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Abstract

The main contribution of this paper is to propose a new bootstrap method for statistics based
on high frequency returns. The new method exploits the local Gaussianity and the local constancy
of volatility of high frequency returns, two assumptions that can simplify inference in the high
frequency context, as recently explained by Mykland and Zhang (2009).

Our main contributions are as follows. First, we show that the local Gaussian bootstrap is first-
order consistent when used to estimate the distributions of realized volatility and realized betas.
Second, we show that the local Gaussian bootstrap matches accurately the first four cumulants of
realized volatility, implying that this method provides third-order refinements. This is in contrast
with the wild bootstrap of Gongalves and Meddahi (2009), which is only second-order correct.
Third, we show that the local Gaussian bootstrap is able to provide second-order refinements
for the realized beta, which is also an improvement of the existing bootstrap results in Dovonon,
Gongalves and Meddahi (2013) (where the pairs bootstrap was shown not to be second-order correct
under general stochastic volatility). Lastly, we provide Monte Carlo simulations and use empirical
data to compare the finite sample accuracy of our new bootstrap confidence intervals for integrated
volatility and integrated beta with the existing results.

JEL Classification: C15, C22, C58
Keywords: High frequency data, realized volatility, realized beta, bootstrap, Edgeworth expan-
sions.

1 Introduction

Realized measures of volatility have become extremely popular in the last decade as higher and higher
frequency returns are available. Despite the fact that these statistics are measured over large samples,
their finite sample distributions are not necessarily well approximated by their asymptotic mixed-
Gaussian distributions. This is especially true for realized statistics that are not robust to market

microstructure noise since in this case researchers usually face a trade-off between using large sample
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sizes and incurring in market microstructure biases. This has spurred interest in developing alternative
approximations based on the bootstrap. In particular, Gongalves and Meddahi (2009) have recently
proposed bootstrap methods for realized volatility whereas Dovonon, Gongalves and Meddahi (2013)
have studied the application of the bootstrap in the context of realized regressions.

The main contribution of this paper is to propose a new bootstrap method that exploits the local
Gaussianity framework described in Mykland and Zhang (2009, 2011). As these authors explain, one
useful way of thinking about inference in the context of realized measures is to assume that returns have
constant variance and are conditionally Gaussian over blocks of consecutive M observations. Roughly
speaking, a high frequency return of a given asset is equal in law to the product of its volatility (the
spot volatility) multiplied by a normal standard distribution. Mykland and Zhang (2009) show that
this local Gaussianity assumption is useful in deriving the asymptotic theory for the estimators used
in this literature by providing an analytic tool to find the asymptotic behaviour without calculations
being too cumbersome. This approach also has the advantage of yielding more efficient estimators by
varying the size of the block (see Mykland and Zhang (2009) and Mykland, Shephard and Sheppard
(2012).

The main idea of this paper is to see how and to what extent this local Gaussianity assumption
can be explored to generate a bootstrap approximation. In particular, we propose and analyze a new
bootstrap method that relies on the conditional local Gaussianity of intraday returns. The new method
(which we term the local Gaussian bootstrap) consists of dividing the original data into non-overlapping
blocks of M observations and then generating the bootstrap observations at each frequency within a
block by drawing a random draw from a normal distribution with mean zero and variance given by the
realized volatility over the corresponding block. Using Mykland and Zhang’s (2009) blocking approach,
one can act as if the instantaneous volatility is constant over a given block of consecutive observations.
In practice, the volatility of asset returns is highly persistent, especially over a daily horizon, implying
that it is at least locally nearly constant.

We focus on two realized measures in this paper: realized volatility and realized regression coeffi-
cients. The latter can be viewed as a smooth function of the realized covariance matrix. Our proposal
in this case is to generate bootstrap observations on the vector that collects the intraday returns that
enter the regression model by applying the same idea as in the univariate case. Specifically, we generate
bootstrap observations on the vector of variables of interest by drawing a random vector from a mul-
tivariate normal distribution with mean zero and covariance matrix given by the realized covariance
matrix computed over the corresponding block.

Our findings for realized volatility are as follows. When M is fixed, the local Gaussian bootstrap
is asymptotically correct but it does not offer any asymptotic refinements. More specifically, the first
four bootstrap cumulants of the ¢-statistic based on realized volatility and studentized with a variance
estimator that is based on a block size of M do not match the cumulants of the original t-statistic

to higher order (although they are consistent). Note that when M = 1, the new bootstrap method



coincides with the wild bootstrap of Gongalves and Meddahi (2009) based on a N (0, 1) external random
variable. As Gongalves and Meddahi (2009) show, this is not an optimal choice, which is in line with our
results. Therefore, our result generalizes that of Gongalves and Meddahi (2009) to the case of a fixed
M > 1. However, if the block length M — oo at rate o(h~/2) (where h~! denotes the sample size),
then the local Gaussian bootstrap is able to provide an asymptotic refinement. In particular, we show
that the first and third bootstrap cumulants of the t-statistic converge to the corresponding cumulants
at the rate o (h_l/ 2), which implies that the local Gaussian bootstrap offers a second-order refinement.
In this case, the local Gaussian bootstrap is an alternative to the optimal two-point distribution wild
bootstrap proposed by Gongalves and Meddahi (2009). More interestingly, we also show that the local
Gaussian bootstrap is able to match the second and fourth order cumulants through order o (h), which
implies that this method is able to provide a third-order asymptotic refinement. This is contrast to the
optimal wild bootstrap methods of Gongalves and Meddahi (2009), which can not deliver third-order
asymptotic refinements.

For the realized regression estimator proposed by Mykland and Zhang (2009), the local Gaussian
bootstrap matches the cumulants of the t-statistics through order o (h_l/ 2) when M — oo at rate
0 (hfl/ 2). Thus, this method can promise second-order refinements. This is contrast with the pairs
bootstrap studied by Dovonon, Gongalves and Meddahi (2013), which is only first-order correct.

Our Monte Carlo simulations suggest that the new bootstrap method we propose improves upon
the first-order asymptotic theory in finite samples and outperforms the existing bootstrap methods.

The rest of this paper is organized as follows. In the next section, we first introduce the setup,
our assumptions and describe the local Gaussian bootstrap. In Sections 3 and 4 we establish the
consistency of this method for realized volatility and realized beta, respectively. Section 5 contains
the higher-order asymptotic properties of the bootstrap cumulants. Section 6 contains simulations,
Section 7 contains one empirical application and Section 8 concludes. Three appendices are provided.
Appendix A contains the tables with simulation results whereas Appendix B and Appendix C contain

the proofs.

2 Framework and the local Gaussian bootstrap

The statistics of interest in this paper can be written as smooth functions of the realized multivariate
volatility matrix. Here we describe the theoretical framework for multivariate high frequency returns
and introduce the new bootstrap method we propose. Sections 3 and 4 will consider in detail the
theoretical properties of this method for the special cases of realized volatility and realized beta,
respectively.

We follow Mykland and Zhang (2009) and assume that the log-price process X; = (Xt(l) e Xt(d)>/
of a d-dimensional vector of assets is defined on a probability space (2, F, P) equipped with a filtration



(Ft)y>0- We model X as a Brownian semimartingale process that follows the equation,

t t
Xt = Xo +/ psds +/ osdWs, t >0, (1)
0 0

where p = (p1t); is a d-dimensional predictable locally bounded drift vector, o = (0t),5 is an adapted
cadlag d x d locally bounded spot covolatility matrix and W = (W}),5 is d-dimensional Brownian
motion. )

We follow Barndorff-Nielsen et al. (2006) and assume that the spot covariance matrix ¥; = 0,07} is

invertible and satisfies the following assumption

t t t
zt:zo+/ asds—i—/ bdes+/ v5dZs, (2)
0 0 0

where a, b, and v are all adapted cadlag processes, with a also being predictable and locally bounded,
and Z is a vector Brownian motion independent of W.

The representation in (1) and (2) is rather general as it allows for leverage and drift effects. As-
sumption 2 of Mykland and Zhang (2009) or equation (1) of Mykland and Zhang (2011) also impose a
Brownian semimartingale structure on the instantaneous covariance matrix 3. Equation (2) rules out
jumps in volatility, but this can be relaxed (see Assumption H1 of Barndorff-Nielsen et al. (2006) for
a weaker assumption on X).

Suppose we observe X over a fixed time interval [0, 1] at regular time points ih, for i = 0,...,1/h,
from which we compute 1/h intraday returns at frequency h,

ih

ih
. 1
vi = Xin — X(i—1)n = / pdt + / odWy, i=1,..., 7z (3)
(i—1)h (i—1)h
where we will let y; to denote the ¢-th intraday return on asset k , k=1,...,d.

As equation (3) shows, the intraday returns y; depend on the drift p, unfortunately when carrying
out inference for observations in a fixed time interval the process u; cannot be consistently estimated.
For most purposes it is only a nuisance parameter. To deal with this, Mykland and Zhang (2009)
propose to work with a new probability measure which is measure theoretically equivalent to P and
under which there is no drift (a statistical risk neutral measure). They pursue the analysis further and
propose an approximation measure (), defined on the discretized observations X;; only, for which the
volatility is constant on each of the ﬁ non overlapping blocks of size M. Since M is the number of
high frequency returns within a block, we have that M < %

Specifically, under the approximate measure @y, in each block j =1,..., ﬁ, we have,
L

SRV,

where 7, (;_1)p ~ 1.3.d.N(0, 1), Iy is a d x d identity matrix and C; \/70(J 1)Mmhs Where C(j
is such that C(j)C’( =TI f]Mh Yudu (see Mykland and Zhang (2009), p.1417 for a formal

(j—1)Mh
definition of Qy).

Ciiynis—ym Vi€ ((7 —1) M, jM], (4)

G) =



The true distribution is P, but we prefer to work with ()}, since then calculations are much simpler.

Afterwards we adjust results back to P using the likelihood ratio (Radon-Nikodym derivative) dQy,/dP.

Remark 1. As pointed out in Mykland and Zhang’s (2009) Theorem 3 and, in Mykland and Zhang’s
(2011) Theorem 1, the measure P and its approximation @, are contiguous on the observables.
This is to say that for any sequence Ay, of sets, P(Ay) — 0if and only if Qp,(Ax) — 0 (see Mykland
and Zhang (2012) p. 169 for more details). In particular, if an estimator is consistent under Qp,
it is also consistent under P. Rates of convergence (typically Y 2) are also preserved, but the
asymptotic distribution may change (for instances of this, see Examples 3 and 5 of Mykland and
Zhang (2009). More specifically, when adjusting from @, to P, the asymptotic variance of the
estimator is unchanged (due to the preservation of quadratic variation under limit operations),
while the asymptotic bias may change (see Remark 4 of Mykland and Zhang (2009)). It appears
that a given sequence Z; of martingales will have exactly the same asymptotic distribution
under @, and P, when the @), martingale part of the log likelihood ratio log(dP/dQ},) has zero
asymptotic covariation with Zj. In this case, we do not need to adjust the distributional result
from Qp to P. Two important examples where this is true are the realized volatility and realized

beta which we will study in details in Sections 3 and 4.

Remark 2. In the particular case where the window length M increases with the sample size h~1
at rate o(h~1/2), there is also no contiguity adjustment (see Remark 2 of Mykland and Zhang
(2011)).

Next we introduce a new bootstrap method that exploits the structure of (4). In particular, we

mimic the original observed vector of returns, and we use the normality of the data and replace C;) by

R R A M .
its estimate C(;), where C';) is such that C(J')ng) =3 yi+(j—1)Myz/'+(j—1)M = I'(j). That is, we follow
i=1
the main idea of Mykland and Zhang (2009), and assume constant volatility within blocks. Then,
inside each block j of size M (j =1,..., MLh)’ we generate the M vector of returns as follows,
Yir(-m = WC(jV?H(j—I)M’ 1=1,.... M, (5)

where 7, (j_1)p ~ i.1.d.N(0, I) across (4,7), and I is a d x d identity matrix.

In this paper, and as usual in the bootstrap literature, P* (E* and Var*) denotes the probability
measure (expected value and variance) induced by the bootstrap resampling, conditional on a real-
ization of the original time series. In addition, for a sequence of bootstrap statistics Z;, we write
Z; = op« (1) in probability, or Z; —P70, as h — 0, in probability under P, if for any € > 0, § > 0,
limp,_,o P [P* (|Z;| > 6) > €] = 0. Similarly, we write Z; = Op+ (1) as h — 0, in probability if for all
e > 0 there exists a M. < oo such that limy,_,o P [P* (|Z}| > M.) > €] = 0. Finally, we write Z; —% Z
as h — 0, in probability under P, if conditional on the sample, Z; weakly converges to Z under P*,
for all samples contained in a set with probability converging to one.

The following result is crucial in obtaining our bootstrap results.



Theorem 2.1. Let Z; be a sequence of bootstrap statistics. Given the probability measure P and its
approximation Qy,, we have that
Zy —P70, as h — 0, in probability under P, if and only if Zy —P70, as h — 0, in probability

under Qy,.

Proof of Theorem 2.1 For any € > 0, § > 0, letting A, = {P* (|Z;| > 6) > €}, we have that

Zy =P 0, as h — 0, in probability under P, if for any € > 0, § > 0, limj_,o P (Ap) = 0. This is
equivalent to limy,_,0 Qp (Ap) = 0, since P and @, are contiguous (see Remark 1). It follows then that
Zy —P70, as h — 0, in probability under Q. The inverse follows similarly.

Theorem 2.1 provides a theoretical justification to derive bootstrap consistency results under the
approximation measure @, as well as under P. This simplifies the bootstrap inference. We will

subsequently rely on this theorem to establish the bootstrap consistency results.

3 Results for realized volatility
3.1 Existing asymptotic theory

To describe the asymptotic properties of realized volatility, we need to introduce some notation. For
any ¢ > 0, define the realized ¢-th order power variation (cf. Remark 8 of Mykland and Zhang (2009))

as
1/Mh

RV i q/2
=M I .
m=an 3 ()

M
where RVjy = 2yf+(j_1)M is the realized volatility over the period [(j — 1) Mh,jMh] for j =
i=

1,..., ﬁ Note that when ¢ = 2, Rs = RV (realized volatility). Similarly, for any ¢ > 0, define the

1
/agdu.
0

_ q/2
Mykland and Zhang (2009) show that —— R, 5 59, where ¢y = E <(§ZM) ) with x2, the

CM,q

integrated power variation by

ol

standard x? distribution with M degrees of freedom and
2 \¥2T (#)
= (2)102) .
M L (%)
where I' is the Gamma function. Similarly, Mykland and Zhang (2009) provide a CLT result for R,

with M fixed, whereas Mykland and Zhang (2011) allow M to go to infinity with the sample size h™,
provided M is of order O(h_l/ 2). In particular, for ¢ = 2, we have that under P and @y, as the number



of intraday observations increases to infinity,

"~ (\f‘;_(ﬂ) 4 N(0,1), (7)

where

2 1
V = 5 o,du.
C
M2 0

In practice, this result is infeasible since the asymptotic variance V' depends on an unobserved quantity,
1

the integrated quarticity [oidu. Mykland and Zhang (2009) propose a consistent estimator of V/
0

M(CM,4 *C?M,g)
kg 7 A

(V= = ﬁ]ﬁ), and together with (7), we have the feasible CLT (cf. Remark 8 of Mykland
M,2 ’
and Zhang (2009)):
(R ),
Thom = = — N(0,1).
vV

Note that, when the block size M = 1, this result is equivalent to the CLT for realized volatility

derived by Barndorff-Nielsen and Shephard (2002). In particular, ¢;2 = E (X%) =1, and c14 =

E (X%)Q = 3. Here, when M > 1, the realized volatility Rs using the blocking approach is the same
realized volatility studied by Barndorff-Nielsen and Shephard (2002), but the ¢-statistic is different
because V changes with M. One advantage of the block-based estimator is to improve efficiency by

varying the size of the block (see for e.g. Mykland, Shephard and Sheppard (2012)).

3.2 Bootstrap consistency

Here we show that the new bootstrap method we proposed in Section 2 is consistent when applied to

realized volatility. Specifically, given (5) with d =1, for j = 1,...,1/Mh, we let

. | RV v .
yi+(]’71)M = Tjni-f—(j—l)M? J = 17 RN M7 (8)

where 1,4 (j_1)ar ~ 1.1.d.N(0,1) across (i,7). Note that this bootstrap method is related to the wild

bootstrap approach proposed by Gongalves and Meddahi (2009). In particular, when M = 1 and

d =1, it is equivalent to the wild bootstrap based on a standard normal external random variable.
We define the bootstrap realized volatility estimator as follows

1/h 1/Mh

Ry=> y>= > RVy
i=1 j=1

M
where RV, = Z; yﬁ(j_l)M. Letting




it follows that RV;M = X?WMRVJ', M- We can easily show that
E* (R;) = cpraRo,
and
V' =Var* (h_1/2R§> =M (cprq — C?\/Iﬂ) Ry.
Hence, we propose the following consistent estimator of V*:

2

Cra — CM2 s

M2 M2 R
Cpra

V=M

The bootstrap analogue of T}, 5s is given by

VAT (R; = ey Ro )

Theorem 3.1. Suppose (1), (2) and (8) hold. If M is fized or M — oo as h — 0 such that M =
0 (h_1/2), then as h — 0,

* —
Tym =

sup !P* (T,’{’M < l‘) — P (Thm < a:)‘ — 0,
zeR

in probability under Qp, and under P.

Theorem 3.1 provides a theoretical justification for using the bootstrap distribution of T;; M to
estimate the distribution of T, ), under the general context studied by Mykland and Zhang (2009)
which allow for the presence of drifts and leverage effects under P. This result also justifies the use of
the bootstrap for constructing the studentized bootstrap (percentile-t) intervals.

Note that, when M — oo, such that M = o(h*1/2), v B V', we can also show that bootstrap
percentile intervals for integrated volatility are valid. This is in contrast to the optimal two-point wild

bootstrap proposed by Gongalves and Meddahi (2009), which is only valid for percentile-¢ intervals.

4 Results for realized beta
4.1 Existing asymptotic theory and a new variance estimator

The goal of this section is to describe the realized beta in the context of Mykland and Zhang’s (2009)
blocking approach. In order to obtain a feasible CLT, we propose a consistent estimator of the variance
of the realized beta, which is a new estimator in this literature. To derive this result, we use the
approach of Dovonon, Gongalves and Meddahi (2013) and suppose that ¢ is independent of W.! Note
that contrary to Dovonon, Gongalves and Meddahi (2013), we do not need here to suppose that p; = 0

(since under @, high frequency returns have mean zero conditionally on o).

!We make the assumption of no leverage for notational simplicity and because this allows us to easily compute the
moments of the intraday returns conditionally on the volatility path. The same arguments would follow under the
presence of leverage (for instance, by postulating a model for oy, as in Meddahi (2002)) but this would unnecessarily
complicate the notation without any gain in the intuition.



For simplicity, we consider the bivariate case where d = 2 and look at results for assets k and [, whose
ith high frequency returns in the jth block will be written as yy, ;4 (j—1)a and Y ;4 (j—1)n, respectively,
fori=1,....Mand j=1,..., ﬁ It follows that under Qp, Yy iyi—1)m = ﬁcl(j)n17i+(j—1)M and
Yk i+(j—1)M = ﬁczl(j)ﬁl,i+(j—1)M + ﬁ02(j)ﬁ2,i+(j—1)M, where

o0 VA 0
Co =Y

. ) = ik 7 )
Cou) Ca) —r m

VTG Lko) = 706,

= (Mi+G 1>M> ~ ii.d.N(0, T
Nit-(j—1)M = <n2,2+(]1)M ( ) 2)7

I3 is a 2 x 2 identity matrix, I'y(;) = f(J 1)Mh Yk (u) du, and when k = I, we write ;) = Tyi(j)-

Then, conditionally on 3, we can write

Yii = BikiYki + i, (9)

where independently across i = 1,...,1/h, wi|lyp; ~ N (0,V;), with V; = T'; — 11:’2“1’, and B = 1;5::,
where I'j; = f(iz.h_l)h Y (u) du.

As Dovonon, Gongalves and Meddahi (2013) argue, the conditional mean parameters of realized
regression models are heterogeneous under stochastic volatility. This heterogeneity justifies why the
pairs bootstrap method that they studied is not second-order accurate.

Under the approximation measure @ for the observables in the jth block (5 = 1,..., ﬁ), the

regression (9) becomes

Yiit (G-1)M = Bik(j)Yhk,i+(G—1)M T Wit (j—1)M> (10)

.. ; F2 J
where Ui+(j—1)M|yk,i+(j—1)M ~iid.N (O,V(j)) ,fori=1,..., M, with Vi) = M <Fl(j) - pffjf) , and

1/Mh

Bu(j) = l;l;“((?)) = 1 ijh Dazn Bk (w) du. This implies that the integrated beta is Sy, = Mh Y, By =
J =1
fol Bk, (u) du

Let us denote by Blk(j) the ordinary least squares (OLS) estimator of fj(;). Mykland and Zhang
(2009) proposed to use Blk defined as follows,

1/Mh 1/Mh / M Y
B = Mh Y By = Mh Y (Z ?JZ,H(M)M) (Z yk,i+<jl)Myz,z'+(jl)M> )
j=1 \i=1

j:l =1
to estimate the integrated beta. Note that the realized beta estimator studied by Dovonon, Gongalves
and Meddahi (2013) is a different statistic than ours. Here, the realized beta estimator [y is not
directly a least squares estimator, but is the result of the average of Blk(j), the OLS estimators for each
block. Since under @, the volatility matrix is constant in each block j, we have that S = Bi(j),
for all i = 1,..., M, implying consequently that the score is not heterogeneous and has mean zero.
This simplifies the asymptotic inference on Sy (), and on fi. Also note that contrary to what we have

observed in the case of realized volatility estimator, here when M = 1, the realized beta estimator



using the blocking approach become
1/h

ﬁlk—hz Yl

ykz

which is a different statistic than the statistic studied by Barndorff-Nielsen and Shephard (2004). But
when M = h~!, both estimators are equivalent. However, as Mykland and Zhang (2011) pointed out,
when M — oo with the sample size =1, the local approximation is good only when M = O(h_l/ H It
follows then that we are not confortable to contrast Mykland and Zhang (2009) block-based realized
beta estimator asymptotic results with those of Barndorff-Nielsen and Shephard (2004a).

Mykland and Zhang (2009) provide a CLT result for 5. In particular, we have under P and Qp,
as the number of intraday observations increases to infinity (i.e. if A — 0), by using Section 4.2 of
Mykland and Zhang (2009),

Vit (51k — 5lk>
VUG

N(0,1), (11)

where

. (Ek W — B3 (u )) u, if M = O(1), as h — 0 such that M > 2(14+6) for any § > 0,

Vs =
’ fo (zk(u) ﬁzk( )) if M — oo as h — 0 such that M = o(h—l/z),

In practice, this result is infeasible since the asymptotic variance V3 depends on unobserved quantities.
Mykland and Zhang (2009) did not provide any consistent estimator of V3. One of our contributions is
to propose a consistent estimator of V3. To this end, we exploit the special structure of the regression

model. To find the asymptotic variance of realized regression estimator [, we can write
1/Mh

Vhl (5lk - sz> MVh Z (ﬁm Bm(j))-
Since Blk(j) are independent across j, it follows that
1/Mh
Vg = Var (V h=t (ﬁlk - 5Zk)> = M?h Z Var (ﬁzk(j) - Blk(j))- (12)
j=1
To compute (12), note that from standard regression theory, we have that under @,
M -1
Var (ﬁzm - Blk(j)) =k (Z yimj—l)M) Vi
i=1

which implies that

1/Mh M -1
Vi = M?h Z E (Z yl%,i—i—(j—l)M) Vi) (13)
j=1 i=1
Note that we can contrast Vg with equation (72) of Mykland and Zhang (2009). In fact, we can write
d Ty d I ..
under Qp, sz\il yz,iJr(jfl)M = % ﬁ‘il Ui2+(j71)M = kU X] A Where v 1) ~i.1.d.N (0,1), and
X?, a follow the standard x? distribution with M degrees of freedom, and L denotes equivalence

10



in distribution. Then for any integer M > 2 and conditionally on the volatility path, by using the

expectation of the inverse of a Chi square distribution we have,

M -1
M M
2 —1 —1
(; kit (j 1)M> <X?,M> k(7)) M —2 kU)

1/Mh Flk(J) 2
Vanm = “\7. . (15)
k(3)

By using the structure of (13), a natural consistent estimator of Vz, ps is

1/Mh / M -1 L, XM
Vi = M0 <Z yi,i+(j1)M) <M—12 UL 1)M> (16)
j=1 \i=1

i=1

It follows then that

where ;4 (j—1)M = Yri+(j—1)M — Blk(j)yk,i—i-(j—l)M (see Lemma C.5 and Lemma C.7 in the Appendix).
Together with the CLT result (11), we have under P and @), the feasible result

_ V(B — Bu)

Tghm = -
\/ V.M

4.2 Bootstrap consistency

-4 N(0,1).

Here we show that the new bootstrap method we proposed in Section 2 is consistent when applied to
realized betas. Specifically, given (5) with d = 2, for j = 1,...,1/Mh, we generate the M vector of

returns as follows. For each i =1,..., M,
it \/7771 i+(j—1)M
Yir(j-1ym = <ylﬂ' U—l)M) b aih 72 (17)
1+ — 7
J \/M \/I‘Lnlz (—1)M + Fk( y = 1k (J 772 G
1)

I _ M 2 I _ M 2 r _ M
where Iy = >0, Yiiv -1 Ly = Xima Ykit(G-1)M> Ly = 2iz Yk,i+G-1)MYi+(G-1)M>

and

<771,i+(j—1)M> ~ 1.i.d.N(0,I3), Is is a 2 x 2 identity matrix.
772,i:|—(j—1)M

Let Bl*k(j) denote the OLS bootstrap estimator from the regression of yl*i—l—(j—l)M on y i+ G—1)M
inside the block j. The bootstrap realized beta estimator is

1/Mh
Bl =Mh Y B

J=1

It is easy to check that Bfk converges in probability (under P*) to

1/Mh -1 M
Bu. = Mh Z E* (Zyk i+(—1)M > (Z yZ,i+(j—1)Myzi+(j—1)M>

j=1 i=1
The bootstrap analogue of the regression error u; ;1) in model (10) is thus u;.“+(j_1)M = yl*z'+(j—1)M

Blk(j)yZ,H(jq)M? whereas the bootstrap OLS residuals are defined as ﬁ;ﬁr(jfl)M = yl"’H(jil)M —
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37k(j)yz i (G—1)M Thus, conditionally on the observed vector of returns y; (j_1)as, it follows that

u:+(j71)M|yI:,i+(jfl)M ~i.4.d.N (0, ‘7(j)), fori=1,..., M, where

2
(Zfil yk,iJr(jfl)Myl,iJr(jfl)M)

M2
>int1 Yk i+(i-1)M

A 1 (= fz%c(j) 1 [ &,
Vin =37 (Fl(j) - ifk( ,)) = D Wi —
J =1

We can show that

* ot 2 M -1
Var (VA (B = ) ) = 37— Vanar:

It follows then that a sufficient condition for the bootstrap to provide a consistent estimator of the
asymptotic variance of v/ h_l(B”C — Buk) is to allow M to go to infinity. In particular when M increases
with h~! but at rate o(h~1/2) (so that there is no contiguity adjustment), the bootstrap can be used

to approximate the quantiles of the distribution of the root
Vh~1 (Bm - 5lk> )

thus justifying the construction of bootstrap percentile confidence intervals for 5j;. Our next theorem

summarizes these results.

Theorem 4.1. Consider DGP (1), (2) and suppose (17) holds. Then conditionally on o, as h — 0,
under Qp, and P, the following hold

a)
Vepu = Var’ (\/F(Bl*k - Blk))
M=V, if M =O(1), as h — 0 such that M > 2(1+6) for any § > 0,
Vs, if M — oo as h — 0 such that M = 0(h—1/2)7

b) sup,cr ‘P* ( h—1
o (h=1/2).

Bl*k;_/élk) Sﬂf) —P(\/F(Blk—ﬁlk>)‘ £> 0, as h — 0 such that M =

Part (a) of Theorem 4.1 shows that the bootstrap variance estimator is not consistent for Vg when
the block size M is finite. But when the realized betas become an efficient estimator of integrated
betas (i.e. if M — o0), we can use the bootstrap variance of \/F(Bl*k — i) to consistently estimate
the covariance matrix Vg . Results in part (b) imply that the bootstrap realized beta estimator has a
first order asymptotic normal distribution with mean zero and covariance matrix Vs This is in line
with the existing results in the cross section regression context, where the wild bootstrap and the pairs
bootstrap variance estimator of the least squares estimator are robust to heteroskedasticity in the error
term.

Bootstrap percentile intervals do not promise asymptotic refinements. Next, we propose a consistent

bootstrap variance estimator that allows us to form bootstrap percentile-t intervals. More specifically,
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we can show that the following bootstrap variance estimator consistently estimates V73,

1/Mh / M -1 1 M

7k — 2 *2 ~ %2

Vinar = M0 ) (Z yk,i+(j—1)M> (M 7 ZuiJr(j—l)M)‘ (18)
j=1 \i=1 i=1

Our proposal is to use this estimator to construct the bootstrap t-statistic, associated with the bootstrap

realized regression coeflicient Bl*k,
Vh1 (Bl*k - Bm)

Tﬁ*vh7M = S ’
\/ V,@,h,M

the bootstrap analogue of T j, pr-

Theorem 4.2. Consider DGP (1), (2) and suppose (17) holds. Let M > 4(2+40) for any § > 0 such
that M is fired or M — oo as h — 0 such that M = o (h_l/Q), conditionally on o, as h — 0, the

following hold.
Vh! (522 - Blk)

Tgnm = —
VVanu

Note that when the block size M is finite the bootstrap is also first order asymptotically valid

-4 N(0,1), in probability, under Q;, and P.

when applied to the ¢-statistic T3, ), (defined in (19)), as our Theorem 4.2 proves. This first order
asymptotic validity occurs despite the fact that Vﬁ* ny does not consistently estimate Vg when M is
fixed. The key aspect is that we studentize the bootstrap OLS estimator with V,ékh s (defined in (18)),
a consistent estimator of Vg} h M implying that the asymptotic variance of the bootstrap t-statistic is

one.

5 Higher-order properties

In this section, we investigate the asymptotic higher order properties of the bootstrap cumulants.
Section 5.1 considers the case of realized volatility whereas Section 5.2 considers realized beta. The
ability of the bootstrap to accurately match the cumulants of the statistic of interest is a first step to
showing that the bootstrap offers an asymptotic refinement.

The results in this section are derived under the assumption of zero drift and no leverage (i.e.
W is assumed independent of ). As in Dovonon, Gongalves and Meddahi (2013), a nonzero drift
changes the expressions of the cumulants derived here. The no leverage assumption is mathematically
convenient as it allows us to condition on the path of volatility when computing the cumulants of our
statistics. Allowing for leverage is a difficult but promising extension of the results derived here.

We introduce some notation. For any statistics 7}, and T}, we write «; (1},) to denote the jth order
cumulant of T} and /ij» (Ty) to denote the corresponding bootstrap cumulant. For j = 1 and 3, &;

denotes the coefficient of the terms of order O (\/E) of the asymptotic expansion of x; (T},), whereas

13



for j = 2 and 4, k; denotes the coefficients of the terms of order O (h). The bootstrap coefficients Kip

are defined similarly.

5.1 Higher order cumulants of realized volatility

ol

Let 04y = W’

for any ¢,p > 0, and R, ), = We make the following assumption.

Ry
(Rp)q/p .

Assumption H. The log price process follows (1) with u; = 0 and oy is independent of W;, where the

volatility ¢ is a cadlag process, bounded away from zero, and satisfies the following regularity

condition:
1/h
. 1/2 _
}lblg%)h( / )Z ’0';1, 7021‘ =0,
i=1

for some r > 0 and for any 7; and such that 0 < & §n1§h§£2§n2§2h§...§§1/h<

My <1

Assumption H is stronger than required to prove the central limit theorem for R, in Mykland
and Zhang (2009), but it is a convenient assumption to derive the cumulants expansions of T}, ps

and Tf:, a- Specifically, under Assumption H, Barndorff-Nielsen and Shephard (2004b) show that for

_ - \h [ sh a/2
any ¢ > 0, of — 09 = o(vh), where L= pl—a/2 Zl ( i aﬁdu) . Under Qy,, we have shown
s=1 \(s—1)h

- 1/Mh q/2 —
that for any positive integer M > 1, O'}qL M= (Mh)l_q/2 > (UJZM> = O'Z (see proof of Theorem

j=1
B.1 in Appendix B). It follows that under @) and Assumption H, of ,, — 0% = o(vh) and similarly
Ry —cpqol = op(v/h), (this result also holds under Qy,), a result on which we subsequently rely on to
establish the cumulants expansion of T}, »; and T} ;.

The following result states our main findings for realized volatility.

Proposition 5.1. Consider DGP (1) and suppose (8) holds. Under Assumption H, conditionally on
o and under Qy, and P, it follows that

- A L : . . L .
i) limkl, y— k1 = | — 2255 — 1) (5064, which is nonzero if M is finite, and it is zero if
h—0 » (01\474) / 2

M = o(h="2), as h — 0.

ii)

2
. " CM,8 (crmp) 7 2 2
1 — Ko = — -1 (Cimy—A 2o —1(-A
UKD T K2 <(C W) > (C1,m 2,M) 084 + <(C BE ) <4 1,M%6,4 | >

which is nonzero if M is finite and it is zero if M = o(h=Y?), as h — 0.

iii) }ILIL% K3 s — K3 = <(CM)63/2 — 1) (Bi,m — 3A1.0m) 06,4, which is nonzero if M is finite, and it is
CM,4

zero if M = o(h=Y/2), as h — 0.
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. CM 6 2
I oy = M5 ) (B 3C; ar — 64
b M 4 <<cM,4>3/2 ) (Baaa + 3121 = 6430) one
(CM,6)2 2 2
- = — 1) (18410° — 641, mBiar) 064
(crsa)

which is nonzero if M is finite and it is zero if M = o(h=Y2), as h — 0.

Here, Ay ar, A2, Civr, Canr, Co,vr, and Cy pr are given in Lemma B.2.

Proposition 5.1 shows that the cumulants of T} s and T,; » do not agree when the block size M
is fixed, implying that the bootstrap does not provide a higher-order asymptotic refinement for finite
values of M. Nevertheless, when M — oo at a rate o(h~'/2) the bootstrap matches the first and third
order cumulants through order O (h_l/ 2), which implies that it provides a second-order refinement,
i.e. the bootstrap distribution P* (T,’: u < :c) consistently estimates P (T as < x) with an error that
vanishes as o (h_l/ 2) (assuming the corresponding Edgeworth expansions exist). 2 This is in contrast
with the first-order asymptotic Gaussian distribution whose error converges as O (h_l/ 2). Note that
Gongalves and Meddahi (2009) also proposed a choice of the external random variable for their wild
bootstrap method which delivers second-order refinements. Our results for the bootstrap method based
on the local Gaussianity are new. We will compare the two methods in the simulation section.

Parts (i) and (iv) of Proposition 5.1 show that the new bootstrap method we propose is able to
match the second and fourth order cumulants of T}, 3y when M — oo as h — 0 provided M = o (hil/ 2).
These results imply that the bootstrap distribution of ‘T;: M’ consistently estimate the distribution of
| T}, a1| through order O (h), in which case the bootstrap offers a third order asymptotic refinement (this
again assumes that the corresponding Edgeworth expansions exist, something we have not attempted
to prove in this paper). If this is the case, then the local Gaussian bootstrap will deliver symmetric
percentile—t intervals for integrated volatility with coverage probabilities that converge to zero at
the rate o (h). In contrast, the coverage probability implied by the asymptotic theory-based intervals
converge to the desired nominal level at the rate O (h). The potential for the local Gaussian bootstrap
intervals to yield third-order asymptotic refinements is particularly interesting because Gongalves and
Meddahi (2009) show that their wild bootstrap method is not able to deliver such refinements. Thus,
our method is an improvement not only of the Gaussian asymptotic distribution but also of the best

existing bootstrap methods.

Remark 3 One reason why the local Gaussian bootstrap is not able to match cumulants when M is

CM.q
a/p
(CI\/I,p)

finite is that the equation = 1 does not always have an integer solution when ¢,p > 1.

We do not prove the validity of our Edgeworth expansions. Such a result would be a valuable contribution in
itself, which we defer for future research. Here our focus is on using formal expansions to explain the superior finite
sample properties of the bootstrap theoretically. See Mammen (1993), Davidson and Flachaire (2001) and Gongalves
and Meddahi (2009) for a similar approach.
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L6

For instance, the equation W =1 gives M = —% as solution. However, we always have
CM 4
lim qu/p = 1. This is the reason why the local Gaussian bootstrap is able to match

M—o0 (CMJ))
cumulants when M — oo (but not when M is finite).

5.2 Higher order cumulants of realized beta

In this section, we provide the first and third order cumulants of realized beta. These cumulants enter
the Edgeworth expansions of the one-sided distribution functions of T3 j, 37 and TE,h,Mv P* (Tg,h,M < x)
and P (T m < x), respectively.

Proposition 5.2. Suppose (1), (2) and (17) hold. Conditionally on X, under Qp, and P, if M is fived
or M — oo as h — 0 such that M = o(hfl/Q), then as h — 0,

i) limy_y Ky gnm — k1,8 =0.
ii) limy_0 K3 gnm — k3,8 =0.

Proposition 5.2 shows that the cumulants of T j, pr and Tgﬁ, a agree through order O (\/ﬁ), which
implies that the error of the bootstrap approximation P* (Tgﬁ, v < x) to the distribution of T3, ar
is of order o (\/E) Since the normal approximation has an error of the order O <\/E>, this implies
that the local Gaussian bootstrap is second-order correct. This result is an improvement over the
bootstrap results in Dovonon, Gongalves and Meddahi (2013), who showed that the pairs bootstrap is

not second-order correct in the general case of stochastic volatility.

6 Monte Carlo results

In this section we assess by Monte Carlo simulation the accuracy of the feasible asymptotic theory
approach of Mykland and Zhang (2009). We find that this approach leads to important coverage
probability distortions when returns are not sampled too frequently. We also compare the finite sample
performance of the new local Gaussian bootstrap method with the existing bootstrap method for
realized volatility proposed by Gongalves and Meddahi (2009).

For integrated volatility, we consider two data generating processes in our simulations. First,
following Zhang, Mykland and Ait-Sahalia (2005), we use the one-factor stochastic volatility (SV1F)

model of Heston (1993) as our data-generating process, i.e.
dXt = (,u — I/t/2) dt + O'tdBt,

and

dvy = k(o —vy)dt + (1/75)1/2 dWs,
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where v; = 02, B and W are two Brownian motions, and we assume Corr(B, W) = p. The parameter
values are all annualized. In particular, we let 1 = 0.05/252, k = 5/252, o = 0.04/252, v = 0.05/252,
p = —0.5.

We also consider the two-factor stochastic volatility (SV2F) model analyzed by Barndorff-Nielsen
et al. (2008) and also by Gongalves and Meddahi (2009), where 3

dXy = pdt—+ oudBy,
or = s-exp(Bo, +BiT1e + Batat) ,
driy = a1midt + dBuy,
dryy = oaomydt + (14 ¢7oy) dBay,
corr (dWy,dB1y) = 1, corr (dWy,dBat) = pa.

We follow Huang and Tauchen (2005) and set u = 0.03, 5o = —1.2, 51 = 0.04, B2 = 1.5, oy = —0.00137,
ag = —1.386, ¢ = 0.25, 1 = 2 = —0.3. We initialize the two factors at the start of each interval by
drawing the persistent factor from its unconditional distribution, 79 ~ N (0, %) and by starting the
strongly mean-reverting factor at zero.

For integrated beta, the design of our Monte Carlo study follows that of Barndorff-Nielsen and
Shephard (2004a), and Dovonon Gongcalves and Meddahi (2013). In particular, we assume that
dX (t) = o (t) dW (t), with o (t) o’ (t) = X (t), where

5 (t) = ( Y1 (t) Xi2(t) > _ < o2 (t) o2 (t) >

Yo (t) Y99 (t) 0921 (t) O‘% (t

and 013 (t) = o1 (t) 02 (t) p (t) . As Barndorff-Nielsen and Shephard (2004a), we let o3 (t) = O'%(l)@) +
0%(2) (t), where for s = 1,2, do’f(s) (t) = —)\S(Jf(s) (t) — &)dt + wsags) (t)v/Asdbs(t), where b; is the i-th
component of a vector of standard Brownian motions, independent from W. We let A; = 0.0429,
€& = 0.110, w; = 1.346, Xy = 3.74, & = 0.398, and wy = 1.346. Our model for o3(t) is the
GARCH(1,1) diffusion studied by Andersen and Bollerslev (1998): do3(t) = —0.035(c3(t) — 0.636)dt +
0.23603(t)db3(t). Finally, we follow Barndorff-Nielsen and Shephard (2004), and let p(t) = (e2*(®*) —
1)/(e**® + 1), where  follows the GARCH diffusion: dx(t) = —0.03(z(t) — 0.64)dt + 0.118z(t)dby(t).

We simulate data for the unit interval [0,1]. The observed log-price process X is generated using
an Euler scheme. We then construct the h-horizon returns y; = X;p, — X(;_1), based on samples of size
1/h.

Tables 1 and 2 give the actual rates of 95% confidence intervals of integrated volatility and integrated
beta, computed over 10,000 replications. Results are presented for six different samples sizes: 1/h 1152,
576, 288, 96, 48, and 12, corresponding to “1.25-minute”, “2.5-minute”, “5-minute”, “15-minute”, “half-

hour” and “2-hour” returns. In Table 1, for each sample size we have computed the coverage rate by

3The function s-exp is the usual exponential function with a linear growth function splined in at high values of its
argument: s-exp(z) = exp(z) if x < zo and s-exp(z) = —<L2ED__ if £ > x,, with zo = log(1.5).

\/zgfzg+z2
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varying the block size, whereas in Table 2 we summarize results by selecting the optimal block size.
We also report results for confidence intervals based on a logarithmic version of the statistic T} s and
its bootstrap version.

In our simulations, bootstrap intervals use 999 bootstrap replications for each of the 10,000 Monte
Carlo replications. We consider the studentized (percentile-t) symmetric bootstrap confidence interval
method computed at the 95% level.

As for all blocking methods, to implement our bootstrap methods, we need to choose the block
size M. We follow Politis and Romano (1999) and Hounyo, Gongalves and Meddahi (2013) and use
the Minimum Volatility Method. Here we describe the algorithm we employ for a two-sided confidence

interval.

Algorithm: Choice of the block size M by minimizing confidence interval volatility

(i) For M = Mgpau to M = My;, compute a bootstrap interval for the parameter of interest (integrated
volatility or integrated beta) at the desired confidence level, this resulting in endpoints IChy jow
and 1Cup-

(ii) For each M compute the volatility index V' Iy, as the standard deviation of the interval endpoints
in a neighborhood of M. More specifically, for a smaller integer I, let VIj; equal to the stan-
dard deviation of the endpoints {ICn/—ijow, - - -, LCh+ijow} Plus the standard deviation of the

endpoints {ICn—jup,--- s ICM 41 up}, 1-€.

l l
_ 1 SN2
Viy = m ' (ICM-H',low - Iclow) + m 4

i=—1 i=—1

(ICM—i-i,up - Ibup) 2,

% 1 l 7% 1 l
where IClow = 20+1 Zizfl ICM+’L',l0w and ICup = +1 Zizfl ICM+i,up-

(iii) Pick the value M* corresponding to the smallest volatility index and report {ICnr+ 10w, IChr+ up }

as the final confidence interval.

One might ask what is a selection of reasonable Mg,,q; and My,;,? In our experience, for a sample
size 1/h = 1152, the choices Myqu = 1 and My;; = 12 usually suffice, for the samples sizes : 1/h =
1152, 576, 288, 96, and 48, we have used Mg,qu = 1 and My, = 12. For results in Table 2, we
used | = 2 in our simulations. Some initial simulations (not recorded here) showed that the actual
coverage rate of the confidence intervals using the bootstrap is not sensitive to reasonable choice of [,
in particular, for [ = 1,2, 3.

Starting with integrated volatility, the Monte Carlo results in Tables 1 and 2 show that for both
models (SV1F and SV2F), the asymptotic intervals tend to undercover. The degree of undercoverage
is especially large, when sampling is not too frequent. It is also larger for the raw statistics than

for the log-based statistics. The SV2F model exhibits overall larger coverage distortions than the
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SV1F model, for all sample sizes. When M = 1, the Gaussian bootstrap method is equivalent to
the wild bootstrap of Gongalves and Meddahi (2009) that uses the normal distribution as external
random variable. One can see that the bootstrap replicates their simulations results. In particular,
the Gaussian bootstrap intervals tend to overcover across all models. The actual coverage probabilities
of the confidence intervals using the Gaussian bootstrap are typically monotonically decreasing in M,
and does not tend to decrease very fast in M for larger values of sample size.

A comparison of the local Gaussian bootstrap with the best existing bootstrap methods for realized
volatility* shows that, for smaller samples sizes, the confidence intervals based on Gaussian bootstrap
are conservative, yielding coverage rates larger than 95% for the SV1F model. The confidence intervals
tend to be closer to the desired nominal level for the SV2F than the best bootstrap proposed by
Gongalves and Meddahi (2009). For instance, for SV1F model, the Gaussian bootstrap covers 96.51%
of the time when h™! = 12 whereas the best bootstrap of Gongalves and Meddahi (2009) does only
87.42%. These rates decrease to 93.21% and 80.42% for the SV2F model, respectively.

We also consider intervals based on the i.i.d. bootstrap studied by Gongalves and Meddahi (2009).
Despite the fact that the i.i.d. bootstrap does not theoretically provide an asymptotic refinement for
two-sided symmetric confidence intervals, it performs well.

While none of the intervals discussed here (bootstrap or asymptotic theory-based) allow for M =
h~', we have also studied this setup which is nevertheless an obvious interest in practice. For the
SV1F model, results are not very sensitive to the choice of the block size, whereas for the SV2F model
coverage rates for intervals using a very large value of block size (M = h™! ) are systematically much
lower than 95% even for the largest sample sizes. When M = h™~!, the realized volatility Ry using the
blocking approach is the same realized volatility studied by Barndorff-Nielsen and Shephard (2002),

but the estimator of integrated quarticity using the blocking approach is h;}” R2%. This means that

2
asymptotically we replace fol otdt by ( fol Utht) , which is only valid under constant volatility. By

Cauchy-Schwarz inequality, we have ( fol afdt>2 < fol ofdt, it follows then that we underestimated
the asymptotic variance of the realized volatility estimator. This explains the poor performance of
the theory based on the blocking approach when the block size is too large. This also confirms the
theoretical prediction, which require M = O(\/F) for a good approximation for the probability
measure P.

For realized beta, we see that intervals based on the feasible asymptotic procedure using Mykland
and Zhang’s (2009) blocking approach and the bootstrap tend to be similar for larger sample sizes
whereas, at the smaller sample sizes, intervals based on the asymptotic normal distribution are quite
severely distorted. For instance, the coverage rate for the feasible asymptotic theory of Mykland and
Zhang (2009) when h™! = 12 (cf. h~! = 48) is only equal to 88.49% (92.86%), whereas it is equal
to 95.17% (94.84%), for the Gaussian bootstrap (the corresponding symmetric interval based on the

“The wild bootstrap based on Proposition 4.5 of Gongalves and Meddahi (2009).
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pairs bootstrap of Dovonon Gongalves and Meddahi (2013) yields a coverage rate of 93.59% (93.96%),
better than Mykland and Zhang (2009) but worse than the Gaussian bootstrap interval). Our Monte
Carlo results also confirm that for a good approximation, a very large block size is not recommended.

Overall, all methods behave similarly for larger sample sizes, in particular the coverage rate tends
to be closer to the desired nominal level. The Gaussian bootstrap performance is quite remarkable and

outperforms the existing methods, especially for smaller samples sizes (h~! = 12 and 48).

7 Empirical results

As a brief illustration, in this section we implement the local Gaussian bootstrap method with real
high-frequency financial intraday data, and compare it to the existing feasible asymptotic procedure of
Mykland and Zhang (2009). The data consists of transaction log prices of General Electric (GE) shares
carried out on the New York Stock Exchange (NYSE) in August 2011. Before analyzing the data we
have cleaned the data. For each day, we consider data from the regular exchange opening hours from
time stamped between 9:30 a.m. till 4 p.m. Our procedure for cleaning data is exactly identical to
that used by Barndorff-Nielsen et al. (2008). We detail in Appendix A the cleaning we carried out on
the data.

We implemented the realized volatility estimator of Mykland and Zhang (2009) on returns recorded
every S transactions, where S is selected each day so that there are 96 observations a day. This means
that on average these returns are recorded roughly every 15 minutes. Table 3 in the Appendix provides
the number of transactions per day, and the sample size used. Typically each interval corresponds to
about 131 transactions.

This choice is motivated by the empirical study of Hansen and Lunde (2006), who investigate
30 stocks of the Dow Jones Industrial Average, in particular they have presented detailed work for
the GE shares. They suggest to use 10 to 15 minutes horizon for liquid assets to avoid the market
microstructure noise effect.

Hence the main assumptions underlying the validity of the Mykland and Zhang (2009) block-based
method and our new bootstrap method are roughly satisfied and we feel comfortable to implement
them on this data.

To implement the realized volatility estimator, we need to choose the block size M. We use the
Minimum Volatility Method described above to choose M.

We consider bootstrap percentile-t intervals, computed at the 95% level. The results are displayed
in Figure 1 in the appendix in terms of daily 95% confidence intervals (CIs) for integrated volatility.
Two types of intervals are presented: our proposed new local Gaussian bootstrap method , and the the
feasible asymptotic theory using Mykland and Zhang (2009) blocking approach. The realized volatility
estimate Ro is in the center of both confidence intervals by construction. A comparison of the local

Gaussian bootstrap intervals with the intervals based on the feasible asymptotic theory using Mykland
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and Zhang (2009) block-based approach suggests that the both types of intervals tend to be similar.
The width of these intervals varies through time. However there are instances where the bootstrap
intervals are wider than the asymptotic theory-based interval. These days often correspond to days
with large estimate of volatility. We have asked whether it will be due to jumps. At this end we
have implemented the jumps test using blocked bipower variation of Mykland, Shephard and Sheppard
(2012). We have found no evidence of jumps at 5% significance level for these two days. The figures

also show a lot of variability in the daily estimate of integrated volatility.

8 Conclusion

This paper proposes a new bootstrap method for statistics that are smooth functions of the realized
multivariate volatility matrix based on Mykland and Zhang’s (2009) blocking approach. We show how
and to what extent the local Gaussianity assumption can be explored to generate a bootstrap approxi-
mation. We use Monte Carlo simulations and derive higher order expansions for cumulants to compare
the accuracy of the bootstrap and the normal approximations at estimating confidence intervals for
integrated volatility and integrated beta. Based on these expansions, we show that at second order the
bootstrap matches the cumulants of realized betas-based t-statistics whereas it provides a third-order
asymptotic refinement for realized volatility. This is an improvement of the existing bootstrap results.
Our new bootstrap method also generalizes the wild bootstrap of Gongalves and Meddahi (2009).
Monte Carlo simulations suggest that the Gaussian bootstrap improves upon the first-order asymp-
totic theory in finite samples and outperform the existing bootstrap methods for realized volatility and
realized betas. An important extension is to prove the validity of the Edgeworth expansions derived
here. Another promising extension is to use the bootstrap method for volatility estimator (multipower

variation) using the blocking approach in presence of jumps.

Appendix A

This appendix is organized as follows. First, we details the cleaning we carried out on the data. Second,

we report simulation results. Finally we report empirical results.
Data Cleaning
In line with Barndorff-Nielsen et al. (2009) we perform the following data cleaning steps:

(i) Delete entries outside the 9:30pm and 4pm time window.
(ii) Delete entries with a quote or transaction price equal to be zero.
(iii) Delete all entries with negative prices or quotes.

(iv) Delete all entries with negative spreads.
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(v) Delete entries whenever the price is outside the interval [bid — 2 % spread ; ask + 2 * spread].
(vi) Delete all entries with the spread greater or equal than 50 times the median spread of that day.
(vii) Delete all entries with the price greater or equal than 5 times the median mid-quote of that day.

(viii) Delete all entries with the mid-quote greater or equal than 10 times the mean absolute deviation

from the local median mid-quote.

(ix) Delete all entries with the price greater or equal than 10 times the mean absolute deviation from

the local median mid-quote.

We report in Table 1 below, the actual coverage rates for the feasible asymptotic theory approach
and for our bootstrap methods. In Table 2 we summarize results using the optimal block size by
minimizing confidence interval volatility. Table 3 provides some statistics of GE shares in August
2011.
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Table 1: Coverage rates of nominal 95% CI for integrated volatility and integrated beta

Integrated volatility Integrated beta
SV1F SV2F
Raw Log Raw Log Raw
M CLT Boot CLT Boot CLT Boot CLT Boot M CLT Boot
1/h =12
1 85.44 98.49 90.08 97.86 80.38 96.62 86.17 96.24 2 83.66  95.88
2 85.56 97.31 90.31 96.80 80.43 94.70 86.27  94.73 3 87.63  95.03
3 85.71 96.46 90.84 96.08 80.34 93.77 85.89  93.70 4 89.14 94.83
4 85.88 96.20 90.97 95.93 80.34 92.88 85.52  92.89 6 90.67 94.49
12 86.11 94.84 91.27 94.87 77.66 88.89 81.65  86.97 12 90.44  93.63
1/h =48
1 92.04 9855 93.51 97.71 88.28 97.09 90.93  96.67 3 92.40 95.88
2 92.10 97.28 93.59 96.50 88.13 95.63 91.08 95.48 4 92.69 95.34
4 92.20 96.40 93.80 95.80 88.16 94.55 91.10  94.53 8 92.93 94.69
8 92.33  95.60 93.88 95.18 87.89 93.32 90.33  93.20 12 92.67  93.78
48 92.74 95.06 94.22 95.04 81.83 86.63 82.92  84.57 48 91.63 9243
1/h =96
1 93.35 97.94 94.09 97.10 90.20 97.06 92.10 96.66 3 92.62  95.57
2 93.43 96.78 93.99 96.06 90.37 95.84 92.24  95.67 4 93.13  95.00
4 93.47 9578 94.03 95.61 90.46 94.70 92.09  94.83 8 93.83 94.84
8 93.50 95.26 94.09 95.32 90.07 93.81 91.75 94.01 12 93.77  94.57
96 93.42 94.80 94.35 94.87 81.93 84.61 82.79  83.60 96 91.94 92.35
1/h =288
1 94.57 97.09 94.61 96.25 93.39 9744 9396  96.76 3 93.87  95.79
2 94.56 96.00 94.61 95.67 93.51 96.35 93.95  95.95 4 94.72  95.64
4 94.62 9548 94.67 95.36 93.50 95.57 93.98  95.28 8 94.95 95.43
8 94.55 95.26 94.81 95.19 93.43 95.06 93.82  94.75 12 94.66  94.99
288  94.46 94.78 94.84 94.99 82.43 83.86 83.34  83.53 288  90.04 90.32
1/h =576
1 94.53 96.12 94.75 95.84 94.19 96.96 94.49 96.52 3 93.94 95.62
2 94.57 95.53 94.68 9541 94.17  96.23 94.52  95.78 4 94.46  95.40
4 94.74 95.15 94.70 95.16 94.32 9559 94.56  95.45 8 94.58  94.87
8 94.67 95.08 94.72 94.96 94.22 95.38 9446  95.16 12 94.53 94.88
576  94.58 94.85 94.76 94.92 82.01 82.37 82.05 82.32 576  87.07 87.07
1/h = 1152
1 95.06 96.06 95.16 95.70 94.51 96.52 94.47  95.95 3 94.78  95.93
2 95.13  95.68 95.20 95.65 94.53  95.79 94.47  95.42 4 94.92  95.48
4 95.05 9549 95.20 95.31 94.42 95.21 9450  95.11 8 94.88  95.13
8 95.15 9547 95.18 95.20 94.39 95.03 9447  94.85 12 94.95 94.87
1152  94.86 94.97 94.83 9491 82.60 82.73 82.85  82.89 1152 81.68 81.62

Notes: CLT-intervals based on the Normal; Boot-intervals based on our proposed new local Gaussian boot-
strap; M is the block size used to compute confidence intervals. 10,000 Monte Carlo trials with 999 bootstrap
replications each.
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Table 3: Summary statistics

Days Trans n S
1 Aug 11303 96 118
2 Aug 13873 96 145
3 Aug 13205 96 138
4 Aug 16443 96 172
5 Aug 16212 96 169
8 Aug 18107 96 189
9 Aug 18184 96 190
10 Aug 15826 96 165
11 Aug 15148 96 158
12 Aug 12432 96 130
15 Aug 12042 96 126
16 Aug 10128 96 106
17 Aug 9104 96 95
18 Aug 15102 96 158
19 Aug 11468 96 120
22 Aug 10236 96 107
23 Aug 11518 96 120
24 Aug 10429 96 109
25 Aug 9794 96 102
26 Aug 9007 96 94
29 Aug 10721 96 112
30 Aug 9131 96 96
31 Aug 10724 96 112

“Trans” denotes the number of transactions, n the sample size used to compute the realized volatility, and sampling of

every S’th transaction price, so the period over which returns are calculated is roughly 15 minutes.

o 1 2z 3 4 5 8 9 10 1 12 15 16 17 18
Days in August 2011 (GE)

19 2 23 24 25 2 28 a0 3

Figure 1: 95% Confidence Intervals (CI's) for the daily o2, for each regular exchange opening days in August 2011,

calculated using the asymptotic theory of Mykland and Zhang (CI's with bars), and the new wild bootstrap
method (CI’s with lines). The realized volatility estimator is the middle of all CI’s by construction. Days on

the z-axis.
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Appendix B

This appendix concerns only the case where d = 1 (i.e. when the parameter of interest is the integrated
volatility). We organized this appendix as follows. First, we introduce some notation. Second, we state
Lemmas B.1 and B.2, Theorems B.1 and B.2 and their proofs useful for proofs for the theorem 3.1
and proposition 5.1 presented in the main text. These results are used to obtain the formal Edgeworth
expansions through order O(h) for realized volatility. Finally, we prove the Theorem 3.1 and the
Propositions 5.1.

Notation

To make for greater comparability, and in order to use some existing results, we have kept the
notation from Gongalves and Meddahi (2009) whenever possible. We introduce some notation, recall

1Mh / o q/2 jMh
that, for any ¢ > 0, 07 = fagdu and let ah u=Mh Z < 4 M) ,where 07, = [ ondu. We

(j—1)Mh

- 1/Mh RV: s q/
let o4, = (ﬁ)q“” when o9 is replaced with UhM we write o4, p 0, and Ry = Mh ]; < D > ,
here RV = S 32 We also let R,, = —22_. Recall that = 5 ( ()% with

where M = 2yi+(j_1)M. e also let Ry, = )T eca at carg = T wi

i=

X%w the standard X2 distribution with M degrees of freedom. Note that cpro = 1, cpra = %,
cMe = (M'ﬁ)/lw and cyrg = (M+2)(A]/{;4)(M+6). It follows by using the definition of cjr 4 gives in

equation (6) and this property of the Gamma function, for all z > 0, I' (x + 1) = 2T ().
We follow Gongalves and Meddahi (2009) and we write

A~

Th,M = Sh,M (VhM

1/2

~1/2
) = Sh,Mm (1 + \/EUh,M)i ;

where
A h—1 <R2 — CMQ?)
Sh,M == \/m

and Vj pp = Var (\/ h—1R2> =M (0M4 — 6%472) O’% - The proof of Lemma B.1 below relies heavily

q/2
‘ — CMyg ‘O'j7 M’ are conditionally on ¢ independent with

VI (V = Vi)

Vi,m

)

and Uh,M =

on the fact that, for any ¢ > 0,

X2‘ XZ z 77(2j—1)M+i
zero mean since RV ;5 = JJZM 2 where =5t = S and 1, ~ i.i.d. N(0,1). We rewrite
Ry — cMQ? and V — Vi, as follows
1/Mh
Ry — CM,2 Z CM,ZU]Z,M) )
Cara — 2 1/Mh
M,2 —
V=V =M ——"2) (MR > (RVy — cmaciar) -
CM,4 j=1
—-1/2 Vh=1(R}—c,, ,R
Similarly for the bootstrap, we let T} ,, = S} 5, (1 +VhU; M) , where S}, = ( \;foMg 2),
/[h—1({/* _1*

Uy = % and V* = Var* (nl/QRE).

)
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Finally, note that throughout we will use >, ., ,p = >~ i ;2 i« to denote a sum where all indices
differ, e.g.

Lemma B.1. Suppose (1) holds, conditionally on o, and under Qy, for any q¢ > 0, and any M > 1
such that M ~ en™® with o € [0,1/2), we have

/2 /2
al) E(’RVj’M‘q ):CMH‘U;M’(Z ,

a2) Vi, =Var (\/thg) =M (CMA - 0%4’2> U;AQVM,

—\3 [
a3) £ |:<R2 — CMQO'Q) :| = (Mh)2 (CM,G —3cmpcha + 26%472) 0']617M,

a4)
—\4 2 2 \2 (1 )2
E (Rg — M 20 ) = 3(Mh) (CMA — CM’Q) (Uh,M)
+ (Mh)? (cms — 3emoeme + 120?\47201\4,4 - 60%/[’2 - 30?\4,4) Ui,M’
ab)
=3\ (¥ cMa — Sy P
E [(Rz — CM 20 ) (V — Vh,M)} = M e (M) (e — em20M,4) O s
M 4
a6) B | (Ry - c P)Q (7~ Viowr) | = b (2 ) (arny? s~ s o3
2 M,2 h,M - Cara _2CM,QCM,6 + C?\/I,QCMA h,M>
ar7)

2
CM4 — Cif 2> (M6 — cMm2CM4) .
’ (oiar) (7h)

3M Mh2<
(Mh) v

5| (R = exa®)’ (7 = Vi)

+ 384h%00,

2
2 (CMA - 6%4,2) (ca6 — cm20,4) . —
= 3M (Mh) — (Uh,M) (Uh,M)

+ O(hg) as h — 0,

a8) E [<R2 - cM727)4 (f/ Vi, M)} _

2
3
4 (CM,G —3cmecma + QCM,Q) (ear6 — cm2en,a) (US,M)

(Mh)* Y gema T8
2 2 2 7
+6 (CM,S — Chra — 2¢M2CM6 + 2CM,QCMA) (CMA - CM,2> <Uh,M) (UE,M)

CM,4

+O(h4) as h — 0,

a9) E [(Rz —enp0?) (V= Vh,Mﬂ =0 (h2) as h—0,
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al0) E [(RQ - cM,QF)2 (f/ Vi Mﬂ _

—2 )? SN _\2
(Mh 2 M(C]\I,42 CM,Z) <<CM,4 — 6%472) (CM,S — C?WA) (U%’M) (UfBL,M) + 2 (CM,G — CM7QCM74)2 <027M> )

CM .4

)
(h3) as h — 0,

0
all) E£ [(Rg — cM72?)3 (f/ — Vh,M>2} =0 (h3) as h — 0,

N4 2
al2) E (Rg —CM7202) (V—Vh,M> } =
2 2
et | 3= (=) () ()
(Mh)" M=—5=25 5 )2 2 (6 )\ (i
+12 (CMA — o) (eme — cm2cnra) (Uh,M) (Gh,M

+O(h4) as h — 0.

Lemma B.2. Suppose (1) holds, conditionally on o, and under Qy, for any M > 1 such that M ~ ch™®
with « € (1/2,1], we have

E(Shy) = 0,
E(Siy) = 1,
E(Spa) = VhB1 006,4,0,0,
E(Sha) = 3+hBoyosanu,
E (SnmUnm) = A1mo6an,
E (SI%,MUh,M) = VhAy o84,

and as h — 0 we have,

)

E(Sp mUnnt) = Asnoganm + O (h),

E(S}aUnnt) = VRIDisosann + Donioapad + O (h3/2) :
E(SiuUia) = 0(h?),

E(SimUiy) = O (hm) ,

E (S mUin) = [Crmosanm + Conogapal +O(h),

E( )

~—

= [Eym084nM + Ez,Mfng,h,M] + 0O (h
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where,

A 1 CM,6 — CM,2CM 4 2v/2
.M = = )
; 1
9 /2 M

CM4 |\ CM4a — Chpg

(CM,G —3cmch s + 265’\472>
By = VM 373 =2V/2,

2
(CMA - CM,z)
2 2
CM8 — Chra — 2¢M2CM6 + 2C3 0CMa 12

Aoy = =

2 M
CMA4 (CMA - CMQ)

2 4 2
CM,8 — 4CM720M76 + 12CM,26M74 - 6CM72 — 3CM,4
Boyy = M 3 =12,
(enta = )

co cMs — Cira 24+ 8M
17M - C?w/lM - M2 (2+M)7

with Az v = 3Aim, Co = QA%,M, Dy = 6A20m, Doy = 4A1 By, By = 3C1 v and
Eyn = 1243 .

Remark 4 The bootstrap analogue of Lemma B.1 replaces RVL v With RVj’:‘M, 0'32»’ M With RVj, o and

027 u With Ry, the bootstrap analogue of Lemma B.2 replaces o, 5 v with Ry .

Theorem B.1. (Cumulants of T, yr) Consider DGP (1) and suppose assumption H holds. Then for
any q > 0, and any M > 1 such that M ~ ch™® with a € [0,1/2), o} ,, = o} and 01 -0} ,, = op(V'h),
conditionally on o and under Qy, it follows that as h — 0,

Aim

Kq (Th,M) = \/E:‘ﬂ + O(h) with R1 = —

06,45

. 7
Ko (Th) = 1+ hka +o(h) with ke = (C1pm — Agnr) 084 + ZA%’MU(%A;
K3 (Th,M) = \/EH:; + O(h) with kg = (Bl,M — 3A17M) 06,4;
Ry (Th7M) = h/€4 + O(h) with KR4 = (BQ,M + 301,M — 6A%7M) 084 + (18A1’M2 — 6A1,MBI,M) 0623,4'

Note that Ay nr, Ao, By, Bor, and Cy oy, are as in Lemma B.2, and A3y = 3A1m, Covr =
QA%,M, Dl,M = 6A2,M, D27M = 4A1,MBl,M; El,M = 3017]\/[ and E27M = 12A%,M'

Theorem B.2. ( Bootstrap Cumulants of T} ,,) Consider DGP (1) and suppose (5) holds. Let
M > 1 such that M =~ ch™® with « € [0,1/2), under assumption H, conditionally on o, it follows that
as h — 0

R (Thia) = Vhel g+ o(h) with k54, v = — 12’M Re 43

&5 (Tiar) = 14 hed g+ o(h) with kb, 0 = (Ciar — Agvr) Rea + 1AiMRgA;

w5 (Th) = \/E’{‘;,h,M + o(h) with K3 5 py = (B1m — 3A41,0m) Re 45

ki (Thar) = by +o(h) with 65y, v = (Bau + 3C1n — 643 ) Rsa + (184107 — 6A1 v By ) Rg 4-

Note that Ay pr, Ao v, B, M, Boyr, and Cy, M, are as in Lemma B.2, and A3y = 3A1 p, Com =
QA%’M, DI,M = 6A27M, D27M = 4A1,MBI,M; ELM = 3CI,M and E27M = 12A%,M
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M

M 2 X? M 2 XJQ' M i;n(zjfl)MH
Proof of Lemma B.1 al) follows from RV \, = Z:l YGi—1)M+i = A1 O Where =gt = 7
1=

and 7, ~ i.i.d. N(0,1). For a2) note that Ry = Zl./Mh

=1 RV} v, where RV is conditional on o inde-

2
pendent with Var (RV; y) = <0M74 — 03\4,2> a;{M, with a;{M = <a]2-’M) . It follows that,

1/Mh
Var (\/h_1R2> = w1y Var (RViu)
j=1
1/Mh

= p! (CMA — C?\/L?) Z J‘{M
j=1

= M (CM74 — 0%472) U%’M.

To prove the remaining results we follow the same structure of proofs as Gongalves and Meddahi
(2009). Here cpr4 plays the role of u, = E (|n]?), where n ~ i.i.d. N(0,1) in Gongalves and Meddahi
(2009) and RVj ps plays the role of r? in Gongalves and Meddahi (2009).

Proof of Lemma B.2 Results follow immediately by using Lemma B.1 given the definitions of Sy, s,

Un, -
Proof of Theorem B.1 The first four cumulants of T}, s are given by (e.g., Hall, 1992, p.42):

~

K1 (Th,nr) M) 5

by (Thr) = E(Tiy) — (E(Thm))?,

k3 (Thoar) = E (T ) —3E (Tj; o) E (Thoar) + 2(E (Thonr)),

kg (That) = E(Tyiar) —4E (T3 yr) E (Thonr) = 3(E (T3 ar))* + 12E (T3 5r) (B (Thon))?

— 6(E(Thm)*.

Our goal is to identify the terms of order up to O(h) in the asymptotic expansions of these four
cumulants. We will first provide asymptotic expansions through order O(h) for the first four moments
of Ty ar by using a Taylor expansion. For a fixed value k, a second-order Taylor expansion of f(z) =
(14 x)~%/2 around 0 yields f(z) =1— %:L‘ + %(% +1)22 4+ O(23). We have that for any fixed integer k,

“k/2
T/ZM = SﬁM (1 + \/EUh7M> + O(h3/2),

k k k
Skt — 5\/ES/§,MU}L,M + = (5 + DhSumUE pp + O(R/?).

42
For k=1,--- ,4, the moments of Tf]ZM up to order O(h/?) are given by
h 3
E(Thm) = 0-— {E (Sh,mUn ) + ghE (Sh7MU,f7M)
E(TZy) = 1=VhE (S} \Unm) +hE (Sh Ui v)
. 3 . 15
E(Thm) = E(Sim) - \/EiE (Si 2Unar) + ghE (S aUik ar)
E(Tiy) = E(Sha)—2VRE (SEyUna) + 3hE (Sha Ui ) -

where we used E (S, ) =0, and E (S%7M> = 1. By Lemma B.2 in Appendix B, we have that
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(Tht) = Vh <—A1 M0'6,4,h> +O(h3/?),

( ) = 1+ Vh((Cim — Asar) o84+ Coniogyy) + O(h?)

(T ) = Vh <(Bl,M - ;A&M) 06747;1) + O(h3/?)

(Thar) = 3+h((Bar —2D1ar + 3By 0) 05,4 + (3E20r — 2D2 01) 05 4.5) + O(h?).

Thus &, (Tha) = VR (— , ) +O(h3?) =/h ( A12M o6 4) + o(h3/?), since under Assumption

sh q/2
/ aﬁdu) = op(Vh).
s—1)h

1/h
H, Barndorff-Nielsen and Shephard (2004b) showed that o7 — h1=%/2 3" <
(s—1)

s=1

1/h sh a/2
Next we show that under )y, and given the defininion ofa? . ah A We have o? ,, ah = pt-a/ 2y ( a%du) .
s=1 \(s—1)h

Note that, for any positive integer M, given the definitions of O'Z a and 0]2 > We can write

1/Mh
—q — 2
Thar = (MW 3T (o)

)

1/Mh JMh 9/
= (Mh)l_q/2 Z / agdu ,
] (i—1)Mh

JMh
using the fact that under @)y, we have J?M E( { o2du = Mha(j VM > 0, it follows that
j—1)Mh

1/Mh

- _ q/2
UZ,M = (Mh)' i/ Z <Mh0'(2jfl)Mh)
j=1
1/Mh o2
= (MBS M (ho? )
j=1
1/Mh
_ q/2
= W27 M (ho? i)
j=1
1/Mh M
a/2
= K72y Z hot; Mh)
7j=1 =1
1/Mh M ((F—1)M+i)h a/2
-y
J=1 =\ Mri-1)h
1/h sh a/2
= hl_q/2z / o2 du
=L \s“1)n



Thus JZ M= ;Z, this proves the first result. The remaining results follow similarly.
Proof of Theorem B.2 See the proof of Theorem B.1 and Remark 4.

Proofs of Theorem 3.1, and Proposition 5.1.

Proof of Theorem 3.1 Given that T} LA N(0,1), it suffices that Ty m LN N(0,1) in probability
under Q. Let

W (R — B ()

N ’

*
Hh,M =

and note that
V*
T;:,M = HZ,M %
The proof contains two steps.
Step 1 We show that Hj ), 4N (0,1) in probability under Qp,.
Step 2 We show that V* Py in probability under Qy,.
For step 1, we can write
1/Mh

*
H;:,M — Z Zj’

J=1

where

*

VAT (RVyy - B (RV;y,) )
z; = \/W

1/Mh 1/Mh
with E* Zl z; | =0, and Var® 21 zi | =1
J: J:

Since 27, ..., 2] /M AT€ conditionally independent, by the Berry-Esseen bound, for some small § > 0
and for some constant C' > 0 (which changes from line to line),

1/Mh
sup |P* (Hj; yy <) — @ (2)] < C Z E* ‘zﬂﬂé,
xeR =1

which converges to zero in probability for any M > 1 such that M ~ ch™® with « € [0,1/2), as h — 0.
Indeed, we have that

2448
S g = S [T (1)
o =1
_(248) MI/M}L 246
< WS b
j=1
JXW: ) 2+61/Mh
e S = "Zln(le)MH SRV [P,
7j=1
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where the inequality follows from the C; and the Jensen inequalities. Then, given the definitions of
cur2(2+6) and Ro(ays), we can write

LMk (2+6)

246 — 146, ¢
YoEF[TT < 2V TR enpus MTOhE Rygayy)
j=1

*—(2+5) S (146 1

< COVE 2 Cypgaqs)h? (+)CM,2(2+6)R2(2+6)
I_a

= 0, (hz (1+5)C§w’2(2+6))

= op(1).

Note that for any § > 0 and « € [0,1/2) we have § — a(1 +6) > 0. Results follow since as h — 0,
v B oogt > 0, and we have

1 P 5008
CM,2(2+5) R2(2+5) = 022 =0 (1), and CM2(24+68) — 1.

For step 2, we show that Bias* (1//\*) % 0 and Var* (‘//\*> Q# 0.
We have that
Bias* (17) - B (17) — v
1/Mh

2

CM4 —C _ . .

- M (C Mﬂ) (MR)™" > E* (RV — erraRV7y)
M,4 j=1

we also have,

v (7) = (7 - (7))

eara— 2\ 2 1/Mh 2
= M (76 M’2> (Mh)2E* | Y (RVy — cmaRV] )
M,4 j=1

CMA4 — 2 2 1/Mh X2 ? :
_ 2 ) M,2 -2 4 * J,M _
= M (CM4 ) (Mh) ;1 RV E () eva |

then, given the definitions of cpr2, car4, car,g and Rg, we can write

2
« (T 2 CMA_C%\M ) 2 fa 4
Var (v) = M =2 ) (B (ears = ) Y RV
M4 j=1

2 2

CM74 — C

= ]\42 <C M’2> (Mh) (CM’S — C?WA) R8
M,4

h< oM >2(M+2)(M+4)(M+6)—M(M+2)2R8

M+2 M?
= Oq, (Mh)
= ogq, (1)as Mh — 0.
Finally results follow in probability under P, by using Theorem 2.1.

Proof of Proposition 5.1 This follows from Theorem B.1 and B.2, given that conditionally on o
for any ¢ > 0 LRq — 09 in probability under @5 and P (see Section 4.1 of Myklang and Zhang

? CM,q
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(2009)). For any p,q > 1, lim Mg g

—00 (C]\/[,p)q/p

Appendix C

This appendix concerns the multivariate case where the parameter of interest is the integrated beta.

Appendix C.1. Asymptotic expansions of the cumulants of 7}, )/
Notation

We introduce some notation.

T3,h,m = Sg,p,M (

A

—-1/2

—1/2
) — Syt (1 Vi)

Vig,h,

where
5 Vh-t (ﬁuc - sz)
B.hM = Viornt

and Vg pp = Var (\/hbf1 (Blk - Blk)) =5 l%h Mh<F“j) - (F”““))Q) We let
j=1

) )

Va1t (Vﬁ,h,M . Vﬁ,h,M)

Va,h,M

)

and UB,h,M =

1/Mh 1/Mh

Vh1 J; (Vi) = E (Vi) Vh1 ]{31 (Va,ijy = E (Va,(5)))

and U2aﬁ,h:M =

)

Ui =

Vi3,h, 0 Vanm

where

M2 (& I
_ 2 2
Vi) = M—1 (Z yk,i+(j1)M> (Z “z‘+(j1)M> , and
i=1 i=1

m2h (& Al i
2
Vo) = a1 =1 <Z yk,i+(j1)M> <Z yk,i+(j1)Mui+(j1)M> :
i=1

=1

1/Mh v\ G . P Py 2\ 2
— G Lk(j
We also let for any ¢ > M, Rg, = Mh j§:1 <M71> rrrvaewll s ow (fm)) , where the

q
definition of cpr4 is given in equation (6), and for any ¢ > M, we have by = F (( M)2> -

X
ar(M_g . .. . .
(%)2 g;lgi), where X%\/J is the standard y? distribution with M degrees of freedom. Note that
M3

bara = 555, bara = cr=aar—g Ad bars = Gr—srenar—g; 1t follows by using the definition of

bu,q and this property of the Gamma function, for all > 0, I' (x + 1) = 2T (z). Finally we denote by
Yk(j) = (yk’lﬂj,l)M, e ,yk,Mj),, the M returns of asset k observed within the block j.

~1/2
Similarly for the bootstrap, we let T} , ,, = Sg,h,M (1 + \/EUE%M) , where 5%,/ =

VVi
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vVh— (vghM

1% A A
U = Vi ) and Vj, o = Var” (\/hj(ﬁl*k - 511:)) We also let
1/Mh 1/Mh
—1 * * -1 * *
VT 2 (Vo -2 (W) VT 2 (Vi ~ 2 (%))
s ,h,M = * and U;’ ,h,M = ¥
’ Vﬁ,h,M g VB,h,M
where
V* _ M?3hn M *2 -1 M d
o = a1 (Zm i goon)  (Zimwigona) an

2

) 2
P M %2 M *
V2,(j) = M-1 (Zizl yk,iJr(jfl)M) (Ei:l yk,z#(jfl)MuiJr(jfl)M) :

/
Finally we let yz(j) = (yl:,1+(j—1)M’ T 7yZ,Mj) :

>

Auxiliary Lemmas

Lemma C.3. Suppose (1) and (2) hold. Then, we have that

1/Mh 1/Mh

Vet = Y Vigy— Y Vag)
j=1 j=1

Lemma C.4. Suppose (1) and (2) hold with W independent of . Then, conditionally on ¥, and
under Qp, we have for any integer M such that M ~ ch™® with o € [0,1/2),

_ M L) Tin )2 M2
— WM—)(M-2) \ Thy ~ \Taep , for M > 2;

lk(”) ) , for M > 4;

Ly

)

) _ M5 (M+2) <Fl(1)
1,(4) (M—1)2(M—2)(M—4) e

)

)

_ M2h DGy lkm 2
= o (ka e ) for M > 2;

2 _ 3M4 IN1¢] ) zk( ) .
5y E(V. V. _ M*(M+2) h2 Tig) I‘lk(j) 2\? M > 4:
as) 1,(5) 27(1')) = (M—1)2(M—2)(M—2) Thiy) (ka) , for M > 4;

2
4M° 2 ( Ty (Flk(j))2 .
(M—1)(M—2)%(M—4) h <rk(j) Thi) , for M > 4,

2M4 2 [ D) e 2\? .
a7) Var (VQ,U)) - (M—l)(M—2)2(M—4)h I (ka) » for M > 4;

a6) Var (VL(].))

2
_ AM* o (T (Tu\? )
ag) Cov (VLU)’VZ@)) = D020 (Fuﬂ» (Fmﬁ) ) ¢ Jor M >4,

2
B 2MB(2M —3) o (T (Tuw)?
29) Var (Vi) = Vo) = Grsior arar (kaj) () > o Jor M > 4.

Lemma C.5. Suppose (1) and (2) hold with W independent of . Then, conditionally on ¥, and
under Qp, let M > 4 such that M ~ ch™* with a € [0,1/2),
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a1) B (V) = Vinars

~ 2M4(2M —3) Lk Lig) Tup )2 ’
a2) Var (Vﬁ’th> — (M—l)(M—2)2(M_4)h Mh ng (Fk(J) N (m) ) ’

a3) V,B,h,M — Vi pr — 0 in probability;

ad) VWL’M — Vﬁ.

Lemma C.6. Suppose (1) and (2) hold with W independent of ¥. Then, conditionally on ¥, and
under Qp, we have for any integer M such that M ~ ch™® with o € [0,1/2),

al) E (Sﬁ,h,M> =0;

(
(
ad) B (S50 U1 ) =0
(SnaUasnan) =0
(SnaUsnar) =0
a7) E( MMUQMM> -

Lemma C.7. Suppose (1) and (2) hold with W independent of ¥. Then, conditionally on ¥, and
under Qy, we have for any integer M such that M ~ ch™® with o € [0,1/2),

. . 2
Pooy-IS M a0 _ Dy (Tuw ).
al) (Dkg)) ™ 2251 Gy oy = Feir oy )
q
N N 2\ 2 N
Ty L) M—1\% i) O
a2) B~ — [ ==~ = (%57)2 bygcy— L 2 or M > q;
) (ka (ka (%577)% bargenr-iq Tk() Th(j) ] &

a
1/Mh q . e 2\ 2 1/Mh o 2
1IN I . T, . T . 2
a3) Rgq=Mh 3, e il e —Mh 3 (52— (r‘”ﬂ@) —~0
j=1 \(M—=1)2brrqcrr—1,q Tk Tk =1 k(5) k(5)

in probability under Qp, and P, for any M > q (14-6), for some § > 0;

ad) Vﬁ,h,M — Vanm — 0 in probability under Qp, and P, for any M > 2 (149), for some 6 > 0.

Proof of Lemma C.3. Given the definition of VB n in the text (see Equation (16)), and the

definition of @;y(j_1)pmr = Yrit(j—1)M — Blk )Uk,i+(j—1)M> We can write
1/Mh *1 . M 9
Vapu = M>*h Z (Zka] 1)M> <M_12(ylz+(g WM = Bik()Yhis (- I)M) )
% =1

1/Mh

M2h -1 M R )
= Z (Zyk i+(—1)M ) (Z <ui+<j—1>M— (@km —Bzuj))yk,iﬂj—lw) )
1= =1
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where we used the definition of y;;, (j_1)a see Equation (16). Adding and subtracting appropriately,
it follows that
1/Mh

-1

R M2h M . 2

Vanm = Z (Z Yei+(i-1)M > ((Z u12+(j1)M> + <51k(3‘) - 5lk(j)> )
i i=1

M2h 1/Mh ) M -1/ y
o 2M ] Z (ﬁlk(j) - 5lk(j)> (Z yl?;,i-i-(j—l)M) (Z yk,i+(j—1)MUi+(j—1)M>
j=1 i=1 i=1

1/Mh

-1
MQh M
- Z (Z Yk,it(j— 1)M> (Z u?+(j1)M>
% =1
M2h l/Mh —2 M 2
- Z (Z Ykji+(G—1)M > (Z yk,i—i—(j—l)MUi_;,_(j_l)M)

=1

1/Mh 1/Mh

= > Vig— 2 Vagy
j=1 j=1

. -1
where we used (5Zk(j) - ﬁlk(j)) = <Zi]\i1 y;%,H(j_l)M) (Zij\il yk,z‘—i—(j—l)M“i-&-(j—l)M)'
Proof of Lemma C.4 part al). Given the definition of V; (;), the law of iterated expectations and
the fact that ui+(j_1)M|yk ~ i i.d.N (0 V(J)) we can write

EWy) = EEMglwg))

= ( ( Zym+J HM >_1 (ﬁ;“?ﬂjlw)) yk(j))

(B ) (Erttunens)

~1
= E( Z?sz+g 1)M> )
2
then given equation (14) in the text and by replacing V{;y by ﬁ (Fl(j) — 1;:(@;) , we have that
J
3 r 2
BV ) — M’h i) k()
(L(j))_M M—-D\T~ \T.. '
(M —1)( ) \ Tris) k()

Proof of Lemma C.4 part a2). Given the definition of V} (;) and the law of iterated expectations,
we can write

() = B(e(v lykw))

M*h? M M 2
- m Zyk i+(—-1)M Zuz-‘r(j )M |yk(])
i=1 =1
-2 9 2
M'h - J Wit (j—1)M
- (]\47 ? ((Z Yk g+(G-1)M ) E (Z ( G |yk(j) .
=1 i=1
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2 2 9
Note that since wu;yj—1)amlyry) ~ i-4.d-N (O, V(j)), E <Zf\41 (W) |yk(j)> =E (X?,M) =

M (M + 2) where Xi 2 follow the standard x? distribution with M degrees of freedom. Then we have

-2
M® (M +2)h
E<‘/127(])) _(]\(4_1 ] (Zykz-i-] 1M > ’

r . e
then given the fact that Z —1 yk it (—1)M 2 Lrg) X? > Where ‘L denotes equivalence in distribution,

1

2
. . 2 71: . . 1 o
by using the second moment of an inverse of x~ distribution, we have E <X?71\4> = =2) (i=1) and

r2
by replacing V(;) by ﬁ (Fl(j) l:;? )> it follows that
7)

2
M5 (M +2 Ty T
E (mZ(])) — : ( + ) h2 1(5) _ < lk(]))
’ (M-1)"(M=-2)(M—-4) \Trip \Tkgy
Proof of Lemma C.4 part a3). Given the definition of V; (;), the law of iterated expectations and
the fact that w; (j_1)am|yw() ~ i-i.d.-N (O, V(j)). we can write

E(Voy) = E(E(Valuey)))

M2h -2 2
- M (Z Ykyit(— 1)M> (Z Z/k,i+(j—1)MUi+(j1)M> ’yk:(j)

i=1

M2h M -
= M—lE (;yz,iJr(jl)M) (Zyszrj 1)ME< +(j— 1)M|yk ))

=1
M2h -
- M— Zka-(J )M )
F2

then using equation (14) in the text and replacing Viy) by ﬁ <Fl(j) — F”“(”> yields

k(4)
2 r 2
B (V , ) _ M=h Dy (L)
2,(7) (M — 1) (M — 2) Pk(]) Fk(])
Proof of Lemma C.4 part a4). Given the definition of Va,(j) and the law of iterated expectations,

we can write
B (B (V2 )

2
E (Vz,m)

—4 4

M4h2 M

- (M <Z Ykiv(— 1)M> E (Z yk,i+(j—1)MUi+(j_1)M> ka(j)
i=1

—4

M4h2

(M (Z Yk,i+(G—1)Mm ) A

Then using the conditional independence and mean zero property of y ;4 (j—1)at

i+ (-1 e have that
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M 4
A = FE <Zyk,i+(j—1)Mui+(j—l)M> Yk (i)
=1

= 2 F (phargnarttioaling)

i=1
+ 3ZE (ylz,i+(jfl)Muz2+(jfl)M‘yk’(j)> E (ylz,er(jfl)Muer(jfl)M‘yk(j)>
i1#£s
M
2 4 2 2
= VG | D Ykar—om + D Ykt oMYkt -1
i=1 i#s

M 2
_ 2 4
= 3V (Zyk,,-+(j_1>M> )
=1

thus we can write
) MR Mo -
E (Vz(j)) T M- 1)23‘/(j)E D Vkir—ym 7
=1

result follows similarly where we use the same arguments as in the proof of Lemma C.4 part a2).
Proof of Lemma C.4 part a5). The proof follows similarly as parts a2) and a4) of Lemma C.4 and
therefore we omit the details.

Proof of Lemma C.5 part al). Given the definitions of VBJLM’ Vi) Va,(j) and by using Lemma

C.3 and part 1 of Lemma C.4, we can write
1/Mh 1/Mh

E(Vﬁ,h,M) = E| X Vo | —E( D Ve
j=1 =1

1/Mh 1/Mh

= Y EWg) - Y, Ey)
j=1 j=1

h h
_ M3h ”ZM: i) (szu>>2 . Mh UZM: i) <Fu<:<j>
(M—-1)(M-2) &= \Ty; \Tiy (M—-1)(M=2) = \Tiy)  \Tiy)

7=1
M 1
Y A v

= Vgnum.

J=1

V,h,M

Proof of Lemma C.5 part a2). Given the definitions of Vg,h,M, Vi(jys Va,j) and Lemma C.3, we
can write

1/Mh 1/Mh 1/Mh 1/Mh

Var (Vﬁ,h,@ — Var Jz::l Vigy | +Var ; Vaj) | —2Cov ; Vi) ; a5y |

given the fact that w;;_1)arlyr() ~ i-i.d.N (0, V(j)), we have Vi ;) and V3 (;) are conditionally inde-
pendent given yy;), V1 (j) and V, ;) are conditionally independent for all ¢ # j given yy;). It follows
that
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1/Mh
Var (‘ZB,h,M) = Zl (E (Vlz,(])> - F (Vl,(j))z) + (E (V22’(])> —F (VQ’(]-))2)
j:
1/Mh

~ 9 Z (B (aiVow) — B (Vi) B (V)

finally results follow given Lemma C.4.

Proof of Lemma C.5 part a3). Results follow directly given Lemma C.4 parts al) and a2) since
E (Vﬁ,h,M — V67h7M> =0 and Var (vﬁ,h,M — VB,h,M) — 0 as h — 0 provide that Mh — 0

Proof of Lemma C.5 part a4). This result follows from the boundedness of ¥ (u), ¥;(u) and the
Reimann integrable of ¥y (u) for any k,l=1---d.

Proof of Lemma C.6 part al). Given the definition of Sg s we can write

E(Sgnm) = \/VgT ZE ( (Blk(j) - ﬁlk(j)))

where the last equality use the unbiased property of OLS estimator Blk(j).
Proof of Lemma C.6 part a2). Given the definitions of Sgj, ps and Vg, ar we can have that

Var (Sgnm) = V Var (\/E (Blk — 51/&))
B8,h,M
= L
Proof of Lemma C.6 part a3). Given the definition of Sz pr and the fact that we can write

NG (Bm _ m) as follows

1/Mh

M
Vh (5Zk - ﬂlk) =MvVh Z <Z yl%,i+(j 1 M) <Z Yk i+(5—1) M Wit (j— 1)M> )
j=1 \i=1

it follows that

; AR 1/Mh / M ) 3
E (Sﬁ,h,M) - V3/2 b Z Zyk,i+(j HM Zyk i+(—1)MWit(j—1)M )
B,h, M j=1 \i=1
then using the fact that w,, (j_1)a|yw) ~ i-i.d.-N (0 Vi ), we have that
E(Sshm) = —p E > (2 Yki+(G—1)M Z Yk it(G-1)MYUit(j-1)M
Vb j=1 \i=1 i=1
M3h3/2 1/Mh M )
- V3/2 Z Z ykfi-‘r(j—l)M Z Y a+(G-1)M ( +(G-1) M|yk )
B,h, M j=1 \i=1

= 0.

Proof of Lemma C.6 part a4). We start the proof by introducing this notation, which is relevant
only for part a4) of Lemma C.6. We let B = E (Sg n,mUig,n 1), then given the definitions of Sg 5,
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U1,g,n,m and using the fact that w; (;_1)a|ye(y) ~ 3.4.d.-N (O, V(j)), we can write

M3h 1/Mh M -2 /M
B = 43/2 Z E (Zyi,z‘Jr(j—l)M) (Zykw(a DM Uit(j—1)M ) <Z“z+(a M )
=1

( _1)VhM]1 i=1

M 1/Mh -1, um
o V32 Z Vl J) (Zymm DM ) (Zyk,i+(j—l)MUi+(j—1)M> )

B,h,M =1 i=1

using the law of iterated expectations and again the fact that ui+(jfl)M‘yk(j) ~ 3.9.d.N (0, V(j)) , results
follow.

Proof of Lemma C.3 part a5). Given the definitions of Sz, U2 gnv and using the fact that
Uiy (j—1)M |Yr(y) ~ B-8.d-N (07 V(j)), we can write

M3h3/2 1/Mh M ) -3 M 3
E(SgnmUspnn) = ————5=E| D D ¥hirg-ym D Ykt G M Uit -1
(M —1)Vg5 j=1 \i=1 i=1

M 1/Mh -1,y
7‘/3/2 Z V2 ]) (Zywr(j M ) (Zyk,iJr(jl)MuiJr(jl)M) )

Bh, M j=1 =1

then results follow by using the law of iterated expectations and again the fact that w;;_1)a|yr() ~
i.i.d.N (0, V().

The proof of the remaining results (Lemma C.6 part a6) and part a7)) follow similarly and therefore
we omit the details.
Proof of Lemma C.7 part al). Given the definition of Uiy (j—1)M, We can write

M M
S _ . 1 N 2
(Fk(j)) 1 ZU?+(j—1)M = fk( ) Z (yl,i—f—(j—l)M - Blk(j)yk,i—i—(j—l)M)
i—1 7) i=1
= #Z@z ; — 2By Uit () MYkt G-1M T Bl Vi )
i) & Li+(j—1)M () Ili+(3-1) Ji+(i—1) k() Yk i+(i-1)M
1
= o (Zylz+y s — 2Bug Zyll+] MYkt (G—)M + Bl j)zykwg 1)M>
J =1 =1
N T
thus results follow by replaci | = k@)
us resu w by replacing Blk(]) P

Proof of Lemma C.7 part a2). Given the definitions of f‘l(j), f‘k(j) and flk(j) and using part al) of
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Lemma C.7, we can write

A 2\ % M o g
o Do (Fuc(j)) _ E(L:lfm(jw)?

Lr(j) V%) V%)

M -3 M 2
= FE (Zyi,mj—l)M) E(Za§+(j_l)M> 1Yk ()

i=1
M -3 . M ﬁ2( i 3
2 2 +(j—
= E (Zyk,i—i-(j—l)M) V(Jz)E <ZV() > |yk(j) )
i=1 i

where we use the law of iterated expectations and the fact that w;y;_1)a|yry) ~ i.i.d.N (O, V(j)).
Then given the definition of cps 4, we can write

q

~9 5
Vi) () 3,M

i=1 J

= (M=1)%cy 14,
it follows then that,

~ ~ 2 % M 92 4
PR (Flk(j)> _ E<Zz‘—1f‘i+<j—1)M>2

L)

NS

Ny _
q q
= (M—-1)2cy4ViE <§ :yi,H(jl)M)
=1

q
q a_ _4 M 2
97 (5)" k() X?,M

2
- s —1, - )
M ! “\ Thj) Lrj)

N

q

v )2
where by = E (2 > , for M > q.

3M

Proof of Lemma C.7 part a3). We verify the moments conditions of the Weak Law of Large Num-

, . 2\ 2
bers for independent and nonidentically distributed on z; = M 5 (AFZ(” — (?’“”) ) ,
(M—=1)Zbprgcrr—1,4 \ TrG) )
7=1,..., Mih By using part a2) of Lemma C.7, for any 6 > 0, and conditionally on o, we can write
b4 2\ 5!
Bz = <M - 1) 2 b, (146)g CM-1,040)g [ TiG) <Flk<j>) <o
M bvg  em-1g \ k) \ They)

since ¥ is an adapted cadlag spot covolatility matrix and locally bounded and invertible (in particular,
Ly ;) > 0), moreover in the case where M — oo, as h — 0 (i.e. M =~ ch™® with a € (0,1/2) ) we have
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M-—1 bM(1+5)q CM—1,(148)q
(*% ) bare are L

Proof of Lemma C.7 part a4). Result follows directly given the definition of ngh, M Ve nm and
part a3) of Lemma C.7, where we let ¢ = 2.

Remark 5 The bootstrap analogue of Lemma C.3 and C.4 replace Vy;) with Vl*( i) Va(jy, the bootstrap
analogAgue of Lemma C.5 relflaces Vg’h,M with ‘A/B*:}%M, V3.h,m with V,ék,h,Mv T with fl(j), Iy
with Fk(j)a and Flk(j) with Flk(j);

with SE,h,M’ Ul,ﬁ,h,M with Uik,ﬁ,h,M and U2”87h7M with UQ*,B,h,M'

whereas the bootstrap analogue of Lemma C.6 replaces Sgj, ar

Lemma C.8. Suppose (1) and (2) hold with W independent of ¥. Then, conditionally on ¥, we have
for any integer M such that M ~ ch™® with o € [0,1/2), and for some small § > 0,

—2(2+9) A2 2+5

al) E* (Zi\il y137*¢+(j_1)]\/[> =by 4(2+6)F , for M > 4(2+6);

(2+9)
. STA248 77246 .
a2) E <‘Z, lykz-i-(J M z+] 1)M‘ ) = Hg(2+5)M2Jr r ZF)V(J;r ’

Proof of Lemma C.8 part al). Given the definition of y; i+ (j—1)M We can write, Zf\il yz*iﬂjfl)M 4

%Zf\il vi2+(j_1) 4 kaX]zw where v; (j_1)ar ~ i.i.d.-N (0, 1), and X?,M follow the standard y?
distribution with M degrees of freedom. Then for any integer M > 4 (2 + §), we have that,

M —2(2+9) (2+9)
> Z 9 _ 5 [2248) _ g f—2(2+5)
: Yei+(i—1)M = X?M k(5) = UM A(2+8)" k(j) :

Proof of Lemma C.8 part a2). Indeed by using the C, inequality, the law of iterated expectations
and the fact that u;‘+(j_1)M]y;(j) ~i.49.d.N <0, ‘7(j)>, we can write for any 6 > 0,

u 2(2+9) (2+9)
" * 3426 * | *
Z?Jk,z‘+(j—1)M“i+(j—1)M < M ZE Yk,it (- 1)MUZ+J UM‘
i=1 i=1
M (2+9) (2+9)
_ a3t s 202+ * (22
= MTRY B (yk,w(jfl)ME ( Uik G-nu ’”))>
=1
2 24861246 Y) 2+6
KoM Ty Vi)
d Trgy, 2

where the last equality follows since y,%"‘iJr(j_l)M M Vi (-1 M where v; (j_1)pr ~ i.i.d.N (0,1) and

_ B |p2249)
H2(2+6) = v ‘
Proof of proposition 5.2. As in Theorem B.1, the first and third cumulants of T}, s are given by

r1(Tann) = E(Tgnm),

k3(Tpnaa) = E(T3par) = 3ETS ) E(Tpnan) + 2[E(Tp )]
Here, our goal is to identify the terms of order up to O(\/E) of the asymptotic expansions of these
two cumulants. We will first provide asymptotic expansions through order O(\/E) for the first three

moments of Tz 3. Note that for a given fixed value of k, a first-order Taylor expansion of f(z) =
(14 2)~*/2 around 0 yields f(z) =1 — Ex +O(2?). We have for any fixed integer k, We have that for
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any fixed integer k,
Thanr = Shaar (14 VRUsnn) e
= Sk — gx/ﬁs’g,h,MUﬁ,h,M +O(h)
= SKpa— gx/ﬁs’g,h,MUl,B,h,M + gx/ﬁs’g,h,MUz,g,h,M +0(h).

For k=1,---,3, the moments of Tgh s up to order O(h) are given by

Vh Vh
E(Tgnm) = E(Sgnm)— - E (SgpmUtghm) + - E (S.n,mUs,ph,0)
E (Tg,h,M) — E (S%,h,M) - \/EE (Sg’ﬁ’MUl,,B,h,M) + \/EE (S§7h7MU2,57h’M)
E

. 3 3
E(Tinm) = E(Sina) = Vh5E (SipnUsn) +VhsE (S5 0Uzpn) -
Given Lemma C.6, we have that
E(Tgnm) = 0
(Tﬂ,h M) = ]. - \/EE (Sz,h,MUl,ﬁJL,M) + \/EE (Sg,h,MUQ,B,h,M)

It follows that xq (Tﬁ,h,M) =0 and Iﬁg(TﬁJl’M) =0.
Proof of Theorem 4.1 For part a), the proof follows the same steps as the proof of V3, s which
we explain in the main text, in particular, given the definition of 3;;, we have that

VE,h,M = Var* <V h_l(/él*k - 51k)>

1/Mh
= M?h Z Var* (Bl*k(j) — ﬂm(j))
=1
1/Mh -1
= M?h Z E" (Zykl+] M > Vi)
=1
Mh [ & . 2
_ MPh 1/2 Ly (Flk(j)>
M=2 = \Trp  \ Tk
M—-1_-
= 373 B,

then results follows, given Lemma C.5 or part a4) of Lemma C.7.
X . 1/Mh
For part b), we have VA=Y (8} — i) = > 25, where
j=1 7

M -1y
* *2 * *
zjg =M Vh (Z yk,z‘+(j—1>M> (Z yk,z‘+(j—1)M“i+(j—1)M) :
i=1

i=1
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Note that £* (zj*ﬁ) =0, and that

1/Mh
Var* Z z}" = Vg’h?M Lt Vs,
j=1

by part a) moreover, since 27,..., 2] /Mp A€ conditionally independent, by the Berry-Esseen bound,
for some small § > 0 and for some constant C' > 0,

1/Mh

* Z1/p*% A . i | 246
i‘éﬁp (Vh (B Bm)éx) ®<Vﬁ>‘§C;E |25,
1/Mh 246

sk
j

Next, we show that »  FE* = 0p (1). We have that
=1

J

1/Mh oys L/ Mh M —(2+8) | s 2+6
* | _x |2+0 * *2 * *
D E e = (M \/E) > F (Z yk,z‘-i-(j—l)M) D Vit G- G
j=1 j=1 i=1 i=1
a5 |/ Mh
= (MvR) Y E(45B)).
j=1
it follows then by using Cauchy-Schwarz inequality that
Iy —2(2+9) M 2(2+49)
E* (AjB]) < (Z yZ,Qi+(j1)M> b ZyZ,H(jfl)Mua(jfl)M
i=1 =1
% 1+§A_2;6A2<56
< p2e+0)0iraerM 2 Gy Vi
246
. . 2\ 2
~ (M)b% Digy (Tmm)
= Ma@+s) | T ~ ’
AT \Tw

where the second inequatily used part al) and a2) of Lemma C.8 and pya45) = E |v|2(2+5) with
v~ N (0,1). Finally, given the definition of Rg 25 and the fact that M ~ ch™®, we can write

2468
I/MhE* x 1240 b% M2+6h1+él/Mh 1;l(j) 1Aﬂlk(j) N\
Z ‘Zj,/ﬂ S H2(246) %0 4(2-+6) : Z o\
j=1 j=1 k(5) k(5)

2465

1 M -1 2 5
= H2+0)bhra(249) <M> barosserr—1245M' TOh2 Ry o s

2446
S _a(140) 13 M-1\ =2
= 0O (’” (+)b12\4,4(2+5)< i )
= o0p(1).

Since for any ¢ > 0, such that o € [0,1/2) we have g —a(l1+46) >0, and pya45) = £ ]v\2(2+5) <A<
oo where v ~ N (0,1), moreover as h — 0, car—1215 — 1, baraa4s) — 1, bu24+s — 1 and by using
Lemma C.7 we have Rgoy5 = Op (1).

bM,2+§CM1,2+§>
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Proof of Theorem 4.2 Let

and note that

where Vﬁ*,h,M is defined in the main text. Theorem 4.1 proved that HE,h,M a N(0,1) in probability.

Thus, it suffices to show that f/[;‘ WM Vﬁ* WM 20 in probability under @), and P. In particular, we
show that (1) Bias* <V§hM) =0, and (2) Var* <Vﬁ*hM) £ 0. Results follows directly by using the
bootstrap analogue of parts al), a2) and a3) of Lemma C.5.
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