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Abstract

Under proportional transaction costs, a price process is said to have a consistent
price system, if there is a semimartingale with an equivalent martingale measure
that evolves within the bid-ask spread. We show that a continuous, multi-asset
price process has a consistent price system, under arbitrarily small proportional
transaction costs, if it satisfies a natural multi-dimensional generalization of the
stickiness condition introduced by Guasoni [5].
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1 Introduction

In an asset pricing model that imposes proportional transaction costs on trading, a
consistent price system (CPS) is a shadow price process with an equivalent martingale
measure that evolves within the bid-ask spread implied by transaction costs, a concept
that dates back to the paper by Jouini and Kallal [10]. It is clear that trading under
transaction costs cannot be more profitable than trading at the prices given by the
CPS without frictions. Thus, questions concerning, for example, the no arbitrage (NA)
condition under transaction costs can be answered using frictionless theory. In fact,
such a transaction cost model satisfies NA if there exists a CPS — any arbitrage would
also be an arbitrage with respect to the CPS without frictions, a contradiction.
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The question whether a continuous-time price process has a CPS under proportional
transaction costs has been studied by several authors in the case where the process is
continuous, the case which we focus on in this note. Guasoni et al. [6, Theorem 1.2]
showed that a multi-asset price process has a CPS under arbitrarily small transaction
costs if it has the so-called conditional full support (CFS) property (see Remark 2.4,
below). Kabanov and Stricker [11, Theorem 1] established a similar existence result
under the assumptions that the price process does not admit arbitrage opportunities
with simple trading strategies and is sticky (we will elaborate on this property shortly).
However, the conditions of these two existence results are not necesssary for the existence
of CPSs (see Example 2.6, below).

In fact, in the single-asset case, Guasoni et al. [7, Theorem 2| have established that
a CPS exists under arbitrarily small transaction costs if and only if the price process
satisfies the NA condition under arbitrarily small transaction costs (a fundamental the-
orem of asset pricing). Earlier, Guasoni [5] showed that a price process satisfies the
NA condition under arbitrarily small transaction costs, if it is merely sticky. Informally,
stickiness entails that the process remains in any neighborhood of its current value with
a positive conditional probability (see Definition 2.2, below, for a rigorous formulation).
Combining the results in [5, 7], it follows in the single-asset case that a continuous
process has a CPS under arbitrarily small transaction costs if it is sticky.

The purpose of this note is to show that also in the multi-asset case any sticky
continuous process has a CPS under arbitrarily small transaction costs. In particular,
we give a direct proof of this statement, that is, even in the single-asset case where
the fundamental theorem of Guasoni et al. [7, Theorem 2] is available, we do not rely
on such a result. Instead, our proof is based on the arguments used in [6, 11], but we
modify them in a novel way (see Remark 3.4, below, for a discussion). In this way we
can carry out the construction of a CPS under the stickiness condition alone, which is
weaker and easier to check than the assumptions in [6, 11].

2 Preliminaries and main result

Our probabilistic setup is as follows. Let T' € Ry := (0,00) be a fixed time horizon
and (Q, F, (Cﬂ)te[oﬂ,P) a complete filtered probability space, such that the filtration
(Ft)icjo,m satisfies Fr = F along with the usual conditions of right-continuity and
completeness. We say that an “F-measurable” property P holds almost surely on A € F
if P[{P} N A] = P[A]. Furthermore, let d € N := {1,2,...} and let (S¢)¢c[o1], Where
Sy == (S},...,88), be an adapted d-dimensional process on (Q,S", (?t)te[O,T]aP) with
continuous paths and values in Ri. In terms of economic interpretation, .S describes
the evolution of the prices of d risky securities in terms of a money market.

Definition 2.1. An adapted d-dimensional stochastic process (M).e[o,7], where My :=
(M}, ..., M), is called an e-consistent price system (s-CPS) for S if for any i €



{1,...,d} and t € [0,T],
St
1+e¢

and if there is a probability measure Q on (2, F) such that Q ~ P and that M is a
Q-martingale.

<M< (1+¢)S; as,

If S has an e-CPS, then S, as a price process, is free of arbitrage and free lunches
with vanishing risk with e-sized proportional transaction costs (which follows, e.g., by
combining Corollary 1.2 of [3] and Lemma 2.2 of [5]). We refer the reader to [6, 7] for
details on how the value of a portfolio is defined under proportional transactions costs
in continuous time.

To formulate our main result, we recall the notion of stickiness — here in a multi-
dimensional form — that was initially introduced by Guasoni [5]. To this end, we use
the norm ||z := max(|x1],...,|zq|) for any z = (21,...,24) € R?, and write for any
stopping time 7 € [0, T7,

Sti= sup Sy — S|l
u€|r,T]

Definition 2.2. The process S is sticky, if for any ¢ € [0,T) and ¢ > 0,
P[S; < §|F] > 0 a.s.

Remark 2.3. We stress that ¢ in Definition 2.2 is non-random. This definition of sticki-
ness is, however, equivalent to the concept of joint stickiness introduced in [16, Defini-
tion 2], by Lemma 3.1, below. When d = 1, Definition 2.2 is also equivalent to Guasoni’s
original one-dimensional definition of stickiness [5, Definition 2.2] by Proposition 1 of
[1] and Lemma 3.1.

Remark 2.4. Recall that the process S has conditional full support (CFS) if for any
t €[0,7T), 6 > 0, and for any continuous function f : [0,7] — R? such that f(0) = 0, it
holds that

Pl sup 15— 5 — flu—1)] <
w€(t,T]

’J’t} >0

a.s.on {f(u—t)+ Sy € RE for all u € [t,T]}. Intuitively, the process (Su)uef,r) then
“sticks” to any random function of the form f(- — ) + Sy with positive conditional
probability. The CFS property is clearly a stronger requirement than stickiness, which
entails that S “sticks” merely to its current value with positive conditional probability
(that is, f = 0). The CFS property has been recently established for a wide selection of
processes, see [2, 4, 6, 8, 9, 13, 14]. In particular, many Gaussian processes, including
fractional Brownian motion, have CFS.

It is worth pointing out that stickiness is obviously preserved under composition
of the process S with a continuous function, which is not true in general for the CFS
property. Due to this observation one can easily construct an abundance of sticky
processes by composing, e.g., a process having CFS with a continuous function.



We can now state our main result, deferring its proof until Section 3.

Theorem 2.5 (Consistent price systems). If S is sticky, then it admits an e-CPS for
any € > 0.

Curiously, one of the implications of Theorem 2.5 is that even a process with mono-
tonic, smooth paths can be approximated, with arbitrary precision, by a process that
transforms into a martingale under an equivalent probability measure — which is per-
haps a bit counterintuitive from a probabilistic point of view.

Example 2.6 (Strictly increasing process). Suppose that (Bt).c[o,7 is a standard (one-
dimensional) Brownian motion and so > 0 is a constant. Let us consider the process

t
Sy = 50+/ |Bs|ds, te[0,T].
0

Clearly, S has strictly increasing, continuously differentiable paths. Thus, neither the
CFS property (see Remark 2.4) nor the criterion of Kabanov and Stricker [11] is in
force. However, using the independence and stationarity of increments of B, and their
full support property [15, Corollary VIII.2.3], it is straightforward to show that S is
sticky. Thus, by Theorem 2.5, there exists for any € > 0 a probability measure Q ~ P
and a Q-martingale M such that |M;/S; — 1| < ¢ a.s. for all ¢ € [0,T]. Note that the
monotonicity and differentiability of S is preserved under Q since Q ~ P.

3 Proof of Theorem 2.5

We will first introduce some additional notation and concepts that are crucial in what
follows. Suppose that E C R%. Recall that the convez hull of E, denoted by conv E, is
the smallest convex subset of R? that contains E. Moreover, the relative interior of E,
denoted by ri F, is the interior of E in the relative topology of the smallest affine subset
of R? that contains E (the so-called affine hull of E). We use int E for the (ordinary)
interior of E. The support of a probability measure p on R?, denoted by supp u is
the smallest closed set E C R? such that u(E) = 1. The (regular) conditional law of a
random vector X in R%, defined on (Q,F,P), with respect to a o-algebra § C F will be
denoted by £(X|G). We use the standard convention that inf @ = oo.

As a preparation for the proof of Theorem 2.5, we show that stickiness implies
a (seemingly) stronger property, obtained by replacing the deterministic time ¢ and
radius 0 of Definition 2.2 with a stopping time 7 and an F;-measurable random radius
n, respectively. This result is analogous to Proposition 2.9 of [6], which says that the
CF'S property implies the strong CFS property, and its proof is, in fact, carried out in
a similar fashion (cf. also Lemma 2.2 of [12]).

Lemma 3.1. If S is sticky, then for any stopping time T € [0,T] and Fr-measurable
random variable n > 0,

P[SE<n|F;] >0 a.s. on{n>0}.



Proof. To exclude a triviality, we assume that P[p > 0] > 0. We use a contrapositive
argument and suppose that the assertion is not true, that is, there is a stopping time
7 € [0,T], an Fr-measurable random variable n, and A € F; such that A C {n > 0},
P[A] > 0, and

P[S:>n|F;]=1 on A. (3.1)

Note that, necessarily, A C {T < T}. Since A C {n > 0}, we may write A = J,,cry A7,
where A}, := AN{n > 2/n} € F;. The property P[A] > 0 implies then that P[A] ] >0
for some ng € N. Further, by the continuity of S, we have A}, = J 4€[0,7)NQ Ay, where

1
A=A n{T < q}ﬂ{ sup ||S: — S| < no} € J,.

te[r,q]

Thus, P[A;, ] > 0 implies that P[A} ] > 0 for some go € [0,7) N Q.
The property (3.1) implies that 1;g:>,, = 1 a.s. on A. Thus, recalling that A} C A,

P[AZO] = E[1A301{5¢2n}] = P[Ag N{S: > n}. (3.2)

0

Since we have the inclusion
Ay N {Sr>n} c Ay N{S; > 1/no},
it follows that
P[Ago N{S:r>n} < P[A;’0 N {S;O >1/np}] < P[A;’O]. (3.3)
Combining (3.2) and (3.3), we obtain

P[S; > 1/ng|Fg] =1 as. on Ay,

which implies that S is not sticky. O

Similarly to the paper by Kabanov and Stricker [11], the key ingredient in the proof
of our Theorem 2.5 is the following result (Lemma 1 in the revised version of [11]) that
gives sufficient conditions for the existence of an equivalent martingale measure for a
discrete parameter process with infinite time horizon (see also Remark 3.5, below).

Lemma 3.2 (Equivalent martingale measure). Let (G,)n>0 be a filtration on (2,5, P)
and let (Xy)n>0 be a discrete-parameter, d-dimensional process adapted to (Gn)n>0-
Further, write &, :== X,, — X;,—1 for anyn € N. If

(i) 0 € riconvsupp £(&,|9n-1) a.s. for any n € N,
(i) 1ge,—oy T1 a.s. when n 1 oo,
(iii) P&, = 0|Gn-1] > 0 a.s. on {&,—1 # 0} for anyn € N,

then there exists a probability measure Q ~ P such that X is a Q-martingale and
bounded in L*(Q).



Remark 3.3. Kabanov and Stricker [11] write the condition (i) in a different form that
requires the process (X,)_; to be free of arbitrage for any time horizon N € N. For
our purposes, the geometric formulation (i) will be more convenient. Both formulations
are equivalent by Theorem A* in Chapter V of [17].

Proof of Theorem 2.5. Fix € > 0. Let us define an increasing sequence (7,),>0 of stop-
ping times by setting 7y := 0 and for any n € N,

St 14+¢’

Tn—1

S 1
Tn;:inf{t>7'n_1i t gé( 1+5> forsomeizl,...,d}/\T.

As argued in [6, p. 509], the continuity of the process S ensures that 1y, _7y T 1 ass.
when n 1 co. For any stopping time 7 € [0, 7], we introduce

S, := supsupp £L(S5|F,). (3.4)
Observe that the random variable S, assumes values in [0,00] and is F-measurable
since we can alternatively represent it as

S, = sup sL{p[ss>s|7,]>0}
s€Q4

where {P[SF > s|F;] > 0} € F; and Q4 := R NQ. Define

. : € q € od o
571,1 = 1min <1 +€S7.n71, ey 1_i_ESTn1’STn1>’

which is an &, -measurable (finite) random variable. Let us now consider the events

. 1—1 1 —
Cfl = {S:nl S [2d+ lén_l, 9d 1 15H_1>} N {STnfl > 0} C {Tn =T, Th_1 < T},
(3.5)

withn € Nand i e {1,...,2d + 1}.
Our aim is to apply Lemma 3.2 to the discrete-parameter, (F;

n

Jn>0-adapted process
n
Xn ::SO+Z€k7 TLZO7
k=1
where

d
& = (Srn — STn—l)]'{Tn<T} + Z(Sn_l(lc%i — 1CT2Li+1)6i for any n € N. (36)
i=1
To verify condition (i) of Lemma 3.2, note that

supp £(&n|Fr,_,) = {0} as.on {S,,_, =0}, (3.7)

whereas

supp £(&n|Fr,_,) D {£bn_1e;:i=1,...,d} as.on {S,_, >0} (3.8)



by stickiness as detailed in Lemma 3.6 below. Thus, it follows that
0 € riconvsupp £(&,|F -, ) a.s.

The condition (ii) of Lemma 3.2 is satisfied since {{,+1 =0} D {&, =0} D {r—1 =T}
and
1¢e,=0y 2 1(7,_,=7} T1 as. when n 1 cc.

Finally, condition (iii) of Lemma 3.2 follows from (3.7) and the inequalities
Pl¢, =0/, ] > P[Ch|Fr, ] >0 as.on {S, _, >0}, (3.9)

the latter of which comes from Lemma 3.6 below.
The construction of a CPS can now be carried out using a standard method (cf.
[6, 11]). By Lemma 3.2, there exists a probability measure Q ~ P such that X is
a uniformly integrable Q-martingale, thus closable at co. We may then define a d-
dimensional continuous-parameter Q-martingale M by setting M; = Eq[X|F;] for
any t € [0,T]. By the optional sampling theorem, M, = X, a.s. for any n > 0. For the
remainder of the proof, let us fix arbitrary ¢ € {1,...,d} and ¢ € [0,7]. The processes
X and M satisfy, by construction, for any n > 0,
1 Xi M
Troe < 552 = S—[" <(1+¢)? as. (3.10)

Tn

It is shown in [6, p. 510] that

1 st
TEsE < ?’;j <(1+¢)? as., (3.11)

where p; := min{r, : 7,, > t}, which is a stopping time. It follows then from (3.10) and
(3.11) that
! <=2 < (14e)! as.
(1+¢) S} S, St

By the optional sampling theorem, M;/S} = Eq [M,ﬁt/SﬂCﬂ], so we find that

1 M}
- < t<1 4 as.
T <(1+¢)* as.,

and we can conclude the proof by adjusting € appropriately. 0

Remark 3.4. The difference between the proof of Theorem 2.5 and the earlier proofs of
existence of CPSs under stronger assumptions in the papers [6, 11] is that we introduce
the second term in the definition of the increment (3.6). This term is indispensable as
it ensures that the support condition (i) of Lemma 3.2 holds even when S is merely
sticky. Namely, under stickiness the condition (i) might otherwise fail as it is possible,
for example, that

{0} # supp £(S,, — Sy, |Fr, 1) C[0,00)¢ as. on {r,_; < T}

(like in the case of Example 2.6).



Remark 3.5. The probability measure Q in the proof of Theorem 2.5 can be alternatively
constructed using Lemma 3.1 of [6], instead of applying Lemma 3.2. More precisely,
Lemma 3.1 of [6] can be applied sequentially to

— 1
X:: §n7 A:: {STn,1 :0}7 9:: 9:7'71717 j{:: g:’Tna 77:: 277

for any n € N, since (3.7) and (3.9) hold, and since the inclusion (3.8) ensures that, in
fact,
0 € int conv supp £(&,|F7,_,) a.s.on {ng_l > 0}.

As in [6, p. 509], the probability measure Q can then be defined through the density
L =112, Zn, where Z,, n € N, are the conditional densities obtained from Lemma 3.1
of [6]. The required properties of Q can be verified following [6, pp. 509-510]. To this
end, it is useful to note that

1{.5”71:0} < 1{§7n71:0} < 1{£n:0} a.s. for any n € N.

It remains to prove the following lemma, used above in the proof of Theorem 2.5,
which a consequence of the stickiness of the process S.

Lemma 3.6. For anyn € N andi € {1,...,2d + 1},
PC}|Fr, ] >0 as. on {S,, _, >0},
=4

where C! and S,,_, are given by (3.5) and (3.4), respectively.

Proof. Fixn € Nand i € {1,...,2d+ 1}. Again to exclude a triviality (cf. the proof of
Lemma 3.2), we assume that P [?Tn_l > O] > 0. Define a stopping time

. 21 —1
pP = inf {t > Tp—1 - HSt - STn71 H = 2(2d—|—1)5n_1} AT

and note that Plp < T|F,_,] > 0 a.s. on {S;,_, > 0} by the definition of S, _, and
0n—1. Clearly, we have the inclusion

{p<T}NECC, (3.12)

where

I * 1
FE = {Sp < 2(2d+1)(5n_1 .

Let now A € F,_, be such that P[A4] >0 and A C {S,,_, > 0}. Observe that
E[14P{p < T} N E|F:,_,]] = E[1an{,<rP[E|F,]] >0

since P[AN{p < T}] > 0 and P[E|F,] > 0 a.s. by the stickiness of S and Lemma 3.1.
The assertion follows now from the inclusion (3.12). O



Acknowledgements

M. S. Pakkanen and H. Sayit thank the Department of Mathematics at Saarland Univer-
sity for hospitality. Additionally, M. S. Pakkanen acknowledges support from CREATES
(DNRF78), funded by the Danish National Research Foundation, from the Aarhus Uni-
versity Research Foundation regarding the project “Stochastic and Econometric Anal-

ysis of Commodity Markets”, and from the Academy of Finland (project 258042).

References

1]

2]

Bayraktar, E. and Sayit, H. (2010): On the stickiness property. Quant. Finance
10(10), 1109-1112.

Cherny, A. (2008): Brownian moving averages have conditional full support. Ann.
Appl. Probab. 18(5), 1825-1830.

Delbaen, F. and Schachermayer, W. (1994): A general version of the fundamental
theorem of asset pricing. Math. Ann. 300(3), 463-520.

Gasbarra, D., Sottinen, T., and van Zanten, H. (2011): Conditional full support of
Gaussian processes with stationary increments. J. Appl. Probab. 48(2), 561-568.

Guasoni, P. (2006): No arbitrage with transaction costs, with fractional Brownian
motion and beyond. Math. Finance 16(2), 469-588.

Guasoni, P., Rdsonyi, M., and Schachermayer, W. (2008): Consistent price systems
and face-lifting pricing under transaction costs. Ann. Appl. Probab. 18(2), 491-520.

Guasoni, P., Résonyi, R., and Schachermayer, W. (2010): The fundamental theo-
rem of asset pricing for continuous processes under small transaction costs. Ann.
Finance 6(2), 157-191.

Guasoni, P. and Résonyi, R. (2012): Fragility of arbitrage and bubbles in diffusion
models. Preprint, available at http://ssrn.com/abstract=1856223

Herczegh, A., Prokaj, V., and Résonyi, M. (2013): Diversity and no arbitrage.
Preprint, available at http://arxiv.org/abs/1301.4173

Jouini, E. and Kallal, H. (1995): Martingales and arbitrage in securities markets
with transaction costs. J. Econ. Theory 66(1), 178-197.

Kabanov, Yu. M. and Stricker, C. (2008): On martingale selectors of cone-valued
processes. In Séminaire de probabilités XLI, Lecture Notes in Math., 1934, pp.
439-442, Springer, Berlin. (revised version, available at http://ykabanov.perso.
math.cnrs.fr/pdf/90 (KabStrRevis) .pdf)


http://ssrn.com/abstract=1856223
http://arxiv.org/abs/1301.4173
http://ykabanov.perso.math.cnrs.fr/pdf/90(KabStrRevis).pdf
http://ykabanov.perso.math.cnrs.fr/pdf/90(KabStrRevis).pdf

[12]

[13]

[14]

Maris, F., Mbakop, E., and Sayit, H. (2011): Consistent price systems for bounded
processes. Commun. Stoch. Anal. 5(4), 633-645.

Pakkanen, M. S. (2010): Stochastic integrals and conditional full support. J. Appl.
Probab. 47(3), 650—667.

Pakkanen, M. S. (2011): Brownian semistationary processes and conditional full
support. Int. J. Theor. Appl. Finance 14(4), 579-586.

Revuz, D. and Yor, M. (1999): Continuous martingales and Brownian motion. 3rd
ed. Springer, Berlin.

Sayit, H. and Viens, F. (2011): Arbitrage-free models in markets with transaction
costs. Elect. Comm. Probab. 16, 614-622.

Shiryaev, A. N. (1999): FEssentials of stochastic finance: Facts, models, theory.
World Scientific, Singapore.

10



2013

2013-20:

2013-21:

2013-22:
2013-23:

2013-24:

2013-25:

2013-26:

2013-27:

2013-28:

2013-29:

2013-30:

2013-31:

2013-32:
2013-33:

2013-34:

2013-35:

2013-36:

2013-37:

2013-38:

Research Papers mc R EAT E S

Center for Research in Econometric
Analysis of Time Series

Anders Bredahl Kock: Oracle inequalities for high-dimensional panel data
models

Malene Kallestrup-Lamb, Anders Bredahl Kock and Johannes Tang Kristensen:
Lassoing the Determinants of Retirement

Johannes Tang Kristensen: Diffusion Indexes with Sparse Loadings

Asger Lunde and Anne Floor Brix: Estimating Stochastic Volatility Models
using Prediction-based Estimating Functions

Nima Nonejad: A Mixture Innovation Heterogeneous Autoregressive Model for
Structural Breaks and Long Memory

Nima Nonejad: Time-Consistency Problem and the Behavior of US Inflation
from 1970 to 2008

Nima Nonejad: Long Memory and Structural Breaks in Realized Volatility: An
Irreversible Markov Switching Approach

Nima Nonejad: Particle Markov Chain Monte Carlo Techniques of Unobserved
Compdonent Time Series Models Using Ox

Ulrich Hounyo, Silvia Goncalves and Nour Meddahi: Bootstrapping pre-
averaged realized volatility under market microstructure noise

Jiti Gao, Shin Kanaya, Degui Li and Dag Tjgstheim: Uniform Consistency for
Nonparametric Estimators in Null Recurrent Time Series

Ulrich Hounyo: Bootstrapping realized volatility and realized beta under a
local Gaussianity assumption

Nektarios Aslanidis, Charlotte Christiansen and Christos S. Savva: Risk-Return
Trade-Off for European Stock Markets

Emilio Zanetti Chini: Generalizing smooth transition autoregressions

Mark Podolskij and Nakahiro Yoshida: Edgeworth expansion for functionals of
continuous diffusion processes

Tommaso Proietti and Alessandra Luati: The Exponential Model for the
Spectrum of a Time Series: Extensions and Applications

Bent Jesper Christensen, Robinson Kruse and Philipp Sibbertsen: A unified
framework for testing in the linear regression model under unknown order of
fractional integration

Niels S. Hansen and Asger Lunde: Analyzing Oil Futures with a Dynamic
Nelson-Siegel Model

Charlotte Christiansen: Classifying Returns as Extreme: European Stock and
Bond Markets

Christian Bender, Mikko S. Pakkanen and Hasanjan Sayit: Sticky continuous
processes have consistent price systems



	Introduction
	Preliminaries and main result
	Proof of Theorem 2.5

