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Abstract

A Lagrange multiplier test for testing the parametric structure of a constant condi-
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model is proposed. The test is based on decomposing the CCC-GARCH model multiplica-
tively into two components, one of which represents the null model, whereas the other one
describes the misspecification. A simulation study shows that the test has good finite sam-
ple properties. We compare the test with other tests for misspecification of multivariate
GARCH models. The test has high power against alternatives where the misspecification
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considering misspecification of GARCH equations.
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1 Introduction

Multiple GARCH models have become an important tool in forecasting volatility of portfolios.
There are several classes of multivariate GARCH models, beginning with the general Vector
GARCH model of Bollerslev, Engle & Wooldridge (1988). This model is even 'too general’
in the sense that conditional covariance matrices generated by this model are positive definite
with probability less than one. Following this first attempt at joint modelling of conditional
variances and covariances using the GARCH approach, the main goal of econometricians has
been to develop models whose parametric structure would guarantee positive definiteness of the
conditional covariance matrix. Two classes of such models have become quite popular. The
first one is the so-called BEKK-GARCH model discussed by Engle & Kroner (1995), and the
second one is the family of conditional correlation models. The basic model nested in the other
members of this family is the Constant Conditional Correlation GARCH (CCC-GARCH) model
by Bollerslev (1990). For information about these and other multivariate GARCH models, see
Bauwens, Laurent & Rombouts (2006) and Silvennoinen & Teréisvirta (20090).

In this paper the focus is on conditional correlation GARCH models. While they are fre-
quently fitted to financial time series, testing the parametric structure of the GARCH equations
in them has not been very common. Our aim is to derive a portmanteau test for testing mis-
specification of the GARCH structure of these models. The predecessor of our test is the
portmanteau test of Ling & Li (1997) who generalised the univariate test of Li & Mak (1994)
to a multivariate situation. Their test is not restricted to conditional correlation GARCH mod-
els, but by a suitable choice of the conditional covariance matrix it becomes a misspecification
test of the GARCH equations in the CCC-GARCH model.

Nakatani & Terédsvirta (2009) derived a test of the CCC-GARCH model against the Ex-
tended CCC-GARCH model of Jeantheau (1998). In their Lagrange multiplier (LM-) test the
alternative to the GARCH equations is the model with GARCH equations that contains lags
of squared errors and conditional variances from other GARCH equations. Our aim is to derive
a general portmanteau test in the spirit of Ling & Li (1997) such that the alternative to the
GARCH equations is more general than in the test of Nakatani & Terésvirta (2009). It is based
on decomposing the conditional variance equations in the CCC-GARCH model multiplicatively
into two components, one of which represents the null model, whereas the other one describes
the misspecification. The inspiration comes from the univariate 'no ARCH in GARCH’ test in
Lundbergh & Terésvirta (2002). This leads to a portmanteau test that is more general than
that of Ling & Li (1997).

A practical question in applying tests of the GARCH structure of the CCC-GARCH model
is whether these tests also have power against misspecification of the correlation structure.
This will be investigated by simulation. There are also tests of the correlation structure of the
CCC-GARCH model. Tse (2000) derived a portmanteau-type test against the alternative that
the conditional correlations are not constant over time. Silvennoinen & Terésvirta (2009a) con-
structed an LM test against the Smooth Transition Conditional Correlation GARCH (STCC-
GARCH) model. The question then is whether tests of constant conditional correlations in turn
have power against misspecification in the GARCH equations. In this paper this problem is
investigated by simulating the test of Tse (2000). His test can be viewed as a portmanteau-type
test without a specific alternative to constant correlations.

It would be useful to test the adequacy of GARCH equations when the estimated model is
a time-varying conditional correlation model such as the DCC-GARCH model of Engle (2002),
the STCC-GARCH model, or the Markov-switching CC-GARCH model of Pelletier (2006).
The difficulty is, however, that asymptotic normality of the maximum likelihood estimators of



the parameters of these models has not been rigorously proven. For an illuminating discussion,
see Engle & Kelly (2012). The corresponding proof exists for the CCC-GARCH model, see
Ling & McAleer (2003), which is why that model constitutes the null hypothesis for the test
derived in this paper.

The plan of the paper is as follows. In section 2 the CCC-GARCH process is defined and we
present the decomposition of the conditional variance equations which our test is based upon.
In section 3 we give the first and second order partial derivatives of the quasi-log-likelihood
function of the decomposed CCC-GARCH model. The LM test is derived in section 4 and
section 5 contains a bivariate illustration of the test. The finite sample properties of the test
are studied by Monte Carlo simulations in section 6. Section 7 concludes. Mathematical proofs
can be found in the Appendix.

2 Model

Consider the following stochastic model of a random vector y;:

yi = E{y:|Fi1} + &

where y; = (y1r, ..., Yme)' 18 an m x 1 vector and F;_; contains the conditioning information
available at ¢ — 1. The m-dimensional error term &, is decomposed as follows:

Er = DtZt (1)

where

is a diagonal matrix of conditional standard deviations of the elements of &;. In what follows
we assume E{y;|F;_1} = 0 for simplicity and that h; follows a GARCH(1,1) process

hit = auo + 041'15?,75_1 + B hit—1, (3)
where «;; and (3,; are nonnegative, i = 1, ..., m. Furthermore, z, ~ 1ID(0, P), where P = [pij}
is a positive definite correlation matrix, i.e., p,; = 1,1 =1,...,m.

Equation (3) may be generalised to contain asymmetric or higher-order terms. From (1) we
have

Zy — (th, . ,th)l = D;1€t = (€1th17tl/2, e 7€mth;n1/2>/ (4)

and equations (1) with (4) define a CCC-GARCH model. The model can be written as

h; =ap + A1€§2_)1 + Bih; 4, (5)
where e = (e2,,...,¢2,), by = (hy, ..., hmy) and ag = (aqo, .. ., o)’ are (m x 1) vectors
and A; and B; are diagonal (m x m) parameter matrices with positive diagonal elements o
and (3,1, 7 =1,...,m, respectively.

In order to construct a misspecification test for the CCC-GARCH model (1), we assume
that z; = Gyu,, where

Gt = dlag(git/Za e 7.971!’{152) (6)



with )
git = 1+ Z CijZZt—jv (7)
j=1

and wy = (Uggy ..., Up) = (slth;tlﬂg;tlm,...,5mth;ﬁ/2g$/2)’ ~ 1ID(0,P). Then (1) can be
written as follows:

Er = Dthut (8)

and (8) can be regarded as an "ARCH nested in GARCH’ model. For the univariate case, see
Lundbergh & Teriisvirta (2002) and for another definition of g;;, in which g;; is a deterministic
positive-valued function, see Amado & Terésvirta (2013).

Let ¢ = (¢},.-,¢),)" be an mr x 1 matrix where ¢; = ((i1 -, ()8 = 1,...,m, is an r x 1
vector. Our misspecification test consists of testing

Hy:¢=0o0r G, =1 (9)

in the model (7). Thus under Hy, {e;} follows a CCC-GARCH model, and the alternative
implies that there is dynamic structure unaccounted for in this model, because none of the
sequences {z;+} is a sequence of independent random variables.

3 The log-likelihood function and its partial derivatives

3.1 The log-likelihood function

First, we introduce some notation. Let 0,, be an m x 1 null vector, 0,,, an mn x 1 null
vector, 1,, an m x 1 vector of ones, I, an m x m identity matrix, and diag(a) a diagonal matrix
whose diagonal elements are the elements of vector a. In order to derive the Lagrange Multiplier
statistic for testing the null hypothesis (9), we need the log-likelihood function of the model and
its first two partial derivatives. Under the null hypothesis, we assume that {e;} is a sequence
of vector white noise with Ee; = 0,, and the conditional covariance matrix ¥, = D,PD;.
Let w = (w),...,w!) be a 3m-dimensional vector where w; = (a0, ®1,05;), @ = 1,....,m,
and p = vecl(P) =(py19, ---; P1m» Pa3s -5 Poms -+ Pm—1,m)’ D€ an m(m — 1)/2-dimensional vector.
Furthermore, let ¢ = (¢}, ...,¢),,)’ be an mr-dimensional vector such that ¢; = ((;, ..., ;)57 =
1,...,m, is an r x 1 vector, and finally, set @ = (', p/,¢’)". Thus, the quasi-log-likelihood of the
CCC-GARCH model for observation ¢ takes the form of the Gaussian log-likelihood:

L(0) = —(1/2) Zm his — (1/2) ngﬁ — (1/2)In [P| — (1/2)u/P 'u,
= —In|D;| —In|Gy| — (1/2) In|P| — (1/2)u,P 'u,. (10)

Maximising
T

Lr(6) = thl 1,(0)

with respect to € yields the quasi maximum likelihood estimator (QMLE) 6.

To ensure asymptotic normality of the QMLE, we make the following assumptions:
Assumption 1 (Stationarity). Roots of det(L,, — Ajx — Byx) lie outside the unit circle.
Assumption 2. The parameter space © is a compact subspace of Fuclidean space; the matriz
P is a finite and positive definite symmetric matriz, with the elements on the main diagonal
being 1 and the largest absolute eigenvalue of the matriz P having a positive lower bound over
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©; each oy and [, is nonnegative, i = 1,...,m, and each element of {ajo,i = 1,...,m} has
positive lower and upper bounds over ©. Furthermore, if 3, > 0, then oy > 0,0 =1,...,m.
Assumption 3 (Identifiability). The formulation at the true parameter value 8y of the CCC-
GARCH-model is minimal.

Assumption 4. Ele¢| < c0,i=1,...,m.

Under Assumption 1 the CCC-GARCH(1,1) model has a unique weakly stationary solution.
Furthermore the model is also strictly stationary and ergodic (see Jeantheau (1998) and Ling
& McAleer (2003)).

Jeantheau (1998) shows that under Assumption 3 the model is identifiable. Define B(L) =
I,, —B;L and A(L) = AL where L is the lag operator. Sufficient conditions for Assumption 3
to hold are:

e det(A(L)) # 0 and det(B(L)) # 0.
e A(L) and B(L) are left coprime.
e A(L) or B(L) is column reduced.

A(L) and B(L) are left coprime if any of the greatest common left divisors, D, of A(L) and
B(L) are unimodular. D is unimodular if det(D) is not equal to zero and if it is independent
of the lag operator L. Furthermore, the polynomial matrix A(L) or B(L) is column reduced if
det(A;) # 0 or det(B;) # 0, respectively. See Jeantheau (1998) for details and proof.

Assumptions 2 and 4 are crucial for the proof of asymptotic normality of the QMLE, see
Ling & McAleer (2003).

3.2 The score and the information matrix of the log-likelihood func-
tion

In this section we define the first and second partial derivatives of (10). Let q;(6) =0l(0)/00
be the score vector for observation ¢, and let

a(6) = (1/7)Y a/(6) = (1/T)a(6) (11)

be the average score. We use the notation q(@) for the score evaluated at at @ = @. The
3m + m(m — 1)/2 + mr-dimensional score vector for the observation ¢ of (10) has the following
form

1,() 9L,(6) d1,(0)

Qt<9>:( O’ op/ ) ac/ )/

where, see Nakatani & Terésvirta (2009),

al,(0 1 1
5‘1) = —VD,vec (Dt1 — §D;1G;1€t€;G;1M;1 - §Mt1Gt1€t€£Gt1Dt1> (12)
and 91.(0 1
5(p - —5VPvec (P~ — P'D"G; e G 'D; P (13)

with Mt = DtPDt7 Ht = GtMth, VDt = 8V€C<Dt),/aw and VP = 8V€C(P),/ap.
The following lemma gives the first-order partial derivative of the log-likelihood function
with respect to (.



Lemma 1 The bottom block of the score vector has the following form:

oL,(8 1 1
_é(c ) = —VG,vec (Gt_l - §Ht_1€t€:§Gt_l - §Gt_1€t€;Ht_1) (14)
where VG, = Ovec(G,)'/O¢. Under Hy,
al,(6 Lo o 1
(‘;(C ) = —VGtveC(I — §Mt 1€t€t — §€t€tMt l).

Proof. See the Appendiz.

From (12), (13) and Lemma 1 it follows that under the null hypothesis, the average score
vector has the form

_ 1 < [01(6) 01,(0) 01,(8)]
q 0 H = 7 |: ) )
(0) L1 T; ow' ' op T o
1 L. [ VDuvec(Dy ' 1D e M - IM, Et€tD D)
= =) —VPvec(P 1 _P'D; ststD Ip- 1 . (15)
T t=1 —VG,vec(I — lM €€, — stsQMt_l)

The population information matrix is

Z(6o) = (1/T)E(a(Bo)a(o)’) = Eqr(60)a:(6o)’ (16)

where 0 is the true parameter. The negative of the expected Hessian evaluated at 6, equals

921,(0
J(6) = —(1/T) EZ 80390’ |0=6, - (17)

The Hessian for observation ¢ has the form

02,(0) 9%1,(0) 9%,(0) T

Ow'dw 0p 0w OC 0w
B 82lt<9> B Hllt(e) Hth(e) H13t(0> B azlt( ) fl azlt( )
HO) = Ggogr = | Tenl0) Tal8) Tanl®) ) = Goiap affa ocop | Y

H31:(0) Hs0:(0) Hs3:(0) 9%1,(60 ) 9%1,(0)

dw'dC  0pac  CaC |

where the expression for the upper left-hand 2 x 2 block can be found in Nakatani & Teriisvirta
(2009). The information matrix for observation ¢ under the null hypothesis is given by

Jll J12 JlS
J(00) = —E[Hi(0)]lp—p, = | J12 T2 T2 (19)
J13 J23 Js3

where Ji1,J12 and Jgy are defined in Nakatani & Terésvirta (2009). The following lemma gives
the remaining second partial derivatives Hz1(0), Hs2:(0) and Hzs:(0) of the log-likelihood
function (10).



Lemma 2 The second partial derivatives Hsz1(0), Hs:(0) and Hss(0) of the log-likelihood
function (10) are as follows:

0%1(0 1 Ovec(Gy)’
8(_‘;/(82‘ = —5%(Dtutu;PlDtl ® G;lD;1 + Dtutu; ® G;lM;l

+G;'M; ! @ Dawu, + G, 'D; ! @ DawyuP D )

Ovec(Dy)
o 0

0°1(0) _ 1 Ovec(Gy)' rp—1 —1y-lp-1
opac ~ T3 a¢ (DmwP oG DP
Ovec(P)

+G;'D;'"P7' ® DuuP '} o

(21)

and
0%1(0)
o¢'o¢

- { [(vec(G; 1) @T)] — % [vec(G; "M, 'Dyuu;D,) @ I

0?vec(Gy)’
acoc

{2(G;'® G;") = Dyuu;D, ® H; ' — G;' ® G;'M; 'Dyu,u;D,

1
—5 [vec(G;lM;lDtutuéDt)' &® I] }

1 Ovec(Gy)’

2 o
~-Du,u,DM;'G; ' ® G;! - G;! ® D,u,u,D,M; 'G;"*
Ovec(Gy)

—Gt_lMt_lDtutu;Dt X Gt_l — Ht_l X Dtututh} 8—CI

(22)

Taking conditional expectations noting that Eusu, = P and setting Gy =1 in (20)-(22) yields

1
Ji3 = §VDt {IeD;'+PD, @ M;'+ M, "' @ PD; + D;' ® I} VG, (23)
1
Jag = VP {D, @ P'D; " + P'D; ' © D, } VG (24)
1
Jase = 5 VG {200I)+ M, @ M;* + M;' @ M, } VG,. (25)

Proof. See the Appendiz.

4 The LM test statistic

When éssumptions 1-4 hold the asymptotic null distribution of the maximum likelihood esti-
mator @ is given by

V(B — 60) = N (0.7 (00)Z(8,)T~(60)
see Ling & McAleer (2003). If z; ~ iidN (0, P), the information matrix Z(6,) = —7(60y) and
the asymptotic covariance matrix reduces to Z-1(6,). Ling & McAleer (2003) show that Z(6,,)
and J(6y) can be consistently estimated by

1 T

I(0) == a(0)q,(0) (26)

T
t=1
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and

012(0
T Z 6’96’0’ (27)

respectively. See also Nakatani & Terésvirta (2009).
Let 6= (@', P/, ¢']" be the QML estimator of 8y under the null hypothesis. The average score
evaluated at 0 equals

~ ~ ! ~ ! ~ ~

d(0) = (4,(0) ,p(0) ,ac(8))" = (0301, 011y 2, A (6)') (28)
where
= 1 . 1 —1_ 1 Ing—1
qc(0) = ~7 Z(VGtvec(I — éMt €i€; — §stetMt ) (29)
t=1

is the relevant (nonzero) block in the LM test statistic. The corresponding block of the infor-
mation matrix in (19) evaluated at 6 under the null equals

~ -1
. T I PR | J
5(9)«;,4) = J33 - [ S KPR } /11 N = (30)
J12 J22 J23

We now state our main result:

Theorem 1 (the LM test statistic) Assume that z; ~ iid(0,P) and that Assumptions 1-4 hold.
Under Hy: { = 0 or G, =1, the LM statistic

LM, = Tqc(0)Z() /', (0)d,(6) (31)

where 6 is a consistent estimator of 0y under Hy and Z(0) is a plug-in estimator of T (60), has
an asymptotic x* distribution with mr degrees of freedom. If Z(6y) = —T(0y), then T (9)

in (81) may be replaced by «7(5>(7¢1,c)

($19)

If D, = diag(o1, ..., ®om), LM, becomes a test of no conditional heteroskedasticity against
CCC-ARCH. This test statistic is a special case of the constant error covariance matrix test
derived by Eklund & Terésvirta (2007).

5 Bivariate illustration

In this section we discuss the bivariate case, m = 2. Then w = (w,w))’, where w =
(cvio, i1, By)" for i = 1,2, ¢ = (¢}, ¢3)', and
hit = o + Oéz‘lgit_l + Bahig-1, 1 =1,2.

The block of the score vector corresponding to the parameter ¢ in Lemma 1 becomes

1 ZT: Vi (1 - m e1thar — peucav/hihy
I Voo (1 O—p"’)ﬁ e5ihie — pencary/hagha
where v, = 0,/9:/0¢; = (1/2)2% estimated under Hy and ’zvﬁ) = (21, 25,) for i, j =
1,2, and p is the conditional correlation between £1; and 9.



The block of the maximum likelihood estimated information matrix corresponding to ¢ in
Theorem 1 equals

~ ~ —1 =
~ ~ ~ ~ J11 J12 J13
(@) .o 33 [ 13 *23 ]2rx7 Jig Jo2 | oL d2s |,

where

L) ko K 2 T 2% T
i3 . (1 + m) k1K, —1,—p2k11tk22t e ki1
11 Ji2 2 T L\ o =
J., J AT — - pkeakiy, (1 + o 2) koorkhy, —175kaot (32)
12 J22 Py p ) e
n 7 VY 2y 4(14p?)
1+ —5 ) kg VY K VY,
J 1 T 1—p2 11t Vi1e T_p2 ™11t v 22t
13 g ~
~ = — S0/ 1 S0/
|: J23 :| 2T Z _lfp2 k22tv11t (1 + 1,/)2) k22tV22t (33)
t=1 _2p 0 _ 230
1—p2 V11t 1—p2 ¥ 22t
and
T 1 S0 S0r _p? =0 o
J 1 (1 + 1—p2> Vi Vi T2 V11t Va2t
33 = 7 E )
T __p° 50 S0/ 1 ~0 =0
t=1 12 V22t Vit I+ 7=,7 ) Vo Vo

In (32) and (33) Eijt = Egl(?ﬁit/awj estimated under Hy, where aﬁit/awj = ijt+5iiaﬁit_1/8wj,
and x;; = (1, 5?1571, hji—1)" for i, j = 1,2. Furthermore h; is h; estimated under Hy. Following
the suggestion by Fiorentini, Calzolari & Panattoni (1996), we use the following initial values
for the recursions:
1o, 1
Xjo = (1a T Z 8?1&7 ? Z 5?15),
t=1 t=1
and 8%20/840] =0.

Under Hy, the LM test statistic (31) has an asymptotic x? distribution with 27 degrees of
freedom.

6 A portmanteau test and a comparison

Ling & Li (1997) introduced a portmanteau test for testing the adequacy of the multivariate
GARCH(p, ¢) model. They defined €, = Vi / 2zt,vvhere V. is the conditional covariance matrix
of g, and {z;} ~iid(0,1,,),where I, is a m X m identity matrix instead of a positive definite
correlation matrix P in our model and m is the dimension of €, = (e14, ..., &me)’. Let

R; =E(e}V, e, — m)(s;_jV;ljst_j —m), j=0,1,...,r

be the jth autocovariance of €/ V; ‘e, and set R = (R,/Ry, ..., R./Ry)’. The null hypothesis
to be tested is R = 0. The corresponding consistent estimators are

T

~ 1 1~ ~ 1~ .

R; = T g A m)(s;_thfjst_j —m), j=0,1,..,r
t=j+1



and R = (R, / Eo, .., R, / EO)’ . Under the standard regularity conditions, including Ro 5k < o0,
Ling & Li (1997) showed that under the null hypothesis,

VTRSN(0,9).
It then follows that the portmanteau test statistic
Q(r)=TR'Q 'R (34)

where Q is a plug-in estimator of §2, has an asymptotic x?(r)-distribution under R = 0.

In order to better understand the difference between our test and that of Ling and Li, we
shall show that the latter is also an LM test. To this end, define R; using &, = D;z; and
V,; ! =D;'P~'D; !, which gives €V, ‘e, = z/P~'z,. Then

R; E(zP 'z, —m)(z_ ;P 'z,_; —m)
Ro E(z,P~1z; — m)>? '

The null hypothesis is unchanged: R = 0.
Consider the following building-block of the Ling and Li statistic

VTR = \/_(R1 ...,i)'

Ry Ry

where _ . - o
R, (UYT)¥ ;. (ZP 'z —m)(ZQ P2y —m)

Ry (1/T) Xy (P17 — m)?
When z; ~ iid(0, P), one obtains

T
(1/T) Z 7P 'Z, — L E(ZP 'z, —m)? = k.
t=1

When z; ~ iidNV (0, P), k = 2m.
Now consider the following one-dimensional linear combination of lags of z,P~'z,:

gt—]__|_ZC P Zt] m (35)

and define G} = ¢;I,,. We argue that the LM test for testing the null hypothesis is {* =
(1, Cr) =0in (35) is asymptotically equivalent to Ling and Li’s test adapted to the CCC-
GARCH framework.

To show this, define
_ Ovec(G)' 1 Wi 1

VG = e E(z;_lelzt,l, o Zy Pz, ) vec(I) = p vec(I)’

10



where w; | = (z,_ P 'z; 4,...,2z, Pz, ). The average score vector evaluated at Hy equals
Q) = —— Ww,_yvec(I)vec(I — (1/2)D; 'P~'%,Z,D,
—(1/2)D,zZ,P~'D; )

T
1 =~
= o7 E W1 (z P12 — m)

t=r+1
1 r met T
_ - ~ L ~/f)_1~ _ et N,f)_1~ .
g t:%H(wt 1 —me)(z, Z —m)+ 7 t:§T+1<Zt Zy —m)

T
_ Iy me ~1 -1
= R*'+ T t%H(ZtP Zy —m)

~%

where R* = (1/2m)(Ry, ..., R,) and ¢ = (1,...,1)". It follows that q.(¢ )—R* % 0, because
(1/7) ZtT:r+1(E;f’_1Zt —m) 2 0as T — co. This implies that \/Tﬁc(z*) and vTR* have the
same asymptotic distribution. B B B

Next notice that R* — R 2 0, because (1/T)Y.[_,(ZP~'% — m)? % k. VTR* and VTR
then have the same asymptotic distribution, so v/T q.(¢ *) and v TR have the same asymptotic

~x% ~x%

distribution. Furthermore, Tq,(¢ )QEIQC(C ), where ¢ is the asymptotic covariance matrix

of V/T' GC(E*), and TR 'R have the same asymptotic distribution. We conclude that if mis-
specification of the GARCH equations is characterised by the lags of z,P~'z; and assumed to
be exactly the same for all m equations, the resulting LM-test is asymptotically equivalent to
the test of Ling and Li (1997).

Our test may therefore viewed as one in which we relax the restrictions inherent in Ling
and Li’s test by letting the assumed misspecification vary from one equation to the next. It
can also be seen as a multivariate extension of Lundbergh and Teréisvirta’s (2002) LM test
of no remaining ARCH in GARCH. They proved their test is asymptotically equivalent to
the portmanteau test by Li & Mak (1994). When m = 1, our LM test and Ling and Li’s
portmanteau test collapse into the Lundbergh & Terésvirta (2002) and the Li & Mak (1994)
test, respectively. If m = 1 and the conditional variance is constant, Ling and Li’s test reduces
to the one by McLeod & Li (1983) and ours to the no ARCH test of Engle (1982).

7 A simulation study

We study the size and power properties of the test statistic LM, by simulation. The power
of LM¢ is considered in situations in which the GARCH equations are misspecified and in
situations in which the alternative is a model with time-varying correlations. Our test is
constructed for situations in which the GARCH equations may be misspecified. Nevertheless,
it is interesting to know whether it may also reveal misspecification in the conditional correlation
structure. We compare the power of the test to the power of the portmanteau test of Ling &
Li (1997) and the LM-test of constant conditional correlations of Tse (2000).

Tse & Tsui (1999) study the power of Ling & Li’s test in testing the adequacy of a multi-
variate model for conditional heteroskedasticity. They find that the test has low power in most
cases where the conditional correlation structure of the true model differs from the estimated
one.
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The LM test of constant conditional correlations by Tse (2000), denoted LMC' following
the original article, is based on assuming time-varying correlations, defined as

Pijt = Pij T 5ij5i,t—15j,t—1; 1<i<y<m,

where §;; are additional parameters under the alternative hypothesis. The null hypothesis is
Hp: d;; = 0 for 1 < ¢ < j < m, and the test statistic is given by

LMC = 1,S(S'S)"'S'ur
where ¢ is a T x 1 vector of ones, S is the 7' x m matrix of partial derivatives 0l /00" evaluated
under Hy and 0 is the vector of parameters in the model under the alternative hypothesis.
Under Hy, LMC has an asymptotic x>-distribution with m(m — 1)/2 degrees of freedom.

7.1 Size

The size of LM, is simulated for five different CCC-GARCH(1, 1) models at sample sizes T =
1000, 2500, 5000 and 10000 and dimensions m = 2 and 5. The nominal size of the tests is 5%.
The data are generated from the five bivariate CCC-GARCH(1, 1) models used in Nakatani &
Terdsvirta (2009). DGP 1 has moderate persistence in volatility, while DGPs 2 and 3 represent
models with high persistence and DGPs 4 and 5 models with low persistence in volatility. The
correlation is low (p = 0.3) in DGPs 1, 3 and 5 and high (p = 0.9) in DGPs 2 and 4. All
simulations have been performed in R (R Core Team (2013)) using the ccgarch package by
Nakatani (2013).

We simulate both two- and five-dimensional models. When simulating the latter models
the DGPs are extensions of the former models. For example, in the two-dimensional case
DGP 1 A = diag(0.1,0.2) on the main diagonal, whereas in the five-dimensional model A =
diag(0.1,0.2,0.1,0.2,0.1). The five-dimensional conditional correlation matrices are of the form

L p p* p p
p 1 p p* p
P=1|p p 1 p p |, (36)
P> op 1 op
pt PP P op 1

which is selected simply because it depends on a single parameter. There is no statistical theory
behind this choice.

Table 1 summarises the results for m = 2. The test has a reasonable size already when
T = 1000. The only exception is DGP 5 with 7" = 1000 and r» = 4. Table 2 contains the results
for m = 5. The test has good size properties even in this case.

7.2 Power

We begin by considering the power of the test when a CCC-GARCH(1, 1) model is fitted to the
data while the data are generated by a CCC-ARCH(2) or a CCC-GARCH(2, 1) process. We con-
tinue by studying the situation in which a CCC-GARCH(1, 1) model is fitted to the data, but the
true process is an MGARCH process with time-varying conditional correlations. We consider
cases where the correlations follow the Dynamic Conditional Correlation (DCC) GARCH model
of Engle (2002), the Smooth Transition Conditional Correlation (STCC) GARCH model of Sil-
vennoinen & Teréisvirta (2009¢) and the Baba-Engle-Kraft-Kroner (BEKK) GARCH model,
defined in Engle & Kroner (1995).
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Table 1: Empirical size of the LM test for testing the adequacy of the estimated CCC-GARCH
model when m = 2. and r = 1,4. The nominal significance level is 0.05.

T DGP 1 DGP 2 DGP 3 DGP 4 DGP 5
r=1

1000 0.045 0.050 0.043 0.052 0.047

2500 0.050 0.049 0.048 0.051 0.049

5000 0.052 0.049 0.051 0.052 0.047

10000 0.050 0.047 0.051 0.051 0.051
r=4

1000 0.049 0.051 0.052 0.051 0.082

2500 0.048 0.052 0.048 0.051 0.050

5000 0.048 0.050 0.049 0.053 0.047

10000 0.052 0.052 0.053 0.052 0.049

Note: The number of replications equals 10000.

Table 2: Empirical size of the LM test for testing the adequacy of the estimated CCC-GARCH
model when m =5 and r = 1,4. The nominal significance level is 0.05.

T DGP 1 DGP 2 DGP 3 DGP 4 DGP 5
r=1

1000 0.047 0.095 0.046 0.050 0.047

2500 0.049 0.052 0.040 0.045 0.051

5000 0.051 0.050 0.047 0.053 0.045

10000 0.049 0.052 0.048 0.051 0.043
r=4

1000 0.045 0.054 0.052 0.061 0.115

2500 0.052 0.058 0.050 0.050 0.052

5000 0.051 0.058 0.048 0.053 0.043

10000 0.053 0.055 0.055 0.049 0.047

Note: The number of replications equals 5000.

All simulations are again performed in R. As the empirical size of the our statistic is very
close to the nominal 5% size and the simulations require plenty of CPU time we have used the
asymptotic null distribution in calculating the power. All estimates of the power of the test
statistics are rejection rates under the alternative.

Three different parametrisations are considered for the CCC-GARCH, one for the DCC-
and the STCC-GARCH process and two for the BEKK-GARCH processes. The parameters of
these models appear in Table 3.

13



'6-T IO Ut (z°0°T°0) = V& 030N

o] [
160/ mmo %o @% m%o wo %o m% m%o Hmw.o %o” 'q

m% %o wao %oH T-€0 ¥
1800/ m% %o mw.o w%o m% %o uw.o »%o ww.o p%o Te0 Y
01 dOa 6 IO 8-9 dHd ¢ dDa ¢ doa ¢ dDa 1.d5d

SUOIYRINWIIS O} Ul Posn smjourered-HOYVOIN € O[qRL

14



Table 4 presents the results when m = 2. In DGPs 1-3 the constant conditional correlation

matrix
_| 1
P_{p 1}’

with p = 0.3 (DGP 1a-3a) and p = 0.9 (DGP 1b-3b). The power of LM, is higher than the
power of Q(r) or LMC in all six cases. In addition Q(r) outperforms LMC' in most cases.
Q(r) has good power for DGP 3 and in large samples also for DGPs 1 and 2. LM C has rather
low if any power at all sample sizes when p = 0.3. For LM, and LMC' there is an increase
in power when the correlation changes from 0.3 to 0.9, while the power of Q(r) in that case
slightly decreases. In particular, when the conditional correlation is large, also LMC which
is not designed to detect misspecification in GARCH equations, can have considerable power
when the time series are sufficiently long.

In the DCC-GARCH model (DGPs 4-5) the conditional correlation is generated by the
following process:

Q=01—-a—b)P+az 1z, | +bQ; 1,

where a and b are the DCC-parameters and P is now the unconditional correlation matrix
P = {p;;}. Furthermore, to produce valid correlation matrices Q; is rescaled as follows:

P=(10Q) " *Q(IoQ) "7

where © is the Hadamard product. The values for the DCC-parameters are

DGP4 : a=0.09,b6=0.9 and
DGP5 : a=0.05b=0.9.

In DGP 4 the persistence in the conditional correlation is very high, i.e. the conditional
correlation can deviate substantially from its mean for long periods, whereas in DGP 5 the
attraction towards the mean is stronger than in DGP 4. We consider two values for the
unconditional correlation: p = 0.3 (DGP 4a and 5a) and p = 0.9 (DGP 4b and 5b). From
Table 4 we can see that the power of LM, more or less equals its size for all four DGPs at all
sample sizes. This is noteworthy as it suggests that the LM test also works as a misspecification
test when the null model is a DCC- and not a CCC-GARCH model. Note, however, that the
asymptotic null distribution of LM, is derived under the assumption that the null model is a
CCC-GARCH one, so the fact that the null model contains additional parameters is ignored
when the test is applied to a DCC-GARCH model.

Interestingly, the power of (r) considerably increases when the correlation increases from
0.3 to 0.9. It can be quite high when the persistence of the correlation is high as in DGP 4. As
may be expected, LMC' is the best performer, displaying strong power against both DGPs at
all sample sizes.

In the STCC-GARCH model (DGPs 6-8) the time-varying correlations are defined as follows:

Pt - (]. - Gt)P(l) + GtP(Q),

where P, fluctuates between two positive definite correlation matrices P ;) and P (3) according
to a transition function GG; which takes values between 0 and 1 depending on a continuous
transition variable s;. In our simulations G; is a logistic function:

Gile,yys) = (1+e7C9) 450 (37)

15



where v is the speed and ¢ the location of transition. In DGPs 6 and 7, s; = €11 in (37)
whereas in DGP 8, the transition variable s; follows a first-order autoregressive process whose
innovation is €1 41:

sy = 0.99s;,_1 + €11

In this case, the transition variable is quite persistent. The difference between DGP 6 and DGP
7 is that in the former the transition is fairly smooth, v = 5, whereas it is rapid in the latter
as v = 100. In both DGPs, ¢ = 3, which means that P; on average stays closer to P(;) than
P). In DGP 8, v = 5 and ¢ = 0, so the transition is smooth and due to persistent {s;} the
correlations change slowly over time.

In all these DGPs the two correlation matrices are

1 0.3 1 09
P“):[o.‘s 1]’ P@):[o.g 1]'

Again, LMC' has the highest power of the three tests, but contrary to the DCC-GARCH
alternative, LM, also has power against DGPs 6 and 7 where s; = €1;_1. It has very little
power against DGP 8. It seems that if the correlation fluctuates sufficiently slowly, LM, does
not respond such time-variation. The performance of )(1) lies between that of LA/C and LM,.
This test has power against all three DGPs but the power is clearly weaker than that of LMC,
in small samples in particular.

Finally we consider two diagonal BEKK-GARCH alternatives, where the model of the con-
ditional covariances is given by

Ht = CC/ + Allé't_lé';_lAl + BllHt_lBl.

Tse & Tsui (1999) found that (1) has low power against a diagonal BEKK-GARCH model.
The model they use is DGP 10 in our study. The results in Table 4 show that, as in the case
of DCC-GARCH, LM, only has trivial power against the BEKK-GARCH models considered.
()(1) has some power against the simplest diagonal BEKK-GARCH alternative (DGP 10) but
trivial power against DGP 9. As can be expected, LMC' has the highest power of the three
tests.

The power of the tests is also simulated for m = 5. The results reported in Table 5 are similar
to the ones obtained when m = 2. The LM, test has in general higher power when m = 5 and
the difference in power between the tests in favor of LM, is even larger than in the bivariate
case. The portmanteau test has slightly less power when m = 5 than when m = 2 when the
alternative is a CCC-GARCH(2, 1) process. When the alternative is an STCC-GARCH model,
the power of LM, marginally increases with the dimension of the model.

The test results seem to suggest following guidelines as to what to do in practice after
estimating a CCC-GARCH model. First carry out the three tests. If both LM, and Q(r) reject
the null hypothesis of no ARCH in GARCH whereas LMC' does not or does so only weakly,
conclude that at least some of the GARCH equations have to be respecified. If all tests strongly
reject, no conclusions can be drawn at this stage. If LM C' rejects the null hypothesis of constant
correlations whereas LM, does not, tentatively assume that the correlations are not constant
and fit a suitable multivariate GARCH model such as DCC-GARCH or BEKK-GARCH to the
data. If both tests reject but LM C provides the strongest rejection, consider again giving up the
assumption of constant conditional correlations but also consider the STCC-GARCH model as
an alternative. If all three tests reject very strongly, reconsidering both the GARCH equations
and the CCC-assumption could be useful. Note, however, that these guidelines are based on a
rather limited number of simulation designs and are rather tentative. Finally, if one has reason
to suspect spillover effects, these tests can be completed by the GARCH misspecification test
in Nakatani and Teréisvirta (2009).
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8 Conclusion

We derive an LM test for testing the adequacy of a fitted CCC-GARCH model. Monte Carlo
simulations show that the test has good size properties. The test has reasonable power when
the GARCH equations are misspecified, and the power of the test increases with the dimension
of the model.

In comparison with other tests, our test has higher power than the portmanteau test of
Ling & Li (1997) when the GARCH equations are misspecified. On the other hand, the test
is not greatly affected by misspecification in the conditional correlations, the special case of
an STCC-GARCH alternative being an exception. Therefore it is well suited for considering
misspecification of GARCH equations. Furthermore, we find that the LMC' test for time-
varying correlations of Tse (2000), while having very low power when the misspecification
is in the conditional covariances, performs remarkably well when the conditional correlation
structure is misspecified. The portmanteau test of Ling & Li (1997) has some power against
misspecification in both the GARCH equations and in the conditional correlations structure,
but is in both cases outperformed by either our test or the test of Tse (2000). It therefore seems
a good idea to perform the two latter tests or perhaps all three and, based on the outcomes,
decide how to proceed from there.

Appendix

The matrix derivations are based on results in Liitkepohl (1996), see also Nakatani & Terésvirta
(2009).

Proof of Lemma 1

First consider

dl6) |G, 10eiH, e

oc o 2 o (38)
where
0ln ‘Gt| . aveC(Gt)' 1
¢~ ac vec(Gy ). (39)
The second term of (38) becomes
19¢/H e, 1 0vec(G,) e 1 e
2 taCt' = 2 8<C - vec(H; 'e,6(Gy " + G/ leiefHL ). (40)
Inserting (39) and (40) into (38) yields
ol(e ovec(G,)' B 1. o 1 P
(9(C> = — a(C 2 vec(G; ! — SHi e el Gyl — 3G 'e,elH ) (41)

where H, = G;D;PD,G;. Evaluated under Hy, (41) has the form
@)  Ovec(Gy)
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C; - (Cilw-a ir),' u

1 1
VeC(I — §Mt_1€t€:€ — 56}521\/.[;1)

19



Proof of Lemma 2

The second partial derivatives of the log-likelihood function w.r.t. 6, the Hessian, are given by:

2(0) 2U(0) O%(6)
ow'ow  0p'dw 8§'8w
021(0) 0%(8) 0°1(0)

0 p—
Hi(6) ow'dp 0pdp O¢'0p
1
0%(6) 0%(8) 0%(0)
| dw'd¢  O0p'd¢ O¢'O¢ |
Begin by
o’e) 0 [ Ovec(Gy) .
0'0C _awf< oc Vel )>
1 0 [Ovec(Gy) o\
+5 50 ( e 0<C 2 vec(Gt_lDt_lP_lDt_lGt_lsteth1))
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First we see that A; = 0. Second,
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Similarly,
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Inserting (43) and (44) into (42), setting A; = 0 and using &; = G;D,u; yields
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Next consider
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Next,
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Inserting (49), (50) and (51) into (48) results in
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This completes the proof. l
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