SCHOOL OF ECONOMICS AND MANAGEMENT “ C R EAT E S

FACULTY OF SOCIAL SCIENGES Center_for Research in Econometric
AARHUS UNIVERSITY Analysis of Time Series

CREATES Research Paper 2009-55

Efficient Likelihood Ratio Tests for Seasonal Unit Roots

Michael Jansson and Morten @rregaard Nielsen

School of Economics and Management
Aarhus University
Bartholins Allé 10, Building 1322, DK-8000 Aarhus C
Denmark



Nearly Efficient Likelihood Ratio Tests for Seasonal Unit Roots*

MICHAEL JANSSONT MORTEN DRREGAARD NIELSEN
UC BERKELEY AND CREATES QUEEN’S UNIVERSITY AND CREATES

November 24, 2009

ABSTRACT. In an important generalization of zero frequency autore-
gressive unit root tests, Hylleberg, Engle, Granger, and Yoo (1990) developed
regression-based tests for unit roots at the seasonal frequencies in quarterly time
series. We develop likelihood ratio tests for seasonal unit roots and show that
these tests are “nearly efficient” in the sense of Elliott, Rothenberg, and Stock
(1996), i.e. that their local asymptotic power functions are indistinguishable
from the Gaussian power envelope. Currently available nearly efficient testing
procedures for seasonal unit roots are regression-based and require the choice
of a GLS detrending parameter, which our likelihood ratio tests do not.
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1. INTRODUCTION

Determining the number and locations of unit roots in non-annual economic time
series is a problem that has attracted considerable attention over the last couple of
decades. In a important generalization of the work of Dickey and Fuller (1979, 1981),
Hylleberg, Engle, Granger, and Yoo (1990, henceforth HEGY) developed regression-
based tests of the subhypotheses comprising the seasonal unit root hypothesis in a
quarterly context. Subsequent work has further generalized the HEGY tests in various
ways, including to models with seasonal intercepts and /or trends and to non-quarterly
seasonal models (e.g., Smith, Taylor, and Castro (2009)).

From the point of view of statistical efficiency, the properties of the HEGY tests
are analogous to those of their zero frequency counterparts, the Dickey-Fuller tests. In
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particular, in models without deterministic components the HEGY t-tests are “nearly
efficient” in the sense of Elliott, Rothenberg, and Stock (1996, henceforth ERS), i.e.
their local asymptotic power functions are indistinguishable from the Gaussian power
envelope. However, the HEGY t-tests are asymptotically inefficient in models with
intercepts and/or trends. To improve power of seasonal unit root tests, Rodrigues
and Taylor (2007, henceforth RT) have extended the asymptotic power envelopes of
ERS and Gregoir (2006) to seasonal models and have developed feasible tests that are
nearly efficient in seasonal contexts. As do their zero frequency counterparts due to
ERS, the nearly efficient tests of RT involve so-called GLS detrending, implementation
of which requires the choice of a vector of “non-centrality” parameters. The purpose
of this paper is to propose nearly efficient seasonal unit root tests that enjoy the
(aesthethically) appealing feature that they do not require the choice of such non-
centrality parameters.

To do so, we generalize the analysis of Jansson and Nielsen (2009, henceforth
JN), who propose nearly efficient likelihood ratio tests of the zero frequency unit root
hypothesis, to models appropriate for testing for seasonal unit roots. Specifically, the
paper proceeds as follows. Section 2 is concerned with testing for seasonal unit roots
in quarterly time series in the simplest possible setting, namely a Gaussian AR(4)
model with standard normal innovations and with presample observations assumed to
be equal to their expected values. We develop likelihood ratio unit root tests in this
model and show that these tests are nearly efficient. Section 3 discusses extensions to
models with serially correlated and/or non-Gaussian errors and to tests for seasonal
unit roots in non-quarterly time series. Proofs of our results are provided in Section

4.

2. LIKELIHOOD RATIO TESTS FOR SEASONAL UNIT ROOTS

2.1. No Deterministic Component. Suppose {y;: 1 <t < T} is an observed
univariate quarterly time series generated by the zero-mean Gaussian AR(4) model

p(L)y: = e, (1)

where p (L) is a lag polynomial of order four, &; ~ 7.i.d. N/ (0,1), and the initial

conditions are y_3 = ... = 59 = 0.! Following RT we assume that p (L) admits the
factorization

p(L) =1 —=pL) (1 +pyL) (1+paL?), (2)

!The initial values assumption can be relaxed to max (|y_s|, ..., |yo|) = op (\/T) without inval-

idating the asymptotic results reported in Theorem 1 below.
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where p,, py, and p, are (unknown) parameters.>
Under the quarterly unit root hypothesis

Ho:pz=1py=1p4=1,

the polynomial p (L) simplifies to Ay = 1 — L*, implying that {y;} is a quarterly
random walk process. Defining HY : p, = 1 for k € {Z, N, A}, the quarterly unit
root hypothesis H, can be expressed as

Hy = HY N HY N H.

The hypotheses HZ and H}' correspond to a unit root at the zero and Nyquist
frequencies w = 0 and w = T, respectively, while Hg! yields a pair of complex conjugate
unit roots at the frequencies w = 7/2 (i.e., the annual frequency) and w = 37/2.

The likelihood ratio test statistic associated with the problem of testing Hy vs.
le,o tpy < 1,py =py =11is given by

LR% = naxXp, <1 LT (ﬁZ? 17 1) - LT (L 17 1) )

where Ly (pg, o5, 04) = — Y4y (1= pzL) (14 pyL) (14 paL?) w]* /2 is the log
likelihood function. Developing a likelihood ratio test of HZ under the “as if” as-

sumption that py = p, = 1 is analytically convenient, as Ly (-, 1,1) is a quadratic
function. Moreover, remark 3.2 of RT suggests that the large sample properties of
LRZ should be invariant with respect to local departures of p, and/or p, from unity.
Theorem 1 below confirms this conjecture and further shows that the test which
rejects for large values of LRZ is a nearly efficient test of HZ vs. HY : p, < 1.

By analogy with LRZ, define

LRY =max; <1 Ly (1,py, 1) — Ly (1,1,1)

and

LR? = maXp, <1 LT (17 17 IBA) - LT (]" 1’ 1) ’

2In the notation of RT, we study a model with periodicity S = 4 and parameters p,, py, and p4
given by p, = ag, py = a2, and p, = a2, respectively. The local-to-unity parameters in Theorems
1 and 2 of this paper are related to those in (2.5) — (2.6) of RT as follows: ¢z = ¢g, cy = ¢2, and

caA =C —|—O(T_1) .
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As defined, LRY is the likelihood ratio test statistic associated with the problem of
testing H, vs. H{YO oy < Lp, = py = 1, but it will be shown below that the
test based on LRY is nearly efficient when testing H} vs. H{ : py < 1. Again, the
asymptotic invariance of LRY with respect to local departures of p, and/or p, from
unity is to expected in light of remark 3.2 of RT. Similarly, it turns out that a nearly
efficient test of Hg' vs. H{' : p, < 1 can be based on LR#, the likelihood ratio test
statistic associated with the problem of testing Hy vs. Hfo pa<lpy=py=1

To characterize the local-to-unity asymptotic behavior of the likelihood ratio sta-
tistics LR%Z, LRY, and LR#, we proceed as in JN. For k € {Z, N, A}, the likelihood
ratio statistic LRY. admits a representation of the form

1
LRI% = IMaXs<o |:ES§2 - 5_2H§€ﬂ:| N (3)

where the large-sample behavior of the pair (Sé‘i, Héi) is well understood from the
work of RT (and others). As a consequence, we obtain the following result, in which

W(Z (7“):/Orexp[ck(r—s)]de(s), k=27 N,A,

where W72 (), WY (), and W4 () are independent Wiener processes of dimensions
1, 1, and 2, respectively.

Theorem 1. Suppose {y;} is generated by (1) . Ifc; =T (p, — 1), en =T (py — 1),
and cqy =T (py — 1) /2 are held fixed as T — oo, then the following hold jointly:

LRE — 4 max.<g Affk (¢) for k= Z N, A,
where

A (@) =c-tr [ /0 WE () awk (r)’} S [ /0 WE () WE () dr|

Theorem 1 implies in particular that the local asymptotic properties of each LR%
depends on the local-to-unity parameters (cz,cy,ca) only through c;. This result,
which is unsurprising in light of remark 3.2 of RT, provides a (partial) statistical
justification for developing tests of each HY under the “as if” assumption that the
parameters not under test are equal to unity, as it implies that LR% is asymptot-
ically pivotal under HY. In particular, the test which rejects when LR% exceeds r
has asymptotic null rejection probability given by Pr [maxggo Ak (e) > /i} under the
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assumptions of Theorem 1. Therefore, if & < Pr [max;< A% (¢) > 0] then the (asymp-
totic) size a test based on LRE has a critical value x¥ » (o) defined by the requirement
Pr [maxz<o A§ (€) > K55 ()] = a?

In addition to being asymptotically pivotal under HY, the statistic LR enjoys
the property that it can be used to perform nearly efficient tests of H} vs. HF. In
the case of k € {Z, N}, this optimality result follows from Theorem 3.1 of RT and
the discussion following Theorem 1 of JN. Moreover, a variant of the same argument
establishes optimality when k& = A. For completeness, we briefly discuss the k = A
case here. In all cases, we can exploit the fact (also used in the proof of Theorem 1)
that maxz<o Af (¢) admits the representation

min (tr [ [ W (r) dWE (| ,0)2
2 [ JEWE () WE ()’ dr} '

Ck

(4)

maXxz<o Algk (E) =

The representation (4) shows that (for conventional significance levels) the test based
on LR# is asymptotically equivalent to the HEGY t-test, which in turn implies that
the likelihood ratio test is nearly efficient because it follows from Gregoir (2006, Fig-
ure 1) and Theorem 3.1 of RT that the HEGY ¢-test is nearly efficient in the absence
of deterministic terms.

Remark. For specificity we have only considered tests for a unit root at a single
frequency. Tests of joint hypotheses, such as Hj, can be based on the sum of the
relevant single frequency statistics. It is an open question whether such tests are
nearly efficient, but remark 3.3 of RT suggests that this might be the case.

2.2. Deterministics. To explore the extent to which the “near efficiency” results
of the previous subsection extend to models with deterministics, we consider a model
in which {y; : 1 <t < T} is generated by the Gaussian AR(4) model

yr = B'dy + uy, p(L)us = &y, (5)

where d; = 1 or d; = (1,t)", B is an unknown parameter, p (L) is parameterized as in
(2), & ~ia.d N(0,1),and u_3 = ... =uy = 0.1
In this case, the log likelihood function L% (-) is conveniently expressed as

3The condition a < Pr [maxs<o A§ (¢) > 0] is satisfied at conventional significance levels since
Pr [max;<o A (¢) > 0] = Pr [maxz<o A} (¢) > 0] ~ 0.6827 and Pr [maxz<o A§' (¢) > 0] ~ 0.6322.

*To conserve space we do not consider seasonal frequency intercepts and/or trends. Accommo-
dating such d; should be conceptually straightforward, but is left for future research.
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1 /
L% (pZ’pNupfhﬁ) = _5 (Yp - Dpﬁ) (Yp - Dpﬁ)?

where, setting y_ 3 = ... =y =0and d_3 = ... =dy =0, Y, and D, are matrices
with row ¢t = 1,...,T given by p (L) y; and p (L) d}, respectively.

The likelihood ratio test associated with the problem of testing Hy vs. H 1Z,0 rejects
for large values of

LR?d = mMaXp,<1,8 L% (ﬁZa L, 175) o L% (1’ 1,1, ﬁ>
— maXﬁzgl Lgv (pz, 1, 1) - E% (1) 17 1) 9

where

1 1 -
£% (pZ7pNapA) = ma’xﬁL% (pZ)pNapA76) = _5 pf}/P—i_ 5 (}/p,DP) (D;)DP) 1(D/pY;))

is the profile log likelihood function obtained by maximizing L% (p,, py, pa, 3) with
respect to the nuisance parameter 3. Analogously, the likelihood ratio statistics as-
sociated with tests of Hy against H{\, and H{l) are given by

LRY = max, <1 L% (1, py, 1) — L4 (1,1,1)

and

LRéyd = maxp, <1 ‘C% (17 17 pA) - ‘C% (17 17 1) 5

respectively.
As in the case of LR, the large sample behavior of LRl_cﬂd can be analyzed by
proceeding as in JN.

Theorem 2. Suppose {y;} is generated by (5) and suppose cz =T (p; — 1), cy =
T(py —1),and cy =T (py — 1) /2 are held fixed as T — oc.

(a) If d; = 1, then the following hold jointly:

LR} — 4 maxe<o AF (¢) for k= Z, N, A.
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(b) If d; = (1,t)", then the following hold jointly:

LRE® — 4 maxs<g A% (¢) fork=N,A

and
LR;’d —q MaXz<o ACZZ’T (E) ,
where
1 (1-eyWZ (1 2f0 rWZ (r ] 1
AZ,T—:AZ— - - 212
Cz (C) Cz(c)+2 1—C+C2/3 2WCZ<>

It follows from Theorem 2 that each LR?’d enjoys properties that are qualitatively
similar to those enjoyed by LR% 1n the model without deterministics. Specifically,
Theorem 2 implies that each LR is asymptotically pivotal under HY. Moreover,
Theorem 3.2 of RT and the dlscussmn following Theorem 2 of JN implies that LRk d
can be used to perform nearly efficient tests of H} vs. HF.

Simulated critical values mi’é(a) associated with LR?d are reported in Table 1.

|  TABLE 1 ABOUT HERE |

The profile log likelihood function £% (p,, px, p4) is invariant under transforma-
tions of the form y, — y; + V'd;, so that LRg’d and any other test statistic that can
expressed as a functional of L% (p,, py, pa) shares this invariance property. It there-
fore makes sense to compare the local asymptotic power properties of the likelihood
ratio tests LRI;Jd with the Gaussian power envelopes for invariant tests derived in

ERS, Gregoir (2006), and RT.

[ FIGURE 1 ABOUT HERE |

The local asymptotic power function (with argument ¢ < 0) of the size « likelihood
ratio test is given by Pr[maxs<oAf (¢) > ki% ()] in case of d; = 1 (any k) or
dy = (1,t)',k = N, A and by Pr[max.<o AZ" (¢) > k77 ()] in case of dy = (1,t) k=
Z, where k7% () satisfies Primaxz<o AL (€) > 3% (a)] = a and &7} (o) satisfies
Primaxz<o Ay (€) > #75 ()] = a. Figure 1 plots these functions for a = 0.05 in the
three cases: k € {Z, N} without trend or k = N with trend (Panel A), kK = A with or
without trend (Panel B), and k = Z with trend (Panel C). Also plotted in each panel
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of Figure 1 are the corresponding Gaussian power envelopes, which (for size « tests)
are given by Pr[Af (¢) > rwd (oz)]’_ in case of d; = 1 (any k) or d; = (1,t)" ,k =

=cCp
in case of d; = (1,t) ,k = Z, where 2 (a)

77 (= Z,T
N, A and by Pr[A77 (¢) > k77 ()] . z
satisfies Pr{AF? (2) > k2% (a)] = a and 77 (a) satisfies Pr[AJ7 (¢) > k27 (a)] = o
The local asymptotic power functions of the likelihood ratio tests are indistinguishable
from the Gaussian power envelopes in each case, so that near optimality claims can

be made on the part of the likelihood ratio tests.

3. EXTENSIONS

The results of the previous section can be generalized in a variety of ways. This
section briefly discusses two such extensions.

3.1. Serial Correlation and Unknown Error Distribution. One natural ex-
tension is to relax the AR(4) specification and the normality assumption on the part
of the innovations {g;}. To that end, suppose {y; : 1 <t < T} is generated by the
model

ye = B'dy + uy, p (L)Y (L)u; = &, (6)

where d; = 1 or d; = (1,t)", 3 is an unknown parameter, p (L) is parameterized as

in (2),v(L) =1-vL~—...—~,L” is a lag polynomial of (known, finite) order p

satisfying miny,<; |y ()| > 0, the initial conditions are u_,_3 = ... = uy = 0, and

the &, are i.i.d. errors from a distribution with mean zero and unknown variance o2.
In this case, the Gaussian quasi-log likelihood function can be expressed as

9 1

T
L3 (pg, pnspas Bi 0% 7y) = —5logo” — 55 (Y, = DyprB) (Yo — Dy f3),

where, setting y_, 3 = ... =y =0and d_, 3 =... =dy=0,Y,, and D, are
matrices with row ¢t = 1,...,T given by p (L)~ (L) vy, and p (L) y (L) d;, respectively.
The profile quasi-log likelihood function obtained by profiling out (5 is given by
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‘C% (p27 PNsPA; O-Qa 7)

= maxg L% (pZ, PN Pas B o’ 7)

T 1 1
= ——logo® — 553 Voo Yor T 53 (Y!.D,,) (D..D,.)" (D, Y,).

2 252 Py PY

By analogy with JN, it seems natural to consider likelihood ratio-type test statistics
of the form

—~ Z,d
LRT = maxp, <1 £T (pZ’17170-T7rYT) ET (1a17170T77T)

Ijkjj\jd = maXﬁNﬁl ‘CC’Il“ (1a pZ? ]-7 6’%‘7&T) - ‘C (17 17 ]-7 UT?VT)
ﬁ;d = maxp, <1 E% (17 17/514; 5-%7,3/T) - E%l’ (17 17 17 &%’7&T) )

where 2 and 4, are plug-in estimators of 0 and v = (’71: e ,yp)l, respectively.

The statistic ﬁ%?d is straightforward to compute, requiring only maximization
with respect to the scalar parameter p,. Proceeding as in the proof of Theorem 3 of
JN, it should be possible to show that if {y;} is generated by (6), cz =T (p, — 1),
en=T(py—1),and cx =T (py — 1) /2 are held fixed as T' — oo and if

(a—%a;}/T) —P (U2a 7) ) (7)
then
—~ kd v
LRy —gmaxe<oA; (¢) for k= 7,N,A (8)
if d, = 1, while
—~ kd v
LRy —qmaxe<o Ay, (¢) for k=N, A (9)
and
—~ Z.d

LR, —qmaxe<o A2 (¢) (10)
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when d;, = (1,t)".

Remarks. (i) The consistency condition (7) is mild. For instance, it is satisfied

by
1 T
. . 2 .
o= T Y A —irZ) . Ar=(0,L,) 0,
t=p+5
where
T -1/
Ny = ( Z ZtZt,> < Z ZtAyt) ) Zy = (1, A4y, - - 7A4yt—p)/-
t=p+5 t=p+5
(ii) The assumption u_,_3 = ... = up = 0 made when deriving the quasi-log
likelihood function can be relaxed to max (|u_,—s|,...,|us|) = op <\/T> without

invalidating (8) — (10).

3.2. Non-Quarterly Models. Another natural extension is to consider a model
with periodicity S # 4. Following RT, a natural generalization of (5) is given by the
Gaussian AR(S) model

yo = B'd +ug,  p(L)ur = ¢y, (11)

where d; = 1 or d; = (1,t)', 3 is an unknown parameter, u;_g = ... = 1y = 0,
g ~i.i.d. N (0,1), and p (L) is parameterized as

[(S—-1)/2]
p(L)=(1—psL)(1+pyL) J[ (1-2ppcoswil + piL?) (S even),
k=1
[(5-1)/2]
p(L)=(1-pzL) (1 —2p, coswi L + piL?) (S odd),
k=1

where wy, = 27k/S for k=1,...,[(S—1)/2].
In perfect analogy with the quarterly case, the profile log likelihood function
implied by the model (11) can be expressed as
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1 1 _
_§Yp,Yﬂ + 2 (Y/J,Dﬂ) (D;DP) 1 (D;Yp) )

where, setting y,_s = ... =yo=0and di_g = ... =dy =0, Y, and D, are matrices
with row t = 1,...,T given by p (L) y, and p (L) d}, respectively. Tests of individual
unit root hypotheses can be based on the natural counterparts of the LRZ}’d statistics
considered in the quarterly case and Theorem 2 should generalize in a natural way to
the model (11).° Specifically, the results for test statistics associated with p, and py
should coincide with those for LR%d and LR]TV " in the quarterly case, while the test
statistics associated with p,, k = 1,...,[(S — 1) /2], should exhibit the same large
sample behavior as LR?’d does in the quarterly case.

4. PROOFS
4.1. Proof of Theorem 1. Let

1 T T
:sztZ—1A4yt7 Z v 1 )
t=1 t=1

(y£1)2 9

1 I
=7 ZyﬁlAwt,
t=1

£

|
S~
-

and

1 T
St = T/2Zyt Agye,  Hf = /27 S why)

t=1

where y/ = (1+ L) (1 + L)y, 5 = — (1= L) (1 + L)y, and y = — (1 = L) (1 + L)y,
The validity of (3) follows from the fact that the log likelihood function Ly (-)
admits the expansions

_ _ L
Lt (pZ7171) =Lr (1a171) +T(pZ - 1) SZ% - 5 [T<pZ - 1)]2HYZU

LT(17pN71> :LT<17171)+T(pN_1>STJY__[T(pN_lﬂzH’l]Y?

®The statistics derived in the current environment are similar to the LRg’d statistics in the
sense that they can be expressed as maximizers of rational polynomial functions, so they should be
amenable to asymptotic analysis using a slight modification of the proof of Theorem 2.
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and

T 1T
212

2
Ly (1,1, p4) = Lr (1L L1) + 5 (pa = 1) S7 = 5 | 5 (Pa — 1>} Hy.
Under the assumptions of Theorem 1, the following hold jointly (e.g., RT):
(S5, HY) —q (SEVHE),  k=Z/N,A, (12)

Cr?

where

1 1
ka = tr {/0 Wéz (r) dek (r)/} , Hljk = tr [/0 Wc’z (r) Wi (r) dr| .

Theorem 1 follows from (3), (12), and the continuous mapping theorem (CMT)
because

= IMmaXeg<o Alcgk (E) y

2
1 min (5%, 0)2 min (S% ,0)
LRk = IMaXg<Q |:ES]€ — —Esz:| = —q Ck
T < T~ 5CHr 2HE 2HE

where the second and third equalities use simple facts about quadratic functions.

4.2. Proof of Theorem 2. Because £% (-) is invariant under transformations of
the form y; — y; + b/d;, we can assume without loss of generality that 5 = 0. The
proofs of parts (a) and (b) are very similar, the latter being slightly more involved,
so to conserve space we omit the details for part (a). Likewise, the proofs for k = N
and k = A are very similar, so to conserve space we omit the details for k£ = A.

Accordingly, suppose k € {Z, N} and suppose d; = (1,t)". Let yF be as in the proof
of Theorem 1 and define d7, = (1 + L) (1 + L?) dr; and dY, = — (1 — L) (1 + L?) dy,
where dp, = tdiag(1,1/VT)d,. The linear trend likelihood ratio statistic can be
written as LRY? = maxz< F (¢, X%) , where

X7 = (1, Hy, At, Br)

Ar = [A7(0), A7 (1), AT (2)]
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B} =
for
T ~
A? (0) = Z A4thA4yt7
=1
1<~ - .
AL (1) = T > (Aadreyf +d,  Aag),
t=1
1 . -
A];“ (2) = T2 Z d]f%,t—lyf—la
t=1
and
1 1

[B7(0), By (1), By (2)]

T
BS(0) = AydriAgdyy,

t=1

T
1 .
By (1) = T > (Aadpidy,
t=1
1 o~ 3% 3
SIS oF Y
t=1

D (e,b) = DI[e,b(0),b(1),b(2)] =b(0) — b (1) + b (2).

It follows from standard results (e.g., RT) that, under the assumptions of Theorem

X§ —a XE = (SE HE AL BY),

Cr?

where

k=ZN,

13

+CZ17€“,t71A4CZIT,t)v
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e[ (G0
e [(u20) () ()
(5 (2)

Y ~ (61 4 €3 + €3 + £4) /4 is a random variable independent of [WZ (-), W™ ()] , and

K = 1/4 is a positive constant.
The result now follows as in the proof of Theorem 2 of JN.
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Table 1: Simulated critical values of the LR%? statistic

T 80% 85% 90% 95%  97.5%  99%  99.5% 99.9%
Panel A: k € {Z, N} without trend or k = N with trend
100 1.1378 1.4706 1.9299 2.6846 3.4110 4.3365 5.0151 6.5243
250 0.8910 1.1824 1.6127 2.3611 3.1074 4.0786 4.8000 6.4382
500 0.8164 1.0681 1.4491 2.1459 2.8709 3.8379 4.5631 6.2526
1000 0.7878 1.0231 1.3726 2.0119 2.6884 3.6152 4.3229 5.9702
00 0.7612 0.9824 1.3068 1.8831 2.4820 3.2909 3.9180 5.4025
Panel B: kK = A with or without trend
100 0.6781 0.9006 1.2202 1.7806 2.3533 3.1132 3.6949 5.0436
250 0.6901 0.9161 1.2435 1.8200 2.4090 3.2034 3.8084 5.2228
500 0.6946 0.9229 1.2527 1.8333 2.4296 3.2338 3.8523 5.3037
1000 0.6977 0.9257 1.2560 1.8397 2.4393 3.2456 3.8653 5.3322
00 0.6998 0.9284 1.2604 1.8458 2.4495 3.2670 3.8966 5.3806
Panel C: kK = Z with trend
100 2.9038 3.2898 3.8094 4.6485 5.4402 6.4342 7.1564 8.7342
250 2.6775 3.0598 3.5851 4.4521 5.2893 6.3596 7.1488 8.9060
500 2.5671 2.9327 3.4410 4.2938 5.1225 6.1984 7.0026 8.8210
1000 2.5078 2.8604 3.3510 4.1748 4.9841 6.0401 6.8267 8.6359
00 2.4541 2.7946 3.2650 4.0512 4.8223 5.8230 6.5795 8.3009

Note: Entries for finite 7' are simulated quantiles of LR%? with &, ~ i.4.d.N (0, 1),
t=1,...,T. In Panel A it is the k = Z test that is simulated. Entries for 7' = oo
are simulated quantiles of the corresponding asymptotic distributions, where Wiener
processes are approximated by 10,000 discrete steps with standard Gaussian white
noise innovations. All entries are based on ten million Monte Carlo replications.
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Figure 1: Power envelope and asymptotic local power of seasonal unit root LR tests
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Note: Simulated power envelopes and asymptotic local power functions based on
one million Monte Carlo replications, where Wiener processes were approximated by
T = 10,000 discrete steps with standard Gaussian white noise innovations.
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