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Abstract

We study the asymptotic behavior of lattice power variations of two-parameter ambit
fields that are driven by white noise. Our first result is a law of large numbers for such
power variations. Under a constraint on the memory of the ambit field, normalized power
variations are shown to converge to certain integral functionals of the volatility field asso-
ciated to the ambit field, when the lattice spacing tends to zero. This law of large numbers
holds also for thinned power variations that are computed by only including increments
that are separated by gaps with a particular asymptotic behavior. Our second result is a
related stable central limit theorem for thinned power variations. Additionally, we provide
concrete examples of ambit fields that satisfy the assumptions of our limit theorems.

Keywords: ambit field, power variation, law of large numbers, central limit theorem, chaos
decomposition

JEL Classification: C10, C14

1. Introduction

1.1. Ambit fields and volatility

A characteristic feature of many real-world random phenomena is that the magnitude or the
intensity of realized fluctuations varies in time or space, or both. There are various terms
used in different contexts that roughly correspond to this characteristic. To highlight two of
them, in studies of turbulence, this is called intermittency, whereas in finance and economics
the corresponding notion is (stochastic) wvolatility. Sudden extreme fluctuations — say, rapid
changes in wind velocity or prices of financial securities — have often dire consequences, so
understanding their statistical properties is clearly of key importance.

Barndorff-Nielsen and Schmiegel [11, 12] have introduced a class of Lévy-based random
fields, for which they coined the name ambit field, to model space-time random phenomena that
exhibit intermittency or stochastic volatility. The primary application of ambit fields has been
phenomenological modeling of turbulent velocity fields. Additionally, Barndorff-Nielsen, Benth,
and Veraart [2] have recently applied ambit fields to modeling of the term structure of forward
prices of electricity. Electricity prices, in particular, are prone to rapid changes and spikes since
the supply of electricity is inherently inelastic and electricity cannot be stored efficiently. It
is also worth mentioning that, at a more theoretical level, some ambit fields have been found
to arise as solutions to certain stochastic partial differential equations [3]. Barndorff-Nielsen,
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Benth, and Veraart [4] provide a survey on recent results on ambit fields and related ambit
processes.

In this paper, we study the asymptotic behavior of power variations of a two-parameter
ambit field driven by white noise, with a view towards measuring the realized volatility of the
ambit field. Specifically, we consider ambit field (Y(s,+))(s,t)e[0,1]2, defined via the equation

Yv(s,t) = /A( 9 g(S — Ut — U)U(u,v)W(dua d'l}), (11)

where the integrator W is a white noise on R? and the integrand is defined in terms of a positive-
valued, continuous volatility field (0(s1))(s,+)er> and a weight function g € L?(R?). The integral
in (1.1) is computed over the set A(s,t) C R?, which is known as the ambit set associated to
the point (s, t). More figuratively, A(s,t) defines the “ambit” of noise and volatility innovations
that influence Y, . We use here the common specification of A(s,t) as a translation of some
fixed Borel set A C R2, viz.,

A(s,t) = A+ (s,t) ={(u+s,v+1): (u,v) € A}. (1.2)

The shape of the set A has a strong influence on the probabilistic properties of Y. When the
parameter t is interpreted as time, it is customary to assume that A C R X (—o0, 0], so that
only past innovations can influence the present. We refer to [3] for a discussion on the possible
shapes of A in various modeling contexts. We consider here only the case where the volatility
field o and the white noise W are independent. In this case the integral in (1.1) can be defined in
a straightforward manner as a Wiener integral, conditional on o. (Ambit fields with volatilities
that do depend on the driving white noise can be defined, but then the integration theory
becomes more involved, see [3] for details. Moreover, the general framework of ambit fields also
accommodates non-Gaussian random measures, Lévy bases, as driving noise.)

The power variations we study are defined over observations of Y on a square lattice in
[0,1]? using rectangular increments (see Section 2.3 for precise definitions). The spacing of the
square lattice is 1/n, and we let n — oo in the asymptotic results. In addition to ordinary
power variations that involve all of the available increments, we consider also thinned power
variations that are computed using only every k,-th increment in the lattice. Asymptotically,
we let k, — oo so that k,/n — 0. Similar procedures have been considered in the context
of Gaussian processes by Lang and Roueff [25] and, more recently, in the context of Brownian
semistationary processes by Corcuera et al. [19].

Our first result is a functional law of large numbers for both ordinary and thinned power
variations (Theorem 2.6). Under an assumption that constrains the memory of Y through the
so-called concentration measures associated to the weight function g (Assumption 2.5), we show
that the suitably scaled power variation of Y converges in probability to an integral functional
of the volatility field o. Under a more restrictive and quantitative version of Assumption 2.5
(which appears as Assumption 2.8), we also obtain a stable functional central limit theorem
for thinned power variations (Theorem 2.12) with a conditionally Gaussian random field as the
limit. We give some explicit examples of weight functions g that satisfy Assumptions 2.5 or 2.8
in Section 2.5.

The motivation of this paper is twofold. On the one hand, the study of the asymptotics
of power variations of ambit fields is interesting from a probabilistic perspective, as it provides
information on the fine structure of the realizations of ambit fields. On the other hand, in
practical situations it is of interest to draw inference of volatility statistics of the form

s t
/ / afu »dudo, (1.3)
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for p > 0, based on discrete observations of the ambit field Y. Our law of large numbers
establishes a sufficient condition that the suitably scaled p-th power variation of Y over [0, s] x
[0,t] converges to (1.3). This could be seen as a first step towards a theory of volatility estimation
for ambit fields.

1.2. Related literature

There is a wealth of literature on laws of large numbers and central limit theorems for power,
bipower, and multipower variations of (one-parameter) stochastic processes. Notably, semi-
martingales are well catered for, see the monograph by Jacod and Protter [22] for a recent
survey of the results. Similar results for non-semimartingales are, for obvious reasons, more
case-specific. Closely relevant to the present paper are the results for Gaussian processes with
stationary increments [5, 8] and Brownian semistationary processes [6, 7, 19]. In fact, a Brow-
nian semistationary process is the one-parameter counterpart of an ambit field driven by white
noise. The proofs of the central limit theorems in [5, 6, 7, 8, 19] use method that involves
Gaussian approximations of iterated Wiener integrals, due to Nualart and Peccati [29]. We
employ a similar approach, adapted to the two-parameter setting, in the proof of our central
limit theorem.

Barndorff-Nielsen and Graversen [10] have recently obtained a law of large numbers for the
quadratic variation of an ambit process driven by white noise in a space-time setting. The
probabilistic setup they consider is identical to ours, but their quadratic variation is defined
over observations along a line in two-dimensional spacetime, instead of a square lattice. The
proof of our law of large numbers is inspired by the arguments used in [10].

Asymptotic results for lattice power variations of random fields with two or more parameters
are scarser. Kawada [24] proves a law of large numbers for general variations of a class of Gaus-
sian random fields, extending an earlier result of Berman [14]. A related central limit theorem,
which covers only quadratic variations, is due to Deo [21]. More recently, Réveillac [32, 33]
has obtained central limit theorems for weighted quadratic variations of ordinary and fractional
Brownian sheets. Similar results, which include also non-central limit theorems, applying to
more general Hermite variations of fractional Brownian sheets appear in the papers by Breton
[18] and Réveillac, Stauch, and Tudor [34].

2. Definitions and main results

2.1. Notation

For any z € R?, non-empty A C R2, and r > 0, we write B(z,r) := { € R? : || — z|| < r},
and A" := Jec 4 B(C, 7). Moreover, A stands for the closure of A in R2.

For any s, t € R, we use s At := min(s,t) and sVt := max(s,t), |s] ;= max{r € Z : r < s},
[s] := min{r € Z : r > s}, and {z} = = — |z]. Tt will be convenient to write s <y ¢
(resp. s Zg t) whenever there exists Cy > 0 that depends only on the parameter 6, such that
s < Cyt (resp. Cys > t). We write s <4 ¢ to signify that both s <y ¢t and s =4 t hold.

We denote the weak convergence of probability measures by —, the convergence of random
elements in law by £>, and the space of Borel probability measures on R? by P(R?). The
support of v € P(R?), or briefly supp v, is the smallest closed set with full v-measure, given by
Ny=0{z € R? : v(B(z,7)) > 0}. The Lebesgue measure on R is denoted by A4 and the Dirac
measure at z € R? by 4.

For any ¢ > 0, we write m, := E[|X|?], where X ~ N(0,1). Finally, |A| stands for the
number elements in a finite set A, and we use the conventions N := {1,2,...} and Ny := NU{0}.



2.2. Rigorous definition of the ambit field

Let W be a white noise on [—1,1]? with the Lebesgue measure Ay as the control measure. Recall
that this means that W is a zero-mean Gaussian process indexed by B([—1,1]?) with covariance
E[W(A)W(B)] = A2(AnN B) for any A, B € B([-1,1)?). Throughout this paper, we consider
an ambit field Y given by

Yis) = /g(s — U, t — V)0 (W (du,dv), (s,t) € [0,1]2, (2.1)

where g € L?(R?) is a non-vanishing weight function and (0(s,6)) (s,t)e[-1,1]2 is a continuous,
strictly positive volatility field, independent of W. Let us denote by A, the essential support of
g (see, e.g., [26, p. 13] for the definition). In (2.1) it suffices to integrate over the set

A(s,t) := —Ay + (s,1).

Thus, we recover the setting outlined in (1.1) and (1.2) with A = —A,. To ensure that A(s,t) C
[—1,1]? for all (s,t) € [0, 1], we assume that A, C [0, 1].

The stochastic integral in (2.1) is a conditional Wiener integral with respect to W, defined
as follows. Due to the independence of ¢ and W, we may assume without loss of generality that
the underlying probability space is the completion of the product space

(Qw x Qp, Fiv @ Fo, Pw @ Py),
where (Quw, Fy, Pw) carries the white noise W, so that Fyr = o{W(A) : A € B([-1,1]?)}, and
(Qm}—mPU) = (C([_lv 1]27R+)7B(C([_17 1]27R+))7PU)

is the canonical probability space of o, i.e., o, 4)(w) := w(s,t) for any w € Q5 and (s,t) €
[-1,1]?. Then, for any w € Q, and (s,t) € [-1,1]*, we define Y(,,(-,w) to be the Wiener
integral of the function (u,v) — g(s—u,t—v)w(u,v), which belongs to L?([—1,1]?), with respect
to W. Since the Wiener integral is a linear isometry between the integrand space L*([—1,1]?)
and L?(Qw) (see, e.g., [28, pp. 7-8] for details), no issues will arise with the measurability of
}/(s,t)~

Remark 2.2. Given any continuous function T : [0,1] — [0, 1]?, i.e., a curve, we may define a
stochastic process (Yr(4))ie[o,1], £iving the description of the ambit field Y as seen by an observer
moving along the curve I'. Such processes are called ambit processes. Barndorff-Nielsen and
Graversen [10] study the limit behavior of the quadratic variation of (Yp()iefo,1] in the case
where I' is a line segment, establishing sufficient conditions for the law of large numbers.

2.3. Power variation and concentration measure

For a two-parameter random field, an increment is naturally defined over a rectangle in the
parameter space. Specifically, the rectangular increment of the ambit field Y over R := (sq, s2] X
(t1,t2] C [0,1]? is defined as

Y(R) = Yr(Sz,t2) - Yv(Sl,tz) - Y'(S2,t1) + Y'(817t1)' (23)

The definition (2.3) is standard in the literature of random fields, and can be recovered for
example by partial differencing of Y/ ;) with respect to s and ¢ — or vice versa. Although
not needed in the sequel, it is worthing pointing out the fact that the map R — Y (R) can be
extended to a finitely additive random measure on the algebra generated by finite unions and
intersections of rectangles in [0, 1], which motivates the notation Y (R).



For fixed p > 0, we shall consider the p-th power variation of Y over the square lattice
S, = {(ﬁ,%) Di, g = 0,1,...,n} C [0,1]? for any n € N. Based on the values of Y on the
lattice S,,, we may compute the increments of Y over the rectangles

RV = ((i—1)/n,i/n] x ((G—1)/n,j/n], i@ j=1,....n.
Using them, we define the p-th power variation of Y over S,, by

|ns/k| |nt/k]
Vi) (k,m) Z Z v (RG ) (st € (0,12 (2.4)

where k € N is a thinning parameter. This allows us to take only every k-th increment into
account when computing the power variation. The case k = 1 corresponds to ordinary power
variations whereas letting k£ > 1 gives rise to thinned power variations. Note that we regard
V®)(k,n) as a random field on [0, 1]2.

To state the assumptions of our limit theorems, we need to introduce a technical device that
controls the interdependence of the increments appearing in (2.4). Let us first define h,, € L*(R?)
for any n € N by

hn(s,t) :==g(s,t) —g(s —1/n,t) —g(s,t —1/n) + g(s — 1/n,t — 1/n),

which, in fact, enables us to write succinctly
Y(REZ)) = /hn(z/n —u,j/n =)0 ()W (du,dv).

Since g is non-vanishing, we have c,, := fW h,(z)?dz € (0,00). Thus, we may define 7, € P(R?)
by
ha(2)?

Cn

mn(dz) := 7 (z)dz, where 7,(2):=

The probability measure 7, is a so-called concentration measure, analogous to the ones appearing
in earlier papers on ambit processes [10, p. 265] and Brownian semistationary processes [6,
p. 1166]. Roughly speaking, the strength of the interdependence of the increments (2.4) is
related to how dispersed m, is. Our limit theorems are based on the key assumption that the
interdependence is not “too strong”, in the sense that the sequence 7y, 7o, ... converges weakly
to a probability measure that is supported on a “small” subset of R2.

2.4. Limit theorems

We state now the main results of the paper. Their proofs, along with some auxiliary lemmas,
are deferred to Sections 3 and 4. In this section, (k,)nen stands for a non-decreasing sequence
of natural numbers, which we shall use as the values of the thinning parameter, such that
n := kn/n — 0. However, the assumption that k, — oo is not imposed yet.
Our first result is a functional law of large numbers for V() (k,,n). The key assumption,
which was alluded to above, behind the law of large numbers is the following.

Assumption 2.5. There exists 7 € P(R?) such that \z(supp7) = 0 and 7, — 7.

The condition Ag(supp7) = 0 holds, for example, when 7 is concentrated on a curve and,
in particular, when 7 is a convex combination of finitely many Dirac measures. Examples of
weight functions g that satisfy Assumption 2.5 are given in Section 2.5.

In the statements below, D([0,1]2) € RO stands for the natural two-parameter general-
ization of the cadlag space D([0,1]) € RI®!. We endow this space with the uniform topology.
Appendix B recalls the precise definition of D([0, 1]?), along with some useful related facts.



Theorem 2.6 (Law of large numbers). If Assumption 2.5 holds, then

2
Cpn V(;D)(k n) —> my Z(p’ﬂ-) mn D([O, 1])2;

/2
s = //(/aﬁuwf)w(dg,dT))p dudv, (s,t) € [0,1]%.

Remark 2.7. Assumption 2.5 is slightly more restrictive than mere mutual singularity of = and
Aa. Indeed, the proof of Theorem 2.6 uses a separation argument that relies on the existence of
a closed Ap-null set with full m-measure.

where

The case where m = 04, 4,), for some (sg,to) € [0, 1)%, is of particular interest. Then, we

have
(p T _ I P
(St / /t a(uw)dudv.
- —to

From a practical point of view, the case where 7 is not a Dirac measure is somewhat undesirable.
Then the random field ©(™) “sees” merely a weighted space-time average of o, and inferring
the “pure” ¢ may become impossible.

Our second result is a functional central limit theorem for V®)(k,,, n). Here, we concentrate
on the case where 7 is a Dirac measure and k,, — co. For the needs of the central limit theorem,
we refine the Assumption 2.5 by quantifying the speed of the convergence m,, — 7 as follows.

Assumption 2.8. There exist open sets Ey, Fa,... C R? and zq := (s9,19) € [0,1]? such that
for all n € N,
(i) zo € En,
(i) A2(E, N (B, 4+ (s,t))) = 0 for any (s, t) € R? such that [s| V [t| > e,
(iii) m,(R?\ E,) = o(£2).

The sets E1, Fs, ... should be seen as shrinking “neighborhoods” of the point zy. In fact,
items (i) and (ii) imply that for all n € N,

E, C[so—¢€n,S0+¢en] X [to — €n,to + &nl.

Thus, by item (iii), Assumption 2.5 holds with 7 = 0.

The central limit theorem is stated in terms of stable convergence in law, a notion due to
Rényi [31], which is the standard mode of convergence used in central limit theorems for power,
bipower, and multipower variations of stochastic processes. For the convenience of the reader,
we recall here the definition.

Definition 2.9 (Stable convergence in law). Let Uy, Us, ... be random elements in a metric
space U, defined on the probability space (2, F,P), and let U be a random element in U,
defined on (', F,P’), an extension of (2, F,P). When G C F is a o-algebra, we say that

Uy,Us, ... converge G-stably in law to U and write U, Lo, U, if

E[f(Un)V] — E'[f(U)V] (2.10)

n—o0
for any bounded, G-measurable random variable V' and bounded f € C(U,R).

Remark 2.11. Choosing V =1 in (2.10) shows that stable convergence implies ordinary conver-
gence in law. However, the converse is not true in general.



Theorem 2.12 (Central limit theorem). If Assumption 2.8 holds, then

% (VP (ky,n) — By [V (K, n)]) —if—> (may —m2)Y2E® in D([0,1)%), (2.13)

=0y = / Oy W (duydv), (1) € [0,1)°
[=s0,5—s0]x[~to,t—t0]

and W+ is a white noise on [0,1]> with control measure Ay, independent of F, defined on an
extension of (2, F,P).

2.5. Weight functions

We shall now briefly discuss some examples of weight functions g that satisfy Assumptions 2.5
or 2.8.

2.5.1.  Uniform weight function
Perhaps the simplest possible weight function is such that it assigns uniform weight over a
rectangle. More concretely, let

9= L5y s0]x[t1,ta]

where 0 < s1 < sg <1land 0 <t <ty <1. Forany n > 1/((52 —51) A (ta ftl)), we have

h” = 1[517514‘1/"]><[t1,t1+1/n} - 1[52,82—&-1/n]><[tl,t1+1/n]
= Loy 141 /n)x[ta,t24+1/n] T Lisa,s041/n]x[to,ta+1/n]

almost everywhere. It is easy to check that then ¢, = 4/n and that Assumption 2.5 holds with
T = (1/4)(0(sy,t,) + O(sg,t1) T O(s1,ta) + O(ss,t2)). Thus, Theorem 2.6 implies that

n—oo

o -
V(2)(1v n) — /(; /0 (0’(211,751,117151) + O’(Qufsg,vftl) + 0-(2u751,v7t2) + U(zufsg,vftg))dudv
in D([0,1]?). Assumption 2.8, of course, cannot hold under this specification of g.

2.5.2.  Weight function with a singularity

To satisfy Assumption 2.8, the weights imposed by g should be concentrated to a neighborhood

of some point in [0, 1]2. For example, let us consider g € L?(R?) with a singularity at zero, given
by

sVH)TU(sVt), (s t)e(0,1)2

o5, ._{( J7oUs V1), (s.1) € (0,1) 2.1

"o, (s,t) € R2\ (0,1)2,

where a € (0,1) and ¢ € C1(0,1) is such that lims o4 £(s) # 0, limg_s;_ £(s) = 0, and ||| :=
SUPge(o,1) [¢'(8)] < oo. Note that, necessarily, we have also [|€[|oc := sup,e(g 1) [€(s)] < co. A
simple example of such a function is £(s) := 1 — s.

Assumption 2.8 holds under this specification provided that the thinning parameter k, has
suitably fast rate of growth. The following result gives a sufficient condition in terms of the
asymptotic behavior of €,. Its proof is carried out in Section 5.1.

Proposition 2.15 (Weight function with a singularity). Suppose that g is given by (2.14).

(1) Assumption 2.5 holds with m = g,



(2) If e, < 0", where 0 < kK < o when « € (0,1/2) and 0 < kK < (2a+1)/(2a + 3) when
a € [1/2,1), then Assumption 2.8 holds with zo = 0 and E,, = (0,&,)>.

Remark 2.16. If we assume further that limg_,;_ ¢'(s) = 0, then it is possible to show that
0< k< (2a+1)/(2a + 3) is a sufficient condition for all a € (0,1).

2.5.3. Weight function supported on a triangle
As another example, let o € (1/2,1) and ¢ as above, and define g € L?(R?) through

gls,t) == {t_%(f% (s,t) €T,

0, (s,t) € R\ T, (2.17)

where T := {(s,t) : (1 —t)/2 < s < (1+1)/2,0 <t < 1} is the isosceles triangle with vertices
(1/2,0), (0,1), and (1,1). Such a weight function is typical in space—time modeling of turbulence
(see, e.g., [9, 11, 35]). Interpreting s as a one-dimensional space variable and ¢ as time, the set
T (or more appropriately —T') can be seen as a causality cone.

Due to the different shape of the support, under this specification of g we require that the
thinning parameter grows at a faster rate compared to the preceding example. The proof of the
following result is very similar to the one of Proposition 2.15, so it is merely sketched in Section
5.2.

Proposition 2.18 (Weight function supported on a triangle). Suppose that g is given by (2.17).
(1) Assumption 2.5 holds with m = 0,,, where zg = (1/2,0).
(2) If en < n™", where & € (0,(2a — 1)/(2a + 1)), then Assumption 2.8 holds with E, =
(1/2 —en/2,1/2 4+ €,/2) x (0,€,/2).

Remark 2.19. It is evident from the proof that Proposition 2.18 can be easily extended to a
weight function g whose essential support is a “small perturbation” of the triangle T

2.6. Some comments on the results
2.6.1. Measurement of relative volatility

A practical difficulty in using Theorem 2.6 is that the power variations need to be scaled ap-
propriately and the scaling depends on the unknown weight function g and may be difficult to
compute precisely. In fact, it is evident that the volatility field o cannot even be determined un-
ambigously unless g normalized a priori. However, often we are more interested in the variation
o rather than its precise level, which may not, thus, be very informative due to the ambiguity
caused by the lack of normalization. It is key to note that the variation of ¢ is captured also by
the relative integrated volatility field

fOs f()t O(Qu,v)dUdv
T 1 )

Io Jo U?u’v)dudv
Quantities of the form (2.20) can be obtained as the limits of certain ratios of (unscaled) power

variations, which are statistically feasible. More precisely, Theorem 2.6 readily implies that for
any p > 0,

(s,t) € [0,1]2. (2.20)

V(p)(l,n) P fO fO U;E)u,v)dUdv

1 rl
‘/’((11?)1)(17,”) e fO fO Uf)u,v)dUdrU

The use of relative volatility statistics, in general, is elaborated in a forthcoming paper [13].

in D([0,1]%).



2.6.2. Bias in the central limit theorem

Note that in Theorem 2.12, the scaled power variation e2¢=?/2V(P)(k, n) is centered around
its expectation £2¢P/?Eyy [V(p)(kn, n)], instead of the limit m, P given by the law of large
numbers. While it is shown in the proof of Theorem 2.6 that, under Assumption 2.5,

52

—=Ew [V(gz)(kn,n)] - mpZ(p’Tr) for any (s, t) € [0, 1]?, (2.21)

Cp/2 n— oo (S,t)
n

the rate of convergence in (2.21) appears to be in most, if not all, cases too slow that we could
replace £2 ¢ ?/2Ey, [V.(p)(kn,n)] with m,%®7) in (2.13).

An asymptotically non-negligible bias is present even in the most well-behaved case with
constant o, ) = 0. Namely, we have then

e ) (p.m) s t
EEW [V(s,t) (km n)} - sz(si) = TMpkn ({ ; }t + {n }S + 0<1)) :

One can show that for almost any (s,t) € [0,1]2,
4
lim sup ({S} + {}) >0,

2
.. -1 En (p) (p,m)
i int (S (V2 ]~y =5 ) <o

and, consequently,

2.6.3. Ezxtending the central limit theorem beyond thinned power variations

Is it possible to extend Theorem 2.12 to cover ordinary power variations? Quite possibly, but
we expect that the limit would not remain the same. In fact, we conjecture that the situation is
analogous to Brownian semistationary (BSS) processes (see [19]). Recall that ordinary power
variations of BSS processes, under certain conditions, satisfy a central limit theorem [19, The-
orem 3.2] with a limit analogous to Z(), but multiplied with a constant that is strictly larger
than (mg, — mg)l/ 2 whereas the limit in the corresponding result for thinned power variations
[19, Theorem 4.4] has the factor (mq, — mf,)l/ 2. This is a consequence of the non-generate
limiting correlation structure (which identical to the one of fractional Brownian noise) of the
increments of a BSS process. Thinning decreases the asymptotic variance in the central limit
theorem through “decorrelation” of the increments, but at the expense of rate of convergence.

While our Theorem 2.12 is analogous to Theorem 4.4 of [19], obtaining a central limit theorem
for unthinned power variations, akin to Theorem 3.2 of [19], is currently an open problem, which
we hope to address in future work, along with allowing for ¢ that depends on the driving noise.
The key problem is the identification of the limiting correlation structure of the increments.
However, it seems that such a result cannot be accomplished by a straightforward modification
of the arguments in [6] since the one-dimensional regular variation techniques used with BSS
processes appear unapplicable in our setting due to the additional dimension. We also expect
that, like in [6, 7, 19], such a result would require stronger assumptions on the dependence
structure of the ambit field — beyond what we formulate using the concentration measures —
and a smoothness condition on o.



3. Law of large numbers

In this section, we prove the law of large numbers for power variations, Theorem 2.6. The proof
is based on the conditional Gaussianity of the ambit field Y and, in particular, on a covariance
bound for nonlinear transformations of jointly Gaussian random variables, which we will review
first.

3.1. Hermite polynomials and a covariance bound

Recall that the Hermite polynomials Hy, Hi, Ha,... on R are uniquely defined through the

generating function
t2 =
exp (tw - 2) = Zt”Hn(x), x eR.
n=1

They are orthogonal polynomials with respect to the Gaussian measure v on R. More precisely,
if (X1, X2) is a Gaussian random vector such that E[X;] = E[X;3] = 0 and E[X?] = E[X2] = 1,
then (cf. [28, Lemma 1.1.1])

E[Xng]n, n=m,

0, n#m. (3.1)

WIB[H, (X)) H(X2)] = {

Thus, {\/aHn tn € NO} is an orthonormal basis of L?(R,v) and, in particular, for any
f € L*(R,~) there exists (ag, a1,...) € £2(Np) such that

f= ian\/EHn in L2(R, 7). (3:2)
n=0

The index of the leading non-zero coeflicient in the expansion (3.2), that is, min{k € Ny : ay, #
0}, is known as the Hermite rank of the function f.

Using (3.1) and (3.2), it is straightforward to establish the following bound for covariances
of functions of jointly Gaussian random variables. This simple inequality is, in fact, a special
case of a far more general result due to Taqqu [37, Lemma 4.5].

Lemma 3.3 (Covariance). Let (X1, X2) be as above. If f € L?*(R,v) has Hermite rank r € N,
then
[BIf (X0)f(X)]] S5 [E[X1 Xo]|T for any g € [0,7].

For any p > 0, write u,(z) = |z|P — my, v € R. Clearly, u, € L*(R,~) and Gaussian
integration by parts shows that the Hermite rank of u, is 2. Thus, Lemma 3.3 implies that

|Cov[| X1 P, | X2P]| Sp IE[X1X5]|9 for any g € [0,2], (3.4)

which will be instrumental in the proof of Theorem 2.6, below.

3.2. Proof of Theorem 2.6

Prior to proving Theorem 2.6, we still need to establish a simple fact that follows from the
convergence 7, — m. To this end, recall that the Lévy-Prohorov distance of u, v € P(R?) is
defined as

d(p,v) :==inf{e > 0: u(E) < v(E°) +¢, v(E) < u(E°) 4 ¢ for all E € B(R?)}.

The Lévy-Prohorov distance is a metric on P(R?) and 7, = 7 holds if and only if d(m,,,7) — 0
(see, e.g., [16, p. 72]). Below, we write B := supp m, for the sake of brevity.
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Lemma 3.5 (Concentration). If m, — 7, then there ewists positive numbers (a,) such that
an 4 0 and 7, (B*) — 1.

Proof. Let (a,) be such that a, | 0 and a,, > d(7,,7) for any n € N. By the definition of
the Lévy—Prohorov distance, m(B) < m,(B%) + a,, for any n € N. Since 7(B) = 1, we have
m(B*) 2 1—a, — 1L O
Proof of Theorem 2.6. Clearly, we have V(ipz)(kn,n) <V

(u,v)
by Lemma A.1, it suffices to establish pointwise convergence

p/2
" c_p/QV((pz)(k n) —>m / / (/ (u—tv—m)T(dE, dT)) dudv (3.6)

for any (s,t) € [0,1]2. More precisely, we show (3.6) conditional on the realization of o. Under
this conditioning, we may regard o as a non-random element of C([—1,1]%,R,) and Y as a
Gaussian random field.

Let us first show that

p/2
lim e2c p/QEW[ kn,n —mp/ / (/U(Zu_&v_ﬂﬂ'(df,dT)> dudv. (3.7

n—roo

(kn,n) if s < wand t < wv. Thus,

Since

n 2 2
w([Y (RG] = mpBw [[Y (R[]

2
_ p/2 2 de.d v
= MypCy Olin—t,j/n—m)Tn(d&,dT) |

we have

Ls/en] [t/en]

p/2
51210;11)/213 [V((pZ)(k n —mp52 Z Z (/J(ani—ﬁ,snj—ﬂw"(df’dT))
=1 =

Ls)n LtJn , p/2
:mp/o /0 (/”<ru1n—f,rv1n—f)ﬂn(d€,dT)> dudw,

where [z], = en[z/ey] and |z, = ep|x/eyn] for any z € R and n € N. Since |s], — s
and |t], — t as n — oo, the convergence (3.7) follows from Lebesgue’s dominated convergence
theorem, provided that for any (u,v) € [0,1]?,

n—oo

lim [ o), a1 fo],n1—r)Tn(dE, dT) :/U%uff,vfr)ﬂ(déLVdT)’

which, in turn, is a straightforward consequence of the uniform continuity of the realization of
o and the convergence m, — 7.
Now, (3.6) follows from Chebyshev’s inequality, provided that

lim etc, PVary [V(p (kn,m)] = 0. (3.8)

n—oo

To show (3.8), we expand

4 — ()
g, c PVary, [V(S’ft) (kp,m)]

[s/en] |t/en]
b > > erCovw [[Y(BY Y (R L )] (3.9)

i1,12=1j1,j2=1

11



Using the inequality (3.4) and the relation

Ew |V (RI))[] =0 eny ij=1,...,n, neN, (3.10)
we obtain
C:Lp|COVW HY(REZ,),,il,knjl)) |p7 |Y(REZZ,i2,knjg)) |p] {
Sop Cn|Ew [Y (REZ:,il,knjl))Y(REZZiz,knjz))] ‘

gay/ﬁﬁ<a7o”2ﬁn@-+en@1—wzx7-+&xj1—jznlﬂdfdn

Applying this bound to (3.9), we arrive at

s t s t
€flc;PVarW [V((S’iz)(kmn)] Sep ////Hn(ul,vl,u2,v2)du1dvldu2dv2,
000 0

where
1L, (w1, v1, u2, v2) i= /7'Tn,(§77')1/27.fn(§+ [ur]n — [u2]n, ™+ [v1]n — (UQ]n)l/Qdfdf

The Cauchy—Schwarz inequality ensures that the functions Iy, Ils, . . . are uniformly bounded
on ([0, s] x [0,#])2. Thus, by Lebesgue’s dominated convergence theorem, it suffices to show that
IT,, tends to zero almost everywhere as n — co. We will split this task into two parts by treating
separately

1/2

ngl)(uhvlvu%UQ) ::/ 71-71(577-)1/2”-71(5 + |—u1-|n - [u21n77 + ’—Ul]n - ’—'02-|n) dng
R2\ Ban
and
M%mmmwm:/ (€, 7) 200 (€ + [urTn — [uzl, 7 + [01]n — [02]) " dédr,
Ban

where (ay) is a sequence of positive real numbers such that a, | 0 and m,(B%) — 1, the
existence of which is ensured by Lemma 3.5. Applying the Cauchy-Schwarz inequality to II(),

we obtain
Hg)(ul,vl,u%y?f < wn(RQ \ Ban)/ T (g + [urln — [ugln, 7+ [v1]n — [vg]n)deT
R2\ Ban
<1—m(B*) —— 0.
n— oo

Similarly, in the case of II®) we obtain
TP (g, 01, u2,v2)” < / 7o (€ + Tur T — [ua]ns 7+ [01]n — [02],)dédrT, (3.11)
Ban

where, however, a slightly more elaborate argument, inspired by the proof of Lemma 1 in [10],
is needed to show convergence to zero.

By Urysohn’s lemma, for any § > 0 there exists @5 € C(R?,[0,1]) such that ¢s(z) = 1 for
z € BY and ¢s(z) = 0 for z € R2\ B2, From (3.11) we deduce, thus,

lim sup Hg)(ula U1, U2, ’1}2)2 < nlggo/w(fa 7—)7.771 (6 + ’»u1~|n - I—’U’Q-"na T+ I—’Ul-‘n - I_vﬂn>d€d7-

n— 00

= nlggo/soé (f + [U21n - [Ul]ny’r + PUQWTL - [vﬂn)ﬂ—n(dga dT)

/cpg(f +ug —uy, T+ v — v1)w(d§,dT),
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where we used the bound |[z], — 2| < &y, for all z € R and n € N, and the observation that ¢,
is, in fact, uniformly continuous. Since (s converges pointwise to 15 as § — 0, we have
lim sup Hg)(ul, V1, Ug, V2)? < ﬂ(suppﬂ' + (u1 —ug,v1 — Ug)).
n—oo
The push-forward measure of the mapping (u1, v1, u2,v2) — (u1 —ug, v1 —v2) on R? is absolutely

continuous with respect to Ag, so our argument is complete if we show that w(suppnm —z) =0
for almost every z € R2. But this follows from the assumption that \s(supp7) = 0, since

[ #suwpn —2)2a(42) = [ dalsuppr - 2)n(22) = [a(suppmyn(az) o,

where the first equality follows from Lemma 1.28 in [23] and the second from the translation
invariance of the Lebesgue measure. O

4. Central limit theorem

The proof of the central limit theorem, Theorem 2.12, is based on a chaos decomposition of the
power variation, that is, representing it as a L?-convergent series of iterated Wiener integrals
with respect to the white noise W. Then, we apply the limit theory for iterated Wiener integrals
to establish convergence of finite-dimensional distributions. We will begin by recalling some key
facts of the chaos decomposition and the related central limit theorem.

4.1. Central limit theorem via chaos decompositions

Let us denote by H the Hilbert space L?([—1,1]?), which will have a special role in what follows.
Moreover, let H®* =2 L2([~1,1]?*) be the k-fold tensor product of H, for k € N, and denote by
HOF the set of symmetric functions belonging to H®*, that is, for any f € HF, permutation
s:{l,....k} — {1,...,k}, and almost any (z1,...,z) € [0, 1]?*,

f(zh N ,Zl) = f(zs(m e 7zs(k))~

For any f € HOF, the k-fold iterated Wiener integral of the kernel f with respect to the white
noise W, denoted by Ij(f), can be defined as a linear map H®* — L2(Qy) with the key
property

Ew [1.(f)*] = k! f1l30n-
(For the details of the construction, see [28, pp. 7-10].) The remarkable feature of these integrals
is that any X € L?(Qy) admits a unique chaos decomposition [28, Theorem 1.1.2],

X =Y "I(fr) inL*Qw), (4.1)
k=0

where fi, € HOF for any k € Ny, with the convention that fy := Ew[X] and Iy is the identity
map on R.

If we are given a sequence of random variables in L?(Qy/) and we would like to show that
they converge in law to a Gaussian distribution, the chaos decomposition (4.1) turns out to be
instrumental. Specifically, such convergence can be established by verifying some straightforward
criteria on the associated kernel functions. To formulate the criteria, recall that for any r €
{1,...,k—1}, the r-th contraction of f(1) = fl(l) - - -®f,§1) € H® and f@ = fl(z) -+ -®f,§2) €
H®F is the function

1008, 1 =TT i S0 00 82, 0 12, 01 9 € W2,

i=1
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The following multivariate central limit theorem is a slight reformulation of Theorem 1 in [8],
originally a corollary of the results of Nualart and Peccati [29], and Peccati and Tudor [30].

Lemma 4.2 (CLT via chaos decompositions). Letd € N and for anyn € N, let X{"), e ,Xc(ln) €
L?(Qw) be such that for anyi=1,...,d,

X =3 L) in ),
k=1

where f,gnl) € HOF. Suppose that
(1) foranyi=1,...,d,

Jim li;njogpgnk!HféZ) e =0,

(2) there exist positive semidefinite d X d-matrices N,N(l), N(Q), ... such that for any i, j =
1,...,d and k € N,
Jim KA A ) e = R0
and that Y5> K = R,
(8) foranyi=1,....,d, keN, andr=1,...,k—1,
(n)

Tim (7 @0 S0 e = 0.

Then, (X™,...,x"™) & Ny (0, W) as n — 0.
1 d

4.2. Proof of Theorem 2.12

Throughout this section, apart from formula (4.19) below, we work conditional on the realization
of o, regarding it as deterministic — similarly to the earlier proof of Theorem 2.6.

We introduce some convenient notation. We define for any n € N, and 4, j = 1,..., e, '],
function f, ; ;) € H by

Frig)(8:1) 3= Tn(eni = 5,€nj = 1)0(s0),
and its normalized counterpart f,, ; ;) = ||fn,(i.5) H;{lfn,(i,j) € H. By definition, Y(Rg:ii k“j)) =
L1 (fn,i,j))- Thus, we have
Buw [V (R, 5) ] = Wi
w (kniyknj) n)("v]) H

and
Corry [V (R, )Y (RG] = (Fotirain) Fotinnia) 00 (4.3)

whence B B
|[(Frstingn)s Frs(izng) g < 1- (4.4)

We also write

20 = enc 2 (V) (i, n) — B V) (kn,n)]),  (5,1) € [0,1]%,

As a preparation for the proof of Theorem 2.12, we prove some key lemmas. First, we obtain
a uniform estimate for the decay of correlations (4.3) under Assumption 2.8.

14



Lemma 4.5 (Correlation estimate). If Assumption 2.8 holds, then

Pn= ~ SUP |<fn,(il,j1)»fn,(iz,jz>>a|:0(5")‘
(i1,51)#(i2,52)

Proof. For any (i1, j1) # (i2,J2), we have the bound

— = 2
(Fr(inin)s FroGinga) )3
2
/SU </7.Tn(£a7_)1/27.rn (5 =+ 5n(i1 - Z‘2)77— + En(jl - ]2))1/2d§d7> . (46)
Since E, N (B, + (eni,€,7)) is a Ag-null set for any (i, j) € Z? \ {0}, we have

/ F(2)Aa(dz) / F(2)ha(dz) / F(2)a(dz). (A7)
Rz\E R2\(En+(5n(i27il)75n(j27j1)))
for any f € L'(R?). By applying (4.7), using the inequality (s + t)? < 2(s% + t2), (s,t) € R?,
the Cauchy—Schwarz inequality, and making the obvious change of variables, we find that the
right-hand side of (4.6) is bounded by

4, (R*\ E,) = o(e2),

n

which is independent of (i1, j1) and (42, j2)- O
Next, we derive a chaos decomposition for the random field Z(™.

Lemma 4.8 (Chaos decomposition). For any n € N and (s,t) € [0,1]2,
(W NS p(FORY g L2
sy = kZka (F(s,t) ) in L*(Qw), (4.9)

where
Ls/en] [t/en]

(n,k) ”fn,(z,j ”?—L rk Rk
Fap = sz Z( f<u>€H :

1=

Proof. Since ||fn,i,jH’;_.[1Y(R(Z)2k ])) ~ N(0,1) given o, and since the Hermite rank of the

function u, is 2, we have the expansion

(n) Eaa (n) P (n) P
Z(st = 5"Lcip/2 Z Z |Y R(k zkn]))} - EWHY(R(k Zk‘n]))| })
=1 =

Ls/en] Lt/anJ
:5nc:lp/2 Z Z ”fn,(t,j)H’}-Lup(an,(z,])”?-[ly( (kni,kn J))) (4'10)

i=1 j=1
[s/en] [t/en]

=enci?? 3 S il Zakﬂk(||fn7<z,j>||;1/( ki)

=1 j=1

As || fr, i) ||H1Y( Ek)l o) ) = I (fn,(i,)), the Hermite representation of iterated Wiener inte-
grals [23, Theorem 13.25] yields

Hk(”'fn)(lﬂ)H?_'LlY(REZ)l kn]))) Ik(f ,(Z j)) (411)
By plugging (4.11) into (4.10) and rearranging, we arrive at the asserted chaos decomposition.
O
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Remark 4.12. Since ag, a3, ... are the non-zero coefficients in the Hermite expansion of u,, we
have

o 2
Z % = /up(:c)2'y(da:) = Mgy — mﬁ < 00. (4.13)
k=2

We will use Lemma 4.2 to prove the convergence of the finite-dimensional distributions of
Z(™)  using the chaos decomposition (4.9). To this end, we study the asymptotic behavior of
the kernels in (4.9).

Lemma 4.14 (Asymptotics of kernels). If Assumption 2.8 holds, then for any (s1,t1), (s2,t2) €
0,12, k=2, andr=1,...,k—1,

. . = k) 12

Agnmllrr;sup Z k!HF((Z,ti)HHQM =0, (4.15)
n o0 k=m
S1A\Sa—50 t1 Ata—1tg

. (nk) — pa(n,k) — Y% 2

nl;rrgo k!<F(sl,t1)’F(sT;,t2)>H®k =70 0(57v)dudv, (4.16)
—S0 7t0

: (n,k) (n,k) 112 _

Jim [|F5 0 @ FU [yea0n = 0. (4.17)

Proof. Below, we use the index sets
In = {il 01 < il § I_Sl/EnJ} X {.71 01 S jl S I_tl/EnJ} X {ig 01 < i2 < LSQ/&‘HJ}
x {j2: 1< j2 < [ta/enl}

and

o

T o= T\ {(0,5:0,5) 1 <0 < [(s1 A s2)/en)s 1< < (0 Ata)/enl ).

Let us expand

(n,k) (n,k)
k!<F(Sl,t2)’ F(Sz,tQ) >H®k

2 2 2\ P/2
ap o ||fn,(1'1,j1)||H|‘fn,(i2,j2)”7-[ Rk FRk
Hgn Z ( 2 <fn,(i1,j1)’fﬂ,(i27j2)>?-[®k’

(41,41,i2,42)€Ln
ok . - B i
where <f7(zgj(i1,j1)7fg(iz)j2)>ﬁ®k = <fn,(i1,j1),fn,(i2,j2)>H. As k > 2, we have by (4.4),
_ _ & B ~ .
sup |<f"7(i1,j1)’fnv(i2yj2)>7-t| = sup |<f”,(i17j1)’fn,(i27j2)>?-t|
(i1,d1,i2,42) €1n (41,41,i2,42)€Ln
7 = 2
sup |<f",(i17j1)7fn,(i27j2)>ﬂ|
(41,71,i2,52) €Ln
< P2 = o(e2).

N

Due to the bound \In| Ss1,t1),(s2,t2) e, 4, we can write

() (i) o2 L(s1A82)/en]| [(t1AL2)/en ] ||f ’ )H%{ p
n, n, _ “k 2 n,(2,)
k\(F F, >’H®k =7 (En ‘ E () + @k,n>v

(s1,t2)7 7 (s2,t2) — Cn

~

o
Il
=

-
I



= 0. Now (4.16) follows since

L(sl/\§2:)/€nj L(tl/f:)/anj (Hf (3 )||’2H)p

i=1 j=1 "

[(s1As2)/en] [(t1nt2)/e

s n) »
= 62 Z (/U(Qeni§,5nj'r)77n(d§7 dT))

=1 j=1
S1/A\S2 t1A\t2
/ (p )dudv
n%oo U

(cf. the proof of Theorem 2.6). Moreover, by the reverse Fatou’s lemma and (4.13), we obtain

m—r o0

e 2 s1
hmsup Z k! HF(L:’IQ)HH@" < Z %/@ /0 (5v)dUdU —0,
k=m

establishing (4.15).
To show (4.17), we may use the bound

1ECR) ©r FGih lasac—n

4 Rk Rk  rRk
Sa,k En § <fn i1 Qp fn ) fn s Or f >H®2(k )
(i1,i2,i3,i4)ETn

= Ei Z <]?n,i17,fn,i2 >;<f_n,i37f_n,i4>;_t<f_n,i1af_n,i3>f];_;7‘<f_.n,igvf_n,i4>]f;_;T7

(i1,i2,i3,i4)€Tn

where
=({1,...,[s1/en]} x{1,..., Ltl/gnj})4.

Since r > 1 and k — r > 1, we have by (4.4),

€;LL Z <.fn,ilafn,i2>;<fn,i37.f_n,i4>;{<fn,i1afn,i3 Zir<.fn,i27.fn,i4>’;{7

(i1,i2,i3,i4)€Tn

< 5?1 Z |<fn,i17fn,i2>H||<fn,i37fn,i4>H||<f_n,i17fn,i3>H||<fn,i27fn7i4>H| (418)

(i1,i2,i3,11)€Tn

We use a simple combinatorial argument to deduce that the right-hand side (r.h.s.) of the
inequality (4.18) tends to zero. To this end, we define w,, : 7, — {0,1,2,4} by

Un (i1, 12, 13,14) = 15,2151 + Lgig=ia) + Liii=is} + Liia=is}s
where the value 3 is, indeed, never attained. It is straightforward to check that
|u;1({0})| 5(51,151) 67:8’ ‘ugl({l})| S(Sl,tl) 6;67
Ju ({2D)] Ssat) €0 Ju ({4D)] Ssat) €0
for all n € N. Hence, splitting the summation on the r.h.s. of (4.18) by
D= X X v X+
Inup (10D wn (1) wa'({2)) un ' ({4D)

and using Lemma 4.5 leads to the bound

r.hus. of (4.18) Sok(sitr) En (e 0(en) +2,,%0(e3) + £, %0(e2) +€,%) = o(1). O



We are now ready proceed to the actual proof of Theorem 2.12, building on the preceding
three lemmas.

Proof of Theorem 2.12. In this proof, unlike in the rest of the paper, the space D([0,1]?) is
endowed with the Skorohod topology (see Appendix B). Ultimately, we switch to the uniform
topology using Skorohod coupling [23, Theorem 4.30] and Lemma B.3, as 2®) is a continuous
random field.
Step 1: Reductions. It is clearly sufficient to show that
zm Lrwere =004 b, 112),

n—0o0

where E° = (map — m2)Y/22®) . The quadrant Brownian sheets (W(i) for i =

(z,t))(w,t)e[0,1]2 ’
1,2,3,4, defined by

1 ._ (2) ._

Wi =11 (Ljo.s)x[0.41) Ween = Ti(1=s01x(0.)
3 ._ (4) ._

Wiy = I (L 01 [=t,0]) Wi = I (Ljo,6)x[1,0])»

(modulo taking continuous modifications) generate the o-algebra Fy . Thus, by Lemma C.1, it
is sufficient to show that for any continuous, bounded test function ¢ : C([0,1]?)* x C([—1,1]?) x
D([Ov 1]2) — Rv

Elp(WO, W@ we ww gz —— Blp(WD, w® we ww s =) (4.19)

n—roo

where o is stochastic. But, in the view of Fubini’s theorem, it is clear that (4.19) follows if we
simply show that

(WO, W@ e W zmy L, (Wu),W(2>7W<3>,W<4>,§<P>) (4.20)

n—oo
in C(]0,1]%)* x D([0, 1]?), with the realization of o kept fixed. As usual, we will prove (4.20) by
establishing convergence of the finite-dimensional distributions first, and then showing tightness.
Step 2: Convergence of finite-dimensional distributions. We fix arbitrary d € N and (s,t) :=

((s1,t1),---,(sa,tq)) € [0,1]%% Let us denote for any i = 1,2,3,4,

(1) ._ (1) (i)
W(s,t) = (W(sl,t1)7 ey W(detd))
and for any n € N, . . o
Z = (Z(Shtl), e Z(Sd’td)).
We would like to show that
(1)
(1) (2) (3) (4) (n) L A 0
(Wiaty Wiy Wiy Weay Ziany) — = Nsa (0’ [ 0 ‘I,(z)] ), (4.21)
where ¥ is the covariance matrix of (W((;)t), W(f’)t), W((j,)ty W((:,)t)) and

siNs;—8So tiNtj—1o

\1152; = (Mg —m3) / / Uff,v)dudv, i,j=1,...,d.
—S0 —to
Note that W W@ w® and W are vectors of first-order Wiener integrals, whereas

(s,8) "(sit) TV (sit) (s,t)
the chaos decompositions of the components of Z((:)t) do not have any contributions from first-

order integrals. Thus, (4.21) holds whenever the chaos decompositions of Z (:)t , n € N satisfy

the conditions of Lemma 4.2, which is indeed the case due to Remark 4.12 and Lemma 4.14.
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Step 3: Tightness. Since marginal tightness implies joint tightness, it suffices to show that
the sequence (Z("))neN is tight in D([0,1]?). Let us write

Tni={eni:i=0,1,..., e, ]}u{l}, neN.

Moreover, let R be a rectangle with vertices in 7,2, that is, R = (s1,s2] X (t1,t2] for some
1, 82,t1,t2 € Ty, such that s; < s and t; < to. By [15, pp. 1658, 1665], it is sufficient to show
that

Ew [Z"(R)Y] Sop Ao(R)% (4.22)
Recall that
(n) _ ) o) ) (n)
ZY(R) = Z( g, 1y = Zisair) ~ Distn) T L)

[s2/en] [t2/en] -
—ecy?? Y S Wnin B (a3 (BG4 ) )

i=|s1/en]+1j=|t1/en]+1

Since p,, — 0, there exists ng € N such that sup,,>,, p, < 1/12. Thus, by Lemma 4.23, below,
we have for all n > ng,

ls2/en] [t2/en] 4
Bw [Z2(R)'] S0 giEwK Z Z “P(|f"vivj”?_%IY(REZii,knj)))) }

i=|s1/en]+1j=[t1/en|+1
Sp en(En X (R) Py, + 6, X2 (R), + £, Mo (R)?)

~P =n

< M(R)? (e, P + €, + 1),

where we used (3.10) and the inequalities (|s2/e,| — [51/en])([t2/en] — [t1/en]) < £,2X2(R)
and \y(R) < 1. Finally, p,, = o(e,,) implies that

sup (e, %P + €, 7P + 1) < o0,
neN

whence (4.22) holds. O

It remains to prove the following moment estimate that we used above to establish tightness.
Tt is similar to — albeit much less general than — Proposition 4.2 of [37]. The key difference,
however, is that unlike in [37], here the underlying Gaussian random variables do not form
a stationary process. (Alas, the assumption of stationarity renders Proposition 4.2 of [37]
unapplicable in our setting.) The proof relies on a product moment bound due to Soulier [36,
Corollary 2.1] and a simple combinatorial argument.

Lemma 4.23 (Fourth moment). Let (Xi,...,X,) be a Gaussian random wvector such that
E[X;] =0 and E[X?] =1 for alli = 1,...,n. If f € L*(R,v) has Hermite rank r € N and
p = sup,; |[B[X; X;]| < p* for some p* € (0,1/12), then

(5 509) ]

Proof. We use first the trivial bound

(2 509)]

ij,p* n4p2r + nSpT + n2.

n

<> B A(Xa) F(Xa) F(X)]- (4.24)

i1,%2,13,14=1
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By Corollary 2.1 of [36], we have
B (Xi) f(Xip) f(Xig) F(Xiy)]| S plimiziot)/2, (4.25)

where
Un(i1,12,13,14) 1= |{i : i = ix for some k and i # i; for any [ # k}|.

is the number of unrepeated indices in (i1, i2,43,74) (cf. the function u,, in the proof of Lemma
4.14). Note that i, is a mapping from {1,...,n}* onto {0, 1, 2,4}, since it is impossible to have
exactly three indices that are not repeated. It is key to observe that

i ' ({O)] S n* +n < n?, i ({1})]
@ ({21)] < n?, | ({4})]

for all n € N. (In the case @, (i1, 42, 13,74) = 0, either 41 = i5 = i3 = i4 or there are two distinct
pairs of repeated indices.) Thus, by (4.24) and (4.25), we obtain

E[(509) ]

which completes the proof. O

2
st

4
<n

)

Sf,p* n4p2r+n3pr+n2pr/2+n2 <n4p2r+n3pr+n2’

5. Asymptotics of concentration measures

In this section, we prove Proposition 2.15 by deriving polynomial estimates for the integrals of
the weight function g over some certain decisive subsets of R%. As the proof of Proposition 2.18
uses a closely related argument, we merely sketch its main points.

5.1. Proof of Proposition 2.15

Let g € L?(R?) be given by (2.14). It will be convenient to consider the non-normalized measures
pn(ds,dt) := h,(s,t)?dsdt, n€N.

Note that the support of i, like 7, is contained in [0, 1+1/n]?. Under the present assumptions
g is a symmetric function, which clearly implies that also h, is symmetric. Thus, as u, is
absolutely continuous with respect to the Lebesgue measure, we have

_ ,Un((O, 1+ 1/”)2 \ (07571)2) _ Hn, (Tn \ (ngn)2)
P (OEESYE) i)

where T,, := {(s,t) : 0 <t < s < 1+ 1/n}. On certain subsets of T,,, the expression for
hn(s,t) can be simplified significantly. To make use of this fact, we define for any n € N,

E,:={(st): 0<t<s<1/n}and

T (R*\ E,,)

(5.1)

B = (e,,1) x (0,1/n),
B® = {(s,t):e, <s<1,s—1/n<t<s}
B® = {(s,t):en <s<1+1/n,1/n<t<(s—1/n)},
BW = (1,1+1/n) x (0,1/n)U{(s,t): 1 <s<1+1/n,s—1/n<t<s}
(See Figure 1.) To prepare for the proof of Proposition 2.15, we establish next polynomial

estimates for the asymptotic behavior of the pu,-measures of some decisive subsets of T, as
n — oo.
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Figure 1: The sets E,,, BS", B, BY, and B,

Lemma 5.2 (Polynomial bounds). Suppose that the assumptions of Proposition 2.15 hold and
denote
no :=inf{n >4:k, > 2, [{(x)] >0 for all x € (0,1/n)}.

Then,
(1) ,un( 0,6n)2 ) Za n=20=9 for all n > ny,
(2) jn(Bi)) = O(n=3tsath)),
(3) pn(B 2)) O(n=3+r(2a+1)y,
(4) 1 (BSY) =0 for all n > no,

(5) ,un(BT(L )) =o(n=?).
Proof. Throughout the proof, we denote f(s) := s~*{(s) for all s € (0,1). It is straightforward
to check that

f(s), (s,t) € E?,)
1
ha(s,t) = { 19 = Tle = 1/m), (5,6 € B’(’Q)’ (5.3)
f(S—l/’I’L)—f(tL (S7t)€Bn )
0, (s,t) € BY
(1) The inclusion E,, C (0,&,)* N T, implies that un(En) < pn((0,6,)*NT,). By (5.3), we
have
1/n 1/n
n(En) d 2ds,
/ / tf(s ; sf(s)*ds

where f(s)? > s72 infy,e0,1/n) l(u)? Zp s72%. Thus,

1/n , yn - n—2(1-a)
sf(s dSZz/ T ds = ———.
f, sz | 21~ a)
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(2) Due to (5.3), we may write

2(BY) /Un dt/ (s—1/n))%d

(5.4)
o
By the mean value theorem, for any s € (g5, 1), there exist £ € [s — 1/n, s] such that
F9) = Fls = 1/m) = = (&) (55)

where
F(8s) = —ag T H(Es) + &5 (&),
Thus, we have the bounds
(&) <22V, + €72 01011%)
S (1+ €22ty (5.6)
< s — 1/n) =2t

By plugging (5.5) into (5.4) and applying (5.6) we arrive at

1 /1 2 5 [~ —2(at1

— f(s)=f(s—1/n))"ds Saemn / sty

nJe, ( ( ) ( / )) en—1/n (57)
Sa n73€;2a71 _ O(n73+m(2a+1)).

(3) Proceeding as above, we have by (5.3),

jin (BD) = /: </—1/n (F(s —1/n) — f(t))th)ds

where 0 <t — (s —1/n) < 1/n. Thus,

(F(s = 1/n) = F(1) Sae =2 (s = 1/n)~2OFD),
by the mean value theorem and bounds analogous to (5.6). Moreover,

1 s o
Ty
€n s—1/n en—1/n

n

and the assertion follows from (5.7).
(4) Obvious, by (5.3).
(5) The estimate follows by observing that

where Ay (B§L4)) < 2/n? and SUD(, 1y p®) hn(s,t)2 — 0 as n — oo because of the boundary
condition lims_,1— £(s) = 0. O
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Proof of Proposition 2.15. As mentioned above, Assumption 2.8 (in any form) implies Assump-
tion 2.5 with m = §,,. Thus, in view of (5.1), it suffices to show that

&n k(T \ (0,€4)°)
pin (Tu \ (0,20)2) + 110 ((0,0)2 N T,) mroo

57727%([&2 \ Ey,) =

which is equivalent to
M. — E%ﬂn((ovgn)2 N Tn) o (5 8)
n . [in (Tn \ (0’&_“)2) 00 . .

By Lemma 5.2 and the assumption &, < n™",

4
tin (T \ (0,2,)%) < Zﬂn (BY)
i=1

_ {O(n—3+ﬁ(2a+1)), K € [1/(2a +1), 1),

o(n=?), K € (0,1/(2a+1)),
and
Eiun((o,en)z N Tn) Zal p20HE=e) > .
Thus, when x € (0,1/(2c+ 1)) we have
2(a—k)
Mn Za 0 r 5
© o oo(1)

whence (5.8) holds if £ < a. In the case k € [1/(2a +1),1),

n?(a—ﬁ—l)

> o "*
My Zae O(n—3+r(2at1))

and, consequently, (5.8) holds provided that k < (2a+1)/(2ac 4 3). It remains to note that for
a € (0,1/2),

2a0+1 1
5.9
“2%+3 2yl (5.9)
whereas for o € [1/2,1),
1 200+ 1
< <a. 5.10
2a+1 > 2a+3 " (5.10)

The sufficiency of the asserted conditions can now be verified using the inequalities (5.9) and
(5.10). O

5.2. Sketch of the proof of Proposition 2.18

Let now g € L?(R?) be given by (2.17). We redefine the sets E,,, BS), B,(?), B,(f’), and Br(;l),
n € N as indicated in Figure 2. Moreover, the measures pu.,,, n € N, are redefined accordingly.

Proof of Proposition 2.18 (sketch). Similarly to the proof of Lemma (5.2), we have

n72(17a)

- 1/n 1/n
pin (En) = /0 tf(t)*dt 2, /O t=2etdqe = TE)
and X
Hn, (B7(12)) — l/ (f(t) _ f(t . l/n))2dt _ O(n—3+n(20¢+1)>.

n en/2
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Figure 2: The redefined sets E,. Bfll), Br(?), Bég), and Br(;l). The sets labeled with zeros are
pn-null sets for large n under the specification of g by (2.17).

Additionally, p., (37(14)) = o(n™?). For the remaining two sets, we obtain

1

1 [t 1
pn(BS) == [ F()*dt S0 — / t2dt
n en/2 n en/2
and
1 [t 1 [t
pin (BY) = ft—1/n)%dt <, f/ t2dt,
n En/2 n En/2—1/n

and observing that ¢, /2 < e,/2 —1/n < e, < n~" (note that =< is an equivalence relation), we
have

Hn (B’V(ll)) + Un (B7(13)) = O(nilJrn(Qail))' (5.11)
To prove the assertion, it suffices to show that
entin (En

= =t ( )(i) —— o0 (5.12)

> i1 Hn(Bn”)
Since the contribution of (5.11) is dominant in the denominator of (5.12), we have
Mn >€ o n(2a—1)—m(20z+1)’
whence (5.12) holds provided that x < (2 — 1)/(2a + 1). O
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A. Uniform convergence of functions of two variables

Tt is a well-known fact that if non-decreasing functions on [0, 1] converge pointwise to a contin-
uous function, then the convergence is, in fact, uniform. In the proof of Theorem 2.6 we invoke
the following analogous result that applies to functions on [0, 1]2.

Lemma A.1 (Uniform convergence). Let f1, fo,... be functions [0,1]> — R such that for any
n €N,
fu(s,t) < folu,v) if s<uwandt < v,

and let f € C([0,1]2). If fu(s,t) = f(s,t) for any (s,t) € [0,1]?, then f, — f uniformly.

Proof. The assertion follows from a straightforward adaptation of the standard argument used
in the univariate case (see, e.g., [17, pp. 113-114]). O

B. On the two-variable generalization of the cadlag property

We will review briefly the natural generalization of the cadlag property (continuity from the
right with finite limits from the left) for functions on [0, 1], following the formulation due to
Neuhaus [27]. To this end, we introduce for any (s,t) € [0,1]? the quadrants

Ql(svt) = (87 1} X (t’ 1]a QQ(svt) = [078) X (t’ ]-]a
Qs(s,t) :=10,5) x [0,1), Q4(s,t) == (s,1] x [0,1).

The space D([0,1]?) consists of functions f : [0,1]> — R such that for any (s,t) € [0,1]?, the
following two conditions hold.

e We have f(sp,tn) — f(s,t) if (sn,tn) is a sequence in Q1(s,t) such that (s,,t,) = (s,1),

e For any i = 2, 3,4, there exists f;(s,t) € R that satisfies f(sn,tn) — fi(s,t) if (sn,t,) is a
sequence in Q;(s,t) such that (s,,t,) — (s,1).

In other words, f € D([0,1]?) is continuous from the direction of the first quadrant (cf. the cad
property) and has limits from the directions of the other three quadrants (cf. the lag property).
Clearly, we have C([0,1]?) c D([0,1]?).

The space D([0,1]?) can be endowed with the generalized Skorohod topology defined by
Bickel and Wichura [15] and Neuhaus [27], which can be characterized in terms of convergence
of sequences as follows. Let us denote by A the class of mappings A : [0, 1]> — [0, 1]? such that
A(s,t) = (AD (), A@(#)), where A and A are increasing bijections [0, 1] — [0, 1].

Definition B.1 (Skorohod topology). Let f, fi, f2... € D([0,1]?). We say that f,, — f in the
Skorohod topology if there exist A1, Aa,... € A such that

sup  |faoAn(s,t) = f(s, )|+ sup  [[An(s,t) — (s,8)| —— 0. (B.2)
(s,t)€[0,1]2 (s,t)€[0,1]2 n—0o0

There is a Skorohod metric on D([0,1]?) that is consistent with the convergence defined
above (see [27, p. 1289]). Equipped with this metric, D([0,1]?) enjoys the usual properties of
separability and completeness (i.e., it is a Polish space), similarly to D(]0, 1]).

We use the Skorohod topology merely as a technical tool to establish convergence in law
in the proof of Theorem 2.12, using the relatively tractable tightness criteria for the Skorohod
topology [15, pp. 1665-1666]. Since the limit obtained in Theorem 2.12 is a continuous random
field, we may — equivalently — equip D([0,1]?) with the (non-separable) uniform topology,
thanks to the following result.
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Lemma B.3 (Uniform convergence). Let fi, fa,... € D([0,1]?) and f € C([0,1]%). Then,
fn — [ in the Skorohod topology if and only if f, — f uniformly.

Proof. Tt is obvious that uniform convergence implies convergence in the Skorohod topology. To
show the converse, let us fix € > 0. Since f is uniformly continuous, there exists § > 0 such that
[f(s,t) — fu,v)] <e/2if ||(s,t) — (u,v)|| < 5. Now, let A1, Ag,... € A be such that (B.2) holds.
Then there exists ng € N such that for all n > ng,

€
sup  |fanoAn(s,t) = f(s, )|+ sup || Aa(s,t) = (s, 8)|| < = A4
(s,£)€[0,1]2 (5,8)€[0,1]2 2

By the triangle inequality, we have thus for all n > ng,

sup |fn(3at)_f(3at)| = Sup |fno)‘n(57t)_fo)‘n(svt)‘
(s,t)€[0,1]2 (s,t)€[0,1]2
< sup |fno)‘n(svt)_f(s’t)‘
(s,t)€[0,1]2
+ sup |f($,t)—f0/\n(8,t)| <g,
(s,t)€[0,1]2
which completes the proof. O

C. Stable convergence lemma

The following simple lemma is a key tool in proofs of stable convergence in law. It is certainly
well-known and, indeed, used (implicitly) in several papers (e.g., [6, 8]), but due to lack of a
reference, we provide a proof for the convenience of the reader.

Lemma C.1 (Stable convergence). Let U and V be Polish spaces. If U, Uy, Us, ... are random
elements in U and V is a random element in V, all defined on a common probability space
(Y, F', P, such that

(Un, V) —2= (U, V),

n—oo

then .
U, =% 1.

n—oo

Proof. We will use a monotone class argument. To this end, let f € C(U,R) be bounded and
write

My i={X € L*(, F,P): lim E'[f(U,)X] = E[f(U)x]}.

n—oo

Clearly, My is vector space that contains all constant random variables. Moreover, if X €
L>*(Q,F,P) and X € F, then

E'[f(Un)X] - E'[f(U)X]| 5 [E'[f(Un)X] - E'[f(0)X]| + E'[IX - X]).

Hence, M is closed under uniform convergence and if (Xn) C M is such that 0 < X <Xy <

o g M fOI' some constant M > Oa then hmn—)oo Xn € Mf NOW, note that
C:={p(V): ¢ e C(V,R) is bounded}

is closed under multiplication and C C My by the continuous mapping theorem. Thus, by
the functional monotone class lemma [20, p. 14], My contains any bounded ¢(C)-measurable
random variable. Since V is separable, we have o(V) = ¢(C) and the assertion follows. O
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