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Abstract

We introduce a variant of the smooth transition autoregression - the GSTAR
model - capable to parametrize the asymmetry in the tails of the transi-
tion equation by using a particular generalization of the logistic function. A
General-to-Specific modelling strategy is discussed in detail, with particular
emphasis on two different LM-type tests for the null of symmetric adjustment
towards a new regime and three diagnostic tests, whose power properties are
explored via Monte Carlo experiments. Four classical real datasets illustrate
the empirical properties of the GSTAR, jointly to a rolling forecasting exper-
iment to evaluate its point and density forecasting performances. In all the
cases, the dynamic asymmetry in the cycle is efficiently captured by the new
model. The GSTAR beats AR and STAR competitors in point forecasting,
while this superiority becomes less evident in density forecasting, specially if
robust measures are considered.
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1 Introduction

Many of the economic and natural sciences time series show asymmetric fluctua-
tions, see Tong (1990); Terédsvirta, Tjgstheim, and Granger (2010) inter alia. Sichel
(1993) gives a double definition of asymmetry in Business Cycle: the first - the
steepness - happens when contractions in the levels are steeper than expansions
(symmetry in the level axis); the second - the deepness - when the series undergoes
at an accelerating time until a minimum after which it starts to recover with high,
decreasing acceleration, until to smoothly recover the peak (symmetry in time axis).
When these two definitions are combined, we call this dynamic asymmetry.
Smooth transition autoregressions (STAR), originated by the pioneering contribu-
tion by Bacon and Watts (1971) in Biostatistics, then developed in time series by
Haggan and Ozaki (1981); Chan and Tong (1986) and Terdsvirta (1994), are cur-
rently one of the most simple and successful tools to model the nonlinear dynamics
in the conditional mean and/or variance. In particular, a logistic transition is com-
monly postulated when the series under consideration is assumed having asymmetric
oscillations from its conditional mean. We argue that, being the logistic function
reflectively symmetric by construction, the resulting logistic STAR does not match
the theoretical definition of dynamic asymmetry. In other words, the available mod-
els allow the econometrician, at the best, to answer to the question: Does the series
return to its original regime and when? Here, our objective is to answer to another,
more challenging question: Is the rate of change (if any) in the left tail of the lo-
gistic transition different with respect of the right tail and how much? As we will
show, an appropriate solution to this methodological question, per se interesting for
descriptive aims, improves the forecasting ability of STAR family.

The econometric literature provides two strategies: the first, proposed by Sollis,
Leybourne, and Newbold (1999) (SLN1), is to raise the STAR’s transition function
to an exponent using an idea by Nelder (1961); the second, suggested by Sollis,

Leybourne, and Newbold (2002) (SLN2) is to add a parameter inside the transi-



tion function in such a way to control for the asymmetry of both the tails of the
transition function by simply using a Heaviside indicator. Both of these solutions
have been successfully applied to some classical macroeconomic series. Lundbergh
and Terdsvirta (2006) (LT) provides three diagnostic tests for the assessment of the
estimated asymmetric model for exchange rate with GARCH errors.
Unfortunately, both of these solutions present some criticality: Figure 1, panel (a)
clearly shows that in the SLN2 case, the transition function could be non-smooth;
on the other hand, the SLN1 and LT parametrization, plotted in panel (b) conveys
a smooth transition, but the effect of increasing of the asymmetry parameter could
translate just in a shift effect, if not properly restricted as stated in the same ar-
ticle; moreover, this parametrization does not provide an immediate description of
the behavior of each tail of the transition function (which is instead the beauty of
SLN2). Thus, the detection and assessment of the dynamic asymmetry in a sta-
tistically well-specified time series model seem still an open issue. This work nests
this strand of literature and represents a step ahead for what concerns the basic
parametrization of the STAR family.

The literature on point forecast combination and on evaluation of individual density
forecasts is nowadays established, see Timmermann (2006) and Corradi and Swanson
(2006). The literature on aggregation of more density forecasts is instead in a devel-
opment phase, and focuses on the so called scoring rules (or opinion pools), peculiar
functions enabling the forecaster to properly aggregate the set of conditional pre-
dictive density as well as more common measures as Mean Square Forecast Error et
similia do for point forecasts. Despite their dated origins in statistics, as documented
by Gneiting and Raftery (2007), scoring rules are becoming increasingly applied by
contemporaneous econometric literature only recently; see, inter alia, Mitchell and
Hall (2005); Kascha and Ravazzolo (2010); Geweke and Amisano (2011); Ravazzolo
and Vahey (2013) and therein mentioned literature. We contribute to this strand of

literature by investigating if dynamic asymmetry accounts for density combination.



The next Section 2 applies to the classical STAR model a generalized version of the
logistic transition function with two parameters governing the the two tails of the
logistic sigmoid and a logarithmic/exponential rescaling able to preserve the smooth-
ness of the transition without requiring any restriction in the parameters. The re-
sulting Generalized STAR (GSTAR) model encloses the symmetric STAR, so we
modify the general-to-specific modeling procedure following Granger and Terésvirta
(1993) (GT); this is done in Section 3. Two different LM-type tests for the null
hypothesis that the two tails of the transition function are reflexively symmetric - a
situation which is called dynamic symmetry for what follows - are built-up in Section
4: the first is a classical Score test on the two slope parameters, while the second
is modified version of the Taylor-expansion-based test by Luukkonen, Saikkonen,
and Terdsvirta (1988) (LST). Section 5 modifies three diagnostic tests originally in-
troduced by Eitrheim and Terdsvirta (1996) (ET). Section 6 provides a simulation
study according to which the SLT-type test seems less restrictive than the Score test.
Four different case studies on U.S. industrial production and unemployment rate,
International Sunspot Number and Canadian Lynx data are illustrated in Section 7,
jointly with a rolling forecasting exercise where both point and density forecasting
evaluation are investigated: in all these examples, the dynamic asymmetry is found

to be a non negligible feature to deal with.

2 The Model

Definition 1. Let be y; a realization of a time series observed at t =1 —p,1 — (p —
1),...,—1,0,1,...,T—1,T. Then the univariate process {y;}! follows a GSTAR(p)
model if

v = @'z +0'2,G(v,h(ck,s:)) + &, €~ I1.1.D.(0,0%), (1)

Gy, hicw, 51)) = <1+exp{ —If[lh(ck,st)}>_l, )



v texp(mls —al —1) if 11 >0,
h(cr, st) = 4 s, — if v =0, (3)
—fyfl log(1 —ml|s; —ex]) if 71 <O,

for (s; — ¢x) > 0 (or, equivalently, h(c,s;) > 1/2) and

—72_1 exp(va|se — x| — 1) if 72 >0,
h(Ck, St) =94 S — ¢k if v =0, (4)

7 log(1 — yals; — cxl) if 72 <0,

for (s; — ¢x) < 0 (or, equivalently, h(ck,s;) < 1/2), where y; is a dependent vari-
able, z; = (Lyi—1,.. ., Yt—p), @ = (¢0,01,-..,0p), 0 = (6p,6h,...,0,)" are param-
eter vectors, the transition function G(-,-,-) is a continuous function in the vector
~ = (71,72) and in the function h(cg, s;), which is strictly increasing in the tran-
sition variable s; = y;_4, d > 0 is a delay parameter, and the K = {1,2} location

parameter(s) cg.

In what follows we simplify the notation by denoting the kernel of the model cor-
responding to the k-esim location with 7, = s; — ¢ and by h(nx,) the associated

function, so that the general form of the transition function G(-) can be written as:

K
Gy, M) = (1 + exp { -1 [h(ﬁk,t)f(wso,wgm + h(1h,t) Ly <0550+
k=1

-1
+ h(nk,t)l(71>0,72§0) + h(nk,t)1(71>0,72>0)} }) .
(5)

Equation (3) (equation (4)) models the higher (lower) tail of the probability func-
tion, so allowing for the asymmetric behavior introduced by the slope parameter 4
(72) which controls the velocity of the transition. The case in which h(ng+) = nis
implies that the function nests a one-parameter symmetric logistic STAR model with

slope 71 = 72 = . When 1,72 > 0 (71,7 < 0), h(nk:) is an exponential (logarith-
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mic) rescaling which increases more quickly (more slowly) than a standard logistic
function. Model (1) can be generalized to other distributions of exponential family.
The Indicator functions in (5) stress that slope parameters are not constrained, as in
the classical STAR model (whereas the positiveness of the slope parameter was an
identifying condition). When v — 00, both the models nests an indicator function
I(s,>c), in which case the model become a (Self Exciting) Threshold Autoregression
(SETAR), see Tong (1983); on the other side, they nest a straight line around 1/2
for each s; when v — —o0.

The Generalized Logistic is plotted in Figure 2: the resulting sigmoid is clearly con-
sistent with the Sichel (1993) definition of dynamic asymmetry (see, e.g., the case
in which 71 = —2 and v, = 4) and maintains the global slope of the transition func-
tion unchanged with respect to the traditional LSTAR one, so that no additional

identification restriction is needed with respect to the traditional STAR model.

Remark 1. The model described in this section is the time series variant of the
original generalized logistic model proposed by Stukel (1988), which differs for the

definition of z = (z1,...,zy)’, for {z;}X, being N exogenous regressors, and conse-
quently, 17, = ¢'z.

Remark 2. The GLSTAR model described by equation (1)-(4) nests a linear AR

model for v = 0 if h(n;) is modified as follows:

nltexpnlnl —1)  if ;m >0,
h(n:) 77 =<0 if 4, =0, (6)

—; Hog(1 —mlm]) if m <0,

for ;» >0 (> 1/2) and

—; exp(yalme] — 1) if 42 >0,
h(m)EZC =40 if v =0, (7)

75 log(1 — yo|m|) if 1, <0,



for n, < 0 (u < 1/2). The label "EZC" distinguishes this version from the the
original Stukel” s generalized logistic function for exposition matter. This special
case is necessary in order to build a test for the null of linearity against of dynamic

asymmetry, see next Section 4.

Remark 3. As in the traditional STAR, the process {¢;}! is assumed to be a mar-
tingale difference sequence with respect to the history of the time series up to time t
- 1, denoted as 41 = [Ys—1, . - -, Yt—p|, 1.€., Ele;|Q—1] = 0. This is sufficient to built
up tests based on artificial regressions as demonstrated in Davidson and McKinnon
(1990) and has important consequence for applied aims, in what the "All-in-One"
test discussed in Section 4 and the three diagnostic tests discussed in Section 5 can
still be meaningful if the normality test reject this hypothesis. For expositional
purposes, we restrict the conditional variance of the process {¢;}1 to be constant,
E[€?€_1] = 0. Moreover the parameter vectors ¢ and 8 are assumed to not change
in time and the number of regimes is assumed to not exceed K = 2. However, these

restriction could be relaxed and tested, see Section 5.

Remark 4. As in the traditional STAR, if process is characterized by G(0, h(n;)F#°),
we assume Q(z) = 2P — ¢12P71 — -+ — ¢, = 0 has its roots inside the unit circle,
since this implies that the model is stationary and ergodic under the null hypothesis

of linearity.

We now discuss three relevant cases of GSTAR model.

Example 1. If K = 1, the parameters ¢ + 0G(~, ¢, s;) change monotonically as a

function of s; from ¢ to ¢ + 0. The corresponding transition function is:

G(y, h(me)) = (1 + eXP{ — [h(nl,t)](mﬁo,’yzSO) + h(01,6) L3, <0.7250) HR (11,6 ) L7, >0,7,<0) T

+ h(nl,t)l(71>0,72>0)i| }) _1,
(8)

with h(n; ) corresponding to (3) and (4).



Example 2. When K = 2 and ¢; # ¢ = ¢, the model (1) nests the following STAR

model with second order Generalized Logistic (GLSTAR2) function:

Gy, h(m)) =1 = exp { = h(m.) }, (9)

where:
vt exp(ni|(se — e1)(se — e2)| — 1) if 5 >0,
h(n20) = § (st — c1) (50 — ) if v =0, (10)
=1 log(1 = (st = ) (st —e)])  if m <0,

for (s, — ¢)*> > 0 (or, equivalently, h(n;) > 1/2) and

—5 exp(ya|(se — ¢) (s — )| = 1) if 72 >0,
h(n24) = 4 (st — ¢)(s¢ — c2) if 9 =0, (11)

Y2 log(L—al(se —a1)(si —e)’)  if 92 <0,

for (s; — c1)(s¢ — c2) < 0 (or, equivalently, h(ny;) < 1/2), whith n, = = (s —
¢1)(st—cz). Figure 3 shows the transition function for a set of different combinations

of v, for fixed 75 (upper panel) and viceversa (lower panel).

Example 3. A particular case of GLSTAR2 holds when K =2 and ¢; = ¢3 = ¢, in
which case the model (1) nests an exponential generalized exponential autoregressive
(GESTAR) model, which is defined as in (9) - (11), apart the fact that h(n.;) =
(ss —c)? if 4y = 0 for (s; — ¢)* > 0 and 2 = 0 for (s; — ¢)> < 0 In this case, the
parameters ¢ + 0G(-) change asymmetrically at some (undefined) point where the

function reaches its own minimum.

A simulated example of GLSTAR model (in both Stukel’ s and EZC’ s versions),
jointly with its symmetric Terdsvirta (1994) counterpart, is shown in Figure 4. For
each of these three models, we used two different specifications, which differ for
the location parameter c. As easy seen in panel (a), the Stukel and EZC model

coincides; the associated transition functions versus time plotted in panel (b) and
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versus ordered 7; in panel (c) confirm this finding; on the other hand, the plot of
h(n;) versus ordered 7, in panel (d) is more informative with respect to the effect
of the different kind of asymmetry in the process: h(n;)¥4¢ is a 45° angle straight

line, while the rescaling effect is visible in the Stukel’ s h(n;) parametrization.

3 Modelling Strategy and Estimation

According to GT, the investigator should always be interested in testing whether
a linear AR(p) representation is adequate when building a GSTAR model. If the
answer is negative, then the second step will be the selection of a nonlinear sym-
metric model. Then, the issue of testing for dynamic symmetry hypothesis arises as
further step, when finding good specifications of STAR models becomes too difficult
or whenever suggested by the economic theory. The resulting General-to-Specific

modelling strategy consists in the following 7 steps:

1. Specify a linear autoregressive model.

2. Test linearity for different values of d, and if rejected, determining d in (2) or
(9).

3. Choose between LSTAR, LSTAR2 or ESTAR by the Terésvirta’s rule.

4. Test the symmetry of the tails transition function according to the result in

Step 3.

5. If the hypothesis of symmetry is rejected, estimate the GSTAR model with

the most appropriate transition function given by step 3.
6. Evaluate the new parametrization by some diagnostic tests.

7. Use the estimated GSTAR model for forecasting aims.

The autoregressive order p is selected according to Bayesian Information Criterion

(Schwarz, 1978), which is combined with the result with a portmanteau test for
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serial correlation in order to avoid a wrong rejection of symmetry hypothesis. This
is due to the fact that the GSTAR model requires a lower autoregressive order with
respect to its symmetric counterpart.

For what concerns the Step 4, the dynamic symmetry hypothesis is tested by two
different LM-type tests. In the first test the series is assumed to follow a STAR
model, so that testing for symmetry is a second step with respect to testing for
linearity. Hence, we will refer to this test as "Two-Step test". In the second test we
do not assume any prior of the nonlinearity of the series, so that it enclose all steps
from 2) to 5) of the General-to-Specific modelling strategy above mentioned; hence,
the use of the label "All-in-one" to distinguish it from the different null hypothesis
of "Two-Step" test. The choice of what test to use depends on the needs of the
investigator'. Our experience suggests to perform the "All-in-One" test should be
used if the investigator wants to be conservative against evidence of asymmetric dy-
namics, while the "Two-Step" tends to not reject the null unless extreme situations
(see Section 7 for details). Both the tests will be discussed in the next Section 4.
The choice of the delay parameter d and the choice of the transition function can
be done with the same procedure adopted in Tsay (1989) and Terésvirta (1994).
Following Leybourne, Newbold, and Vougas (1998), estimation is done by concen-

trating the Sum of Square Residuals function with respect to 8 and ¢, that is

minimizing:
T R 2
SSR=3" (s —'x,) . (12)
t=1
where:
/l;: qgé :<th 77 Xt 77 ) (th 77 >7 (13)
and

x¢(¥, &) = [z,z;G(ﬁ/, h(é,st)]. (14)

1Our simulation study shows that the two tests behave differently in terms of empirical power.
See Section 6 for details.
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This is possible because if v and ¢ are known and fixed, the GSTAR model is linear
in @ and ¢, which can be easy computed via conditional OLS. In a such a way, the
nonlinear least square minimization problem, otherwise necessary, more demanding
in terms of parameters to estimate and not available in closed-form, reduces to a
minimization on three (four) parameters, and is solved via a grid search over 7, v,
¢ (c1, ¢ in case of GLSTAR2).

In our applications, both 7; and 7, are chosen between a minimum value of -10 and
a maximum of 10 with rate 0.5 in the first three examples (-150 and 150 with rate
15 in the fourth one); the grid for parameter ¢; (c) is the set of values computed
between the 10" and 90" percentile of s; with rate computed as the difference of
the two and divided for an arbitrarily high number (here, 200).

The one-step forecast is immediately available if knowing the nonlinear function in
what, by least-square criterion, E(e;q|l;) = 0, I; = y;4,4 > 1 in (1). The multi-
step ahead forecast is not available in closed form and requires numerical integration.
Hence at t+1, we generate, 1,...,m,..., M draws conditionally on the estimated
parameters and obtain the forecast y;11 ~ f(y41|l;); in turn, this is collected to
draw, at ¢t + 2, the forecast yii0 ~ f(y; + 2|]t,y§fl)), and so on until, at t + h,the

forecast yopny = f(t+ L,y ... 7%(:?11—1) is obtained and then evaluated as:

M
. 1 ~(m
Yt+n = Y Z y,j(+})b‘t (15)

4 Testing for Dynamic Symmetry

In this section we discuss two LM-type test for the null of dynamic symmetry ac-
cording to the General-to-Specific strategy stated in the previous section 3. The
"Two-Step" test, illustrated in Subsection 4.1, is an adaptation for time series of
the original Stukel’ s parametrization. On the other side, the "All-in-One" test,

derived in Subsection 4.2, takes the idea by LST to linearize the G(v, h(nF4¢)) by
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third-order Taylor expansion of G(-), which leads to an augmented artificial model
which in turn can be investigated by a classical x? or F-test. This is due to the fact

that the Information matrix is the same as in GT?.

4.1 "Two-Step" Test

Consider the general formulation (1)-(2). Then, the null hypothesis of no logarithmic
(exponential) deviations from the logistic transition in systems (1)-(8) or (1)-(11)

can be tested by setting the following hypotheses testing system:

Hy; : (71,72) = (an) vs Hy;: (71,72) 7é (070>a 1=1,2,3, (16)

with subscript ¢ indicating the type of underlining transition function, namely i = 1
for generalized logistic (eq. (5)), ¢ = 2 for generalized second order logistic (eq. (9))
and ¢ = 3 for the generalized exponential one.

This hypothesis system requires a simple score test. Let denote by E = [¢, 0,7, (|
the hyper-parameter vector of the model, so that the log-likelihood function of the
T observations can be denoted by L;(z¢, E) and the score vector by q¢(z¢, 2) =

>.d(ze, B) = 0L4(24,E)/02 evaluated at (8o, ¢o,0,co). Then, standard results

lead to the following log-likelihood function:

T 1
L(z¢,E) = const + 3 Ino? — 502 Z(yt — @'zy — 0'2,G)?
' (17)

T 1
= const + —Ino? — =o? w(B),
e - 3ot (=)
with const denoting a constant and u; the model’s residual, and to the score:

_ _ 0L (z¢, B 1 —
a(z D)= a5 =2E L@ oy

t t

2See GT, pp. 64-5, adjust the notation for an autoregressive framework and notice that we only
modify the definition of nonlinear part f; = f(ws; ), which does not vary the general result.
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where
o aut (E

kt — a:.. ) - (Zta ZtG7 elztG’yp OlztG’yzu Olzth,C)7 (19>

with Gy, = 0G/0m, G, = 0G /072, and G. = 0G /07, being defined in Appendix
Al

Under Hy, the test statistic is:

1
S1(B)"M = S0'HH'H - H'Z(Z'Z)"'Z’H)"'H'q, (20)

o
where @ = [iy,... 47, Z = (Zy,...,zp), H=[h?),...,(h})]), with (h?)" = k&,
k& denoting the sub-vector [0'z¢G.1,0'2:G2, 0'2:G.)' and n = dim(kF). Under
H,y, statistic S1 is asymptotically distributed as a x2. Just minor modifications are

needed in notation of ky and q; in case of GLSTAR2 model due to an additional ¢

parameter with respect to the GLSTAR.

4.2 "All-in-One" Test

Consider (2) with G(7, h(nF%“))|y=0 and define T = (11, 72)’, where 71 = (¢, @')’,
Ty = . Let 7 the LS estimator of 7 under Hy : v = 0, ¥ = (71,0")’. Moreover,
let z¢(T) = % and 2y = z¢(7) = (Z14, Z2), where the partition conforms to that of

T

7. Then the general form of LM statistic is:

1 A~ & = SN

A

SoE)M = W22y — 25 20(2020) ' 4 Z0) " L, (21)
where 11 is previously defined, 62 = % 1T@? and Uy = y;—Ty %, Z; = (Zin, - it 2im)

i={1,2},t=1,...,7. When the model isan GLSTAR, 21+ = —2z¢ = — (1, %41, - -, Yt—p)’

. ~ 2
while Zgy = 2k

g |7=0 = —%{HQO[yt(yt,d)] —cy,0'z + Béztytyt,d}, where d is the de-

lay parameter. The change in the definition of zg¢ is not significant in terms of LM
stastistic build-up. This implies that no change of treatment with respect to the

original parametrization is needed. In particular, in order to circumvent the Davies
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(1977)" s problem of unidentification of nuisance parameters 6y and 8 = [0, ..., 0,]
under the null hypothesis, the same LST approach can be used. The linearized
GLSTAR model

Y = ¢'ze + 0'2 T [h (nk,t)]('yng'yQSO) + h(ﬁk,t) Iy <072>0) T h(nk,t) I(4,>0,72<0)

+ h(nkat)[(’71>0,72>0)] + 6:5 )

(22)
leads to the following auxiliary regression for testing linearity and symmetry:
B p p p
iy = 2081+ > Pojthyr-a+ Y By ¥i-a+ > By gt v, (23)
j=1 j=1 j=1

where v, is a N.I.D.(0,02) process, B1 = (Bi0,B8Y), B0 = ¢o — (c/4)bo, B1 =
¢ — (¢/4)0 + (1/4)6peq, €4 = (0,0,...,0,1,0,...,0)" with the d-th element equal
to unit and T3(G) = fiG + f3G? is the third-order Taylor expansion of G(E) at

¥=0, f1 = aG(E)/ﬁE’_YIO and f; = (1/6)0°G(E)/0E] G(Z) being defined in

~¥=0’

previous section. The null hypothesis is

Hy: B2 =0335=045=075=1,...,p, (24)

The test statistic:

LM, = (SSRy — SSR)/5,*, (25)

with SSRy and SSR denoting the sum of squared estimated residuals from the esti-
mated auxiliary regression (23) and under the null and alternative, respectively and
o7 = (1/T)SSR, has an asymptotic x3, distribution under Hy.

If the model is an GESTAR(p), then Z; = —z; as in the generalized logistic case,
while 2oy = —20524y? 5 — 2020y7 4 + 40, Wiy g — 2¢* 0524y, + 4cbagys—q — 22000 =
225;?””%, where EST AR denotes the vector 2o ¢ for the ESTAR model. That is, the

vector Zg ¢ of the generalized ESTAR model is found to be two times the symmetric
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one. The corresponding auxiliary regression is

€ = ,éllﬁl + B5ZtYi—a + /Béztyg—d + v, (26)

where v/ is a N.I.D.(0,02) error term and By = (10, 8})', with 319 = ¢y — 20, and
B1 = ¢ — %0 + 2chyey; moreover By = 2¢O — Oyey and B3 = —O. Thus the null

hypothesis of linearity is

Hy:B2=pB5=0, (27)

which can be tested by the test statistic:
LM, = (SSRy — SSR) /52, (28)

where SSR and SSR are the sum of squared residuals from (26) under the null and
the alternative respectively, 6%, = (1/T)SSR. When the null is true, the statistic

(28) is asymptotically x; distributed.

5 Evaluation

For what concerns the diagnostics, the new parametrization can be applied directly

to the three tests developed by ET, which will be discussed in detail.

5.1 Serial independence

Consider the general additive model (1), where:

q

& =av +u = Z a;L7¢e +up, up ~ I1.1.D.(0,0%), (29)
j=1
with L7 denoting the lag operator, vy = (us_1,...,u_y)', a = (ay,...,a,), a; #

0. Under the assumption of stationarity and ergodicity (see Section 2), the null

hypothesis of serial independence is Hy : a = 0. By pre-multiplying eq. (2) by

15



1377 a; L7 we get:

Za]L Y + @'z — Za][ﬂqb zi + 0'z,G() Z(LJHG + €, (30)

hence, assuming the necessary initial values yo,y_1,...,Y—(p+q+1 fixed, the pseudo

normal loglikelihood for t =1,...,T is:

L tant + + 1n.o? 6?

= constant + = Ino” — —=

t 2 202’

€ =Y — Zaijyt — @'z + ZaijQS'zt - 0'G(2-5,2) + ZajO'G(zt_j, =2).
J J J

(31)

Consistently with the model initial assumptions, the information matrix is block

diagonal, hence we can consider o2 fixed for the rest of the derivations. So we have:

da; ;[yt,j — @'z 5 — 0'G(z5,E)] (32)
J

% _ 6_252|:0, a Zt J,n_a Za]gl Zt J;E):| . (33)
= g

Under Hy, consistent estimators of (32) - (33) are:

oL, 1 IL, 1
8_ = —2utvt a—:‘ = ——2utzt s (34)
at | g g =y g
~ N ~ ;] A~ / ’ — . —
where Gy = (Ve—1,...,Ve—q), Vij = Yi—j — @245 — 0'G(2¢—,2), j=1,...,¢, 2 is

the QVMLE of Z and 2, = 22) — kG — [0/2,G.,1, 0'2,G. 5, 0'2:G.]. The resulting

LM statistic is:

-1 -1
1
LM = 5 Ve | ViV — ViZe | 22 ) 24V vy |, (35)

with 6% = %Zt u?. Under the null hypothesis, statistics (35) is asymptotically Xg

distributed. The partial derivatives of G(-) are shown in Appendix A.1. Another
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possibility is to use the same three-step procedure for carrying an F-test:

1. Estimate the GSTR model under the assumption of uncorrelated errors and

compute the residual sum of squares SSRy = Zthl a?.

~ A

2. Regress 4y on 0y, z¢, 2¢G(2¢—a), Gy1, G2, G (eventually G., in case of

GLSTR2) and compute SSR;

SSRofSSR/ SSR

3. Compute the test statistic Fry = 7 T~

- Where n = dim(Zy)

The F—statistics is preferable to the y? statistics which may suffer from size prob-
lems when the number of lags is high and time series is short, so that the estimated
residuals can be non-orthogonal to the gradient vector Z;. In this case ET sug-
gests to add an extra-step to the step (i), consisting in regressing the estimated

~

errors to zg, zy, 2¢G(2¢—j), Gy1, G2, G.; the resulting errors @, is used to derive the

SSR, =S 2.

5.2 No remaining asymmetry

As in the symmetric STAR model, we are interested to detect possible misspecifica-
tion. In this case there are two plausible issues to investigate: neglected (additive)
nonlinearity and, in our case, neglected asymmetry. Consider the additive GSTAR

model:
e = @'z + 0'2.G1 (v, h() V) + 72 Gy, h(n) P F4) + (36)
with u; ~ I.I1.D. (0,0?). The null of neglected asymmetry is:
Hy : h(n)®F?C =0 vs  Hy: h(n,)®F#C £0. (37)

If v is found being not null, the investigator can easily check if the additive nonlinear

part is significant. The EZC version of h(n;) is necessary in order to nest the
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discussion to ET framework. We assume that, under Hy, E can be consistently
estimated by QML. Similarly to the symmetric case, it should be noticed that the
model is not identified under Hy, so that the Taylor expansion of the G(-) suggested
by LST can be used in order to circumvent this problem. In this case, we assume
Go(+) as generalized logistic and replace it with its third-order Taylor expansion

about h(v)® = 0. This implies:

Ty = G20 + 921Y4—1 + 9223/t2_z + 9239?_1 ) (38)

where go;, j = 0,1,2,3,4 are functions of ~® such that gog = go1 = g2 = goz = 0
for v = 0, consistently with the definition of hy(s¢). By re-parametrizing, the

model (36) became:

Y = Boze + 0'2cG1 () + B1Zcye 1 + BoZayi, + Byzayp  + 7t (39)

where Zy = (yi—1,...,%—p). The null hypothesis of no additive nonlinearity is
Hy : 61 = B2 = B3 = 0, and, as in the symmetric case, under Hy, r; = u;. The LM
statistics distributes as a x?(3p). As in the symmetric case, the test preserves power
also against generalized exponential transition. Since there are no modifications
in the statistical assumptions concerning the errors distribution, the asymptotic
theory is the same of the symmetric STAR case. The test statistic is (21) with
7y = (zt,zt@(-),éﬂ,éﬂ,éc)’ (or Ga, Ge in case of GLSTR2), whereas vy =
(Zeyi—1, Zey? ;, Zeyp ;). As in the symmetric STAR model, the test is implemented
with the same procedure for serial correlation, the F-test has (3p) and (7' —n — 3p)
degrees of freedom and the Terésvirta rule can be applied to (39) in order to select
the form of the transition. If this selection is not desirable, a polynomial expansion
of (36) can be performed to build up an omnibus test, but in this case, a rejection
of the null of no additive nonlinearity will not give any qualitative information, that

is why we do not take in consideration this scenario.
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5.3 Parameter constancy

Counsider the model:
= P(t)'ze + 0(t)' 2 G(vy, h(ny)) +uy, w~ 1.1.D. (0, a?), (40)

with Z; denoting the k£ < p 4 1 element of z; for which the corresponding element
of ¢ is not assumed zero a priori, z; is the same (I x 1) for the element of 6.
Let ¢ and 6 denote the equivalent (k + 1) and (I + 1) parameter vectors, ¢(t) =
&+ MG(t;y, h(n) D), and O(t) = 0 + MG, (t; 7, h(1)?) with A, and A, being a
(k x 1) and (I x 1) vectors respectively. Then the null of parameter constancy in
(40) is

Hy: G;(t;y,h(n:)) =0 (or = const). (41)

Three forms for Gj can be considered:

Gi(tiy, hle,s)) = (1 +exp{—h(n7")})™" with
nwt=t-c,

Ga(t;y, h(c,s)) = 1+ exp{—h(n°*)} with
it =(t-c)?,

Gs(t; v, h(c, s;)) = (1 + exp{—h(n)}) " with

ntC’ = <t3 + 612t2 + Cllt + 010)

The null of parameter constancy is Hy : v = 0. Notice that in this case the model
is identified also in case of v < 0, so that the only identifying restriction is that
v # 0. G and G5 are the Generalized Logistic and Exponential smooth transition
of the change in parameters, while G3 is a cubic function which allows for both
monotonically and non-monotonically changing parameters and can be seen as a

general case of G; and G when building up a test. As suggested by the literature,

19



we use a third-order Taylor expansion of G5 about v = 0:
1 .
T5(t;y, b)) = Zh(ﬂ(td + c1t® + et + cio) + R(t,y, h(me))- (43)
in order to approximate ¢(t) and @(t) in (40) using (43). This yields to:

y = B4(Ze) + B1(12¢) + B5(t°Z¢) + B5(t°Z¢)+

+{Bi(Ze) + B5(12e) + Bg(t°Ze) + B7(t°2e) }G(ty, h(ny)) + 77

(44)

where 77 = u; + R(t;7,h(n:)). Under Hy, r; = u;. In (44), B; = h(n)B, j =
1,...,7, hence the null hypothesis in terms of (44) becomes Hy : B; = 0, j =
1,...,7. Consequently, the locally approximated pseudo normal log-likelihood under
H, (ignoring R) is

1 1
Et = const — 5 In 0'2 — Eaz[yt — ,6(,)Wt — ,Bi(tWt) — ,Bé(tzv_vt) — ,Bg(t?’v_vt)— (4 )
5}

—{Ba(We) + By (tWe) + B (W) + B (W) }G (ye—ai ¥, h(me))*.

The partial derivatives are:

g_faj- - %“t(tjv_"t% =0, ..., 3, (46)
e = G 7. ) T @)
O = LB + B8 + B + BERIG, . ()
O LB+ Y80 + B + BRI, ()
aaﬁct gl u{By(We) + B5(tW) + B5(1We) + B7(£%)}Ge (50)

where G, G,,, G, are the derivatives of G(yi_q, 7y, h(1:)) with respect to v;, 72 and

c. With this notation, the estimators of 25 25t and a‘:t are %t — Lou,G,,, %k —
) o1’ Oy o G RARENLT)

%utéw, 63—@ = %utéc respectively, so that: z; = (1,2;,2;G(yt_d; ), G GW,G )

and 1, = (1Z}, 12}, t*Z}, 1Z,G(—a, ), 22, G (Yi—a, -), 1*Z,G (Ye—a, -)). Like in the sym-
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metric scenario, under Hy, the statistic (35) has a x? distribution with 3(k+1) degrees
of freedom and the equivalent F-distribution has 3(k+1) and T'—4(k+1) — 2 degrees
of freedom (the stastistic is denoted LM;3). The following rule is used: if H; is (40)
with transition function Gs, then (35) is based on (44) assuming B3 = 0 and 87 = 0
(statistic LM,) and, if the same alternative hypothesis has the transition function
G, the test is based on (44), assuming B2 = B3 = 0 and B¢ = B7 = 0 (statistic
LMs,).

6 Simulation Study

6.1 Simulation design

A Monte Carlo simulation experiment is settled in order to investigate the empir-
ical properties of the proposed asymmetry tests. We consider two different data

generating processes (DGP):
yt) = 04yl) ) — 0.25y8") 5+ (0.02 — 0.951), +0.795y,,») VGO (E) + ¥}, (51)
and

ysh = 0.8yS) | —0.7y8)_, + (0.01 — 0.995)_, + 0.795y5)_)GD(Z) + ), (52)

G(i)(E) = <1 + exp { - h(nt)(i)[(71<0772<0) + h(nt)(i)l(71>0,”/2<0) + h(nt)(i)f(“/1<0,72>0)+

. —1
"‘h(ﬁt)(l)[(woo,wpo)]}) ;

(53)

with egi) ~ N(0,1), ¢« = {1,...,1} denoting the i-esim simulation of the process

{yt}tT:1 with s =y 1, c = %yt(i), 1 =1,000.
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ygz (henceforth "DGP 1") is an additive nonlinear model with accentuated nonlinear
behavior, due to the high autoregressive parameters driving G(Z) and the low ones
driving the linear part; this can be the case of a macroeconomic indicator affected
by an unexpected shocks affecting the whole dynamics. On the other hand, ygz
(henceforth "DGP 2") describes a more balanced scenario.

In order to simulate the function h(n;) we use a set of values of vector «v. The same
different combinations of (1, v2) of the two symmetry tests has been used to investi-
gate the empirical size and the empirical power of the three diagnostic test described
in Section 5. These combinations allow us to investigate: i) the different cases of
null, medium and extreme asymmetry respectively; ii) the effect of having different
kinds of asymmetry, due to the different signs in the two ~v-s. Moreover, we con-
sider three different hypotheses for T and the size «, namely 7" = {100, 300, 1000}
and o = {1%,5%,10%}. For each DGP we explore the possibility of both types
of different functional form of asymmetry in G(-) and compute the corresponding
statistics (25) - (28), jointly to the "Two-Step" test hypothesis corresponding to
statistics (20). In this experiment, the first 100 simulations have been discarded in
order to avoid the initialization effect.

For what concerns the three diagnostic tests, in the error autocorrelation test we as-
sumed the errors of the generating process followed an AR(1) process u; = puy_1 +e€,
e~ NID(0,1) and p = {0.2,0.4}. In the test for no additive asymmetry we added to
the previously described DGP a generalized logistic function G5 (v, h(e, y,—1)) with
coefficients w9 = 0.01, Ty = —1.8, m3 = 1.6, v = (13, v4) = {(5,2), (50, 20), (500, 200)}
and v fixed at (120,70); this ensures that the behavior of the additive component
remains isolated from the second; our experience shows that if higher parameter are
set, the inversion become problematic. For the test for parameter constancy, the
coefficients has been simulated according to a generalized logistic smooth change
with A\ = (0,0.4, —0.25)" and Ay = (0.2,—0.9,—0.795)". All these devices should

make our simulation exercise comparable to the ET results.
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6.2 Results

The results of the "All-in-one" and "Two-step" tests discussed in Section 4 for single
DGP 1 and DGP 2 are reported in Table 1 and Table 2, respectively. Several findings
can be easily noticed: first, the two tests have good and similar size properties. Only
in large samples the two models behave in a slightly different way because of the
statistics LM, , being its size in for DGP 1 (0.0735 at a nominal size 5%) slightly
oversized with respect to DGP 2 (0.0391), while statistics LM; and the "Two-Step"
test are more consistent.

Second, both the tests react similarly to different DGPs: the statistics LM; is
more powerful of LM, regardless to the DGP 2 as sample size grows, although the
empirical power is similar for moderate asymmetry and T=100. The "Two-Step"
test makes an exception: under DG P1, the power of S; is very similar to LM; and
LM,;, while, under DGP 2, the S; power is full when one of the slopes is 0 and the
other is positive (see rows 4, 6 or 10 and 12 in Table 2). An important difference
between the two scenarios is the change is scale of the empirical power under DGP
2; for example, when T=300, LM, statistic passes from 0.99 to 0.13 for a = 5%.
This implies that the detection of a dynamic asymmetric movement of the series
when the underlining process is not unambiguously nonlinear remains critical.
Third, both the tests are quite sensitive to different couples of (71, 72) with respect
to signs and scale: the empirical power of both tests tends to decline while « has
opposite signs. In particular, for 4 < 0, the power decays up to one third (see the
case of v = (50,10) for @ = %5 in statistic LM, at DGP1). In any case, all the
statistics requires high slopes (500, 100 and similar) to get power in low sample.
Heuristically, this is justified with the fact that the Stukel’ s function approximates
a near-to-linear function for extreme negative slopes, implying the possibility of a
missed dynamic asymmetry problem. This argument will be actively invoked in our
empirical applications in Section 7.

With reference to diagnostic tests, the results reported in Table 3 and Table 4 deliver
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a similar picture: on one hand, all the tests have good empirical size properties for
both the DGP used. Some caveat are required to interpret the empirical power
properties: under DGP 1, all the tests have good power, in particular for serial
correlation test; the test of no additive asymmetry and parameter constancy are
characterized by a duality: when the two slopes are high, that is v = (500, 200),
the power is extreme, while it decays for low-medium asymmetry (0.21 vs 1.00 at
a = 5%, T=100 in no additive asymmetry test, 0.44 vs 0.87 for LM, statistic at
the same nominal and sample size for parameter constancy). On the other hand,
under DGP 2, the change in scale of the power is evident only for the parameter
constancy test; interestingly, the test for no serial correlation is more powerful. Thus,
we are substantially confident in the use of diagnostic tests in empirical analysis,

conditionally on high dynamic asymmetry.

7 Illustrations

7.1 Data and Methods

In this section the GSTAR model is applied to four time series, namely: the U.S.
index of industrial production and unemployment (IP and UN, respectively); the
yearly average of daily International Sunspot Number (YSSN), and the Canadian
Lynx data (LYNX). We consider also the monthly average of Sunspot Number from
January 1850 to December 2013 (1962 observations) for which three different kinds of
data transformations are compared to link our model to the existing literature: the
logarithmic (logMSSN), square root (sqrtMSSN) and the growth rate (DLMSSN);
in this case, the Kalman-smoothed version of the series is available and necessary
to avoid inversion problems due to the high noise. Further informations on the
dataset can be found in Table 5. The data and the resulting (multiple) transition
function(s), plotted versus time are reported in Figure 5, while the same transitions

plotted versus the selected transition variable are shown in Figure 6.
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The out-of-sample predictive properties of the estimated models are investigated
via rolling forecast experiment, according to which the series y; is divided in a "pre-
forecast" period (going from time {1...¢}) from which the model is estimated and
the h-step-ahead forecast are computed and compared with the "test" period, going
from time {7 ... T} where T° = ¢+ h; this allows to measure 7' — T — h+ 1 out-of-
sample forecasts. Let denote the corresponding realization of the series as ¥, y7 and
yr, as well as the corresponding density forecasts as f;, f7 and fr. Since our interest
lies in short-run forecasting we consider h = {1,3,6,12}. The point predictive
performances of the model j are investigated by four different measures: the mean
forecast error (MFE), the symmetric mean absolute percentage error (SMAPE), the

median relative absolute error (mRAE) and the root mean square forecast error

(RMSFE)?:
1 T—h
— ~J
100yen — 9

SMAPE]"}L _ |yt+h A€t+h| (55>

0'5(yt+h - yt+h|t>

o
mRAE; ), = w, with (1) indexing the benchmark model; (56)
Y-+ — Gyl
] T—h 4 2

RMSFE; = 53—y 2 (y”h - ‘%“) o7

t=T's

In a similar fashion, four different scoring rules are used for aggregate the T'— T —

h + 1 density forecasts produced by the same forecasting exercise’:

3In particular, sMAPE and mRAE are recommended when the series is known to present
volatility effects or skewness, two features often associated to nonlinearity; see the discussion in
Tashman (2000).

4The scoring rules here considered are just a fraction of the many nowadays available. The
choice of the scores has been done for easy of treatment and does not imply any preference.
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e the logarithmic score (LogS) (Good, 1952):

T—h
1
LogS; = T ho T 11 Z logft+h|t (58)

t=T'*

corresponding to a Kullback-Liebler distance from the true density; models

with higher LogS are preferred.

e The quadratic score (Brier, 1950), somehow the equivalent of the MSFE in

point forecasting, is defined as:

T—h

T —h— Ts 1 thJrh\t die)* (59)

=T k=i

QSR =

~+

where dy; = 1 if K =t and 0 otherwise; models with lower QSR are preferred.

e The (aggregate) continuous-ranked probability (CRPS) score (Epstein, 1969),
equivalent to the SMAPE, is defined as:

1 T—h

CRPS; ), = T h—T 11 Z (|ft+h - firh‘t| — 0.5[feqn — ft/+h|)a (60)

t=T'

where f and f’ are independent random draws from the predictive density and

Ji+ne the observed value; models with lower CRPS are preferred.

e Finally, the quantile score (qS) (Cervera and Munoz, 1996) can be obtained if
fg—f—h| . is replaced in (58) by a predictive a-level quantile Qenpe (and the loga-
rithmic function removed); this score is used in risk analysis because provide

information about deviations from the true tail of the distribution.

Finally the p-values of the Giacomini and White (2006) test for equal predictive

ability are reported for completeness of analysis.
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7.2 Results

Tables 6 and 7 report the results of the General-to-Specific modelling strategy dis-
cussed in Section 3, and specifically: the descriptive analysis of the series, using basic
statistics and a battery of test for normality via Jarque-Brera test (JB), ARCH-effect
(via Engle’s test), serial uncorrelation via Durbin-Watson test (DW), identical dis-
tribution via Kolmogorov-Smirnov test (KS) and the ¢-statistics of the Dikey-Fuller
test augmented with two lags and constant as deterministic kernel (ADF) in the
first panel; the result of the LST linearity test, the selected model according to
the Terdsvirta rule and two symmetry tests introduced in Section 4 (second panel);
parameter estimates and HAC standard errors of the selected GSTAR model with
its equivalent STAR specification, for which the possibility of multiple regimes has
been taken in consideration (third panel); the diagnostic tests (fourth panel). The
rolling forecasting exercise is shown in Table 8.

Several facts arises: (i) first, the dynamic asymmetry here introduced is never re-
jected if a GSTAR model is assumed, as the "All-in-One" test suggests; however,
the "Two-Step" approach, which strictly follows the original Stukel’s methodology
changes this result; this seems reasonable at least for case of UN. This is not the
case of monthly sunspots series, for which the "Two-Step" test, although still not
able to reject the null for the selected model, starts to reject if different data and
models are used®. (ii) The GSTAR transition function differs from its symmetric
equivalent and this holds also when the two estimated slopes are very similar. In
particular, Figure 5, panels (a), (c) and (d), shows that the estimated asymmetric
G(v, s, ¢) functions tends to concentrate in the upper part of the of the space of
continuum of states (between 0.5 and 1); on the other side, in panel (b) of the same
figure, the estimated GLSTAR transition for UN (where v; = 75 = 0.001) reduces
of 30% from the full [0, 1] range (from 1950 to 1980) to a [0.2, 0.9] range (after first

1980s), allowing to reproduce the cyclical movements of the data and their change

5The results, not shown here, can be provided upon request.
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in scale better than the traditional parametrization. The differences between tran-
sition functions are still more evident in Figure 6.

(iii) The GSTAR(p) specification allows the modeller to gain in terms of parsimony,
since in all the examples the dynamics of the series is found being well replicated
by using just one asymmetric transition, while the same does not hold for its sym-
metric counterpart. This is immediately evident in the LYNX example, where an
autoregressive order 7 is sufficient to pass all the diagnostic tests, whereas more lags
was required by previous literature® and monthly sunspot data enforces this finding.
(iv) Coherently with the logarithmic (exponential) rescaling imposed by h-functions
(3) - (4) and with the evidence from application of SETAR and STAR models ob-
tained by previous studies, the GSTAR model is sensitive to changes in scale, so
that a further transformation tends to over-smoothing (exacerbate) the nonlinear
dynamics of the process if further transformations are applied. In this sense, Figure
7 is almost self-explanatory.

(v) The dynamic asymmetry is an important feature to take in account for fore-
casting aims: in particular, according to mRAE, the GSTAR model beats almost
always its symmetric counterpart, while, in terms of RMSFE, the GSTAR wins in
many forecast horizons of YSSN and LYNX and at longest horizons of UN; similar
evidence is provided by MFE criterion: the new model prevails in two cases (UN and
YSSN) whereas at very short term, the AR is still a good model for IP and LYNX.
The superiority is less evident if considering sMAE: the two nonlinear specification
almost equivalent for IP, while, for other three cases the MR-STAR prevails with a
factor of less than 0.1%.

(vi) The results of density forecasting are quite more challenging. In particular, ac-
cording to LogS, the GSTAR wins for UN, while AR does for IP and shot horizons
of YSSN and MR-STAR for LYNX. The GSTAR returns to outperform if QSR is

used, beating its competitors for YSSN and LYNX and at long horizons of IP and

6Tong (1977) and Teriisvirta (1994) suggested p=11.

28



UN. Differently, the CRPS conveys a clear superiority of MR-STAR, which win in
almost all cases, with the exception of YSSN and short-run horizons of IP (where
AR better). The ¢S® enforces this result by providing evidence in favor linear spec-
ifications with the only exception of IP, and STAR being still the second best for IP
and UN.

(vii) Finally, according to the results for Giacomini and White (2006) test, there
is evidence of significant improvement in prediction until h=6 if a GSTAR(p) is

considered with respect to a linear AR specification.

8 Conclusions

The Generalized Logistic function is applied to STAR family as simple, statisti-
cally feasible way to capture the dynamic asymmetry in the conditional mean of a
time series. The resulting GSTAR model ensures the smoothness of the transition
function by construction without requiring further efforts for what concerns identifi-
cation and estimation, is able to characterize some of the most prominent examples
of nonlinear time series also when the estimated asymmetry coefficients are very
similar and presents good point forecasting properties.

The results of density forecasting exercise confirm - and possibly enforce - the Kascha
and Ravazzolo (2010) evidence that the relation between highest LogS and lower
RMSFE is not one-to-one. In addiction to this, we find that such a relation breaks
under CRPS and reverts under ¢S“. This means that dynamic asymmetric models
are superior to traditional STARs if classical measures are used and not dissimilar
if robust measures are. In any case, nonlinear specifications remains preferable to
linear ones.

The GSTAR model is feasible of several developments, first of all for what concerns
modelling the conditional variance in long samples (Gonzales-Rivera, 1998; Amado

and Terasvirta, 2013; Silvennoinen and Terédsvirta, 2013) and multiple time series
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analysis, see Rothman, van Dijk, and Franses (2001); Milas and Rothman (2008)
and Camacho (2004) for an economic examples and Hubrich and Terdsvirta (2013)
for a survey. The properties of the GSTAR in non-stationary time series is still
unknown and constitutes an important issue for financial applications; Kapetanios,
Shin, and Snell (2003), Vougas (2006) and Addo, Billio, and Guégan (2014) dis-
cuss this problem in a traditional STAR and MT-STAR framework and provide a
basis to start with. Finally, the dynamic asymmetry here introduced has been mod-
elled by implicitly assuming autoregressive structure. Wecker (1981), and Bréannés
and De Gooijer (1994, 2004) provide interesting asymmetric moving-average models

which can be compared and possibly merged with GSTAR features.
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A Appendix

A.1 Mathematical derivations
A.1.1 Preliminar notation

Let denote Gy = G(E), E = [71,72,¢] or [y1,72,¢1,¢2) in case of GLSTR1 and
GESTAR (GESTR). Then we can re-define G(E) as:

GUE) = 1+ g(f @),

FIEESTRNE) = —[h(nf) ]y <0,va<0) + () Ty <0.0050) + h(0F) L(35020) + R(0F) (3150550,
f{GLSTR2} (E) = _[h(n?L)I(%SOWzSO) + h(ntu)](wéom>0) + h<77t2L)I(“/1>0,w§0) + h(ngL)I(W1>0,“/2>0)]v
FIEESTRNE) = —[h(n7) (31 <0520 + B(0E) T <0950) + R0 Iy 50,<0) + A(0E ) (31503550

withi = {L,2L, E}, denoting the Logistic, Double Logistic and Exponential parametriza-
tion, j = {1; =1}, with j = 1 only if f(E) = fOETE(E), nt = s — ¢, n?L =
(st — c1)(se — ¢2), nf = (sy — ¢)®. Moreover, let f(E) = —[R (n)I(y<042<0) +
B (1) L1 <0.4050) + B (1) L7, 50,90<0) + 7' (1) 117, 50,40>0)] define the first derivative of
f(B) and D =1+ ¢g(E) denote the denominator of the fraction which is the result

of the computation of the second derivatives so that:

D? =1+ g(8)* +29(8),
g (@)% =1+ exp{—2(h(n) Iy <0m<0) + BN Iy <0mm50) + B0 150 0<0)+
+ (N 15050} + 2exp{h(I) Iy <omp<0) + RO Iy <0mp50)+

+ h(nt{l})j(’}/1>0,’yz§0) + h(ni{l})l(71>0,v2>0)}a

A.1.2 LSTRI1 case

When the transition equation is a Generalized Logistic, we have the following deriva-

tives:
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Gu(®) = -T=0
where:
—% ~exp(|ne] —1)(|ne] —=1) if v >0
0
h () L >0) = a_,ylh(’)’) =40 it vy =0
—% “In(1 — v |me]) + 17';75“77“) if v <0
and

0 if Yo > 0
h/(nt)j(’f]tSO) =40 if Yo = 0

0if 75 <0

(ii) G,,() : equal to (61) but with

0if >0
h/(nt)](nt>0) = a_,yzh<'7> = 0 if Y1 = 0

0if’71<0

and
Lexp(l—alml) - (L +nl) if 72> 0
h/(nt)](mgm =40 it~y = 0

—L[Lm(alml = 1) + 2] i 92 <0

(iii) G.(-) : equal to (61) but with
F(B) = h(m)Lmi<o) + h(ne) L (n>0)

A.1.3 LSTR2 case

(61)

(63)

(64)

(66)

When the transition equation is a (Generalized) Double Logistic as in model (?7),

we have the following derivatives:
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(i) G,,(°) equal to equation (61) with: fU}(E) = fICLSTEN(E) = —[h(n?L) 1, <0m<0)+
h(n§L>I(’YlSO,’72>0)+h(771€2L)](’Y1>0772§0)+h<nt2L>I('Yl>0,'yQ>0)]7 g{GLSTRQ} = eXp{f{GLSTR2}<E)}7

W (") e oy and I (n7") 1,21 <o) equal to systems (62) and (63).

(ii) G.,(-) : equal to equation (61) with: f{GLSTE2H(E) and gl¢LSTR2(E) above
defined as in case (i) and I/ (n7") 1,250, and I’ (n7") 1,21 ) equal to systems

(64) and (65) respectively.

(iii) G, (-): equal to equation (61) with: fI¢LSTE2Y(E) and gl@LSTR2H(E) defined

as in case (1) and
f(E) = h/(ntZL)](nng())(St —c2) + h/(UfL)](nfLw)(St — ¢3) (67)

(iv) Ge,(+): equal to equation (61) with: fIGLSTEZ(E) and g{¢FSTHR2}H(E) defined

as in case 1) and
F'(8) = W) e <oy (s = 1) + W) gprsoy(se —ea) - (68)

A.1.4 ESTR case

When the transition equation is an exponential as in model (??), we have: f{#STR}(E) =

—[h(0F) I3 <0,15<0) H 1 (NF ) L3 <0,9550) FR(ME) L3y 5075<0) FR(NE ) I 20,7550) ], gEITRH(E) =

—exp{ f1F}}, hence the following derivatives:

(i) G, () = f{ESTR}*/(E) with: f/(E) = _[h(ntE)[(ntEg())(St—0)2+h/(775)[(n{5§0)(St—

)*), W' (nf)I,p=0) and W' (nf)I,r <o) being the same of systems (62) and (63).

(ii) G,,(): same as G, (-) with W/ (n/) I, e and B/ (nf) 1,z <) being the same of

systems (64) and (65).

(i) Ge(-) = fUESTR(E) with f/(E) = B ()L e <0)(2¢) + 1 () Ly 50)(2¢), with

W (nf) e and B (nf)1,p<g) being the same of systems (64) and (65).
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A.2 Tables and Graphs

Figure 1: Transition function for different parametrizations of Asymmetric STAR.
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Figure 4: An example of GLSTAR model.
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Figure 5: Estimated transition function for (MR)STAR and GSTAR specifications.
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Figure 6: Estimated transition functions vs transition variable.

(a) U.S. Industrial Production

ORDERED GSTAR TRANSITION FUNCTION vs ORDERED TRANSITION VARIABLE
1 ; o

—=— STAR Transition
—6— GSTAR Transition

(c) Yearly Sunspot Number

ORDERED GSTAR TRANSITION FUNCTION vs ORDERED TRANSITION VARIABLE
1 : g BGEnG EexeE—en

T ‘ v
0.9F

0.8

—+— STAR Transition 1
—— STAR Transition 2
—©— GSTAR Transition

0.7

0.6

G(¥, sy €

0.5

0.4

G(s,, ¢ h()

0.3

0.2

0.1

25

44

ORDERED GSTAR TRANSITION FUNCTION vs ORDERED TRANSITION
1 T T St

(b) U.S. Unemployment

VARIABLE

(d) Canadian Lynx

ORDERED GSTAR TRANSITION FUNCTION vs ORDERED TRANSITION VARIABLE
1 ! ! ! ! D RN
0.9F |
0.8f |
——s— STAR Transition 1 |
0.7 —— STAR Transition 2 [
—o6— GSTAR Transition ¢
0.6 f j
05 ¢ 1
|
0.4 é> J
0.3 i |
0.2 jf |
0.1F g 4
0 . . . ® o’
0 0.5 1 15 2 25 3 35 4



Figure 7: Monthly SSN: estimated transition functions for different data transformations.

(a) logMSSN: G(E) vs t (b) logMSSN: G(E) vs s¢
DATA AND TRANSITION FUNCTIONS ORDERED GSTAR TRANSITION FUNCTION vs ORDERED TRANSITION VARIABLE
6 11 1 : . : : :
— ~ —STAR Transmon1
0.9 —
5L
0.8 4
at o7t —
&
& |
5 0.6
>3- =
£ 05f i
S
2t & o4t g
| 03r —— STARTransition 1| |
T i ] ——— STAR Transition 2
§ 02 0.2 STAR Transition 3| |
H ' - —6— GSTAR Transition
0 . . . . . . . o4 01 . . . : ;
1850 1875 1900 1925 1950 1975 2000 2025 0 1 2 3 4 5 6
ATE s,
(c) sqrtMSSN: G(E) vs t (d) sqrtMSSN: G(E) vs s
DATA AND TRANSITION FUNCTIONS ORDERED GSTAR TRANSITION FUNCTION vs ORDERED TRANSITION VARIABLE
151 V.YV 1
- — STAR Transition 1
0.9t
0.8
x —+— STAR Transition 1
10 o 07y ——— STAR Transiton 2| |
o STAR Transition 3
& o6r —6— GSTAR Transition| |
= =
= 05F 4
S
5¢ & o4t g
0.3F 4
0.2 ,
Y
0 . . . . . . . lo4 01 . .
1850 1875 1900 1925 1950 1975 2000 2025 0 5 10 15
DATE s,
(e) DLMSSN: G(E) vs t (f) DLMSSN: G(E) vs s
DATA AND TRANSITION FUNCTIONS ORDERED GSTAR TRANSITION FUNCTION vs ORDERED TRANSITION VARIABLE
05 ® ‘ ’—‘W y‘n‘du‘mm”w i d \‘ﬂ ‘- L B B S 21 1 T T T T P
ﬁ \‘\‘ \f ‘“ h‘ M\ ‘\u — ~ — STAR Transition 1 "
Ll u‘ Iy W U S \‘ ~ STARTransition 2| g 09 i
041 b i ot N It \M\ i \M ‘ Pl +STAR Transmon 3
J il | T T \
‘, f! i i {“u‘: 5“ ”M‘\H\ ““‘\ i um ‘- ‘U { ‘H |H‘ ’( L w 108 0.8 |
031 “H‘ I ’u‘.“ q L \‘M‘\ \”1‘\ il '\ \" ! H 1 \}‘ \N l |
4 ‘\”\ u" i “”“ ‘1\‘ il HH\» LI ““ | ”i x\- w107 > 07 7
‘ M ‘ ‘Hw “ h\ ! H i i \ TU “‘ ¢N \"I ! ‘J s
0.2+ gl I | | Lt H\l ' \ ) \‘“. L e |
‘ ,q’ & L g o Bk oo Zoe
& . 4 { A 8 & & 1]
S04 b ..“ . s Mi o “')' N oS = 05 |
b | y i il =
ol 2 bl M (g l i A os S 04 1
i ‘ ! Wl & —+— STAR Transition 1
LB it i ! L i A h‘ | 403 S 03 ———— STAR Transition 2 4
04} 4 N o Ts —o— STAR Transition 3
IRERLE w»a- y ELERIE IS 02 ]
L i u. B i W /ﬂm AL iy
-02 1 i ‘ u ‘i’h"‘x Mh M‘ Hi i H‘ "w_ J‘\‘ il F‘ ’H H\ﬁ]‘w :‘ 401 0.1 E
l%‘ W I ‘i'u‘ .H N “ H \j\ w 1,| ‘\ !]H‘ \.l \ *‘\ i
03 0 — , , , , ,
1850 1875 1900 1925 1950 1975 2000 2025 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

NOTE: The data are plotted in blue line of left-had subfigures.

45



0000°T 0000°T 0000°'T 0000°'T 0000°'T 0000°T 0000°T 0000°T 0000°'T 00¢ 0

0000°T 0000°'T 00001 965¢°0 G96z°0 0680°0 06£2°0 €210 29%0°0 0 006G-
0000°'T 0000°'T 0000°'T 0000°T 0000°'T 0000°'T 0000°'T 0000°'T 0000°T 0 00g
TGLT0 08120 I8TT°0 0000°T 0000°T 0000°'T 0000°T 00001 0000°T 00TI-  00S
0000°'T 0000°'T 0000°T L09T°0 61200 Tve00 G9TT0 G69Z°0 1821°0 00T  00§-
0000°'T 0000°'T 0000'T 0000°T 0000'T 0000°'T 0000°'T 0000°'T 0000°T 00T  00S  000T
GTET0 98500 91100 €9z°0 66L1°0 76900 £V92°0 66LT°0 $890°0 0¢ 0
£680°0 1.%0°0 0T10°0 02S€0 GEST 0 9¥80°0 T8¥T0 €611°0 97%0°0 0 0G-
182170 G£90°0 201070 968%°0 GEFT0 9,700 QTP 0 GLTE0 PPET0 0 0¢
6652°0 ¥502°0 9980°0 8LLT0 Tv60°0 T1€0°0 CLEV 0 €982°0 TTFT0 0T- 0%
80220 685T°0 0850°0 90ST°0 ze80°0 72070 96620 z£0z0 0£80°0 01 0g-
8160 asteli] 6£12°0 7£9€°0 86720 eLIT0 61780 ¥L2L0 LTLY0 01 0%
0000°T 0000°'T 0000°'T TL66°0 9966°0 LT66°0 TL66°0 9966°0 LT66°0 00 0
20400 82H0°0 TT10°0 $L02°0 GLTT0 9z£0°0 TEVT 0 6£0T°0 06T0°0 0 009~
0000°'T 0000°'T 0000°'T 1966°0 1966°0 8C66°0 0000°'T 0000°'T 0000'T 0 00g
0000°T 0000°'T 0000°T 1966°0 1966°0 8C66°0 1966°0 1966°0 8666°0 00T~  00S
9G8T°0 LBTIT°0 89%0°0 68€T°0 692.0°0 9600°0 LPT1T0 G8FT0 09€0°0 00T  00G-
0000°T 66660 65660 8666°0 86660 8C66°0 08660 1966°0 8G66°0 00T 00  00€
62L0°0 6S£0°0 z600°0 8681°0 ¥960°0 9.10°0 868170 79600 9,100 0¢ 0
169070 zov0°0 L110°0 G80%°0 6LTT°0 £2£0°0 9LVT 0 €201°0 0610°0 0 0G-
7£90°0 £9€0°0 €0T0°0 96%1°0 €280°0 21200 65020 68€T°0 £6€0°0 0 0¢
60ST°0 0680°0 L820°0 19ST°0 62L0°0 Z€10°0 €G220 SGHT0 0z¥0°0 0T- 0%
96710 97600 06£0°0 T6ET0 0790°0 Z0T0°0 I761°0 9921°0 202070 01 0g-
€L1Z°0 10ST°0 1890°0 810Z°0 G6ZT°0 1820°0 6TLE0 0L8Z°0 S60T°0 0T 0%
G9T80 £808°0 z108°0 €0€8°0 £808°0 L€08°0 £0€8°0 £€808°0 L€08°0 00 0
G6L0°0 99%0°0 $110°0 P6ET0 9,200 79100 GZET'0 T8L0°0 ¥600°0 0 005~
7008°0 656L°0 8T6L°0 6818°0 2908°0 L¥6L°0 G1Z8°0 6508°0 ¥86L°0 0 00S
65280 70080 G96.L°0 GGT8'0 1€08°0 LT6L°0 19280 €L08°0 1€6L°0 00T~  00S
cLIT0 0%90°0 G120°0 8€TT0 09.0°0 6,00°0 GHIT0 0680°0 €L10°0 00T  00G-
0€T8°0 67080 986.°0 1618°0 L86L°0 LT6L°0 GeEs'0 69180 0€6.°0 00T 00§ 00T
16%0°0 9z20°0 ¥£00°0 98FT°0 7€L0°0 8Z10°0 98710 z€L0°0 8100 0% 0
69200 91%0°0 22000 ¥9€T°0 192070 79100 88210 1080°0 ¥600°0 0 0g-
£rh0°0 TsT00 9000°0 STFT'0 1€20°0 6910°0 109T°0 9€80°0 0LT0°0 0 0%
0600 78500 GLTO0 SOFT0 L¥20°0 00100 70610 6£60°0 08T0°0 01- 0%
£60T°0 7690°0 1€20°0 91T 0 8990°0 7G00°0 TOST'0 L£20°0 L610°0 01 05~
9001°0 9%90°0 1.20°0 19ST°0 1660°0 Tv10°0 99€2°0 TSET'0 GT€0°0 01 0%
0I0=° G00=o T00="m 0I'0=° ¢00=0° T[00=D 0I'0=° ¢G00=o T00="
5y SN'T T (28 w L

Jomod redrardwy

8800 L250°0 8800°0 L6TT°0 ¢€L0°0 8020°0 8600 ¥8£0°0 €L00°0 0 0 000T
£€70°0 89T0°0 6£00°0 £€690°0 8820°0 0£00°0 €950°0 620°0 8600°0 0 0 00€
0£70°0 GET0'0 $200°0 L9¥0°0 0£20°0 0000°0 84700 1220°0 €000°0 0 0 00T

0I0=0° g00=? T00=" 0T0=" go0=° T00="0 0T0=° ¢00=° T00="0

s eNT W1 ek w L

az1g [eotarduy

‘T dH( Tepun A1jomrmuAse orureuAp 10§ 159} ,,do1g-omT,, pue ,ou-ul-[[y, JO omod pue azig eotndwry :1 sjqel

46



0000°T 0000°T 0000°'T 81120 6611°0 80¢0°0 6007°0 6882°0 8880°0 00¢ 0

0000°T 0000°'T 00001 réqral] L92T°0 £€20°0 GeTV 0 8¥8T°0 9260°0 0 009~
0000°'T 0000°'T 0000°'T 9%0€°0 0£02°0 £690°0 80.5°0 7€07°0 TL8T°0 0 00g
£€50°0 0620°0 280070 9%0€°0 0£02°0 £690°0 80L5°0 7€07°0 TL8T°0 00TI-  00S
9690°0 G8€0°0 L8000 TTIT0 L92T°0 €€20°0 GETV0 8T8Z'0 9260°0 00T  00§-
6L£0°0 18100 02000 970¢°0 0€0Z°0 £690°0 80L5°0 ¥E07°0 TL8T0 00T 00§  000T
0000°'T 0000°'T 00001 81Tz 0 66110 8020°0 600770 62820 8880°0 0¢ 0
0000°T 0000°'T 0000°T 0S12°0 T0ET0 0%z0°0 CLIT 0 €982°0 $960°0 0 0G-
0000°T 0000°'T 00001 G169°0 9L.G°0 182€°0 7O¥80 0520 T628°0 0 0¢
9890°0 zee00 £800°0 GT169°0 9.25°0 18T€°0 7078°0 07GL0 76250 0T- 0%
125070 0L£0°0 €200°0 0STZ°0 T0ET°0 0%20°0 eLIV0 £982°0 %9600 01 0g-
19500 1620°0 z800°0 G169°0 9280 182€°0 7O¥80 0vsL0 76280 01 0%
0000°T 0000°'T 0000°'T 9990°0 6,£0°0 ¥800°0 L061°0 6260°0 0610°0 00 0
0000°'T 0000°'T 0000°'T €290°0 76£0°0 €0T0°0 €G6T°0 L8600 1220°0 0 009~
0000°T 0000°'T 0000°T 90600 GLG0°0 G910°0 9012°0 I8€T°0 62£0°0 0 00S
£€50°0 zsT0°0 1€T0°0 9060°0 GLS0°0 G9T0°0 90120 18€1°0 62€0°0 00T~  00S
0Z80°0 £VH0°0 L910°0 £290°0 $6£0°0 €010°0 €C6T°0 L8600 1220°0 00T 00§~
69£0°0 681070 1€T0°0 9060°0 GL50°0 S9T0°0 90120 18€1°0 62€0°0 00T 00  00€
8L¥0°0 T620°0 zIT0°0 9990°0 6L£0°0 780070 L06T°0 6260°0 06T0°0 0¢ 0
18200 G0£0°0 17100 1890°0 86£0°0 £010°0 £€861°0 L560°0 1220°0 0 0G-
L8€0°0 0€20°0 6600°0 €802°0 LTET0 0150°0 916€°0 €LYT0 POT°0 0 0¢
11500 86200 SE€T0°0 £802°0 LTET0 0TS0°0 9TG¢ 0 eL¥T 0 FF01°0 0T- 0%
182070 GIE0°0 19100 1890°0 86£0°0 €0T0°0 €86T°0 18600 1220°0 01 0g-
60%0°0 0€20°0 66000 £802°0 LTET0 0TS0°0 9TGE 0 eL¥T 0 FF0T°0 0T 0%
0000°T 0000°'T 0000°T 0950°0 z920°0 80100 GOLT'0 0€60°0 G8T0°0 00 0
0000°'T 0000°'T 0000°'T 02S0°0 2920°0 LT10°0 98.T1°0 82OT'0 68T0°0 0 005~
0000°T 0000°'T 00001 7500 Y200 80100 €681°0 0560°0 T610°0 0 009
72,5070 67£0°0 ¥700°0 9S00 L¥20°0 80100 £681°0 08600 T6T0°0 00T~  00S
0080°0 G8%0°0 11T0°0 0250°0 2920°0 LTT00 98LT°0 8ZOT'0 6810°0 00T  00G-
91%0°0 6S10°0 9000°0 9500 L¥20°0 80100 €68T1°0 0860°0 T6T0°0 00T 00§ 00T
0000°'T 0000°'T 0000°'T 0950°0 2920°0 80100 GOLT'0 0€60°0 G8T0°0 0¢ 0
26900 78€0°0 86000 02S0°0 z920°0 1T10°0 LV8T0 1201°0 G8T0°0 0 0g-
0000°'T 0000°'T 0000°'T LITT0 8Z€0°0 11100 vehe 0 6V2T°0 80€0°0 0 0%
78900 1T70°0 1€00°0 LITT0 82E00 IT10°0 verT0 6V2T°0 80£0°0 01- 0%
8690°0 £6£0°0 0010°0 0250°0 z920°0 LT10°0 LV8T0 1201°0 G8T0'0 01 05~
G8G0°0 1920°0 1€00°0 LTTT°0 8T£0°0 1TT0°0 iasigall] 6¥21°0 80£0°0 0T 0S
0I0=° G00=o T00="m 0I'0=° ¢00=0° T[00=D 0I'0=° ¢G00=o T00="
5y SN'T T (28 w L

Jomod redrardwy

€980°0 8Y0°0 9210°0 L810°0 16€0°0 ¢100°0 81010 09%0°0 9€00°0 0 0 000T
6970°0 z620°0 1100 re0o €210°0 2000°0 2200 T800°0 0000°0 0 0 00€
€270°0 ¥920°0 9000°0 LETO'0 T€10°0 ¥100°0 g810°0 ¥910°0 ¥200°0 0 0 00T
0I0=0° g00=? T00=" 0T0=" go0=° T00="0 0T0=° ¢00=° T00="0
s eNT W1 ek w L

az1g [eotarduy

‘7 dDH Tepun A1jemrmAse orureuAp 10§ 159} ,,do1g-oMT,, pue ,ou-ul-[[y, JO Iomod pue azig eotndwry :z sjqel

47



0000°T 1666°0 8966°0 0000°T 0000°T 0000°T 79€7°0 6¥€€°0 0000°T €968°0 9861°0 ggLT’ 0 01’0 =2
0000'T 0L66°0 1966°0 0000°T 0000°T 0000°T 0862°0 94120 0000'T 9L¥8°0 OTTIT'0 90110 g0'0="m 002 00¢ 00T 00¢
T1966°0 1966°0 1966°0 0000°T 0000°T 0000°T [4qau] 0980°0 8966°0 970L°0 6170°0 9120°0 10°0 =°
0¥66°0 1828°0 70810 96¥2°0 0000°T 0000°T cLeyo 9€¥€°0 0000°T 6906°0 €T8T°0 TLET'O oT'0 =" 00€
crv6'0 L9690 G€80°0 1912°0 0000°T 0000°T 8¥8C°0 0€ve 0 0866°0 L2880 ceo1°0 9981°0 S0°0 =™ (04 0¢ ot 0z
8CTLLO £€9€E°0 G100 LYLT0 0000°T 0000°T T€E€T°0 0680°0 8966°0 VIivL o 0T80°0 L860°0 10°0 =™
L166°0 18280 7081°0 6V11°0 0000°T 0000°T 622¥°0 900770 0000°T L9¥6°0 YI61°0 6981°0 0or'0="m»
cvv6'0 L9690 G€80°0 G€c0°0 0000°T 0000°T vTLT 0 VL6270 0000°T 0406°0 £€960°0 0¥60°0 00 =" [4 g T 4
8TLLO €9€E°0 G120°0 8T10°0 0000°T 0000°T it ] L¥01°0 0000°T 7108°0 C1€e0°0 0620°0 100 =%
1€€6°0 7€68°0 9628°0 0000°T 0000°T 0676°0 L9LT 0 9LET 0 9L18°0 969€°0 IVIT'0 L201°0 0T'0="m°
0€26°0 0LL8°0 6€28°0 0000°T 0000°T g€06°0 0000°T 65L0°0 weLo 8€4T°0 T10T°0 T190°0 0’0 ="m® 002 00¢ 0ot 002
7268°0 6878°0 TL8L°0 0000°T 1€66°0 TgseLo 0620°0 8GT0°0 0¥<s 0 7€60°0 €020°0 GL00°0 1000 =
LTIGLO T9€S°0 8220 96720 0000°T <976°0 7E8T'0 TLETO 886.L°0 29Te’0 L00T"0 €€01°0 0T'0 =2 00T
8969°0 €07¥°0 89.2°0 19120 6966°0 €T06°0 7101°0 LLLOO 060L°0 ¥202°0 1290°0 6850°0 g0'0="m® 0 0¢ (028 (04
94€¢°0 Lgee0 0L22°0 LVLTO 0€66°0 L9G6L°0 8¢20°0 L8200 gcveo €980°0 8€T0°0 CI10°0 100 =™
8LEL0 ¥9€49°0 €€LE°0 91920 0000°T 9046°0 L68T°0 0€9T°0 6TL8°0 €TLY'0 TS60°0 TITIT0 oT'0 ="
84890 LLSTO LG62°0 LS1T0 0000°T G€96°0 110T°0 0%80°0 T0LLO 88€€°0 7650°0 02s0°0 g0'0="° 14 g T 4
91€S°0 082¢°0 €T€T0 YyLT0 9166°0 £678°0 962¢0°0 942070 G819°0 19¢1°0 7.00°0 §L00°0 10°0 =™
ENT TINT TNT T o1=b 7=b z=b 1=b o1=b =b z=b 1=b
A1yowrmAse yo=4d zo=4d EVAC]
Adue)suod I9jouwrereJ [euoI}IpPP® ON UOI1e[911000INE 10118 ON UOT11e[9I1000INE I10IId ON [eurwoN VL eL L L L
Jemod reorarduyg
9€80°0 L5000 0000°0 €801°0 99€0°0 S611°0 ¥Z10°0 12210 0r'0="m°
7¥€0°0 €200°0 000070 L990°0 8020°0 8190°0 €700°0 1290°0 g0'0="m® 00T 002
gv00°0 0000°0 000070 cv10°0 0000°0 6¥10°0 LETO0 0€20°0 100 =%
L090°0 €200°0 000070 6600°0 7200 80L0°0 01210 gver o 0T'0 =2
L620°0 0000°0 000070 8T00°0 CcI10°0 L8200 €950°0 cc90°0 g0'0="m® ot (14 00€
700°0 000070 000070 8T00°0 7100°0 €¥00°0 7800°0 L800°0 100 =%
1800°0 0000°0 0000°0 2g10'0 €860°0 GL0T°0 6960°0 8L0T°0 01’0 ="
€200°0 0000°0 0000°0 §900°0 9€v0°0 9190°0 L2800 29¥0°0 g0'0="m T 4
0000°0 0000°0 0000°0 ¥200°0 L500°0 1100 ¥I10°0 9€10°0 10°0 =°
0¥00°0 ¢100°0 000070 0800°0 16¥0°0 800T°0 v2c01°0 1260°0 0oT'0 =2
C¢100°0 000070 000070 0000°0 8T€0°0 68€0°0 8L7v0°0 6570°0 G000 =" 00T 00¢
0000°0 000070 000070 0000°0 L¥00°0 8600°0 6%10°0 2¢010°0 10°0 =™
2600°0 000070 000070 0200°0 €6€0°0 G190°0 £€960°0 0460°0 0or'0="m
€200°0 000070 000070 L000°0 L9100 9810°0 26€0°0 92¢0°0 g0'0="m® ot 0c¢ 0ot
0000°0 000070 000070 0000°0 0¥00°0 040070 ¥€10°0 gv00°0 100 =%
6200°0 0000°0 0000°0 €900°0 9660°0 T€60°0 80010 1660°0 0T'0="m°
€000°0 0000°0 000070 7€00°0 gev0'0 ¥4€0°0 2870°0 8290°0 g0'0="m® T 4
<¢000°0 0000°0 000070 0200°0 £500°0 L8000 v00°0 0900°0 1000 =%
ENT eWT T om 01=b v=b ¢=b =b
Arpomrmadse o=d oz1s
Aoue)suod I9jowrered [euorjippe oN UOIjR[91I000INE I0IID ON TeurwoN VL eL (2% 178 L

ozig reorarduwuyg

‘T d5H Iepun £oue)suod Iojeurered pue AIJOWUIASE SAT}IPPR OU ‘UOIJR[DIIOD [BLISS I0] 1893 JO Iomo] [eostrtdury pue oz1g eotduy]

‘€ 9|qel

48



665€°0 6050°0 T000°0 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T oT’0="2°
8¥€T'0 §2T0'0 0000°0 0000°T 0000°T 0000'T 0000°T 0000'T 0000°T 0000'T 0000'T 0000°T ¢0'0="° 00T 00¢ 00T 00T
6790°0 §100°0 0000°0 0000°T 0000°T 0000°T 0000°T 0000'T 0000°T 0000'T 0000'T 0000°T 10°0 =
669€°0 6050°0 T000°0 GTIv'0 0000°T 0000°T 0000°T 7966°0 0000°T 2T66°0 GT08°0 76€L°0 01'0 ="™° 00€
6¥€C°0 G200 000070 LLLEO 0000°T 0000°T 0000°T 1266°0 0000°T 6186°0 €604°0 w190 s0'0="m» 0T 0¢ ot 0z
6090°0 GT00°0 000070 L95€°0 0000°T 0000°T £866°0 4§966°0 0000°T 2cT96°0 €617°0 qeveo 1000 =©
66S€°0 6050°0 T000°0 GCIv0 0000°T 0000°T 0000°T 8¥66°0 0000°T 0686°0 G88L°0 790L°0 oro=m»
8¥€T'0 4§2c0°0 000070 LLLEO 0000°T 0000°T L666°0 €L86°0 0000°T 9086°0 9669°0 L6970 s00o=m® [4 g T 4
6¥90°0 GT00°0 000070 L98€°0 0000°T 0000°T 6L66°0 T€¥6°0 0000°T 9L66°0 616€°0 9¢1€°0 1000 =°
Z8LY°0 GLY2°0 €0%0°0 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T oro=m»
€0€€°0 T6ST°0 L0200 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T s00="m® 002 00¢ oot 002
0v€T 0 9950°0 6200°0 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 1000 =©
689970 L6ST°0 €2280°0 6202°0 0966°0 1886°0 8918°0 L8SGL'O T6L8°0 6899°0 cIEeE’0 67.2°0 oT0o="mo 001
6€07°0 L0800 12100 GL9T°0 0966°0 8GR86°0 €804°0 L029°0 LTT80 LTVS°0 72T 0 LI8TO g00="m0 02T 0¢ (028 (04
TELTO 98T0°0 9T00°0 6621°0 2686°0 8T96°0 TI8%°0 9¥LE O 09%9°0 €982°0 €€90°0 0%S0°0 1000 =©
T661°0 0880°0 L610°0 6202°0 6566°0 1886°0 G988L°0 08TL°0 TI88°0 2€99°0 ovve 0 €L8T°0 01'0 ="°
§g0g1°0 9470°0 GL00°0 GL9T°0 6166°0 2¥86°0 G€0L°0 69L9°0 8808°0 TLTS0 20€T’0 TLLT'O ¢0'0="m° [4 g T 4
L.20°0 Z¥00°0 610070 662170 T686°0 1846°0 L1670 ST9€°0 1859°0 70L2°0 6180°0 8€S50°0 1000 =©
ENT TINT TWT 1973 o1=b =b z=b 1=b o1=b =b z=b 1=b
A1jowrwufse yo=4d zo=4d 2z1s
Adue)suod Idjouwrered [eUOI}IPP® ON UO13e[9110003Ne 10118 ON UO13e[9110003Ne 10118 ON [eUIwIoN 1Z8 eL L L L
Jemod Teorardwyg
000070 0000°0 000070 L121°0 8960°0 €101°0 €480°0 1680°0 01’0 =% (02) (oz1)
0000°0 0000°0 000070 0¥90°0 I8¥0°0 1190°0 €170°0 ¥8%0°0 s00o="m® 0ot 002
000070 0000°0 000070 18€0°0 0010°0 T110°0 YE€10°0 8C10°0 1000 =°
¢s00°0 0000°0 000070 9160°0 <¢060°0 2880°0 0260°0 7880°0 oT0o="mo
870070 0000°0 000070 <¢0%0°0 T9%0°0 78¥%0°0 9¥¥70°0 €970°0 g00="m0 ot (14 00€
000070 0000°0 000070 LTT0°0 16000 7910°0 €800°0 6600°0 1000 =©
0000°0 0000°0 0000°0 §2¢60°0 9260°0 900T°0 0680°0 6680°0 01°0 ="°
0000°0 0000°0 0000°0 CI<0°0 T€S0°0 90S0°0 6.70°0 8¥¥0°0 ¢0'0="° T 4
0000°0 0000°0 0000°0 8TT0°0 8500°0 69100 8600°0 9600°0 10°0 =
S000°0 000070 000070 680170 GEv0°0 L160°0 680170 £860°0 oro=m»
000070 000070 000070 004070 €910°0 9¥¥0°0 047070 €€V0°0 s0'0=m» oot 00¢
000070 0000°0 000070 Sv€0°0 8T00°0 9¥00°0 650070 7800°0 1000 =©
£500°0 0000°0 000070 18070 6180°0 2901°0 8¥60°0 8L60°0 oro=m»
I700°0 0000°0 000070 4acvoo €€€0°0 00%0°0 evo'o 8870°0 s00=m® ot (14 0ot
000070 0000°0 000070 T100°0 6200°0 7.00°0 6900°0 650070 1000 =°
000070 0000°0 000070 S¥60°0 18L0°0 6TITT°0 ¥CI1'0 0Z1IT1°0 oro=m»
000070 0000°0 000070 7970°0 €¥70°0 €050°0 €970°0 7€<0°0 s00="m0 T 4
000070 0000°0 0000°0 fege{0]0N0] 6€00°0 LOTO'0 ¥900°0 2800°0 1000 =©
ENT e W1 Of 01=b v=b ¢=b 1=b
Arpomrukse o=d o718
Adue)isuod IojouwreleJ [eUOI}IPP® ON UOI1e[9II0D0INE IOIId ON TeUTWON 178 eL L 178 L

ozig reorarduwuy

7 dH Iopun Aoue)suod Iojomrered pue AI}oWTIASe dAT)IPPR OU ‘UOIIR[DIIOD [RLISS I0] 1899 JO Tomod [eotrdusy pue ozig [eotndwy 4 a|qel

49



(7661) BIIIASBIA],
(686T) AesT,
(L261) Sua,
(£G6T) uvION
(ZV6T) UOS[OYDIN Pue UOI[H

I{IM soTyewayjeN Jo erpadoAduy oy J,

U+gI-FE6T — U+TLST

0g

¥€6T — 0T8T

XNAT

(S00%) eHIASRIOT, PUR WIOYNLIIG
(666T) uosuer
(6861) AesT,
(0861) wr] pue Suof,

I9U9)) SISA[euy 'JR(] SPOUSNPU] IR[0S

Y-+Z1-€10C — Y+188T

0st

€102 — 00LT

NSSA

(£00g) 1301014
(z00z) eraiasgio], pue uress
(866T) oeL], pue ‘Aes], ‘zjimourey ‘A10WOIIUOIN
(8661) uewyjoy
(166T) wewyioy

SI09eDIPU] OTWOUOIF UTR]N (IDHO

Y+ZI-€INETOZ — U+6IN €861

00¢

€N €10¢ — TIN 8761

NN

(G00Z) soIPLN pue HII(] UeA ‘@IIASBIS],
(8661) M3e101g
(266T) ©IIASRIS], pUR UOSIOPUY

SI09eJTPUT DTWOU0F] Ure]\ (IDHO

U+ZI-€INETOT — UT6IN T86T

00¢

€N €102 — TIN L¥61

dI

S9IPN)G SNOTAdI]

90Inog

potiaJ 3ur)say,

sl

ardureg

SoLI9g

sjoseje(] :G 9|qel

20



SILVY Aq paxmboe synsey(g) ‘LLINNL Aq paxmboe symsay (g) {(%T) *, ‘((%G) .+, Aq pojousp aouedyrusis ‘so1ysipe)s-4so) ur passaidxe sanfeA (1) :HILON

0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T €H
0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T TH
0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T TH
Aoue)suod I9joureteJ
A1jowruAse ‘wal oN
0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T 0000°T / Ajnresuriuou “wer oN
0000°T £666°0 £266°0 0000°0 £666°0 6666°0 T886°0 0000°0 01=>h
8666°0 6678°0 90140 9800°0 98780 9026°0 0€T9°0 1000°0 7=b
6806°0 9£0S°0 0€¥€°0 L0950 8T0S°0 8.29°0 9192°0 820%°0 ¢=b
21990 11720 YEVI0 9€€€°0 86£T°0 I7€E°0 ¥101°0 G8LT°0 1=b
uorje[aoIIodojne I01I9 ON
HVILSD HVLS 1897, o13souser(g
(senpea-d) sorysoulerq
- - - - - - - - - L899'% 1000°0  09.0°C - - - - %o
SLV'T 900€°T 7960°T  9¥LE9 GZST'0  006T°0 8991°0  9¥¥0°0- TLEL'T 1029°C 8€62°0  T8YT'T G2L0°0  06S0°0 €680°0  ¥%99°0 =
$€€°0 000°LT 86.9°0  TLIE€E- €0TT°0  T000°0 60TT°0  0000°€ L8G°9% 61186 01000 6°¢ - - - ok
2020 000°GT- 67921  T1LIEE 81€2°0  T000°0 €€¥0°0  0000°¢ GGEE Ty LO8L'O 096T°T  99°6TT 2850°0  0680°6T 0Z€0°0  00SL°¥ T
9.69°0 LY61°0 - - - - - - Leg
- - - - - - - - £€999'1T G9€8°C- - - - - - - 9zg
- - - - - - - - G8TL'T 8676°¢ $I61°0  6600°0- - - - - Stg
- - - - - - - - TOLY'T £€498°¢C- 690€°0  €L10°0- - - - - veg
- - - - - - - - £€502°1 GG80°¢ 6282°0  TL8E0- - - - - €cq
- - - - - - - - YYEL'O €0TE 1~ T9€E0 Ge9T'T - - - - ety
- - - - - - - - 69TL°0 L98L°0- TEVT'0  89LG°0- - - - - Teg
- - - - - - - - TeTee 12€5°0 9990°'T  LL8E0- - - - - 02y
0TS7'0  09LT°0- - - - - - 998L°0 T€0T'0 - - - - - - L1g
PIEST  LVOO'T - - - - TE0T'0  LEETO 6798°C TI6S T - - - - 16800  LT¥C0 9Tg
€€€8°0  ST6T0- 089€°0  €000°0- - - 908T°0  6920°0 9%09'T L0OTT°0- 10220  ST0€0- - - TIPT0  9¥LTO Sty
8.10°C  TIST'T- 0€8€°0  €000°0 - - 6€8T°0  GTIT'0- 8VEL'T 99G.°1- 6L£€°0  T09Z0 - - 06€T°0  ¥%00°0 Tig
EYIT'T  TL6S O G9€9°0  161S°0- I80T°0  12ST°0- €ELT°0  ¥¥60°0- G8T¥°0 96L1°0 8620 09%0°0- 80L0°0  9TET'0- T9ET'0  LS0T°0- €lg
900T°'€  €¥6LT- 7960°T  G99T'T GTST'0  8TYI'0- 899T°0  9950°0 $0599'T 8YTE 1~ 697€°0  9€89°0- 8G0T°0  12T1g'0- 69€T°0  LTETO cly
09€L°€  LSLT°T 86.9°0  ¥969°0- €0TT°0  TI0%0 60TT°0  T8S0°0- TLEL'T 8YET'T 8€62°0  66.T°0 GzL0°0  00S€°0 €680°0  GL6T°0- Tty
L1€9°¢  SI80°C- 67921  T06L°0 81€2°0  1¥TE0 €€70°0  L8L0°0 GGEE Ty €60L°0T- 096T°T  SEV]'T 2850°0  S080°0 02€0°0  9290°0 0Ty
€6E£7°0 09120 - - - - - 012S°0 1820°0- - - - - - - Lo
GT98°'T  9T116°0- - - - - GE€80°0  66%1°0- 69871 £666°0- - - - - Ggg0°0  SS0T°0- 9¢
€18L°0  0SL€°0 €I9€°0  T000°0 - - 8TET'0  809T°0- L€86°0 00TT°0 $€ST°0  6T¥T 0 - - 8I180°0  T.90°0- ¢
L096'T 98290 0¥€€°0  1000°0- - - €ZET°0 TTHO'0 0€L8°9 1LYS'T 12220 965070~ - - 1280°0  6820°0- Yo
TS0’ 8TI9T'0- €05°0  T000°0 1GL0°0  66V1°0- €921°0  68€0°0 8¥91°0 88€0°0 8I¥2'0  9%20°0- 06%¥0°0  6£0T°0- L€80°0  €0€0°0 €¢
6890°¢ L6260 $Z60'T  €100°0- €060°0  0S1Z°0 8TTI'0  LSLT'O- £€2TL°0 8682°0 L912°0  T€59°0- 6590°0  0L92°0 9%80°0  6%¥T 0- (2]
TSTL'e  0618°0- TELS'0  LT00°0 9680°0  €8T8°0 6080°0  60ST'T $022°1 6222°0- 6G81°0  €L9¢°1T IIS0°0  ¥Z98°0 $€50°0  T86T'T o
88%SC'€  TLS0°€ 9¥68°0  9T00°0 TITT'0  8IET'0- $0€0°0  L1€0°0- €L16°8 6219°¢ G99%°0  98€8°0 6T€0°0  LIT0°0- S0T0°0  2000°0 0¢
as anfeA qs anfeA as anfeA as anfeA ds anfeA as anfeA qs anfeA as anfeA
JI9jouwrereJ
XNAT NSSA NN dr1 XNAT NSSA NN d1
UVLSD VLS (4IN)
sojewn1}sy
0000°T 1000°0 TYVIST 99T°0 ¥19°0 p—2 9T 200°0 XNAT
0000°T 6020°0 TYVIST ,-266C 0¥6°0 o¥1°0 ¢—2€0'€E NSSA
0000°T S000°0 TYVIST c—? 91 695°0 910°0 ¢-°T'C NO
0000°T 09100 TYVIST 09¢°0 €220 910°0 €500 d1
dogg-om, QUQO-UI-IV (z)[PPOIN T ed €1 Tq
159, A1jowriAg (2)¥5°L Ajrresaur] so110g
(senrea-d) s3s931 A1jewrwidsy pue Kjrresur]
«xGVT8°G- 0000°0 9L10°0 %200°0 2850°0 ¥992°¢ 029€¢°0- 8GS0 1TL¥°0 0L88°C LE06°C XNAT
«xG98T°G- 0000°0 8L6T°0 0000°0 9220°0 0622 06L1°0 98Y6°C TSHY'T 9%2E"9 186€°9 NSSA
«xGLLLOT- 1000°0 17€6°0 0000°0 01000 S796°% 2086°0 G081 T8IE'T $0LE°0- $260°0 NN
«+xC96T TT- 0000°0 €620°0 0000°0 0T00°0 £€€TS¥ SI8T°0- 08.%°0 ¥LYE 0 06L2°0 06%2°0 dI
(e)(nIAV S mda $300go-HOYUV ar S1soRIn 3| SSOUMING AP PIS avin ueIpIN uedN soLIeg

so1gs13e)s aarydriose(q

sordures ®jep [RaI INOJ 0} [PPOW YY.IS(DH) oy) jo uonjeorjdde reoundwy :9 ajqe

51



SILVY Aq paxmboe synsey(g) ‘LLINNL Aq paxmboe symsay (g) {(%T) *, ‘((%G) .+, Aq pojousp aouedyrusis ‘so1ysipe)s-4so) ur passaidxe sanfeA (1) :HILON

1666°0 0000°T 0000°T 0000°T 0000°T 0000°T €H
1666°0 0000°T 0000°T 0000°T 0000°T 0000°T TH
6660 0000°T 0000°T 0000°T 0000°T 0000°T TH
Aoue)suod I9joureteJ
A1jowruAse ‘wal oN
0000°T 0000°T 0000°T 0000°T 0000°T 0000°T / Ajnresuriuou “wer oN
0000°T 6801°0 8GGS0 0000°T 0000°T 0000°T 01=>h
6£76°0 7£00°0 €900 6866°0 1666°0 0000°T 7=b
T¥89°0 70000 GT10°0 0£96°0 6996°0 €166°0 ¢=b
9€8€°0 1000°0 1€00°0 €992°0 $99L°0 L¥68°0 1=b
uorje[aoIIodojne I01I9 ON
UVISD HVLS 1897, d1ysouserq
(senpea-d) sorjsoulerq

- - - - - - - - G8T0°0  L9T6°0 - 0L¥8°C €
- - - - - - 0S%0°0 90%0°0 9%¥10°0  ¥186°0 - €L91°¢ @
$629°€ 19L0°0- 60€8°0  TEELT 69LE 6010°C L6TL°0 0T¥0°0- 0810°0  $806°0 - 1211°C o
- - - - - - - - €€€0°0  TSYO'E €0.8°0  €68T°0 eL
96L9°'%¢  1000°0 808¢°0  T000°0- 659T°0  T000°0- T986°0T  €£0S°61 T6¥0'0  00SL°€ €0.8°0  L¥TO'T ok
€8€8°6C  1000°0 8061°0  T000°0 6Z61°0  1000°0 LSV€°0 €LT0°T T€E0°0  €8€0°€ z0€T'0  FIT9°0 T
- - - - - - - - - - - - bN%
- - - - - - 9€€2°0 09620 - - - - 9%g
- - - - - - 812E0 9€89°0 $992°T  6LI8'€ PPTe T TLEE LE- Stg
- - - - - - [4l4] 88CT'1- 667.L°C TETY' LT~ 6L9S°'T 6806°9 veg
- - - - - - L91¢°0 89T8'T 9081°'¢  T8TH 0T $€L2°T  €IESGTI- €29
- - - - - - LEET'O ¥ve8 1~ 6220°€ ©089'9- 6E€8T'T 62886 ety
- - - - - - T6S€°0 ST0€°0 €669'T  6€1T°96 06LL°0  0S€S°9T T2g
- - - - - - 8210°0 S¥00°0- TIS8'0  €96T LYT- 90¥9'Cc  6€1Z°86- 0zg
- - - - - - - - - - - NHQ
¥0LT'C £7TL0 - - - - 99€L°0 898L°0 - - - - 9Ty
1EVTE 8TLY'T 61820 00120 8€LT'0  TSLTO 8996°0 L69G°1- 6692°C  000T°TE T6€9°'T  ¥G9T°0€T STy
1875°€ L98€°C- 72090 00L£°0 68€€°0  SPEE0 0860°T 009€°C €881°C 000906 GLOV'T  688%°€9- v1ig
T0L8'€E 8L0T'¥% 0TLL'O  LSTL'T- 128€°0  8VLT'I- 698T°T §829°€- €618'T  000€°LS- 8GTIS'T  €€T°L0T €Ty
$629°€ V2861 60€8°0  9008°T 69.£°0  16£T°C 06680 LL1G°€ G69¢°T  000L°LT- 9199°0  €9.°9¢€€- cly
96L9°'7¢  €019°€ 808€'0  99€T'I- 659T°0  LPST'I- L6TL°0 LT8G0 09.5°0  0008°961°T- LV96°0  ¥6T°091- Ity
€8€8°6T  9€I8'LI 8061°0 TGI8 0- 6Z61°0  929€°0 LSV€°0 20190 T8IE'0  000T'8T9‘L T0ET'0  19E°8TE- 0Ty
- - - - - - - - - - - Lo
0£S6°T £€95€°0- - - - - 82S€°0 GLT€°0- - - - - 9¢
1212°€ LTG0 8..2°0  T6IE0- 9¢ST'0  92IE0- 10%5°0 $80L°0 9GTIT'0  98€6°0 1506°0  T689'8T ¢
012G 8¥HT'T 9209°0  00L€°0- 0€0€°0  L¥0€°0- L¥69°0 2200°1- 08€2°0  ¥S8T'¢- 6L8%°0  0£0€°9T- Yo
¥.66°'8 1991°2- TLIL'0  6869°T L2S€°0  S6VI'T 61160 L96¢°1 $0L2°0  TOIT'E /%S0 TTEY'IE €¢
€L9%°0T  €0€S°T $828°0  T088°C- $2LE'0  18L0°C- 1628°0 $109°1- eTPE'0  TIPI- €8L°0  TILT L9- (2]
0€¥S°08  9T0¥°S- $08¢°0  T9¥0'T LGLT'0 61661 06SS°0 09L1°0 9%L6°0  ¥LSTE- S661°C 0007 H9%- o
69TT'8Y  €S¥T°6- LGLT°0  T9¥0°T GGG0°0  E€FISO TLSTO $€£0€°0- L8TF'T  0LT8'1C- 0TF€0  000T°S6¥%‘C- 0¢

qs anfeA as anfeA qs anfeA as anreA as anfep as anfeA
JI9jouwrereJ

NSSTa NSS3bs JNSISEDS NSST1a NSS#bs INSISERS
VLSO HVLS(4IN)
sojew1}sy
0000°T 0000°0 CUVILST €210°0 p—2L97 08.6°0 21000 NSSTa
0000°T 0000°0 CUVILST 01210 g—2L9'9 0T%2°0 2000°0 NSS?#bs
0000°T 0000°0 TYVLST £z —2T6°9 $1-20T°T 12000 cg—290°T NSSsSo1
desg-omT, PUO-UI-Y (2)IPPOIN Rty e e T
989], A1jowrIAg Amvumwrﬁ Aqrreaur| so110g
(senrea-d) s3s931 A1jewrwidsy pue Kjrresur]

«+E8€G°0€- 0000°0 0000°0 1066°0 01000 TLST 86L ¥0£9°2T 2210 £€950°0 9200°0- 1200°0 NSSsT1a
wxL8TLEG- 0000°0 0000°0 0000°0 01000 1G61°C ILT0 1500°€ 9619°C $888°9 169L°9 NSSHibs
«+BT9E°F- 0000°0 0000°0 0000°0 01000 TH8L'T 6%1L0- $8%0°T 1798°0 L698°€ £78¢°¢ JNESSEDS
(e)(HIAV S Ma $300o-HOUV ar SISO}IN 3] SSOUMDNS ‘A2 PIS avin uRIpPIN ueaN EHSEN

sorgsigess aarydriose(q

"€T0g 0% 0G8T woy Ioquiny jodsung porpoowig A[IUOIN 03 [PPoW YYIS(D) oyl jo

uoryeotidde [eornidury :) ajqeL

52



“Jreuryouaq se pasn St [Bpow (1) Ue ‘4593 WS -TUIwooers) o) 104 "NSSA 10§ 0ST Pue XNAT 10§ 0G ‘N[l Pu® JI 10 00G O} 198 SI 9218 smopulm 380010 ‘HLON

L8€T°0 9090 6.90°0-  0800°0 96¥%2°0 89090 2890°0- TL00°0 {2 al0] 81290 29900~  LL00°0 41
YE¥T0 €LT9°0 §0L0°0-  S800°0 L€ST°0 9LT9°0 80L0°0-  €800°0 11620 62£9°0 $690°0-  Z800°0 9
6E¥C°0 2T19°0 LTLO0- 9800°0 vvse o 61190 12L0°0- G800°0 L2ST0 L9290 90L0°0- €800°0 €
89¥C°0 L9090 €CL0°0- L8000 TLGC°0 0909°0 L2L0°0- 6800°0 LGG20 8619°0 €1L0°0- ¥800°0 T
sb
8648’1 79097 LT99°T 81€C°0 Z8¥8'T L209'v ¥699°1T 6L22°0 T1610°C T8LE'T G6CL'T G62T0 [
GLEI'T veeE v vre9 1 2G2T0 6L29°T L8LEV LIE9'T 21220 00LL°T T6sev €869°T 88120 9
eideieans evee'v L6T9'T ¥22c 0 gevel GE6TV €619°T 6812°0 6899°T 2E6T'T 0G89°T 19120 €
90671 €68C°1 ¥609°T 10220 EVLYV'T L2097V 0609°T 0L12°0 LLEBG'T 8C9T'T 0GL9°T evico T
SdHD
899T'1 TL2C0 79€9°0 1C61°C 901€'T oree o 21790 6LV1'C 11291 €192°0 vL9°0 ¥20T'1 [
LLOT'T 89220 8698°0 G681°C cILe'T LG€T0 08980 I6€1°C 8G0¢'T 0292°0 Gc18°0 G99T'1T 9
G8ET'T 9.22°0 8698°0 128T°C 78€EE'T €€ET0 LE€S80 98€T'C 86971 ¥292°0 866.L°0 TYoT 1 €
LTLT'T 6922°0 €898°0 689T°C grge’ 1 oree o T1S8°0 €0ET'C 62871 6192°0 986.L°0 89GT'T T
SO
16000 ¢L00°0 g€00'0 8T00°0 €900°0 ¢L00°0 €€00°0 L1000 L900°0 TL00°0 T€00°0 0200°0 (48
0500°0 TL00°0 €000 8100°0 ¥900°0 2L00°0 €€00°0 LT00°0 29000 TL00°0 T€00°0 0z00°0 9
L¥00°0 2,000 €000 8100°0 T900°0 2L00°0 €€00°0 LT00°0 2900°0 2,000 T€00°0 80TT0 €
87000 2L00°0 9€00°0 8100°0 S900°0 2L00°0 €€00°0 LT00°0 ¥900°0 €L00°0 T€00°0 0z00°0 T
§8o1
Iy MEMNOUW UOZ1I0Y 3}SeddI0q
97980 0000°0 20000 0L10°0 L126°0 0000°0 €€00°0 9010°0 Zv06°0 12600 7001 0 €010 [
8€00°0 0000°0 QLTG0 ¢IIT'0 0000°0 0000°0 2621°0 8GGT0 0000°0 12600 vc00 €¥80°0 9
9€80°0 8L00°0 €000°0 0000°0 0000°0 0v00°0 0000°0 10000 €26¢€°0 0620°0 0000°0 0000°0 €
¢000°0 6160°0 00000 CITIT'0 0€02°0 0000°0 0000°0 0000°0 T000°0 0000°0 0000°0 0000°0 (senfea-d) T
1S9, 9HYAA -lUIIoNRID) UOZ1I0Y 3SeODIO]
soourwaojiod aaryoipaad Kjisusq
9€€0°0 L1600 28100 €¥00°0 1820°0 L060°0 ¥810°0 2v00°0 8199°¢C €920°6 Gve80 8€9L°0 [
G0€0°0 G880°0 6LT0°0 €¥00°0 VL26°91 9.80°0 I810°0 2v00°0 6€9L°8 66C8'T g169°0 TgsL0 9
16200 7.80°0 LLTO0O €¥00°0 6720°0 €980°0 6L10°0 2v00°0 °y8C'€ €¥70°C veCy 0 76820 €
€820°0 8980°0 9LT0°0 2y00°0 €700 0980°0 8L10°0 7000 8L8T°0 0S00°'T 948¢2°0 8690°0 T
HASINY
S6€0°€T 80€¥°6 G806 T 4494 0920°0 68676 G96¥7°1 ST110°C 0000°T 0000°T 0000°T 0000°T [
0T€C’E€T 679L°C €69T°T IPSY' 1T 9L9€°GT LG€S°C 681C'T 98871 0000°T 0000°T 0000°T 0000°T 9
TE8T'8 TS8T'T 69€0°'T 9211 97€9°'6 ¥9L0°C 2GS0 T 09ST'T 0000°'T 0000'T 0000'T 0000 T €
L999°'T €169'T L0TO'T 0620 T L698°T 0G6L°'T 220’1 ¥Te0'T 0000°'T 0000'T 0000'T 0000'T T
gvyw
€100°0 6000°0 6700°0 Z100°0 T100°0 6000°0 0S00°0 210070 80€0°0 0S00°0 0610°0 ¥2¢10°0 [
11000 8000°0 G600°0 Z100°0 6000°0 8000°0 9600°0 ¢100°0 €020°0 TLG80 8¢10°0 040070 9
0T100°0 8000°0 86000 TT100°0 8000°0 8000°0 6500°0 TT00°0 9110°0 9100°0 L8000 L€00°0 €
0100°0 8000°0 09000 11000 8000°0 8000°0 19000 11000 8000°0 6000°0 8G00°0 11000 T
HVINS
G110°0- L8600 LOTO0 76000~ 9L10°0- 7860°0 €910°0 8900°0- TELT 9T GVL8 L~ LITT0 80671~ [
9900°0- 9860°0 €600°0 66000~ TOT0°0- L00T°0 0S10°0 ¢L00°0- 20¥9°8- 12200~ L0900 ¥20€°0- 9
1€00°0- 18800 80100 86000~ 8400°0- GL60°0 8910°0 T1.00°0- 69€C°€- LESY0- 0ve0°0 80TT'0- €
€000°0- ¥vL0°0 96000 €600°0- €100°0- L080°0 9G10°0 G900°0- 62000 00€0°0- 6000°0 11000~ T
HAN
XNAT NSSA NN dI XNAT NSSA NN dI XNAT NSSA NN dI
HVILSD UVILS(YIN) uv 2INSBIJ J0IIY ISBIDIO UOZIIOY 3SBIDIOq

seourwaojred aarjorpaad jurod

sfopowt Yy pue YV.IS-(YIN) Yam uostreduwiod pue SUOZLIOY JSeIII0] JUSIOPIP I0] [9poul YV ,SH) Jo seoururiofod oA1I0Ipald :g a|qe)

93



2013

2013-15:

2013-16:

2013-17:

2013-18:

2013-19:

2013-20:

2013-21:

2013-22:
2013-23:

2013-24:

2013-25:

2013-26:

2013-27:

2013-28:

2013-29:

2013-30:

2013-31:

2013-32:

Research Papers mc R EAT E S

Center for Research in Econometric
Analysis of Time Series

Ole E. Barndorff-Nielsen, Mikko S. Pakkanen and Jiirgen Schmiegel: Assessing
Relative Volatility/Intermittency/Energy Dissipation

Peter Exterkate, Patrick J.F. Groenen, Christiaan Heij and Dick van Dijk:
Nonlinear Forecasting With Many Predictors Using Kernel Ridge Regression

Daniela Osterrieder: Interest Rates with Long Memory: A Generalized Affine
Term-Structure Model

Kirstin Hubrich and Timo Terasvirta: Thresholds and Smooth Transitions in
Vector Autoregressive Models

Asger Lunde and Kasper V. Olesen: Modeling and Forecasting the Volatility of
Energy Forward Returns - Evidence from the Nordic Power Exchange

Anders Bredahl Kock: Oracle inequalities for high-dimensional panel data
models

Malene Kallestrup-Lamb, Anders Bredahl Kock and Johannes Tang Kristensen:
Lassoing the Determinants of Retirement

Johannes Tang Kristensen: Diffusion Indexes with Sparse Loadings

Asger Lunde and Anne Floor Brix: Estimating Stochastic Volatility Models
using Prediction-based Estimating Functions

Nima Nonejad: A Mixture Innovation Heterogeneous Autoregressive Model for
Structural Breaks and Long Memory

Nima Nonejad: Time-Consistency Problem and the Behavior of US Inflation
from 1970 to 2008

Nima Nonejad: Long Memory and Structural Breaks in Realized Volatility: An
Irreversible Markov Switching Approach

Nima Nonejad: Particle Markov Chain Monte Carlo Techniques of Unobserved
Compdonent Time Series Models Using Ox

Ulrich Hounyo, Silvia Goncalves and Nour Meddahi: Bootstrapping pre-
averaged realized volatility under market microstructure noise

Jiti Gao, Shin Kanaya, Degui Li and Dag Tjgstheim: Uniform Consistency for
Nonparametric Estimators in Null Recurrent Time Series

Ulrich Hounyo: Bootstrapping realized volatility and realized beta under a
local Gaussianity assumption

Nektarios Aslanidis, Charlotte Christiansen and Christos S. Savva: Risk-Return
Trade-Off for European Stock Markets

Emilio Zanetti Chini: Generalizing smooth transition autoregressions



	Introduction
	The Model
	Modelling Strategy and Estimation
	Testing for Dynamic Symmetry
	"Two-Step" Test
	"All-in-One" Test

	Evaluation
	Serial independence
	No remaining asymmetry
	Parameter constancy

	Simulation Study
	Simulation design
	Results

	Illustrations
	Data and Methods
	Results

	Conclusions
	Appendix
	Mathematical derivations
	Preliminar notation
	LSTR1 case
	LSTR2 case
	ESTR case

	Tables and Graphs


