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Abstract

We prove functional central and non-central limit theorems for generalized varia-
tions of the anisotropic d-parameter fractional Brownian sheet (fBs) for any natural
number d. Whether the central or the non-central limit theorem applies depends
on the Hermite rank of the variation functional and on the smallest component of
the Hurst parameter vector of the fBs. The limiting process in the former result is
another fBs, independent of the original fBs, whereas the limit given by the latter
result is an Hermite sheet, which is driven by the same white noise as the original
fBs. As an application, we derive functional limit theorems for power variations of
the fBs and discuss what is a proper way to interpolate them to ensure functional
convergence.
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1 Introduction

Since the seminal works by Breuer and Major [7], Dobrushin and Major [12], Giraitis and
Surgailis [13], Rosenblatt [31], and Taqqu [32, 33, 34, 35], much attention has been given
to the study of the asymptotic behaviour of normalized functionals of Gaussian fields,
as these quantities arise naturally in applications, e.g., where models exhibiting long-
range dependence are needed. The aforementioned papers focus on nonlinear functionals
of a stationary Gaussian field, for which one can derive a central limit theorem (in
a finite-dimensional sense or in a functional sense) if the correlation function of the
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field decays sufficiently fast to zero; see [7] for a precise formulation. However, if the
correlation function decays too slowly to zero, then only a non-central limit theorem
can be established, meaning that the limiting distribution fails to be Gaussian; see, e.g.,
[31].

In particular, these results apply to functionals of the fractional Brownian motion
(fBm). Let By := {Bg(t) : t € R} be a fBm with Hurst parameter H € (0,1), which
is the unique (in law) H-self similar Gaussian process with stationary increments; see
(3.2) and (3.3) below for the definitions of these key properties. The behaviour of the
so-called Hermite variations of By, depending on the value of H, can be described as
follows. Let k € {1,2...} and let Py denote the k-th Hermite polynomial, the definition
of which we recall in (2.6) below. Applying results from [7, 12, 13, 35] one obtains that:

(a) If H € (0,1 — 5), then

—1/2zpk< Biy(3) = Bu(53))) 50 N (0,63, K).

n—oo

(b) If H=1— 5z, then

2k7

|~

(nlog(n) 1/2213 (n" (Bu(2) - Bu(354)) === N(0,03(1 = 5. k).

n—oo

=

(c) If H € (1 — 5,1), then

n'= 2H2Pk( By )—BH(%))) —QHermltelk(l—k:(l—H)).

n—o0

Above, £, denotes convergence in law, N (O, a% (H, k:)) denotes the centered Gaussian
law with variance of(H, k) > 0, whereas Hermite (1 — k(1 — H)) stands for a so-called
Hermite random variable given by the value of an Hermite process, of order k with Hurst
parameter 1 —k(1— H) € (3,1), at time 1. Such an Hermite process can be represented
as a k-fold multiple Wiener integral with respect to Brownian motion, as proven by
Taqqu [34, 35]. Moreover, the process is non-Gaussian if k& > 2. (More details on the
Hermite process are provided in §2.4.) The key observation here is that there are two
regimes: Gaussian, subsuming cases (a) and (b), and Hermite, case (c¢), depending on
the Hurst parameter H and on the order k.

The convergences in all cases (a), (b), and (c) can be extended to more general
functionals, which we call generalized variations in this paper, obtained by replacing
the Hermite polynomial P, with a function

= ZakPk(u), u € R, (1.1)



where k is the so-called Hermite rank of f. (Naturally, conditions on the summability
of the coefficients ag, ag+1, ... have to be added.) In this setting, the prevailing regime
(Gaussian or Hermite) will depend on the Hurst parameter H and on the Hermite rank
k analogously to the simpler setting discussed above. In addition, functional versions of
these asymptotic results (under additional assumptions on the coefficients ay, ag1, .. .)
can be proven in the Skorohod space D([0, 1]); see [32, 35].

In connection to applications that involve spatial or spatio-temporal modeling, pro-
cesses of multiple parameters are also of interest. Recently, there has been interest
in understanding the asymptotic behaviour of realized quadratic variations and power
variations of ambit fields [5, 25]. An ambit field is an anisotropic multiparameter process
driven by white noise, or more generally, by an infinitely-divisible random measure. The
problem of finding distributional limits (central or non-central limit theorems) for such
power variations is, however, intricate because the dependence structure of an ambit field
can be very general; only a “partial” central limit theorem is obtained in [25]. As a first
approximation, it is thus useful to study this problem with simpler processes that incor-
porate some of the salient features of ambit fields, such as the non-semimartingality of
one-parameter “marginal processes” (see [25, §2.2]) and strong dependence. A tractable
process that incorporates some key features of ambit fields is the fractional Brownian
sheet (fBs), defined by Ayache et al. [1], which is a multi-parameter extension of the
fBm. In particular, it is a Gaussian process with stationary rectangular increments.

For concreteness, let Z := {Z(t) : t € [0,1]?} be a two-parameter anisotropic fBs
with Hurst parameter (Hy, Ha) € (0,1)2; see §2.2 for a precise definition. In view of the
asymptotic behaviour in cases (a), (b), and (c¢) involving the fBm, it is natural to ask
what is the asymptotic behaviour of Hermite variations of Z with different values of H;
and Hy. Consider, for example, the “mixed” case where H; < 1 — i and Hy > 1 — i,
which has no counterpart in the one-parameter setting. Because of the structure of the
fBs, it is tempting to conjecture that in this case the limiting law is a mixture of a
Gaussian law and a marginal law of an Hermite process. However, as shown in [29],
this is not the case and once again only two limiting laws can be obtained:

() If (Hy, Hy) € (0,1)%\ (1 — &, 1) then

~ 1—1 5 J2—1 j2
Hy, H Py nfitHag ([ JLT 2 JLY) (27 0 2
e[ ) [

Ji=1j2=1

TN N(0,03(Hy, Ha, k)).

n—oo

() If (Hy, Hy) € (1 — 5-,1)%, then

303 ji=1 g1\ [i2=1 ja
i1=152=1 nen neon

L2(2) .
——— Hermitey (1 — k(1 — Hy),1 — k(1 — Hy)).

n—oo



Above, Z([jln_l,%) X [%,%)) stands for the increment of Z over the rectangle

[@ j—l) X [j2 ,%), defined in §2.3 below, and ¢(n, Hi, Hy) is a suitable scaling

n 'n n

factor; see [29, pp. 9-10] for its definition. The limit in the case (b’) is the value of a

two-parameter Hermite sheet (see §2.4), of order k with Hurst parameter (1 — k(1 —

H1),1 - k(1 — Hs)) € (3,

the results obtained in [29] are proved only for one-dimensional laws; neither finite-

1)2, at point (1,1). Contrary to the one-parameter case,

dimensional (except in the particular setting of [28]) nor functional convergence (i.e.,
tightness in a function space) of Hermite variations has been established so far. (In
particular in the d-parameter realm with d > 2, tightness is a non-trivial issue, which
has not been adressed in [29] or in the related paper [28].)

The first main result of this paper addresses the question about functional conver-
gence in the general, d-parameter case for any d € N. We prove a functional central
limit theorem, Theorem 2.11, for generalized variations of a d-parameter anisotropic fBs
Z. (As mentioned above, generalized variations extend Hermite variations by replac-
ing P, with a function f of the form (1.1).) This result applies if at least one of the
components of the Hurst parameter vector H = (Hy, ..., Hy) € (0, 1)d of Z is less than
or equal to 1 — ﬁ, where k is the Hermite rank of f. A novel feature of this result is
that the limiting process is a new fBs, independent of Z, with Hurst parameter vector
H= (ﬁl,...,fld) given by

1 1
ﬁV:: 2 Hugl_@7
1-k(1-H,), H,>1-4,

for v € {1,...,d}. Note, in particular, that if H € (O, 1-— i]d, then the limit reduces
to an ordinary Brownian sheet. The proof of Theorem 2.11 is based on the limit theory
for multiple Wiener integrals, due to Nualart and Peccati [24], and its multivariate
extension by Peccati and Tudor [26]. To prove the functional convergence asserted in
Theorem 2.11, we use the tightness criterion of Bickel and Wichura [6] in the space
D([0,1]%), which is d-parameter generalization of D(]0,1]), and a moment bound for
non-linear functionals of a stationary Gaussian process on Z¢ (Lemma 4.1).

The second main result of this paper is a functional non-central limit theorem,
Theorem 2.18, for generalized variations of Z in the remaining case where each of the
components of H is greater than 1 — i In this case, the limit is a d-parameter Hermite
sheet and the convergence holds in probability and also pointwise in L?(£2). Assuming
that Z is defined by a moving-average representation with respect to a white noise ' W
on R? we can give a novel and explicit description of the limit; it is defined using the
representation introduced by Clarke De la Cerda and Tudor [9] with respect to the
same white noise W. This makes the relation between Z and the Hermite sheet precise
and constitutes a step further compared to the existing literature (see [18, 29]), where
the limiting Hermite process/sheet is simply obtained as an abstract limit of a Cauchy
sequence, from which the properties of the limiting object are deduced.

As an application of Theorems 2.11 and 2.18, we study the asymptotic behaviour



of power variations of the fBs Z. As a straightforward consequence of our main results,
we obtain a law of large numbers for these power variations. We then study the more
delicate question regarding the asymptotic behaviour of rescaled fluctuations of power
variations around the limit given by the law of large numbers. In the case of odd
power variations, the rescaled fluctuations have a limit, either Gaussian or Hermite,
but with even power variations, the fluctuations might not converge in a functional way
if d > 2. We show that this convergence issue does not arise at all if one considers
instead continuous, multilinear interpolations of power variations.

The paper is organized as follows. In §2 we introduce the setting of the paper, some
key definitions and the statements of Theorems 2.11 and 2.18. The proofs of these
two main results are presented in §3 and §4, the former section collecting the finite-
dimensional and the latter the functional arguments. Finally, the application to power

variations is given in §5.

2 Preliminaries and main results

2.1 Notations

We use the convention that N := {1,2,...} and Ry := [0,00). The notation |A| stands
for the cardinality of a finite set A. For any y € R, we write |y| := max{n € Z : n < v},
{y} =y — |y], and (y)+ := max(y,0). The symbol v denotes the standard Gaussian
measure on R, i.e., v(dy) := (2r) /2 exp(—?/2)dy. From now on we fix d in N.

For any vectors s = (s1,...,5q) € R? and t = (t1,...,t3) € R?, the relation s < ¢
(resp. s < t) signifies that s, <t, (resp. s, <t,) for all v € {1,...,d}. We also use the

notation

st 1= (Sltl,...,sdtd)GRd, iZ: (ﬂ,,ﬂ) GRd,
t t1 tq
LSJ ::(|_31J7~-'7L8dj)ezda <8> ::81”'8d€R7
s == (|s1],-- ., |sa]) € RY, {s}:={s1},..., {sq}) €[0,1)%.
Further, when s € R?%, we write st := (stll,...,szd) € R%, and when s < t, we
write [s,t) = [s1,t1) X - X [$4,tq) C R% Occasionally, we use the norm ||s]|s =
max(|s1],...,|sq|) for s € R%.

For the sake of clarity, we will consistently use the following convention: i, .

are multi-indices (vectors) in Z? and j, j1, jo, . .. are indices (scalars) in Z.

2.2 Anisotropic fractional Brownian sheet

We consider an anisotropic, d-parameter fractional Brownian sheet (fBs) Z := {Z(¢) :
t e Rd} with Hurst parameter H € (0,1)?, which is a centered Gaussian process with

covariance

d
R (s,t) = EIZ(s)Z(t)] = [ B (50, ts), s, t€RY, (2.1)



where 1
1
RY (su,t,) = 5 (sl 6 P — sy = 6,2), s, € R,

is the covariance of a fractional Brownian motion with Hurst parameter H,,.

In what follows, it will be convenient to assume that the fBs Z has a particular
representation. To this end, let us denote by Bo(R?) the family of Borel sets of R? with
finite Lebesgue measure. Let (2,5, P) be a complete probability space that supports
a white noise W := {W(A) : A € Bo(R?)}, which is a centered Gaussian process with
covariance

E[W(A)W(B)] = Leby(ANB), A, B € By(R?),

where Lebg(-) denotes the Lebesgue measure on RY. The process Z can be defined as a
Wiener integral with respect to W (see, e.g., [22] for the definition), namely

2(t) = / G (1, ) W(du), ¢ €RY (2.2)
where the kernel .
GSHC{I) (tvu) = H Ggrz (tzu Uz/), t,u € Rd, (2.3)
v=1

is defined using the one-dimensional Mandelbrot—Van Ness [16] kernel

1
X(Hy)

with the normalizing constant

X(H,) := <2I;u + /Ooo ((1 ) - yHV—%>dy>%‘

We refer to [1] for a proof that the process Z defined via (2.2) does indeed have the
covariance structure (2.1). The fBs admits a continuous modification (see [3, p. 1040)),

H,—1 H,—1
((t,,—u,,)+ P~y ) tyuy €R,  (24)

G\ (tyyuy) =

so we may assume from now on that Z is continuous.

2.3 Increments and generalized variations

Given a function (or a realization of a stochastic process) h : R? — R, we define the
increment of h over the half-open hyperrectangle [s,t) C R for any s <t by

(s, )= Y (DT (1 —i)s + it).
i€{0,1}¢

This definition can be recovered by differencing iteratively with respect to each of the
arguments of the function h. Thus, the increment can be seen as a discrete analogue of
the partial derivative #ﬁl&d.



Remark 2.5. Tt is useful to note that if there exists functions h, : R — R, v € {1,...,d},
such that h(t) = hy(t1)--- ha(ty) for any t € R?, then

d

h([s, 1)) = [T (P (ts) = hu(sy)),

v=1
which is easily verified by induction with respect to d using iterative differencing.

Let us fix a sequence (m(n)) C N9 of multi-indices with the property

neN

m(n) := min (m1(n), ..., mq(n)) — ™

and a function f € L*(R,v) such that [ f(u)y(du) = 0. Our aim is to study the
asymptotic behaviour of a family {U J(cn) :n €N } of d-parameter processes, generalized
variations of Z, defined by

vy = > )Jf<<m(n)H>Z<[%,mzm)>>, te[0,1%, neN.

1<i<|m(n

The realizations of U }n) belong to the space D([0, 1]¢), which for d > 2 is a generalization
of the space D([0,1]) of cadlag functions on [0,1]. We refer to [6, pp. 1662] for the
definition of the space D([0,1]%). In particular, C([0,1]%) c D([0,1]¢). We endow
D([0,1]%) with the Skorohod topology described in [6, pp. 1662]. Convergence to a
continuous function in this topology is, however, equivalent to uniform convergence
(see, e.g., [25, Lemma B.2] for a proof in the case d = 2).

2.4 Functional limit theorems for generalized variations

We will now formulate two functional limit theorems for the family {Uj(cn) :neN } of
generalized variations, defined above. The class of admissible functions f needs to be
restricted somewhat, however, and the choice of f and the Hurst parameter H of Z will

(n)

determine which of the limit theorems applies. Also, we need to rescale U; " in suitable

way that, likewise, depends on both f and H.
To this end, recall that the Hermite polynomials,
I LA

Py(u) :=1, Pg(u):=(-1)%72 duke_T, ueR, keN, (2.6)

M

form a complete orthogonal system in L?(R,~). Thus, we may expand f in L?(R, ) as
o0
fw) =" apPi(u), (2.7)
k=k
where the Hermite coefficients ay, ag+1,... € R are such that a; # 0 and

Zk!a% < 00. (2.8)
k=k

7



The index k is called the Hermite rank of f, and the proviso fR )y(du) = 0 ensures
that £ > 1. We will assume that the Hermite coefficients decay somewhat faster than
what (2.8) entails.

Assumption 2.9. The Hermite coefficients ay, ag41, ... of the function f satisfy
> k
Z 32 VE! x| < oc.
k=k

Let us define a sequence (c(n)) C R‘i of rescaling factors by setting for any

ve{l,...,d} and n € N,

neN

my (n)?~2k0=H) 0 H, e (1 — a5 1)
cy(n) = § my(n)log (my(n)), Hy,=1- g,
m, (n), Hy € (0,1~ ).

Remark 2.10. Note that limsup,, , ., TZ:((T?)) < oo and that, in fact, lim, % =0 if

H, €[l —5,1).

Now we can define a family {U;n) :n € N} of rescaled generalized variations as

(v
—(n Uy (@)
o) = L1

, tel0,1]%, neN.
Our first result is the following functional central limit theorem (FCLT) for gener-
alized variations. Its proof is carried out in §3.2 and §4.2.

Theorem 2.11 (FCLT). Let f be as above such that Assumption 2.9 holds and suppose
that H € (0,1)4\ (1 — &,1)%. Then

(z,TV) <= (2, A;I]f) in D([0,1)%)2, (2.12)

n—o0

where Z is a d-parameter fBs with Hurst parameter H € [l 1)d, independent of Z

2
(defined, possibly, on an extension of (2, F,P)), and

Agpi= Y Klai(oW)eR (2.13)
k=max(k,2)
The vectors H € B, l)d and b*) € Ri, k > max(k,?2), that appear above are defined by
setting for any v € {1,...,d},

(2.14)



and

[ + 1[2H — 2j[2H 4 |j — 12\ )
Z( 5 : H, € (0,1-5),
JEZ
2% — 1)k — D\ &
= 2B ) e Ho= 1 k=

HE(2H, — 1)k
(1_E<1_HV))(1_2E(1_HV)) = k(Hy, k), H, € ( 2k:’ ) k =k,

0, H,€[l-g,1), k>Ek

Remark 2.15. (1) The counterpart of the convergence (2.12) for finite dimensional laws
holds without Assumption 2.9, see Proposition 3.15, below.

(2) We may use max(k,2), instead of k, as the lower bound for the summation index
k in (2.13) since ¢(1) = 0 and

Z j + 127 =207 4 |j — 1127
JEZL 2

-y S 3 ]tV e
2 2

JEZ. JEZ.

for any H € (O, %) (Then, ZjeZ ‘M‘ < 00 by the mean value theorem.)

(3) The convergence (2.12) can be understood in the framework of stable convergence

in law, introduced by Rényi [27]. Equivalently to (2.12), U Sc ") converges to A Z as

n — oo stably in law with respect to the o-algebra generated by {Z(¢t) : t € [0 1] }.

(4) See Appendix A for an extension of Theorem 2.11 beyond the present setting with
the fBs.

Theorem 2.11 excludes the case H € (1 — ﬁ, 1)d. Then, the generalized variations

do have a limit, but the limit is non-Gaussian, unless £k = 1. To describe the limit, we
need the following definition, due to Clarke De la Cerda and Tudor [9].

Definition 2.16. An anisotropic, d-parameter Hermite sheet 7= {2 (t) : t € RY } of
order k > 2 with Hurst parameter H e (l )d is defined as a k-fold multiple Wiener
integral (see §3.2) with respect to the white noise W,

/ / G (1., u®)W(du) - W(au®) = Y (ED (. ) (27)
for any t € R%. In (2.17), the kernel ég’k) (t,-) € L?(R*) is given by

(k) (1) (k)
Gg (t,u ey U )

k d
1 _—
= (ﬁ_ ]{7) /[Ot) H H (yy _u(y ))+2 k dy’ ’LL(l)’,, . ,u(k) c Rd7




using the normalizing constant

d l 1— Hu 2([?,,71)) %
H 2 ) k 7
e ( H, (2H 1) >

where B stands for the beta function.

The Hermite sheet Z is self-similar and has the same correlation structure as a fBs
with Hurst parameter H. In the case k = 1, the process 7 is Gaussian (in fact, it
coincides with a fractional Brownian sheet with Hurst parameter H ) but for & > 2 it
is non-Gaussian. In the case k = 2, the name Rosenblatt sheet (and Rosenblatt process,
when d = 1; see [36]) is often used, in honor of Murray Rosenblatt’s seminal paper
[30]. See also the recent papers [15, 37] for more details on the Rosenblatt distribution,
including proofs that this distribution is infinitely divisible.

As our second main result, we obtain the following functional non-central limit
theorem (FNCLT') for generalized variations. The proof of this result is carried out in
§3.3 and §4.2.

Theorem 2.18 (FNCLT). Let f be as above such that Assumption 2.9 holds and sup-
pose that H € (1 — i, 1)d. Then,

77(n) Zo
Uy’ m Ai,f in D([0,1]%), (2.19)
where Z is a d-parameter Hermite sheet of order k with Hurst parameter I;T, given by
(2.14), and Ap. 5 is given by (2.13).

Remark 2.20. (1) The convergence (2.19) holds pointwise in L?(Q2,F,P), even when
Assumption 2.9 does not hold, see Proposition 3.26, below.

(2) Unlike in Theorem 2.11, the non-central limit Z is defined on the original probability
space (2, F,P). In particular, Z is driven by the same white noise W as Z.

(3) In the special case k = 1, the limit in (2.19) is Gaussian. In fact, then Ay s = a?
and Z = Z.

Remark 2.21. Our method of proving the convergence of finite-dimensional distributions
of U}n), using chaotic expansions, is particularly suitable for providing estimates on
the speed of convergence (for example in the Wasserstein distance) as is done in [21]
following the original idea presented in [19], which combines the Malliavin calculus
and Stein’s method. In addition, the study of weighted variations of the fBs is still
partially incomplete, especially with regards to functional convergence (see [28]). To
keep the length of this paper within limits — and since proving functional convergence
of weighted variations requires slighly different methods — we have decided to treat
these two questions in a separate paper.

10



3 Finite-dimensional convergence

In this section, we begin the proofs of Theorems 2.11 and 2.18. To be more precise, we
prove the finite-dimensional statements corresponding to (2.12) and (2.19), see Propo-
sitions 3.15 and 3.26, respectively. As a preparation, we study the correlation structure
of the increments of the fBs Z and recall the chaotic expansion of functionals of Z.

3.1 Correlation structure of increments

In what follows, it will be convenient to use the shorthand

Z2m — (m(n)H>Z<[H, Z>> l<i<m(n), neN. (3.1)

For any n € N, the family {ZZ.(n) 1< < m(n)} is clearly centered and Gaussian. We
will next derive its correlation structure.

To describe the correlation structure of the rescaled increments (3.1), let {By(t) :
t € R} be an auxiliary fractional Brownian motion with Hurst parameter H e (0,1).
Using the kernel (2.4), we may represent it as

By (1) ::/ch>(t,u)d3(u), {ER,

where {B(t) : t € R} is a standard Brownian motion. Recall that B is H-self similar,
ie.,

{Bj(at) : t € R} £ {aHBH(t) :t € R} for any a > 0, (3.2)
and has stationary increments, i.e.,
{By(ls,s+1)) : t e R} £ {By([0,)) : t € R} for any s € R. (3.3)
The discrete parameter process
By(lij+1), jeZ,

which is stationary by (3.3), is called a fractional Gaussian noise. Its correlation func-
tion can be expressed as

G PE 2P | - 1PH

ri(7) =E[Bg([j.j +1)B;([0,1))] 5 , JEL.

One can show, e.g., using the mean value theorem, that there exists a constant C'(H) > 0
such that )
ra()l < CE)iIT =, jet. (3.4)

Thus, if k£ > % and H € (0,1 — i), then

> Irg()IF < oo (3.5)

JEZ

11



£ e [1— ),
estimates for the partial sums corresponding to (3.5). Using (3.4), one can prove that
there exists a constant C’'(H, k) > 0 such that

C'(H, k) logl, H=1-1
Z 71 (7) { 10FT 1\71—2k(1— ) kl (3.6)
1<t C'(H, k)l  He(l-gp1).

1), then the series (3.5) diverges. In this case it is still useful to have

We can now describe the correlations of the rescaled increments (3.1) using the
correlation function of the fractional Gaussian noise as follows.

Lemma 3.7 (Correlation structure). For anyn € N, and 1 <1, i®) < m(n),

d
B[z 2] = []ra (i) —i?).
v=1

Proof. Using first the linearity of Wiener integrals and then the product structure (2.3)
of the kernel G%i) and Remark 2.5, we obtain for any s, t € [0, 1]d such that s <'t,

d
Z([s,1)) :/Gﬁ’([s,t),u)W(du) :/HGSL}Z([S,,,t,,),uV)W(du). (3.8)
v=1

Thus, by Fubini’s theorem,

(1) _ (1) (2) _ (2)
Elz ] 1, ] 7 1 1’ 1
d (1) (1) (2) (2)
:H/Gg}) wo b ) Ve (L ) e
v\ [ my(n)  my(n) v\ [ my(n) " my(n)
B H el ([ =1 & \\, ([ -1 &
my(n) my(n) ) )\ Ly (n) " my(n)) ) |
For any v € {1,...,d}, the fractional Brownian motion By, is H,-self similar and has

stationary increments, cf. (3.2) and (3.3), so we obtain

(1) (1) (2) (2) (1) (2
E|By, 71’ W By W 1’ w — M’
my(n) " my,(n) “\ L mw(n)  my(n) my, (n)2H
from which the assertion follows. O

3.2 Multiple Wiener integrals and central limit theorem

The proofs of Theorems 2.11 and 2.18 rely on particular representations of generalized
variations in terms of multiple Wiener integrals with respect to the underlying white
noise W. We will now briefly review the theory of multiple Wiener integrals and how
these integrals can be used to prove central limit theorems. As an application, we take

12



the first step in the proof of Theorem 2.11 by establishing the convergence of finite-
dimensional laws.

In what follows, we write  := L?(R%). Recall that J is a separable Hilbert space
when we endow it with the usual inner product. For any k € N, we denote by H®*
the k-fold tensor power of H and by HO* c H®* the symmetrization of H®*. Note
that we can make the identification H®* = L2(R*?). For any h € H®* we may define
the k-fold multiple Wiener integral I,lN(h) of h with respect to W. This is done, using
Hermite polynomials, by setting for any « € N, any orthonormal hq,...,h, € J(, and
for any ki,...,kc € Nsuch that k1 +--- + k. =k,

I,?(Jélh?kj) = k!jﬁlpkj ( / hj(u)W(du)>, (3.9)

where ® denotes symmetrization of the tensor product, and extended to general inte-
grands h € HOF using a density argument. It is worth stressing that the multiple Wiener
integral is linear with respect to the integrand and has zero expectation. Moreover, by
(3.9), for h € H one has

Y (h) = / h(u)W(du), (3.10)
and if ||h]jsc = 1, then for any k € N it holds that h®* € H®* and
Py(1°(n)) = I’ (h®"). (3.11)

Multiple Wiener integrals have the following isometry and orthogonality properties: for
any ki, ky € N, hy € HOF1 and hy € HOk2,

kil (hi, ho)geon, ki1 = kg,

(3.12)
0, k1 # ko.

E[L)) (h)1) (he)] = {

Recall that any random variable Y € L?(Q, F, P) has a chaotic expansion in terms
of kernels FY € HO% k € N, as

Y =E[Y] + i Y (FY), (3.13)
k=1

where the series converges in L2(Q,F,P) (see, e.g, [14, Theorem 13.26]). Since the
apperance of the seminal paper of Nualart and Peccati [24], the convergence of random
variables admitting expansions of the form (3.13) to a Gaussian law has been well
understood, based on convenient characterizations using the properties of the kernels.
To describe the key result, recall that for any ki, k2, r € N such the r < min{k;, k2},
the r-th contraction of hy € H®*1 and hy € H®2 is defined as

(h1 ®y hg)(t(l)’ o 7t(k1+k’2—2r))

= <h1 (t(l)a e 7t(kl_r)a ')7 h2( 7t(k1_r+1)7 s 7t(k1+k2_2r))>3{®7'

13



for any t(), ... ¢tkitka=2r) ¢ Rd The following multivariate central limit theorem for
chaotic expansions appears in [4, Theorem 5|, where it is proven using the results in
[26].

Lemma 3.14 (CLT for chaotic expansions). Let k € N and suppose that for any n €
N, we are given random variables Yl(n), . ,Yén) € L*(Q,F,P) such that for any j €

{1,...,K},
ZIk Js a

where F,E”) (j,-) € HO*, k € N. Let us assume that the following conditions hold:

(a) For any j € {1,...,K},

1 k|| F( .
1713Lsup];( H (7, H}c®k—>0

(b) There exists a sequence 3,31, Yo, ... of positive semidefinite d x d-matrices such
that for any (j1,j2) € {1,...,k}% and k € N,

k'< ( )(jla )7F]§n)(¢]27)>g{®k m 2k(j17j2)7

and that Y 32 X = 2.
(c) Foranyje{l,....,k}, k>2,andr e {1,...,k—1},

[5G ) @ B G o 7 0

n—oo

Then we have
(¥, Y) £ N0, ),

where N (0, X) stands for the k-dimensional Gaussian law with mean 0 and covariance

matric 2.

We apply now Lemma 3.14 to establish the following finite-dimensional version of
Theorem 2.11.

Proposition 3.15 (CLT for finite-dimensional laws). Suppose that H € (0,1)%\ (1 —

e )% Let v € N and (t0),... 1) € ([0,1])". Then,

n—oo

(Z(tW), ...,z TP W), TP (9)) —~£— Ny, (o, [

< [1]
M o
| I
N———
w
—_
2

where E is the covariance matriz of the random vector (Z(t(l)), e Z(t(“))) and

N(j1,g2) 1= Aap g R (10D, 609), (G, jo) € {1, K}

14



Remark 3.17. In the case H € (0, 1-— i]d, the convergence

—(n +=(n P L

(U W), ... TP (1) £ Nu(®)
follows from the classical results of Breuer and Major [7].
Proof of Proposition 3.15. By (3.10), we have Z(t) = I}V (G%) (t,-)) for any t € [0,1]%.
In particular, by (3.8) and linearity, we find that for any n € N and 1 < i < m(n),

ZM = ¥ (B,

)

where

n n " _1 '
A = mln) g™, 95)“G5?)<[1 i >>

m(n) m(n)

)Hg{ =1, due to the relation (3.12) and Lemma 3.7. The expansion (2.7)
and the connection of Hermite polynomials and multiple Wiener integrals (3.11) allows

satisfying H hgn

then us to write

T =3 10 (FM ), tel0,1’, neN, (3.18)
k=k
h
where F(n) " L ag Z (h(n))®k E>k 3.19
k ( 7') T W i ’ = L. ( . )
1<i< [m(n)t]

For the remainder of the proof, let s, t € {t(l), . ,t(”)}. Let us first look into
condition (a) of Lemma 3.14. By Lemma 3.7 and the relation (3.12), we obtain for any
n € Nand k > k,

a2 n n
(F 0 B o = s 20 > (T () T),,

1<i) < [m(n)s) 1< < [m(n)t]

ai (n) () \k
= <C(;;) Z Z <h7;(1) ) h¢(2) >9{
1< <[ m(n)s] 1<i® < [m(n)t]
Lo (n)su] Lo (m)ts ]

> > G- g2)*

ji=1 Jo=1

_ 2 1
Tk H cy(n)

v=1

(3.20)

Let kg € N be large enough so that H, € (0, 1-— ﬁ) for any v € {1,...,d}. Then we
have for any k > ko,

d 1 bme@s]lme(m)sy] 1 M) me(n)
0<]] () > ri, (i — j2)" < [ ) > I, G = d2)l*
v=1 " ji1=1 jo=1 v=1" j1=1 ja=1
d
m,,(n) Y
< 0
<L (s 205 ) St <
v=1 €L

15



which follows from Remark 2.10 and the elementary estimate

sup Z 17w, (J1 — j2)]|7 < Z Ira, (4)|%, C€N, qeRy. (3.21)
1<_]1<f i<t

Thus, by (2.8), we have for K > ko,

d
0 < limsup Z k:'HF(n) Hg{®k < Z kla? H (

)Zpﬂ |ko—_>o

GN Cl/

and the condition (a) is verified.
To check condition (b) of Lemma 3.14, note that we can write for any v € {1,...,d},
assuming without loss of generality that ¢, > s,

Lmw (n)sy ] [mu (n)ty ]

1 . .
ru, (j1 — j2)*
o) = a3
1 1 L (n)sy ] [mw(n)sy] 1 Ll ()t ] [my (n)ty
=3 (C o) > > ra (- g2)" o > > (G —g2)
v Jj1=1 Jjo=1 j1=1 ja=1
1 I_mu(n)tygm,,(n)syj I_mu(n)t,,gm,,(n)syj
- r, (1 —]'2)k>-
e (n) =1 =1

(3.22)
We will now compute the limit of (3.22) separately in the following three possible cases:
(i) H, € (1-g1),
(i) H, =1— 5,
(iii) H, € (0,1 - g5)-
In the case (i), we obtain, by Lemma A.1 of [29],
n)sy ] [my

[ ( (n)
1
?”HUJ—J
0 z z . e

|my(n)sy] 2-2k(1-H,) [my (n)sy] [mw(n)sy |
= <H> Lmy(n)s,,J—2+2E(1—HV) Z Z ri (i _jz)

my(n) Jj1=1 j2=1

——— k(H,, k)s2 2RO H) — (H,, k) sty

n—oo

(In fact, Lemma A.1 of [29] requires that k > 2, but it is straightforward to check that
the limits stated therein are valid also when k£ = 1.) With & > k£ we may choose ¢ > 0
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so that k£ + ¢ < min (2(1—1Hy) , k:), whence

1 mese] lme (s,

my (n) my(n)
1
k . . k+€
o) ma -k < S Ira G — o)k
w) = D w(n) = i3
1 .
1y ()1 2E(—H.) Z o, () —— 0

n—oo
l7l<mu(n)

(3.23)
by the estimate (3.6). Treating the other summands on right-hand side of (3.22) simi-

larly, we arrive at

Y
n—oo ¢y (n) 1 ri. (1 = J2)

I —(t,,—sl,)ﬁ")—K(H,,,k)R()(sl,,tl,) k

k> k.
In the case (ii), rearranging and applying Lemma A.1 of [29] yields

1 Lme@se]my

(n)
ra, (j1 — j2)&

J1=1

J2=

log (%) I_mu(n)SVJ /my(n) Lmy (n)sy | [ma, (n)sy ] . .
<1 " ) [mu,(n)s, ] log([my(n)s, ) > > rmli-p)t

J1=1 Jo=1

—— 1(k)s,.
n—oo

When k > k, we have H, € (0, 1 1

Qk) and, consequently,

1 mem)se] lme(n)s, ]

) Z Z ra, (j1 — j2)"

J1=1 Jj2=1

< Z ’THZ, —) 0.
log my(n

n—oo
]GZ

Again, a similar treatment of the other summands on right-hand side of (3.22) estab-
lishes that

Hm ra,(J1—J

n—oo ¢, (n) —~ — (J1 2)
B (s, 4+t~ (1~ 5,)) = BV RY (s0,1), K=k
0
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Finally, in the case (iii), we deduce in a straightforward manner that for any k > k,

. 1 . ) 1 )
nh—>ngo T Z TH, (]1 - ]2)k = 5 ZTHV (])k(su +t, — (tu - 51/))
@GS = jez
= Z Suytu)
JEL

using Lemma A.1 of [29].
Returning to the expression (3.20), we have shown that for any k& > k,

n n d
R (), B 0))ggon o a0 R (5,0). (3:24)

HEk

When k& = 1, we need to check, additionally, that the covariance matrix appearing in
the limit (3.16) is block-diagonal. To this end, note that it follows from the assumption
H e (0,1)%\ (%, 1)d, that b = 0 for some v € {1,...,d}, which in turn implies that

2
lse 527 ©-

2%
By the Cauchy—Schwarz inequality, we have then

<F1(n) (57 ')7 G(j;l) (t> )>g.( — 07

n—o0

which ensures block diagonality, and concludes the verification of condition (b).
In order to check condition (c) of Lemma 3.14, let £ > max(k,2) and r € {1,...,k—
1}. Using the bilinearity of contractions and inner products, we obtain

IFS () @ B () oence

CL4 n k n k n n k
- <C(Tf 2 Z <(h§<l)))® (h((Q)))® (h((g))) Qp (h§(4)))® >9{®2(k—r)

1<i0) <|m(n)t]
]6{1727374}

aj (n) 1 (n) J (n) yEr
:<7 Z <hz(1)’hz(2)>ﬂ{<hz(3)’ 1(4)>U{<h2(1)’ 7,(3)> <h7,(2)’ i(4) /K

2
(m) 1<i0) <|m(n)t]
j€{1,2,3,4}

d 1 [mw ()t ]
_ 4
= ak H c (n 2
v=1

S G — 52) e, (s — 3a) e, (1 — §3)" T rh, (2 — da)
Following the proof of Lemma 4.1 of [20], we apply the bound

k—r

J1,J2,J3,34=1

ra, GOV e, )17 < Jra, (0)IF + ra, ()17, G, g2 € Z,
which is a consequence of Young’s inequality, and use repeatedly (3.21) to deduce that

d

my(n)¢y(n)

1B ) @0 B ()00 < 16%5, O

v=1

(3.25)
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where
du(n)i= > ra,GOl" Y. eGP Y e Gl
l71]<mu (n) |g2]<mu (n) |7a]<mu (n)

We need to analyze the asymptotic behaviour of ¢,(n) as n — oo. This can be
accomplished by considering separately the three possible cases:

(") Hy € (1—4,1),
(i) H,=1- 5,
(iii’) H, € (0,1 —37).
In the case (i) we have clearly H, € (1 — ﬁ, 1) N (1 — %, 1), and by the estimate
(3.6), it follows that
(Z)V(n) S C”(Hua ka r)mV(n)374k(1iHV)7

where C"(H,,k,r) := C'(H,,r)C"(H,,k — r)C'(H,,k). Since H, € (1 — i,l) C

(1 — i, 1), we obtain

"
lim sup mu(n)(lsy(n) < lim sup C (Hlla ka T)

n—00 cy(n)? oo My (n)A(k=E)(1-H.) < 00.

Let us then consider to the case (ii’). We have still H, € (1 — ﬁ, 1) N (1 — 2—1,'«, 1), SO
by (3.6) we find that

bu(n) < C"(H,, k,r)ym,(n)?~ 201 1og (my(n)) = C"(Hy, k,r)my(n) log (m, (n)).

Necessarily H, € [1 — 5-,1), whence there is an index ng € N such that ¢,(n) >
my(n) log (my,(n)) for all n > ng. We deduce then that

1
llm mV(n)(rbV(n) < ].lm C (HV’]{;’T)

n—00 C,/(n)z — n—oo ]og (my(n)) =0

In the remaining case (iii") we have > ..z [rm, (7)|F < oco. Since there is ng € N such
that ¢,(n) > my(n) for all n > ng, we find that

lim my (n)¢u (n)
n—oo  ¢,(n)?

< lim
n—0o my(n)

ST oG YD e G e, (s)F =0

l71[<ma (n) |72 <ma (n) J3EL

by Lemma 2.2 of [20].

Finally, let us return to the upper bound (3.25). The crucial observation is that
the assumption H € (0,1)\ (1 — 5, l)d implies that there is at least one coordinate
v €{l,...,d} that falls within case (ii’) or (iii’). Thus,

HF]Sn)(t, ) @y Flgn)(t, ‘)Him(kw —— 0,

concluding the verification of the condition (c¢), and the convergence (3.16) follows. [
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3.3 Convergence to the Hermite sheet

We prove next a pointwise version of Theorem 2.18 in L?(2). The argument is based
mainly on the chaotic expansion (3.18) and the isometry property (3.12) of multiple
Wiener integrals. However, compared to the proof of Proposition 3.15, we need to
analyze the asymptotic behaviour of the associated kernels more carefully.

Proposition 3.26 (Pointwise NCLT). Suppose that H € (1 — i, 1)d. Then, for any
te[0,1]4,
T ) 29 2, (3.27)
where 7 is the Hermite sheet appearing in Theorem 2.18.
Proof. Fix t € [0,1]%. By the chaotic expansion (3.18), we have for any n € N,
(n) S
FF
U7 (0 = R (E @) + 30 R(E ),
k=k+1

Using the property (3.12) and Parseval’s identity, we find that

o (3 e | = 3wl e

k=k+1 k=k+1

Since H € (1— ﬁ, l)d, we may choose € € (0,1] so that H € (1— m, l)d. Combining
(3.20) and (3.23), we find that
[e%S) (n) ) o0 d
n k
2 KBS e < > Mat [T sy 20 rm @I 50,
k=k+1 k=k+1 v=1 |7]<mu(n)

where convergence to zero is a consequence of the bound (3.6). Thus, it remains to
show that

~

n L%(Q) Lo 1
B () 2 00 (05, G0 (0)) = Ay, Z(0),

which follows by (3.12), if we can show that

n HOE L~
(¢, ~— Af G (). (3.28)

In the special case k = 1, the convergence (3.27) follows already. Namely,

R (E ) =z () 2D 020 ) 200 =

m(n) ) nooo S

by the L?-continuity of Z. Thus, we can assume that k > 2 from now on.
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We will prove the convergence (3.28) in two steps. First, we show that () ,En) (t, ))n N

is a Cauchy sequence in H®E. Later, we characterize the limit. Let nq, ny € N and
consider

IF () = B2 ()| o
(n1) 2 (n2) 2 (n1) (n2)
— HFE (t, .)H%M + HFE (t, ')H%@@ — 2<FE (t,-), (¢, Ngean- (3.29)

By Definition (3.19), we have

<FE(n1)(t’ ‘)7 FE(TLQ)(t’ ')>C}{®E

= & (m(m))E )2 Y T (g, g

i(1) 0 F5(2) [ H®k:
1<iM < m(na)t] 1< < m(n2)t]

Mimicking the proof of Lemma 3.7, we obtain

(n1) _(n2)
<9i<1> 19;2) >3{®E

(1) (1) (2) (2)
-1/ o[y ) )0 [y s )2
] v\ [mw(n1)’ my(ng) v\ Lmw(n2)” my(n2)

v=1
J xe 1o
=[[#.cH, 1) /Zﬁl) /(TZ)VT) o1 = 2| 2 dvy dog,
r=1 my(ny) my(ng)

where the final equality follows (see, e.g., [17, p. 574]) since H, > 1 — i > % for any
v e{l,...,d}. Adapting the argument used in [18, pp. 1064-1065], we deduce that

lim  (EY(E ), B (¢, )

k
ni,ngx—o0 - HOE

Il
Q
|z o

t rt
Hg(ZHV — 1)k/ / ”Ul — ’()2|_2E(1_H”)d’01d’02
0 JO

I
S
B

~ 1 1
tz%Hqu%(QHV - 1)k/ / ’Ul — UQ‘fZE(l*H”)dvldvg (3.30)
0 0

s T T

Il
1S
|0

N
Il
—

Thus, by (3.24) and (3.29),

lim [[FC () — F2 ()| er = 0,

n1,n2—>00

whence (Fk(;n) (¢, '))neN is a Cauchy sequence.
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To characterize the limit of (Fk(n) (t, '))neN’ let us consider for any sV, ... s ¢ R?,
n _ — d 1 —1 1 "
FE (50, 89) = ag(m(m)! L1657 ([ )+

where the second equality is a consequence of Remark 2.5. Since

i < [n]f(i) mim) | 35@) - <<myj<n> ‘Sgn)ﬁ_%‘ (&; ‘S(ﬁﬁ_é)’

it follows from Lemma 3.32, below, that

Fﬁ(n) (t, ) m— C”/ (akv Ha E)@%:) (tv ) a.e. on REd (331)

n—oo

for some constant C"’ (aE, H, E) > 0. By the Cauchy property of (Fk(;") (t, ~))n€N, the

convergence (3.31) holds also in H®k. Clarke De la Cerda and Tudor [9, pp. 4-6] have
shown that E[Z(t)?] = E!HG%) (t, -)H;M = Rg) (t,t). In view of (3.30), we find that

C" (a, H,k)* = Klad (0®) = A,
whence (3.28) follows. O
The following technical lemma was essential in the proof of Proposition 3.26.
Lemma 3.32. Suppose that k > 2, H € (%, 1), and v > 0. Then,

Lnv]

(o) ) () [ T

j=1 k=1 + k=1
(3.33)

for almost any s = (s1,...,s,) € R¥.
Proof. We may assume that § := max(si,...,s;) < v, as otherwise (3.33) is trivially
true. In fact,

v K -3 vk o3

/ [T -5 2dy=/ [T —se)"2dy.
0 k=1 S k=1
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We split the sum on the left-hand side of (3.33) for any n € N, such that |nv| > [n3]+3,
as

SR H(CORSCEON

j I_ns |+1 k=1

SR A(ERRNCEN

=l s Rt
= S 4 52),

Using the mean value theorem, we obtain for any y € R and n, j € N, such that
=1 > y, the bounds

I i R G
L I R [

Since we are aiming to prove (3.33) for almost any s € R¥, we may assume (by symme-
try) that s = s; > s, for any k € {2,...,k}. Then we have for j € {1,2},

H-1 _ 1 -1
hmsupHn(( 35> — <M+]—s,§) ) < o0
n—00 n +

by (3.34), and

oz (Ll )

N
|
7N
—
3
0l
[T
_I_
.
|
—_
|
V)
=
N———
i
w|

n—oo

Hence, we find that 57(11) — 0 as n — oo.
Finally, invoking (3.34), we obtain

o (s 1\F1 i1 -
< _ ) = A
NG R (G

j=|n3)+3 k=1

o]k \ny] + . i3
~(a-3) /WH< a)
1 e o 1\k vk -
08 [ Tl (-3 w0



and similarly by (3.35),

j=|ns]+3 k=1
kol ok -2
! n lny] +1 2
) LR ()
n k=1
1\F ok - N\E o -
- 1 n . H-3 ~ . o H-—=2
(08 5 oo -2 [
n R= K=

(The convergence of the bounding integrals above, as n — oo, is ensured by Lebesgue’s
dominated convergence theorem.) Thus, the convergence (3.33) follows from the sand-
wich lemma. O

4 Functional convergence

To show that Theorems 2.11 and 2.18 indeed hold in the functional sense, we need to
establish tightness of the relevant families of processes in the space D([0,1]¢). To this
end, we use the tightness criterion due to Bickel and Wichura [6, Theorem 3]. To apply
this criterion, we need to bound the fourth moments of the increments of U}n) uniformly
over n € N.

4.1 Moment bound and diagrams

As a preparation for the proof of tightness, we establish a moment bound for non-linear
functionals of stationary Gaussian processes indexed by N¢. The bound is a multipa-
rameter extension of Proposition 4.2 of [33], albeit under more restrictive assumptions.

Lemma 4.1 (Moment bound). Let f be as in §2 and {Y; : i € N} a Gaussian process
such that E[Y;] = 0 and E[Y?] = 1 for any i € N%. Moreover, suppose that there exists
a function p : Z% — [—1,1] such that E[Y,) Y] = p(it) —i®) for any i), i® € N
If pe {2,3,...} and the Hermite coefficients ay, a1, ... of the function f satisfy

oo

C"'(f,p) = > (p— D *VEl|ag| < oo,

k=k

then for any 1 € N¢,

(07 3 )

1<i<l

p/2
B < (2dc’”’<f,p>2 3 rp@)rk) |

i<l

The proof of Proposition 4.2 of [33] is based on a graph theoretic argument that
involves multigraphs. We prove Lemma 4.1 using slightly different (but essentially anal-
ogous) formalism based on diagrams, defined below. Breuer and Major [7] used diagrams
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to prove their central limit theorem for non-linear functionals of Gaussian random fields
via the method of moments. In fact in the proof of Lemma 4.1, we adapt some of the
arguments used in [7].

Definition 4.2. Let p € {2,3,...} and (k1,...,kp) € NP be such that ki +--- + &,
is an even number. A diagram of order (ki,...,kp) is a graph G = (Vz, E¢) with the
following three properties:

p
(1) We have Vg = | J{(, 1), (4. k) }-
j=1
(2) The degree of any vertex v € Vi is one.
(3) Any edge ((j, k), (5, k")) € Eg has the property that j # 7.

We denote the class of diagrams of order (ki,...,k,) by G(k1,...,kp). For the sake
of completeness we set G(k1,...,kp) := @ when ki + --- + k;, is an odd number (no
diagrams can then exist by the handshaking lemma of graph theory). Let us also define
two functions A1 and Ay of an edge e = ((j, k), (j,k')) € Eq, where j < j', by setting
Ai(e) :=j and Aa(e) :=j'.

Diagrams are connected to Hermite polynomials and Gaussian random variables via
the so-called diagram formula, which is originally due to Taqqu [33, Lemma 3.2]. Below,
we state a version of the formula that appears in [7, p. 431].

Lemma 4.3 (Diagram formula). Let p € {2,3,...} and let Y1,...,Y), be jointly Gaus-
sian random variables with E[Y;] = 0 and E[Y?] = 1 for any i € {1,...,p}. For any
(k1,...,kp) € NP, we have

E[Hlij(Yj)]: > I EMueYsel:
i

GGS(k1,...,kp) e€eEq
where a sum over an empty index set is interpreted as zero.

Remark 4.4. The diagram formula can be used to estimate the cardinalities of classes
of diagrams. As pointed out by Bardet and Surgailis [2, p. 461], using Lemma 4.3 and
Lemma 3.1 of [33] in the special case Y :=Y; = --- =Y,, we obtain

1G(ky, ... k)| = E[ﬁ ij(Y)] < (p—1)kattke)/2 Jp T L (4.5)
j=1

Proof of Lemma J.1. Fix | € N%. Let us define for any K > k, a polynomial function

K
fr(@) =) arP(z), z€R,
k=k
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By Fatou’s lemma, Lemma 4.3, and inequality (4.5), it follows that

E[lf(Vi) - x| < > ek an 1Sk, k)|
k1,.kp=K+1
& p
< ( > (- 1)k/2m|ak|> 0
k=K +1

for any ¢ € N%, Thus, if £ > 0, then there exists K (I) € N such that

Bl ¥ so0) | -B| (072 2 fom)

1<4<1 1<i<1

<e, (4.6)

by Minkowski’s inequality and the fact that X, LNy e implies E[X}] — E[X?] when

p € {2,3,...}. Lemma 4.3 yields now the expansion

Bl(07* Y fKa)(m)p

1<i<1

)=P/2 Z Z e ag, Z H E[Y;0: ) Yioue]

1< <t k1,ekp=k GeS(k1,....kp) e€EEG
J€{L,....p}
K()
= D ey, Y, I6(),
k1, ,kp=k Geg(kl,“'ykp)

where

Ia(l) = (1) P/ Z Hp (Mi(e )\2(6)))7 G € G(k1,... kp). (4.7)

1<it<| e€Eqg
j€{17""p}

By Lemma 4.8, below, and inequality (4.5), we obtain the bound

ook a, Y. Ia()

k1yekp=k Ge§(ky, ,kp)
K() p/2 p/2
< (Z(p 1)k/2\/mak\> <2dz p(i yk> <2d0’”’ £0)2 ) 1pi) > :
k=k li| <l lé]<l

In view of (4.6),

B|(072 X r09) || <

1<i<l

QdC'N” f Z‘ k p/2
D p(HIF)  +e,

4| <1

and letting € — 0 concludes the proof. O
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The key ingredient in the proof of Lemma 4.1 was the following uniform bound
for the absolute value of the quantity I5(l). We will derive this bound adapting the
asymptotic analysis of the moments of a non-linear functional of a Gaussian random
field, carried out in [7, pp. 435-436].

Lemma 4.8. For any ki,...,k, >k, G € §(k1,...,kp), and | € N,

p/2
o) < (2d2 rp<z'>r’“) 7

1] <l
where I (1) is defined by (4.7).

Proof. As pointed out by Breuer and Major [7, p. 435], the quantity I5(l) is invariant
under permutation of the levels of the diagram G. More precisely, if ¢ is a permutation
of the set {1,...,p}, then we define a new diagram G € S(ko(1), - - > ko(p)) such that
((4,k), (j',K')) € Eg if and only if ((c71(j), k), (c7(j"), k")) € E¢. For such a diagram
G it holds that Ig(l) = I &(1). Relying on this invariance property we assume, without
loss of generality, that

ki <kg <o <kpq <k, (4.9)

Let us introduce the notation kg (j) := [{e € Eg : Mi(e) = j}| € {0,1,...,k;} for
any j € {1,...,p}. Since Ai(e) < Ag(e) for any e € Eg, we have

el <™ H [T [ =i

1<itm <y =1 e€cEq
ke{l,..py  A(e)=J

l>—p/2 Z H H p(i(j) (e e) Z H i >\2(€)))‘

1<itm <l j=2 e€bq 1<i(1)<] e€Eg
56{2, 7p} A1(e)=j A1(e)=1

(4.10)

Using Young’s inequality (see [7, p. 435]) and the trivial estimate

sup > [p(iM =) |7 <> p(0)1, ¢ >0,

Isishy < i<l

one can show that

sup [ [p it !<Z|p (i)

1<i<l 4 )< ecEg lil<l
K€{2,....p} A1(e)=1

Applying this procedure, mutatis mutandis, to (4.10) repeatedly we arrive at

[l < ()72 H > Ip(@)FeV). (4.11)

J=1li|<l
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By Hélder’s inequality, we have for any j € {1,...,p},

. - kc(3)/k;
S lo(iket) < -4/t (3 iyt )

lil <t li|<i

1 . N kG (3)/k;
< (21)1 el (Z!p (4)] ) :

l71<i

where we use the proviso k; > k to deduce the second inequality. Returning to (4.11),
we have thus established that

1 ka(4)/k;
()] < (2972 (21y/2Sha ke )/ks (Z (i) ) T way

li] <l

Breuer and Major [7, p. 436] have shown that whenever (4.9) holds, we have

P .
ZkG(J g 0 (4.13)
7j=1

(see also Remark 4.15, below). By (4.13), we may use the rough estimate ;) ; [p(i )k <
(21) to deduce that

- 1 kc(h)/k; - 1 kc(i)/ki—p/2 - p/2
(S i) — (T wtit) (S i)
i<l i<l 2] <l
o2 (4.14)
< (21) 1 ka(i)/ki—p/2 ( Z ’P(@)|k> )
i) <l
The assertion follows now by applying (4.14) to (4.12). O

Remark 4.15. Strictly speaking, the inequality (4.13) is shown in [7] as a part of a more
extensive argument that uses the assumption that the diagram G is not regular (see |7,
p. 432] for the definition of regularity). However, the assumption of non-regularity of G
is completely immaterial concerning the validity of (4.13) and, in fact, not used in the
proof in [7, p. 436].

4.2 Tightness

Furnished with the moment bound of Lemma 4.1, we prove the following lemma that
enables us to complete the proofs of Theorems 2.11 and 2.18.

Lemma 4.16 (Tightness). Suppose that H € (0,1)% and that Assumption 2.9 holds.
Then, the family {U;n) :n € N} is tight in D([0,1]%).
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Proof. The assertion follows from Theorem 3 of [6], provided that

(n)
Uy (ls,
sup  sup B[U; (s 2))] < 0. (4.17)
neNd s, t€(0,1]¢ <t —s)
s<t

But since for any n € N, the realization of U;n) is constant on any set of the form
i—1
), 1<i<m(n),
) 1SS

it suffices to show (see [6, p. 1665]) that

77(n) s 1))
sup sup E[Uf ( ’t))]

neN s, teéy, <t - S>2
s<t

where &, := {i/m(n) : 0 <i <m(n)}, instead of (4.17).

Using Lemmas 3.7 and 4.1, we arrive at

< 00, (4.18)

2 4
o o S <m<n>> (0 5 )
neN s,tec;ln (t—s) nen \ ¢(n) 1<i<m(n) 1<i<l
s< -~
< su QdC//// ’ V > ,
where
1 N1k
m (n)l,gﬁ(l,gy) Z Ira, (J)1F < C'(Hy, k), Hy € (1 - iv 1)7
v . 7]<mu (r)
= — ra, (5)|F < C'(Hy, k), H, =1~ g,
bw(n) log (my(n)) |j|<§u(n) 2
S GES S e, G)IE < oo, Hy € (0.1 %),
l7l<my (n) JEL

(The first two inequalities above follow from the estimate (3.6).) We have, thus, verified
the tightness condition (4.18). O

Proof of Theorem 2.11. Recall that, for a family of pairs of random elements, tightness
of marginals implies joint tightness. Thus, it follows from Lemma 4.16 that the family
{(Z, U( )) :n € N} is tight in D([0,1]%)?. The assertion follows then from Proposition
3.15 and Theorem 2 of [6]. O

Proof of Theorem 2.18. Analogously to the proof of Theorem 2.11, above, we deduce
17

from Lemma 4.16 that {(qufZ, U;n)) : n € N} is tight in D([0,1]%)%. Moreover,

Proposition 3.26 implies that

T 2 A3 20, te 0,1

n—o0
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which, in turn, implies the corresponding convergence of finite-dimensional laws. Thus,
by Theorem 2 of [6], we have
3 5 oy £ 35 A3 DY s d\2
(A2, Up") —— (AR ;Z, Ay Z)  in D([0,1]%)% (4.19)

n—oo

Since the limit in (4.19) belongs to C([0, 1]¢)? and since substraction is a continuous op-
eration on C([0,1]9)? (with respect to the Skorohod topology), the continuous mapping
theorem implies that

=) a3 5 & .

Uy = A}y 2 ——0 in D([o, 1. (4.20)

It remains to note that the convergence (4.20) holds also in probability as the limit is
deterministic. O

5 Application to power variations

5.1 Convergence of power variations and their fluctuations

As an application of Theorems 2.11 and 2.18, we study the asymptotic behaviour of

signed power variations of the fBs Z. Let p € N be fixed throughout this section. We
)

consider a family {Vp(n :n € N} of d-parameter processes, given by

V(1) = (m(n)PH ) ;( )Jz([fn(nl), mzn)»p te 0,1 neN
1<i<|m(n)t

(

The realizations of V};n) belong to the space D([0,1]%), as was the case with generalized
variations. To describe the asymptotic behaviour of Vpn , we introduce

vp(t) == p(t), te[0,1)7,
pp(y) =y’ —w, yeR,
where 7, is the p-th moment of the standard Gaussian law, that is,

0, p is odd,

= Pr(dy) = p/2
T /Ry 7(dy) [1(27—1), piseven.
j=1

Since the function p, is a polynomial, it belongs to L?(IR, ) and is a linear combination
of finitely many Hermite polynomials. Moreover, it is easy to check that the Hermite

1, pisodd,
k::{’ piso

rank of p, is given by

2, pis even.

Thus, the Hermite coefficients of p, satisfy Assumption 2.9. In what follows, we denote
by Ap,,, the constant given by (2.13), substituting f with p, therein.

As a straightforward application of Theorems 2.11 and 2.18, we obtain a functional
law of large numbers (FLLN) for V},(n) as n — oo.
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Proposition 5.1 (FLLN). We have

v 2 in D([0,1)%).

P posoo

Proof. For any t € [0,1]? and n € N, the following decomposition holds

V(n) (t) — <C(n)>§ U(n) (t) + v, ( I_m(n)tJ ) ) (52)

g (m(n)) m(n)

Since v, is uniformly continuous and

ol %’” Hm - mzm ———
it follows that
vp< L”;fzg)*) —— v, in D(0,1)%). (5.3)
Note that ¢, (n)2 /my(n) — 0 as n — oo for any v € {1,...,d}, whence
(C)ipm Py po, ), (5.4)

(m(n)) 7 oo

by Theorems 2.11 and 2.18 (and the non-randomness of the limit). Since the limits in
(5.3) and (5.4) are continuous and addition is a continuous operation on C([0, 1]%)? (with
respect to the Skorohod topology), the assertion follows from the continuous mapping
theorem. O

Fluctuations of the process V}D(") around the FLLN limit vy, as n — oo, are also of
interest. The decomposition (5.2) suggests a non-trivial limit for the rescaled fluctuation

(m(n)
{e(n))

In fact, we can write for any ¢ € [0,1]% and n € N,

process

(Vp(n)(t) - Up(t))v te [07 1]d7 (5'5)

N [ ~—r

) v ) — o, (8)) = 7o) — B(1), (5.6)

where

gy ) (e
BI(t) <C(n)>é<p(t) p( cu )) >0

If p is odd, then BI(,n) = 0 = v, for any n € N. Recalling that £ = 1, Theorems 2.11
and 2.18 imply the following result, which extends Theorem 10 of [23] (see also [8] for
a related result).

Corollary 5.7 (Odd power variations). Suppose that p is odd.
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n—oo

(Z, <m(n)>V(n)> —~ 5 (Z, A, Z) in D([0,1]%?,

where Z is the fBs of Theorem 2.11.

(2) If H € (5,1)7, then

<m(n)z vim P 01z in D([0,1]),
(c(n))z = "7

(cf. Remark 2.20).

Suppose that p is even. In the special case d = 1, it is not difficult to see that
Z(;n) () < c(n)_% — 0 as n — oo for any t € [0,1]. Thus, some of the existing functional
limit theorems for power variations of fBm (e.g., Theorem 3 of [11] with an even power)
can be recovered from Theorems 2.11 and 2.18 due to the decomposition (5.6). However,
when d > 2, the fluctuation process (5.5) may fail to converge in D([0,1]%). The reason
for this is that, while ,612”) vanishes on the lattice £, = {i/m(n) : 0 < i < m(n)} for
any n € N, fluctuations of ﬁg(,n) in the complement of £, may be non-negligible or even
explosive when n — 00, as the following example shows.

Example 5.8. Consider the case where d > 2, m(n) := (n,...,n) for any n € N, and
H e (0, %)d. Then we have by the mean value theorem,

d
00 =S (TL600) ), 1€ nen,
KFEV

v=1

where £(™)(t) is some convex combination of n~!|nt| and t. We will now show that £,
cannot converge to a continuous function in D([0,1]%) as n — oo (similar, but slightly
longer, argument shows that a discontinuous limit in D([0, 1]%) is also impossible).

To this end, suppose that BI()n) — B in D(]0,1]%), where 8 € C([0,1]%). Then, it
follows that ﬁén) — [ uniformly. By the continuity of g, there exists an open set
EC [%, 1]d such that

sup [8(s) — B(1)] < 5. (59)
s,telE
Note that there exists ng € N such that E N &,, # & for any n > ng. Moreover, we can
find n; > ng such that

. 1
15125 1;[ M () > 2d-T for any n > n;.
RFUV

Thus, we find that for any n > nq,
nd/2-1

(n) >
félgﬁp () 2 Sa=1 (5.10)
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while

inf 80 (¢) = 0. A1
inf B, (t) =0 (5.11)
But when Bz(,n) — [ uniformly, the estimate (5.9) is not compatible with (5.10) and
(5.11), which is a contradiction. (This also shows that 61(?) cannot converge to 3 along
a subsequence.)

Remark 5.12. Since B,g")(t) = 0if t € &,, for any n € N, choosing the sequence
1 1
27”” ceey 27
n € N), one can ensure that the fluctuation process (5.5) convergences pointwise on a

(m(n))nGN so that & C & C --- (for example, set m(n) := ( ) for any

dense subset of [0,1]? to a limit given by Theorem 2.11 or 2.18.

5.2 Multilinear interpolations

We have seen above that the rescaled fluctuations (5.5) of the power variations V},(n),
n € N, around their LLN limit v, do not necessarily satisfy a functional limit theorem in
D([0,1]%) when d > 2 and p is even. Note that it is implicit in the definition of Vp(n) that
the corresponding partial sums are interpolated in a piecewise constant manner. Such an
interpolation can have very poor precision in higher dimensions. In fact, interpolating
Vp(n) using a more appropriate, multilinear method enables functional convergence in
the general case.

Definition 5.13. For any n € N, we define a (piecewise) multilinear interpolation
operator L, : RIOU? C(]0,1]%) acting on a function g : [0,1]% — R, sampled on the
lattice &€, by

L)) = 3 Q(Wﬂﬂ)ag%, re 0.1 (5.14)

1€{0,1}4 m(n)
where the weights

o™ (1) = ({m(n)t} (1 — {m(n)t})' =), i€ {0,1}%

belong to [0, 1] and satisfy
S o =1. (5.15)

1€{0,1}¢
Remark 5.16. (1) In the cases d = 1 and d = 2, the definition (5.14) reduces to the

well-known (piecewise) linear and bilinear interpolation formulae, respectively.

(2) The definition (5.14) involves slight abuse of notation. Namely,

lm(n)t] +1

() ¢ [0,1]¢ (5.17)

when ¢, = 1 and i, = 1 for some v € {1,...,d}. But then a(n)(t) = 0, whence

i
(5.17) is of no concern.
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The fluctuation process, analogous to (5.5), obtained by substituting the power
(n) ) . .
satisfies the following

variation V7 with its multilinear interpolation XN/p(n) = L, V"
functional limit theorem. In particular, it applies with any d € N and p € N.
Theorem 5.18 (Interpolated power variations). (1) If H € (0,1)4\ (3, l)d, then

(2 s 0 0)) 5 (2w ) 11

where Z is the fBs of Theorem 2.11.

(2) If H e (3,1)7, then

~(n P 5 .
e 7 =) g A 2 in €011,

where Z is the Hermite sheet of Theorem 2.18.

The proof of Theorem 5.18 is based on the following two simple lemmas concerning
the multilinear interpolation operators. First, we show that the function v, is a fixed
point of the operator L,, for any n € N.

Lemma 5.19 (Fixed point). We have L,v, = v, for any n € N.

Proof. Let t € [0,1]% and n € N. By rearranging, we obtain that

L)) = 3 vp<m(”)””{m<n>t}i<1 - {m(n)t}>1-i>

i€{0,1}¢ m(n)
d .
my(n)t,| +7J . s
[T 3 T o g, 1~ ot
v=1;€{0,1} v
It remains to observe that for any v € {1,...,d},
Lmy(n)tyJ +] j 1—s I_my(n)tyJ + {my(n)ty}
- /N v v 1-— v v )= = ly,
3 T m (1~ fm ()t ) e :
]E{O,l}
and the assertion follows. O

Second, we show that convergence in probability in the space D([0,1]%) can be
converted to convergence in probability in C([0,1]9) via interpolations.

Lemma 5.20 (Convergence and interpolation). Let X1, Xo,... be random elements in
D([0,1]%) and X a random element in C([0,1]%), all defined on a common probability
space. If X, P X in D([0,1]%) as n — oo, then

LoXn —— X in C([0,1]%).

n—oo
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Proof. By (5.15), we can write for any ¢ € [0,1]¢ and n € N,

|
LX) - X0 = Y (XnOmfzzfj)”) x (L ”))aﬁ"’(f)

ic{0,1)4 ()
Im@)t] +i\ _ e
+ie{§0,:1}d (X< m(n) ) X(t)> ;o (1).

Thus, invoking (5.15) again, we obtain the bound

sup [(LnXp)(t) = X(0)| < sup | Xp(t) = X (8)] + wx (m(n) "),
te[0,1]4 te[0,1]4

where
wy (u) = sup {| X (s) — X(t)] : s,t € [0,1]%, ||s — t]|oc <u}, u>0,

is the modulus of continuity of X, which satisfies lim,,_,o wx (u) = 0 a.s. since the realiza-
tions of X are uniformly continuous. Thus, lim,, . wx (m(n)_l) = 0 a.s. Finally, since
convergence to a continuous function in D([0, 1]%) is equivalent to uniform convergence,

it follows that sup;c(g 1)a [Xn(t) — X (?)] B 0asn— oo O

Proof of Theorem 5.18. We have for any n € N, by Lemma 5.19 and the linearity of the
operator L,,

(c(n))1/2 c(n))1/2 VP Py
Note that the function (m(n)t]
e )

coincides with v, on &,,. Since L,g depends on the function g only through the values

Lm(n)-] )

of g on &,, we find that

L,v, = Lyvy, <

o me) ([, (mme)
LS <c(n)>1/2<an an< e )) 0.

The assertion in the case (2) follows now from Theorem 2.18 and Lemma 5.20. In

whence

the case (1) one can apply Theorem 2.11, Lemma 5.20, and Skorohod’s representation
theorem [14, Theorem 4.30]. O
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A Extension to Gaussian moving averages

We outline briefly, how Theorem 2.11 can be extended beyond the fBs setting. Namely,
with minimal changes to the proof, we can also derive a central limit theorem for
generalized variations of a multi-parameter Gaussian moving average process

Z(t) = / Gt —w)W(du), teRY,
as long as the kernel G(@ has the product form

d
G () = H GV (u,), ueR?,
v=1

where for any v € {1,...,d} we assume that C?(Vl)(s) = sH”_%Ay(s), s € R, for some
H, € (0, 1-— ﬁ) and function A4, : R — R, that is slowly varying at 0 and vanishing

on R\ R4, such that G satisfies conditions (A1) and (A2) in [10, pp. 2555-2556].
Let us consider the normalized increments

vi(n) — Hé(d)qo’ m%ﬂ)) _ > ;(Rd)z([%, méﬂ))) 1<i<m(n), neN.
(A.1)

Modifying the proof of Lemma 3.7 and following [10, p. 2557] one can show that the

correlation structure of the increments (A.1) converges to the correlation structure of
the corresponding increments of the fBs, that is,

d
lim B[Z{) 2] = 1:[17“11” (D — i), 0, ez, (A.2)

Moreover, adapting the proof of Lemma 1 in [4] one can construct a function 5 : Z¢ —

R such that ;54 p(i)E < 0o and that for any i1, e 72,

B[220 < p(i® —i®). (A.3)

iy

Using (A.2), (A.3), and the Lebesgue’s dominated convergence theorem, it is possible
to modify the proof of Theorem 2.11 to establish that the processes Z and

L f(Z). tepa

1
(m(n)2 1 <; < m(ne)

where f is as in Theorem 2.11 with Hermite rank k, converge as n — oo in law to

o1t ~
(Z,AI?IfZ) in the space D([0,1]%)2, where Z is the fBs, or in this case a standard
Brownian sheet, of Theorem 2.11.
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