800-1842.

Robinson, P. M. (2006), Conditional-sum-of-squares estimation of models for stationary time series with
long memory, in H.-C. Ho, C.-K. Ing & T. L. Lai, eds, ‘Time Series and Related Topics: In Memory
of Ching-Zong Wei’, IMS Lecture Notes—Monograph Series Vol. 52, pp. 130-137.



M. @. Nielsen: CSS estimation in multivariate fractional models 32

Shao, X. (2010), ‘Nonstationarity-extended Whittle estimation’, Econometric Theory 26, 1060—1087.

Shimotsu, K. & Phillips, P. C. B. (2005), ‘Exact local Whittle estimation of fractional integration’, Annals
of Statistics 33, 1890-1933.

Tanaka, K. (1999), ‘The nonstationary fractional unit root’, Econometric Theory 15, 549-582.
van der Vaart, A. W. (1998), Asymptotic Statistics, Cambridge University Press, Cambridge.

Velasco, C. & Robinson, P. M. (2000), ‘Whittle pseudo-maximum likelihood estimation for nonstationary
time series’, Journal of the American Statistical Association 95, 1229-1243.

Zygmund, A. (2003), Trigonometric Series, third edn, Cambridge University Press, Cambridge.



2013

2014-17:

2014-18:

2014-19:

2014-20:

2014-21:

2014-22:

2014-23:

2014-24:

2014-25:

2014-26:

2014-27:

2014-28:
2014-29:

2014-30:

2014-31:

2014-32:

2014-33:

2014-34:

Research Papers mc R EAT E S

Center for Research in Econometric
Analysis of Time Series

Markku Lanne and Henri Nyberg: Generalized Forecast Error Variance
Decomposition for Linear and Nonlinear Multivariate Models

Dragan Tevdovski: Extreme negative coexceedances in South Eastern
European stock markets

Niels Haldrup and Robinson Kruse: Discriminating between fractional
integration and spurious long memory

Martyna Marczak and Tommaso Proietti: Outlier Detection in Structural Time
Series Models: the Indicator Saturation Approach

Mikkel Bennedsen, Asger Lunde and Mikko S. Pakkanen: Discretization of Lévy
semistationary processes with application to estimation

Giuseppe Cavaliere, Morten @rregaard Nielsen and A.M. Robert Taylor:
Bootstrap Score Tests for Fractional Integration in Heteroskedastic ARFIMA
Models, with an Application to Price Dynamics in Commodity Spot and
Futures Markets

Maggie E. C. Jones, Morten @rregaard Nielsen and Michael Ksawery Popiel: A
fractionally cointegrated VAR analysis of economic voting and political
support

Sepideh Dolatabadim, Morten @rregaard Nielsen and Ke Xu: A fractionally
cointegrated VAR analysis of price discovery in commodity futures markets

Matias D. Cattaneo and Michael Jansson: Bootstrapping Kernel-Based
Semiparametric Estimators

Markku Lanne, Jani Luoto and Henri Nyberg: Is the Quantity Theory of Money
Useful in Forecasting U.S. Inflation?

Massimiliano Caporin, Eduardo Rossi and Paolo Santucci de Magistris:
Volatility jumps and their economic determinants

Tom Engsted: Fama on bubbles

Massimiliano Caporin, Eduardo Rossi and Paolo Santucci de Magistris: Chasing
volatility - A persistent multiplicative error model with jumps

Michael Creel and Dennis Kristensen: ABC of SV: Limited Information
Likelihood Inference in Stochastic Volatility Jump-Diffusion Models

Peter Christoffersen, Asger Lunde and Kasper V. Olesen: Factor Structure in
Commodity Futures Return and Volatility

Ulrich Hounyo: The wild tapered block bootstrap

Massimiliano Caporin, Luca Corazzini and Michele Costola: Measuring the
Behavioral Component of Financial Fluctuations: An Analysis Based on the
S&P 500

Morten @rregaard Nielsen: Asymptotics for the conditional-sum-of-squares
estimator in multivariate fractional time series models



