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Abstract

Standard blockwise empirical likelihood (BEL) for stationary, weakly dependent time series
requires specifying a fixed block length as a tuning parameter for setting confidence regions.
This aspect can be difficult and impacts coverage accuracy. As an alternative, this paper
proposes a new version of BEL based on a simple, though non-standard, data-blocking rule
which uses a data block of every possible length. Consequently, the method involves no block
selection and is also anticipated to exhibit better coverage performance. Its non-standard
blocking scheme, however, induces non-standard asymptotics and requires a significantly dif-
ferent development compared to standard BEL. We establish the large-sample distribution
of log-ratio statistics from the new BEL method for calibrating confidence regions for mean
or smooth function parameters of time series. This limit law is not the usual chi-square one,
but is distribution-free and can be reproduced through straightforward simulations. Numer-
ical studies indicate that the proposed method generally exhibits better coverage accuracy
than standard BEL.
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1 Introduction

For independent, identically distributed data (iid), Owen (1988, 1990) introduced empirical
likelihood (EL) as a general methodology for re-creating likelihood-type inference without a
joint distribution for the data, as typically specified in parametric likelihood. However, the iid

formulation of EL fails for dependent data by ignoring the underlying dependence structure. As



a remedy, Kitamura (1997) proposed so-called blockwise empirical likelihood (BEL) methodol-
ogy for stationary, weakly dependent processes, which has been shown to provide valid inference
in various scenarios with time series (cf. Lin and Zhang, 2001; Bravo, 2005, 2009; Zhang, 2006;
Nordman, Sibbertsen and Lahiri, 2007; Chen and Wong, 2009; Nordman, 2009; Wu and Cao,
2011; Lei and Qin, 2011). Similarly to the iid EL version, BEL creates an EL log-ratio statistic
having a chi-square limit for inference, but the BEL construction crucially involves blocks of
consecutive observations in time, rather than individual observations. This data-blocking serves
to capture the underlying time dependence and related concepts have also proven important
in defining resampling methodologies for dependent data, such as the moving block bootstrap
of Hall (1985), Kiinsch (1989) and Liu and Singh (1992), and time subsampling methods of
Carlstein (1986), Politis and Romano (1993), and Politis, Romano and Wolf (1999). However,
the coverage accuracy of BEL can depend crucially on the block length selection, which is a
fixed value 1 < b < n for a given sample size n, and appropriate choices can vary with the
underlying process (a point briefly illustrated at the end of this section).

To advance the BEL methodology in a direction away from block selection with a goal of
improved coverage accuracy, we propose an alternative version of BEL for stationary, weakly de-
pendent time series, called an expansive block empirical likelihood (EBEL). The EBEL method
involves a non-standard, but simple, data-blocking rule where a data block of every possible
length is used. Consequently, the method does not require a block length choice. We investigate
EBEL in the prototypical problem of inference about the process mean or a smooth function of
means. For setting confidence regions for such parameters, we establish the limiting distribution
of log-likelihood ratio statistics from the EBEL method. Because of the non-standard blocking
scheme, the justification of this limit distribution requires a new and substantially different
treatment compared to that of standard BEL (which closely resembles that of EL for iid data
in its large-sample development, cf. Owen, 1990; Qin and Lawless, 1994). In fact, unlike with
standard BEL or EL for iid data, the limiting distribution involved is non-standard and not
chi-square. However, the EBEL limit law is distribution-free, corresponding to a special integral
of standard Brownian motion on [0, 1], and so can be easily approximated through simulation
to obtain appropriate quantiles for calibrating confidence regions. In addition to avoiding block
selection, we anticipate that the EBEL method may have generally better coverage accuracy
than standard BEL methods, though formally establishing and comparing convergence rates
is beyond the scope of this manuscript (and, in fact, optimal rates and block sizes for even
standard BEL remain to be determined). Simulation studies, though, suggest that interval
estimates from the EBEL method can perform much better than the standard BEL approach,

especially when the later employs a poor block choice, and be less sensitive to the dependence



strength of the underlying process.

The rest of manuscript is organized as follows. We end this section by briefly recalling the
standard BEL construction with overlapping blocks and its distributional features. In Section
2, we separately describe the EBEL method for inference on process means and smooth function
model parameters, and establish the main distributional results in both cases. These results
require introducing a new type of limit law based on Brownian motion, which is also given
in Section 2. As an additional feature with the approach, we also consider the possibility of
“weighting” the data blocks in the EBEL construction, which influences the distributional limit.
The idea of using weights with data blocks has parallels with other resampling methods for time
series, such as the tapered block bootstrap (Paparoditis and Politis, 2001) and tapered BEL
(Nordman, 2009). Section 3 provides a numerical study of the coverage accuracy of the EBEL
method and comparisons to several existing versions of BEL. Section 4 offers some concluding
remarks and heuristic arguments on the expected performance of EBEL. Proofs of the main
results are deferred to Section 5.

To motivate what follows, we briefly recall the BEL construction, considering, for concrete-
ness, inference about the mean EX; = p € R of a vector-valued stationary stretch X, ..., X,.
Upon choosing an integer block length 1 < b < n, a collection of maximally overlapping (OL)
blocks of length b is given by {(X;,..., Xj4p_1):i=1,...,Ny =n—b+1}. For a given y € R?
value, each block in the collection provides a centered block sum B;, = Z;il;*l(Xj — ) for
defining a BEL function

Nb Nb Nb
Lipr. (1) = sup {Hpi pi=0,) pi=1,> piBiy= Od} (1)
=1 =1 =1

and corresponding BEL ratio Rggp.,.(¢) = Ln(,u)/Nb_N”, where 04 = (0,...,0)" € R The
function Lggy (1) assesses the plausibility of a value p by maximizing a multinomial likelihood
from probabilities {p; iV:”l assigned to the centered block sums B; , under a zero-expectation
constraint. Without the linear mean constraint in (1), the multinomial product is maximized
when each p; = 1/N, (i.e., the empirical distribution on blocks), defining the ratio Rpgy, ().
Under certain mixing and moment conditions entailing weak dependence, and if the block b
grows with the sample size n but at a smaller rate (i.e., b1 +b?/n — 0 as n — 00), the log-EL

ratio of the standard BEL has chi-square limit

2 d
3 log Rpe,. (o) — Xga (2)

at the true mean parameter g € R¢ (cf. Kitamura, 1997). Here b~! represents an adjustment
in (2) to account for OL blocks and, for iid data, a block length b = 1 above produces the EL

distributional result of Owen (1988, 1990). To illustrate the connection between block selection



and performance, Figure 1 shows the coverage rate of nominal 90% BEL confidence intervals
{n e R: —2/blog Rygr..(10) < X709} as a function of the block size b, for estimating the mean
of three different MA(2) processes based on samples of size n = 100. One observes that the
coverage accuracy of BEL varies with the block length and and that the best block size can
depend on the underlying process. The EBEL method described next is a type of generalization

of the OL BEL version, without a particular block selection.

Figure 1: Plot of coverage rates for 90% BEL intervals for the process mean EX; = u over
various blocks b = 2,...,30, based on samples of size n = 100 from three MA(2) processes

Xt = Zy + V1242 + Y2 with iid standard normal innovations {Z;} (from 4,000 simulations).
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2 Expansive block empirical likelihood

2.1 Mean inference

Suppose X1, ..., X, represents a sample from a strictly stationary process {X; : t € Z} taking
values in R? and consider problem about inference on the process mean EX; = u € R%
While the BEL uses data blocks of a fixed length b for a given sample size n, the EBEL
uses overlapping data blocks {(X1), (X1, X2),...,(X1,...,Xy)} that vary in length up to the
longest block consisting of the entire time series. Hence, this block collection, which constitutes
a type of forward “scan” in the block subsampling language of McElroy and Politis (2007),
contains a data block of every possible length b for a given sample size n.

Let w : [0,1] — [0,00) denote a nonnegative weighting function. To assess the likelihood of

a given value of u, we create centered block sums T; , = w(i/n) Z;-:l(Xj —u),i=1,...,n,



and define a EBEL function L, (u) and ratio R, (u) as

n n n
Ly(p
u)=sup{sz-:pizo,Zpizl,me,u:od}, Ry(p) = ;:(n)- (3)
i=1 i=1 =1

After defining the block sums, the computation of L, (u) is analogous to the BEL version and
essentially the same as that described by Owen (1988, 1990) for iid data. Namely, when the

zero Og4 vector lies in the interior convex hull of {7}, : i =1,...,n}, then L,(u) is the uniquely
achieved maximum at probabilities p; = 1/[n(1+ A, ,T; )] > 0,1 =1,...,n, with A, ;, € R? (a
Lagrange multiplier) satisfying

Ty
: = 043 (4)
2N, T

see Owen (1990) for these and other computational details. Regarding the weight function
above in the EBEL formulation, more details are provided below and in Sections 2.2 with
several examples studied numerically in Section 3.

The next section establishes the limiting distribution of the log-EL ratio from the EBEL
method for setting confidence regions for the process mean i parameter. However, it is helpful
to initially describe how the subsequent developments of EL differ from previous ones with iid
or weakly dependent data (cf. Kitamura, 1997). The standard arguments for developing EL
results, due to Owen (1990, p. 101), typically begin from algebraically re-writing (4) to express

the Lagrange multiplier. If we consider the real-valued case d = 1 for simplicity, this becomes

N Z?1Tw Z
S Zz 1 Zz 1 1+)\/

In the usual independence or weak dependence cases of EL (e.g., where B; ,, from (1) replaces
T; . in the Lagrange multiplier above), the first right-side term dominates the second, which
gives a substantive form for A, ;, as a ratio of sample means and consequently drives the large
sample results (i.e., producing chi-square limits). However, in the EBEL case here, both terms
on the right side above have the same order, implying that the standard approach to developing
EL results breaks down under the EBEL blocking scheme.

The large sample results for the EBEL method require two mild assumptions stated be-
low. Let C4[0,1] denote the metric space of all R%valued continuous functions on [0, 1] with
the supremum metric p(g1, g2) = supg<;<q |l91(t) — g2(t)||, and let B(t) = (Bi(t),..., Ba(t)),
0 <t <1, denote a C4[0,1]-valued random variable where Bi(t),..., By(t) are iid copies of

standard Brownian motion on [0, 1].

Assumptions



(A.1) The weight function w : [0,1] — [0, 00) is continuous on [0, 1] and is strictly positive on

an interval (0, ¢) for some ¢ € (0,1].

(A.2) Let EX; = pp € R? denote the true mean of the stationary process {X;} and suppose
dxdmatrix ¥ = > Cov(Xp, X;) is positive definite. For the empirical process Sy ()

on t € [0,1] defined by linear interpolation of {S,(i/n) = Z;Zl(Xj —po):t=0,...,n}
with S,,(0) = 0, it holds that S,(-)/n!/2 % $V/2B(-) in €40, 1].

Assumption (A.1) is used to guarantee that, in probability, the EBEL ratio R, (uo) positively
exists at the true mean, which holds for uniformly weighted blocks w(t) = 1, t € [0,1], for
example. Assumption (A.2) is a functional central limit theorem for weakly dependent data,
which holds, for example, under appropriate mixing and moment conditions on the process
{X:} (cf. Herrndorf, 1984).

2.2 Main distributional results

To state the limit law for the log-EBEL ratio (3), we first require a result regarding a vector
B(t) = (B1(t),...,Ba(t))’, 0 <t < 1, of iid copies Bi(t),...,Bgy(t) of standard Brownian
motion on [0, 1]. Indeed, the limit distribution of —2log R, (1) is a non-standard functional of
the vector of Brownian motion B(-). Theorem 1 below identifies the key elements of the limit

law and describes some of its basic structural properties.

Theorem 1 Suppose that B(t) = (Bi(t),...,Ba(t)), 0 <t < 1, is defined on a probability
space and let f(t) = w(t)B(t), 0 <t < 1, where w(-) satisfies Assumption (A.1). Then, with

probability 1 (w.p.1), there exists an R%-valued random vector Yy satisfying the following:

(i) Yy is the unique minimizer of

1
ga(a) = _/0 log(1+ d'f(t))dt fora € Kq={y € R : ming<;<1(1 +y'f(t)) > 0};

the latter set is the closure of Kq = {y € R? : ming<y<1(1 + a/f(t)) > 0}, which is open,
bounded and conver in R? (w.p.1). On Ky, gq is also real-valued, strictly convex, and

infinitely differentiable (w.p.1).

1 1 /
(ii) —o0 < ga(Yy) < 0, ch/o fBdt >0, 0< /0 %dt <o

1
t
(iii) If Yy € Kq, then Yy is the unique solution to / %dt =0g for a € Kg4; and if
0

1
t
/0 %dt = 0g4 has a solution a € Ky, then this solution is uniquely Yy.



To comment on Theorem 1, we use the subscript d in Theorem 1 to denote the dimension of ei-
ther the random vector Yy, the space K4 or the arguments of g4. The function g4 is well-defined
and convex on K 4, though possibly g4(a) = +oo for a € 0Ky = {y € R? : ming<;<1 (1+y/f(t)) =
0} on the boundary of K. Importantly, the probability law of g4(Y1) is distribution-free and,
because standard Brownian motion is fast and straightforward to simulate, the distribution of
94(Yq) can be approximately numerically. Parts (ii) and (iii) provide properties for character-
izing and identifying the minimizer Y;. For example, considering the real-valued case d = 1,
it holds that K; = (m, M) where m = —[maxo<i<1 f()]7} < 0 < M = —[ming<<1 f(¢)]7*
and the derivative dgj(a)/da is strictly increasing on Kj by convexity. Because the derivative
of g1 at 0 is — fol f(x)dx, parts (ii)-(iii) imply that if — fol f(x)dx < 0 then either Y3 = m or
Y1 solves dgi(a)/da = 0 on m < a < 0; alternatively, if — fol f(x)dx > 0, then Y1 = M or Y;
solves dgi(a)/da = 0 on 0 < a < M. Additionally, the scale of the weight function w(-) does
not influence the distribution of g4(Yjy); that is, defining f with w or cw, for a non-zero ¢ € R,
produces the same minimized value gq(Yy).

We may now state the main result on the large-sample behavior of the EBEL log-ratio
evaluated at the true process mean EX; = ug € R% Recall that, when Ly, (u0) > 0 in (3), the

EBEL log-ratio admits an expansion (4) at jo in terms of the Lagrange multiplier A, ,, € R,

Theorem 2 Under Assumptions A.1-A.2, as n — 00,

(i) n1/221/2/\n’“0 4, Y,

- 1
(i) - log R (110) % —ga(Ya),

recalling ¥ =377 Cov(Xo, X;), and that Yy and ga(Ya) are defined as in Theorem 1.

From Theorem 2(i), it is interesting to note that the Lagrange multiplier in the EBEL method
exhibits a faster order convergence O,(n~/?) compared to that O,(bn~'/2?) in the standard
BEL case, where b — oo as n — 00, and its limiting distribution is also not the typical normal
one. This has a direct impact on the limit law of the EBEL ratio statistic. As Theorem 2(ii)
shows, the negative logarithm of the EBEL ratio statistic, scaled by the inverse of the sample
size, has a non-standard limit, given by the functional —g4(Yy) of the vector of Brownian motion
B(+) (cf. Theorem 1), that critically depends on the limit Yy of the scaled Lagrange multiplier.
Although non-standard, the distribution of —g4(Yy) is free of any population parameters. Hence,
quantiles of —g4(Yy), which are easy to compute numerically (cf. Section 3), can be used to
calibrate the EBEL confidence regions. In contrast to the standard BEL (2), EBEL confidence
regions do not require a choice of block size. As —gq(Yy) is a strictly positive random variable,

an approximate 100(1 — a)% confidence region for g can be computed as

{peR: —nlog Ry(po) < agi—al,



where a41_q is the lower (1 — «) percentile of —g4(Yy). When d = 1, the confidence region is
an interval; for d > 2, the region is guaranteed to be connected without voids in R
We next provide an additional result, which shows the size of a EBEL confidence region will

be no larger than Op(n_l/ %) in diameter around the true mean EX; = pg. Let
Gpn={n€R": Ry(p) > Ru(po) > 0} (5)

be the collection of mean parameter values which are at least as likely as ug, and therefore

elements of a EBEL confidence region whenever the true mean is.

Corollary 1 Under the assumptions of Theorem 2, Z,, = O,(n~/?) holds, where Z,, = sup{||u—
woll = € G} for Gy, in (5).

We note that Theorem 2 remains valid for potentially negative-valued weight functions w(-)
as well (i.e., assuming w is continuous, real-valued, and that either w or —w is strictly positive
on some (0,¢] C [0,1] in place of A.1). Simulations have shown that, with weight functions
oscillating between positive and negative values on [0, 1] (e.g., w(t) = sin(27t)), EBEL intervals
for the process mean perform consistently well in terms of coverage accuracy. However, with
weight functions w(-) that vary in sign, a result as in Corollary 1 fails to hold. For this reason,

the weight functions w(-) considered are non-negative as stated in Assumption A.1l.

2.3 Smooth function model parameters

We next consider extending the EBEL method for inference on a broad class of parameters under
the so-called “smooth function model” of Bhattacharya and Ghosh (1978) and Hall (1992). For
independent and time series data, respectively, Hall and La Scala (1990) and Kitamura (1997)
have considered EL inference for similar parameters; see also Owen (1990, sec. 4).
If EX; = puo € R? again denotes the true mean of the process, the target parameter of
interest is given by
0o = H(mo) € RP, (6)

based on a smooth function H(u) = (Hi(p),...,Hpy(w)) of the mean parameter p, where
H;:R¢ - Rfori=1,...,pand p < d. This framework allows a large variety of parameters to
be considered such as sums, differences, products and ratios of means, which can be used, for
example, to formulate parameters such as covariances and autocorrelations as functions of the
m-dimensional moment structure (for a fixed m) of a time series. For a univariate stationary
series Uy, ..., Uy, for instance, one can define a multivariate series X; based on transformations
of (U, ..., Uprm—1) and estimate parameters for the process {U, } based on appropriate functions

H of the mean of X;. The correlations 0y = H () of {U;} at lags m and my < m, for example,



can be formulated in (6) by H(z1, 22,3, 24) = (73 — 22,24 — 22)' /[12 — 2%] and EX; = g for
Xi = (U, U2, UtUsymy , UtUpem)’ € R Kiinsch (1989) and Lahiri (2003, Ch. 4) provide further
examples of smooth function parameters.

For inference on the parameter § = H(u), the EBEL ratio is defined as

n n n
R, (0) = sup {Hpi pi 2 0,> pi=1,> piTip=04p€R, H(n) = 9} :
=1 =1 =1

and its limit distribution is provided next.

Theorem 3 In addition to the assumptions of Theorem 2, suppose H from (6) is contin-
uously differentiable in a neighborhood of pg and that V,, has rank p < d, where V, =
[OH;(1)/0pjli=1,... pij=1,..d denotes the pxd matriz of first-order partial derivatives of H. Then,

at the true parameter 6y = H(up), as n — oo
1 d
s log R (00) = —gp(Yp)
with Y, and g,(Yy) as defined in Theorem 1.

Theorem 3 shows that the log-EBEL ratio statistic for the parameter 8y = H(uo) € RP under
the smooth function model continues to have a limit of the same form as that in the case of the
EBEL for the mean parameter o € R? itself. The main difference is that the functional g,(Y})
is now defined in terms of a p-dimensional Brownian motion as in Theorem 1, but with p < d,
where p denotes the dimension of the parameter 6y. It is interesting to note that, similarly to
the traditional profile likelihood theory in a parametric set-up with iid observations, the limit
law here does not depend on the function H as long as the matrix V,, of the first order partial
derivatives of H at u = pg has full rank p. Due to the non-standard blocking, the proof of this
EBEL result again requires a different development compared to standard BEL (cf. Kitamura,

1997), which follows similarly to the iid EL case (cf. Owen, 1990, sec. 4; Hall & La Scala, 1990).

3 Numerical studies

Here we summarize the results of a simulation study to investigate the performance of the EBEL
method, considering the coverage accuracy of confidence intervals (CIs) for the process mean.
We considered several real-valued ARMA(1,2) processes X; = ¢ Xy +¢e¢+ 01641+ 02642 defined
with respect to an underlying iid innovation series {¢; }; Table 1 lists the parameter combinations
considered, denoted as Models 1,...,9,0, which allow a variety of dependence structures with
ranges of weak and strong dependence. We also considered several AR(1) processes X; =

¢ X + Y; defined by a (stationary) first-order threshold moving average innovations Y; = ¢, +



Table 1: Parameters for ARMA(1,2) processes are denoted as Models 1,...,9,0. Parameters
in AR(1) processes ,defined by threshold moving average innovations, are denoted as Models

a,...,h.

Parameters Process Models
1&a 2&b 3&c 4&d H5&e 6&f 7T&g 8&h 9 0
0] -0.3 -0.3 0.0 0.0 0.0 0.6 0.9 0.6 09 06
01 0.1 0.7 -0.6 0.4 0.7 0.7 -0.6 -0.3 0.0 0.0
0 0.7 1.0 0.4 -0.6 1.0 0.4 -0.3 0.7 0.0 0.0

[01 4 020(Y:—1 < 4)]et—1 with respect to an iid innovation series {e;} (cf. Tong, 1978); Table 1
again lists parameters for defining these processes, denoted as Models a, ..., h.

For each process (and depending on an innovation {e;} type), we generated 2000 samples
of size n = 250,500,1000 for comparing the coverage accuracy of 90% CIs from various EL
procedures. For the EBEL method, we present results for 11 different weighting functions w(-)

listed in Table 2, some of which are based on the following forms, for ¢ € (0, 1],

Wiinear.to.flat,e = (t/C)H(t < C) + H(t > C)
wt’/‘ap,c(t) = t/C]I(t < C) + ]I(C <t< 1- C) + (1 - t)/CH<1 —c<t< 1)
Waquad.to. flat,e = (t/C)Q]I(t < C) + ]I(t > C)

Wstepe = 0.01¢/cl(t < ¢) + [99(t — ¢) + 0.01]I(c < t < ¢+ 0.01) + I(¢t > ¢+ 0.01).

The weighting functions in Table 2 differ in their initial curvature on [0, 1] and at the point which
these potentially “top off” at value of 1. The “step function” wgiep . is continuous, but essentially
equals zero initially with a large jump to 1 near c. Functions 5 and 6 in Table 2 down-weight
at both ends of the interval [0,1] in a symmetrical fashion. We had also tried wiinear.to. fiat,c
for ¢ = 0.5,0.75, 1, Wquad.to. flat,c for ¢ = 0.25,0.5, Wstep,c(t) for ¢ = 0.3,0.5,0.7, and wirqp, 4(t),
but, within each group, the results were quantitatively similar to weight functions in Table 2.
Additionally, for each weight function w, the limiting distribution of the EBEL ratio —g;(Y?)
under Theorem 2 was approximated by 50000 simulations in order to determine the 90th (or
95th) percentile for calibrating intervals. Table 2 lists these approximated percentiles along
with Monte Carlo error bounds.

For comparison, we also include coverage results for the standard BEL method, with OL
blocks (BEL) or non-overlapping blocks (NBEL), as well as a tapered BEL (TBEL) method.
The NBEL uses a subset of the data blocks from the BEL method (cf. Kitamura, 1997), and the

TBEL resembles BEL but uses a trapezoidal taper wy,qp,0.43 to down-weight observations at the

10



Table 2: Weight functions used the simulation study for the EBEL method along with ap-
proximated 90th and 95th lower percentiles of the limit law —g;(Y7) of the log-EBEL ratio
(Theorem 2), based on 50000 simulations. To indicate Monte Carlo error, the approximated

percentile £ the parenthetical quantity gives a 95% CI for the true percentile of —g;(Y7).

Weight function w(t), t € [0, 1] 90th percentile | 95th percentile
1 w(t)=1 2.51  (0.03) | 3.28  (0.04)
2 Wiinear.to. flat,0.9(t) 5.64  (0.09) | 7.77  (0.14)
3 Wiinear.to. flat,0.25(t) 504 (0.08) | 7.17  (0.13)
4 w(t) = (1 —cos(2mt))/20(t < 0.5) +I(t > 0.5) | 7.59  (0.13) | 11.06  (0.19)
5 w(t) = (1 — cos(27t))/2 7.00  (0.15) | 10.47 (0.19)
6 Wirap,0.5(t) 506  (0.09) | 7.19  (0.11)
7 w(t) =t 8.56  (0.15) | 12.20 (0.20)
8 Wyuad.to. flat.0.75(t) 847  (0.15) | 12.05 (0.22)
9 Wyuad.to. flat.0.9(t) 8.75  (0.15) | 12.38 (0.19)
10 wstep,0.1(t) 8.32  (0.09) |10.51 (0.14)
11 Wstep,0.9 6.24  (0.09) | 844  (0.14)

ends of each block (Xj-wipap0.43[(1—0.5)/0], ..., Xitp—1-Wirap,0.43[(b—0.5)/b]),i = 1,...,n—b+1,
of length b; see Nordman (2009) for details. (Note that EBEL weights data blocks of varying
length, not observations within each data block as in the TBEL method.) For each of these
BEL methods, we considered block choices b = Cn'/3, C = 0.5,1,2, with a block order n'/3
based on its consideration by Kitamura (1997, p. 2093) and scaling C' around 1 borrowed from
implementations in the block bootstrap literature (cf. Lahiri, 2003, ch. 5).

Figure 2 shows the coverage accuracy of 90% EL CIs for the mean of the threshold-based
Models a-h, with either standard normal N(0,1) or centered x? innovations {¢;}. Figure 3
shows the same for Models 0-9 with centered Bernoulli (Ber(0.5)) or Pareto innovations {},
the latter having probability density function 2.12=3!, x > 1. These figures suggest that the
EBEL method generally performs as well as a BEL procedure using a good block choice, and
much better when the latter employ a bad block choice. Additionally, the EBEL method tends
to be less sensitive to the underlying dependence in its performance (e.g., the strong positive
dependence Model 9 in Figure 3 where standard BEL methods can exhibit extreme under-
coverage, or the negative dependence Model 4 where over-coverage occurs). Also, the coverage
results in the EBEL method are fairly similar across quite different weighting functions w(-);

that is, the method is largely insensitive to the weight function, with the one exception being
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that constant weighting w(t) = 1 tended to perform generally worse. To give an idea of the
coverage rates of 95% intervals for the process mean, Figure 4 contrasts coverages of 90% and
95% CIs for Models 1,...,9,0 with x? innovations. The pattern of coverages is qualitatively

similar for both nominal coverage levels.

4 Conclusions

The proposed expansive block empirical likelihood (EBEL) is a type of variation on standard
blockwise empirical likelihood (BEL) for time series which, instead of using a fixed block length
b for a given sample size n, involves a non-standard blocking scheme to capture the dependence
structure. As the coverage accuracy of standard BEL methods depends intricately on the block
choice b (where the best b can vary with the underlying process), the EBEL has an advantage in
eliminating block selection. As mentioned in the Introduction, we also anticipate that the EBEL
method will generally have better rates of coverage accuracy compared to other existing versions
of BEL, such as the overlapping tapered and non-tapered versions of BEL. The simulations of
Section 3 lend support to this notion, along with suggesting that the EBEL can be less sensitive
to the strength of the underlying time dependence. While asymptotic coverage rates for BEL
methods remain to be determined, we may offer the following heuristic based on analogs drawn
to so-called “fixed-b asymptotic” (cf. Keifer, Vogelsang and Bunzel, 2000; Bunzel, Kiefer and
Vogelsang, 2001; Kiefer and Vogelsang, 2002), or related “self-normalization” (cf. Lobato, 2001;
Shao, 2011) schemes.

In asymptotic expansions of log-likelihood statistics from standard BEL formulations, the
data blocks serve to provide a type of subsampling variance estimator (cf. Carlstein, 1986;
Politis and Romano, 1993) for purposes of normalizing scale and obtaining chi-square limits for
log-BEL ratio statistics. Such variance estimators are consistent, requiring block sizes b which
grow at a smaller rate than the sample size n (i.e., b~! 4+ b/n — oo as n — o), and are known
to have equivalences to variance estimators formulated as lag window estimates involving kernel
functions and bandwidths b with similar behavior to block lengths b=! +b/n — oo (cf. Kiinsch,
1989; Politis, 2003). That is, standard BEL intervals have parallels with normal theory intervals
based on normalization with consistent lag window estimates. However, considering interval
inference with sample means for example, there is some numerical and theoretical evidence
(cf. Bunzel et al 2001; Sun, Philips and Jin, 2008) that normalizing scale with inconsistent lag
window estimates having fixed bandwidth ratios (e.g., b/n = C for some C' € (0, 1]) results in
better coverage accuracy compared to normalization with consistent ones, though the former
case requires calibrating intervals with non-normal limit laws. Shao (2011, sec 2.1) provides

a nice summary of these points as well as the form of some of these distribution-free limit

12



laws, which typically involve ratios of random variables defined by Brownian motion (cf. Kiefer
and Vogelsang, 2002). While the EBEL method is not immediately analogous to normalizing
with inconsistent variance estimators (as mentioned in Section 2.1, the usual EL expansions do
not hold for EBEL), there are parallels in that the EBEL method does not use block lengths
satisfying standard bandwidth conditions and confidence region calibration involves non-normal
limits based on Brownian motion. This heuristic in the mean case suggests that better coverage
rates associated with fixed-b asymptotics over standard normal theory asymptotics may be

anticipated to carry over to comparisons of EBEL to standard BEL formulations.

5 Proofs of main results

To establish Theorem 1, we first require a lemma regarding a standard Brownian motion. For
concreteness, suppose B(t) = B(w,t) = (Bi(w,t),...,Bg(w,t)), w € Q, t € [0,1] is a random
C4[0, 1]-valued element defined on some probability space (2, F, P), where By, ..., By are again
distributed as iid copies of standard Brownian motion on [0,1]. In the following, we use the
basic fact that each B;(+) is continuous on [0, 1] with probability 1 (w.p.1) along with the fact

that increments of standard Brownian motion are independent (cf. Freedman, 1983).

Lemma 1 With probability 1, it holds that
. . / / d _
(i) Jnin_a B(t) <0< fnax a B(t) for alle >0 and a € R?, ||a|| = 1.

(ii) Og is in the interior of the convex hull of B(t), 0 <t < 1.

(i1i) There exists a positive random variable M such that, for all a € R?, it holds that
min a'B(t) < —M||a|| and M||a]| < max o’ B(t).
0<t<1 0<t<1

(i) If Assumption A.1 holds in addition, (i), (ii), (i1i) above hold upon replacing B(t) with
f(t) =w®)B(t), t € [0,1].

Proof of Lemma 1. For real-valued Brownian motion, it is known that 0122216 Bi(t) <0< Iax B;(t)
holds for all € > 0 w.p.1. (cf. Freedman, 1983, Lemma 55); we modify the proof of this. Let
{tn} C (0,1) be a decreasing sequence where t,, | 0 as n — oco. Pick and fix ¢1,...,¢cq € {—1,1}

and define the event A, = Ap¢ .. c, = {w € Q 1 ¢Bi(w,ty) > 0,i = 1,...,d}. Then,
P(A,) = 27% for all n > 1 by normality and independence. As the events B, = Ure,, Ak,

n > 1, are decreasing, it holds that

n—oo n—oo

P (ﬁ Bn> = lim P(B,) > lim P(A,) =274

n=1
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Since (,—; By, is a tail event generated by the independent random variables B;(t1)—Bij(t2), Bi(t2)—
Bi(ts),...fori=1,...,d, (i.e., increments of Brownian motion are independent and B;(0) = 0

it follows from Kolmogorov’s 0-1 law that 1 = P ([ 2, Bn) = P (A, infinitely often (i.o.)

)

)
).
Hence, P (Apc,,...c, 1.0. for any ¢; € {1,—1}, ¢ = 1,...,d) = 1 must hold, which implies part (i).
For part (ii), if 04 is not in the interior convex hull of B(t), t € [0, 1], then the support-
ing/separating hyperplane theorem would imply that, for some a € R?, ||a|| = 1, it holds that
a’B(t) > 0 for all t € [0,1], which contradicts part (i).
To show part (iii), we use the events developed in part (i) and define n., .

, = min{n :

Aper,..cqg holds}. Define M = min{|B;(tn,, ., )| : c1,....ca € {=1,1},i = 1,...,d} > 0.

,,,,,

,,,,,,,,,,,

M]|a||. This establishes (iii).
Part (iv) follows from the fact that w(¢) > 0 for ¢ € (0, ¢) and we may make take the positive

,,,,,,

sequence {t,} C (0,c) in the proof of part (i). Then, the results for B(t) imply the same hold
upon substituting f(¢t) = w(t)B(t), t € [0,1]. O

Proof of Theorem 1. The set K4 = {a € R? : ming<;<1(1 + a'f(¢)) > 0} is open, bounded
and convex (w.p.l), where boundedness follows from Lemma 1(iii,iv). Likewise, the closure
Kq={a € R?: ming<y<1(1+a’f(t)) > 0} is convex and bounded. Since ming<;<1(1+a’f(t)) is
a continuous function in @ € R?, one may apply the Dominated Convergence Theorem (DCT)
(with the fact that ming<i<i(1 + a’f(¢)) is bounded away from 0 on closed balls inside Ky
around a) to show that partial derivatives of g4(-) at a € K4 (of all orders) exist, with first and
second partial derivatives given by

) __ [0 g S [0S0
0 0 [

dt
da 14+a'f(t) dada’

1+df(t))?

Because fol f(®)f(t)dt is positive definite by Lemma 1(i,iv) and the continuity of f, the matrix
02gq(a)/0ada’ is also positive definitive for all a € Ky, implying gg is strictly convex on Kg .
By Jensen’s inequality, it also holds that g4 is convex on K.

Note for a € K4, ga(a) > — fol log(1 + sup, %, lall - supg<i<y [ f(¢)|]) > —oo holds, so that
I'=inf % ga(a) exists. Additionally, 04 € K4 with g4(04) = 0 and 9ga(04)/0a = — fol f(t)dt,
where the components of fol f(t)dt are all non-zero (w.p.1) by normality and independence; by
the continuity of partial derivatives on the open set Ky, there then exists a € K, such that
a [y f(t)dt > 0 holds with the components of — fol f(t) and dgq(a)/da having the same sign.
By strict convexity, gq4(04) — ga(a) > [0gq(a)/da)' (04 — @) > 0 follows, implying I < 0 and
I'=inf g ga(a) for the level set Ki={aeKg:gq(a) <0}
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Then, there exists a sequence a,, € K4 such that ga(an) < I +n~"tfor n > 1. Since {a,}
is bounded, we may extract a subsequence such that a,, — Y; € f(d, for some Yy € K,. Pick
0 € (0,1). Then, by the DCT,

limgg(an,) > lim / —log(1 + dl, f(t))dt
{t:aﬁlkf(t)>—1+5}

/ —log(1+ Yy f(t))dt
{£:Y) f(t)>—1+6}

= Ve + / log(1 + Y,/ (t))dt.
(EY] 1 () <-1+6}

Note that because gq(Yy) € (—o0,0], it follows that — f{t:Yéf(t)<0} log(1 + Y f(t))dt < oo and
{t €[0,1] : Y f(t) = —1} has Lebesgue measure zero. Hence, the DCT yields

lim — log(1+ Y, f(t))dt = 0.
=0 J{ry) f(t)<—146}

Consequently,
I > 1lim gq(an,) > limgg(an,) > ga(Ya) > 1,

establishing the existence of a minimizer Yy of g4 on K4 such that —oo < I = g4(Yy) < 0.

For part (ii) of Theorem 1, note y, = (1—n"1)Yy+n"104 € K4, n > 1, by convex geometry,
as Ky is the convex interior of K4. Then, g4(y,) < (1 —n~1)gq(Yy) holds by convexity of gg
and gq(04) = 0, implying 0 < n[gq4(yn) — 9a(Ya)] < —g4(Yq) < oo, from which it follows that
9a(yn) — ga(Yy) and, by the mean value theorem,

Yif(t)

L ANV M
T+e,Yif)" = 94(Ya)

1
0 < nlgalyn) — ga(Ya)] = /0

holds for some (1 —n~1) < ¢, < 1 (note ¢,Yy € Kq so ming<z<y (1 + e, Y f(t)) > 0 for all n);
the latter implies 0 < f{t:Y(gf(t)<0} =Y f(t)/[1+ enYyf(t)]dt < f{t:Y;f(t)>0} Y, f(t) < oo so that

Fatou’s lemma yields
.- / R0
" Juvipm<oy  1HY ()

as n — oo, and consequently fol 1/[14+ Y, f(t)]dt < co. We may then apply the DCT to find

oy YW
(t)dt_/o ESAI0)

dt < oo

lim

dt €10 .
n—oo Jq 1+CnYd,f E[ 700)

Also by convexity and 04 € K4, 0 > ga(Ya) — 94(04) > [094(04)/0a)' (Y4 — 04) holds (w.p.1), im-
plying Y} fol f(t)dt > 0 from 9gq(04)/0a = — fol f(t)dt. This establishes part (ii) of Theorem 1.
To show uniqueness of the minimizer, we shall construct sequences with the same properties

in the proof of part (ii) above. Suppose z € Ky such that gg(z) = I = gq(¥y). Defining
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rpn=01-n"Hr+nt0y € Kgand y, = (1 —n" 1Yy +n"'0; € K4 for n > 1, by convexity
we have 0 > gq(x) — ga(yn) > [094(yn)/0a] (x — yp), so that taking limits yields 0 > — fol(x —
Yy)' f(t)/[1+ Y, f(t)]dt, and, by symmetry, 0 > — fol (Ya—2z) f(t)/[1+ 2 f(t)]dt as well. Adding

these terms gives

L @ Y FOP
02/0 A+ @)1+ Y™

implying that x = Y; by Lemma 1(iv) and the continuity of f.

Finally, to establish part (iii), if Yy € K4, then 0g = ga(Ya)/da = — [} f(£)/[1 + Y, f(t)]dt
must hold. If there exists another b € K4 satisfying fol F@)/[1+Vf(t)]dt = 04, then adding
094(Yq)/0a to this integral and multiplying by (Yy — b)’ yields 0 = fol[(b - Y fO?/[(1 +
Vf(t)(1+Y,f(t)]dt, implying that b = Yy. Also, if 0g = fol F@)/[L+b f(t)]dt = —Dga(b)/0a
holds for some b € K, then strict convexity implies g4(a) — gq(b) > [0gq(b)/da] (a — b) = 0 for

all a € K4, implying b = Yy is the unique minimizer of g4. O

Proof of Theorem 2. Under Assumption A.2, we use Skorohod’s embedding theorem (cf. The-
orem 1.1.04, van der Vaart and Wellner, 1996) to embed {S,(:)} and {B(-)} in a larger prob-
ability space (€2, F, P) such that supp<;<; |2-1/28,(t)/n'/? — B(t)|| — 0 w.p.1(P). Defining
T,(t) = w(t)Sy(t) and f(t) = w(t)B(t), t € [0,1], the continuity of w under Assumption A.1

then implies

»12T,(t)

0<t<1

Note that T, = w(i/n) Y5y (X; — po) = Tn(i/n), i = 1,...,n. By (7) and Lemma 1, 04 is
in the interior convex hull of {7} ,, : i = 1,...,n} eventually (w.p.1) so that Ly, (ug) > 0 even-
tually (w.p.1.). (That is, by Lemma 1(iv), there exists A € F with P(A) = 1 and, for w € A,
ming<< @’ f(w,t) < —M(w) and maxp<;< @' f(w,t) > M(w) hold for some M(w) > 0 and all a €
R?, ||la|| = 1. Then, (7) implies minj<;<, a'S~Y2T,(w,i/n) < 0 < ' maxi<j<p, X7 2T, (w,i/n)
holds for all ¢ € R?, ||a|| = 1 eventually, implying Og is in the interior convex hull of {-~Y/2T,, (i/n) :

i=1,...,n}.) Hence, eventually (w.p.1), as in (4), we can write

n

1 1 & 1 &
Ry (po) = =— > 108(1+ X, 1 Tiwg) = — D log(1+ 6T )
=1 =1

where T} , = Z_l/QTn(i/n)/nl/Z, i=1,...,nand ¢, = ”1/221/2)‘n,uo and

n

n
1 T;
i 1407 )>0 E S — E w0, 8
ii{{l,.rin( +6Tin) > 0, n(1+0T,) n(l+ 0T, ° ®)

From here, all considered convergence will be pointwise along some fixed w € A where

P(A) = 1, and we suppress the dependence of terms f, T), etc. on w. Then, (8) [i.e.,
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Min;—0 1dots.n £ (X 2Ty (i/n)/n'/?) > —1] with (7) and Lemma 1(iv) implies that ||£,]| is
bounded eventually. For any subsequence {n;} of {n}, we may extract a further subsequence
{ni} C {n;} such that £,, — b for some b € K4. For simplicity, write ng = k in the following.
We will show below that k=1 log Ry (o) — g4(Ya) and that £, — Yy, where Y; € K4 denotes the
minimizer of g4(a) = — fol log(1 + @' f(t))dt, a € K4 under Theorem 1. Since the subsequence
{n;} is arbitrary, we then have n~1log R,(uo) — ga(Ya) and ¢, — Y, w.p.1, implying the
distributional convergence in Theorem 2.

Define Y, = (1 — €)Yy + €0y € K, (since 0y € Ky, the interior of Ky) for e € (0,1).
From Y, € Ky, ming<;<1(1 + Y/ f(¢t)) > ¢ holds for some § > 0 (dependent on €) so that
min;<;<,(1 + Y/T; ;) > ¢ holds eventually by (7). Then, because

| =

k
gar(a) = =7 log(l +d'Tix)
i=1
is strictly convex on a € {y € R? : miny <;<x(1 + y'T;) > 0} with a unique minimizer at ¢, by
(8) (i-e., 3gax(lk)/da = 04 holds and strict convexity follows when k! Zle T; T}, is positive
definite, which holds eventually from k! Zle TipTiy — fol f(@)f(t)'dt by (7) and the DCT,
with the latter matrix being positive definite w.p.1 by Lemma 1(iv) and continuity of f), we

have that

1
9ax(Ye) > gar(ly) = 7 log Ry (po)-

Define ggr(a) = k2 32% log(1 + a/f(i/k)), a € K4. Then, by Taylor expansion (recalling
minogtgl(l + YE/f(t)) >0, minlgigk(l + Ye/Ti,k) > 5),

] 1 o . 1 !
19a.1(Ye) = Gar(Ye)| < k;\YE(Tm—f@/’fW <1+yg:ri,k+ 1+Y;f(i/k:)>

< -1 - — f(i
< Yall257 ma, [T — £(i/R)| = 0

from (7) and Theorem 1. Also, by the DCT, gqx(Ye) — ga(Ye) as k — oo. Hence, gq4(Ye) >
lim g4 1 (%) holds and, since g4(Ye) < (1—¢€)ga(Ya) by convexity and gq(04) = 0, we have, letting
€ — 0, that

9a(Ya) > lim gq (£).- 9)

Recalling ¢ — b € Ky, define b = (1 — €)b+ €04 € Kg4, so that ming<;<1(1 + b f(t)) > 0.
Then, gqx(be) — ga(be) by (7) and the DCT. And, by Taylor expansion and using (8),

fi/k)

/ ! 1 —
00 (0 [ ) =0
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following from (7) and the DCT. Hence, we have

limga (k) > ga(be) — C(e). (10)
We will show below that )
1
——dt < 0 11
/o TV -
holds. In which case, lim._ . fo [1+bLf(t)] tdt = fo + b/ f(t)]71dt < oo by the DCT and so

that C(e) — 0 as € — 0 (noting supp<;<; \b f(t)] < oo since f is continuous and K 4 is bounded
by Theorem 1). By Fatou’s lemma and the DCT, lim,_,(g4(be) > g4(b) holds also. Hence, by
(9)-(10), we then have

9a(Ya) > lim gg () > limga i (€x) > ga(b) > ga(Ya),

implying b = Yy by the uniqueness of the minimizer and limy .., k! log Ri(10) = ga(Ya).

To finally show (11), let A = {t € [0,1] : 1 + ¥ f(t) < d} for some 0 < d < 1/2 chosen
so that {t € [0,1] : 1 +V/f(t) = d} has Lebesgue measure zero (since f is continuous). Let
A¢=0,1] \ A. Using the indicator function I(-), define a simple function

k . .
_ Ok i—1 4
i=1 ;

From (8), note that

/Ahk(t)dtJr/ hy(t)dt = k21+znk 0g-

From (7), I(t € A%)hi(t) — It € AV f(t)/(1 + V' f(t)) (almost everywhere (a.e.) Lebesgue
measure) and for large k, I(t € A)|hi(t)] < 2C/d holds for t € [0,1], since eventually
maxi<;<j |1 x| is bounded by a constant C' > 0 and also 1+ ' f(t) + (¢}, T — b' f(t)) > d/2
fort € A%, (i—1)/k <t <i/k. Then, by the DCT, [,. hi(t)dt — [,.b'f(t)/(1+b'f(t))dt. And
for 6 € (0,1), note

k . .
—0.T, i—1 1
—I(t € A)hg(t) > hii(t) = E 1 T 5]1(51gn(£’ T < O)H <t € (k’ ]J N A>

Since |hy x(t)] < C/0 and hy i (t) — =Lt € A f(t)/(1+V f(t) + ) (a.e. Lebesgue measure),
by the DCT

b'f(t)

Trvfn™

—b’f(t)
0< ————dt = lim hii(t)dt < lim —hi(t)dt =
/4 1+b,’<t) +(5 ki)oo A 1’k( ) ki)oo A k( ) /!

using [, —hi(t)dt = [,. hi(t)dt. Letting 6 — 0, Fatou’s lemma gives

V' f(t) v'f(t)
OS/Al—{—b’f(t)dtS/Acl—l—b’f(t)dt<oo'
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Because —b'f(t) > 1/2 on A, [,[1+ V' f(t)]dt < oo holds, implying (11). O

Proof of Corollary 1. As in the proof of Theorem 2, we embed {S,(-)} and {B(-)} in a
larger probability space (€2, F, P) such that (7) holds, recalling f(t) = w(t)B(t), t € [0, 1]. For
simplicity and without loss of generality, we suppose that ¥ = I;x4 (the identity matrix) and
that w(t) € [0,1] in the following. For § > 0, there exists L = L(§) > 1 and € = €(d) € (0,1)
such that

1
P (52?51 1B > L) <5, P(Yal>L)<s P (ggggeumt)u > 2max0<t<lw(t)) <6

with tightness following from Theorem 1 and the probability properties of the maximum of stan-
dard Brownian motion (cf. Athreya and Lahiri, 2006, ch. 15.2). Let A € F be the event that (7)
holds along with maxo<i<1 || B(t)|| < L, ||Yal| < L, and maxo<i<. || B(t)|| < 1/[2 maxo<i<i w(t)].
We will show that there exists a fixed M > 0 (to be specified later but depending on ¢) such
that lim Z,,(w)n'/? < M holds for any w € A. In which case,

lim sup P(Z,m'?> M) < P(A°)+ lim P (Aﬂ U {w: Zp(w)ym*/? > M})

n—00 n—00
m>n m=n

= P(A9+P (A N ﬁ fj {w: Zp(w)m/? > M})

n=1m=n

< 36+ P(A,im Z,n'/? > M) = 36.

Since ¢ can be made arbitrarily small and M can be chosen depending on 8, Z,n'/? is tight,
establishing Corollary 1.

Fix w € A and we will suppress the dependence of random variables on w. Suppose
lim Z,n'/? > M. Then, there exists a subsequence {n;} and pn; € Gn, such that |[p,; —
woll > nj_l/QM. Since Gy,; is connected without voids and puoy € Gy, (note Ly(uo) > 0
eventually as in the proof of Theorem 2 by (7)), there exists b,, € R?, |b,,|| = 1 such
that Up; = nj_l/ M bnj + po € an. We may exact a further subsequence {ny} such that
bn, — b € RY, ||b]| = 1. In the following, denote n, = k for simplicity. For u € RY, let
Tiu(0) = 0 and Ty, (i/k) = Tiy = w(i/k) Y5 (X; — p), i = 1,...,k, and define the pro-
cess T} ,(t), t € [0,1] by linear interpolation of {71} ,(i/k) : i = 0,...,k}. Note, in (7), that
Ty(i/k) = Tipo = Tip + iw(i/k)(n — po). Hence, by (7), supgey<t [|Thvp /K> = fo(8)]| — 0
w.p.1(P), where fy(t) = w(t)[B(t) + Mtb]. One can then show, as in the proof of Theorem 2,
that k= 'Ry (o) — g4(Ya) and k= Ry (vy,) — C(M) for

1
C(M) = min {—/0 log(1+d fp(t))dt : a € Rd’orélti%(l +d fo(t)) > 0} .
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On A, g4(Yq) > —log(1l + L?) and C(M) < —fol log(1 + V' f(t))dt, where minp<;<.(1 +
V() > 1/2 and, if M = e Y(L + [LY/ mine<i<cw(t)]), mine<i<1(1 + V' fp(t)) > 1 and
mine<i<c(1 + ' fp(t)) > 1+ L7 hold for ¢ > 1, where w(t) > 0 for ¢t € (0,c¢) by Assump-
tion A.1. By choosing ¢ large in this M, C(M) < log2 — (¢ — €)log(1 + L?) < —2log(1 + L?)
follows. Then, for large k, it holds that k=1log Ri(vy) < —2log(1 + L?) < k~!log Ry(po),
implying that vj, & Gy, which is a contradiction. Hence, on A, lim Z,n'/2 < M holds. O

Proof of Theorem 3. As in the proof of Theorem 2, we again embed {S,(-)} and {B(:)} in a
larger probability space (€2, F, P) such that (7) holds with f(¢) = w(t)B(t), t € [0, 1], implying
0q4 is in the interior convex hull of {7} ,, : i =1,...,n} and R, (1) > 0 eventually w.p.1(P) (as
in the proof of Theorem 2).

Using the proof of Theorem 1, one can show that there exists ffp € RP which is the unique
minimizer of g,(a) = — fol log(1+ ' f(t))dt for a € {y € R? : ming<;<1(1 4 &/ f(t)) > 0}, where
f(t) = w(t)B(t) for B(t) = [VNOEVLO]*l/QVMOEl/QB(t). Here, B(-) is distributed as vector of p
iid components of standard Brownian motion, so that Y, and g,(Y},) have the same distribution
as Y, and g,(Y}) in Theorem 1, and all properties stated for Y}, g,, f in the Theorem 1 apply
to Yy, Jp, f- In particular, Theorem 1(iv) and Theorem 2(ii) imply 0 < fol[l + f/p'f(t)]_ldt < 00
and 0 < Fy = fol tw(t)[1 + Y] f(t)]"*dt < oo w.p.1 (while f is bounded with w.p.1) so that
F= fol SU2F)[1 + f/p'f(t)}_ldt/ﬁ’l is a RP-valued random variable. Hence, as in the proof of
Corollary 1, we may construct an event A € F, with arbitrarily large probability, such that (7),
|F|| < M/2 and Tim Z,n'/? < M hold for w € A for some M > 0 (suppressing the dependence
of the variables on w). On A, we shall show n~"log R,,(6y) — §,(Y,), where again §,(Y,) has
the same distribution as gp(Y,) in Theorem 1. Since P(A) can be made arbitrarily large, the
distributional convergence in Theorem 3 will then follow.

Fix w € A. From the proof of Theorem 2, recall 04 is in the interior convex hull of {T; ,, :
i=1,...,n} and R,(iuo) > 0 eventually. Also, Z,n'/? < M holds eventually, and we may write
R, (6p) = sup D,, for

n n n
Dn = {anl LD 2 Oazpz = 1,2]91'7—%7“ = Od)H(,U/) = 90’ H/.L _ MOH S Mn—l/Z}
=1 i=1 i=1

Note that, if " | p;T; ;. = 0q holds with mini<;<,, p; > 0 for some p € R? where H(u) = 0y and

i — ol < Mn=Y2, then = 31" | piw(i/n)Sn(i/n)/ S0, piiw(i/n) where S0 piiw(i/n) >
0 by Assumption A.1; by Taylor expansion around f, V.« (1t — o) = 0, holds for some p* € R4
with || — po| < Mn~1/2, which implies 0, = [, piiw(i/n)|V o (1= po) = Ve iy 0iTipo-
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Hence, D,, C E,,, where

n n n
En = {Hnm 2120, pi =1V Y piligg = O, 1= po| < Mn—l/Q}
=1 =1 1=1

so that log R, (0y) = log sup D,, < logsup E,,

Writing R (1) = sup{[Ti_y npi s pi > 0,50 pi = 1,V Sy piTi g = Op} for [|pw — pol| <
Mn~1/2_ it holds that log R, (u) = — >0, (1 + Moy ViTi ) where Ay, is the minimizer of the
strictly convex function — 7 (1 + @'V, T} .4.), @ € {y € R? : minj<j<,,(1 + vV, T} ) > 0}
(following from R, (1) > 0 because 0y is in the interior convex hull of {7}, :i = 1,...,n} and
that =2 >0 Vo T o T 1y Vi 1 eventually positive definite by =2 370 V0 T o T} 0 Vi —
fol (V22 £ (8)][V 0o Y2 f(1)]dt from (7) and the DCT). One can then show, as in the proof

of Theorem 2, that
1 - ~
log Ry ( Z log(1 + Ay i Vo Tio) = Gp(Yp),

and nl/Q[VMOEV;LO]lﬂ)\nM — Y,. Also, for Y. = (1 — €)Y}, + €0,, it holds that ming<;<(1 +
Y/f(t)) > 0, which implies inf),_,oi1<rm-1/2 Mini<i<n (1 + V!V, T ) > 0 eventually. Since
n~tlogsup E, = n~! SUD||,— o | < Mn—1/2 108 Ry (p) and, for each n, there exists ||, — ol <
Mn~'/2 such that

1 1 1 N 1 & 1 &
T + n logsup B, < n log Ry (pin) = “n Z(l + X in Viin Tipo) < n Z nTipo);
i=1 i=1
we have

n
m% log sup D,, < m%log sup E,, < lim — i;(l + V!V Tio) = 3p(Ye)

by (7) and the DCT. Since lim,_o §,(Y2) = §,(Y;) by convexity of g, (i.e., 0 < §(Ye) — Gp(¥p) <

—€gp(Yp)), it holds that Tim n~"'logsup D,, < §,(Yy).

By Taylor expansion for ||z — pol < Mn~Y2 we can write H(u) — 0y = Ju(u — po),
for the p x d matrix J, = fol V wo+t(p—po)dt- Now similarly to Ry (1) above, for R,(n) =
sup{TT/,pi:pi > 0,50 pi = 1,0, 50 piTi e = 0, With || — po]] < Mn~1/2, we can write
log Ry (1) = = >0y (1 + A, Ju T i) where Ay, satisfies

n n

1 J.T;
min (14 X, ,J,T; 0, = =1, — R . (12
1<z<n( o) > ; n(1+ N, I T ) ; L+ X STy " (12)
Write

n

Sn(i/n iw(i/n)
hn = ’
() Z n3/2(1 + )\/ J}AE MO /Z n3/2 1+ X J,uTi,uo)
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which is a continuous function of y, ||p — || < Mn~'/2, because A, , is as well by the implicit
function theorem (following from the fact that, as mentioned above, that n=? | V0T 1o Ty 110 Vi

is eventually positive definite); see Qin and Lawless (1994, p. 305). Note also that

s , - _ n ,,LLO 1w(i /TL
n (n(:u) iU“O) ;7%3/2( +)\/ JT’#O /ZTL2 +)‘;1,u‘] T’z,uo)

Using (7) and DCT, one can show supy,,_, i<am-1/2 |72 (hy (1) — po) — F|| — 0 so that,
on A (for which |F|| < M/2), SUP| o <in—1/2 |An (1) — pol| < Mn~ 1/2 holds eventually.
That is, for all large n, hy,(u) — po is a continuous mapping from the closed ball || — pgl| <

Mn~1/2 to itself. By Brouwer’s fixed point theorem, there then exists p* such that hy,(p) =

py, for ||, — poll < Mn=1/2,

S dw(i/n)/[1+ 5\%7% Jyux Ti o) > 0 (positivity by (12) and Assumption A.1), further implies
that

This implies 0, = hy(p);) — w1, which when multiplied by

n T .
0, = T bkn (13)
g ; n(l+ )‘;z,u:LJuzTi,uo)
and also . .
iw(i/n) Tz T o

. J ,";L(M* _ ,LLO) — _Fn ; — 0

— 1+ )\/ J,Ul?fljji,,uo H n Z 1+ )‘/n,,u,;; J#;TZ‘MO p
by py = n< %) — ko and (12); from 7L diw(i/n)/[1+ X, S Ti o] > 0, it holds that

e (o — uo) = 0, or equivalently H(u},) = H(p0) = 6. In other words, this last fact combined
with (12)-(13) entail that all conditions are satisfied for H?:l[l%—;\;%% Juz T o) ™' € Dy, Hence,

L. 4 1 — 1 -
lim— log R, (p,) < lim— logsup D,, < lim —logsup D,, < gp(Yp),
n n n

the last inequality being established earlier. One can then show X log Ry, () — Gp(Yy) using (7)
so that, on A, n~!log R,,(6p) = n~!logsup D,, — §p(}~/p), completing the proof of Theorem 3.
O
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Figure 2: Coverage rates of nominal 90% CIs for the process mean with Models a-h using

N(0,1) (left) or centered x? (right) innovations for sample sizes n = 250, 500 or 1000. Axis
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Figure 3: Coverage rates of nominal 90% CIs for the process mean with Models 1, . .

centered Pareto (left) or Ber(0.5) (right) innovations, for sample sizes n = 250, 500 or 1000.

Ber(0.5) innovations

Pareto innovations

n = 250

n = 250

< ~ M

[S'E"))

P oporxes (=2}

- o4 @o (2]

<t~ ™ N apo ©

N DN @0 o

< N~ M)

-0 ap
TN @O
- CAN aD
- o8R0 aro
R CERINaD
=N oD
TN ap
R’ oA Qo

9999999999

St~ onaN ao
< il oD )

12 3 456 7 8 910

0T 60 80

T
L0 90

aley abeiano)d

<
o

N~ S ome oo o
<~ o
~|

~ < M AaNaxo (=2}
H ™ &« @ ©
—ian o

~ <PROCIO (=2}
N~ o W @00
—Aan

< MH-=0D DO O
< M-aD Ao O
< M-an O O
< ™ D @O o
< M- | VO O
< -0 WO O
< d~@D IO O
< M- @ DO O
< M-can @0 o
< -rah @O O
< OT~en OO o

12 3 456 7 8 910

T T T
60 80 L0 90

aley abelano)d

T
S0

T
14"

EBEL

EBEL

n = 500

n = 500

28334337333

IHD QO 0
(3] o0 o © o

eHapo (2]
S [colee] o

M €N o ©

e @00 o
M~ o ©

N @
D AD
D WD

P =ONAD
N @
D BN @

H +INWD
HNUD
" <& @O (=2}

9999999999

0T 6

T T T
0 80 L0 90

arey abeiano)d

T
S0

arey abesano)d

EBEL

12 3 45 6 7 8 910

EBEL

12 3 456 7 8 910

1000

n =

n = 1000

oM OO (o)

1444424424%
8

0T

90

arey abeiano)d

v
<)

~ <
<™~

4444444444

< eano (2]
o O o
MmN O @

™ € Cod o
[yl “an O [selle}

< ceAmIo (=2}
< ™ oo o
™ ®&n O o

09 OHOOO O
&) HODO O
R &Na@mo O
O cHaOD O
M SNCmo O
0 OHIM@Xo O
) HMDO O
& ed@mo O
) GH@ODO O
0 HIDW O
F M HDOO O

0 80 L0 90

arey abesano)d

S0

EBEL

12 3 456 7 8 910

EBEL

12 3 456 7 8 910

26



Coverage of 95% ClIs
n = 250
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n = 250

., 9,0 using centered X% innovations, for sample sizes n = 250, 500 or 1000.
Coverage of 90% ClIs
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Figure 4: Coverage rates of nominal 90% (left) and 95% (right) CIs for the process mean with

Models 1, ..
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