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Abstract

This paper presents new results on the Edgeworth expansion for high frequency
functionals of continuous diffusion processes. We derive asymptotic expansions for
weighted functionals of the Brownian motion and apply them to provide the Edge-
worth expansion for power variation of diffusion processes. Our methodology relies on
martingale embedding, Malliavin calculus and stable central limit theorems for semi-
martingales. Finally, we demonstrate the density expansion for studentized statistics
of power variations.
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1 Introduction

Edgeworth expansions have been widely investigated by probabilists and statisticians in
various settings. Nowadays, there exists a vast amount of literature on Edgeworth expan-
sions in the case of independent random variables (cf. [6]), weakly dependent variables
(cf. [9]) or in the framework of martingales ([20], [24]). We refer to classical books [6],
[10] and [18] for a comprehensive theory of asymptotic expansions and their applications.
We remark that those authors mainly deal with Edgeworth expansions associated with a
normal limit.

In the framework of high frequency data (or infill asymptotics), which refers to the
sampling scheme in which the time step between two consecutive observations converges
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to zero while the time span remains fixed, a mixed normal limit appears as a typical
asymptotic distribution. In the last years a lot of research has been devoted to limit
theorems for high frequency observations of diffusion processes or It6 semimartingales, see
e.g. [4, 11, 12, 15] among many others. Such limit theorems find manifold applications
in parametric and semiparametric inference for diffusion models, estimation of quadratic
variation and related objects (see e.g. [5, 19]), testing approaches for semimartingales (see
e.g. [1, 8]) or numerical analysis (see e.g. [13]). While asymptotic mixed normality of
high frequency functionals has been proved in various settings, the Edgeworth expansions
associated with mixed normal limits have not been considered.

In this paper we present the asymptotic expansion for high frequency statistics of
continuous diffusion processes. More precisely, we study the Edgeworth expansion of
weighted functionals of Brownian motion, where the weight arises from a continuous SDE,
and apply the asymptotic results to power variations of continuous SDE’s. Finally, we will
obtain the density expansion for a studentized version of the power variation.

Our approach is based on the recent work of Yoshida [26], who uses a martingale
embedding method to obtain the asymptotic expansion of the characteristic function as-
sociated with a mixed normal limit. In a second step the asymptotic density expansion is
achieved via the Fourier inversion. Let us briefly sketch the main concepts of [26]. We are
given a functional Z,, which admits the decomposition

Zn = My + 1, Np,

where M, is a leading term, r, is a deterministic sequence with r, — 0 and N, is some
tight sequence of random variables. Here M, is a terminal value of a continuous martingale
(M{")e[o,1], which converges to a mixed normal limit in the functional sense. Under various
technical conditions, including Malliavin differentiability of the involved objects, joint
stable convergence of (M, N,) and estimates of the tail behaviour of the characteristic
function, the paper [26] demonstrated the Edgeworth expansion for the density of Z,, (and,
more generally, for the density of the pair (Z,,, F,,), where F,, is another functional usually
used for studentization). The asymptotic theory has been applied to quadratic functionals
M, in [26, 27]. We would also like to refer to a related work of [24], where a martingale
expansion in the case of normal limits has been presented. It was applied to the Edgeworth
expansion for an ergodic diffusion process and an estimator of the volatility parameter (cf.
[7])-

Although the paper [26] presents a general theory, its particular application to typical
functionals of continuous diffusion processes is by far not straightforward. When dealing
with commonly used high frequency statistics, such as e.g. power variations, we are
confronted with several levels of complications, which we list below:

(i) The computation of the second order term N, in the decomposition of Z,, appears to
be rather involved (cf. Theorem 4.3). This stochastic second order expansion requires a
very precise treatment of the functional Z,.

(ii) The joint asymptotic mixed normality of the vector (M", N,, F,,C™), where C" is
the quadratic variation process associated with the martingale M™ and F}, is an external
functional mentioned above, is required for the Edgeworth expansion (cf. Theorem 5.1).
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The proof of such results relies on stable limit theorems for semimartingales (cf. Theorems
8.1, 8.2 and 4.4).

(iii) Another ingredients of Edgeworth expansion are the adaptive random symbol ¢ and
the anticipative random symbol & (see [26] or Section 2 for the definition of random
symbols). While the adaptive random symbol ¢ is given explicitly using the results of
(ii), the anticipative random symbol 7 is defined in an implicit way. We will show how
this symbol can be determined in Sections 3.3 and 3.4. For this purpose we will apply the
Wiener chaos expansion and the duality between the kth Malliavin derivative D* and its
adjoint 6%,

(iv) Checking the technical conditions presented in Section 2.3 is another difficult task.
In particular, we need to show the existence of densities and to analyze the tail behaviour
of the characteristic function. This part involves many elements of Malliavin calculus (cf.
Section 3.5 and 3.6).

We see that the derivation of the Edgeworth expansion relies on a combination of various
fields of stochastic calculus, such as limit theorems for semimartingales, Malliavin calculus
and martingale methods. These steps require a completely new treatment in the power
variation case, compared with those in simple quadratic functionals.

The paper is organised as follows. In Section 2 we recall some results of [26] and
demonstrate an application to simple quadratic functionals. Section 3 is devoted to func-
tionals of Brownian motion with random weights. We will deal with the treatment of the
steps (i)-(iv), although the second order term N,, remains absent. In section 4 we show
the asymptotic theory for the class of generalized power variations of continuous SDE’s.
In particular, we will determine the asymptotic behaviour of the second order term N,.
Section 5 combines the results of Sections 3 and 4, and we obtain an Edgeworth expan-
sion for the power variation case. In Section 6 we deduce the formula for the asymptotic
density associated with a studentized version of power variation, which is probably most
useful for applications. Section 7 is devoted to the derivation of the second order term
N,. Finally, Appendix collects the proofs of limit theorems for semimartingales, which
are suitable for functionals considered in this paper.

2 Asymptotic expansion associated with mixed normal limit

As we are applying various techniques from Malliavin calculus and stable central limit
theorems for semimartingales, we start by introducing some notation.

(a) Throughout the paper A,, denotes a sequence of positive real numbers with A,, — 0
and such that 1/A,, is an integer. For the observation times iA,, i € N, we use a shorthand
notation ¢; := iA,. For any function f : R — R we denote by f*) its kth derivative; for
a function f: R? = R and o = (a1, a) € N% the operator d* is defined via d* = dg!d32,
where d% f, i = 1,2, denotes the kth partial derivative of f. The set Ck(R) (resp. Cy(R))
denotes the space of k times differentiable functions f : R — R such that all derivatives
up to order k have polynomial growth (resp. are bounded). Finally, i := /—1.

(b) The set L7 denotes the space of random variables with finite gth moment; the cor-
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responding LZ-norms are denoted by || - ||Ls. The notation Y, Aoty y (resp. Y, Ly,

Y, 4, Y') stands for stable convergence (resp. convergence in probability, convergence in
law).

(c) We now introduce some notions of Malliavin calculus (we refer to the books of Ikeda
and Watanabe [23] and Nualart [21] for a detailed exposition of Malliavin calculus). Set
H = L%([0,1],dr) and let (-,-)y denote the usual scalar product on H. We denote by
D* the kth Malliavin derivative operator and by §* its unbounded adjoint (also called
Skrokhod integral of order k). The space Dy, is the completion of the set of smooth
random variables with respect to the norm

k 1/q
1Y [|1,q := (E[|Y|q] +> EHDmYHIqHI@m]) :

m=1

For any smooth d-dimensional random variable Y the Malliavin matrix is defined via
oy = ((DY;, DY})u)i<ij<d- We sometimes write Ay := det oy for the determinant of
the Malliavin matrix. Finally, we set Dy o = Ng>2Dy 4.

We start this section by reviewing the theoretical results from [26], which concern the
Edgeworth expansion associated with a mixed normal limit. On a filtered Wiener space
(0, F, (Ft)tepp,1),P) we consider a one-dimensional functional Z,, which admits the de-
composition

Zn:Mn+rnNna (21)

where 7, is a deterministic sequence with r, — 0 and N, is some tight sequence of random
variables (in this paper we will have r, = A}/ 2). We assume that the leading term M,
is a terminal value of some continuous (F;)-martingale (M{*)c(o1], i-e. M, = M{. In
this paper we are interested in cases where M,, (and so Z,) converges stably in law to
a mixed normal variable M (stable convergence has been originally introduced in [22]).
This means:

M, %4 M, (2.2)

where the random variable M is defined on an extension (2, F, P) of the original probability
space (€2, F,P) and, conditionally on F, M has a normal law with mean 0 and conditional
variance C. In this case we use the notation

M ~ MN(0,C).

We recall that a sequence of random variables (Y,,)nen defined on (2, F,P) with values

in a metric space F is said to converge stably with limit Y, written Y,, LN Y, where
Y is defined on an extension (£, F,PP) of the original probability space (2, F,P), iff for
any bounded, continuous function g and any bounded F-measurable random variable X
it holds that

Elg(Yn)X] = E[g(Y)X], n — occ. (2.3)

For statistical applications it is not sufficient to consider the Edgeworth expansion of the
law of Z,. It is much more adequate to study the asymptotic expansion for the pair
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(Zn, Fy), where F, is another functional which converges in probability:
F, > F.

When F}, is a consistent estimator of the conditional variance C' (i.e. F = ('), which is
the most important application, we would obtain by the properties of stable convergence:

Zn
VE,

In this case the asymptotic expansion of the law of (Z,, F,,) would imply the Edgeworth
expansion for the studentized statistic Z, /v/ F,.

45 N(0,1).

We consider the stochastic processes (My);ejo,1] and (C})¢eo,1) With
M = M, Cy = (M), C = (M")y, C, = (M");. (2.4)

Here the process (M¢),c(o,1], defined on (Q, F,P), represents the stable limit of the contin-
uous (F¢)-martingale (M{"),c[0,1), while C™ denotes the quadratic variation process asso-
ciated with M™. Now, let us set

Con=r;YC,—0), (2.5)
F, =r ' (F, - F). (2.6)

Apart from various technical conditions, presented in the Section 2.3, our main assumption
will be the following:

(A1) (i) (M",N,,Cp E,) 2 (M, N, G, F).

(ii) M, ~ MN(0,C,).

In order to present an Edgeworth expansion for the pair (Z,, F},) we need to define two
random symbols o and @, which play a crucial role in what follows. We call o the adaptive
(or classical) random symbol and @ the anticipative random symbol.

2.1 The classical random symbol o
Let F = FV o(M). We take a random function C(z) such that
C(M) = E[C|F). (2.7)
In the same way we define the variables F/(z) and N(z) such that
F(M)=E[F|F], N(M)=E[N|F].

Remark 2.1. Due to Assumption (A1) (i) we have the pointwise stable convergence
(My,, Ny, Ch, ﬁn) LLN (M, N, 6, ﬁ) Usually, the limit (M, N, 6, 1/7\) is jointly mixed normal
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with expectation p € R* (and p; = 0) and conditional covariance matrix ¥ € R**4. We
deduce, for instance, that

~ X
N(M) = pg + =2 M.
Xn
Consequently, we have N(z) = g + %—ﬁz. The quantities C(z) and F(z) are computed
similarly. 0

Now, the adaptive random symbol ¢ is defined by

)2

o(z,iu,iv) = (1;) C(2) + iuN(z) 4 ivF (). (2.8)
Notice that ¢ is a second order polynomial in (iu,iv). The random symbol o(z,iu,iv)
is called classical, because it appears already in the martingale expansion in the central
limit theorem ([24, 25]), i.e. in the case where C' is a deterministic constant. In contrast,
the anticipative random symbol @, which will be defined in the next subsection, is due to
the mixed normality of the limit. In fact, it disappears if C' is non-random.

2.2 The anticipative random symbol &

The second random symbol & is given in an implicit way. Let a = (a1, a2) € N3 with
la] = a1 + ag. Set
o = 1 lolge.

We define the quantity ®,, by
2
D, (u,v) =E [exp ( - %C’ + iUF) (E(iuM”)l - 1>wn] ,

where £(H); denotes the exponential martingale associated with a continuous martingale
H,i.e.

£t = e (- ) =1+ | e (H).dH,,

and the random variable 1, plays a role of a threshold that ensures the integrability of
the above expression, whose precise definition is given in Section 2.3 below. In particular,
1, converges to 1 in probability.

Remark 2.2. Recalling the definition of the exponential martingale £(iuM"™), we observe
that ®,,(u,v) is closely related to the joint characteristic function of (M,, F). Condition
(A5) of Section 2.3 specifies the tail behaviour of ®,,(u,v). When C = F is deterministic,
i.e. we are in the framework of a standard central limit theorem, the truncation 1, can
be dropped and we obtain that ®,(u,v) = 0, since (£(iuM"); — 1);¢(0,1) is a martingale
with mean 0. ]

Now, we assume that the limit ®(u, v) := lim, o0 7, 10%®,, (u, v) (if it exists) admits
the representation

O (u,v) = 0°E [exp ( - U;C + ivF)E(iu, iv)} ) (u,v) € R?, (2.9)
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where the random symbol & (iu, iv) has the form
o(iu,iv) = Y ¢(iu)™(iv)™  (finite sum) (2.10)
J

with ¢; € D  for a certain [ € N (cf. assumption (A4) in Section 2.3). We remark that
o (iu,iv) is a polynomial with random coefficients.

2.3 Assumptions and truncation functionals

In this subsection we state the conditions (A2)y, (A3), (A4)gn, (A5) required in Theo-
rem 2.3 below. Localization techniques will be essential to carry out the computations
rigorously. We introduce a functional s, for this purpose.

(Az)g (1) F e ]D)g+17oo and C € Dg’oo.

(i) My € Dpti100, Frn € Dit1 00, Cn € Dy oo, Ny € Dyt o0 and s, € Dy oo. More-
over,

sup { [ Mallessp + 1Collep + 1 Eallesrp + [Nalles + snllep } < oo,

for every p > 2.

(A3) (i) P [A(Mmp) < sp| = O(rL*™) for some positive constant . Recall that ANG YA
denotes the determinant of the Malliavin matrix of (M,, F).

(ii) For every p > 2,

lim supE[s;p] < 00,
n—o0

and moreover C~1 € L,

(Ad),n (i) C(z), N(z) and F(z) are random polynomials with coefficients in Dy 00-

(ii) The random symbol & admits a representation
Fliu,iv) = Y ¢(iu)™ (iv)"™ (finite sum),
J
where the numbers n; € N satisfy n; <n and ¢; € Dy .
(A5) For some g € (1/3,1/2),

sup sup |(u,v)|3r;1/2]@g(u,v)| < 00
n (uw)EA(2,9)

for every a € Z%, where AY(2,q) = {(u,v) € R%;|(u,v)| < TEQ/2}.
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Truncation techniques will play an essential role in derivation of the asymptotic ex-
pansion. We shall construct a truncation functional 1,, which has been introduced in
the definition of ®,,(u,v), below so that it gives uniform convergence of C}* and the non-
degeneracy of (Z,, Fy,). Let ¢ € C*°([0,1]) be a real-valued function with ¢(z) = 1 for
|z| < 1/2 and ¢(x) = 0 for |z| > 1. Recalling that C; = C, we define a random variable

&n by

€0 = 1071A4(CT — O 4+ 2[1 + 4A 05, 1] T+ AL C? (2.11)
—q|m _m 8
+ L*/ <A” CF — G- G5 + CS’) dtds,
[0,1]2 |t — s[3/8

where L* is a sufficiently large constant, ¢; > 0, ¢ satisfies 2¢ < ¢ < 1 and the constant ¢
is defined in (A5). Define the 2 x 2 random matrix R/, by

R, = 05! (rn(DQn, DRy)u + rn(D Ry, DQn)u + 75 (D R, DRy ),
where Q,, = (M,, F) and R,, = (N,, ﬁn) Obviously
OznFy = 0Q.(l2+Ry), (2.12)
where I5 is the 2 x 2 identity matrix. Let &/, = r;!|R}|2. We define 1, by

Un = P(&)P(&)- (2.13)

2.4 The asymptotic expansion of the density of (Z,, F},)
We set
o=0+7. (2.14)

We remark that due to the definition of ¢ and @ the random symbol ¢ admits the repre-

sentation
o(z,iu,iv) = Z cj(z)(iuw)™ (iv)" (finite sum) (2.15)
J

for some ¢;(z) € Np>1LP. The approximative density of (Z, F},) is defined as

po(z,2) = E[p(20,C)|F = z]p" (z) (2.16)

e (=)™ (~da)" (B [e5(2)6(2:0,C)|F = a]p" (),
J
where p!" denotes the density of F and ¢(-;a,b?) is the density of N(a,b?)-distribution.
Obviously, we will require certain regularity conditions in terms of Malliavin calculus in

order to validate the existence of the density p!” and the derivatives in (2.16) as well as to
validate the estimate of the approximation error.
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For any integrable function h : R? — R we set
Ay (h) = ‘E[h(Zn,Fn)] _ / Wz 2)pn (2, 2)dzdz (2.17)

The next theorem has been proven in [26].

Theorem 2.3. Let { = 5V 2[(n + 3)/2] with n = max;n;, where the integers n; are
defined at (2.15). Define the set E(K,v) = {h : R? — R| h is measurable and |h(z,z)| <
K(|z| + |z])"} for some K,y > 0. Under the assumptions (A1), (A2);, (A3), (A4)en and
(A5), we have that

sup  Ap(h) =o(ry). (2.18)
he&(K,y)

In the following subsection we will explain how this result applies to weighted quadratic
functionals of a Brownian motion.

2.5 A useful example

We start by applying the result of Theorem 2.3 to a simple example, which however gives
a first intuition how the main quantities are computed. Let (Wt)te[o,l] be a standard
one-dimensional Brownian motion and consider the weighted functional

1/A,

M, =012 a(Wti_l)(]A?WF - An>, AMW =W, — W, (2.19)
=1

i—17

where a € Cp°(R) and A, — 0 (recall that 1/A,, is an integer). In this section we demon-
strate how the Edgeworth expansion is computed for M,,. Such quadratic functionals have
been already discussed in details in [26, 27]. For this reason we will dispense with the exact
derivation at certain steps of the proof; in particular, we will not show conditions (A2),-
(A5) at this stage. We start with the asymptotic properties of the quadratic variation
process C".

2.5.1 Asymptotic properties of C"

The It6 formula implies the identity

t;
IAMW|? — A, = 2/ (Wy — Wy, )dWs,

ti—1
and we conclude that M, is a terminal value of the continuous (F;)-martingale

ti N\t
M =272 Za(Wti_l)/ (Wy — Wy, )dWs, (2.20)

i>1 ti—1 Nt

i.e. M, = M. We also remark that

t
M = / brdW, b =20 2a(Wa, o/a,) (Ws = Wa,s/a0)): (2.21)
0
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and thus .
Cl' = (M™), = 4A,! /0 a*(Wa,s/an]) Ws = Was/a,]) ds. (2.22)

Theorem 8.1 of Appendix implies that
b t
Cy — Cy = 2/ a?(Wy)ds.
0

Remark 2.4. Notice that Theorems 8.1 and 8.2 of Appendix are formulated for bounded
weight functions a. However, as demonstrated in Section 3 of [4], all ingredients involved
in our analysis (in particular, the function a in this case) can be assumed to be bounded
w.l.o.g by a localization technique when proving Theorems 8.1 and 8.2. O

In this example we will consider

1/An
Fp =20, ) a*(Wy,_,), (2.23)
=1

which is a Riemann sum approximation of C' = C. We clearly have the convergence in
probability

1
F, 2 C= 2/ a?(Wy)ds.
0

Here and throughout the paper the functional stable convergence (M, Ny, Ch, ﬁn) LEN
(M.,N,C, F) follows directly from the general result of Theorem 8.2 in Appendix, so
the assumption (Al) will be always satisfied. However, for the computation of the ran-

dom symbol ¢ we only require the pointwise stable convergence (Mn,Nn,én,ﬁn) LEN
(M, N,C, F), which we will present from now on. The first convergence of the following
proposition is a straightforward consequence of [4, Section 8].

Proposition 2.5. It holds that
AY2(E, —0) o0

Furthermore, we obtain the stable convergence
(M, G) 25 (M, E) ~ MN(0,3)  with > = / 5. ds,
0

where the matriz X is defined by

Datw,),  wP=si =S,

Zil = 2a2(W5)7 232 = S S 3
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2.5.2 Computation of ¢ and &

Now, we start with the computation of the random symbol . We remark that the following
computations are rather typical. The adaptive random symbol ¢ is given by

22(1 a’(W)d
o(z,iu, iv) = (Gu)J a ® = z(iu)?Cy (2.24)
3f0 a?(W, )ds
due to Remark 2.1 and N(z) = F(z) = 0.

We turn our attention to @. We will not give a rigorous proof, as the details can
be found in [26, 27]. Instead we are aiming to present the most important steps of the
derivation (in Section 3 we will treat a more general type of functionals in a detailed
manner). Recall that in our case it holds that F' = C. We set

2

ef(u) = E(LuM™)y, U (u,v) = exp ((—% + iv)C’) (2.25)

As e}'(u) is a continuous exponential martingale we have that

¢, (u,v) =E [\ll(u, v) /01 e?(u)d(ith”)z/)n} ,

for the truncation functional &, defined in Section 2.3. The variable A, 12g n(u,v) has
the decomposition:

A;l/z@n(u,v) = Q[n(u,v)—l—%n(u,v)

with

1/A,

_ .
an(u,v) = A;1/2 Z E \I!(u,v)/ eZ_l(u)d(ithn)wn] ,
i=1 tiz1

An T N
ﬁln(u,v) = AEI/Q Z E \Il(u,v)/ (ef (u) — eZ__l(u))d(ithn)wn] .
=1

ti—1

We will see that 2, (u, v) is the dominating term, while éln(u, v) turns out to be negligible.
Setting for simplicity a; := a(W}), we obtain

1/An
Ap(u,v) = iult Z [52 1%2 ) X U(u,v)at,_,PYney, (u)},

where I]' = 1(;,_, 1, and 82 denotes the Skorokhod integral of order two. Now, we recall the
integration by parts (or duality) formula (see e.g. [21]): For any k& € N and w € Dom §*
and any smooth random variable Y € Dy, 9, it holds that

E[60*(w)Y] = E[{w, D*Y)gex]. (2.26)
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Applying the duality formula (2.26) we conclude that

A, (u,v)
1/An

1 rl
= iUA:Ll Z E |:/ / 1}@?12(517 32)D81,82 (\I/(u’ U)ati—lwne?i,l (u))d81d82:|
i=1 o Jo *

1/An

t; t;
= iul,! Z / / dsidso E [ati_lez_il(u)DSl,S2 (¥(u, v)wn)]
i=1 Yti—1 Jti—1
1/An

t; t;
= iuA;? Z /t 1 /t 1 dsidse E [atiflezil(u)wnDsl,SQ (¥ (u, v))] +o(1),
i=1 Jti-1 Stz

where the term o(1) is explained by the fact that D, — 0 since limsup,,_, [&n] < 1/2.
Recalling again that 1, £, 1, we obtain

1
lim A, (u,v) = /E[iuatet(u)Dt,t\If(u,v)]dt
0

by the functional stable convergence M™ Aoty pp entailing

d u?
e (u) =% ey(u) = exp (ith + ?Ct)

The process e;(u) is again an exponential martingale and we have
Eles(u)|F] =1

for all t > 0, u € R. Hence,

1

ILm Ap(u,v) = /E[iuases(u)sts\I/(u,v)]ds
n—oo 0
E[

U (u,v) iu(41°Cs + 21Cs)]

with [ = —“—22 +iv and

Co = /01 a(Ws)(/Sl(aQ)'(Wm)dx>2ds

C3 = /01 a(WS)(/SI(CL?)”(Wx)dx)ds

In a similar way, we obtain the representation

1/A,

t; s1
Wn(u,v) = 2iuA;? d d
(u,v) u ; z.l 51 /til 52
xE [DSQ <Ds1 {\If(u,v)wnatil X (e?l (u) — eg_l(u))})]

— 0
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as n — oo for every (u,v) by using LP-continuity of the densities of the derivatives of
e% (u) — e} (u). Putting things together we found that

1
lim AZY2®, (u,0) = /E[iuases(u)D&s‘I/(u,v)]ds
0

n—o0

= E[U(u,v) iu(4*Cs + 21C3)].

The corresponding identity for higher order derivatives of @, (u,v) is proved similarly.
Thus, the anticipative random symbol is given by

F(iu, iv) = iu(—u® + 2iv)%Co + iu(—u® + 2iv)Cs.

Remark 2.6. Recall that the statistic M, depends on Ha(A?W/\/A,), where Hj is
the second Hermite polynomial. In this case the anticipative random symbol & is non-
degenerate as we have just proved. In Section 3 we will show the following fact: Elements
of higher order chaos, i.e. H,(AW/+/A,) with m > 3, lead to & = 0. In other words, for
the computation of the anticipative random symbol & of a weighted functional M,, based
on f(A"W/\/A,), where f is a measurable function with Hermite rank at least 2, only
the projection of f(A?W/y/A,) onto the second order Wiener chaos matters. O

Now, the full random symbol is
o(z,iu,iv) = 2(iu)?Cy + iu(—u? + 2iv)%Cy + iu(—u® + 2iv)Cs.
Therefore the approximative density p,(z,z) of (My, F},) is given as (recall that F' = C)
pulza) = 0(=:0.0)p" (@) + AL (d{z0(230,2) b (@)EICI|C = o]
—d(d? — 2d)*{E[C2¢(2; 0, 2)|C = 2]p® (x)}

—d(d? — 2d,){E[C36(z; 0, 2)|C = x]pc(m‘)}>.

3 Functionals of Brownian motion with random weights

In this section we go one step further by considering general weighted functionals of a
Brownian motion with weights depending on a given stochastic differential equation, and
we shall derive an expansion formula. Here the stochastic second order term N, is still
absent. In later sections, we will meet an expansion with non-vanishing N,, when con-
sidering the power variations of diffusion processes. However, we will solve two essential
problems in this general but concrete situation, that is, identification of the anticipative
random symbol in this model, and proof of the nondegeneracy of the functionals.

On a given Wiener space (€, F, (Ft)ic[0,1], P) we consider a 1-dimensional stochastic
differential equation of the form

dX, = bl (X,)dw, + bl (X,)dt, (3.1)
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where Xy is a bounded random variable, bl b2l : R — R are two deterministic functions
and W is a standard Brownian motion. Sometimes we will use the notation

bl =oll(xy), P =l2(xy).

The somewhat unusual notation bl!l, b2 refers to the fact that the diffusion term b
dominates the drift term b in all asymptotic expansions (so bl is the first order term
and bl is the second order term). Under standard smoothness conditions the processes
bgk}, k = 1,2, also satisfy a SDE of the type (3.1) by It6 formula; in this case we denote
by b,Ek'l] (resp. bl[tka]) the diffusion term (resp. the drift term) of bl[tk}. In the same manner
we introduce the processes b,[fkl"'kd], ki,..., kg =1,2, recursively. We will assume that bt
and bl are in Cpi(R). !

In this section we consider weighted functionals of the Brownian motion of the type

1/A,

M, =223 G(Xtifl)f(
=1

AWV) (3.2)

VA,
where a € Cp°(R) and f € C’;l(R). Since f has polynomial growth, it holds that

E[f?(Z)] < oo with Z ~ N(0,1). Consequently, the function f exhibits a Hermite expan-
sion. We assume that the function f has the form

f@) = NeHp(z)  in L*(R; ¢(x;0, 1)de) (3.3)
k=2
with
= BIOIE] 5 o),

where Hy, is the kth Hermite polynomial, i.e. Ho(x) =1 and

M

o2 dF .
Hi(z) = (=Dfez Tk (e”2), kE>1.

In particular, the Hermite rank of the function f is at least 2 and E[f(Z)] = 0 for Z ~
N(0,1). We will see later that the Hermite rank 1 would not lead to the asymptotic mixed
normal distribution with conditional mean 0. In this section, we will consider

1/An
Fy = AnVar[f(Z)] Z QQ(X%'A% (3.4)
i=1

which is a Riemann sum approximation of C' = (M)1, as the reference variable. It is easy
to see the following properties (cf. Proposition 2.5).

!The set of smooth functions such that each derivative of positive order is bounded.
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Proposition 3.1. It holds that
1
By 55 € = Varlf(2) / a2(X.)ds
0

and
AY2AE, —0) 50

as n — o0.

3.1 A limit theorem for (), 6n) and the adaptive random symbol

APW
A7L

First, we note that for H = f( ) it holds

1
H:/ E[D, H|F.|dW,,
0

which is the Clark-Ocone formula. Consequently, we deduce the identity
AYWN a0 L (AW
(o) =2 /t Bl (5 )i aw

Thus, we naturally have a continuous square-integrable (F;)-martingale M™ = (M{");c(0,1)
given by

WAn[S/A7z]+A7z B WAYL[S/AH}

VA,

= [ b = o, B EARCE

and we deduce that

¢ w - W,
mn __ n _ 2 2 / An[S/An}‘i‘An An[S/An]
Cp = (M"), = /0 a®(Xa,(s/a0))E [f( = )\fs}ds. (3.6)

From this identity we obtain the convergence (see Theorem 8.1 in Appendix)

t
cr 5 ¢y = Var[f(2)] / a*(X,)ds.
0
By Theorem 8.2 of Appendix we deduce the following result.
Proposition 3.2. It holds that
1
(My,C) 24 (M, C) ~ MN(0,Y)  with = / ds,
0
where the matriz X is defined by
2;1 = Var[f(Z)] az(XS)7 222 = F1a4(XS)> ZiQ = Zgl = FQag(XS)>

with .

Iy = Var [/ E2[f’(W1)|]-"8]ds] ,

0

Iy = Cov [f(Wl)a/Ol E2[f/(W1)|fs]dS} :
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Notice that the stable convergence in the above proposition does not hold if f has
Hermite rank 1, since in this case the process (vs)s>o defined in Theorem 8.2 is not
identically 0. As in the previous section we immediately obtain the adaptive random
symbol

4z(iu) fa

=: 2(iu)%C;. 3.7
3Var[f(Z)] [, a < > G 37

o(z,iu,iv)

3.2 Setting s,

We need to define the functionals s, (and consequently &,,) to go further. We set 3(z) :=
Var[(f(Z2))]a(x)? with Z ~ N(0,1) and a; := a(X;). Let

on(t) = /0 t[ / 16;DrXsds]2dr.

Define a matrix (n,t) by

5 | eu(n,t) G12(n,t)
o(nt) = [&12(n,t) o22(t)
with
1(n,t) = A, Z tiJ (A UgAnW)]
it <t
2
+> / [AW Z aj, 1/2AZW)1{tk<t}DTthl] dr
it <t k=i+1
and
n 1
0'12 n, t Z/ <|:A’}L/2 Z a;tk1f(An1/2AZW)1{tk§t}Drth_1:|/ /BgDrXst)dr
it <t k=i+1 T

for t € IT". Define s, by

1 . 1 My
et — — R — I
Sn 2det [a(n,2> +@ZJ<2C1> 2],
where I3 is the 2 x 2 unit matrix, ¢ : R — [0, 1] is a smooth function such that ¢(z) =1

if |x] <1/2 and ¢(x) = 0if |z| > 1, ¢; is a positive number, and

[1/2A4]
mn = Ap Z A2

We will later show that the random variable s,, satisfies assumption (A3). We define &,
using s, as in Section 2.3.
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3.3 Decompositions of the torsion

In this subsection we present some preparatory decompositions for the computation of
7. Recall that f € C}'(R) and it admits the Hermite expansion f(x) = > 77, \eHy ().
Consequently, it holds that Y 3o, kKM A2 < oo.

The martingale M"™ = (M;);c(o,1) admits the local chaos expansion

M= AV me ’f/?/ / / - dW,,dW,, (3.8)
_1Nt

i>1

Obviously, each infinite sum in (3.8) is well defined as an L2-limit when k — co. Since

Hi(AV2ATW) = KA, ’f/2/ / / - AW, dWy,
ti1 Jti—1 ti—1

we find (3.2) again. We recall that for each (n,u), the random variable sup,c( 41 [€" (u)] is
bounded uniformly in w under the truncation by 1,,. Thus, one can identify e}'(u) with
a stopped e? \,(u) by some stopping time 7, = 7,(u) that makes the stopped process
bounded uniformly in w for every n (but not uniformly in n). This remark ensures that
variables are in the domain of the Skorokhod integral. 2

Since the infinite sums in k of (3.8) are also limits of L?-martingales, we can validate
the exchange of the limit and the sum, and then use the duality between the Skorokhod

2 A smooth truncation is possible to construct so as to make irregularity of the stopping time disappear
completely on the remaining event. On the other hand, it is also true that one can go without introducing
such 7, explicitly thanks to %, if the functional D, (eZ, Ds, (¥ (u,v)¢y --+)) in the following expressions
is expanded and interpreted naturally as eg, W(u,v) x ---. This is always possible because, for every n,
by some smooth truncation that causes CT* < A locally, the duality operation becomes valid and then the
limit A — oo gives the formula in expanded form.
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integral and the derivative operator D (cf. (2.26)) to carry out

1/An

t;
S e[ crwar v o)
i=1 ti—1
1/An o
= A2 Z Zk')\kA /2IE[/ (/ / . W82>dW81 U(u,v)par, }
i=1 k=2 ti—1 ti1 ti—1
1/An oo
i=1 k=2
XE[/ (/ / WS?) 11?(51)1)51(\1](“7U>¢nati_1)dsl}
1 1 1 1
1/An oo )
= Al/? Z Zk')‘ A~ k/2/ dsy
=1 k=2
XE[/ </ / dWS3)dW32681( )Ds, (‘I’(%U)%ﬂtil)]
ti—1 ti—1 ti—1
1/An oo
= A2 Y S RnA, m/ dsl/ ds,
i=1 k=2

XE[/ 1 </ 1 / 1 : dWS4>dWS3D82( (u)DSl(\Il(u,v)wnati_l)H. (3.9)

Applying the duality once again, we obtain the decomposition
1/A,

A (u,v) = 1/22 [/ w)dM] ¥ (u, )M

1/A,

t; s1
= 2 Z Ao At dsy dsoE [D@ <e?1 (u)Dsl(qJ(u,v)iﬁnatil))]
; ti—1 ti—1
I/An [e’)
+ Z Zk‘)\kA k/Q/ dsl/ d82/ dss3
i=1 k=3

XE[/ 1 / - - dWs, % DSS{D (621(U)D51(W(U,U)¢nati1)> H

= A (u,v) + An(u,v),
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where
1/A,

.. t; S1
A (u,v) = 2 Z Ao /t dsi /t dSQE[DSQ <e?1 (u) Dy, (¥ (u, v)wnati_l)>],
i=1 i—1 i—1

1/A,

t; S1 EP)
Bau,0) = 3 A [ sy [ dsa [
i=1 ti—1 ti—1 ti—1
© 53 Sk—1
xE[(Zk!)\kAg(k‘?’)/z/ / dWsk---dW54>
k=3 ti—1 ti—1

X Dy, {D82 (e?l (u)Ds, (¥ (u, v)@bnatil)) H .

Here we used three times Malliavin differentiability of the objects. We remark that the first
term 2, (u, v), which is associated with the second order Wiener chaos, is a dominating
quantity, while 9(,(u,v) will turn out to be negligible (cf. Remark 2.6).

3.4 Identification of the anticipative random symbol

We shall specify the limit of 2, (u,v). First,
1/An

t; S1 s2
o)l < > A [Tas [ ds [ as
i=1 ti—1 ti—1 ti—1
o 53 Sk—1
Zk!)\kAn(kiﬂ/?/ / AW, ---dWs,
k=3 ti—1 ti—1

m%m&@@WﬂwwwwMﬂ}

X

]LQ

X

L2

o0
< g k!l{:?’)\% X sup Dy, {D82 (e?l (u)Dys, (¥ (u, v)qﬁnatil)) }
=3 neN, s1,s9,53€[0,1] L2
t;_1<s3<sp<s1<t;
— 0

as n — oo for every (u,v), since the above supremum is bounded due to assumption (A2)s,
and product and chain rule for the Malliavin derivative.

Next, we will treat 2,,(u,v). We deform it as 2, (u, v) = Ay, (u, v) + Ay, (u, v) with
1/An

5 t; S1
Wp(u,v) = 2 Z /\gAnl/t dSl/t dsoE {atilegl(u)Dsz (Dsl(\lf(u,v)wn))},
i=1 i—1 i1

thanks to Dsay,_, = 0 and Dgei  (u) =0 for s > t;_1, and

1/A,

~ t; s1
Ap(u,v) = 2 g )\gAnl/t dSl/t dssE [DSQ (e?l (u) — BZ,I(U)) X DSI(\I’(u,v)wnatil)].
i=1 i—1 i—1
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Then by continuity of e’ (u) in Dy, (see again (A2)), we conclude Ap(u,v) — 0 as n —
oo for every (u,v). Since e} W(u,v) is bounded under truncation by v, or even by its
derivative, the LP-continuity of the objects yields

1
1
A (u,v) — )\2]E|:/ azexp (1uby + §u2Ct)DtDt\I/(u,v)dt , (3.10)
0

where DyDy¥(u,v) = limgy DeDyW(u,v). It should be noted that the integrability and
this limiting procedure are valid because D; DV (u, v) = W(u,v)A; with a sum A; of regular
variables, and

ess sup,, sup (Cf' — C1)lye, <1y < AY? <1< o0
t€0,1]
for all n, due to C}* < CT" and the construction of the quantity &, in Section 2.3. Further-
more,

1
1
Ao E / ag exp (ith + 2u2Ct)DtDt\I’(u,v)dt]
0

1 . 1,
= ME /0 atE[eXp (1th)|]:] { exp (iu C’t) X \I'(u,v)}Atdt}

1
= )\QE / CLtDtDt\II(U,’U)dt].
0

Consequently, for

0 (u,v) = i71dg, JE[LT(u) ¥ (u, v),] :E[iu /0 16?(u)th” \I/(u,v)z/zn],

where L} (u) = e}'(u) — 1, we obtain

O (u,v) = li_>m A2 (u, v)
= nli_{r;oi_|a‘d?u7v)(iu21n(u,v))

1
= i lalge )E[/ iuatDtDt\I/(u,v)dt}
0

(u,v
1 U2 w2
= AQi_‘ald((lu7v)E [\I/(u, v) - / iuay <(—2 + iu)}(D;0)* + (—? + iu)DtDtC> dt]
0

Therefore,
1 u2 u?
E(iu, iv) = )\2/ iuat ((—2 + iU)Q(DtC)2 + (—? + 1u)DtDtC> dt. (311)
0
We recall that the process DX} is given as the solution of the SDE

t t
DX, = bU(X,)+ / () (X)) Ds X ydu + / (MY (X)) D X udW,,

S S
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for s <t (and 0 when s > t), and

t t
D.D,X, = bWY(X)D, X, + / (bPY"(X)Dyr XD Xudu + / (b2 (X)) Dy Dy X ydu

T S

t t
+ / (MY (X)) D Xy Dy X dW,, + / MY (X)) Dy Dy Xy dW,

for r < s <t. Then (3.11) implies the identity.

u? u?
o(iu,iv) = diule ((—? + iv)?Var®[f(2)]Cy + (—? + iv)Var[f(2)](Cs + C4))

(3.12)

with

Cy = /01a(Xs)</Sl(aQ)’(Xu)Dqudu>2ds

Gy = /01a(XS)</l(az)”(Xu)(DSXu)2du>ds

s

¢ = /0 la(X5)< / 1(a2)’(Xu)D5D5Xudu>ds.

Now, having obtained the full random symbol o = ¢ 4+ and hence the density p,(z, x) for
o, we can formulate the following statement, which generalizes the results of [26, Theorem
6] and [27, Theorem 1] on the quadratic form to the weighted power variation of Brownian
motion.

Theorem 3.3. Let bl 512 € CpiR), a € C°(R) and f € CL(R). Let the functional F,

be given by (3.4). Define B(x) = Var|f(Z)] a(z)? for a standard normal random variable
Z. Assume that the following conditions are satisfied:

(C1) inf [plY(2)] > 0 and inf|a(z)| > 0.

(C2) 3232, 18M(Xo)| > 0.

Then for any positive numbers K and -y, it holds that

sup ‘E[h(Mn,Fn)]—/h(z,m)pn(z,x)dzdx| = o(v/An)

he&(K,y)

as n — oo, where the set E(K,~y) was defined in Theorem 2.3.

In the rest of this section, we will prove Theorem 3.3. We will verify conditions (A1),
(A2), (A3), (A4)sy and (A5) of Theorem 2.3 for £ = 10. The conditions of Theorem 3.3
trivially imply (A1) and (A2),. We already have (A4),,. In the following subsections we
concentrate on proving (A3) and (A5).
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3.5 Estimate of the characteristic functions

22

We shall now show condition (A5) of Section 2.3 under the assumptions of Theorem 3.3,

namely

sup  sup  |(u,v)PA; Y2105 (u )] < oo

n(u,w)€AR(2,9)

for

O (u,0) = 171G, EILY (u) ¥ (u, 0)¢),

(u0)

L} (u) = eff(u) — 1.

(3.13)

We apply the duality formula twice and use nondegeneracy of the Malliavin matrix of
(M}, F') together with that of C' — Cy, in the expression

1
0 (u,v) = i|a|d?u,'u)E|:/ ef (w)d(iuM) ¥ (u, v), |.
0

For this purpose, the representation (3.9) is useful. By the L?-convergence, we see that

/A,

3 E{ / " ep(uydMr W (u, U)M

i=1 tiz1

t; S1
= A2 RNALR? /t'1 ds /t_1 dsy

=1 k=2

S2 83 Sk—1
X]E|:/ / e / dWSk e dWS4dW33 atl',lDSQ <€?1
ti—1 Jti—1 ti—1

1/An

t; S1
= A;1/2 Z/ dSl/ d82
i=1 Jti-1 ti—1

0 82 83 Sk—1
xE[Zk!AkA;<k—2>/2/ / / AWy, - - dW,,dWs, ar,_, Dy, (e
k=2 ti—1 Jti—1 ti—1

1/Ay

t; S1
— A;I/Z Z / dsl/ d32E|:f:L7i’S2 at, ,Ds, (e?l (u)Dsl(\I/(u,v)wn)>],
i—=1 Jli—1 ti—1

where

0 82 S3 Sk—1
fgi& — Zk!/\kAn(km/?/ / / AWy, - - dW,,dWs,,
v k=2 ti—1 Jti—1 ti—1

and consequently reach the representation

1/A,

. e [ et v -

ti—1

1/A,

A;l/Q Z
=1

ti—1

(WD (9w 0)6) )|

ti—1

n
51

(0D (0, 0)0,) )

/ _ti dsy / '81 dsy E™ (u, v)5(314)
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where
B0 = W[, e, Do (@D (Vo)) 15)
Let
El(u,v) = ei(u)¥(u,v).

Then E,(u,v) has the FGH-decomposition (cf. [26, page 22]):

ES(u,v) = F¢(u,0)Gs(u)H{ (u)
with
F2(u,v) = exp (1uMg + ivCl), C1=0C,

Gs(u) = exp < - %uQ(Cl — C’S)),
B0 = e (5uC7 - ).
From (3.15) and the FGH-decomposition,
BP0 0)nes = B[ (00)Gus (O (00, w0) 0| 10)

where

1/}?1,52 (u7 U) = 1iu (621 (U)\II(U7 U)) DSz (621 (U)D81 (\II(U7 U)l/}n))
2

2
— {qpn( — % + iv)Dlel + Dslwn}iu<iuD52M§1 + UQDSQC';LI>

-1

2
u
—|—1/}niu( D) + i'U)Q(Dszcl)(DS101)
2
u
FADL)5u(— 5+ 30) Dy + DDyt 0

Suppose that the following condition, which we will prove in the next subsection, is satisfied
for £ = 10:

2 e varlables s, (n € satisty the tollowing conditions.
(C2°) The variabl (n € N) satisfy the following condit;
(i) supP|det omr,cy) < Sn] = O(AY3F8) as n — oo for some £ > 0.
t>1

(ii) limsupE[s,?] < oo for every p > 1.

n—o0

(iii) limsup [|sy||¢p < oo for every p > 2.
n—oo
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Note that condition (C2”) immediately implies (A3). Now following the (a)-(h) procedure
of [26, page 22] and the argument of the proof of Theorem 4 therein, we can obtain

sup sup sup sup \(u,v)|3’E{L(u,v)sl752‘ < o0 (3.17)
n i=1,...ns1,82:t;1<s1<52<t; (u,0)€A9(2,9)

by applying the integration-by-parts formula at most 8 times. More precisely, we introduce
a new truncation

'(,ZJn’sl = w<2 [1 +4A(M§‘1,C)3;1] —1>’

which will be used when the integration-by-parts formula for (M, C) is applied for s; >

1/2. We have the decomposition of E*(u,v)s, s, expressed by (3.16):
Ei(u,0)s1,5

= E F?l (U, U)G51 (U)Hgl (u)fl/}gll,SQ (u7 ,U)'l/}:'sll fr“;"z ati_1:| + RTL,ShSQ (u7 'U)
with

‘Rn731752 (ua U)| < KAESW sup Hl - w?’ HU’
SI

for all n, s; and restricted (u,v), where K a constant. The right-hand side can be shown

to be of order o(Aiq/ 2) for sufficiently small numbers g > 1/3 (cf. assumption (A5)) and
p > 1. Then, as already noticed, we can follow the (a)-(h) procedure of [26], by using the
FGH-decomposition, but with (&)1, s, for truncation, to obtain (3.17).

Finally, we obtain (3.13) for @ = 0 from (3.17). When a # 0, the argument of the
proof is essentially the same as above. As a conclusion, (3.13) (and consequently (A5))
holds for every o under the assumptions (C1) and (C2).

Obviously, condition (A3) is valid under (C1) and (C2°). In particular, the non-
degeneracy of C simply follows from inf, |a(z)| > 0. Thus, we are left to proving condition

(C2%).

3.6 Proof of (C2%)

We shall now prove that condition (C2”) holds under the assumptions of Theorem 3.3.
Recall that

My = A711/2 Z a(Xti—l)f(AglﬂAan)

i:ti St
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for t € II" = {t;}. We deduce that
Z ag,_ 1f I/QAHW) ( i 1,tz’](r)

it <t
+AYE S ap De X F(ATPATW) 1,y

it <t

D, M}

_ Z |:atl 1f ( 1/2AnW)

:t; <t
n
+A711/2 Z a:‘/k,l f(A;Ll/QAZW)1{tk§t}D7“th—1 1(25171,151']( )
k=i+1
for t € II", where >, --- = 0. Hence
o11(n,t) = omr
= S [ [raeanw
it <t
2

A Z ap,  JAPARW) Ly, <y Dr X, | dr
k—it1

fot B(Xs)ds. Since

for t € II"™. We have C; =
t
D,.Cy = / BiD,Xds, te|0,1],

we obtain
o2(n,t) = (DM",DC)y
Z/ <[atl 1f( 1/2AnW)
it <t
1
+AL? Z af‘,k1f(An1/2AZW)1{tk<t}D7’th—1:|/ ﬂéDrXst)dr
k=it+1 "

for t € II". The Malliavin matrix of (M;*,C)
0'11(71,75) 0'12(71,75) :|

J(Min’c) - [ Ulg(n,t) 0’22(1)
for t € II™. Let
. Ull(n,t) 012( t)
ont) = [ oa(n,t)  o(t) |-

By the Clark-Ocone representation formula, we have

t;
F(ATY2ATW) = A2 / an,i(s)dWy
ti—1
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with
wnils) = AE[D. (a8 )| 2.

and moreover

[E[f”(A;lﬂA?W) | ‘FS} 1(1‘/2‘7171‘4‘](8)
= Us (Arjl/Q(Ws - Wtifl)) 1(t¢717t¢}(5)

ani(s)

with

ti—
gr(z) = /f” (z—i— A L :1:> &(z;0,1)dx
for r € (t;—1,t;]. Then obviously,

sup lan,i(s)lop < o0
se(tiil,ti]
i=1,...,n

for every p > 1. In the same way, we see that

t;
FAT2APW) = A2 / vy i(8)dW

ti—1

with some predictable processes oy, ;(s) satisfying

sup  [la,i(8)[[10,p < 00
SE(t;—1,t4]
i=1,..., n

for every p > 1. By Lemma 5 of [26],

i<t Vti-1 k=i+1
t;
= ‘An Z |:ati1 <A7_Ll/2/ an,i(sl)dW51>
it <t ti-1
><<A3/2 > { / a;k_11{tk§t}AngTth1dr}A;1/2 / an,i(s)dwsﬂ
k=i+1 ti-1 tk—1
0(a,?)

for t € II"™. Hence

sup sup [|o11(n,t) — &11(n,t)|ls = O(ALY?)
neN tell”

t; n
2/ ati71f,(A7:1/2A?W)A711/2 Z aék_lf(Ar_Ll/QAZW)1{tk§t}Drth71dr

26

Lo
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as n — 00, where the term &11(n,t) is defined in Section 3.2. Furthermore, by the same
lemma, we have

ti 1
S [ (wer@s ) [ 8D xads)ar

sup
tell” it <t ti—1 L0
ti ti 1
= sup ||A, Z ag, <A;1/2/ an,i(sl)dWsl> <A;1/ </ B;DTXSd5>dr>
telln” it <t ti—1 ti—1 r Lo
O(A}?).
Therefore
sup [|o12(n,t) — G12(n, t)|[s = O(AY?).
telln
From these estimates,
sup [lo(n,t) — 5(n,t)llLs = O(AY?).
tell™
One has
det&(n,t) = 511(n,t)022(t)—512(n,t)2
> Ap > an  F(A2ATW)]? X ona(t)
it <t
> inf|a(z)|* mp o2a(t) (3.18)

for t € II", where the random variable m,, is defined in Section 3.2.

Now, we shall verify (C2°). Checking (C2°) (iii) is not difficult if one estimates the
H*®™-norms of D,, . .-derivative of the objects, in part with the aid of the Burkholder
inequality.

For (C2°) (ii), it suffices to show
limsup E[1¢,,, >3 (det5(n,1/2))77] < oo (3.19)

n—oo

for every p > 1 since s, > 1/2 when m,, < c¢;. Consider the two-dimensional stochas-
tic process X; = (Xt(l),Xt(Q)) defined by the stochastic integral equations with smooth

coefficients

t t
X; = X0+/ Vl(Xs)odWS—i—/ Vo(X;)ds, (3.20)
0 0

for t € [0, 1], where the first integral is given in the Stratonovich sense and

i =[] = [ ]
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for x = (x',22), ¥ = bl — 21l (BIY. Under (C2), the system (3.20) satisfies the
Hormander condition

Lie[V; Vi](«',0) = R (va' € suppL{Xo}),

the Lie algebra generated by V; and Vj, and as a result, for any ¢ € (0,1] and p > 1, there
exists a constant K, such that
t — — — —
sup }P’[v*/ Y WX V(X )Y, ) ds v < e} < Kpef
0

veR?:|v|=1

for all € € (0,1). Here Y; denotes a unique solution of the variational equation correspond-
ing to (3.20). See Kusuoka and Stroock [16, 17], Ikeda and Watanabe [23], Nualart [21]
for the nondegeneracy argument. Since both Y; and )71_1 are bounded in Ny,~1L?, we have

t
sup P[v* | T VRV ds v < e] < Kl
veR2:|v|=1 0
form some constant Kz’, > 0, and in particular this implies
P[UQQ(t) S 6] < K];é‘p

for all € € (0,1]. This inequality gives

O’zg(t)_l S m P

for every t € (0,1], and consequently, in view of (3.18), we obtained (3.19) and hence (C2)
(ii) for arbitrary c; > 0.

Finally,
sull)IP)[det or,cr) < Snl
< supP[deto(n,t) < sp]
t>1
<  sup Pldeto(n,t) < 1.5s,]+ sup P||deto(n,t) —deto(n,s)| > 0.5s,
teH”:tz% s,tit—s| <A
< Pldeto(n,1/2) < 1.5s,] + O(AL3%)
< P[det&(n,1/2) < 2s,] + P[|det o(n,1/2) — det 5(n,1/2)| > 0.5s,] + O(AL3%)
< P[my > 2cy, det6(n,1/2) < 2s,] + Pmy, < 2¢q]

+ASOR] det o(n, 1/2) — det 6(n, 1/2)[%] + 22198 ABE[s2%19/3] 4 O(AL?)
O(A}})

as n — oo if we take ¢; < E[f'(Z)?]/2. Thus we have verified (C2°) (i), which completes
the proof. 0
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4 Stochastic expansion of generalized power variation of dif-
fusions

Hereafter we will concentrate on the stochastic expansion of the type (2.1) for the class
of generalized power variation. The results of this section are necessary for the derivation
of the Edgeworth expansion for power variation, which is presented in Section 5, but
they might be also useful for other expansion problems in high frequency framework. We
again consider a one-dimensional diffusion process X = (Xt)te[o,l] satisfying the stochastic
differential equation

dX, = b (X,)dw, + bl (X,)dt.

Our aim is to study the stochastic expansion of generalized power variations of the form

1/An

Valf) =20 > £(
=1

AP X
75

where f: R — R is a given even function, i.e. f(x) = f(—=z) for all x € R. This type of
functionals play a very important role in mathematical finance, where they are used for
various estimation and testing procedures; see e.g. [4], [5], [8] and [12] among many others.
The most classical subclass of statistics (4.1) are power variations, which correspond to
functions of the form f(z) = |x|P; we will concentrate on Edgeworth expansion of power
variations in the next section. We introduce the notation

px(f) = E[f(z2)], reR, Z~ N(O’ 1) (4.2)

AMX = X, — X, (4.1)

whenever the latter is finite. Now, let us recall the law of large numbers and the central
limit theorem for the functional V,(f) derived in [4].

Theorem 4.1. (i) Assume that b, 012l € C(R) and f € C,(R). Then it holds that

1
Vi) v = [ pynas (43)

(i) If moreover bll € C%(R) and f € Cy(R) we obtain the stable convergence

1
— dst
AP0 = V() 25 MM (0, [ ()= B (0ds). ()
Remark 4.2. Recall that due to the Ité formula the assumption bl € C2(R) implies

that the process b,[fl} satisfies a SDE of the form (3.1). Thus, bl[fl} is an It6 semimartingale,
which is usually required for proving (4.4) (see e.g. [4]). O

Now, we derive the second order stochastic expansion associated with the central limit
theorem (4.4). Let us introduce the notation

all = AV ArW, (4.5)

—1

which serves as an approximation of the increment A7 X//A,;,. One of the main results of
this section is the following theorem. We remark that this result might be of independent
interest for other expansion problems in probability and statistics.
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Theorem 4.3. Assume that b2 € C?(R), bll € C4R) and f € C2(R). Then we obtain
the stochastic expansion

Valf) i= A7 2(Valf) = V() = My + AN, + 0p(A)?) (4.6)
with
1/An
M, =223 ( — Py >, (4.7)
=1

and N, = Y0_, N,

1/A,

<M1:Nm2f (m+@1 (ATW/VAL),

1/A,

t;
Npo = lﬂZf (m](mfmﬂm
ti—1
4 3/2 [1 1.1)
+ b [ s — i ydW + =S Hy (AW VA,
tz 1
1/A,

Nos = fo” (b2, + S ATW/ VAL )

1/An t;
_ 2 2
Nn,4 = 2A Z ( b[1] |b | /2 1(Ws - Wtifl) ds

ti— 1 ti—

1.2
— A2y (e,
ti—1
Nps = —A;! Zp th/(m—mﬂm, (4.8)
ti—1
where (Hy)k>o0 denote the Hermite polynomials and the processes by“"'kd]
Section 3.

were defined in

Proof. See Section 7. O

To describe the limits of the quantities N, z, 1 < k£ < 5, we need to introduce some
further notation.
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Notation. We introduce the functions g : R® — R, 1 < k < 5, as follows:
1
g1, owe) = E|US @oU) (v + JasHa(U)) = o, (FasUV |

g2(z1,...,26) = E[f’(sz)<($3+fU4)V+1$6H3(U))}

6
1 " 1 2

g3(x1,...,26) = §E[f ($2U)(501+§x5H2(U))]

Ga(r,s76) = ()T~ Sl (P

g5(z1,...,¢) = E[{f’(ng) (:1;1 + %.’1}'5HQ(U)) — pfp2(f)x5V}2}

(U, V) ~ Ny <O’< 1}2 ig ))

Remark 4.4. Theorem 8.1 implies the convergence in probability

with

1
J%rﬁm;/gwﬂwmyuymymwm@, k=234 (4.9)
0

under the assumptions of Theorem 4.3. The terms NV, ; and N, 5 converge stably in law
due to Theorem 8.2; their asymptotic distributions will be specified later. ]

Remark 4.5. The fact that we consider the drift and volatility processes of the type
bgk} — bl (Xs) is not essential for developing the stochastic expansion of Theorem 4.3.
In general the processes b[skl"'kl] that appear in Theorem 4.3 may depend on different
Brownian motions, which are not perfectly correlated with W that drives the process
X. In this case a similar stochastic expansion can be deduced; however, it will contain

additional terms, which are due to new Brownian motions. ]

In the next section we will require a consistent estimator of the asymptotic variance
of M,, i.e.

1
€= [ o) = (1.
o s
A rather natural one is given by

1/,

fea S A BN o

We remark that F;, is a feasible statistic in contrast to the Riemann sum approximation
defined at (2.23). The next theorem, which follows from the combination of central limit
theorems presented in [4] and Theorem 8.2, describes the joint asymptotic distribution of
(My, F,,, N,,). This result is crucial for the derivation of the Edgeworth expansion.
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Theorem 4.6. Assume that conditions of Theorem 4.3 are satisfied. Then we obtain the
stable convergence

<Mn, AZV2(E, - 0), Nn) ety (M, F,N) ~ MN (u, /1 Esds>,
0
where the matriz =5 is given as
== p (fz)—PiLu(f)
= = 2 =) = 3o (f)m(f) + 2’)32” (f)

=2 = p(F) — 4o, () (f) + 6oy (g (F) = 30, (),

s

28 = (g5 — g0l 2 ol bl p ),

and 2B ==23 =0, and 1 = po =0,

1 4
s = / gl(bgz]a bgl]’ bg2.1}7 bLl.Z]’ bgl.l}, bLl.l,l])dWs + Z Nk
0 k=2

5 Asymptotic expansion for the power variation

Now we have all instruments at hand to obtain the Edgeworth expansion for the case of
power variation V,,(fp) with

fola) = [zf",

which is our leading example. As we mentioned in Section 4, this would be the most
important class of functionals in mathematical finance. In order to obtain the Edgeworth
expansion for power variation, we will combine the results of Sections 3 and 4. Applying
Theorem 4.3 to the function f, we see that the martingale part M, is given as

1/An

AW p
M, =AY S s, P (| == = m,
i=1 ( Ay )

with m, = E[|N (0, 1)|P]. In particular, M, is a weighted power variation studied in Section
3. Consequently, we can apply the results of Section 3 with

a(z) = | ()P, f(x) = fp(z) —my and p € 2NU (11, 00).

Now, we will compute all quantities from previous sections required for the Edgeworth
expansion. First, we obtain the Hermite expansion

f@) =" NeHy(x)
k=2
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with A\ = 0 if k is odd (because f is an even function), and
)\2 = 7mp+2 _ mp
5 .
We start with the computation of the random symbol g. Here we mainly need to determine
the functions g1, ..., gs defined in Section 4. We observe that, for any k& > 0 with k < p,

(@) = sgn(@)¥p(p—1)--- (p— k+ V[2lP™*,  pa(fy) = mplzl?.

Now, a straightforward calculation gives the identities

_ 1
gi(z1,...,26) = psgn(zs)|zalP! (:mm,, + §x5(mp+2 - 2mp)>
p—1 1 1
92(21,...,26) = psgn(az)|rs] (5(963 + z4)my + gxﬁ(mpw - mp))
pp—1 _ x?

93(x1,...,g) = (2)\962 P 2 (x%mp_z + z125(mp — mp—2) + Z‘:’(mmg —2my, + mp_2))
ga(@reoswe) = By (= (b= Dleal 02 - 204 sgn(as)lzl ")

.2 2p—2( .2 95%
g5(1, ... 71’6) = D \1‘2’ T1Maop—2 + 961965(m2p - m2p—2) + Z(m2p+2 — 2mgp + m2p—2)

+ Emp — :C5mp(:v1mp + ?[mp+2 — mp]))

As in the previous section we consider the quantity

eSS () () ()

as a consistent estimator of C. We obtain the following result, which again follows from
Theorem 8.2.

Theorem 5.1. Assume that conditions of Theorem 4.3 are satisfied. Then we obtain the
stable convergence

(Mn,A;1/2(Fn — ), N, ASY2(C — C)) At (M PN, C) ~ MN(M,/I Esds>,
0

where the entries Eéj, 1 <i,7 <3, of the matriz =, € R¥™* and wi, 1 <3 <3 of the
vector i € R* are given in Theorem 4.6, and pg = =34 = 0,

=t = =T X)),
=2 = =T X)),

=t = I ),



Edgeworth expansion for functionals of continuous diffusion processes 34

where the constants T'1,Ty are given in Proposition 3.2 and T is defined as
1 1
T = Cou | faWh), [ B2LA 0717 s | 2000 | W) 002 = wh), [ B2 LA 001
0 0

As a consequence of Theorem 5.1 and Remark 2.1 we conclude that

o(z,iu,iv) = (iu)*Hi(2) + iuHs + ivHz(2) (5.1)
with - -
2. ds =.°ds
Hi(z) = fol_ Ho=p3,  Hi(z) = fo —
2f lld fO Hds

It should be noted that ¢ of (5.1) is essentially the same but different from ¢ of (3.7)
since the reference functional F,, is now defined by (4.10) not by (3.4) while the limits of
both coincide with each other and the ways of derivation of two adaptive random symbols
are the same except for F. Using the results of Section 3 we immediately obtain the
anticipative random symbol

2 2
o(iu,iv) = iu(iv - %)27{4 +iu (iv - %)7—[5 (5.2)
with
Ha = )\Q(mgp — mg)2C2, Hs = )\Q(Tngp — mg)(c;), + C4),
where

1
G = I (X P
0

(
C; = 1\b[”(XS)|p( / 1 (\bmPp)"(xu)(Dqu)?du)ds,

0

Cy = 01|b[1}(xs)|17( / 1 <|bm|2p)/(Xu)D5DSXudu>ds.

In the power variation case, a(z) = |bl!)(z)[? and we assumed in (C1) that a(z) is bounded
away from zero. So, in our situation, a(x) is smooth in a neighborhood of Xj. By a certain
large deviation argument, we may assume that a(x) is smooth and even having bounded
derivatives, from the beginning, at least in the proof of asymptotic nondegeneracy.

From the above argument, we obtain an asymptotic expansion for the power variation.
Recall V,(f) = Ax 2 (Va(f) = V().
Theorem 5.2. Let bl b2 ¢ Cpi(R) and fy(z) = |z[P with p € 2NU (13,00). Assume
that inf,, b (2)] > 0, 3222, (B F)(Xo)| > 0 and let the functional F, be given by (3.4).

Then for the density pn(z,z) corresponding to the random symbol o determined by (5.1)
and (5.2), it holds that

sup \B[(Ta(fy), Foll = [ hz,2)pa(eo)dda| = o(v/By)

he&(K )

as n — 00, for any positive numbers K and 7.
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Theorem 5.2 is proved by applying Theorems 3.3 and 5.1. In the present situation,
N,, involves f” and that is the reason why the number 13 appears. However, it would be
possible to reduce it to 11 if the estimations related with IV,,-part is refined, though we do
not pursue this point in this article.

Theorem 5.2 and the corresponding Edgeworth expansion for the studentized statistics
at (6.1) are the main results of this paper. In particular, these asymptotic expansions can
be applied to distribution analysis of various statistics in financial mathematics as power
variation type estimators are frequently used in this field. Another potential area of
application is Euler approximation of continuous SDE’s of the form (3.1). As is well-
known from [13], the Euler approximation scheme is asymptotically mixed normal and
its limit depends on the asymptotic theory for quadratic variation. Thus, our Edgeworth
expansion results can be potentially applied to numerical analysis of SDE’s to obtain a
more precise formula for the error distribution.

Remark 5.3. As we mentioned above, we can combine the results of Sections 3 and 4,
because we consider the power function f,(x) = |z|P. In this case the dominating part
M, is a weighted power variation in the sense of Section 3. The case of a general even
function f is more complicated. The results of 4 still apply, but the computations of the
random symbol @ is more involved. Let us shortly sketch the idea how & can be obtained.
Recall that in the general case the term M, is given as

1/,

My = A3 (1) —py )
=1
(see Theorem 4.3). As in Section 3 we therefore need to compute the projection onto the
second order Wiener chaos of the quantity
f<A51/QbE],1A?W) = Pyl
i—1
For this purpose we use the following multiplication formula (see [3])

[k/2]

Zz ik —1)1'(2)(25)!&_%@), vy €R.

Under the assumptions of Section 4, the function f admits the Hermite expansion f(z) =
Y peo AokHok(x) (since f is even). Hence, we deduce that

Z)Qk (ZQ R CEES O (22];> (z!) Hop_gi(x ))-

We conclude that the projection of f(al') — p,n onto the second order Wiener chaos is
ti—1

given by

Z? Sl PO 0 () EEE D e anw)

Using this 1dent1ty one can compute o as in Section 3. However, we dispense with the
exact exposition. ]
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6 Studentization

As we mentioned in the beginning, we are mainly interested in the Edgeworth expansion
connected with standard central limit theorem

Zn d
i — N(0,1).

where F), is a consistent estimator of C' defined in (4.10). In the following we present such
an Edgeworth expansion for the case of power variation discussed in the previous section.
First of all, we remark that the random symbol o(z, iu,iv) is given as

8
o(z 5u,10) = 3 es(2)(3u)™ (10)",
j=1

where

mi =1, n1 =0, c(2)=Ha, mo =0, no=1, ca(2)=Hs(2)
ms =2, n3=0, c3(2)=Hi(2), my=1, ng=1, cq4(z)=Hs

ms =3, ns=0, c5(2)==Hs, me=1, ng=2, cg(z)="Hy
mr =3, n7=1, c1(2) =Ha, ms =5, ng=0, cs(z)=—Ha.

As a consequence, we obtain the following decomposition for the density py(z,z) of
(Zn, Fp):

8
pn(za .Z') = ¢(Z; 0, x)pc(x) + A711/2 ij(zv :B)
j=1

with
pi(z,) = (~d)™ (=do)" (6(z: 0,0  (@)E[e;(:)|C = a] ),  1<j<8.

We start with the following observation. Let II be a finite measure on R with density =,
such that all moments of II are finite. Then it trivially holds that

lim |z*7(z) =0, lim |z|*7(z) =0 k> 0.

T—00 T—r—00

Given that the density 7 is a C* function and g is a polynomial, we also have

&) (2)7(z)dz = (—1)* 2)n® (z)dx
/Rg (@)n(z)d <1>/g<> (2)d

R

by induction. Let g be an arbitrary polynomial and x(x) = E[H|C = x]p®(z) for an
integrable random variable H, and note that

/ m(z)k(z)dx = E[m(C)H],
R
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whenever the integral makes sense. We define the polynomials gg ,(z,z) via

dig(z/VE) = Y as.u(2/VE,1/V2)g"W (2/ V),

v<p

where ¢(*) denotes the vth derivative of g. Let (a, ) € N2. Then it holds that

/]R2 g(%)d?dﬁ [qﬁ(z; 0, .’E)/i(l’)] dzdz = (—1)# /]R2 dﬁg(%)di‘(ﬁ(z; 0,2)k(x)dzdx

= (-1)° /R2 Z 48w (%, %)g(”) (%)d?qﬁ(z; 0,z)k(x)dzdx
v<p

=07 [ S ana (72 ) ) (0, Do)y

v<p

=1 [ o) S0 {56000 [ (3= ) 2ta)ae | ay

v<p
= [ 9 (-1 {5000, DB [HC 205, (5.7 .
v<p

Clearly, the above identity will enable us to compute the Edgeworth expansion for the
studentized statistic Z,/v/F,. We need to determine the polynomials ¢g, for § = 0,1, 2:

q0,0(a7 b) = 17
1
QI,O(C% b) =0, qu(a, b) = —§ab27
3 1
q2,0(a,b) =0, q21(a,b) = 1ab4’ q2,2(a,b) = Zazb‘l.

Recall the identity dg¢(y;0,1) = (=1)*Ha(y)$(y;0,1) and
Hy(z) ==, H3(z) = 23 — 3z, Hs(z) = 2° — 1023 + 15z.

A straightforward computation shows that

/RQQ(;E)pl(Z,l‘)dzda} = E[chl/Q}/Rg(y)yd)(y;o, 1)dy,

5
z 1 _
/ zg(ﬁ);lpj(z,x)dzdx = 5B [ aoty:0. 1)

8 _ 3 _5/2 0.1\
/R2g() jz;])j(z’,x)dzdx = ZE[H4C ]/%g(y)ygj)(y’()’l) y.
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The corresponding computation for the terms py(z,z) and p3(z,z) has to be performed
separately, since the random variables ¢y and ¢3 depend on z. Recall that the quantities
Hi(z) and Hs(z) are linear in z, i.e. Hi(z) = 2H1, Hs(z) = zHs. We deduce as above

(here r(x) = E[H3|C = z]p®(z))

/R? 9(%)]?2(2, x)dzdr = — /R2 zg(%)dx [QS(Z; O7aj)f{(x)i|dzdx

_ /Rg(y)dy {y¢(y;0,1)[@[7?[3(]1,1(97071/2)01/2}}dy

— LE[f,07 /R 9(9) (40, 1)(2y — ) dy.

Finally, we obtain that (here x(z) = E[H;|C = z]p (z))
/R2 g(%)pg(z,x)dzdx = /R2 g(%)di [zd)(z; O,l’)lﬁ(.%’):|dzd$
= [ 79 otz 0. D)y

—E[fL,CY /R 9(y)d2 [y (y; 0, 1)ldy = E[F,C~1/2] /R 9(y) Ha(y)é(y: 0, 1)dy.

Combining the above results, we deduce the Edgeworth expansion for the density of

Zu/VF,
PPV () = 9ly;0,1) + AY26(3:0,1) (y{ B0 — LB [0 (6.1)

3 _ _ _ 1~
+1E[H4C‘5/2] Y E[H,C™Y?) — 3E[H.CY 2]} + y3{E[H10—1/2] . 51{-3[7130—1/2]}),

which is one of the main statements of the paper.

Remark 6.1. In practice the application of the asymptotic expansion at (6.1) requires
the knowledge of the coefficients of the type blF1-Fdal (cf. (4.9)). While the volatility
related processes bV, b1 pl-11 can be estimated from high frequency data Xi,, the
drift related processes b2, pl2-1 -2 can’t be consistently estimated on a fixed time span.
Thus, the applicability of the Edgeworth expansion at (6.1) relies on the knowledge of the
drift related coefficients or their estimation on an infinite time span. O

Example 6.2. (Classical Edgeworth expansion) In this example we compare the classical
Edgeworth expansion with the result derived in (6.1). Let (Y;);>1 be a sequence of i.i.d.
random variables with mean p and variance 2. Define S, = n=/23°" o= 1(Y; — p).
Then the Edgeworth expansion of the density of S, is given as

B 0,1) + 55 =0(yi 0, ) Ha(y),
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where k3 denotes the third cumulant of the law of Y;. Let us now consider the quantity
M, from (3.2) witha=1and A, =n"1, ie.

M, =n~1/? Zn:f(\/ﬁA?W) with  E[f(W1)] = 0.
=1

Due to self-similarity of the Brownian motion, we are in the classical setting of i.i.d.
observations. In this case C = 0% = E[f?(W})], and if we set F,, = C, we obtain from
(6.1):

o(y:0,1) + \}ﬁqb(y; 0, 1) Hy(y)HaC /2

as the approximative density, since all quantities in (6.1) are 0 except C' and 7—~[1. We now
show that the quantities H;C~Y2 and 6’% are indeed equal. Recall from the previous
section that

1—=14
~ Jo Eitds
Hi

1 1 1
= J07s 77 2lds = C, /E&ds:E[fW /EQf’W Filds| .
e O ) [ B 01

Hence, we just need to prove the identity
1
ks = 3E [f(Wl)/ EQ[f/(Wl)\]-"S]ds] .
0

But r3 = E[f3(W1)] and It6 formula implies that

1 1
21 p/ _ 21 p/ s
3E [f<wl> /0 E2[f <w1>|fs]ds] _ 3E [ /O ELf (W) FJE L (W) | Fuld

= E[f*(W)]

due to the identity f(W1) = [ E[f'(W1)|Fs]dW. O

7 Proofs

7.1 A stochastic expansion

Below, we denote by K a generic positive constant, which may change from line to line.
We also write K, if the constant depends on an external parameter p.

Proof of Theorem 4.3: First, we remark that all processes of the type (bLkl"'km})szo
(k; € {1,2}), which we consider below, are continuous and so locally bounded. Ap-
plying the localization technique described in Section 3 of [4] we can assume w.l.o.g. that
these processes are bounded in (w, s), which we do from now on. We decompose

AP (Vi) = V() = M+ B + B
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with
1/A,

R :AW( AZf )

1/A,

R,(f) -1 /2( A ( Z pb _ ) .

We start with the asymptotic expansion of the quantity Rg). Due to Burkholder inequality

any process Y of the form (3.1) with bounded coefficients bl!l, b2l satisfies the inequality
E[)Y; — Yaf?] < Gyl — sf?”? (7.1)

for any p > 0. In particular, this inequality holds for the processes bm, 6[2], b[2'2], b[2‘1],
bl1-2 pl1] as they are diffusion processes (due to Ité formula). Applying (7.1) and the
Taylor expansion we deduce that

1/An
BY = a0y / (o = s
1/An

- Ay / G DR VORCERE D

+ op(AY?)
= RZY 4+ REY 4 op(A,/?).

Recall that . .
b =i+ / ol-2ds + / ol Uaw.
0 0

We conclude the identity

—1/2 1/An )
R — A / " / ol - p)2as
" ti—1
AZ1/2 1/An
= RS R [ O - Wds e
ti—1

=1

= AN +0p(1)).
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For the term Rg'l) we obtain the decomposition

1/An

R%Q.l) _ 1/2 /7 / / [12]du+/5 b,[ull}qu ds
Z ti—1 )
& 1.2 Ly [Y
=AY ( ”bL j+b£i'_j/t (W, = Wi,_,)ds)
i=1 il -1

+ op(AY?)
AYHNE) + N5 + op(1)).

We remark that
Npa=N) + N2,

(1)

The treatment of the quantity R, ’ is a bit more involved. We apply again (7.1) and

Taylor expansion:

1/Aq A" n
RO = a3 (PR et 4 gl @D e Her(al)

_. R7(11.1)+R7(11.2)+0P(A711/2)_

For the term RS’Q) we obtain the decomposition

1/2 1/An i ti 1 2
R%IQ) — Z f/l 'n (/ b'[SQ}dS _|_ / bLl] —_ bgz]—ldWS>
ti—1 ti—1
—-1/2 1/A, 2
_ A (o) (B2, + 0! S - Wi )AW, )+ op(AL/?)
ti—1
3/2 1/An

CCRSTIACAS) SR

- A;/2(Nn,3 + op(1)).

The quantity R,(ll'l) is decomposed as

1/A,

t;
R%l.l) — Z f’(af)(/ 2]d8+/ {b[l 1]71}dWs)
i—1 ’L 1

— R7(11.1.l) +R£L1.l.2)
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with
1/An

R£L1.1.1) - A, Z f/(aln)<b5]lds+;bgiﬁfb(%)),
i=1 '

1/A,

t;
R7(11-1-2) = Z f’(a?)(/ {b?] —bE]_l}dS
i=1 fiz1

7

t; s S 1
+ / ( / b1 dyy + / (ol —bE'}}qu)dWS).
ti—1 ti—1 ti—1 -

Rg.u) _ A}/2Nn .

Since f’ is an odd function (because f is even) we deduce that

We remark that

1/An t: 3/2,[1.1.1] APV
R(1.1.2) — s b[?l] Ws W, d n ti—1 H i
n ; f (OZZ )( ti—1 ti_l( tzfl) $ + 6 3( \/Fn)
19 [F
+ o (s ti,l)dWS) + op(AL/2),
ti—1
As
R(IM2) = AJ2(N,, 2 + 0p(1)),
we are done. O

8 Appendix

In this subsection we present a law of large numbers and a multivariate functional stable
convergence theorem, which is frequently used in this paper. For any k = 1,...,d, let
gr - C([0,1]) — R be a measurable function with polynomial growth, i.e.

|gx ()] < K(1 4+ [lz][%),

for some K >0, p> 0 and ||z[[cc = sup,¢po][2(2)]- In most cases gi will be a function of
x(1); the path-dependent version is only required to account for the asymptotic behaviour
of the functional C),. Let (as)s>0 be an Re-valued, (F,)-adapted, continuous and bounded
stochastic process. Our first result is the following theorem.

Theorem 8.1. Let g : RYx C([0,1]) — R be a measurable function with polynomial growth
in the last variable and a = (a1, ...,aq). Then it holds that

1/An 1
_ P
A, E , g<ati717An 1/2{Wti71+3An - Wtifl}()SSSl) —>/ plas, g)ds
i=1 0

with
p(z,9) = Elg(z, {Ws}o<s<1)], z € R%
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Proof of Theorem 8.1: Since AEI/Q{WtFﬁSAn — Wi, Yo<s<i < {Ws}o<s<1. we obtain
that

Ay UZA:n E [g <ati,1 ) A;1/2{Wt¢,1+3An - Wi, }ogsgl) ’fti,l}
i=1

1/An 1
P
:An E p(a‘ti—17g) }Ap(a87g)ds‘
=1

On the other hand, we deduce that

1/An
An ) g(atHaA;l/Q{Wti_ﬁsAn - Wtifl}ogsg)
=1

1/An
_A" Z ]E[g <ati—17 A;1/2{Wti71+5An - Wti—1}0§SS1> “Fti—1:| L O?
i=1

because
1/An
_ P
A% Z D [gz <a’ti—17An I/Q{Wti—l+5An - Wti—1}0§5§1> ’fti—1:| — 0.
i=1
This completes the proof. O
Next, we consider a sequence of d-dimensional processes Y;" = (Y7%,...,Yy,) defined
via
[t/An]
Y= A2y e, [Qk(Aﬁ” Wiy 1sa, —Wtifl}ogssl)
i=1

- Egk‘ (A;1/2{Wti,1+5An - Wti,1}0§s§1>i| 5 k= ]., e ,d.
The stable convergence of Y™ is as follows.

Theorem 8.2. It holds that
p t t
DA A / vsdW +/ (ws — vv?)2dW!,
0 0

where the functional convergence is stable in law, W' is a d-dimensional Brownian motion
independent of F, and the processes (vs)s>0 in R and (wg)s>0 in R4 gre defined as

b = ofE [gk({Ws }ogsg)Wl} ,

wf = afdl Cov[gk({Ws}ogsgl), gl({Ws}Oﬁsﬁl)} ;

with 1 < k,1 < d. In particular, it holds that fg w;/2dWS’ ~ MN (O, fg wsds).
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Proof of Theorem 8.2: We write Y = ZEZIA"] X; with

Xik = Aiﬂaﬁ_l[gk(Aﬁl/z{Wti_ﬁsAn—Wti71}0§s§1)

— Egi <A51/2{Wti,1+sAn - Wti,l}ogsg)}, E=1,...

According to Theorem IX.7.28 of [14] we need to show that

[t/An] . .

Z E[XZkXZﬂfti_l] —>/0 wflds,

i=1

[t/An] . .

S B ATWIF, ] S / okds,

i=1 0

[t/An] .

Z E[‘sz‘21{|xﬁk|>6}”Fti—l] —0 Ve >0,
i=1

[t/An]

n n ]P
E E[Xi,k:Ai Q|‘7:ti71] » 0,
=1

44

(8.4)

where 1 < k, [l < d and the last condition must hold for all bounded continuous martingales

Q@ with [W, Q] = 0. Conditions (8.1) and (8.2) are obvious since

AW, onn = Wi Jossst £ {Wadosost.
Condition (8.3) follows from

[t/An] [t/An]

Z E[’X2k|21{|x2k\>e}‘fti—1] < e’ Z E[‘XZk‘4’fti—1] < KA, =0,

i=1 i=1

which holds since the process a is bounded and g is of polynomial growth. In order to

prove the last condition, we use the It6-Clark representation theorem

9k <AT:1/2{WLL',1+SA” - Wti_1 }Ossgl)

t;
~Egy (AEW{WQ_WA” - Wti_1}0§s§1) =/ Nk,sdWs

ti—1

for some predictable process 7;’. Itd isometry implies the identity

t;
E[XZkA?Q‘FtHJ = Aiz/zaz,lE [/ Ui?,sd[W7 Q]8|‘Fti1] = 0.
ti—1

This completes the proof of Theorem 8.2.
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