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1. INTRODUCTION

This paper is concerned with basing inference about a finite-dimensional parameter
on an estimator which is semiparametric in the sense that it employs a nonparametric
estimator of some nuisance function. The importance of such estimators is widely
recognized, as is the difficulty of obtaining accurate distributional approximations
for estimators of this kind. Regarding the latter, the consensus opinion (substan-
tiated by Monte Carlo evidence) seems to be that the distributional properties of
semiparametric estimators are much more sensitive to the properties of their (slowly
converging) nonparametric ingredients than conventional asymptotic theory would
suggest. In other words, the conventional approach to asymptotic analysis of semi-
parametric estimators, while delivering very tractable distributional approximations,
effectively ignores certain features of these estimators which are important in samples
of realistic size.

Important progress in the direction of avoiding this shortcoming has been made by
Linton (1995), Nishiyama and Robinson (2000, 2001, 2005), and Ichimura and Linton
(2005), among others. These papers develop (Nagar- and Edgeworth expansion-type)
higher-order asymptotic theory under assumptions implying in particular that the
estimators under consideration are \/n-consistent (where n is the sample size). An
alternative approach, and the one we take in this paper, was employed by Cattaneo,
Crump, and Jansson (2013). That approach is conceptually similar to the “dimension
asymptotics” approach taken in the seminal work of Mammen (1989), but we will refer

to it as a “small bandwidth” approach for reasons that will become apparent below.!+?

'For an explanation of the connection between the approaches of Cattaneo et al. (2013) and

Mammen (1989), see Enno Mammen’s discussion of Cattaneo et al. (2013).
2The approach we take is also similar to the approach taken in a series of papers by Abadie and

Imbens (2006, 2008, 2011), but our main conclusion regarding the bootstrap (and subsampling) is
quite different from that of Abadie and Imbens (2008).
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The “small bandwidth” approach is a first-order asymptotic approach whose goal is
to produce more reliable distributional approximations by forcing the approximations
to be more sensitive to the precise implementation of nonparametric ingredients than
conventional first-order asymptotic approaches.

Because its objective is similar to that of asymptotic analysis based on Edge-
worth expansions, an obvious question is whether the “small bandwidth” approach
shares with the Edgeworth approach the feature that developing results for general
classes of estimators is (or at least would appear to be) prohibitively complicated
(e.g., Nishiyama and Robinson (2005, p. 927)). One of the two main goals of this
paper is to demonstrate by example that this is not the case. To do so, we study
a class of estimators essentially coinciding with the class investigated by Newey and
McFadden (1994, Section 8) and develop “small bandwidth” asymptotic results for
it. These results turn out to be in perfect qualitative agreement with those obtained
by Cattaneo et al. (2013) for a particular member of the class of estimators under
study. To be specific, it turns out that in general semiparametric estimators utilizing
kernel estimators of unknown functions suffer from bias problems whose magnitude
is non-negligible and bandwidth-dependent.

Being similar to that obtained by Cattaneo et al. (2013), this “small bandwidth”
asymptotic finding is also in perfect analogy with the finding obtained under “dimen-
sion asymptotics” by Mammen (1989, Theorem 4). It therefore seems natural to ask
whether positive results about the bootstrap analogous to those of Mammen (1989,
Theorem 5) can be obtained also for the class of semiparametric estimators studied
herein. Providing an affirmative answer to that question is the second main goal of
this paper. Achieving this goal turns out to require relatively little effort, essentially
because the high level conditions formulated in the process of achieving our first main
goal have been designed partly with achievement of the second goal in mind.

Our main methodological prescription is a simple and constructive one: in semi-
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parametric models, inference procedures based on the bootstrap are much less sensi-
tive to the precise implementation of nonparametric ingredients than their main rivals.
From a practical perspective this prescription is very attractive because implementa-
tion of bootstrap-based inference procedures does not require characterization of the
asymptotic variance and/or the bias of the estimator upon which inference is to be
based. Although the prescription is consistent with folklore, our theoretical justifi-
cation for it would appear to be new. In particular, unlike Nishiyama and Robinson
(2005) our theory is based on first-order asymptotic results and partly for this rea-
son we do not require studentization in order to show that the bootstrap provides
“refinements” in the sense that bootstrap-based “percentile” confidence intervals en-
joy first-order asymptotic validity in cases where no such validity is enjoyed by their
main rivals, including “Efron” confidence intervals and subsampling-based confidence
intervals.

Previous work on bootstrap validity for general classes of semiparametric models
includes Chen, Linton, and van Keilegom (2003) and Cheng and Huang (2010). For
the models studied in this paper our results generalize theirs by accommodating non-
parametric ingredients implemented using bandwidths that are “small” in the sense
that they converge to zero at a faster-than-usual rate. Accommodating such band-
widths turns out to prohibit reliance on certain stochastic equicontinuity conditions
employed by Chen et al. (2003), Cheng and Huang (2010), and most (if not all)
previous developments of asymptotic distribution theory for semiparametric two-step
estimators, including the results surveyed by Andrews (1994b), Newey and McFad-
den (1994), Chen (2007), and Ichimura and Todd (2007). As a consequence, avoiding
reliance on such stochastic equicontinuity conditions turns out be necessary in order
to achieve the goals of this paper. The approach taken in this paper is to replace
a key stochastic equicontinuity condition by an “asymptotic separability” condition,

which is similar to, but weaker than, its stochastic equicontinuity counterpart. This
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condition exploits a special feature of kernel estimators, but may nevertheless be of
independent interest.

The paper proceeds as follows. Section 2 provides a more detailed statement
of and motivation for the questions addressed by this paper. Section 3 presents
our “small bandwidth” asymptotic result about semiparametric two-step estimators,
while Section 4 is concerned with verification of the high-level assumptions of that
result. Section 5 presents bootstrap analogs of the results from Sections 3 and 4.
Appendix I contains additional results, some of which may be of independent interest.
Finally, Appendix II contains proofs of our main results while Appendix III provides

additional details for the examples discussed in the paper.

2. MOTIVATION

To fix ideas, suppose 0 is a scalar parameter of interest admitting an estimator 0,

satisfying

\/ﬁ(én - 90) ~ N<07 2)7 (1)

where n is the sample size, ~~ denotes weak convergence (as n — o0), and X is
positive. In this scenario it is common to base inference on a distributional approxi-
mation of the form /n(6, — 6,)~N(0,%,), where 3, is some estimator of X. If ¥, is

consistent, then the distributional approximation is itself consistent in the sense that

sup; [P[v/n(0, — 60) < ] = PIN(0,%,) < #]] —, 0, (2)

a fact which in turn implies for instance that the asymptotic coverage probability of

the following confidence interval for 6, is 95%:



BOOTSTRAPPING SEMIPARAMETRIC ESTIMATORS 6

CI, = [0, — 1.96\/3,/n, 0, +1.961/%, /n).

An alternative distributional approximation is provided by the bootstrap. In
standard notation, the bootstrap approximation to the cdf of \/ﬁ(én — 0p) is given
by P*[/n(6, — 6,,) < -], where , denotes a bootstrap analogue of 6,, and P* denotes
a probability computed under the bootstrap distribution conditional on the data.
Assuming (1) holds, asymptotically valid inference procedures can be based on the

bootstrap whenever the following bootstrap consistency condition is satisfied:

Ak ~

sup, [P[v/n (6, — 6o) < 1] = P*[V/n(6, — 0,) < t]| —, 0. (3)

For instance, two well-known examples of bootstrap-based confidence intervals for 6,
with asymptotic coverage probability 95% are the “percentile” interval

~ A

CI;,n = [0, — qz,o.9757 O — 92,0.025]7

and the “Efron” interval

Clg = [0n + G 00255 On + @ 0.975)5

where ¢y , = inf{g € R : ]P’*[(@Z — @n) <q| > a}.

Being “automatic” in the sense that it can be obtained without characterizing
and/or (explicitly) estimating 3, the bootstrap distributional approximation is par-
ticularly attractive when X is difficult to characterize and/or estimate, a phenomenon

which occurs with some regularity for estimators 0, that are semiparametric in the
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sense that an estimator of an infinite-dimensional nuisance parameter is employed in
the construction of f,. Chen et al. (2003) and Cheng and Huang (2010) made this
point and gave conditions under which (1) and (3) are satisfied also in models with
infinite-dimensional nuisance parameters.

In addition to complicating the characterization of 3, the presence of estimators
of infinite-dimensional nuisance parameters often implies that a delicate choice of
tuning parameters (e.g., bandwidths in the case of kernel estimators) is required in
order to achieve (1) in the first place. Moreover, in such semiparametric settings
the finite sample distribution of \/ﬁ(én — fp) has often been found in Monte Carlo
experiments to be rather sensitive to the choice of these tuning parameters, suggesting
in particular that distributional approximations not depending on tuning parameters
can be quite unreliable unless sample sizes are very large.

Acknowledging this, Cattaneo et al. (2013) investigated the consequences of re-
laxing the bandwidth conditions needed to achieve (1). Under weaker-than-usual
bandwidth conditions and studying a particular kernel-based semiparametric estima-

tor, Cattaneo et al. (2013) obtained a distributional result of the form

\/ﬁ(@n - 00 - Bn) ~ N(07 2)7 (4)

where ¥ is the same as in (1) while B,, is some (possibly) non-negligible bias whose
value depends in part on the bandwidth. Simulation evidence reported by Cattaneo
et al. (2013) was found there to be consistent with the main prediction obtained by
replacing (1) with the more general result (4), namely that kernel-based semipara-
metric estimators suffer from bias problems whose magnitude is non-negligible and
bandwidth-dependent.

Replacing (1) with (4) can have severe consequences. For instance, the consistency



BOOTSTRAPPING SEMIPARAMETRIC ESTIMATORS 8

property (2) fails when B, # o(n~'/?) in (4), implying in turn that inference proce-
dures based on the distributional approximation \/n(6, — 0¢)~N(0,3,) are invalid in
general. For instance, the asymptotic coverage probability of the interval C1,, is less
than 95% when B,, # o(n~1/2).3 Likewise, if (3) and (4) hold the asymptotic coverage
probability of the “Efron” interval CI},, is less than 95% when B, # o(n~*/?).* On

the other hand, using the relation

A~ Ak ~

sup; [P[v/n (0, — 0o — By) < t] = P*[v/n(0,, — 0 — B) < ]|

A Ak ~

= sup, [P[vn(0, — 0o) < t] = P*[Vn(0, — 0,) <] (5)

it can be shown that (3) and (4) are sufficient to guarantee asymptotic validity of the
“percentile” interval C'I},,. For this bootstrap-based inference procedure the conse-
quences of replacing (1) with (4) would therefore be benign if validity of (3) could be
established also under (4).

The objective of this paper is twofold. First, we want to explore the general-

31f (4) holds and if 3, is consistent, then

P[0y € CI,,] = ®(1.96 — /nB,/VE) — ®(—1.96 — /nB,/VE) + o(1),

implying in particular that lim P[0y € CI,,] < 0.95 when B,, # o(n~/2).

If (3) and (4) hold, then

Pfy € CIj ] = ®(1.96 — 2¢/nB,/VE) — ®(~1.96 — 2¢/nB, /VE) + o(1),

implying in particular that lim,_, P[0y € CI ] < lim Py € CI,]. In other words, CI}, , is

—n—00

even more sensitive to the bias B,, than CI,.
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ity of the finding that replacing (1) with (4) is necessary when characterizing the
large-sample properties of semiparametric estimators under weaker-than-usual con-
ditions on tuning parameters. To do so, we study an important class of kernel-based
semiparametric two-step estimators and find that members of this class of estima-
tors generally have the property that a result of the form (4) can be obtained under
significantly weaker bandwidth conditions than those needed to achieve (1).

Our development is constructive in the sense that it produces an explicit and in-
terpretable formula for the bias B,,. It turns out that 5, in (4) arises due to features
of 6, that can be replicated by the bootstrap. As a consequence, it seems plausible
that the bootstrap consistency property (3) could be valid also when B, # o(n~'/?)
in (4). Formalizing and verifying the latter conjecture is the second objective of this
paper. In combination, our findings suggest that even though semiparametric esti-
mators are likely to suffer from nonnegligible bias problems in samples of moderate
size, these biases can be corrected for in a fully automatic way by basing inference on
the bootstrap. It seems to us that this is a “robustness” property of the bootstrap

that is of both theoretical and practical importance.

Remarks. (i) Although our main emphasis is on obtaining constructive results,
one negative conclusion emerging as a by-product of our development seems to be
of sufficient theoretical and practical interest to be worth mentioning. As it turns
out, the “robustness” of bootstrap-based inference with respect to tuning parame-
ter choice is not shared by inference procedures based on subsampling, a possibly
surprising finding in light of the fact that subsampling is often regarded as a “regu-
larized” version of the bootstrap (e.g., Bickel and Li (2006)). Indeed, while it is well
understood (e.g., Politis and Romano (1994)) that the subsampling approximation
to the distribution of \/n(f, — ) is consistent under (1) whenever 6, is of the form

A

0, = T, (21,...,2,) With z; ~ i.i.d., a consequence of replacing (1) with (4) is that
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one of the “minimal” assumptions for asymptotic validity of subsampling is violated
and in fact it is not hard to show that inference procedures based on subsampling will
be invalid (in general) as well. (For instance, subsampling-based inference procedures
will be invalid if, for some r < 1/2, n"BB,, converges to a non-zero limit.) In particular,
the examples analyzed below all have the feature that there are (bandwidth) condi-
tions under which inference procedures based on the standard bootstrap are valid
even though subsampling-based inference procedures are not.

(ii) Ibragimov and Miiller (2010) have proposed an inference procedure which
shares with subsampling-based inference procedures the feature that its asymptotic
validity follows from (1) whenever 0, is of the form 6,, = To(z1,y ...y 2n) With z; ~ i.i.d..
Like subsampling, that procedure ceases to be valid when (1) is replaced by (4).

(iii) Another well-known bootstrap-based confidence interval for 6, is the “sym-

metric” interval
ng',n = [Gn - Q;,o.%a On + QZ,O‘%L

where @y, , = inf{Q € R : IP’*[|9Z —0,] < Q] > a}. The asymptotic coverage proba-
bility of this interval is 95% when (3) and (4) hold, but the interval is unnecessarily
wide when B, # o(n~'/?) and is therefore not recommended.

(iv) The assumption that 6, and 0, are scalar was made in this section only
to simplify the exposition. In particular, the fact that “percentile” intervals are
asymptotically valid when (3) and (4) hold is true also when 6y and 6, are vector-

valued, so in the remainder of the paper we allow for that possibility.

3. ASYMPTOTICS WITHOUT STOCHASTIC EQUICONTINUITY

Suppose 0y € © C R¥ is a (possibly) vector-valued estimand that can be represented

as the solution to a system of equations of the form G(6,~v,) = 0, where G(6,~) =
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Eg(z,0,7(-,0)), g(-) is a known function, z is a random vector, and
Yo(2,0) = Blw(z, 0)[x(2,0)] fol(2,0), 0],

with w(-) and x(-) being known functions and fy(-, #) denoting the (unknown) density
of z(z,0), the latter being assumed to be continuously distributed.
Letting 21, ..., 2z, denote i.i.d. copies of z, a natural estimator 0,, of 0 is given by

an approximate minimizer (with respect to 6 € ©) of

~ ~

IS N A 1
Gn(‘ga an) WGn(ea 7n>a Gn(ev 7) = ﬁ Zg[zia ‘97 7('7 9)]?

where W is some symmetric, positive semi-definite matrix and 4,, is a kernel-based

estimator of v, given by

n

1 T
> (e Oula(=0) =2l 0], Kala) = 5K (h_n) |

J=1

rs/n(zv 0) -

SENS

where K (-) is a kernel and d is the dimension of z(z,0).°

The formulation just given is essentially the same as in Newey and McFadden
(1994, Section 8), except that we follow Newey (1994a) and Chen et al. (2003), re-
spectively, by allowing the dimension of g to exceed that of 6y and by accommodating
profiling (i.e., allowing 7,(z,#) and 4,,(z,0) to depend on 6) as well as models where

g(z,-,+) is non-smooth.

5In our motivating examples, an (approximate) minimizer is one that solves G, (6,4,,) = 0. More

generally, an (approximate) minimizer is one that satisfies Condition (i) of Lemma 3.
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3.1. Conventional Asymptotics. Theorem 2 below provides a template for es-
tablishing (4) . The approach summarized in that theorem is related to Newey and
McFadden’s (1994) approach to establishing (1) . To facilitate a comparison between

the approaches, we begin by presenting a version of that approach.

Lemma 1. Suppose that:

(AL) [approximate linearity| for some matrix J of rank k,
A 1 — X
V0, —0o) = «7\/—5 iZIQO(ZiJ’Yn) +0p(1),

where g0(27 7) = g[Z, 907 7(7 00)]7

(SE) [stochastic equicontinuity] for some function go,

1 ¢ N _
% Z[Qo(zz, Yn) = Go(2i,Yn) — 9o(2is Vo) + Go(2i, Vo)) — 0,
i=1

% Z[gﬂ('zia fAyn) - GO(:Yn) - §0(2m 70) + GU(’YO)] —p O,

where Go(7) = Ego(z,7);

(ANy) [asymptotic zero-mean normality] for some positive definite Q,

IR .
= Lol ) + Goln) = Golro)] = N (0,0,
1=1
Then (1) holds with & = Q7"

Condition (AL) is standard and typically holds (with J = —(G{WGo) 'GLW)

provided the error in the following linear approximation to é’n(, 4,,) is small:

~ R R . . . 0
Gn<97 ’Yn) ~ Gn(eov Pyn) + G0<9 - 90)7 GO = wG(a 70) :
0=00

A sufficient condition for this to occur will be given in Section 4.1.
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An implication of Condition (AL) is that the large sample properties of 0, are
governed by n™Y/23"" | go(2:,4,,). Characterizing the distributional properties of such
objects is potentially complicated because of the possible nonlinearity of go(z;, -) and,
in particular, the dependence/overlap between the arguments of go(z;,%,,) (i.e., be-
tween z; and 9,,). A common way to account for nonlinearity and the overlap is to
impose Condition (SE) with go(z;,-) being a linear approximation to go(z;, ). Irre-

spective of the functional form of gy, Condition (SE) implies that

% Zgo(zi> Yn) = % Z[QO<Zi, Yo) + Go(3,,) — Go(7o)] + 0,(1). (6)

Because the summands in this expansion depend on either z; or 4,, (but not both),
Condition (SE) effectively achieves (asymptotic) “separability” between z; and 7,,.
Verifying Condition (ANj) on the part of the leading term in the expansion (6)
tends to be straightforward, as typically the go(z;,,) are mean zero random variables
and G (4,,) — Go(7,) is a smooth functional of 4,,. (For instance, Gy is linear whenever
Go(zi,-) is.) To be specific, assuming the smoothing bias of 4, is small enough it is
usually not hard to show that Condition (ANy) holds (with € computable using the

pathwise derivative formula of Newey (1994a)).

Remarks. (i) From the perspective of this paper the most problematic assump-
tion in Lemma 1 is Condition (SE). One exceptional case where that condition is
mild is the case where the model is “adaptive” in the sense that the first step (i.e.,

estimation of 7,) has no effect on the asymptotic distribution of 0,,. This occurs when

2= >l ) = (0] = 0. "
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in which case Condition (SE) is satisfied with gy = 0 (and Condition (AN) is satisfied
with Q = V[go(z;,7,)] whenever the latter exists and is positive definite). Achieving
(7) under the “small bandwidth” asymptotics employed in this paper turns out to
require stronger conditions than in cases where the nonparametric ingredient ¥, is
n'/%-consistent. Indeed, the condition (7) seems quite restrictive in our setup and
in the sequel we therefore tacitly assume that we are dealing with a “non-adaptive”
situation where the first step does have an effect on the asymptotic distribution
of 6,,. (Although we focus on “non-adaptive” situations in this paper, the results
developed below remain valid also in “adaptive” situations so there is no need to
explicitly rule out (7).) Nevertheless, because some of the technical effort used in
the development of our results can be avoided when (7) holds it is of interest to be
able to identify situations when this occurs, so for completeness Section 7.1 provides

6_consistent.

a useful “heuristically necessary” condition for (7) when #,, is n'/

(ii) When go(z;, ) is linear, the first part of Condition (SE) typically holds pro-
vided 4,, — 79 = 0,(n"*/*). More generally, when gy(2;,-) is a polynomial approx-
imation of order R, then the first part of Condition (SE) typically holds provided
Y = Yo = 0p(n~Y2EFD) In other words, the first part of Condition (SE) can typi-
cally be satisfied by judicious choice of go. (Indeed, the first part of Condition (SE)
can be rendered redundant by setting go = go.) The most interesting part of Con-
dition (SE), and the part motivating the label “(SE)”, is therefore the second part,
which is a stochastic equicontinuity condition.

(iii) In important special cases, the second part of Condition (SE) reduces to
conditions already in the literature, being equivalent to Assumption 5.2 of Newey

(1994a) when §o(z;, ) is linear and reducing to (2.8) of Andrews (1994a) and (3.34)
of Andrews (1994b) when gy = go.
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3.2. Alternative Asymptotics. As can the approach outlined in Lemma 1, the
approach taken in this paper can be summarized by means of three high-level condi-

tions. To state these, let

n

> w(z, 0)Ka[x(2,0) — 2(2,0)]  (i=1,...,n)

=1

1
n—1

&n,i <Z7 0) -

denote the “leave-one-out” versions of 4,,(z,6) and define ~,,(+,0) = E9,,(-, 0).

Theorem 2. Suppose that:
(AL) for some matrix J of rank k,

. 1 ¢
\/ﬁ(gn - 00) = \7% ;gn(zlaﬁ/n,z) + Op(]')7

where gn(za 7) = g[Z, 00> nilw(za QD)Kn[$(7 00) - £(Za 00)] + (1 - nil)/Y(U 00)];
(AS) [asymptotic separability] for some function g,,

1 ¢ A . _
ﬁ Z[gn(zm r)/n,z) - gn(zh ’}/n,z) - gn(zﬂ f)/n) + gn(Zla W/n)] —p 07
=1

1 &, ) _
2 D120 ) = Galn) = Gz 70) + Gal3)] =5 0.
=1

where G (7) = Ega(2,7);
(AN) [asymptotic normality| for some positive definite ) and some (3,,,

1 & _ _
7 2l0n(207) + Gal) = Gal,) = B, == N(0,9)
=1
Then (4) holds with B,, = J 3, and ¥ = JQJ'.

By construction, the functional form of g, is such that g,(zi,¥,,;) = go(zi,?¥,,) for

every i = 1,...,n. As a consequence, Condition (AL) of the theorem is simply an
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unorthodox restatement of Condition (AL) of Lemma 1. It is stated in terms of g,
and 4, ; in anticipation of the other conditions of the theorem.

As discussed in more detail in Section 4.2, Condition (SE) typically fails when the
bandwidth A, is “small” in the sense that it converges to zero at a faster-than-usual
rate. On the one hand, rapid convergence of h,, to zero can result in failure of n'/4-
consistency of 4,,, which in turn can lead to a failure of the first part of Condition
(SE) when go(z;,-) is chosen to be linear. In isolation, this problem is conceptually
straightforward to address. Indeed, as alluded to in remark (ii) at the end of the
previous subsection, the first part of Condition (SE) can usually be preserved also
when smaller-than-usual bandwidths are employed simply by working with a polyno-
mial (e.g., quadratic) go(z;, ). On the other hand, it turns out that regardless of the
functional form of gg(z;, -) the stochastic equicontinuity (i.e., the second) part of Con-
dition (SE) tends to fail when the bandwidth conditions ensuring n'/4-consistency of
4,, are relaxed. Addressing this problem turns out to be necessary in order to achieve
the goals of this paper.

We are unaware of previous work pointing out the need to (let alone providing a
solution to the question of how to) avoid reliance on stochastic equicontinuity when
accommodating slowly converging nonparametric components. The approach we take
is to replace Condition (SE) with Condition (AS). On the surface, Condition (AS) is
simply a “leave-one-out” version of Condition (SE), but perhaps remarkably it turns
out that Condition (AS) is satisfied (with g,(z;, ) being a quadratic approximation
to gn(zi,-)) in many cases even when Condition (SE) is not.

Condition (AS) gives rise to the following counterpart of (6) :

n

2= 300 A) = 7= S lanl ) + Culing) = Calra)] + 0, @)

=1
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In this expansion, the terms g,(z;,7,) and G,(5,,) — Gu(v,) cach depend on one
(but not both) of z; and 4,, ;. In other words, Condition (AS) achieves (asymptotic)
“separability” between z; and the nonparametric ingredient 4, ; in g,(z;,7,,). As
such, Condition (AS) serves a purpose very similar to that of Condition (SE) and the
label “(AS)” has been chosen to highlight this connection between the two conditions.

The big advantage of Condition (AS) is that in leading examples it can be verified
under assumptions that are considerably weaker than those required for Condition
(SE). The price to be paid for this extra generality is relatively small. In addition to
the notational nuisance of having to employ additional subscripts in many places, a
complication that must be addressed is that the terms g, (z;,7,,) and G(%,,,)—Gn(7,)
in (8) both have a nonnegligible mean in general. Accordingly, Condition (AN) is
the simplest counterpart of Condition (ANj) that one can hope for (in general).
Thankfully, it turns out that Condition (AN) is verifiable under assumptions similar
to those required for Condition (ANj) (with € once again computable using the
pathwise derivative formula of Newey (1994a) and (3, given by a formula presented

below).

4. VERIFYING THE CONDITIONS OF THEOREM 2
The goal in this section is to demonstrate the plausibility of the conditions of Theo-
rem 2. To do so, we outline general approaches to verifying the conditions and apply

these approaches to the following three prominent examples.®

Example 1: Average Density. Suppose z1,...,x, are i.i.d. copies of a con-

tinuously distributed random vector z € R? with density f;. Then a kernel-based

6To avoid distractions, we omit statements of regularity conditions when presenting the examples

and the associated results. Additional details for the examples are provided in Section 9.
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estimator of 6y = [,. fo(#)?dz, the average density, is given by

n

b= =3 fal) )= 23 Kale ),

When verifying the conditions of Theorem 2 for this example, we set z = =,
x(z,0) = z, w(z,0) =1, v,(-,0) = fo(-), and let 0,, be defined by én(én,fn) =0,
where g(x,0, f) = f(z) — 0 is a linear functional of f.

Being a second-order V-statistic this estimator is very tractable. Owing partly to
this tractability the estimator has been widely studied (in the statistics literature at

least). We include it here mainly because it provides a dramatic demonstration of the

fragility of the second part of Condition (SE) with respect to bandwidth choice. n
Example 2: Weighted Average Derivative. Suppose z1,...,z, are i.i.d. copies
of z = (y,2')’, where y € R is a scalar dependent variable and the vector » € R?

is a continuous explanatory variable with density f,. A weighted average derivative
of the regression function r(z) = E(y|z) is defined as 0y = E|w(x)0r(x)/0x], where
w is a known scalar weight function. As an estimator of fy, Cattaneo et al. (2013)

! n = yz v 7 aCL'

where fn is defined as in Example 1.

In this example, z = (y,2'), x(2,0) = z, w(z,0) = 1, v,(-,0) = fo(-), and
G0y, ) = 0, where g(z,0, f) = ys(x, ) — 6.

This estimator is a representative member of the class of two-step semiparametric
estimators insofar as it involves a nonlinear, but smooth, functional of its nonpara-

metric ingredient fn As will become apparent, this nonlinearity needs to be taken
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into account when choosing g, in the process of verifying Condition (AS). More im-
portantly, perhaps, it turns out that nonlinearity manifests itself in the functional

form of 3,, in Condition (AN) and therefore in the form of the bias B,, in (4). |

Example 3: Hit Rate. Suppose zi,...,z, are i.i.d. copies of z = (y,z’)’, where
y € R is a scalar and the vector x € R? is a continuous explanatory variable with
density fy. As an estimator of 6y = Ply > fo(z)], a particular example of a so-called

‘hit rate’, Chen et al. (2003) studied

n

lzlyz>fn 371]
=1

3

where 1[-] is the indicator function and fn is as in the previous examples.

In this example, z = (y,2'), z(z,0) = z, w(z,0) = 1, v,(-,0) = fo(-), and
C(On, fn) = 0, where g(z,0, f) =1y > f(2)] -

While simple in many respects, being a discontinuous functional of fn this estima-
tor is an interesting one to investigate when attempting to understand the extent to
which the conclusions of Example 2 are consequences of the smoothness (with respect
to fn) of the estimator considered there. In particular, because the empirical process
methods utilized by Chen et al. (2003) to handle the lack of smoothness of 0,, with
respect to f, cannot be applied when verifying Condition (AS) it would appear to be
of interest to investigate the extent to which Condition (AS) can be verified also in

the absence of smoothness. [ |

4.1. Approximate Linearity. Condition (AL) is simply a representation when
0,, is defined as the solution to Gy, (0,4,) = 0 for a function g with g(z,0,~) — 0 not
depending on 6. Indeed, Condition (AL) holds with J = I}, and without any o,(1)

term in this important special case, which covers Examples 1-3.
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More generally, verifying Condition (AL) is usually straightforward when Gn(eo, )
is assumed to be O,(n~%/2), as in Conditions (SE) and (AN) of Lemma 1, because
then sufficient conditions for Condition (AL) can be formulated with the help of Pakes
and Pollard (1989, Theorem 3.3). The situation is slightly more delicate in the sce-
narios of main interest to us because Conditions (AS) and (AN) of Theorem 2 imply
only that G,(6o,4,,) = Op(||5,||), where it turns out that ||, || = o(n~'/3) # O(n="/2)
in the cases of primary interest.

For completeness, we provide a set of sufficient conditions for Condition (AL)
compatible with Conditions (AS) and (AN). To state these, let || - || denote the
Euclidian norm, let || - ||r denote a norm on a function space to which 4,, — v, belongs
(with probability approaching one), and for any § > 0, let ©(5) = {6 : ||0 — 0p]] <}
and T'(0) = {7 : |7 — 7|l < 6}. Also, suppose G(7) = IG(0,7)/00'],_y, exists for
every v in a neighborhood of 7, and let Gy = G/(7,).

Lemma 3. Suppose that 0, — 6y = 0,(1), |4,, — Yollr = 0,(n"1/¢), and that:
(1) Gn(é’rh ’?n)IWGTL(én7 /?n) S inf9€® én(07 ’?n)IWGAn(G’ ’?n) + Op(nil);
(i) G4W Gy has rank k and for every positive 6,, = o(1),

wp | 160.2) = Glbo,7) ~ GRIEO ~ )l | 16 () = Gl | _
0€0(8,),7€l(62) 160 — 6o||? 17 = Yollr

O(1);

(iii) for o € {0,1/3} and for every positive 6,, = o(n=®),

soap G (0,4,,) — G(0.4,) — Gn(Bo0,4,) + G (00,4, = 0p(n~/27272);
S n

(IV) én(e[)?’?n) = Op(n_l/?));
(v) 0y is an interior point of ©.

Then Condition (AL) holds with J = —(GyW Go) G} W.
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Lemma 3 is in the spirit of Pakes and Pollard (1989, Theorem 3.3). An inspection
of the proof of the lemma shows that the a = 1/3 version of condition (iii) is redundant
when condition (i) is strengthened to G.,(6,,%,) = 0,(n~1/?), as is usually possible in
the “just identified” case where 0y and ¢ are of the same dimension. More details on
the assumptions of the lemma, including in particular some remarks on our (stochastic
equicontinuity) condition (iii), are provided in Section 7.2.

Suffice it to say that overall the conditions of Lemma 3 seem sufficiently weak to
support the view that in perfect analogy Newey and McFadden (1994, p. 2196), Con-
dition (AL) is “not conceptually difficult, only technically difficult”. Accordingly, and
because those features that are allowed for by the general formulation but assumed
away in examples where Condition (AL) is simply a representation are incidental

to the main points of this paper, we have deliberately chosen illustrative examples

satisfying /n (0, — 0p) = n=1/2 Yo g0 (zisA) -

4.2. Asymptotic Separability. In many cases Condition (SE) is too strong
when the goal is to prove (4) with B, # o(n~'/2). This shortcoming is not shared by
Condition (AS), which often turns out to be verifiable under assumptions compatible
with 3, # o(n~'/?) in Condition (ANp). A dramatic illustration of this phenomenon

is provided by Example 1.

Example 1 (continued). Suppose the kernel is of order P and satisfies standard
conditions, and suppose the bandwidth satisfies nh?” — 0 and nh? — co. Then (4)
holds with B,, = K(0)/(nh?) and ¥ = 4V[fo(z)] provided f, is sufficiently smooth.
(For details, see Section 9.)

Because v/nB, = K(0)/1/nh2?, the condition nh? — oo is weak enough to permit
B, # o(n~'/?). On the other hand, (4) reduces to (1) when imposing conditions

requiring nh?¢ — oo, so it is necessary to guard against this when the goal is to
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obtain a result of the form (4) with B, # o(n~%/?).
Turning first to Condition (SE) and setting gy = go, the first part of that condition

is automatically satisfied and the second part becomes
J R A
i=1

It follows from a direct calculation that

K(0)

2d
nh2

+ 0p(1),

1
= Z[fn(xz) — fu(@i) = fo(z:) + 6o] =
VS
so Condition (SE) requires nh?¢ — oo and is therefore too strong for our purposes.

On the other hand, setting g, = g, the first part of Condition (AS) is automati-

cally satisfied and the second part becomes

% Z[fn,i(l‘i) = 2fn(2i) +0n] = 0,(1), O, = N Fol@) folz)d,

where f,(z) = (n — 1)} > i1z Kn(z — ;). A simple variance calculation now
shows that Condition (AS) is satisfied if nh¢ — oco. |

To interpret the bandwidth requirements nh?? — oo and nh? — oo implied by
Conditions (SE) and (AS) in this example it is helpful to recall that the (pointwise)
rate of convergence of f, is v/nhd; that is, fo(@) = fulz) = 0,(1/+/nhd) for any
z € R% The conditions nh?! — oo and nh¢ — oo therefore correspond loosely to
the requirements of n'/4-consistency and consistency, respectively, on the part of the
nonparametric ingredient fn

The fact that any rate of convergence (on the part of the nonparametric ingredient

) will suffice when verifying Condition (AS) is largely due to the linearity of §,, with
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respect to fn This feature is clearly special, but in three important respects Example
1 turns out to be representative. First, in order to obtain results of the form (4) with
B, # o(n~'/?) it is necessary to work under bandwidth conditions that can result in
convergence rates slower than n'/4 for nonparametric ingredients. Second, bandwidth
conditions needed for stochastic equicontinuity (i.e., Condition (SE)) generally imply
n'/4-consistency on the part of nonparametric ingredients. Avoiding reliance on Con-
dition (SE) therefore turns out to be crucial in order to achieve the goals of this paper.
Third, as demonstrated by the examples that follow the qualitatively conclusion that
Condition (AS) is compatible with convergence rates slower than n'/* on the part of
nonparametric ingredients is true quite generally. Condition (AS) therefore emerges
as an attractive alternative to Condition (SE).

Among estimators not satisfying (7) we are aware of only two types that pro-
vide exceptions to the rule that bandwidth conditions needed for Condition (SE)
imply n'/4-consistency on the part of nonparametric ingredients. These exceptions
are those illustrated by Hausman and Newey’s (1995) consumer surplus estimator and
the “leave in” version of Powell, Stock, and Stoker’s (1989) estimator, respectively.
Hausman and Newey’s (1995) consumer surplus estimator (also discussed in Newey
and McFadden (1994)) is one for which go(z, ) is additively separable between z and
~.” In such special cases “separability” between z and 7 is of course automatic and,
indeed, both parts of Condition (SE) are satisfied (without any o0,(1) terms) when
go = Jo- In the case of the “leave in” version of Powell et al.’s (1989) estimator, on
the other hand, validity of Condition (SE) under weak bandwidth conditions would
appear to be due to the fact that Condition (AS) holds and the fact that g, and g,

coincide (apart from a non-important factor of proportionality).®

"Indeed, their go(z,7) does not depend on z.
8 As pointed out by footnote 6 of Powell et al. (1989), go = (1 — n~!)g, because symmetric

kernels satisfy K’(0) = 0.
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While seemingly peculiar, the feature which makes the “leave in” version of Powell
et al.’s (1989) estimator satisfy Condition (SE) turns out to be exploitable quite
generally. To be specific, essentially because it involves ¥, ; rather than ¥,,, the “leave-
one-out” version of Condition (SE) given by Condition (AS) turns to be verifiable
under remarkably weak bandwidth conditions.

As pointed out by Newey and McFadden (1994) and illustrated by Example 1,
verification (or otherwise) of the second part of Condition (SE) involves nothing more
than second-order U-statistic calculations when go(z, ) is linear in . Example 1 also
shows that very similar calculations can be used to verify the second part of Condition
(AS) when g,(z,7) is linear in ~.

To accommodate slower-than-n'/* rates of convergence while achieving nontrivial
generality it is useful to have results that cover nonlinear-in-y functions. It turns out
that in many nonlinear-in-y cases a variation on Newey’s (1994a) approach can be
used to verify Condition (AS) for a g, which is quadratic (rather than linear, as in
Newey (1994a)) in its second argument. For such a g,, the second part of Condition

(AS) can usually by verified by means of the following lemma.

Lemma 4. Suppose that g, ~(z)[:] is linear, g, ~~(2)[, -] is bilinear, and that:

V(gn,v (21)[Fn2]) = o(n),

VIE(gnr (20)[Fing, n2l[21)] = 0(n®),  V(gnan(21)[Fn2, fin]) = o(n®),
V(gn,ww(zl)[’in,% ’fm?»]) = O(nQ)a

where k, ;(2,0) = w(z;,0)K,[x(2,0) — x(2;,60)] — 7, (2,0). Then

) 1
Gn(2,7) = 9n(2,70) + Gy (2)[Y — 7l + 59n,w(2)h — Vs Y = Tl

satisfies the second part of Condition (AS).
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The ease with which the first part of Condition (AS) can be verified with a
quadratic g, depends on the smoothness of g,(z,v) with respect to 7. One widely
applicable sufficient condition, similar in spirit to Newey (1994a, Condition 5.1), is
given by the following lemma, in which || - ||r, denotes a norm on a function space to

which 4,,;(-,60) — 7,(+,00) belong (with probability approaching one).

Lemma 5. Suppose that maxi<i<y, [[9,,(*,00) =7, (-, 00)|Ir, = 0p(n~"/¢) and that for
all v with ||v(-,00) — 7,,(+, 0o)|lr, small enough,

19(2,7) = Ga(2, D1 < b)Y 00) = 7 (-, Oo)II7

where g, is as in Lemma 4 and Eb(z) < co. Then the first part of Condition (AS) is
satisfied.

The conditions of the lemma are satisfied in Example 2, although slightly better
sufficient conditions for Condition (AS) can be obtained by exploiting a special fea-

ture of the estimator considered in that example.

Example 2 (continued). A quadratic approximation to g,(z, f) is given by

gn(zaf> = gn(zafn) +gn,f(z)[f - fn] + %gn,ff(z)[f — fos [ — fn]a

where, defining f,7(z) = n 'K, (0) + (1 — n~ 1) f,.(2),

@ [0 off@) o
msll] = —(1-nH P [ax () - 0 )]
= _n_12yw(x) J]ﬁlﬁl’ /ix3 T)— —fo[(x)/amﬁx T
s AL = (= PEE o) Do) + o) o) — 2O o)

3
If b, — 0 and if nh2" /(logn)®? — oo, then the conditions of Lemma 5 are

satisfied. Proceeding as in Cattaneo et al. (2013), the second bandwidth condition
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3/2 _, 50. This bandwidth condition is also

3
can in fact be relaxed to nh2"" /(logn)
sufficient for the second part of Condition (AS), as the assumptions of Lemma 4 are

satisfied whenever nh*? — oo. |

In Example 1, Condition (AS) could be verified without imposing conditions on the

3/2 _ 50 imposed

rate of convergence of f,,. In contrast, the condition nh%cprl /(logn)
in Example 2 does impose a convergence rate condition on fn, corresponding roughly
to an n'/5-consistency requirement on fn (and its derivative). While almost certainly
not the weakest possible, this bandwidth condition is attractive from the perspective
of this paper as it is weak enough to permit failure of n'/*-consistency (which once
again turns out to be crucial) yet strong enough to enable us to verify Condition (AS)
with a fairly modest amount of effort.

Even in cases where g,(z,-) is not smooth, Lemma 5 might be useful when at-

tempting to verify that the first part of Condition (AS) is satisfied by a quadratic g,,.

Example 3 provides an illustration.

Example 3 (continued). Let F,(-|z) denote the conditional cdf of y given z,
let fy.(-]x) and fy‘x(|x) denote its first and second derivatives. By first conditioning

on = and then proceeding as in the smooth case we are led to consider

gn(-rvf) = gn(xvfn) "’.émf(x)[f - fn] + %§n7ff($)[f - fnaf - fn]a

where gn(x7 fn) - _Fy|w[f:<x)|$] and

Ing@)[k] = —(1=n")fyplfy (@)]2]s(),

i@k A = =1 =072 fylf (@)]2]r(2)A().
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3
If b, — 0 and if nh2®/(logn)*? — oo, then Lemma 5 can be used to show that
the first part of Condition (AS) is satisfied. The same bandwidth conditions are
sufficient for the second part of Condition (AS), as the assumptions of Lemma 4 are

satisfied whenever nh¢ — oco. |

In perfect analogy with Example 2, also in this nonsmooth case Condition (AS) is

seen hold under bandwidth conditions corresponding roughly to an n'/

-consistency
requirement on fn Once again, the main thing to notice is the fact that Condition

(AS) permits failure of n'/4-consistency.

Remarks. (i) The second part of Condition (SE) can be verified by exhibiting a

sequence I',, o of function classes satisfying lim,,_,o P[9,,(-,00) € I'n0] = 1 and

Sup'Y('790)€F7L,O _>p 0’

% > [aolz1,7) = Gol) = Go(z1.70) + Golo)

where empirical process results (e.g., maximal inequalities) can be used to formulate
primitive sufficient conditions for the latter. This approach, taken by Andrews (1994b,
Condition (3.36)), Chen et al. (2003, Conditions (2.4) and (2.5)), and many others,
does not seem applicable when the goal is to formulate primitive sufficient conditions
for the second part of Condition (AS). To be specific, the dependence of 4, ; on i in
the second part of Condition (AS) implies that the desired convergence in probability

result cannot be deduced with the help of a result of the form

—p 0.

T2 Y l0a(201) = Ga0) = ,73) + Gul)

(ii) For Example 3 arguments similar to those used in our verification of Condi-

Sup'y(g@())ern,o

tion (AS) can be used to show that Condition (SE) holds when nh?? — oo (which



BOOTSTRAPPING SEMIPARAMETRIC ESTIMATORS 28

4

corresponds roughly to an n'/*-consistency requirement on fn) This represents a

considerable improvement over the condition nh3? — oo (which corresponds roughly

to an nt/3

-consistency requirement on fn) apparently required when using empirical
process methods to verify Condition (SE) by first exhibiting a function space H sat-
isfying (3.3) of Chen et al. (2003)’s Theorem 3 (as is done by Chen et al. (2003,
p. 1600)) and then formulating bandwidth conditions under which f, (A in their

notation) belongs to H with probability approaching one. [

4.3. Asymptotic Normality. Suppose g, is as in Lemmas 4 and 5, in which

case we have

1
Gn(’}’) = Gn(’Yn) + Gn,’yh - 'Yn] + §Gnry’yh Y Y — 7n]7

where G, -] = Eg,~(2)[-] and Gy, [-] = Egpn ~~(2)[-]. Then

where, defining 6,,(2) = G, [w(z, 00)Kp(z(-,00) — 2(2,60)) — 7, (-, 00)],

2ﬂn(z) = gn(’z?fyn) - Egn<z77n) + 5”(’2)

and

n

11

Bn - Egn(z7 rYn) + 55 Z Gn,'Y’Y[;yn,i — Vs ’?n,z‘ - ryn]

=1

The assumptions of the following lemma are usually straightforward to verify.
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Lemma 6. Suppose that
E||v,(2) = 9 (2)[] = 0 (9)
for some function 1) and that:
V(Gonlting, kinal) = 0(n?),  V(Grpylin, bnp]) = o(n). (10)

Then Condition (AN) holds with Q = E[(2)Y(2)'] and 3, any sequence satistfying
B, =EB, + o(n~1/%).

Knowing the functional form of ¢ and [, is unnecessary for the purposes of
verifying Condition (AN) and/or applying the bootstrap, but since ¥ and 3, may
nevertheless be objects of theoretical interest we comment briefly on them before
verifying Condition (AN) for the examples. The function ¢ in (9) will typically be
given by ¥(2) = go(z,7,) + 00(2), where do(2) is the “correction term” discussed
by Newey (1994a). Regarding the “bias” sequence f[3,, we have the decomposition
EB, = B,Sl + ﬁﬁl + ﬁnNL, where

1

65 = Ego(z, 771)7 ﬂﬁl = E[gn(zﬂ ,}/n) - go(zﬂ ’Yn)]’ /qu‘LVL = %EG”W‘/’Y[H”J’ /{7%1 .

Here, Bi is a familiar (smoothing) bias term, which can typically be ignored because
33 = o(n~'/?) under standard smoothness, kernel, and bandwidth conditions.® The
term (%' is a “leave in” bias term (in the terminology of Cattaneo et al. (2013))
whose presence can be attributed to a failure of stochastic equicontinuity. This term

is nonnegligible in all of our examples. The final term, 57]:7 L is what Cattaneo et al.

9To be specific, we typically have 55 = O(hl), where P is the order of the kernel. In this case,

B can be ignored if nh2F — 0.
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(2013) refer to as a “nonlinearity” bias term. This term is zero in Example 1 (where
0, is a linear functional of fn), but is nonnegligible in Examples 2 and 3 (where 0, is

a nonlinear functional of fn) To summarize, we can typically set 3, = %1 + L.

Example 1 (continued). If h, — 0, then (9) holds with ¥(z) = 2[fo(z) — o).
Also, B, is nonrandom and satisfies B, = K(0)/(nh%) + O(hl + n=1). As a con-
sequence, Condition (AN) is satisfied with ¥ = 4V[fo(x)] and 38, = K(0)/(nh?)

h2P

provided nh;" — 0.

In summary, if nh2? — 0 and if nh¢ — oo, then the conditions of Theorem 2 are

satisfied and (4) holds with B, = O(1/(nh)). |

Example 2 (continued). If h, — 0 and if nh¢ — oo, then (9) holds with
¥(2) = go(z, fo) + do(z), where

0 0 dfo(z)/0x
+7r wx)+rr)we)—F——.
1(o) + i) grole) + o)t L5
Also, (10) is satisfied if h,, — 0 and if nh?*? — oco. As a consequence, Condition

(AN) is satisfied with ¥ = E[¢)(2)(2)'] if h, — 0 and if nhdt? — oco.
If also nh2” — 0, then 85 = O(hY) = o(n='/?) and

o1 ) wl e dfo(x)/0x o(n~1/2
s = m@/(H)M>d+(L

)607“ (r) fo(x — rhy,)dzdr

w(m

nhd+1 /Rd Rd fo(x)

w(z) dfo(x)/0x N2 (g — wdr + o(n=1/2
i Lo LR s st o),

NL
B

where it follows from Cattaneo et al. (2013, Lemma 1) that ) * admits a polynomial-

in-h,, expansion of the form
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1
BNE — W[BO +Bh2 + Bkt + .. ],

n

the constants By, By, Bs, ... being functionals of K and the data generating process.
(Symmetry of the kernel implies that 5 is of order 1/(nh¢) and that the polynomial
expansion of nhﬁﬁfj L involves only even powers of hn-)

In summary, if nh?’ — 0 and if nh3t! /(logn)3? — oo, then the conditions of

Theorem 2 are satisfied and (4) holds with B,, = O(1/(nh?)). |

Example 3 (continued). If h, — 0 and if nh¢ — oo, then (9) holds with
W(2) = go(z, fo) + do(x), where

So() = — fyialfol@)|2] fola / Fyalfol@)lrlfolx)2d

Also, (10) is satisfied if h,, — 0 and if nh? — oo. As a consequence, Condition (AN)
is satisfied with ¥ = E[¢(2)w(2)'] if h,, — 0 and if nh¢ — oco.
If also nh2” — 0, then 85 = O(hY) = o(n='/?) and

U = —LK«» / Foelfol@)la) fo(e)dee + o(n™2),

B =~y | Dl @K o) e = rhoadr + o(n ™),

where 3" can be shown to admit a polynomial-in-h,, expansion of the form

1
pNE — W[Bg +B1h2 +Boht + .. ],

n
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the constants By, By, Bs, ... being functionals of K and the data generating process.
3
In summary, if nh2? — 0 and if nh2”/(logn)®? — oo, then the conditions of

Theorem 2 are satisfied and (4) holds with B, = O(1/(nh?)). |

The findings for Examples 1 and 3 are in qualitative agreement with the those
for Example 2. For the model studied in Example 2, Cattaneo et al. (2013, Section
3.3) went slightly further and used a bias expansion to develop a bandwidth selec-
tion method. The bandwidths chosen by that procedure are of order n~=/("*4 and
were found by Cattaneo et al. (2013) to perform well. It seems plausible analogous
bandwidth selection procedures can be developed for Examples 1 and 3 (and perhaps

even in fairly complete generality).

Remark. From the perspective of this paper the “leave-one-out” estimators ¥, ;
are simply a technical device used when analyzing the properties of the estimator 0,0
defined in terms of 4,. An estimator 0, (say) naturally formulated in terms of Yni
is the “leave-one-out” counterpart of 0,, defined as an approximate minimizer (with

respect to 6 € ©) of

CalOYWC(6),  Cold) =~ 3 gl200 (O]
i=1
Under conditions similar to those imposed when analyzing 6, the methodology de-
veloped in this paper can be used to show that 6, satisfies (4) with B, = J BTJZV L
and ¥ = JOJ’. In particular, the estimator 6,, does not suffer from “leave in” bias.
Although 6, itself is immune to a bias problem attributable to a failure of stochastic
equicontinuity, this conclusion is not obtainable by means of methods relying on sto-

chastic equicontinuity conditions, so from a technical point of view little simplicity

is gained by analyzing 0, instead of 0,,. Moreover, it turns out that the bootstrap
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consistency result (3) typically fails for 0,,, so there are good practical reasons for
focusing on 0,, when part of the goal is to obtain constructive results. For this reason

we do not analyze 0, in this paper.

5. BOOTSTRAP CONSISTENCY
One consequence of replacing (1) with (4) is that the statistics v/72(6, — 6) cease to
be tight. Proving bootstrap consistency without existence of limiting distributions
(or even tightness) can be difficult in general (e.g., Radulovic (1998)), but thankfully
the present setting has enough structure to enable us to give a simple characterization

of bootstrap consistency. Indeed, in light of (5) the following condition is (necessary

and) sufficient for (3) under (4) :
V(0 — 0 — By) ~, N(0, %), (11)

where ~~, denotes weak convergence in probability.

This characterization is very useful for our purposes because it turns out that in
many cases verification of (3) and (4) can proceed by first proving (4) and then, by
imitating that proof, demonstrating (11) . For example, the next result is a bootstrap

analogue of Theorem 2. To state it, let 8, be an (approximate) minimizer of
Ak £k Ay ok A 1 - *
GLO A WEL0.9,),  GLO7) =~ glel,0,7(.0)],
i=1

where

n

Z w(z, 0)K,[2(2,0) — (2], 0)]

J=1

Tu(z,0) =

S|

and 27, ...,z is a random sample with replacement from z,.. ., z,. Also, let
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n

> w(Z], 0)Kulx(z.0) — 2(25,0)]  (i=1,...,n).

j=1,ji

1
n—1

’?Z,i(za ‘9) =

Theorem 7. Suppose the assumptions of Theorem 2 are satisfied and that:

(AL*) for the same J as in (AL),

h N 1 . ¥k Ak
\/ﬁ(en - Hn) = \7% ;gn(2177n,z) + Op(1)7

A

where g;i(z, 7) = g[z, én7 TL_IUJ(Z, én)lcn[x(> én) - :U(Z7 en)] + (1 - n—l),.)/(.’ én)]?

(AS*) for some function g,
1 - * ko Ak —% ko 4k * * 2 —% * 2
s DI ) = B (aE ) = (a0 A) + 3 3] = O,
=1
1 - —% kL% Yk [ 2k — * o Nk [ 2
e DI ) = Galns) = Gale3) + GGl = 0
=1

where G, (v) = n™' 321, (26, 7);
(AN*) for the same Q) and (3, as in (AN),

1 < . .
7 2N A0 + G = GLn) = B =, N (0.9,
i=1

Then (3) holds.

34

The conditions of Theorem 7 are natural bootstrap analogs of the corresponding

conditions of Theorem 2 not only in appearance but also in the sense that they can

usually be verified by mimicking the verification of the corresponding conditions of

Theorem 2.

Like (AL), Condition (AL*) is simply a representation in many important cases,

including Examples 1-3. More generally, Condition (AL*) can often be verified with

the help of a bootstrap analog of Lemma 3 given in Section 7.2.
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Turning next to Conditions (AS*) and (AN*), suppose g satisfies

—x * ~ * ~ 1 * A ~
gn(z7 ’Y) = gn(27 ’771) + gn,’y(’z)[f}/ - fYn] + ign,'y'y(z>h/ VYV T 7n]7
where g _(2)[-] is linear and g;; . (2)[-,-] is bilinear. In perfect analogy with Lemma

4, the second part of Condition (AS*) is satisfied provided the following conditions
hold:

V(g (2D)[7,2]) = 0p(n),

V(B (g o (2D [ 20 o] [2D)] = 0p(n?), V(g5 1 (21)[7, 2, 7 2]) = 0p(n?),

*

V* (g:L,'y'y(ZI) [’i:;,% Hn,3]) - OP (n2)7

where k7, (2,0) = w(z}, 0)KC,[2(2,0) —x(2},0)] —7,(2,0), B*(-) = E(-|21, ..., 2,), and
V*(-) =V(:|z1,. - 20)-

As in the case of the first part of Condition (AS), the ease with (and methods by)
which the first part of Condition (AS*) can be verified with a “quadratic” g} depends
on the specifics of the example, but verification by imitation is usually straightforward
once verification of the first part of Condition (AS) has been achieved.

Finally, we have

T SOl + GG) — )] = = DI + Bl

where, defining 4, (2) = G}, [w(z, 0,)K, (z(, 0,) — 2(2,0,)) — 4, (-, 0.)],

* * N 1 - * A *
=1
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and
- lig;(zl77n +__ZG*,77 /3/:;1 ﬁ/nﬁs/;kz,z_ﬁ/n]
n <

If Condition (AN) holds, then so does Condition (AN*) if

LS i) — bl =0

n 4 nAT

=1

and if

VG i mnal) = 0p(n®), VG, 67167, 0]) = 0p(n),

Yy

E*(B,) =8, + Op(n_1/2)'

These conditions can usually be verified using straightforward, but possibly tedious,
moment calculations for U-statistics.

In our examples it turns out that the conditions of Theorem 7 can be verified
under the same bandwidth conditions as those used when verifying the conditions of
Theorem 2. As a consequence, assuming for specificity that the bandwidth is of the
form h,, = Cn~Y/" (where C' > 0 and 7 > 0 are user-chosen constants) the examples
allow us to draw the following conclusions regarding the “robustness” of inference pro-
cedures with respect to bandwidth choice. Asymptotic validity of (the Ibragimov and
Miiller (2010) procedure, “Efron” confidence intervals, and) standard confidence in-
tervals motivated by the distributional approximation v/7(6, —6o)~N (0, £,) requires

€ (2d,2P), while asymptotic validity of subsampling-based confidence intervals re-

quires 7 € [2d,2P). On the other hand, there is an example-specific constant 7, < 2d
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such that the bootstrap-based percentile confidence intervals are asymptotically valid
whenever 7 € (7,,2P). The constant 7, equals d in Example 1 and it follows from the
results presented above that 7, is no greater than %aH— 1 and %d in Examples 2 and 3,
respectively.!? In other words, the range of n-values for which bootstrap-based infer-
ence procedures enjoy asymptotic validity is wider than the range for which its main
rivals are valid. As a result, there is a formal sense in which bootstrap-based inference

procedures are more “robust” with respect to bandwidth choice than their main rivals.

Remarks. (i) We deliberately study only the simplest version of the bootstrap.
As in Hahn (1996) doing so is sufficient when the goal is to establish first-order as-
ymptotic validity, but we conjecture that results analogous to Theorem 2 can be
obtained for various modifications of the simple nonparametric bootstrap, including
those proposed by Brown and Newey (2002) and Hall and Horowitz (1996) to handle
overidentified models.

(ii) Similarly, to highlight the fact that asymptotic pivotality plays no role in our
theory we use the bootstrap to approximate the distribution of \/ﬁ(@n — 6o) rather
than a studentized version thereof.

(iii) The condition n* Y7 | [|vk(2) — 1, (2)||* —p O implies in particular that
if (9) holds, then Q, = n~! Yo U (z)n(z:) —p Bl(2)Y(2)] = Q. Although the
estimator €, emerges here as a by-product of our analysis of the bootstrap it may
be of interest to note that it can be interpreted as a variant of the “delta-method”
variance estimator of Newey (1994b).

(iv) A small simulation study based on Example 3 produced results (not reported

here) consistent with one of the main predictions of the theory developed in this paper,

10The results of Cattaneo, Crump, and Jansson (2014) suggest that 1, = d cannot be improved
in Example 1. In contrast, for Examples 2 and 3 we conjecture that even smaller values of 7, can

be obtained with some additional effort.
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namely that in samples of moderate size the coverage probabilities of CI} (i.e., the
“Efron” interval) and CIp,, (i.e., the “percentile” interval) can differ substantially

and that when this occurs

Pl € CI},] < Ploy € CL,] < Ploy € CT,),

where in most cases P[0y € Cl,,| ~ 0.95.

6. CONCLUSION

This paper has developed “small bandwidth” asymptotic results for a class of two-step
semiparametric estimators previously studied by Newey and McFadden (1994) and
others. The first main result, Theorem 2, differs from those obtained in earlier work
on semiparametric two-step estimators by accommodating a non-negligible bias and a
noteworthy feature of the assumptions of Theorem 2 is that reliance on a commonly
employed stochastic equicontinuity condition is avoided. The second main result,
Theorem 7, shows that the bootstrap provides an automatic method of correcting for
the bias even when it is non-negligible.

The findings of this paper are pointwise in two distinct respects. First, the dis-
tribution of observables is held fixed when developing large sample theory. Second,
the results are obtained for a fixed bandwidth sequence. It would be of interest to
develop uniform versions of Theorems 2 and 7 (along the lines of Romano and Shaikh
(2012) and Einmahl and Mason (2005), respectively).

Although the size of the class of estimators covered by our results is nontrivial
it would be of interest to explore whether conclusions analogous to ours can be ob-
tained for semiparametric two-step estimators whose first step involves other types of
nonparametric estimators (e.g., local polynomial or sieve estimators of M-regression

functions, possibly after model selection as in Belloni, Chernozhukov, Ferndndez-Val,
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and Hansen (2013)). In this paper we focus on kernel-based estimators because of
their analytical tractability, but we conjecture that our results (and the methods by
which they are obtained) can be extended to cover other nonparametric first-step

estimators. In future work we intend to attempt to substantiate this conjecture.
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7. APPENDIX I: ADDITIONAL RESULTS
7.1. Orthogonality. In the case where the nonparametric estimator 4,, satisfies
Y=o = 0p(n~Y*), sufficient conditions for the “orthogonality” condition (7) to hold
have been given by Newey (1994a), among others. For completeness, this subsection
discusses conditions for (7) to hold also in the case where only 4, — v, = 0,(n /) is
assumed. In this case gy will typically admit linear and bilinear functionals gg(2)[-]

and go-(2)[-, -] such that the first part of Condition (SE) holds with
_ 1
Go(2,7) = 90(2,70) + G0 (2)[Y = Yol + 5907 ()7 = 70,7 = 70l-
Under mild additional moment conditions, (7) then holds if
Ego(2)[] =0 (12)
and if

Ego(2)[, ] = 0. (13)

Both (12) and (13) are usually straightforward to verify (when they hold). For
instance, verifying the conditions is easy when ¢(z,0,v) = A(z(z),0,v)m(z, 8), where
m(z,0) is a residual satisfying E[m(z,0)|z(z)] = 0 and A(z(2),6,~) is a matrix of
(optimal) instruments depending on § and v (e.g., Newey (1990)).

The condition (12) is similar to Newey (1994a, Proposition 3). Under this con-
dition, the “correction term” of Newey (1994a) is zero and (12) therefore implies
that the presence of the nonparametric estimator has no impact on the asymptotic
variance of 6,,. Unlike (12), (13) has no counterpart in Newey (1994a), but is needed

when the condition 4,, — v, = 0,(n"1/%) is relaxed. The condition (13) implies that
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B, in (4) can be set equal to zero even under “small bandwidth” asymptotics. As a
consequence, (13) can be thought of as giving a condition under which the presence
of the nonparametric estimator has no impact on the asymptotic bias of 0,.

It is easy to give examples where (12) holds, but (13) and (7) do not. As a
consequence, having a “correction term” equal to zero is only a necessary condition
for (7) to hold when 4,, — v, # 0,(n*/*). In particular, also estimators having the
“small bias property” discussed by Newey, Hsieh, and Robins (2004) can suffer from
the bias problems highlighted in this paper.

7.2. Remarks on Lemma 3. The assumptions of Lemma 3 are comparable to
those of Pakes and Pollard (1989, Theorem 3.3). As in Pakes and Pollard (1989,
Theorem 3.3), one of the conditions of Lemma 3 is a consistency condition on 0,,. That
condition can usually be verified by adapting Pakes and Pollard (1989, Corollary 3.2)
to our setup. The condition ||4,, — v, |lr = 0,(n"1/®) has no counterpart in Pakes and
Pollard (1989, Theorem 3.3), but is satisfied in the cases of primary interest in this
paper and is therefore included as an assumption in Lemma 3. Our conditions (i)
and (v) correspond exactly to the analogous conditions in Pakes and Pollard (1989,
Theorem 3.3).!

Condition (iv) of Lemma 3 is weaker than its counterpart in Pakes and Pollard
(1989, Theorem 3.3), a weakening necessitated by the fact that in the cases of main
interest in this paper only an assumption of the form G, (6,%,) = 0,(n"'/?) can
be justified. To compensate for this weakening, conditions (ii) and (iii) of Lemma
3 are somewhat stronger than the natural counterparts of conditions (ii) and (iii) of

Pakes and Pollard (1989, Theorem 3.3). For instance, while the natural counterpart

As in Pakes and Pollard (1989, pp. 1044-1046), it is possible to relax the assumption that the
matrix W in (i) is nonrandom. To be specific, the conclusion of Lemma 3 remains unaffected if W

is replaced with an estimator W,, satisfying W, =W + op(n_l/ 5).
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of condition (ii) of Pakes and Pollard (1989, Theorem 3.3) imposes only a full rank
condition on G4W Gy our condition (ii) also includes additional (mild) smoothness
requirements on G.

Translated into our notation, the natural counterpart of condition (iii) of Pakes

and Pollard (1989, Theorem 3.3) is intended to ensure that

Hén(éna fAVn) - G<én7 70) - én(e(b lﬁ/n) + G(HOJ 70)” = Op(nilﬂ)'

Under our condition (ii), the & = 0 version of our condition (iii) achieves the same
goal when 6, — 6y = 0,(n"/3) and ||5,, — Yollr = 0,(n"'/%). The @ = 1/3 version of
condition (iii) has no obvious counterpart in Pakes and Pollard (1989, Theorem 3.3),
but can be interpreted as a weakened version of a condition similar to (13) of Cheng
and Huang (2010, Condition S1). This condition is used here to handle situations
where G,,(0,,%,) # 0,(n"/2), as typically happens when 6, € R is “overidentified”
in the sense the dimension of g exceeds k.

When 6,, — 6y = 0,(n*/3) and ||%,, — 7ollr = 0,(n"/%), a seemingly more elegant
way of arriving at the displayed result would be to set T',, = I'(n~'/6) and assume the

following variant of Chen et al. (2003)’s Condition (2.5') : '2

(SE’) for every positive §,, = o(n='/3),

N N

sup  ||Gn(6,7) — G(6,7) — Gn(Bo,70) + G(00,70)|| = 0p(n~/?).

0€O(6y),yel,

2By assumption, G(6p,7,) = 0. The purpose of retaining G(6g,,) in the formulation of Condition
(SE’) is to facilitate comparison with condition (iii) of Lemma 3. We use the label (SE’) in recognition
of the fact that the condition is stronger than Condition (SE) whenever 4,, € T',, (with probability

approaching one).
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An implication of the discussion in Section 4.2 is that Condition (SE’) is violated in the
examples of interest in this paper. In contrast, because the stochastic equicontinuity
condition (iii) of Lemma 3 employs a formulation in which the second argument of
each function inside the || - || is the same, the condition often reduces to a condition
concerning the fluctuations of a process indexed by the finite-dimensional parameter
0, suggesting that it might be verifiable under weaker conditions than Condition (SE’),
which concerns the fluctuations of a process which depends on the infinite-dimensional
parameter vy as well. Indeed, condition (iii) of Lemma 3 is automatically satisfied
(with the 0,(n"1/27%/2) term equal to zero) in Examples 1-3.1* More generally, the
condition can often be verified by setting s > 1/2 and T',, = ['(n~'/%) and verifying

the condition of the following lemma.
Lemma 8. Suppose that

Enﬂwm&od*% supgen B[F,(2;6,0)%] < o
for some neighborhood R of 6, and some s > 0, where

Fn<29570) = sup ||g(2,6/,’7(,0/))—9(2,9,’7(,0)”

16" =6l <d,7ETx

Then, for every a > 0 and for every positive d,, = o(n™%),

sup (| G(0,7) = G(0,7) = GulBo, ) + G080, V)| = 0p(n'/27)  (14)

0€O(6y),yel,

and

sup || G(8,7) = G(8,7) — G (60,7) + G0, )l = 0, (n™ /7). (15)

069(671)7761—‘11

13Because Condition (AL) itself is automatically satisfied in Examples 1-3 there is no need to
verify it using Lemma 3. Nevertheless, given the failure of Condition (SE’) in these examples it

seems comforting that condition (iii) of Lemma 3 is satisfied in the examples.
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Like Chen et al. (2003, Theorem 3), Lemma 8 is in the spirit of Andrews (1994b,
Section 5). The lemma is obtained by bounding the £? bracketing numbers of the

classes
Fn = {g("ea’Y('ve)) - g('700a7('790)) NS @(571)7’7 € Fn}

These bracketing numbers are often considerably smaller in magnitude than the brack-
eting numbers of classes such as {g(-,8,7(-,0)) : 0 € ©(J,,),v € I',,}, the latter being
the classes of interest when verifying Condition (SE’).

In Lemma 8, (15) is a natural bootstrap counterpart of (14). It is stated in

anticipation of condition (iii*) of the following bootstrap analog of Lemma 3.

Lemma 9. Suppose that 9; —0, = 0,(1), |5 = A,llr = 0,(n~Y/5), that the assump-
tions of Lemma 3 are satisfied, and that:

(i) G (0, A0) W G0, 475) < infoeo G (0,47) WEL(0,475) + 0p(n™1);

n

(iii*) for o € {0,1/3} and for every positive 0,, = o(n~?),

S |G (0,4%) — G(0,4%) — G2 (00,47) + G(00,42) || = 0p(n~Y/22/2);
€ n

(iv¥) G5, (0. 30) = 0p(n~1%).
Then Condition (AL*) holds.

In perfect analogy with Lemma 3, an inspection of the proof of Lemma 9 shows
that the o = 1/3 version of condition (iii*) is redundant when condition (i*) is

strengthened to G’;(@Z, 4%) = 0,(n~%/?), as is usually possible in the “just identified”

case where )y and g are of the same dimension.
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7.3. Uniform Convergence Rates. Various results on uniform convergence rates
for kernel estimators are used to verify the conditions of Theorems 2 and 7 in Exam-
ples 2 and 3. The results utilized are all special cases of Lemma 10 below.

Suppose that for every n, Z;,, = (W;,,X!) (i = 1,...,n) are i.i.d. copies of
Zy = (Wp, X'), where X € R? is continuous with bounded density fy (-). The kernel

estimators we consider are of the form
1 & 1 x
= E;I/annn(x—Xj), K (2) = F/{ <h_n> ,

and

R 1 n .
Ui(7) = — Z# Winkin(z = X;)  (i=1,...,n),

where h, = o(1) is a bandwidth and x : R? — R is a bounded and integrable
kernel-like function.
Bootstrap analogs of these estimators are also of interest. Letting {Z7,,,...,Z;,}

be a random sample with replacement from {7y, ..., Z,,}, define
- E 3 Winde - )

and

‘IJ*

Z Wikn(z —X3)  (i=1,...,n).

T n-—1
J=1,j#i

Defining ¥, (z) = EW,, () the objective is to give conditions (on &, p,,, and the
distribution of Z,,) under which
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maxi<i<n [Wn(X;) — U (X3)] = O,(p,), (16)
maxy<icn (Wi (Xi) — Ua(Xo)] = Oy(p,), (17)
maxi<jn |5 (X;) — U (X5)] = Op(py), (18)
maxi<i jn | U (X;) — Ua(X))] = Op(p,,). (19)

To give a succinct statement, let Gam/(-) be the Gamma function and for s > 0, let

C (s) = sup, [B(|Wa ") + sup,cra B(Wa[*[X = 2) fx (2)].

Lemma 10. (a) If C(S) < oo for some S > 2 and if n'~*/5he/logn — oo, then
(16) — (19) hold with p,, = max(v/Togn/+/nhd, logn/(n'~*/5hd)).

(b) If C(s) < Gam(s)H*® for some H < oo and every s and if lim
then (16) — (19) hold with p, = \/logn/\/nhd.

(c) If C(s) < H® for some H < oo and every s and if lim

(16) — (19) hold with p,, = v/logn/\/nhd.

nhl/(logn)® > 0,

n—00

nhd/logn > 0, then

The condition C(s) < H*® (for some H < oo and every s) is satisfied when W, is
bounded (uniformly in n), so part (c) can be used to analyze f, and its derivative
and we use this part in all of the examples. Part (b) covers certain distributions with
full support (e.g., sub-Gaussian distributions), but is not used in our examples. On
the other hand, the S = 4 version of part (a) is used to verify Condition (AN*) in

Example 2.
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8. APPENDIX II: PROOFS

8.1. Proof of Lemma 1. The proof is elementary:

Jild, —60) = jﬁgmz@-,m o,(1)

- I Zzn;[go(zi, 10) + 5oz ) — Bo(z0 10)] + 0p(1)

- J% > stz 10)+ Gil3) = Gt +an(1)
~ N(0,TQ2T",

where the first equality uses Condition (AL), the second and third equalities use
Condition (SE), and the last line uses Condition (ANp).

8.2. Proof of Theorem 2. The proof is elementary:

Vil = 0= T5,) = T—= > lanls300) = Bul +0u()
= ‘7% g[gn(?«’i, ’Yn) + Qn(zi, 'AYn,i) - gn(zia ’Yn) - 5n] + Op(l)

_ \7% ;[gm 1) + Gon(ns) — Gu(1) — Bl + 0,(1)
- N(0,T0,

where the first equality uses Condition (AL), the second and third equalities use
Condition (AS), and the last line uses Condition (AN).

8.3. Proofof Lemma 3. Let G, = G(6y,%,) and define 7, = —(G. WG,)"'G", W.
Using |9, = Yollr = 0,(n™"/%), (ii), and (iv),
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(jn - j)én(e()v’?n) = Op(n_l/2)'

It therefore suffices to show that 6, — 8y — J,G(00,%,,) = 0p(n=1?).
To do so, let L, (0) = G W|[Gn(00,4,,) + Gn(0 — 6;)]. Because

and because G WG, —, GiW Gy > 0, it suffices to show that L, (0,) = 0,(n71/?%).
Using 6, — 0o = 0,(1), |15, — Yollr = 0p(n~1/%), and (ii)-(iii) (with a = 0),

1G B 3) = G0 4) — GO0, 4,) + GO0, 4| = 0, (n~)

and

As a consequence, by the triangle inequality and using |G’ W|| = O(1),

IZ@D < NGNGB — 60) — G(BaAa) + G803
GG B 4 = Con(Bns A1) — G0, 5) + Con(00, 4, |
HGLW G0, 7|
= |10, — 00]]20,(1) + |G W G (01,4, || + 0p(n 1),

so it suffices to show that 6, — 0y = 0,(n"'/3) and that G/, WG, (0,,4,) = 0,(n"1/2).
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Proof of 0, — 6y = o0,(n~'/3). Condition (ii) implies the existence of a positive
constant C' for which || — 6| < C|G (8, 7,) || near 6y. Because 6,, — 6y = 0,(1), it
therefore suffices to show that ||G(6,, 7o)l = |0 — bol|op(1) + 0p(n~1/3).

Using (i) and (iv)-(v), we have

A

Gn(én’ ,?n)/WGAv”<9n7 ’?n) S Gn(007 &n),WGAn(Q[b ’?n) + Op(n_l) - Op(n_2/3)7

implying in particular that G,(0,,%,) = 0,(n~1/3). Also, using b, — 0, = 0,(1),
19, = Yollr = 0,(n~1/9), and (ii)-(iii) (with a = 0),

1G By 4) — GOy 4) — G (00, ) + G0, 4,) || = 0p(n~ 1)

and (with probability approaching one)

1G (B, 70) = GO A1) + G080, 3)|l < 118 = bollop (1)

Using these rates, the triangle inequality, and (iv),

IG(On 7o)l < GO, 70) — G, H,) + G (00,4,
+1G By 3) | + G (B0, 4,) |

= 18— bollop(1) + 0p(n~"?).

Proof of G'WG,(0,,%,) = 0,(n"'/2). Because G',WG, —, GyWG, > 0, it

suffices to show that
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Gn(éna 'AVn),WGn(G;zWGH_lG;zWGn(ém V) = 0p<n_1)'

To do so, let 0, = 6, + J,Gn(0n,4,), which satisfies 6, — 0, = 0,(n~1/3) because
0, — 0y = 0,(n"1/3) and G0, 4,) = 0,(n1/3).
By (ii) and (iii) (with a = 1/3), we therefore have

~ ~ . ~ A

Rn - én(ena ﬁn) - Gn(é’m /S/n) - Gn<0n - en) - Op(n_2/3)-

As a consequence, using (i) and (v), with probability approaching one

~ N A ~ A ~

G0, 4) WG (0n,5,) < G0, 5,) WG (0, 4,) + 0p(n ")
= Gu(0,.%,)WGp(0n,5,)
G (00, 3,) WG (G W ) G W G (0,0,9,,)
+2R W — WG, (G WG, G WG (0,,4,)
+R,2WR, +o0,(n7 1),

which rearranges as

< 2R\ W — WG, (G WG G WG (00,4,) + RLW R, + 0,(n )

= op(n7).

8.4. Proof of Lemma 4. When g, is defined as in the lemma, we have:
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n

% Z[m, G0~ Gl — (i 3) + G,

— Z Z gnw Zz '%TL] GH,V[Knyj])

i=1 j= lj;éz
Jr(n — 1 § : § : Gy (20) [Fings g — GriyylBin,g, Fingl)
=1 j= 1]751

n—l Z Z Z (9ny (20)[Fon g Fim ] = Gy [Fin g Fn]),

=1 j=1,j7#1 k=1,k¢{i,j}

where G, -] = Eg,,~(2)[-] and G}, ,,[-] = Egn ,(2)[:]. By construction,

1 < _
B(—= D _[9n(2i;¥n.0) = Gn(Yni) = n(2i,70) + Gu(7,)]) = 0.
7 (e , |
The result therefore follows from Chebychev’s inequality because

w% > 13z 30) = G5 = 3z 7) + o)
= 0 OV (g (1) [Fna))
+n2O(V[E(gny (21) [Bn2s B2l 21)]) + 2 O(V( gy (21) [Fins2, Fin2]))

12OV (g (20 s )

= o),

where the first equality uses Hoeffding’s theorem for U-statistics.

8.5. Proof of Lemma 5. Because maxi<j<y ||9,,(+,00) =7 (*, 00)|lro = 0,(n"*/%),

we have (with probability approaching one)
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1 n

IN

1 < . o
ﬁ Z 19 (i, %,i) — gn(2i, %,i)“
=1

IN

1 ¢ ) ;
7 2 I o) = Ol

) 1
(n1/6 maxi<;<n HVn,z(’ 60) - P)/n(a (90)”1‘0)35 Z b<zl)

i=1
= Op(l)a

IN

where the last equality uses E|b(2)| = Eb(z) < oc.

8.6. Proof of Lemma 6. If (9) holds and if V(B,) = o(n™!), then Condition
(AN) holds with © = E[(2)y(z)] and 3, = EB, + o(n"'/?) because

% S "l (26 12) + G (51) = G 7) = B,
_ % > () + VB, ~BB,) + Va(BB, - 5,)
1 n

= 2D U)oy (1)~ N(O.9)

Now,
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%ZGHWWH%J — Yor Vi — Yol = 2 Z Z Groylin,s in gl

=1 1= 1] 1]7&1

n—l Z Z Z Gy Fin gy in i)

i=1 j=1,j7#i k=1,k¢{i,5}

n—1

= n—l E Gn'y'y'%nu/inz]
E E Gn’y’y/{'nu/{n]

1=1 j=1,j#i

so it follows from Hoeffding’s theorem for U-statistics that

V(B,) = n_3O(V(Gn777[Rn,1v Knal)) + ”_QO(V(Gn,W[’{n,lv Kn2])),

implying in particular that V(B,) = o(n™!) if (10) holds.

8.7. Proof of Theorem 7. It suffices to show that (11) holds with B, = J0,,
and ¥ = JQJ'. The proof of that result is elementary:

Ak ~

V@ — b, — 78,) = 5% DCERPRAREAY
=$ﬁ§ﬁﬂ&%ﬁ¢@wm—ﬁwwuﬂM+%n

_QFZ%Zmﬁﬂwm G(3) = Bul + 0p(1)

~p N0, TQT),

where the first equality uses Condition (AL*), the second and third equalities use
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Condition (AS*), and the last line uses Condition (AN*).

8.8. Proof of Lemma 8. Let oo > 0 be given and let 6,, = o(n™®) be positive.
Studying one component at a time, if necessary, we may assume without loss of
generality that g(-) is scalar.
Suppose EB[F,,(2)?] = O(1), where F,(2) = supscz, | f(2)|. By van der Vaart (1998,
Lemma 19.35),

E| sup  [|Gu(0,7) — G(0,7) — Gu(B0,7) + G(00,7)||| = Oln 2 J;1(Fn)],

0€0(6,),v€l

where, with Njj(e, F,,) denoting the minimum number of e-brackets in £* needed to
cover Fy, Ji|(Fn) = [V Bl (2)7] V/1og N| (g, F,)de. To show (14) it therefore suffices
to show that E[F,(2)?] = O(1) and that J;j(F,) = o(n™*%). To do so, it suffices to
show that E[F,(2)%] = o(n~%%) and that, for some K > 0, some r > 0, and for all n

large enough,

log N{(e, Frn) < max(K — rlog[ed,,*],0).

By assumption,
E[F,(2)%] = E[F.(2; 00, 00)%] < supgey B[F,(2;0,,0)%] = O(62) = o(n™ ).
Also, if M > lim,,_,,lims 00> supgey B[F, (25 6,0)?], then

sup E[F,(z;0,0)%] < M§*
0€0(6n)
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for all (n,d) with n large enough and § small enough. Given such a pair (n,0), let
{0; - j =1,...,N,(5)} be a d-cover for O(5,). The cover may be assumed to be

chosen in such way that, for some constant C,

N,(0) < max

Then an € = V4M§6*-bracketing for F,, is given by
{[gA('> 0]) - Fn(’ 57 ej)ng(" 0]) + Fn(’ 57 0])} : j = 17 sy Nn(é)}a

where gA('> 9]) = g('a 9]'7,70('7 9])) - g('a 90770('7 90)) As a consequence,

81/5

log Niq(e, Fp) <logN,, | ———=
g Niy(e, Fn) < log ((4]\/[)1/23

) < max(log[C (4M)k/2s] - glog[aérjs], 0),

as was to be shown.
Finally, using n=!'>"1" | F,(2;)* = O,(E[F},(2)?]) and proceeding as in the proof of
(14) it can be shown that

sup  [|GE(0,7) — Gu(8,7) — G (00,7) + Grn(Bo, )| = 0p(n~1/270%),
0c0(3,)7€T

a result which is equivalent to (15) when (14) holds.

8.9. Proof of Lemma 9. The proof is analogous to that of Lemma 3. Let
G, = G(00,7;) and define J;7 = —(GI'WG;) 7 G/W. Using |14, — %olle = 0p(n~1/°),
(ii), and (iv*),
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(T = )G (00, 43) = 0p(n712).

It therefore suffices to show that 6., — TG (00, 57) = 0,(n712).
To do so, let L¥(0) = G¥WI[G%(6,, vn) + G (0 — 0,)]. Because

Li(0,) = GIW G [, = 0 = TG0, 7))
and because GW G —, GiW Gy > 0, it suffices to show that L (6, ) = o,(n/2).
Using 8, — o = (1), B — B = 0p(n=), I35, ~ 7allr = o, (n=7), (i), and (ii*)
(with a = 0),
1G(B,,47) = Gr(0,,47) = G0, 43) + G (B, 43I = 0p(n'7?)

and

A

G0 — 8,) — GO, 4%) + G0, 45 = 1105 — 00]20,(1) + 0,(n"172).

As a consequence, by the triangle inequality and using ||G¥W| = 0,(1),

ILL O < G WIG B, — 02) — G0, 43) + G0, 4)
HICEWING (0, 45) — Ga(Br.45) — GOn,45) + GO 40
HICG WG (0,47l
= |16, = 00l20,(1) + |G W G0, 42 + 0p(n~1/2),
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so it suffices to show that 8, — 8y = 0,(n~Y/3) and that G¥WG* (0, ,4%) = 0,(n"1/2).
Proof of 0, — 8y = 0,(n~1/3). Condition (ii) implies the existence of a positive
constant C' for which [|6 — 6o|| < C7Y|G (6,7,) || near 6. Because 6, — 6y = 0p(1), it
therefore suffices to show that [|G(.,,v,)|| = |16, — 0ol|0p(1) + 0,(n~Y/3).
Using (i*), (iv*), and 6,, € © (with probability approaching one), we have (with
probability approaching one)

~

G* (6n7 fyn) WG* (env f)/n) G;(ena f)/n) WG* (9717 /3/:;) + 0p<n71) = OP(TL72/3),

implying in particular that G7(6.,4%) = o,(n~/3). Also, using 6, — 6y = 0,(1),
B — B = 0y(n=17%), 143 — alle = op(n9), (i), and (ii¥) (with o = 0),

|G (0, 43) = G0, 47) = G(0n, 43) + G0, 33| = 0p(n™2)
and (with probability approaching one)

1G(B1:70) = G0, 42) + GOy A2l < 116, = ooy (1) + 0, (n71%).

Using these rates, the triangle inequality, and (iv*),

1G @ v0) < G, 70) — G(0,,4%) + G(B, 45) |
+||G< n,m G wm;;) G0, 75) + G2 (0, 42) |

= H9n — bollop(1) + 0p(n1?).
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Proof of GZWGE(0,,4%) = o0,(n"Y2). Because G¥WG —, GAWGy > 0, it

n? ’Vl

suffices to show that

G0, 3 WG (GIW )T GIW G (0,,37) = 0y (n 7).
To do so, let 6., = 6, + J*G*(6.,4"), which satisfies 8, — 8y = 0,(n"'/3) because
0, = 00 = 0p(n™"/%) and G(6,.,97) = 0p(n~17%)
By (ii) and (iii*) (with a = 1/3), we therefore have

n? n

Ry = G (0,,4%) — Gu(0,,4%) — Ga(0,, — 0,) = 0,(n™2/?).

As a consequence, using (i) and (v), with probability approaching one

G0 AR WG (0,,45) < G0, 42) WE(0,,43) + 0p(n )
= G0, 42)WG(0,,47)
G0 A WG (GIWEE) T GIW G (0, 47%)
F2RYW — WG (GYW G GEWGE (0., 4%)
+RYWR + o,(n1),

which rearranges as

G (Hn, AW G (GIW GG W G (Qn, )

< 2RY[W — WG (GIWG) T GIWGL(0,,47) + RyW Ry, + 0,(n™)

= Op(nil)-
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8.10. Proof of Lemma 10. Fori=1,...,n, we have
. . 0)

\Ijn X’L = (1- ! \I}nz X’L ﬁwz
(X0) = (1 =04 (X) + 2

and therefore

maXj<i<n |\iln(Xz) - ‘I’n(Xz‘)| < maXj<i<n |\i[nz(Xz) - ‘I’n(Xz)| + Ry,

where

1 CK/ CI{
R, = o SUPycrd W ()] + n_hﬁ maxj<i<n |Win| = n_hﬁi maxj<i<n [Winl + O(p,,)

because n~ ! sup,cpa |V, (2)] < n71C(1) [,

pa [E()|dt = O(n™') = O(p,). By Cheby-

chev’s inequality,

nC(S,
Plmaxi<ij<p |[Win| > M7, < nP[|W,| > MTt,] < MS(nTsi

for every M and every (S, 7,,). Therefore, max;<;<, |Wi,| = O,(7,,) if the lim,, ., of
the majorant can be made arbitrarily small by choosing S,, appropriately and making
M large.

In case (a), setting (S,,7,) = (S,n'/¥) we have 7,,/(nh?) = O(p,) and

nC(S,) C(S)

MSnrSn MS’

whose lim,,_,, can be made arbitrarily small by making M large.
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In case (b), setting (S,, 7,) = (logn,logn) we have 7,,/(nhl) = O(p,) and

nC(S,) nC(logn) nl(log n) Hs™ H\"&"
= < () o/
MSnTgn Mlogn(logn)logn — Mlogn(logn)logn M ( / Ogn)’

where the second equality uses Stirling’s formula and the lim,_,., of the majorant
can be made arbitrarily small by making M large.

In case (c), setting (S,,7,) = (logn, 1) we have 7,,/(nh?) = O(p,) and

nCw(S,) _ nCwllogn) _ (H logn
MSerSe — Apeen = "\df)

where the lim,,_,. of the majorant can be made arbitrarily small by making M large.
In all cases, R, = O,(p,) because 7,,/(nhd) = O(p,). The proof of (16) can
therefore be completed by showing that (17) holds.
Proof of (17). With (S,,, 7,) as before, let

n—l Z WT whin (T — Xj), W;;L:M/janan’ < Cr7al,

J=1,j#i

n,i

where C is a constant to be chosen. We have

IP’[\ilm() + \iJTT”() for some i| < Plmaxi<i<, |Win| > Cr74],

whose Tim,, . P[¥,,;(-) # \ilgz() for some i| can be made arbitrarily small by making

C. large. Also,

Max; <j<n SUPyepd [B[W,i(2) — U7 ;(2)]] = O(n~?) = O(p,)
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because

—[E[lni(z) — U7 (@) = %IE[Wnl(IWn! > Crrn)hin (2 — X]|

nC(Sy)
e a——— t)|dt
e, [ wjae

IA

whose lim,,_,, can be made arbitrarily small by making C. large. To show the desired

result it therefore suffices to show that

max; <<, W7, ;(X;) — UL(X;)| = Oy(p,)

for every C,, where U7 (z) = BUT () = ]E\ilfm(:v)
For any M,

P |max; <<, U] ,(X;) — V(X)) > Mp,| < nmaxicic, PV, (X,) — UL(X;)| > Mp,]

< nmaxi<icn SUP,epa PV ,(x) — W (z)| > Mp,],

where the last inequality uses the fact that X; is independent of \if:”

Because

(Whiin(r = Xj) = (@) = O(hy"r0), VW] kn(z — X))] = O(h%),

it follows from Bernstein’s inequality that
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M?np}hy
O(1+ Mp,1,)

nmax; <i<y P, era P[[U],;(v) — U ()| > Mp,] < 2nexp |-

To complete the proof of (17) it therefore suffices to show that

1 M?np’hd
lognl+ Mp,, 7

lim,, o0

can be made arbitrarily large by making M large.

In case (a), the desired result follows from the proof of Cattaneo et al. (2013,
Lemma B-1).

In case (b),

n

lognl+ Mp,7, 1+ MC,p,logn’

1 M?np2hd B M?

whose lim,_., can be made arbitrarily large (by making M large) if p,logn =

/(logn)3/(nh) is bounded.

In case (c),

1 MPnp2ht M?
lognl+ Mp,7, 1+MC,p,’

whose lim,,_,, can be made arbitrarily large (by making M large) if p, is bounded.

Proof of (18). For any M,

Plmaxi<icn [V5(X;) — U, (X3)| > Mp,] = BP*[maxi<i<, [V5(X5) — U,.(X3)| > M,
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and

P* [max; <i<p |95, (X:) — Wa(X0)| > Mp,] < nsup,epa P18 () — Uy ()] > Mp,).

Because
(Wiatin(@ = X7) = Un(2)| = Op(hy"70),  VIWjka(e = X7)] = Op(hy"),
it follows from Bernstein’s inequality that

M?nplhs
Op(l + MpnTn)

P[0}, (x) = Up(2)] > Mp,] < 2exp | -

Validity of (18) follows from this bound and the fact that

1 M?3np*hd
lognl+ Mp,

lim,,

can be made arbitrarily large by making M large.
Proof of (19). Because

n 7

\i[:;z(x) =(1- n_l)_l\i’* () = (n — 1)_1Wz‘2’fn($ - X7),

we have the bound

(1—n"") max [U},(X;) — W, (X))] < max [¥5(X;) — U (X))] + Ry,

1<i,j<n T 1<5<n
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where
. 1 A C,
B =5 e (X + T3 e Wl

68

1 A 1 Cm
< — max |V, (X;) — V. (X;)| + - sup |V, (z)| + —= max |Wi,| = O,(p,,)-

nhd 1<i<n

n 1<i<n ceRd

In particular, (19) holds because (18) holds.
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9. APPENDIX III: DETAILS FOR THE EXAMPLES
The purpose of this section is to give explicit regularity conditions and to provide

details on the derivations of the results for Examples 1-3.

9.1. Example 1. To obtain primitive bandwidth conditions for the conditions of

Theorems 2 and 7, suppose that for some P > d/2,

e fyis P times differentiable, and fy and its first P derivatives are bounded and

continuous.
e K is even and bounded with [i, |K(u)| (1 + [Ju]”)du < oo and

1, iflh=--=1;=0,

/ ult -l K (u)du = .
R4 0, if(ll,...,ld)IEZiandl1+""-|—ld<P

Conditions (AL) and (AL*) hold with J = I;, and without any o, (1) terms.
Condition (AS). Because

In(, f) = gl fu) + gn,f(x)[f — ful, gn,f(x)['%] =(1- nil)’i(x)a

Condition (AS) holds with g, = g, if V(gy, ;(21)[kn,2]) = o(n). A sufficient condition

for this occur is that nh¢ — oo, because then
V(gn(21)[inp]) = (1 =07 ) VIKn (21 — 22) = fula1)] = O(1/h7) = o(n).

Condition (SE). If nh?" — 0 and if nh? — oo, then, using Condition (AS),
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% Z[fn(m — fa(@i) — fol@:) + 0o

= % Z[n—llCn(O) +(1— n—l)fnz(xz) — fu(m:) = folz;) + 6]

l\)

IR 1 ) ) — () — fo( 0
= \/_n—i-ﬁZ[(l—n )(2fa(:) = 0n) — frulzi) — fox:) + 0] + 0p(1)

- Tt T me — o) = VB~ 00) + 1) = Tt 0,1),

where the last equality uses E(| f,(z)— fo(z)[?) = o(1) and 8,,—0y = O(hL) = o(n=1/?).
As a consequence, Condition (SE) requires nh?¢ — oc.

Condition (AN). We have:
- Zm o+ Culfus) = Gulgl = 7 Z () + B,
where
5@ =20 -0 0= [

and B, = 0" — 0. If h,, — 0, then 9, (x) — 9 (z) for every x and it follows from the
dominated convergence theorem that (9) is satisfied. Also, (10) is satisfied because
B, = K(0)/(nh?)+ O(ht +n~!) is nonrandom. Condition (AN) is therefore satisfied
(with © = 4V[fo(x)]) if h, — 0 and, in fact, we can take 3, = K(0)/(nhd) when
nh*’ — 0.

Condition (AS*). Because

g, ) = gn(@ fo) + G g @I = ful. ghs@)s] = (1= n""r(),
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Condition (AS*) holds with g; = gy, if V*(g; _ (27)[#},2]) = 0p(n). A sufficient condi-

tion for this to occur is that nh? — oo, because then

EV* (g5 (21)[K5,]) = (L= n7')PBVI[K, (2] — 23) — fu(2])] = O(1/h3) = o(n).

Condition (AN*). We have:
1 - * * p A% [ [k *
=1 i=1

where, defining f(z) = n 1, (0) + (1 — n~ 1) fu(x),
i@ =20f @) =8, 0=

Suppose h, — 0 and nh? — oo. Then B: = n'K,(0) — n 10, = B, + op(n"/?)
because 6,, = O,(1). Because 0, — 6, —, 0, n=" S0 |47 (x;) — 9, (2;)|* —, 0 also
holds provided

_Z|fn xz fn ajl)‘ —p 0.

A sufficient condition for this to occur is that max; | f,(z;) — fu(z:)| = 0, (1), which
in turn will hold if nh?/logn — oo. Sufficiency of the slightly weaker condition
nh? — oo can be demonstrated by using a direct calculation to show that if nh? — oo,

then

Zm 7~ fulw)P) = O(—7) = 0.

n



BOOTSTRAPPING SEMIPARAMETRIC ESTIMATORS 72

In other words, Condition (AN*) holds if h,, — 0 and if nh¢ — oco.

9.2. Example 2. To obtain primitive bandwidth conditions for the conditions of

Theorems 2 and 7, suppose that for some P > d > 3,

o E[[y|"] + sup, B[ly|*[«] fo(x) < cc.

e ¥ = V[i)(2)] is positive definite.

e w is continuously differentiable, and w and its first derivative are bounded.
o inf,. >0 fo(x) > 0.

o fyis P+1 times differentiable, and fjy and its first P+ 1 derivatives are bounded

and continuous.

e 7, is continuously differentiable, and ~, and its first derivative are bounded,

where 7, (z) = r(z) fo(z).
o lim, o [fo(z) + |7,(2)]] = 0, where || - || is the Euclidean norm.

e K is even and differentiable, and K and its first derivative are bounded.

Jra 10K () /Oulldu + [pu [K ()1 + u]|")du < oo and

o 1, ifh=-=1=0,

/ uy' - uf K (u)du = .
R4 0, if(ll,...,ld)IGZiandll+"'+ld<P
Conditions (AL) and (AL*) hold with J = I} and without any o, (1) terms.

Condition (AS). Suppose h,, — 0. As in the text, let

gn(zaf) = gn(za fn) +gn,f(z)[f - fn] + %gn,ff(z)[f - fnaf - fn]a
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where, defining f,;7(z) = n'K,(0) + (1 — n7Y) f,.(2),

) [0 Ofr e
hsll] =~ B ) - 2R
= _n_12yw(x) xﬁmm mxﬁ xr)— —8f,f(x)/8xm$ T
sl = (= PEE o) Do) + o)) — 2O o)

The assumptions of Lemma 5 are satisfied if max(A,,, A,) = 0,(n~/%), where

0

, A, = max;

A, = max; fm(%) - fn(%)

o0 -
a—xzfm(%) -

More generally, proceeding as in Cattaneo et al. (2013) it can be shown that the first
part of Condition (AS) is satisfied if A, = 0,(1) and if A2 max(A,,A,) = o,(n~1/2).

Because (by Lemma 10)

A, = O,(1/y/nhd/logn), A, = 0,(1//nhd+2/logn),

)3/2

3
a sufficient condition for this to occur is that nh2®" / (logn)”* — oo. Moreover,

V(gn,f(zl)[’in,ﬂ) = O(l/hz+2)v
VIE(gn,r7(21) 2, Bn2ll21)] = O/R2H2), Vign,pr(21)[Eng2, fn2]) = O(1/R3?),

V(gn,£(21)[Fin 2, ins]) = O(1/h3"),

so the assumptions of Lemma 4 will be satisfied provided nhi™? — oo.

Condition (AN). We have:
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T2 S lonlei ) + Golhus) = Gl —72 (=) + B,]

where
1%(2) = gn('Z?fn) - Egn(za fn> + (Sn(Z),
0u(2) = (=) [ dufo jfi(( )>wc< 2) — fuls)lds
da(z) = (o) (o) + 7o) 5 l) + r(al) L,
and

11 5 A
B, = Egn(z, fn) + an Z G, pslfni = fos fri — ful-
=1

If h,, — 0 and if nh? — oo, then v,(2) — ¥(2) = go(z, fo) + do(2) for every 2 and
it follows from the dominated convergence theorem that (9) is satisfied. Also, (10) is

satisfied if h, — 0 and if nh%"? — oo because the representation
- r(@)w(z) 0
Gl Al = (1= [ D@ (o) + (@) oA o)

iy ete) 1 D
21— [ DI I k@) @) )

can be used to show that if h,, — 0, then

E(|Gu,pslfng, finall?) = OQ/RT2), B(l|Gassling, knalll?) = O/ 1)
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Condition (AN) is therefore satisfied (with ¥

nh®*? — oco. It can be shown that if also nh2? — 0, then EB

hy)dxdr

. )20,
Sy ©) | oot L8
nhd+1 L / D ) 2 kel -
nh rd JRd ij()x af?f0<)/)axK(7")2fo(il?—Thn)d:l?dr.

Condition (AS*). A quadratic approximation to g (

z, [) is given by

G2 ) = 602 Fo) + 05 F = Fol + 50y D = B f = Ful

where
N R ) B
L ) o
G = (=

_0fr@)or

fi (@)

b @) /0

Jif (x)

5

= E[¢(2)¥(2)]) if h, — 0 and if
n =0, +o(n

~1/2) where

r(z)\(T)] .

Suppose h, — 0 and A, = 0,(1). Then the first part of Condition (AS*) is satisfied

if A* = o0,(1) and if A*>max(A*, A*) = o,(

AZ = nax; |f;,z($j) - fn@i)’?

Because (by Lemma 10)

Ay = mai | fr (a7)

n~1/2), where

0
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= 0,(1/+/nhd/logn), Ar = 0,(1/\/nhdt2/logn),

3
a sufficient condition for this to occur is that nh2" "' / (logn)®?

nhd — oo, then

V(g (1) K5 0]) = Op(1/h572),
A [E*(anf(%)[’fn 2 n2]|21)] = Op(l/hid+2)a V*(g;, ff(zl)[’fn 2a’fv*@2]) =

V(g;, ff(%)["fnza K::z 3]) = Op(l/hidﬂ)a

so the second part of Condition (AS*) will be satisfied provided nhd*? — oc.

Condition (AN*). We have:
1 ¢ Py A
ﬁ;[gm,fn)wn( ni) = Gofa)] Z )+
where

V() = G ) = = D g )+ 652),

) =~ S I D g - 2

P f‘f‘(;pl 81’1 i

)
Zyz w(z;) OfF xz)/axl[,c (s — ) — foula)].

(i) f+(xz)

:%ZQZ(%,fn +__2anf = Juifai = il
1=1

76

— 00. Moreover, if

Op(l/hid—ia)u
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Suppose h,, — 0 and nh?*2/logn — oco. Using Lemma 10 and the fact that 0, —p 0o
it can be shown that n=* >0 | |7 (2:) — ¢,(2:)]]* —p 0. Also, the bootstrap analog

of (10) is satisfied because the representation

nff Al = <1 — —)2 1 ~ Y () [,‘i () A () + K (5) A (xz)]

; 2
ny oni3 Ii &)

o IV LS yaw () 3]%(%)/8%% A (2
2(1-0) 230 [ () M ( »]

ne )t | ()

can be used to show that

VA (IGrpplin wnall?) = Op(L/R3T2), VA(IG pplin s w0 17) = Op(1/R572).
3
Finally, it can be shown that E*(B};) = 3, + 0, (n™/?) if nh2/ (logn)*? — c0. In
3
other words, Condition (AN*) holds if h,, — 0 and if nh2™! / (logn)*? — co.

9.3. Example 3. To obtain primitive bandwidth conditions for the conditions of

Theorems 2 and 7, suppose that for some P > 3d/4,

e fyis P times differentiable, and fy and its first P derivatives are bounded and

continuous.

o [, .(-|z), the conditional cdf of y given z, has three bounded (uniformly in z)

derivatives.

e K is even and bounded with [, [K(uw)|(1 + |Ju||”)du < oo and

1, ifli=--=1;=0,

/ ult - ul K (u)du = .
Rd 0, if(ll,...,ld)’EZiandll+~~+ld<P
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Conditions (AL) and (AL*) hold with J = I, and without any o, (1) terms.
Condition (AS). Let F,,(-|x) denote the conditional cdf of y given w, let fy.(-|)

and f,.(-|z) denote its first and second derivatives, and define

§n<x7 f) - E[gn(za f)|$] - (1 - 00) = _Fy|x[n_llcn(0> + (1 - n_l)f(x)|x]

Being a defined through a projection, g,(z, f) is likely to be close to g,(z, f) in the

the appropriate sense and, indeed,

1 & A y s y
% Z[gn(zza fn,z) - gn($i7 fn,z) - gn(Zia fn) + gn(xia fn)] - Op(l)
i=1
if A, = 0,(1), because then

2
[gn(zia fn,i) - gn(xzyfn,z) - gn(zia fn) + gn(xia fn)]) |Xn

=
—
Bl
S

=1

- lV < [gn(zza fn,z) - gn(zi7 fn)”Xn) S Supr,s fy|I(T|S)An = Op(1)7

where X, = (x1,...,2,)". Next, being smooth g,(z, f) admits the quadratic approx-

1mation

90, ) = G F) + g @IS Ful + S0ss@F — fus f = Ful

where
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Ins(@)6] = —(1=n")fyplfy (@)]2]s(),
Gngs(@)[m A = =1 =02 falf (@)]a]r(@)A(z).

It follows from standard bounding arguments (e.g., Lemma 5) that
1 . s _ s . )
T Dl Fui) = 3l i) = e ) + Gl ) = (1)
i=1

provided A, = 0,(n~'/6). This condition, and therefore the first part of Condition
3
(AS), is satisfied when nhﬁd/(log n)*? — oco. Moreover,

V(Gng(@1)[kn2]) = O(L/hy),
VIE(Gn, s (1) K2, finz2ll21)] = O/RT), V(Gngr(@1) [En2, hinp]) = O/ B3,

V(7 (1) [Fn,2, i s]) = O(1/h2Y),

so the assumptions of Lemma 4 will be satisfied provided nh¢ — oo.

Condition (AN). We have:
1 « .
= 9n Ziafn +Gn fn,i - n = —F Zz +B
7 Dlin(en )+ Gl w’i;
where

Y, (2) = gn(z, fu) — Egn( fn)+5 (z),

Sula) = ~(1=n”! /Qmw ol = ) = Fulr)Lfor)r
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and
11 & o s 2
i=1

If h, — 0 and if nh? — oo, then

Un(2) = ¥(2) = go(z, fo)+00(x),  do(x) = —fym[fo($)|x]fo($)+4d Fyelfo(@)|2] fo()*da,

for every z and it follows from the dominated convergence theorem that (9) is satisfied.

Also, (10) is satisfied if h,, — 0 and if nh? — oo because the representation
Gyl N === [yl @)lale(@)N@) fola)da
can be used to show that if h,, — 0, then

E(|Gopslfngs tinal|?) = OA/B3),  B(Gugslkona, snall?) = O(L/hy).

Condition (AN) is therefore satisfied (with ¥ = E[(2)y(2)]) if h, — 0 and if
nhd — oo. Tt can be shown that if also nh2F — 0, then EB, = 3, + o(n"'/?), where

B = =K ) [ fyelh @ e fo o) dr
nth/ fylx [fo () 2] K (r ) o (x) fo(x —rhy) dzdr.
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Condition (AS*). Let g (z, f) = gu(z, f) and define

gn(@, ) = Gi@, fo) + 35 @) = ful + gnff< 2)f = for f = fal,

where

Gnp(@)E] = —(1 =0 fylff(@))a]x(z),
B @A = =1 =072 flfif (2)]a]r(@)A(2).

Defining N; = 7, 1 (2% = ;) and using the fact (about the multinomial distribu-
tion) that n=! """ | NZ = O,(1), it can be shown that

2= Sl Fo) = Bt ) = 02 ) + e £ = o)

if A¥ =0, (1), because then

2

M:

1 A .
= = ) i A P 0 | [ - el I v NP | AL =
n (iZI [gn(zz ) fn,z) gn(’zz ) f )” n) Suprs fyl ( Z ) Op )
where XF = (z7,...,2%). Also, it follows from standard bounding arguments that

WZ“* L) = G ) = Gt f) + g F)) = o(1)
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provided A* = 0,(n~'/6). This condition, and therefore the first part of Condition
3
(AS*), is satisfied when nh%d/ (log n)3/2 — 00. Moreover,

V(G5 (@[5 2)) = Op(1/h3),
V*E*(g, ff(xl)[“Zm ’ﬁ;z”xm = Op(l/hid)’ V*(9n ff(xl)[’fnm ’f; o)) = p(l/hid)a

V*(Gn (@) [R5 2, K 5]) = Op(1/31),

so the second part of Condition (AS*) will be satisfied provided nhe — oc.
Condition (AN*). Finally, we have:

1 <« " _
= Dl (a5 )+ Galfa) i) = Z N+ B,
i=1 i—1
where

G0 = 01 ) = D e o) 4 5(0)

~

on(z) =—(1—n"") ny\x wo)|wl (K (i — ) = fulas)),

Zgn ZZ) +__2anf fnufnz_f’ﬂ]

3
Suppose h, — 0 and nh%d/ (logn)*? — oco. Using Lemma 10 and the fact that
0, — 0o it can be shown that n=' 327 |47 (2) — 1, ()| =, 0. Also, the bootstrap

analog of (10) is satisfied because the representation
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éz,ff[/ﬁa AJ=—1-n" nyl:r (z) |z k(i) M)
can be used to show that
V|Gl rs mnallI%) = Op(1/R24), V(G s slk 1, 50l I17) = Op(1/R2).

3
Finally, it can be shown that E*(B}) = 8, + o, (n~'/?) if nhﬁd/ (logn)*? — oo. In
3
other words, Condition (AN*) holds if h,, — 0 and if nh2’ / (logn)*?* — 0.
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