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ABSTRACT. We show that the adaptive Lasso (aLasso) and the adap-
tive group Lasso (agLasso) are oracle efficient in stationary vector au-
toregressions where the number of parameters per equation is smaller
than the number of observations. In particular, this means that the
parameters are estimated consistently at a /T rate, that the truly zero
parameters are classified as such asymptotically and that the non-zero
parameters are estimated as efficiently as if only the relevant variables
had been included in the model from the outset. The group adaptive
Lasso differs from the adaptive Lasso by dividing the covariates into
groups whose members are all relevant or all irrelevant. Both estimators
have the property that they perform variable selection and estimation
in one step.

We evaluate the forecasting accuracy of these estimators for a large
set of macroeconomic variables. The Lasso is found to be the most
precise procedure overall. The adaptive and the adaptive group Lasso

are less stable but mostly perform at par with the common factor models.
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1. INTRODUCTION

In recent years large data sets have become increasingly available and
as a result techniques to handle these have been the object of considerable
research. When building a model to explain the behavior of a variable it is
not uncommon that the set of potential explanatory variables can be very
large. Traditional techniques for model selection rely on a sequence of tests
or the application of information criteria. However, neither of these is very
useful when the the number of potential explanatory variables is large since
the number of tests or information criteria to be calculated increases expo-
nentially in the cardinality of the set of covariates. Hence, alternative routes
have been investigated in and in particular regularized estimators have re-
ceived a lot of attention in the statistics literature. The most prominent
member of this class is the least absolute shrinkage and selection operator
(Lasso) of Tibshirani (1996). Since its inception, the statistical properties
of Lasso-type estimators have been studied intensively with particular focus
on the oracle property. An estimator is said to possess the oracle property
if 1) it selects the correct sparsity pattern with probability tending to one
(i.e leaves out all irrelevant variables and retains all relevant variables) and
ii) estimates the non-zero coefficients with the same rate and asymptotic
distribution as if only the relevant variables had been included in the model
from the outset. Put differently, the oracle property guarantees that the
estimator performs as well as if the true model had been revealed to the
researcher in advance by an oracle.

A lot of research has been carried out investigating the oracle property of
various shrinkage type estimators: bridge-type Knight and Fu (2000), SCAD
Fan and Li (2001), adaptive Lasso Zou (2006), Bridge and Marginal Bridge
Huang et al. (2008) and Sure independence screening Fan and Lv (2008).
The working assumption in the literature is that even though the set of
potential explanatory variables may be large (sometimes even considerably

larger than the sample size) only a small subset of these variables are relevant
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for the task of explaining the left hand side variable, i.e. the model is
sparse. Most focus has been on the cross sectional setting with either fixed
or independently identically distributed covariates while much less attention
has been paid to the case of dependent data. Some exceptions are Wang
et al. (2007), Kock (2012) and Kock and Callot (2012). In this paper we
further fill this gap by considering stationary vector autoregressive models

of the type
P
(1) Y=Y Biyiite
i=1

where 3¢ is N x 1 and e; is i.i.d. with mean 0 and covariance matrix X.
B;, 1 < i < p are the N x N parameter matrices. The properties of the
model will be made precise in the next section.

It is likely that many entries in the B; matrices are equal to zero, i.e. they
are sparse. This could be because of p being larger than the true number of
lags or that that there are gaps in the lag structure (e.g. By # 0, By = B3 =
0 and By # 0 for quarterly data). Another reason could be that lags of a
subset of the variables are irrelevant for the task of explaining another subset
of variables which manifests itself by zero restrictions on certain entries of
the B;, 1 < i < p. Granger non-causality is an extreme case of this latter
example. In the first part of this paper we show that the adaptive Lasso of
Zou (2006) possesses the oracle property when applied to stationary vector
autoregressions. Hence, it selects the correct sparsity pattern asymptotically
and the non-zero parameters are estimated as precisely as if the true model
had been known in advance and only the relevant variables had been included
and estimated by least squares.

In equation (1) it is likely that zero parameters occur in groups. For
example all lags of a specific length may be irrelevant resulting in B; = 0
for some 1 < i < N. Alternatively, all lags of a certain variable may be
irrelevant in explaining another variable. Utilizing this group structure may

lead to improved (finite sample) performance of the Lasso. Hence, inspired
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by Wang and Leng (2008) we combine the group Lasso of Yuan and Lin
(2006) with the adaptive Lasso to make use of this grouping structure. We
show that the adaptive group Lasso possesses a variant of the oracle property
if one correctly groups (a subset) of the potential explanatory variables.

Since vector autoregressions have been used extensively for forecasting
an obvious question is how well the VAR performs in this respect when
estimated by the Lasso, the adaptive Lasso or the adaptive group Lasso.
In particular, we investigate the performances of these estimators for fore-
casting in large macroeconomic datasets. The benchmark models for this
type of forecasting exercise are common factor models. The common factor
approach is supported by a long tradition in macroeconomic theory of as-
suming that a small set of underlying variables drives the business cycle and
are responsible for the bulk of the variation of macroeconomic time series.
Stock and Watson (2002); Ludvigson and Ng (2009) inter alia document
the strong forecasting power of these types of models for large US macroe-
conomic datasets. Motivated by this we shall compare the forecast accuracy
of the Lasso type estimators to the one of factor models. A comparison to a
simple linear autoregression of order one is also made. The potential gains in
forecast accuracy from exploiting non-linearities in the data are investigated
by also including the logistic smooth transition autoregression (LSTAR) of
Terésvirta (1994) into the comparison. Interestingly, it is found that the
Lasso on average forecasts most precisely. The factor models show a very
stable performance, while the forecast errors from the adaptive Lasso and
the adaptive group Lasso are much more erratic.

In the next section we introduce the VAR model and some notation.
Section 3 introduces the adaptive lasso and section 4 the adaptive group
Lasso. Section 5 discusses the forecasting experiment and present the results.

All proofs are relegated to the appendix.
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2. MODEL AND NOTATION

As mentioned in the introduction we are concerned with stationary VARs,
meaning that all roots of [Iy — Z?:l B;27| lie outside the unit circle.

It is convenient to write the model in (1) as a standard regression model.
To do so let Z; = (y;_1,--,yi—p)" be the Np x 1 vector of explanatory
variables at time ¢ in each equation i = 1,..., N and Z = (Zp, ..., Z1) the
T x Np matrix of covariates. Set X = Iy ®Z where ® denotes the Kronecker
product. Let y; = (yr, ..., yu)/ be the T x 1 vector of observations on the
ith variable (i = 1,..., N) and ¢; the corresponding vector of error terms for
variable ¢. Defining y = (v}, ...,y) and € = (€}, ..., €y)" we may write (1)

as

(2) y=Xp"+e

where 3* contains N2p parameters. It is this model we will estimate
by adaptive and the adaptive group Lasso. We assume that N and p are
fixed and independent of the sample size. In particular, we assume that
the number of parameters per equation, Np, is less than the sample size
T. For the setting where these quantities are allowed to diverge with the
sample size we refer to Kock and Callot (2012) who however don’t consider
the adaptive group Lasso.

While 8* contains N2p parameters, only a subset of those might be rele-
vant to model the dynamics of the vector y. The adaptive Lasso discussed
in section 3 is able to discard the zero parameters and estimate the non-zero

ones with an oracle efficient asymptotic distribution.

2.1. Further notation. Let A = {i : §* # 0} index the set of nonzero Ss
and let |A] be its cardinality. For any vector z € R™ |lz| = />0, 2?
denotes its euclidean norm. Furthermore, for any A C {1,...,n}, 4 denotes

the vector consisting only of the elements indexed by A. Most often n = N?p
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in this paper. If M is a quadratic matrix, M4 denotes the submatrix of M
consisting of the rows and columns indexed by A. We let =4 and —,, denote
convergence in distribution and probability, respectively.

Finally, C = E(%Z’ Z) which is time independent by the stationarity

assumption.

3. THE ADAPTIVE LASSO

As noted by Zhao and Yu (2007) the Lasso is only model selection consis-
tent under rather restrictive assumptions which rule out highly dependent
covariates as may be encountered in VAR models. Hence, we shall apply the
adaptive Lasso, which was proposed by Zou (2006) as a solution to the lack
of model selection consistency of the Lasso, to estimate the parameters in

(2). The adaptive Lasso estimates 5* by minimizing the following objective

function.
N?p

(3) Lr(8) =lly — XBI* + Ar > _ il il
i=1

where w; is a set of weights such that w; = \BAI’Z-\_V, v > 0 with BI a VT-
consistent (initial) estimator of *. We shall use the least squares estimator.
The most common choice of v is v = 1. Ar is a sequence whose properties
determine the asymptotic properties of the adaptive Lasso. Note that the
standard Lasso corresponds to the case of w; = 1, i.e. all parameters receive
an equal penalty. In other words the difference between the Lasso and its
adaptive version is that the latter chooses its penalty terms more intelligently
(adaptively): If 87 = 0 for some i = 1,..., N?p the initial least squares
estimator is likely to be close to zero and so w; tends to be large resulting in

a large penalty of §;. Hence, the adaptive Lasso is more likely to correctly

1As already noted by Zou (2006) the initial estimator need not be v/T-consistent. The
assumptions made below can be altered such that theorems 1 and 2 still apply in the
case where the initial estimator converges at a slower rate. However, we will not pursue
this avenue any further here since we do have access to a \/T-consistent consistent initial
estimator.
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classify B as zero. By a similar logic, the penalty on j; is relatively small
when 3F # 0. As we shall see in the theorems to follow, these more intelligent
weights result in an improved asymptotic performance of the adaptive Lasso
compared to the regular Lasso.

The objective function (3) reveals the computational advantage of the
(adaptive) lasso compared to e.g. information criteria since (3) is a con-
vex optimization problem for which many efficient optimization procedures
exist. Information criteria generally penalize model complexity by an £y-
penalty instead of the £1-penalty used by lasso type estimators. It is exactly
the switch from ¢y to ¢1-penalty which yields the computational advantage
enabling us to consider high dimensional problems which would be impos-
sible or very hard to approach by means of {yp-penalization. As we will see
next, the convex program (3) is not only fast to solve but its solution, the
adaptive Lasso estimator, which we shall denote by B, also possesses the

oracle property.

Assumptions

1: €;; has finite fourth moments for i = 1,...,N and ¢t = 1,...,T. Re-
call as well that e; = (€14,...,en,) are mean zero iid vectors with
covariance matrix X.

2: C = E(32'Z) is positive definite.

Assumption 1 is relatively standard and used to ensure that ﬁX ‘e con-
verges in distribution to a gaussian random variable. But any assumption
yielding this convergence will suffice for our purpose. Assumption 2 is rea-
sonable since it simply rules out perfect collinearity because if C' would not
be positive definite there would exist a nonzero Np x 1 vector v such that

T
1 1
0=12Cv= TE(’U’Z,ZU) =7 ZE(U'Zt)2
t=1
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implying that v'Z; = 0 almost surely for ¢t = 1,...,T and hence that the co-
variates are linearly dependent. No procedure can be expected to distinguish
between such variables, and assumption 2 rules out this situation.

We are now in a position to state our first theorem.

Theorem 1. Let assumptions 1 and 2 be satisfied and suppose that % —0

and =L — 00. Then B satisfies the following:
1. VT-consistency: |[VT (B — 8*)||,, € Op(1)
2. Oracle (i): P(Bae =0) — 1
3. Oracle (ii): VT(Ba—B%) —=a N (0,[(In ® C)a] ' [S ® Cla[(Iy © C)a] )

The assumption % — oo is needed for the adaptive Lasso to shrink
truly zero parameters to zero. It requires the penalty sequence Ar to increase
sufficiently fast?. On the other hand, ’\—Z:F — 0 prevents Ar from increasing
too fast. This is needed to prevent the adaptive Lasso from classifying non-
zero parameters as zero.

Part 1 of Theorem 1 states that the adaptive Lasso converges at the usual
V/T-rate. This means that no Bj, j € A will be set equal to 0 since for all
je A, Bj converges in probability to B;’f # 0. Part 2 is the first part of
the oracle property: all truly zero parameters are set exactly equal to zero
asymptotically. This is a strengthening of the consistency result in part 1
since this only ensures convergence in probability to 0 of 3 ac. Part 1 and
2 together imply that P(A = A) — 1. Part 3 states that the non-zero
coefficients have the same asymptotic distribution as if the system in (2)
had been estimated by least squares only including the relevant variables
— i.e. only including the variables in the active set A. In conclusion, the
adaptive Lasso performs variable selection and estimation simultaneously
and possesses the oracle property in the sense that it performs as well as if
an oracle had revealed the true model prior to estimation.

2Strictly speaking Ar is only required to be increasing if 0 < v < 1 but since v = 1 is the
most common choice we shall use the word increasing without risk of confusion.
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4. ADAPTIVE GROUP LASSO

If certain groups of variables are either jointly zero or non-zero it may
be useful to utilize this information to get more efficient (finite sample)
estimates. For this reason Yuan and Lin (2006) introduced the group Lasso
which penalizes different groups of variables differently. Later, Wang and
Leng (2008) combined the ideas of the group Lasso and the adaptive Lasso
into the adaptive group Lasso. We shall now show that the latter possesses
a variant of the oracle property when used to estimate vector autoregressive
models. Assume that the N2p x 1 parameter vector has been partitioned
into M disjoint groups, i.e. UM G; = {1,...,N?p} and G; N G, = § for
i # j. A group G is said to be active if at least one of the entries of 57, is
non-zero. Without any confusion with the previously introduced notation
we shall denote the set of active groups by A C {1,...., M}. G = U;cuG; C
{1, ..., N?p} denotes the union of the active groups.

The adaptive group LASSO estimates the parameters by minimizing the

following objective function

M
(4) Lr(B) =Ily = XBI* + Ar Y ;1 c, |

j=1
where w; is a set of weights such that w; = HB[,GJ.HMY, v > 0 with BI,G]-
a v T-consistent estimator of $*. As was the case the for the adaptive
Lasso we will use the least squares estimator as initial estimator. Denote
the group adaptive Lasso estimator by B Note the difference with the
objective function of the adaptive Lasso in (3): now the penalty is applied
group-wise as opposed to being applied to each parameter individually. The
economic motivation for this is that one might conjecture that either all
variables in a specific group are relevant or none of them are. Imposing
this (correct) restriction may increase efficiency. We shall investigate the
empirical performance in terms of forecasting accuracy in the next section.

But first we state the adaptive group Lasso equivalent of Theorem 1.
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Theorem 2. Let assumptions 1 and 2 be satisfied and suppose that A—\/f% —0

and % — 00. Then B satisfies the following:

1. V/T-consistency: Hﬁ (5 — 5*) HZQ € Op(1)
2. Oracle (i): P(Bge = 0) — 1

3. Oracle (11): ﬁ(@g—ﬁé) =4 N (0, [(In ® C)g] ' [E® Clgl(In ® C)g]™")

The assumptions underlying Theorem 2 are identical to the ones made to
establish Theorem 1 and the intuition on the rate of increase of A\t is also the
same: it must be large enough the shrink all inactive groups of parameters
to zero while being small enough to avoid doing so for any active group of
parameters.

Part 1 of Theorem 2 states the v/T-consistency of the adaptive group
Lasso. Hence, no relevant variables will be excluded asymptotically since
B —p 8% # 0. Part 2 yields that all inactive groups are also classified to be
inactive asymptotically. So all groups consisting only of parameters whose
true value is zero will also be set exactly equal to zero with probability
tending to one. However, note that this claim is not made about those pa-
rameters whose true value is zero but are (mistakenly) located in an active
group. Their behavior is described in part 3 of the theorem: all parame-
ters belonging to an active group are estimated with the same asymptotic
distribution as if least squares had been applied to (2) only including vari-
ables belonging to G. On the downside this means that the adaptive group
Lasso only performs better than least squares including all variables if one
is able to identify a group consisting only of zeros. On the other hand, the
asymptotic distribution is equivalent to the one of least squares including
all variables if one fails to do so and hence there is no efficiency loss. The
empirical performance of the adaptive group Lasso estimator is investigated
in the forecasting section. As we shall see there, many groups are found to

be inactive in practice.



ADAPTIVE LASSO AND ADAPTIVE GROUP LASSO IN VARS 11

4.1. Some limitations. As it stands, the oracle property sounds almost
too good to be true — and in some sense it is. In a series of papers, Leeb
and Potscher (2005, 2008); Pétscher and Leeb (2009) shed critical light
on consistent model selection procedures and shrinkage type estimators in
particular. They point out that most results, including the ones in this
paper, are for pointwise asymptotics (sometimes also referred to as fixed
parameter asymptotics). The adaptive Lasso performs well in such a setting,
but if uniform asymptotics are considered it may not be able to distinguish
certain non-zero parameters from zero ones. In particular, the problematic
regions are disks with radius proportional to 1/ VT. Furthermore, even
though the asymptotic distribution of the truly non-zero parameters is the
same as if least squares had been applied only including the relevant variables
one may find that the finite sample distributions can be highly bimodal
— with mass at zero and in an interval around the true parameter value.
Finally, using the mean square estimation error as loss function, the uniform
(uniform over the parameter space) loss of any consistent model selection
technique of the standard linear regression model may be shown to be infinite

while the one of the least squares estimator can be shown to be finite.

5. FORECASTING

In this section we investigate the empirical performance of the Lasso, the
adaptive Lasso and the adaptive group Lasso in terms of forecasting macroe-
conomic variables with a large number of predictors. Vector autoregressive
models have been used extensively for forecasting since their inception and
are still a popular tool for this purpose in macroeconometrics. Hence, it is of
interest to investigate whether novel estimation methods can lead to more

precise forecasts in data rich settings.

5.1. The data. We use the data from Ludvigson and Ng (2009), which
is itself an updated version of the data used in Stock and Watson (2002).

The data set contains 131 U.S. monthly macroeconomic indicators, from
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January 1964 to December 2007. Detailed description of the series as well
as the transformations required to make the series I(0) can be found in
appendix A of Ludvigson and Ng (2009). The series fall in 8 broad economic

categories:

1) Output and Income (17 series)

2) Labor market (32 series)
3) Housing (10 series)
4) Consumption, Orders and Inventory (14 series)
5
6
7

8

Money and Credit (11 series)
Bonds and Exchange rates (22 series)

Prices (21 series)

(1)
(2)
(3)
(4)
()
(6)
(7)
(8)

Stock market (4 series)

All variables are forecasted h = 1,3,6, and 12 months ahead. The initial
training sample uses data between 1964:3% and 1999:12 which amounts to 430
observations. We allow for a maximum of 2 lags per equation, which together
with an intercept requires the estimation of 263 parameters per equation.
All the parameters are estimated on the initial sample, then forecasts of y;
at t=1999:124+-h, h = 1,3,6,12 are made. Parameters for all models are
then re-estimated on data from 1964:3 to 2000:1 and forecasts computed at
horizon h. This expanding window scheme is repeated until the final out
of sample forecast is computed for 2007 : 12. At the one month horizon 96
forecasts are made and correspondingly less for the longer horizons.

The categories mentioned above serve as natural groups for the adaptive
group Lasso and we shall indeed use these as candidate groups for this
estimator. For each of the 131 series the relative mean square forecasts errors
relative to the recursive forecasts? of an unrestricted VAR(1) estimated by

least squares are calculated®. Then the average of the relative mean square

3Two initial are lost during the transformation of the variables to 1(0)

4See the next subsection for a definition and discussion of recursive/iterated forecasts vs.
direct forecasts.

SMore precisely the lag length of the unrestricted VAR was chosen by BIC and it was
always found to be one.
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forecast errors is calculated within each group resulting in one measure of

forecast accuracy for each of the eight groups mentioned above.

5.2. Direct vs. recursive forecasts. The forecasts of the Lasso, adaptive
Lasso and adaptive group Lasso are carried out directly as well as recursively.

In the case of direct forecasts at horizon h, the estimated model is:

p
h h
Yith = E Bl'yt—i41 + €4,
=1

Where the superscript h highlights the fact that a separate model is esti-
mated for each horizon. The argument for direct forecasts is that they are
tailored to the specific forecast horizon of interest. Furthermore, the absence
of any sort of recursion makes direct forecasts relatively robust at the long
forecast horizons.

Recursive forecasts are constructed iterating on a 1-step ahead VAR:

P
Yt = Z By + €
=1

To construct the h step ahead recursive forecasts, we first forecast y;+1 using
the model above and then use the forecasted value of ;41 to construct a

forecast for y;+2 and iterate until a forecast for y;4 is computed.

5.3. Implementation. Irrespective of the forecasts being direct or recur-
sive the Lasso and the adaptive Lasso are estimated using the glmnet pack-
age for R 2.15, which implements the algorithm by Friedman et al. (2010).
The value of Ar is selected by Bayesian Information Criterion (BIC). ~ is
fixed at one and it is our experience that no gains can be achieved in terms
of more precise forecasts by also searching over a grid of vs. The risk of
overfitting in sample seems to be too high to justify such a search.

The adaptive group Lasso is estimated using the grplasso package, im-
plementing the algorithm in Meier et al. (2008). Again Ar is selected by

BIC while « is set to one. All the packages required for the computation
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of the results in this paper are publicly available at CRAN®, and the code is

available upon request.

5.4. Competing models. The forecasts of the above mentioned proce-
dures are compared to forecasts from common factor models, simple linear
autoregressions, and smooth transition models.

For the common factor model we follow Stock and Watson (2002) in con-
sidering only direct forecasts. This avoids having to construct a forecasting
model for the common factors in order to implement a recursive forecasting
strategy. The forecasting equation for a given variable y; is given by:

m p
h Frr h h h
Yithi = QG + Z Fi_ B+ Z 0p iYt—j+1i + €
j=1 j=1

The vector of common factors F, and the parameters are estimated using
a two step procedure. First the common factors F are estimated using
principal component analysis on the training sample containing all 131 series.

The number of principal components to retain for the second step is then

h ph
i Pigo

selected and the parameters « and 5% are estimated by least squares
on the training sample.

We report results for models including 1 to 5 common factors and no lags
of the common factors (m = 1) as well as a single lag of y. We experi-
mented using lags of the common factors, but this didn’t bring substantial
nor consistent improvement to the forecasting accuracy of the model. These
models are denoted C'F'1 to C'F'5 in the tables below. Furthermore, results
for a common factor model where the number of factors is chosen by BIC
are reported. The number of common factors searched over is one to five.
The corresponding results are denoted CF BIC in the tables.

The two univariate models considered are an AR(1) and a Logistic Smooth
Transition AutoRegressive (LSTAR) model. We consider direct forecasts for

6www.cran.r—project.org



ADAPTIVE LASSO AND ADAPTIVE GROUP LASSO IN VARS 15

both models. The forecasts from the AR(1) model for y;; are generated by

h h h
Yithi = o + B Yei + €tth,i

where the parameters are estimated by least squares. The forecasts of the
LSTAR (see Terasvirta (1994)) are created by the following model for vari-

able y; ;

Yitrhi = (O/f,i + ﬁfiyt,i) (1 -G (yt,i,%‘,n‘))

+ (O/Ql,i + /3’3,1'%,1) (G (yt,z'»%',n')) + E?Jrh,i

where G is the logistic function. For the LSTAR we use y; as the threshold
variable. 7; indicates the location oh the transition and v; measures the

speed of transition.

5.5. Insane forecasts. It is well known that in particular non-linear models
may sometimes provide forecasts that are clearly unreasonable. Swanson
and White (1995) suggests to weed out unreasonable forecasts by means of
an insanity filter. We shall follow this suggestion by replacing a forecast by
the most recent observation of the estimation window if it does not lie in
the interval given by the most recent observation in the estimation window
plus/minus three times the standard deviation of the data in the estimation
window. As noted in Kock and Terdsvirta (2012) the particular choice of
insanity filter is not overly important — what matters is that the insane
forecasts are weeded out. To treat all forecast procedures on an equal footing

the insanity filter is implemented for all procedures.

5.6. Results. Table 5.1 contains the relative mean square forecast errors
(MSE) for each group of variables when averaged over all horizons h = 1,3, 6
and 12. The last column contains the average over all variable types. From
this column it is seen that the Lasso gives the most precise forecasts on

average. Whether one uses it to forecast recursively or directly is of no
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importance. The Lasso actually has a relative mean square forecast error
below one for all groups of variables indicating its stability. Note also that
except for the output and income group and the stock market group the most
precise procedure is always the Lasso in either its recursive or direct variant.
The plain Lasso actually outperforms its adaptive versions by a big margin.
However, the relatively imprecise forecasts of these is to a high extent due
to their poor performance when applied to the housing group. For this
group the initial least squares estimator often gives wild initial parameter
estimates resulting in unintelligent weights in the adaptive Lasso. However,
this problem can be alleviated by using a regularized estimator such as the
Lasso as initial estimator instead.
[Insert table 5.1 here]

In line with their strategy of finding common factors in the data set
the factor models give reasonably precise forecasts for all types of variables
resulting in mean square forecast error ratios below one for all groups. On
the other hand, no gains seem to be made from applying BIC to select the
number of factors as opposed to simply fixing the number of these.

As can be expected from a non-linear procedure like the LSTAR it per-
forms very well for some series and quite poorly for others. This is in line
with the commonly made observation that non-linear procedures are some-
what ”risky” — a fact which can make them very useful in forecast combina-
tion schemes. To highlight this riskiness note that the LSTAR outperforms
the plain AR(1) for five out of eight series while it still has a considerably
larger relative mean square forecast error than common factor models and
Lasso-type estimators due to its occasionally very imprecise forecasts.

Next, we shall further investigate the above overall findings by considering
each forecast horizon and the composition of the models chosen by the Lasso-
type estimators in more detail.

[Insert table 5.2 here]
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The one month ahead forecast are reported in Table 5.2. Notice that since
for 1-month ahead forecasts, recursive and direct forecasts are identical we
do not make the distinction. Table 5.2 shows that common factor models as
well as the Lasso and the adaptive Lasso deliver forecasts that are up to 50%
more accurate than those obtained by a VAR estimated by least squares.
The Lasso, and to a lesser extent the adaptive Lasso outperform common
factor models for most groups. The adaptive group Lasso does perform quite
poorly, faring worse than the benchmark VAR in 5 of the groups while being
the best model for the Stock Market series. The two univariate forecasting
models have very similar forecasting performances in most instances. The
LSTAR model is less stable than the AR(1), being the best model for Bonds
and Exchange Rates and the worst for Money and Credit.

[Insert table 5.3 here]
[Insert table 5.4 here]

To shed further light on these findings Table 5.3 reports the share of
variables from a given group (in columns) retained in the equations for
variables from another given group (in rows). The two leftmost entries of the
first row in Table 5.3 should be read as: in the equations where the left-hand
side variable belongs to the Output and Income group, 2.5% of the candidate
explanatory variables from the Output and Income group were retained and
4% of the candidate explanatory variables belonging to the Labor Market
group were retained. The boldfaced number is the largest share for a given
row. Some striking differences between the behavior of the adaptive Lasso
and the other two regularization estimators appear. The adaptive Lasso
selects a large shares of variables belonging to the Consumption, Orders,
Inventories series for most equations. The largest share selected by the
other two estimators is often on the diagonal. Variables belonging to the
same group as the left hand side variable are most often used as predictors.
Another feature is that most of these shares are quite small, indicating

the selected models are very sparse. This is confirmed by Table 5.4 which
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reports the average number of variables selected per group and for the whole
equation. The models are often very sparse, the Lasso selecting between 6
and 10 out of the 262 candidate variables in each equations. The adaptive
group Lasso often selects no variables at all in the housing equations, with
an average of (.188 variables per equation. Interestingly, this is also the
group where this estimator performs worst.

[Insert table 5.5 here]

[Insert table 5.6 here]

Table 5.5 reports the results for the 3-months ahead forecasts. The re-
cursive and direct forecasts do not differ substantially, except for the VAR
including all variables where the recursive model consistently outperforms
the direct one. The Lasso consistently forecasts more precisely than every
other procedure except for the Money and Credit group where it is not far
behind CF BIC. The relative MSE are of the same order as those obtained
at the l-month horizon. The two adaptive estimators still perform very
poorly for Housing and Bonds and Exchange rates. Similar observations
can be made for 6-month ahead forecasts reported in Table 5.6, with one
noticeable differences: the the common factor model is more often than pre-
viously the best estimator. In both tables 5.5 and 5.6, the LSTAR performs
quite well for most groups and in general better than the AR(1). However,
it fails badly for the Prices group at the 3-month horizon.

[Insert table 5.7 here]

At the one year horizon (Table 5.7) the relative mean square errors of most
procedures are even lower than at shorter horizons. The adaptive group
Lasso delivers the most accurate forecasts for the Labor Market and Stock
Market series while being close to the best procedure for most other groups.
The Lasso outperforms the common factor models in three groups albeit not
by a large margin. Common factors outperform every other procedure for
three groups as well but the Lasso is a close second.

[Insert table 5.8 here]
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Table 5.8 is similar to table 5.3 for 12 month ahead forecasts. Since
the Lasso uses the same model for each horizon only results for the direct
forecasts are reported. The Lasso displays a pattern of selection different to
that at the one month horizon (see table 5.3) selecting fewer variables on
the diagonal and often selecting series belonging to the Housing group. The
adaptive Lasso predominantly selects variables from the Money and Credit
group, while it mostly selected Consumption, Orders, and Inventories at the
one month horizon. The same finding is true for the adaptive group Lasso —
its selection pattern is now much more off-diagonal than previously. Finally,
for the housing equation it never selects any variables resulting in forecasts

that simply equal the mean of the estimation period.
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6. CONCLUSION

In this paper we have studied the properties of the adaptive Lasso and
the adaptive group Lasso when applied to stationary vector autoregressions
of fixed dimension. The adaptive Lasso was shown to possess the oracle
property in the sense that all truly zero parameters will be classified as such
asymptotically, while the estimators of the non-zero parameters have the
same asymptotic distribution as if least squares had been used to the model
only including the relevant variables.

Since many variables are naturally classified into groups of similar vari-
ables (like in the large macroeconomic dataset used in this paper) one may
naturally ask the question whether certain groups of variables are relevant
for the task of explaining another variable. For this reason the asymptotic
properties of the adaptive group Lasso were investigated and it was shown
that it possesses a version of the oracle property.

The performance of these two estimators in terms of forecast precision
was investigated by comparing different forecasting procedures using the
data by Ludvigson and Ng (2009). The plain Lasso was found to give the
most precise forecasts on average while its adaptive variants had problems
forecasting the housing series due to imprecise initial least squares estimates.
The forecasts from the common factor models were relatively precise for all

series while the non-linear LSTAR was much more unpredictable.

7. PROOF (APPENDIX)

Proof of Theorem 1: The proof is inspired by the proof of Theorem 2 in Zou

(2006) and the proof of Theorem 2 in Kock (2012). Letting 8 = 8* + %
the objective function (3) may also be written as

Uj

2 N<p
+ )‘Tzwi
=1

(5)  Ly(u) = Hy - X (B* + %)

Let & = arg min Lp(u). It follows that B= B*+% and so @ = VT (B - B*).
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Next, define

VT(U) = LT(U) — LT(O)

o ) ot S

- 1571)

By Theorem 11.2.1 in Brockwell and Davis (2009) it follows that % —

- 1571)

JX'X ' X'e

u/(Iy ® C)u in probability for any u € RY °P. Furthermore, it follows from
Proposition 7.9 in Hamilton (1994) (see also expression 11.A.3 page 341 in
Hamilton (1994)) that XT;E —a W ~N(0,X ® C). Hence,

(7) U u—2\/T6 —qgu' (Iy @ C)u — 2u'W

In addition, if 87 # 0

1 Y
ATW; S = -— ; —=
ri ([5+ | =1801) =5 | (o Gl -11) 1 ()
)\T 1 7 * U * Wi
~ialg| (P Tl 1) ()
(8) — 0 in probability

for every u; € R since (i): A\p/TY? = 0, (ii): ‘1/&171-‘7 — |1/,B;<P < o0 in
probability and

(ii): wi (|67 + —‘ 18:71) / (2
If, on the other hand, 8 =0

) — u;sign(B7).
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~

ATW; (‘5 +—=

||

-16:1) = 7|5 -

oo in probability if u; # 0

T1/2 v/2

\fﬁl

9) -
0 in probability if u; =0

since (i): # — 0o and (ii): VTf; is tight.

Using the convergence results (7)-(9) in (6) yields

W (Iny @ C)u — 2u'W if u; = 0 for all i € A°
Vi(u) =q V(u) =

oo if u; # 0 for some i € A€

Since Vp(u) is convex and V' (u) has a unique minimum it follows from Knight

(1999) (or alternatively Knight and Fu (2000)) that arg min Vr(u) —4 arg min V (u).

Hence,
(10) fL_Ac —d (%AC‘
(11) i —a N (0,[(In ® C)a] ' E® Clal(In ® C)a] ")

where 0y is the Dirac measure at 0 and |.A°| is the cardinality of .A¢ (hence,
5'64 “l'is the | A¢|-dimensional Dirac measure at 0). Notice that (10) implies

that 4 4. — 0 in probability. An equivalent formulation of (10)-(11) is

(12) \/T(BAC — ,B:Zc) —d (%AC‘

(13)  VT(Ba—B3) =a N (0,[(In ® C)a] HE® Cla[(Iny ® C) 4] )

(12)-(13) yield the consistency part of the theorem at the rate of /T

for 5. (13) also yields the oracle efficient asymptotic distribution for Ba,
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i.e. part (3) of the theorem. It remains to show part (2) of the theorem;
P(f4e =0) — 1.
Assume Bj # 0 for j € A°. Then, letting x; denote the jth column of X,

it follows from the first order conditions

~ A~

Qx;(y — XB) + Apw;sign(p;) =0

or equivalently,

21’9 (y - XB) Aijsign(Bj)
T1/2 + T1/2

(14) =0

First, consider the second term in (14)

Aijsign(Bj)
T1/2

)\Tﬁ)j )\T
= 173 = = 5 — OO
T1/ T1/2—7/2 |T1/251,j|

since \/TB[J' is tight. Regarding the first term in (14),

22 (y — XB) 22} (e — X[B— 7))

T1/2 o T1/2
2he 22X .
e A RN/ _ pg*

Assuming f; is the coefficient to the kth variable in the ith equation

(so the jth column of X is the kth variable in the ith equation) it follows

/
T €
J

from the same arguments as those preceding (6) that Tim —d N(0,%;;Cri)-
ijX —p (In ® C); where (In ® C); is the jth row of (Ixy ® C). Hence, mf;
a:;X

and are tight. The same is the case for VT [B — [*] since it converges

T
/

2xj(y—XB) L.
weakly by (12)-(13). Taken together, ——->—= is tight and so

A 2¢' (y — XB)  Apab;sign(B;
piy oy p(BLUTID ee®) o)
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Proof of Theorem 2. The idea of the proof is similar to the one of Theorem

1. Letting 8 = 8* + % the objective function (4) may also be written as

ug,

VT

2 M
+ Ar Z w; ,351 +
=1

Let & = arg min Ly (u). It follows that B = ﬁ*—i—% and so @ = VT (B — ﬁ*).

(15) iT(u):Hy_X<5*+\;LT>

Next, define

Vr(u) = Ly(u) — L1(0)

2 M
o . * L B B P ~ * ug,; B *
Jy=x (5 )| - e o ([ | )
(16)
X'X u' X'e M uc,
= T U_Q\/T -I-)\T;wiqﬁgi-i-\/j—: _‘/BGi>

By Theorem 11.2.1 in Brockwell and Davis (2009) it follows that % —p
W' (I ® C)u in probability for any v € R¥N°P. Furthermore, it follows from

Proposition 7.9 in Hamilton (1994) (see also expression 11.A.3 page 341 in

Hamilton (1994)) that XTITE —q4 W where W ~ N (0,2 ® C). Hence,

X'X ‘X'
(17) u u—22t =S —q ' (I ® C)u — 2u'W

In addition, if 8¢, = 0, it follows by continuity of the norm that

o |

uG; _ A1 ‘ uaG;
= - 2]
Br,6; H

VT

ug,

VT

(18) < Arw; 7T

Be, + Ba,

— 0 in probability

since (1): Ap/TY? — 0 and (ii):

~ —+ Hﬁcl ~ < 0o in probability. If,

HBI,Gi

on the other hand, 7 =0
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- uQG,; K %e? AT HUG
AT“’Z’QBM 1 —\ﬁai)ﬂwl = T mn T
T V| = TP 7]
oo in probability if ug, # 0
(19) —

0 in probability if ug, =0

since (i): % — oo and (ii): VTfrq, is tight.

Using the convergence results (17)-(19) in (16)

W (In @ C)u —2u'W if ug, =0 for all i € A°

oo if ug, # 0 for some i € A°

Since Vi (u) is convex and V (u) has a unique minimum it follows from Knight

(1999) (or alternatively Knight and Fu (2000)) that arg min Vi (u) —4 arg min V (u).

Hence,
(20) ﬂgc —d 5(|)gc|
(21) ig —a N (0,[(In ® C)g] ' E® Clg[(Iny ® C)g] ™)

where 0y is the Dirac measure at 0 and |G¢| is the cardinality of G¢. Notice
that (20) implies that age — 0 in probability. An equivalent formulation of
(20)-(21) is

(22) VT (Bge — Bge) —a by
(23)  VT(Bg — B5) —a N (0,[(Iy ® C)g] ' [E @ Clg[(In @ C)g] )
(22)-(23) yield the consistency part of the theorem at the rate of /T for

8. (23) also yields the asymptotic distribution for Bg, i.e. part 3 of the

theorem. It remains to show part 2 of the theorem; P(fge = 0) — 1.
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Assume (g, # 0 for i € A°. Then all entries BGM-, 1 < j < |G, satisty

the first order condition

1 ~
Ba,; =0

22 (y — XPB) + )\TUNJZ‘HBGi

or equivalently,

~ - ~ 71 ~
20(y = XB)  Apwi||Be|| Ba
T1/2 T1/2

=0

This also implies

24 _
(24) 15916 /2 eic

2wj(y - XB) M| Be | Bo.
1<5<|Gi] T1/2

First, consider the right hand side of (24). To this end note that

maxi<j<ic,| 1Ba,.] | maxi<i<iq |5Gi,j|> maxi<j<io, 6ol 1
e 9B,y 1Gilmaxicy<iay 1Bagl Gl

This implies

o PrwilBe| Bows | v maxi<s<ia | Fe)
1)<l T2 -T2 (Al

S AT 1 1 N
Z T1/2—'y/2HT1/QBLGiH7 |Gz’ p

o0

since \/TBI,GE is tight.
Regarding the left hand side in (24),

20 (y — XB) _ 20 (e — X[B - 8"))

T1/2 - T1/2
_ 2x;-6 B 2:c;-X
T1/2 T

VT3~ 5]
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Assuming (; is a coefficient to the kth variable in the ith equation it

X €

follows from the same arguments as those preceding (16) that ﬁ —d
.Z’;-X

N(0,%2Cki). = —p (IN®C); where (Iy ®C); is the ith row of (Iy ® C).

/ /

. X ~
Hence, % and x’T are tight. The same is the case for VT3 — 3*] since

2z, (y—XB

it converges weakly by (22)-(23). Taken together, %17/2) is tight for all

j =1,..., N?p. Furthermore,

27" (y — XB
T1/2 1<5<|G;|

< |G;| max supP(

2 (y—XB)’ y K)

P
<1§I§l§|}é T2

21’;- (y—XB)‘ >K>

1<5<|Gi| T>1 T'/2
implies
2, (y—XB) 21, (y—XﬂN)
P —2 = > K|<|G Pl|—L————=|>K
7o (131?§|}éi| T'/? ‘ <Gl 151G 7o T1/2 ‘
And so, for any § > 0 by choosing K sufficiently large it follows from the
. 2I3- <y—X,3) )
tightness of ——5—=,j € G, that
22 (y — X3
inf P max MSK >1-96
T>1" \1<<|Gyl T1/?

Since the right hand side in (24) will be larger than K from a certain step
and onwards it follows that P(fg, = 0) — 1. O
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Output Labor Housing Consumption Money Bonds and Prices Stock  Total
and  Market Orders and Exchange Market
Income Inventories  Credit Rates
Recursive Forecasts
Lasso 0.537 0.593 0.575 0.540 0.503 0.450 0.549 0.754 0.563
al.asso 0.579 0.696 5.000 0.601 0.503 1.143 0.583 0.762 1.234
agLasso 0.615 0.791 6.174 0.831 0.520 1.468 0.650 0.749 1.475
Direct Forecasts
OLS-VAR 1.281 1.346 1.063 1.154 0.922 1.382 0.948 1.862 1.245
Lasso 0.556 0.582 0.511 0.575 0.499 0.480 0.553 0.750 0.563
alasso 0.616 0.740 5.138 0.676 0.512 1.096 0.602 0.771  1.269
aglLasso 0.614 0.790 6.152 0.830 0.521 1.469 0.650 0.749 1.472
Factor model forecasts
CF1 0.545 0.610 0.819 0.654 0.520 0.516 0.610 0.803 0.635
CF 2 0.539 0.605 0.859 0.635 0.520 0.497 0.595 0.845 0.637
CF 3 0.531 0.621 0.859 0.603 0.521 0.494 0.589  0.847 0.633
CF 4 0.528  0.618 0.827 0.591 0.522 0.494 0.587 0.839  0.626
CF 5 0.536 0.619 0.824 0.603 0.522 0.496 0.592 0.844 0.629
CF BIC 0.541 0.610 0.853 0.651 0.544 0.569 0.609 0.830 0.651
Univariate forecasts
LSTAR 0.632 0.592 0.812 0.613 1.854 0.477 4.590 0.886  1.307
AR(1) 0.915 0.801 0.771 0.842 0.916 0.710 1.129  1.357  0.930
TABLE 5.1. MSE relative to the recursive VAR MSE, av-
erage across all forecast horizons. Lowest relative MSE in
bold.
Output Labor Housing Consumption Money Bonds and Prices  Stock
and  Market Orders and Exchange Market
Income Inventories Credit Rates
Lasso 0.6391 0.5566 0.5909 0.5669 0.6675 0.3620 0.7071 0.5206
aLasso  0.7143 0.7787 8.2574 0.6486 0.7059 1.8806 0.8473  0.5499
agLasso 0.8537 1.0761 10.6095 1.3140 0.7324 2.8551 1.0303 0.5172
Factor model forecasts
CF1 0.6001 0.6833  0.8246 0.7527 0.8166 0.5432 0.8743  0.5851
CF 2 0.5740 0.6734  0.8302 0.7182 0.8177 0.5263 0.8518 0.5813
CF 3 0.5550 0.7175  0.8252 0.6486 0.8173 0.5185 0.8243  0.5887
CF 4 0.5709 0.7361  0.8294 0.6380 0.8165 0.5320 0.8144 0.5774
CF 5 0.5691 0.7328  0.8315 0.6737 0.8183 0.5393 0.8263  0.5848
CF BIC 0.6007 0.6834 0.8244 0.7529 0.8164 0.5432 0.8744  0.5852
Univariate forecasts
LSTAR 0.8742 0.6624 0.7779 0.7035 4.3938 0.3597 1.2135 0.6285
AR(1) 0.9615 0.6772  0.7726 0.7351 1.3980 0.3701 1.5042  0.6431

TABLE 5.2. MSE relative to the recursive VAR MSE. 1 step
ahead forecasts, 96 forecasts
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Output Labor Housing Consumption Money Bonds and Prices Stock
and  Market Orders and  Exchange Market
Income Inventories  Credit Rates
Lasso
Output 0.025 0.040 0.012 0.059 0.016 0.021 0.001  0.004
Labor 0.024  0.094 0.025 0.048 0.010 0.018 0.007  0.030
Housing 0.009 0.024 0.218 0.008 0.052 0.051 0.002  0.064
Consumption 0.022 0.030 0.045 0.107 0.017 0.018 0.006 0.019
Money 0.012 0.018 0.009 0.020 0.137 0.037 0.016  0.026
Bonds 0.007 0.028 0.021 0.035 0.007 0.079 0.023 0.081
Prices 0.016 0.003 0.002 0.033 0.033 0.012 0.077  0.000
Stock 0.000 0.007 0.000 0.039 0.024 0.073 0.010 0.138
Adaptive Lasso
Output 0.011 0.013 0.000 0.104 0.065 0.002 0.020  0.001
Labor 0.012 0.025 0.002 0.100 0.070 0.002 0.020  0.001
Housing 0.036 0.051 0.059 0.233 0.095 0.014 0.039  0.006
Consumption 0.009 0.012 0.001 0.078 0.048 0.002 0.017  0.001
Money 0.001 0.002 0.001 0.009 0.022 0.001 0.003  0.000
Bonds 0.018 0.019 0.001 0.108 0.059 0.007 0.023  0.004
Prices 0.001 0.001 0.000 0.012 0.010 0.000 0.005  0.000
Stock 0.000 0.003 0.000 0.024 0.083 0.000 0.021  0.000
Adaptive Group Lasso

Output 0.043 0.000 0.002 0.175 0.014 0.000 0.000  0.005
Labor 0.001 0.056 0.070 0.103 0.000 0.000 0.000  0.023
Housing 0.000 0.000 0.009 0.000 0.000 0.000 0.000  0.000
Consumption 0.000 0.000 0.000 0.210 0.000 0.000 0.000 0.014
Money 0.000 0.000 0.006 0.000 0.267 0.000 0.000  0.006
Bonds 0.000 0.000 0.038 0.011 0.000 0.115 0.000  0.090
Prices 0.000 0.000 0.000 0.000 0.020 0.000 0.273  0.000
Stock 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.206

TABLE 5.3. Selection frequency, average over 96 forecasts at
horizon 1. Largest share of selected variables in bold.
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Output Labor Housing Consumption Money Bonds and Prices  Stock  Total
and  Market Orders and Exchange Market
Income Inventories ~ Credit Rates
Lasso
Output 0.833  2.591 0.238 1.664 0.354 0.919 0.037  0.030  6.665
Labor 0.804 6.034  0.506 1.340 0.223 0.779 0.275 0.236  10.196
Housing 0.301 1.557  4.356 0.227 1.151 2.227 0.086  0.512 10.419
Consumption 0.754 1.911 0.900 3.006 0.369 0.790 0.256  0.155  8.141
Money 0.403 1.149 0.176 0.565 3.023 1.606 0.655  0.209  7.787
Bonds 0.244 1.773 0.419 0.974 0.145 3.473 0.973  0.647  8.647
Prices 0.542 0.211 0.036 0.936 0.728 0.537 3.224  0.001  6.216
Stock 0.003 0.427 0.000 1.081 0.526 3.208 0.419 1.107  6.771
Adaptive Lasso
Output 0.385 0.857 0.009 2.920 1.420 0.072 0.857  0.011  6.531
Labor 0.422 1.586 0.033 2.807 1.546 0.093 0.860  0.007  7.353
Housing 1.207 3.275 1.172 6.511 2.092 0.636 1.641 0.050 16.584
Consumption 0.295 0.768 0.018 2.187 1.066 0.068 0.708  0.009 5.119
Money 0.023 0.100 0.027 0.243 0.486 0.038 0.117  0.004 1.039
Bonds 0.597 1.230 0.029 3.031 1.298 0.330 0.950  0.031  7.497
Prices 0.018 0.056 0.000 0.333 0.230 0.003 0.189  0.001 0.831
Stock 0.010 0.174 0.000 0.682 1.826 0.005 0.865  0.000  3.562
Adaptive Group Lasso

Output 1.478 0.000 0.037 4.904 0.310 0.000 0.000 0.039 6.768
Labor 0.044  3.556 1.405 2.873 0.007 0.000 0.000 0.186  8.072
Housing 0.000 0.000 0.188 0.000 0.000 0.000 0.000  0.000 0.188
Consumption 0.000 0.000 0.000 5.874 0.000 0.000 0.000  0.112  5.986
Money 0.000 0.000 0.114 0.000 5.884 0.000 0.000  0.045 6.043
Bonds 0.000 0.000 0.758 0.318 0.000 5.057 0.000  0.717  6.850
Prices 0.000 0.000 0.000 0.000 0.436 0.000 11.476 0.004 11.916
Stock 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.646 1.646

TABLE 5.4. Average number of variables per equation, aver-
age over 96 forecasts at horizon 1. Largest number of selected
variables in bold.
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Output Labor Housing Consumption Money Bonds and Prices  Stock
and  Market Orders and Exchange Market
Income Inventories Credit Rates
Recursive Forecasts
Lasso 0.6606 0.7688  0.6632 0.7184 0.6197 0.5155 0.7497  0.7970
alLasso 0.7070  0.8781  6.5737 0.7826 0.5902 1.2767 0.7368  0.8048
agLasso 0.7397 0.9911 8.1884 1.0178 0.6170 1.5313 0.7956  0.7871
Direct Forecasts
OLS-VAR 2.2095 1.8309 1.2194 1.4316 1.3817 1.5667 1.2341 2.0118
Lasso 0.6830 0.7115 0.5980 0.7175 0.6019 0.5593 0.7364 0.7846
alLasso 0.7277  0.9519  6.5100 0.8264 0.6080 1.2070 0.7446  0.8041
aglLasso 0.7395 0.9901  8.1591 1.0169 0.6171 1.5317 0.7957  0.7873
Factor model forecasts
CF1 0.6945 0.7585  0.9643 0.8606 0.5852 0.5875 0.7680 0.8184
CF 2 0.6868 0.7396  1.0159 0.8293 0.5872 0.5739 0.7429  0.8775
CF 3 0.6818 0.7496  1.0141 0.7902 0.5892 0.5708 0.7440  0.8810
CF 4 0.6737 0.7514  0.9959 0.7784 0.5896 0.5663 0.7448 0.8678
CF 5 0.7024 0.7562  1.0058 0.7823 0.5886 0.5655 0.7532  0.8709
CF BIC 0.6667 0.7438  0.9726 0.8422 0.5822 0.6388 0.7626  0.8363
Univariate forecasts
LSTAR 0.7334 0.7178  0.8210 0.7918 1.1548 0.5436 16.2912 1.0083
AR(1) 1.1481 1.0042  0.8365 1.1427 0.9493 0.8433 1.4706  1.5428
TABLE 5.5. MSE relative to the recursive VAR MSE 3 step
ahead forecasts, 94 forecasts
Output Labor Housing Consumption Money Bonds and Prices  Stock
and  Market Orders and Exchange Market
Income Inventories Credit Rates
Recursive Forecasts
Lasso 0.5832 0.7370  0.6447 0.6178 0.4571 0.5671 0.5597 0.9042
alasso 0.6231  0.8004  3.8090 0.6812 0.4479 0.9428 0.5651  0.9007
aglLasso 0.6010 0.7900 4.4731 0.7246 0.4630 1.0267 0.5862 0.8985
Direct Forecasts
OLS-VAR 1.1667 1.4914 1.1594 1.3400 0.7106 1.5516 0.9754  1.6656
Lasso 0.6258 0.7393 0.5105 0.6802 0.4519 0.5880 0.5694  0.9033
aLasso 0.6846 0.8297  4.2371 0.7826 0.4612 0.8562 0.5854 0.9122
aglLasso 0.6002 0.7871  4.4401 0.7225 0.4632 1.0279 0.5862  0.8985
Factor model forecasts
CF1 0.6225 0.6947  0.9298 0.7093 0.4204 0.5831 0.6052  0.9555
CF 2 0.6260 0.6943  1.0067 0.6953 0.4200 0.5555 0.5946  1.0185
CF 3 0.6128 0.6989  1.0064 0.6653 0.4217 0.5577 0.5946  1.0140
CF 4 0.5999 0.6784  0.9522 0.6550 0.4213 0.5548 0.5951  0.9990
CF 5 0.6015 0.6818  0.9427 0.6588 0.4214 0.5594 0.5951  1.0065
CF BIC 0.6083 0.6742 0.9449 0.6827 0.4522 0.6854 0.5975 1.0131
Univariate forecasts
LSTAR 0.6442 0.6782  0.9285 0.6719 0.5898 0.6109 0.6481 1.0313
AR(1) 1.0351 0.9905 0.8884 0.9904 0.7726 0.9432 1.1250 1.6410

TABLE 5.6. MSE relative to the recursive VAR MSE, 6 step
ahead forecasts, 91 forecasts
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Output Labor Housing Consumption Money Bonds and Prices  Stock
and  Market Orders and Exchange Market
Income Inventories Credit Rates
Recursive Forecasts
Lasso 0.2652 0.3111  0.4014 0.2562 0.2693 0.3544 0.1788 0.7923
alLasso 0.2713  0.3279  1.3618 0.2918 0.2665 0.4715 0.1841  0.7946
agLasso 0.2654 0.3074  1.4246 0.2686 0.2695 0.4605 0.1879 0.7916
Direct Forecasts
OLS-VAR 0.7486 1.0626  0.8729 0.8459 0.5968 1.4079 0.5838  2.7719
Lasso 0.2769 0.3193 0.3449 0.3371 0.2746 0.4097 0.2000  0.7907
alLasso 0.3374  0.4007 1.5484 0.4447 0.2736 0.4407 0.2287 0.8172
aglLasso 0.2644 0.3052 1.3988 0.2660 0.2697 0.4617 0.1879  0.7917
Factor model forecasts
CF1 0.2619 0.3052 0.5581 0.2915 0.2572 0.3512 0.1938  0.8532
CF 2 0.2704 0.3137 0.5844 0.2963 0.2566 0.3320 0.1926  0.9023
CF 3 0.2735 0.3165  0.5911 0.3073 0.2578 0.3291 0.1924  0.9054
CF 4 0.2673  0.3054  0.5305 0.2945 0.2589 0.3219 0.1918 0.9125
CF 5 0.2690 0.3059 0.5174 0.2953 0.2581 0.3214 0.1940 0.9134
CF BIC 0.2864 0.3384  0.6699 0.3245 0.3264 0.4079 0.1995 0.8848
Univariate forecasts
LSTAR 0.2769 0.3088  0.7204 0.2867 1.2769 0.3920 0.2086  0.8764
AR(1) 0.5152 0.5325  0.5862 0.5007 0.5440 0.6828 0.4152  1.6023

TABLE 5.7. MSE relative to the recursive VAR MSE, 12 step

ahead forecasts, 85 forecasts
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Output Labor Housing Consumption Money Bonds and Prices Stock
and  Market Orders and Exchange Market
Income Investment  Credit Rates
Direct Lasso
Output 0.004  0.003 0.006 0.023 0.017 0.027 0.008  0.000
Labor 0.001 0.016 0.022 0.018 0.022 0.042 0.005  0.007
Housing 0.008 0.083 0.216 0.082 0.092 0.131 0.002  0.003
Consumption 0.006 0.012 0.059 0.011 0.043 0.030 0.004  0.005
Money 0.001 0.007 0.003 0.015 0.017 0.006 0.005 0.016
Bonds 0.012 0.015 0.070 0.016 0.017 0.035 0.018  0.056
Prices 0.001 0.005 0.011 0.000 0.007 0.001 0.005  0.003
Stock 0.002 0.000 0.000 0.003 0.000 0.000 0.000  0.000
Direct Adaptive Lasso
Output 0.001 0.001 0.000 0.010 0.040 0.000 0.011  0.000
Labor 0.006 0.007 0.000 0.022 0.045 0.000 0.012  0.000
Housing 0.016 0.022 0.016 0.078 0.072 0.002 0.027  0.000
Consumption 0.006 0.007 0.000 0.019 0.036 0.000 0.013  0.000
Money 0.001 0.000 0.000 0.001 0.018 0.000 0.001  0.000
Bonds 0.001 0.004 0.002 0.011 0.032 0.000 0.012  0.000
Prices 0.001 0.001 0.000 0.002 0.010 0.000 0.002  0.000
Stock 0.002 0.001 0.000 0.001 0.014 0.000 0.000  0.000
Direct Adaptive Group Lasso

Output 0.034  0.000 0.004 0.094 0.037 0.033 0.000  0.006
Labor 0.000 0.025 0.086 0.042 0.008 0.009 0.020  0.005
Housing 0.000 0.000 0.000 0.000 0.000 0.000 0.000  0.000
Consumption 0.001 0.000 0.059 0.046 0.034 0.009 0.017  0.004
Money 0.000 0.001 0.026 0.034 0.034 0.006 0.032  0.018
Bonds 0.000 0.001 0.091 0.021 0.020 0.109 0.000  0.004
Prices 0.016 0.000 0.007 0.013 0.041 0.000 0.080 0.004
Stock 0.000 0.000 0.000 0.012 0.029 0.065 0.000 0.015

TABLE 5.8. Selection frequency, average over 85 forecasts at
horizon 12. Most selected group in bold.
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