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Abstract

In this paper we study the asymptotic behaviour of power and multipower variations

of processes Y :

Y, = /t g(t — s)o,W(ds) + Z,

—0
where g : (0,00) — IR is deterministic, ¢ > 0 is a random process, W is the stochastic
Wiener measure, and Z is a stochastic process in the nature of a drift term. Processes of
this type serve, in particular, to analyse data of velocity increments of a fluid in a turbulence
regime with spot intermittency o. The purpose of the present paper is to determine the
probabilistic limit behaviour of the (multi)power variations of Y, as a basis for studying
properties of the intermittency process o. Notably the processes Y are in general not of the
semimartingale kind and the established theory of multipower variation for semimartingales
does not suffice for deriving the limit properties. As a key tool for the results a general
central limit theorem for triangular Gaussian schemes is formulated and proved. Examples

and an application to realised variance ratio are given.
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1 Introduction

The motivation for the development of the results reported in this paper has been the need to
construct tools for studying the probabilistic limit behaviour of (realised) quadratic variation
and other multipower variations in relation to the class of Brownian semistationary (BSS)
processes. This class, which was introduced in [BNSch09], consists of the processes Y = {Y;},cp
that are defined by

Yi=p —i—/ g(t —s)osW(ds) + / q(t — s)asds (1.1)

—o0 —o0
where p is a constant, W is the stochastic Wiener measure, g and ¢ are nonnegative determin-
istic functions on R, with g (¢) = ¢(¢) = 0 for ¢t <0, and o and a are cadlag processes. When
o and a are stationary then so is Y. Hence the name Brownian semistationary processes. The
BSS processes form the natural analogue, for stationarity related processes, to the class BSM

of Brownian semimartingales

¢ ¢
Yi=u —I—/ osdWy +/ asds. (1.2)
0 0

In the context of stochastic modelling in finance and in turbulence the process o embodies the
volatility or intermittency of the dynamics, whether the framework is that of BSM or BSS.
For detailed discussion of BSS and the more general concept of tempo-spatial ambit processes
see [BNSch04], [BNSch07], [BNSch08a], [BNSch08b], [BNSch08¢], [BNSch09]. Such processes
are, in particular, able to reproduce key stylized features of turbulent data.

A main difference between BSM and BSS is that in general models of the BSS form are
not semimartingales (for a discussion of this, see Section 3 of [BNSch09]). In consequence, var-
ious important techniques developed for semimartingales, such as the calculation of quadratic
variation by Ito algebra and those of multipower variation, do not apply or suffice in BSS
settings. The present paper addresses some of the issues that this raises.

The theory of multipower variation was primarily developed as a basis for inference on o
under BSM models and, more generally Ito semimartingales, with particular focus on inference

about the integrated squared volatility o>t given by

t
a?"':/ olds. (1.3)
0

This quantity is likewise a focal point for the results discussed in the following.

Section 2 introduces common notation for multipower variation and recalls some basic prop-
erties of such quantities. A law of large numbers and a central limit theorem for multipower
variation of triangular arrays of Gaussian random variables are derived in Section 3, and these
limit results are drawn upon in Section 4 to establish probability and central limit theorems
for multipower variation for BSS processes, with most of the proofs postponed to the penul-

timate Section 7. Section 5 presents several examples, and Section 6 discusses an application
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concerning the limit behaviour of the realised variation ratio, i.e. the ratio of realised bipower
variation to realised quadratic variation. The final Section 8 concludes and indicates some
possible directions for further related work. An appendix summarises a number of properties

of the modified Bessel functions of the modified third kind, needed for derivations in Section 5.

2 Multipower Variation

The concept of (realised) multipower variation was originally introduced in [BNS04a] in the
context of semimartingales, and the mathematical theory has been studied in a number of
papers ([BNGJPS06], [Jac08a], [BNSWO06], [KiPo08]) while various applications are the main
subjects in ([BNS04b]), [BNS06], [BNS07], [Jac08b], [Woe06]. Multipower variation turns out
to be useful for analysing properties of parts of a process that are not directly observable. In
this section we present the definition of realised multipower variation and recall its asymptotic
properties for some classes of processes.

Let us consider a continuous-time process X, defined on some filtered probability space
(Q, F, (Ft)t=0, P), that is observed at equidistant time points t; = i/n, i = 0,...,[nt]. A

realised multipower variation of the process X is an object of the type

[nt]—k+1 k
Z H|A?+j—1X|pj ’ A?X:X%*Xﬂ ) Pla--wkaO, (21)
i=1  j=1

for some fixed number k > 1. We now present an overview of the asymptotic theory for
quantities of the form (2.1) for various types of processes X.
We start with the BSM case

t t
Xy =Xo+ / asds + / osdW (2.2)
0 0

where W is a Brownian motion, a is a locally bounded and predictable drift process, and o is
an adapted and cadlag volatility process. As was established in [BNGJPS06], the convergence
in probability

[nt]7k+1 k t
+ o . ucp
P2 Z H ‘A?+j—1X|p] 7 Hp "‘,upk/ |osPTds (2.3)
i=1  j=1 0
holds, where p, = Z;?:lpj and p, = E[[ul’], u ~ N(0,1) and we write Z" “% Z when
supsepor 121" — Zil 2,0 for any 7' > 0. Under a further condition on the volatility process

one obtains the associated stable central limit theorem:

[nt]—k+1 K

t t
\/ﬁ(nﬁ/?il Z H ‘A?Jrjle’pj _N’pf"ﬂpk/o ‘US‘erdS) o \/Z/O ‘Us‘erst , (24)
i=1 j=1
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where B is another Brownian motion, defined on an extension of the probability space (2, F, (Ft)i>0, P)

and independent of F, and the constant A is given by

k=1 m k
A= HMQpl 2k -1 H'upl +2 Z HMPZ H Hp, H Hopy+pp 4, -
m=1[=1 I=k—m+1

Recall that the stable convergence of processes is defined as follows. A sequence of processes
Z™ converges stably in law towards the process Z (written Z" .z ), that is defined on the
extension of the original probability space (2, F, (Ft)t>0, P), if and only if for any bounded and
continuous real-valued functional f and any F-measurable random variable V' it holds that

lim E[f(Z")V] = E[f(Z)V].

n—oo

When the latter holds only for G-measurable random variables V', where G is a sub-g-algebra
of F, we speak of G-stable convergence and use the notation Z" 9=t g

A crucial property of the realised multipower variation is its robustness to jumps when
max;(p;) < 2 ([BNSWO06], [Jac08c]). Assume for a moment that X is a general Ito semimartin-
gale with continuous part X¢ satisfying (2.2). Then, by (2.3) and the robustness property, we
obtain the convergence

w S ATX A X P (X1
S Arx? X1

where [X] denotes the quadratic variation of the semimartingale X and the limit is less than

or equal to 1. The latter result, together with the stable convergence in (2.4), can be used to
construct a formal test for jumps (see [BNS04a]). On the other hand, we know that if the limit
of the left-hand side is greater than 1 (which is the case for some typical turbulence data), the
process X can not be an Ito semimartingale.

In another direction, a study [BNCPW09] was made of the asymptotic behaviour of multi-

power variation for processes of the type
t
X: =Xy —i—/ 0sdGy | t>0, (2.5)
0

where G is a continuous Gaussian process with centered and stationary increments (the latter
integral is defined as a Riemann-Stieltjes integral). The process defined in (2.5) is, in general,
also not a semimaringale, and the theory in [BNGJPS06] does not apply. In particular, a

different normalisation is required. Define the (normalised) multipower variation by

—k+1 &
V(vala"~7pk - Z H|Az+j 1X‘pj ) pla"'7pk207
=1 =
where 7, > 0 is given by
= R(1/n) (2.6)
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with
R(t) = E[(Gott — GS)Z]- (2.7)

Under some assumptions on R and the volatility process o it was shown that

V(X7p17"')pk) _>pp17 7pk/ ’05’p+d8

for a certain constant py, ., which depends on the behaviour of R near 0. Furthermore, an

Pi
associated (stable) central limit theorem, of a form similar to (2.4), was derived. Note however
that in general there are essential differences between the characters of BSS processes and

processes of type (2.5).

3 Multipower variation of Gaussian triangular arrays

In this subsection we derive some asymptotic results for functionals of arrays of stationary
Gaussian sequences. We consider a triangular array (X;n)n>11<i<ng (t > 0) of row-wise

stationary Gaussian variables with mean 0 and variance 1. Let

() = cor (Xim, Xitjn) » j >0, (3.1)

be the correlation function of (X n)1<ij<[ng- Assume that the array (Xin)n>1,1<i<[ns is "non-
degenerate”, i.e. the covariance matrix of (X p,..., Xi15,) is invertible for any £ > 1 and
n > 1 (otherwise the results below do not hold).

Now, define the multipower variation associated with the sequence (Xz-,n)n2171§i§[nt]:

1 [nt]—k+1 &
V(plv"'vpk = Z H |Xi+j71,n‘pj 5 P1y---, Pk > 0. (32)
i=1 j=1

3

Our first result is the weak law of large numbers.

Theorem 1 Assume that there exists a sequence r(j) with

n—1
) ) 1 .
@) <rG) . = () =0 (3.3)
j=1
as n — 0o. Then it holds that
V(pi, k)i = o5yt =0 (3.4)
’ ’ P1,---PE ?
where
P = B[ X0l [ X ] (3.5)
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Proof of Theorem 1. See Section 7.

Before we present the associated central limit theorem we need to introduce another Gaus-
sian process. Suppose that r,(j) — p(j), j = 1,...,k — 1, for some numbers p(j). Let (Q;)i>1
be a non-degenerate stationary centered (discrete time) Gaussian process with expectation 0,

variance 1 and correlation function

p(]) = cor (Qlan"t‘j) ’ .] Z 1. (36)
Define
1 [nt]—k+1 k
Vor,--pe)i =~ > [[ Qi (3.7)
=1 j=1
and let pp, . p. = E(|Q1[P* - - - |Qk/|P*). Then p}ff?,_mk — Pp1,...p, and in this case we obtain the

ucp convergence

ucp
V(pl, s apk)? I pplww'pkt'

The multivariate central limit theorem for the family (V(p{, Cee pi)?)lgjgd is as follows:

Theorem 2 Assume that

where p(7) is the correlation function of some stationary centered discrete time Gaussian process
(Qi)i>1 with E[Qf] = 1. Suppose furthermore that, for any j,n > 1, there exists a sequence
r(j) with
o0
re(G) <@, Y () < oo (3.9)
j=1
Then we have

ViVl oi - o

plypl >1<j<d = 3128, (3.10)

where B is a d-dimensional Brownian, (3 is a d X d-dimensional matriz given by
By = lim n coo(Va(ph, - o) Vol o) s 1<ij<d,  (311)
n—oo
and the convergence holds in the space D([0,T]?) equipped with the uniform topology.

Proof of Theorem 2: See Section 7.

Remark 1 [t is possible that the condition (3.8) in its present form is not required. However,

it leads to an explicit formula for the asymptotic variance in the central limit theorem. In order

)

to allow substitution of ps; o by Pyi i (3.10) the requirement (3.8) must be strengthened
) )

1Pk
n)
J

so as to ensure that \/n <p( — D j> — 0. For further discussion of this, see Remark
P

1,...,pi p17'~7pk
13 in Section 4 and Section 5.5.
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Remark 2 Similar asymptotic results can be obtained for general quantities of the form

1[nt]—k+1
- > H(Xin- s Xiyh-1n) (3.12)
=1

for some function H : IR* — IR. Let m denote the Hermite index of H (notice that the Hermite
index of the power function used in (3.2) is 2). Replace the condition (3.3) by

n—1

> i) =0

j=1

S

and (3.9) by
Dl <r@) . Y or() <o
j=1
Then Theorem 1 and 2 hold true for the functional (3.12) provided that EH?*(Ng(0,%)) < oo
for any invertible ¥ € IRF**. We omit the details.

Remark 3 Ho and Sun [HoSu87] have shown a non-functional version of Theorem 2 for statis-
tics of the type (3.12) when the correlation function ry, does not depend on n. To the best of
our knowledge Theorem 2 is the first central limit theorem for (general) multipower variation

of a row-wise stationary Gaussian process.

4 Multipower variation for BSS processes

Armed with the general theorems proved in Section 3 we are now set to establish laws of large
numbers and central limit results for multipower variations in the framework of the Browninan
semistationary processes. The regularity conditions invoked are given in a first subsection,
while the next states the theorems, the main parts of the proofs being postponed to Section
7; the third subsection discusses the nature of the, rather technical, regularity conditions and

describes a set of simpler assumptions that are more amenable to checking.

4.1 Conditions

We consider a filtered probability space (2, F, (F:)e>0, P), assuming the existence thereon of a
BSS process, for the time being without drift term, i.e.

Y, — / gt — 5)oaW(ds) (4.1)

—0oQ
where W is an Fi-stochastic Wiener measure, o is an Fi-adapted and cadlag volatility process

and g : (0,00) — IR is a deterministic continuous memory function with g € L?((0,00)). We

also require ffoo g*(t — s)o%ds < co a.s. to ensure that ¥; < oo a.s. for all £ > 0. By an
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Fi-stochastic Wiener measure we understand a Gaussian stochastic measure such that, for any
Borelian set A with E(W(4)?) < oo

W(A) ~ N(0,m(4)),

where m is the Lebesgue measure, and if A C [t,+00) then W(A) is independent of F;. Note
that {Bt = fj W(ds),t > a} is a standard Brownian motion starting in a.
The process Y is assumed to be observed at time points t; = i/n, i = 1,...,[nt]. Now, let
G be the stationary Gaussian process defined as
Gy = /t g(t — s)W(ds). (4.2)
—0
This is an important auxiliary object in the study of BSS processes. Note that G belongs to

the type of processes ocurring in (2.5), and that the autocorrelation function of G is

r(t) = /0 Tt + w)g(u)du, (4.3)

where g(t) = g(t)/||g|| with ||g|| the L? norm of g. We are interested in the asymptotic
behaviour of the functionals

1 [nt]—k+1 k
V(Y)plaupk)?:mT Z H‘A?+jfly|pj ) p17"')pk20 )

n i=1 j=1
where ATY = Y%' —Yi1 and 72 = R(1/n) with R(t) = E[|Gsy¢ — Gs|?], t > 0. In the following
we assume that the function g is continuously differentiable on (0,00), ¢’ is non-increasing on
(b,00) for some b > 0 and ¢’ € L?((g,00)) for any € > 0. Moreover, we assume that for any

t>0 -
F, = / (¢'(5))%07_yds < 00 (4.4)
1

almost surely. We shall extend the domain of g to R by taking g(z) = 0, for < 0.

Remark 4 The assumption (4.4) ensures that the process Y has the same ”smoothness” as
the process G (see Lemma 1 in Section 7). It is rather easy to check in practice, because it is
implied by the condition EF; < oo fort > 0. Furthermore, if g has bounded support assumption
(4.4) is trivially fulfilled since o is cadlag.

Remark 5 Let us note again that the process Y is, in general, not a semimartingale. In
particular, this is the case when ¢’ ¢ L*((0,00)). For a closer discussion, see [BNSch09]. On
the other hand, the process Y is not of the form (2.5). Thus, we require new methods to prove
the asymptotic results for V(Y,p1,...,px)f. Processes of the form (4.1) are used for modelling
velocity of turbulent flows, see [BNSch07], [BNSch08a], [BNSch08b]. The function g, that is
used in such models, behaves often as t° near the origin. Hence, when § € (—1/2,1/2)\{0}, Y
is neither a differentiable process nor a semimartingale (because g’ ¢ L*((0,00))). This is the

primary case of our interest.
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We define the correlation function of the increments of G:

, j=>0.

1\33

AMG AQHG) RN + R(ZL) —2R(2)
’ 2T

n

1) = co
Tn(]) V( ™ .

Next, we introduce a class of measures that is crucial for our purposes. We define (recall that
g(x) :=0 for x <0)

hg@—g—ﬂ@D%$
Jo(g(z — £) — g(x))?da

We further set 7 (z) = 7" ({y : y > x}). Note that 7" is a probability measure on IR.

T (A) =

A € B(R). (4.5)

For the weak law of large numbers we require the following assumptions:

(LLN): There exists a sequence r(j) with

n—1
1
@) <rG) s S () =0
j=1
Moreover, it holds that
lim 7"(e) =0 (4.6)

for any € > 0.

Remark 6 (i) The first condition of (LLN) is adapted from Theorem 1. It guarantees the
ucp convergence of V(G,p1,...,pr)}. The second condition of (LLN) says that the whole

mass of the measure w"

concentrates at 0. In particular, it is equivalent to the weak
convergence

™ — &g ,

where &g is the Dirac measure at 0.

(i) The condition (4.6) is absolutely crucial for the limit theorems given in the next subsec-
tion. When this condition is violated things become more complicated. In particular, it
may lead to a different stochastic limit of V(Y,p1,...,pr)} (see an example in Section
5). Intuitively, this can be explained by the observation that the increments A'Y contain
substantial information about the volatility (far) outside of the interval [ ,%] when the
condition (4.6) does not hold. Thus, in general, we can not expect the limit described in

Theorem 3 below.

Now, we introduce the assumptions for the central limit theorem:

(CLT): Assumption (LLN) holds, and

ra(d) = pG), 520,
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where p(j) is the correlation function of (Q;);>1, as introduced in (3.6). Furthermore, there

exists a sequence r(j) such that, for any j,n > 1,

(i) <r(G), DY r() <o

J=1

and for some «y € (0,1] we have

Elloy — 04|] < CJt — s|*. (4.7)

Finally, set p = minj<;<j1<j<q(p]). Assume that y(pA1) > 3 and that there exists a constant
A< —ﬁ such that for any e, = O(n™"), x € (0,1), we have

T (en) = O(n M), (4.8)

Remark 7 Note that if o is stationary with increasing complementary autocorrelation func-
tion @, say, then condition (4.7) reduces to @ < Cu®Y. In particular, for the realized quadratic
variation we require 1/2 < v < 1 meaning that w(u) should go to 0 quite fast or , equivalently,

that w(u) tends fast to 1. In other words, o should not vary too fast.

Remark 8 Assumption (4.7) is only one of a variety of possible regularity conditions on o
that can lead to a central limit theorem for multipower variations of the kind we are after, and
it is some way away from being necessary. For instance, Theorem 5 below will also hold is o
is a sum of two processes, one of which satisfies (4.7) and the other having the property that

(almost) every sample path is of bounded variation on finite intervals.

Remark 9 The first part of assumption (CLT) ensures the weak convergence of the standard-
ized version of V(G,p1,...,pr)7. The condition (4.8) is certainly stronger than (4.6) in (LLN).

In Section 4.3 we will explain how (4.8) can be checked in practice.

4.2 Limit theorems

In this section we present the limit laws of multipower variations of BSS processes, in part
widening the scope slightly to allow more general drift terms. Recall that the (realised) multi-

power variation of a process Y of the form (4.1) is defined as

1 [nt]—k+1 k
V(Y)pla"'apk)? = TH’T Z H‘A?+jfly|pj ) P1,-.-,DPk 2 0 P (49)

where 72 = R (%) and py = Z?Zl pj. Our first result is the following probability limit theorem.

Theorem 3 Assume that the condition (LLN) holds with Y given by (4.1). Define

p1'”‘AZG pk}

Tn

(n) _ EHA?G

ppl,...,pk Tn

10
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Then we have .
V(Y,p1,..pe)f — o5 ,pk/o o [PHds 22 0. (4.10)

Proof of Theorem 8: See section 7.
Next, we demonstrate that the functional V (Y, p1,...,px)} is robust to some types of drift

processes, which includes the kind of drift term occurring in BSS processes.

Proposition 4 Consider a process Z = Z1 + Zs, where Zo =Y is given by (4.1). Assume
that the condition (LLN) holds and define

[nt]—k+1 k
V(Zlsz;ph'")pk;L17"‘7[' t TLTp+ Z H|Az+3 1 plv"‘vpkzov
n i=1 j=1

where vy, ..., € {1,2}. If for any t > 0 and any (t1,...,tk) # (2,...,2),
P
V(ZlaZZ;pla'”7pk;Lla‘°'7Lk)? —>05 (411)

then t
b~ ot 0
0

Proof of Proposition 4: For simplicity we consider the case k = 2. Since V(Z,p1,p2)} is
(n)

increasing in ¢ and the process pp, p,t is continuous in ¢, it is sufficient to prove V(Z, p1,p2)y —

pl(;f?mt L0 for a fixed t > 0.

Assume first that 0 < p, pa < 1. We have ||x14y1 [P |[xa+y2|P2 —|y1 [P |y2|P?| < C(|z1 [Pt |x2|P2+
|x1 [P y2|P2 + |y1|Pt |x2|P?) (here and elsewhere C' denotes a constant the value of which may

change from line to line). Hence we deduce
[V (Z,p1,p2)i = V(Y p1,p2)i|
< C(V(Z1, Zaspr,pas 1, 1)} + VI(Z1, Zoyp1,p2; 1, 2)) + V(Z1, Zas p1,p2; 2,1)f)

and we obtain Proposition 4 by (4.11).
Next, assume that p; < po, po > 1. We deduce that

((V(Z,pr,p2)f) 772 = (V(Y,p1,p2)) /72|
< C((V(Z1,Z2;p1,p2; LOMYP2 1 (V(Zy, Zoipr,p2; 1, 2)) VP2 + (V(Z1, Zas pr, a3 2, 1)?)”’”) :
which completes the proof of Proposition 4. ]

Remark 10 The multipower variation is robust to drift processes Z1 that are smoother than

the process Y. Assume, for instance, that the process Zy satisfies

E[|Z:(t) — Z1(s)[”] = o( RP*(|t - s1))

for every p > 0. In this case condition (4.11) is obviously satisfied.

11
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Next, we demonstrate a joint central limit theorem for a family (V (Y, p{, ce pi)?)lgjgd of

multipower variations. Let G be the o-algebra generated by the auxiliary process G.

Theorem 5 Assume that the process o is G-measurable and the condition (CLT) holds. Then

we obtain the stable convergence

x/Tl(V(Y,p{, SN AL P;z?wpi /Ot \os\pids)lgjgd 9o /Ot AV24B, (4.12)
where B is a d-dimensional Brownian motion that is defined on an extension of the filtered
probability space (Q, F,(Fi)t>0, P) and is independent of F, and A is a d x d-dimensional
process given by

A = Bylo PP . 1<ij<d, (4.13)
and the d x d matriz (8 is defined in (3.11).

Proof of Theorem 5: See Section 7.

Remark 11 We require the G-measurability of the process o for the following reason. In fact,

in Section 7, we will first prove the joint weak convergence

J iy (n) 1/2
(Gt7 \/’E(V(thl) s apk;)t P j pit> 1§]§d> = (Gtuﬁ Bt) .

Py

This implies the joint convergence

) VG7 ]”]TL_ (n) t) :>( ) 1/2B) )
<O'tl \/E( ( pl pk‘)tl Pivai l 1<j<d <iem Utl ﬁ ty 1<I<m

for any fired m, because o is G-measurable. From the latter we deduce the G-stable convergence
of Theorem 5 by a certain approximation technique.

From the above argument it is easy to see that Theorem 5 remains true when o is independent
of W. Hence, Theorem 5 holds for any process o = o) + 0@ such that oV is G-measurable,

0@ is independent of W and both processes V) and o?) satisfy the conditions of assumption

(CLT).

For completeness we provide a condition under which the above central limit theorem is

robust to a potential drift process.

Proposition 6 Consider a process Z = Zy + Za, where Zo =Y is given by (4.1). Assume

that the conditions of Theorem & hold and d = 1. If
P
\/EV(ZLZ%plv'"7pk;517"'>[/k‘)? —0 ) (414)

for any t >0 and any (t1,...,t) # (2,...,2), then we obtain

t t
\/E(V(Z,pl,...,pk)?— ;73”%/ \as\l’+ds) ‘ g—f\/ﬁ/ |o4|P*+dBs.
0 1<j<d 0

12



O.E. Barndorff-Nielsen, J.M. Corcuera and M. Podolskij: Asymptotic results

Proof of Proposition 6: Proposition 6 can be proved by the same methods as Proposition 4
(details omitted). O

Clearly, Proposition 6 extends in a direct manner to the multivariate setting (d > 1). Con-

cerning the possibility of substituting p(?) ; by Pi . i in the above conclusions, see Remark
DlseesDy, 1s0eP
1.

4.3 Discussion of assumptions

We start our discussion again by considering the auxiliary, centered stationary Gaussian, pro-

cess

Gy = / g(t — s)W(ds).

—0o0
First of all, we want to demonstrate how Theorems 1 and 2 apply for the multipower variation
of the process G. In other words, we will give a hint how to check the conditions of these
theorems.

Recall the definition (2.7) of the variance function R of the increments of G' and note that

R) =BGy =Gl = [ @i+ [t +a) —g@)Pds . 120

Clearly, the asymptotic behaviour of the multipower variation of the process G is fully deter-
mined by the behaviour of the function R near 0. As we deal with a continuous process G, it is
natural to assume that R(t) behaves essentially as t® (for some o > 0) near 0 (later on we will
formalize this assumption). Since the case where the paths of G are differentiable (a.s.) is not
very interesting for us (because the consistency can be deduced by the mean value theorem),
we concentrate on the region 0 < o < 2 (the corresponding g(t) behaving as t(®~1/2),

Let us introduce a new set of assumptions that correspond to the previous discussion. These
assumptions were proposed by Guyon and Leon in [GuyLe89] (those authors considered the
case of centered stationary Gaussian processes X; this relates to the BSS setting with o con-
stant) and the same assumptions were used in [BNCP09] and [BNCPW09].

(A1) R(t) = tLo(t) for some o € (0,2) and some positive slowly varying (at 0) function

Lo, which is continuous on (0, 00).
(A2) R'(t) =t*"2Ly(t) for some slowly varying function Lo, which is continuous on (0, 00).

(A3) There exists b € (0,1) with

La(y)
Lo(x)

K =limsup sup ‘ < 00

2=0 yefa.at]

13



O.E. Barndorff-Nielsen, J.M. Corcuera and M. Podolskij: Asymptotic results

Recall that a function L : (0,00) — IR is called slowly varying at 0 when the identity

L(tx)
20 L(z)

holds for any fixed ¢ > 0.
Now, note that under assumption (A1) we have, for any j > 1,
ArG AYLG )
Tn Tn
R(SE) + ROS) = 2R(3)
2R(;;)

rn(j) = cov(

— o) = (G =2 (G-, (415)

because Ly is slowly varying at 0. It is obvious that p(j) is the correlation function of the discrete

2 2 . . . .
Z-a / —Bl-a _/ 1, Where B®/? is a fractional Brownian motion

time stationary Gaussian process Q); = B
with parameter a/2.
As shown in [GuyLe89] and [BNCP09] assumptions (A1)-(A3) imply that for any o € (0, 2)

there exists a number h = h(a) > 0 such that
(i) <r(j)=C5"

for all j > 1 and all, but finitely many, n. Hence, under (A1)-(A3), the condition of Theorem
1 is satisfied for all « € (0,2), because %Z?:l r(j) — 0.

Moreover, the conditions (A1)-(A3) imply that for any a € (0,3/2) there exists a number
h = h(a) > 1 such that

@) <@ =ci !
for all j > 1 and all, but finitely many, n. Consequently, when o € (0,3/2) and (A1l)-

(A3) hold, the conditions of Theorem 2 are satisfied with Q; = BM? _ BY? > 1, since

A 1—17
> m(j) < oo

Bitln Bri=ly_ oBd
Remark 12 It is easy to see that R(JT)—FZ}%E)_QR(%) — p(j) implies that for all j > 1 there
exits an s(j) such that ‘ !

R(%) .

AL s(J)-

Since the result in Theorem &5 is independent of the scale of time we use, we must have

R(jA)

R(A) Al s(7);

for any A and then s(jk) = s(j)s(k); consequently s(j) = j%, for a certain o € R. Moreover,
since (j+1)* — 2§+ (7 — 1)@ is a covariance function we have 0 < o < 2. So in the present

setting (Qi)i>1, as defined in Section 3, is always a standard fractional Gaussian noise.

14
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Remark 13 In Theorem 5 the quantity p,(ﬁ?.__,pk can be replaced by its limit pp, .. p, (which

necessarily exists because ry,(j) — p(j) for all j > 1) whenever

\/ﬁ(pé??~-~7pk - pph--wpk) — 0.

As the quantity p](g??,,.’pk is a continuously differentiable function of rn(1),...,rn(k —1) (recall

that we are in the non-degenerate case) the latter follows from

Vv max |ra(j) — p(j)] — 0.
j=1,...,k—1

To study the above convergence let us introduce the notion of the second order reqular variation
(however, we restrict ourselves to the second order regular variation of slowly varying func-
tions). A slowly varying function L : (0,00) — IR is called second order regular varying (at
0) with parameter v > 0 if there exists a function A : (0,00) — IR, positive or negative, with

limg_,0 A(x) = 0 such that
L(tz)

-1 Y —
lim Lz) = t !
a—0  A(x) Y
holds for all t > 0. It is known that if the limit on the left-hand side exists for all t > 0 it

. Furthermore, if L is second order reqular varying with

must be essentially of the form WT*l

parameter v > 0 then the function A must be reqular varying with parameter vy, i.e.

lim A(tx)

— 7
x—0 A(I) t

for allt > 0. Notice that the parameter v essentially gives the rate of convergence for LL((Z”)) — 1.

Observing the convergence in (4.15) we deduce that
vn _max |ra(j) = p(j)| — 0
7j=1,...,k—1

holds when the slowly varying function Lo, which appears in the assumption (A1), is second

order regular varying with parameter v > %

Now, let us see what the conditions (A1)-(A3) mean for the memory function g. For

simplicity let us consider functions of the form
g(z) =21 q(z), = >0. (4.16)

For such functions we readily obtain assumptions (A1)-(A2) with
a=20+1, 0€(—=,0)U(o0,

(the technical assumption (A3) has to be checked separately; for an example see Section 5).
Note that for § = 0, for which assumption (A2) does not hold, the process G is a semimartingale

and the multipower variations can be treated as in [BNGJPS06].

15
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Next, we discuss the assumptions of subsection 4.1 for the function g defined in (4.16).
Recall that condition (4.4) is automatically satisfied for functions g with compact support (as

in (4.16)). A straightforward calculation shows that
T (e) = O((ne) 1),

for any e > 1. Thus, the condition (4.6) of (LLN) is satisfied (because 20 — 1 < 0) and
Theorem 3 is valid for all § € (—1/2,0) U (0,1/2).

Finally, we explain how to verify the condition (4.8) of (CLT'). Recall that p = min1§i§k,1§j§d(pg).
Let ¢, =n™", k € (0,1). We readily deduce that

T(e) =0 Ry . A=20—1.
Thus, condition (4.8) is satisfied if .
A< Ty
We immediately deduce that Theorem 5 holds if
p>1: 7>%, 56(—%70)
1<10<1: ’y>i, 56(_1;0—1)'

2 2p 2" 2p

Remark 14 Clearly, we can deal with a larger class of functions g than g(x) = 1‘51(0’1] (z).

Assume that condition (4.4) holds. In the following we consider functions Ly, Ly, which are

continuous on (0,00) and slowly varying at 0. We assume the following conditions:

Assumption: g € L*((0,00)) and for some 6 € (—1/2,0) U (0,1/2) it holds that
(i) g(x) = 2°Ly(x).
(ii) g'(x)

= 2°"1Ly(2) and, for any ¢ > 0, ¢ € L?((,00)). Moreover, g' is non-increasing
on (b, 00) for some b > 0.

We further assume that the function

R(t) = /0 g (w)da + /0 Tt +2) - g(a))da

satisfies the conditions (A1)-(A8) with o = 2§ + 1.
Under these assumptions we conclude (as for the simple example g(z) = x‘sl(o’l] (z)) that

Theorem 3 holds for any § € (—1/2,0) U (0,1/2), and Theorem 5 holds when further

1 1
>1: >—, de(—=,0

p=> >3 (=5,0)
1 1 1 p—1
—<p<l: > — —,— ).
5 <P 7> 5 (=5 2p)

5+2 S+3 .

In both cases we have Q; = B, > — B, _, 1> 1.

16
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5 Examples

The present Section discusses two examples of choice of the damping function g and the asso-
ciated probabilistic limit behaviour.

As above let r denote the autocorrelation function of G = [~ g(- — )W (ds), and we write
7 for 1 — r. Note that assumptions (A1)-(A3) could equivalently have been formulated in
terms of 7 rather than R (since R (¢) = 2||g||* 7 (¢)).

Suppose first that

g(t)= 6_/\tl(o,l) (t)

with A > 0. This example (for a detailed discussion see [BNSch09]) is a non-semimartingale

case, and it can be shown that 7" — 7, with 7 given by

1 1

= 0
a 1+e*2>‘0+1+62>‘

617
where ¢, is the Dirac measure at x. Moreover,

—1
v (v,2)r L et (1 + e”) o2,

Thus, in particular, we do not have V (Y, 2)} £, at2+. Note that in this example assumption
(A2) is not satisfied.

Our main example is
g(t)=t""e Mg (t) (5.1)

for A > 0 and with v > 3. (So, for ¢ near 0, g(t) behaves as t° with § = v — 1.) The following
two subsections discuss the properties of the autocorrelation function r for this g, presenting
exact formulae (in terms of the Bessel functions K, ) for r and its derivatives in subsection
5.1 and deriving asymptotic properties of 7 (¢) = 1 — r (¢) for ¢t — 0 in subsection 5.2. Armed
with these results we show in subsection 5.3 that assumptions (A1)-(A3) are met provided

a=2v—-1¢€(0,2)),ie v € (3 3) and that p(?) , may be substituted by p ; ; in the
1

2 pl:"'vp?c <P

central limit theory provided v € (%, %)

3.
27

Remark 15 The derivative ¢ of g is not square integrable if% <v<<lorl<v<
hence, in these cases Y is not a semimartingale. For % < v < 1 we have g (0+) = oo while
g(0+) =0 when 1 < v < % Of course, for v =1 the process Y = [~ g(- — s)osW(ds) is
simply a modulated version of the Gaussian Ornstein-Uhlenbeck process, and in particular, a
semimartingale. Note also that when v > % then'Y 1is of finite variation and hence, trivially, a

semimartingale.

Remark 16 With Y = [*__g(- — s)osW(ds), suppose that the volatility process is constant,

or = o. This is a special case of the class of stationary Gaussian processes discussed by

17
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[GuyLe89]. These authors showed that, under conditions (A1)-(A3),

(2)\)21/71 1

V(Y,2)p 5 o?
T 1) ann, 2 =0

More generally, they derived associated (nonfeasible) limit law results which in the present
example (of (5.1) (not considered by [GuyLe89]), implies that the limit distribution is normal
if% <v < 2, with rate n®/%7 (%), while for 2 <v < % it belongs to the second order chaos, the
rate of convergence being then n=2"*3. Extension to the power variations V (Y, q)¢, ¢ >0, are
also given in [GuyLe89]. In [BNCPO09] extensions of the normal limit results to processes of the
form fo 0sdGs where G is a Gaussian process with stationary increments are established. The
earlier paper [Guy87] contains a set of sufficient conditions for convergence in probability of
normalised versions of V(Y,q)} in cases where the process Y is nonstationary Gaussian. The
conditions are rather restrictive; in particular, they can only apply to certain types of processes

for which 7 (%) behaves as a constant times n~' as n — oo.

For the following analysis we need a number of, mostly well known, properties of modified

Bessel functions of the third type K,. These are given in the Appendix.

5.1 Formulae for r and its derivatives

With g given by (5.1) the autocorrelation function r of G = [~ g(- — s)W(ds) has the form
(cf. formula (4.3))

2v—1 00
r(t) = Igig\z)/—l)e_)\t/o (t+ u)”fl u’ e 2Muqy, (5.2)

Hence by formulae (A.1.4), (A.1.5) and (A.1.10) in the Appendix we find

2
lglPr(8) = (/=T ()27 A3 3K, ) (M)

™

- \/ZF v) 2—%—2”“1’(”_% (At)
1T ()T (v - 3)

— SN 27 —21/+1K
5 F(%) A vl (M) . (5.3)
where we have used the doubling formula
r)r(v-12
Py —1) = g2l (1” ). (5.4)
r(z)
It follows, by (A.1.7), that
r(t) = IV(V_% (\t) .. (5.5)

Now, let
a(v) =271 )"t

18
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so that o) . 50
a(v+1) '
and
K () =a(v) K, (z)
Supposing for notational simplicity that A = 1 and using (A.1.9) and (A.1.8) we find, for
ve(33)
) = —a (u - ;) 1K, 3 (1)
= —a (u - ;) t”’%KV_% (t)
= —a (1/ — ;) t”_%K%_V (t)
= —a (1/ — ;) t 2K L, ()
_ ¢ (v - 3) 22, (1) (5.7)
a(3-v) : '
) = a <y - ;) [PR, 5 (1)~ K, 3)
= a (y - ;) {t”*%Kg_y () -t 2Ks (t)}
~ q <1/ _ ;) 2 LRy () - K, (1) (5.8)
() = —a <u— ;) {t3f(y 7 (t) — 3K, 5(t)}
= —a <u - ;) {t”—%K% () = 3t 2K V(t)}
= —a <y - ;) 24 {K%_V (t) — 3}2’% V(t)} . (5.9)

5.2 Behaviour of r=1-—1r

near 0

From the asymptotic expansions (A.2.4), (A.2.5) and (A.2.6) we find that for ¢ — 0 the com-

plementary autocorrelation function 7 (¢) = 1 — r (¢) behaves as

1 (7 21
272 +1rgi+§§ (At) +0(?) for L<v<3
()~ L (\)?|logt| for v=3
4(V1_%) A2 +0 (1) for 3 <v

19
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Table 1

Remark 17 So for % < v < 2 the autocorrelation function is twice differentiable at 0 and
consequently Y has continuously differentiable sample paths, while for % <v < % the sample

paths are Lipschitz of order A for every 0 < A < v — % (cf. [CL67] Section 9.2).

5.3 Verification of assumptions (A1)-(A3)

This subsection establishes that conditions (A1)-(A3) are satisfied (with a = 2v — 1 and
vE (3,2),ie. a€(0,2)). Recall that in those conditions we may substitute 7 for R.
On account of (5.5) and Table 1 we find that 7 is of the form

(t) = 2 Lo (1)

with
_ 31—2v+1 '
Lo(t) =t (1 ~K, s (At))
and (3
Lo (t) — 2_2”"'1(57_11/) for t—0.
I (7/ + 5)

It follows that Lg is slowly varying at 0, and hence assumption (A1) is met.

In fact, more is true: Lg is second order slowly varying To see this, note that

Lo (txr) _ -2+l L- K,y (M)
Lo (z) 1-K, 1 (\z)

from which we find, using formula (A.2.4),

3_y _
2—2u+1F(§ ) ()\x)2l’ 1 7% 1 ()\@2 t3—2u+0(x2y+1)

LO (ta:) _ F(g-{-u) %fv
L N r(s- b
0 («T) 22”+1FE§+V§ ()\:E)Q 1 %%iv ()\l’)Q +0 ($21/+1)
17T 14y 3—92y $3—2v
12U () B 10 (o)
1 - 2200 EGE) (32 0 (2
r(3-v)
Thus (i) -
Lo (tx . T —1
To (2) —1=A(x) 55 +o0(A(x))
where

Al(z) = _2_2('/—1)@ Az)3 2
" rG-n ™

which tends to 0 as x — 0. Hence Ly is second order regulary varying with parameter v = 3—2v.
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It follows that, for the present example, Remark 13 applies provided 3 — 2v > %, i.e.

F<v<2
Next, we note that
7(t) = 273 Ly(t)

with

2

Lo(t) =a <y _ ;) {Ks ,0)-Fs ()},

where the function a is defined by a(v) = 27V"!'I'(v)~! and Ls is slowly varying at 0 with
r(—
Ly (t) —>—23(1/—1)F(2) for t—0.
v

The latter follows from the rewrite

Thus (A2) holds.
Finally, we find

Ly(t) =

—
|
ol
t
—~
~
N—
|
el
|
<
—
~
SN—
——

=

=

~

~
— =
~
l\’)\»—t
T
>
|
—
N’
I
=i
leo
|
]
—
~
~—
——

Il
)
T

I
S
t

VvV —

t{t wHE %(t)—f_(%_y(t)}

I
S

i
[\
AN
+
[\

= a|\V—

N | — l\:)\r—t l\D\»—l [\D\H w\r—n

1 . .
(v-3 falw = Ry 0 - atv= DRy 0]
Hence (for v € (1,3)) Ly (t) is increasing near 0. Consequently

Lo (CL‘b) .

Ly (x)

< lim sup

x—0

lim sup sup
z—0 yE[w,xb]

Loy
Lo ()
Here, as z — 0,

T(3—
LO (.CU) N 2721/+1F (2 V) .

n(@) (o) o (G) e (30) )

Therefore also condition (A3) is satisfied.

while
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6 An application

Let us consider the realised variation ratio (RVR) defined for a stochastic process X as

FV(X L)Y

RVRV =2 ~ "~ °°
LTV(X,2,0)0

(6.1)

The RVR is of interest as a diagnostic tool concerning the nature of empirical processes.

In particular, it can be used to test the hypothesis that such a process is a Brownian
semimartingale (with nontrivial local martingale component) against the possibility that it is
of this type plus a jump process, see [BNSWO06] and [Jac08c] (some related work is discussed
in [Woe08]). If a jump component is present then the limit of RV R} is smaller than 1.

However, in the course of the turbulence project, mentioned earlier, when calculating the
RVR for an extensive high quality data set from atmospheric turbulence it turned out that the
values of RVR were consistently higher than 1. The wish to understand this phenomenon has
been a strong motivation for the theoretical developments described in the present paper. As
a consequence of Theorem 3, we obtain the following probability limit result for the realised

variation ratio of BSS processes:
ucp

RV R} — (rp(1)) — 0 (6.2)

where

¥ (p) = /1 — p?+ parcsin p, (6.3)

which equals 5 times the mean E {|[UV|} of two standard normal variables U and V' with

correlation p.
Remark 18 Notice that under the assumptions of Theorem 2 we have r,,(1) — p(1) and thus
RVR; =% 4 (p(1)).

The latter can be used for parameter estimation. Under assumptions (A1)-(A3) we have that
p(1) = 2°=Y — 1. Consequently, the parameter o can be consistently estimated, because the

function 1 is invertible on (0,1).

Moreover, we have that

VA(RVES — pira(1)) = \/ﬁ(gwm,l)ﬁw<rn<1>>f§a§ds)

fot o2ds
V(Y,2,0)f — [y o%ds
—/nRV R} ,
vn ! ( fot o2ds )

so, if the parameter o € (0, 1), by applying Theorems 3 and 5, we obtain
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t 2
n st T ozdB;
Vi(RVE} = p(ra(1) <5 (2, —p(p(0)) 52200 (6.4
Jo o2ds
where 1 is as above and the matrix (3 is given in Theorem 2. Specifically we find 8 = (8i5)1<s,j<2
where
Bii = limn var(VQ(l, 1)?) ,
B2 = lim n var (VQ(Q, 0)?) ,
Bz = lim n COV(VQ(2,O)?, Vo(1, 1)?)

with @) as defined in Theorem 2. Thus, we obtain
oz = var(Q}) +2) "cov(Q}, Q1) =2+4) _ p*(k).
k=1 k=1
Similarly, we have that

Pi2 = COV(Q% @Q1]|Q2]) +2 ZCOV(Qi |Q14k|Q2+k1)-

k=1

To compute the latter, we use the following formula:

2 .
B[ XTX5X3]] = - (\/ 1— p2(1 4 pla + pis) + (p23 + 2p12p13) aTCSIH(P23)) := h(pi2, p13, p23);

where X1, X, X3 are standard normal with cov(X;, X;) = p;;, see [Nab52]. Consequently, we
obtain the identity

Bra = (h(1, p(1), p(1)) — f(p(l))> +2)° (h(p(k:), p(k+1),p(1)) — f(p(l)))-
k=1
For the remaining term we deduce

i1 = var(|Qu]|Qzl) + 2 cov(|Q1lQ2l, |Q14IQar)-

k=1
However, there is no explicit formula available for the latter expression but it can be easily

computed numerically.

7 Proofs

All positive constants (which do not depend on n) in the proof are denoted by C, although
they might change from line to line.

Before we proceed with the proofs of the main results we review the basic concepts of the
Wiener chaos expansion. Consider a complete probability space (£2, F, P) and a subspace H; of

L?(Q, F, P) whose elements are zero-mean Gaussian random variables. Let IH be a separable

23



O.E. Barndorff-Nielsen, J.M. Corcuera and M. Podolskij: Asymptotic results

Hilbert space with scalar product denoted by (-, )y and norm || - ||z. We will assume that

there is an isometry

w . H—H;
h — W(h)

in the sense that
E[W (h1)W (h2)] = (h1, ho) -

It is easy to see that this map has to be linear.

For any m > 2, we denote by H,, the m-th Wiener chaos, that is, the closed subspace of
L?(Q, F, P) generated by the random variables H,,(X), where X € Hy, E[X?] =1, and H,, is
the m-th Hermite polynomial, i.e. Ho(z) =1 and H,,(x) = (—l)meétfx—mm(e_é).

Suppose that [H is infinite-dimensional and let {e;,7 > 1} be an orthonormal basis of IH.
Denote by A the set of all sequences a = (a1, as,...), a; € N, such that all the terms, except
a finite number of them, vanish. For a € A we set a! = II3°,a;! and |a| = Y77, a;. For any
multindex a € A we define

B, — \}aﬂg’ilHai(W(ei)).

The family of random variables {®,,a € A} is an orthonormal system. In fact
E I Ho, (W (e:)) T2, Hp, (W (ei))] = dapal

where 04, denotes the Kronecker symbol. Moreover, {®,] a € A, |a|] = m} is a complete
orthonormal system in H,, .

Let a € A with |a| = m. The mapping
Lo HO" — Hy
Dpmre] " T2 Hoy (W (es),

between the symmetric tensor product IH®™, equipped with the norm vm!||| em, and the

m-th chaos H,,, is a linear isometry. Here ® denotes the symmetrization of the tensor product

® and Iy is the identity in R. For h € IH®™ we set I,(h) := I,(h). For any g € IH®™,
h € H®" n,m > 0, it holds that

Elln(9)In(h)] = 0mnm!(g, h) grem.

Forany h=h1 ® - Q@ hy and g = 1 @ -+ @ gy €IH®™, we define the p-th contraction of h
and g, denoted by h ®, g, as the element of H®2(m=P) given by

h®@pg = (h1,91) 1 (hp, Gp) HIp41 @ - @ by ® Gpt1 @+ + @ G-
This definition can be extended by linearity to any element of IH®™,
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Now, let G be the o-field generated by the random variables {W(h)| h € IH}. Any square

integrable random variable F' € L?(Q, G, P) has a unique chaos decomposition

F= i I (hum)

m=0
where h,, € IH®™ (see [Nu06] for more details).

Finally, we adapt the theory of Wiener chaos expansion to the set up of Section 3. Let G
be the o-field generated by the random variables (X5 )n>1,1<i<[ng and Hy be the first Wiener
chaos associated with (X;n)n>1,1<i<[ns], i-6. the closed subspace of L?(Q, G, P) generated by
the random variables (X; n),>1,1<i<[ng)- Notice that H; can be seen as a separable Hilbert space
with a scalar product induced by the covariance function of the process (Xin)n>1,1<i<[ng- This
means we can apply the above theory of Wiener chaos expansion with the canonical Hilbert
space IH = H;. Denote by H,, the mth Wiener chaos associated with the triangular array
(Xi,n)n21,1§i§[nt] and by I,,, the corresponding linear isometry between the symmetric tensor

product HP™ (equipped with the norm v/m! |"HH<1X)m) and the mth Wiener chaos.

7.1 Preliminary results

First of all, let us note that w.l.o.g. the volatility process ¢ can be assumed to be bounded
on compact intervals because o is cadlag. This follows by a standard localization procedure
presented in [BNGJPS06]. Furthermore, the process Fi, defined by (4.4), is continuous, because
o is cadlag. Hence, F; is locally bounded and can be assumed to be bounded on compact
intervals w.l.o.g. by the same localization procedure.

Next we establish three lemmas.

Lemma 1 Under assumption (4.4) it holds that
E[|ATY P] < Cprl i=0,...,[nt] (7.1)
for allp > 0.

Proof of Lemma 1: Recall that ¢’ is non-increasing on (b, 00) for some b > 0. Assume

w.l.o.g. that b > 1. Observe the decomposition

i—1

sy = [7 ol — e+ [ (o~ —of

L —00

1—1

e s)) osW(ds).

n

Since o is bounded on compact intervals we deduce by Burkholder’s inequality

plarvP) <6, (s + B( [ (a3 49 -g) ot as)")

n

We immediately obtain the estimates

! 2
[ (6 +9)—90)) ots s <02,
0 n s

n

25



O.E. Barndorff-Nielsen, J.M. Corcuera and M. Podolskij: Asymptotic results

b1 2, C
il _ 2 < =
[ (g(n + S) g(S)) Uﬂ_sds = n2 )

because ¢’ is continuous on (0, 00) and o is bounded on compact intervals. On the other hand,

since ¢’ is non-increasing on (b, 00), we get

/boo (g(% +s) - 9(5))20’371,8615 <—2.

The boundedness of the process F' implies (7.1). O

Next, for any stochastic process f and any s > 0, we define the (possibly infinite) measure

(recall that g(z) := 0 for x < 0)

B [y(ge—5) —g(@)*f2 da

T e D g A 2
We further define 7} ((z) = 7} (({y = y > 2}).
Lemma 2 Under assumption (4.4) it holds that
sup 7, ((e) < C7'(e) (7.3)

s€[0,t]
for any € > 0, where ™ is given by (4.5).

Proof of Lemma 2: Recall again that ¢’ is non-increasing on (b, 00) for some b > 0, and
assume w.l.o.g. that b > €. Since the processes ¢ and F' are bounded we deduce exactly as in

the previous proof that

o0 1 b 1 o0 1
/ (9(e — 1) — g(a))?0? da = / (9(z — 1) — g(2))20?_oda + / (9(e — 1) — g(a))02.,
5 n 5 n b n
o 1 2 —2
< o [ (ot 7) —glw)Par+n72).
This completes the proof of Lemma 2. O

Finally, we present the following technical Lemma.

Lemma 3 Under the assumption (CLT) there exists a number | > 1 and positive sequences

E(j)—>(),j:1,...,l, suchthat0<6g)<---<€g) and

eV = o(n merT) | 7(eD) = o(n ) (74)
(eUt)2rzn (0)) = o(n_ﬁ) ; j=1...,0-1, (7.5)

where p = min<;<k1<j<a(p)).
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Proof of Lemma 3: Assume first that p > 1. Recall that v > 1/2. Set sﬁf) =n"",
j=1,...,0, with 1 > k1 > ... > k; > 0. The condition ﬁ”(gg)) = O(n*17%)) for some
A < —1, presented in (4.8), implies that conditions (7.4) and (7.5) are satisfied if we find
1> k1 >...> kK> 0such that

K1> — ,
1 2’}/

1
<14 -
K] +>\,

(14+X) —KjA —2Kj417 <0, 1<j<i-1

From the first and the last inequality we deduce by induction that

-1 ,
1 14+ A 27v\ ¢ 29\ !
L LAy
27y A4

7=

must hold.
When 2v > —X the term on the right-hand side converges to oo as | — oco. In that case it
is easy to find constants 1 > k1 > ... > k; > 0 such that (7.4) and (7.5) are satisfied.
7
When 2y < —A the limit of 2 Zi;é ( — 2%) is /\1%2)‘7 (as I — o00) and the restriction on
k1 becomes

1 << 14+ A
— <K .
27y T 2y
Notice that % < )\1%2’; because v > 1/2. The existence of the positive powers x;, j =2,...,1

that satisfy the original inequality follows by an induction argument.

Assume now that p < 1. Recall that v must satisfy

oL
7> 5

and A < —%. Again the conditions (7.4) and (7.5) are satisfied if we find 1 > k1 > ... > K >0
such that

1
(Z;+)\)—/€j)\—2/€j+1’}/<0, 1<57<1-1.

Notice that the second inequality has solutions because A < —;1). Moreover, we deduce as above

that the inequality
1

1 5+)\l_1 27\ 29\ !
sy << () ().
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must hold. Again the more complicated case is 2y < —\. By letting | — oo the restriction on

k1 becomes

1
=4 A
b <2
2vp A+ 2y
1
5+ . .
Note that ﬁ < % T because v > %. As before the existence of the positive powers &,
7 =2,...,1 that satisfy the original inequality follows by an induction argument. O
7.2 Some notation
Recall that the covariance matrix of (Xj ..., X;1;,) is invertible for any I > 1 and n >

1. Let X(1),...,X["(k) be an ii.d. N(0,1) sequence that spans the same linear space as
Xiny -, Xitk—1n (such a sequence can be constructed by the Gram-Schmidt method). Thus,

it has the representation

k
XrMG) =Y aliXipicin,  d=1L....k, (7.6)
=1

for some real numbers ag-. Note that
|ag-] <C,
for all [, 7, n, because E[an] =1 for all 7, n.
For any 1 < j < d, we obtain the Wiener chaos representation

[nt]

oo
A 4 1 ' .
Vi =0 = (D Fng() +0pn7) (7.7)
m=2 i=1
where the f} (i) € IH®™ are given by
Fri@ = > G DX (k1) @ © X[ (ki) (7.8)
kie{1,...,k}
for some coefficients ¢ (7). We set
@) = 1Dl agem = D ek G (7.9)
kl€{177k}
Note that -
var (|Xin [ Xipo1alh) = 32 mle, () < € (7.10)
m=2
for all n,j, because E[Xlzn] = 1 for all i,n. Finally, when f7 .(i), ¢ . (j) and c},(j)
correspond to some particular choice of powers py,...,pr we use the notation f(7), Ry ko
and cp,.

Now assume that the assumptions (3.8) and (3.9) of Theorem 2 hold. Since aj; in (7.6) is
a continuous function of 7(1),...,7,(k — 1) and the Gaussian process ) is non-degenerate, we
have that

ap;

]_>alj7
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and the sequence Q;(1),...,Q;(k) given by

k
]) = Zalei-‘rl—l ) ] = ]-a .. '7k ) (711)
=1

is an ii.d. N(0,1) sequence. Now, let us associate fp, (i), Ck,, & (J) and ¢, (j) with the

functional VQ(p{, e ,p}c)? — pp‘{,...,pit’ where

= B[|Qu - [Qul] |

pp{, P

by (7.7), (7.8) and (7.9). By a repeated application of the multiplication formula (see [Nu06]),

we know that ¢, (j) is a continuous function of 7 (1),...,r,(k —1). Since rn(j) — p(j)
we obtain

Fetoom (F) = ket (3) 5 ) = emd) (7.12)

(Finn (05 S o (i D) prom — (fm gy (8); g (0 4+ 1)) prom, (7.13)

cov(!Xi,n|p1 o | Xk P [ X P [ Xk 1,0]PF ) E mIfon i (L) fn s (1)) mrem
m=2

J2

j1 j1 72
— COV(’Qi|p1 cee |Qi+k—1‘p’“ , |Xi7n|7’1 - ’Qi+k—1|pk )

o0
Z (i (1), fmjz (1)) mrem. (7.14)
m=2
7.3 Proof of Theorem 1 and 3
Proof of Theorem 1: Since V (p1,...,px)} is increasing in ¢ and the process pz(ff?,,,,pkt is contin-
uous in ¢, it is sufficient to prove V(p1,...,pr)} pgf? it .0 for a fixed t > 0.
Note that

[(Fn (), Fn (D) pem| < ey s [(Fn (D), Frn (A4 D) mom | < e O (Ira (D™ +- - -+ [rn (I =k+1)[™)

(7.15)
Now, due to assumption (3.3), r(j) — 0 as j — co. Thus, there exists a H such that |Cr/2(j —
k+1)| <1 for j > H (for any fixed C). By (7.15) we have (for any m > 2)

n—1 n—1

ST AR, (4 D) gren] < C(He + 37 1RO, a0+ Dgren])
=1 I=H
n—1 n—1
< o <H+ Z(C\rn(l)|)2) <, 3 (). (7.16)
I=H =1
Hence,
C [o%e) n—1
var(V(py,....pi)f) € = 3 m!c”m(l n Zr(l)).
m=2 =1
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The latter converges to 0 due to (7.10) and assumption (3.3). O

Proof of Theorem 3: First of all, recall that
E[AYY] <Cri,  E[AYG)Y] <O, (7.17)

for any ¢ > 0, due to Lemma 1.

In the following we will prove Theorem 3 only for k = 1, p; = p. The general case can be
obtained in a similar manner by (7.17) and an application of the Holder inequality.

Since V (Y, p)} is increasing in ¢ and the limit process is continuous in ¢, it suffices to prove
the pointwise convergence V (Y, p)} L, p fg |os|Pds. For any | < n, we have

]
1
V(Y,p)" up/ |05 |Pds = pz<\A”Y]p £ 1A"G|p> +RM

where
[nt] [i4]
R = (Zyaz L ATGP - Z|a] Y \Anayp)
€l (j
[1t] (2]
+ pZ\m 1P Z APGI — iyl IZMJ 1P
i€l (j
(1]
+ (z 12@ P — /|03|Pds :
and

ucp

The assumption (LLN) implies that V(G,p)} — ppt. Since o is cadlag and bounded on

compact intervals, we deduce that

hm lim P(|R"|>¢e)=0,

— 00 N—00

for any € > 0. Hence, we are left to prove that

]
1
— Z; (\Amp - |0%A?G|p> L0

By applying the inequality ||z|P — [y[’| < pl —y[(ja[P~" + [y[P~!) for p > 1 and [[z[* — |y[’| <
|z — y|P for p < 1, (7.17) and the Cauchy-Schwarz inequality we can conclude that the above
convergence follows from

]
ST BAY — 0 ATGI] 0. (7.18)

2
nTy 4=
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Observe the decomposition
AYY —oia AJG = A} 4+ B + C°

where

B — /1 (%) —o(* ) )outwias) - /1 (o(L -

e

[e.9]

By Lemma 2 and the boundedness of ¢ on compact intervals we deduce

[nt]
1 n,e —N
nr? Z;EHOZ‘ 7] < o7 (e).
and by (4.6) we obtain that
[nt]
lim — Y E[C)*] =
i 3Bl
Next, we get
[nt [nt]

. Z [1471%) <7E Z/ *—s (05 —0%)2(13}.

Set v(s,n) = sup{|os — o,|?| 5,7 € [-t,t], |r — s| <n}. Then we obtain

[nt] [nt] .
1 o1 1
S s <250 et ]

Moreover, for any « > 0, since o is cadlag, there exists n big enough such that

1—1

u( " ,nl)SH-F(AaT)Ql{(A >2 }7
Oi—1 >K

SO
(nt] 1 [nt] 2
= S BT < el B[ (A0) 1{<Mi_nl)zﬁ})}
S REE E _t;q (80" 1{<Aos>22ﬂ})] ’
then

nt]
. L n2) <
Jim ;EUAA | <
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and the convergence to zero follows letting x tend to zero.
Finally, observe the decomposition B;"® = B!"*(1) + B;"(2) with

CRUR S CCRE B [y

&€

]
7 2 Bl 242—1]”

(7.22)

By using the same arguments as above we have that both terms converge to zero and we obtain

(7.18), which completes the proof of Theorem 3.

7.4 Proof of Theorem 2 and 4

0

Proof of Theorem 2: We first show the weak convergence of finite dimensional distributions

and then prove the tightness of the sequence ﬁ(V(p{, ce p{c) p(?)

Step 1: Define the vector Z,(j) = (Z:(4),...,Z2¢()T, 1 < j < d, by

[nbi]
1 Y
1/
Z) = 7w 2 (Xl Wenoaalh =05 ).
i=[nc;]+1

where (¢, by],1 = 1,. .., e, are disjoint intervals contained in [0, T]. Set Z!, = (ZL(1),...

I=1,...,e. Clearly, it suffices to prove that

<Z£‘>1gz§e = <51/2(Bbl B BCZ))1§l§e ’

where the matrix (3 is given in Theorem 2. By (7.7) we have the representation

[nbi]

Zl’f( Z fm.3(0) )

z [ne]+1

D]l )1§j§d’

Set 7 () = \F > [nbi] +1 fm;(1). By Theorem 2 in [BNCPWO09] we obtain the weak conver-

i=[nc)]+

gence of finite dimensional distributions when we show that

(i) Forany 1 <l <e, 1 <j<d we have

hm lim sup Z m'H j)H?H@ﬂe:O-

)
N= T = N—+1
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(ii) For any m > 2,1 <[ <eand 1 < ji, jo < d, we have constants C; such that

lim m!(Fy (1), Fon i (52)) mem = Cma(di, J2)

n—oo

and > ° o Cny1(J1,J2) = Bj .. (b — c1).

(iii) For any 1 <1lj # Iy <eand 1 < ji,j2 < d, we have

lim (Fy5 1, (71), Fip g, (52)) mrem = 0.

n—oo

(iv) Foranym >2,1<[<e,1<j<dandp=1,.... m—1

lim ||F7,(5) ©p 1D Fpe20m—m = 0

n

Note that it is sufficient to prove (i), (ii) and (iv) for [ = 1, b = 1 and a; = 0. In this case
we use the notation F}!(j) = F} 1(j).

(i) and (ii): Asin (7.16) we have

n—1
m(F i), o) o = mt ({fn 0 (1), Fnu (D) azom + = 3 (0= Dy (1), Fnga (14 D)prom)
=1

< Cmi{fn (0, gy (D) grom (1+ Zr ))
Since ;2 (1) < 0o, we obtain by (7.12)-(7.14) and the dominated convergence theorem

lim m!(Fy (1), Fop i (G2)) mem = Cm (1, J2)

n—oo

= m!<<fm,j1( ) fm:]2 IH®W +QZ m]l m]2(1+l)>1H®m> )

and > °_ o Cn(j1,J2) = Bjj, (notice that £, j, is finite due to the dominated convergence

theorem). Hence, we deduce (ii). On the other hand, we have

limsup > ml{f s (1, fr (D grem =Y N fmy (1), fn o (1) rem < 00
n—oo m=N-+1 m=N-+1

Thus, we obtain (i) by (7.24).

(iii): W.l.o.g. consider the case j = j; = jo. For any l; < [y, as in (7.16), we have

c [nby, ] [nbiy]
[(Fny (7)s ity () mreom| < — > STl nl.

h=[ncy; |+1i=[nc;,|+1
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Assume w.l.o.g. that ¢;;, = 0, b, = ¢;, = 1 and b, = 2 (the case b, < ¢, is much easier).

Then, by condition (3.9), we obtain the approximation (as in (7.24))
1 n n—1
(Ept, (s Fpa () mrom| < C(= D 0r(0) + Y _r(n+4)) =0,
j=1 j=1
since )72 7(j) < oo.

(iv): A straightforward computation shows that

Coj O
EE () @pE (D) 2ye20m—p) = ;LZ’] Z i (liv—iz|)rh ([ia—is|)ry P (Jin—ia|)ry P (|i2—Jsl)-

11,12,13,14=1

for some constant C,, ;. The latter is smaller than

n—1 n-—1
m— m— C m
— Z [ @Vrn (Dry P (i = R lrg' P ([T = h])] RZ(ZW’ )y pll—hl)l)
zhl 1 h=1 =1

Now, for any 0 < € < 1, we obtain by the Holder inequality

2
ntoy Yo @Il =h) <7t Y Y @l = b))
0<h<n—1 \0<i<n-1 0<h<[ne] \0<i<n-1
n—l [ne/2] 2 n—1 n—1 2
on ™ > [ D @i =D +2nt >0 [ DD IR @)Irr P (i Al
h=[ne] 1=0 h=[ne] \ h=[ne/2]
2
my o\ 2P/m m 2(m—p)/m
< clel X mrar) +(X o) X o)
0<i<n-—-1 0<i<n-1 [ne/2]<h<n—1
The latter is smaller (again by (3.9)) than
2
, \2p/m 2(m—p)/m
Cle Z r(i) | + ( Z r(z)) ( Z r(h))
0<i<n—1 0<i<n—1 [ne/2]<h<n—1
that converges to Ce (D72, r(i))* as n — oo. Thus, we obtain (iv) by letting & — 0. O

Step 2: Clearly, it suffices to consider the case d = 1, pl1 = p;. Set

[nt]

Vi(Vor )i = o t) = ZI ( fom ) +0p(n~?) = 27+ O(n )

(where the approximation holds locally uniformly in t) and
N 1
Ta SN ER D))
m=2 \/ﬁ i=1
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In Step 1 we have proved that conditions (i)-(iii) of Theorem 2 in [BNCPWO09] are satisfied.
Then by (2.3) of Theorem 2 in [BNCPWO09] and the Cauchy-Schwarz inequality we obtain the

approximation

EI/QHZtn,N o ZQ7N|4]E1/2[|ZZ,N o ZtnyN|4}
)\4

P<]Zt"’N — 2N >\ |z - ) > )\) <

B2([nt] — [nt;]i([ntz] —[nt]) 052(7&/\; t1)?

for any t; <t <ty and A > 0. On the other hand (7.14) and (7.24) imply that

< C

lim E[|z — Z"N?] =0

N—oo

for any n and any ¢. Using this we conclude that

n n n n ﬁQ(tQ_tl)Q
P12 - 2 2 0125 - 20 2 0) < 2

for any t; <t <ty and A > 0, from which we deduce the tightness of the sequence Z;* by
Theorem 15.6 in [Bil68]. This completes the proof of Theorem 2. O

Proof of Theorem 5: We only consider the case d = 1, k = 1, py = p (the general result

is obtained by analogous arguments). We use the decomposition from the proof of Theorem 3:

[i4] [it]

t
Jﬁ(V(Y,p)?—up/O ouPds) = (Wn?m P ST ARG — iyl 1Z|a] no

i€l (9)
t
—=— Z (1a0y P —locaarar) + Ry, (725)
Tn % 1 n
for any [ < n, with
. [nt] [1t]
R = p(Zyaz LATGIP — Z|a] Py |AnGyp>
’LEIl

[i¢]

* V(I Ll - [ 1o as)
Observe that under the assumption (CLT) we obtain the weak convergence

f(V(GP —Mp) \[Bt

(see Theorem 2). Since E[G¢(V(G,p)} — ppt)] = 0 for any ¢ > 0, because G has a symmetric
distribution, we deduce (by Theorem 5 in [BNCP09]) that

(Gt, \/E(V(G,p)? - ,“pt)) = <Gt7 \/BBt)-
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It follows that

[it] [it] [it]

1 1 G—st l
ﬂ(mgzlwaw > ATGE -yl erawrp) VBl aB
J= J= J=

i€y (5)
for any fixed [, because o is assumed to be G-measurable. On the other hand, we have

[t¢]

t
\/BZ‘U%‘pAéB = \/B/O |os|PdBs
j=1

as [ — oo.

Now we need to prove that the other summands in the decomposition (7.25) are negligible.
The negligibility of the term R:L’l is shown as in the proof of Theorem 7 in [BNCP09] but by
using condition (4.7) instead of Hélder continuity of index 7. So we are left to prove that

;M
P
- "YVIP |y  ATGIP
=7 ; (|AZY| 0 ATG ) Lo
By applying, for p > 1, the inequality ||z|P — |y|?| < plz — y|(Jz[P~! + |y[P~1), (7.17) and the
Cauchy-Schwarz inequality, and, for p < 1, ||z|P — |y[P| < |x — y|P and the Jensen inequality,
we have

[nt] [nt] pAL
E‘ ATYP — J:A?GP‘ < (E A?Y—JLA?G”) .
; AT ~ o ATCF| < —— ; | LAG

Now we use a similar decomposition as presented in the proof of Theorem 3:

1
nTh

!
(1) (5) _(G+1)
ATY — o AJG = AP + BT+ O
n j:l
(1) 1 1
where A7, B?’a" are defined as above, 0 < 5%) < e < eg) < ang ) = oo and
i—1_ _(J)
() _G+1) TnoTEn 7 1 —1
Clhen e = ( <— — s) — ( — s))a W (ds
7 ﬂ—s%ﬁ'l) g n g n S ( )

izt (9

o /i;_agm (g(% _S> _g<i7_11 _8))W(ds)'
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By assumption (CLT) and Lemma 2 we obtain the following inequalities (since o is bounded
on compact intervals)

[nt] ~
N —w Y (BT <ot
=1

[nt] PAL
1 (1) P)
NG — AT Z <E|Bf’5” ]2> < Ot rpnD)
i=1
1 [t} @ G+ )\ B AL
N (E\Ci”’a" o \2> < Cn'2|eUHD @A) UHDy Oy %2 =1,
i=1
1 (] (1) (+1) =n pAl
S X (B TR T < oneey
i=1
Then we deduce by (CLT) and Lemma 3
|ATY — o 1A”G|p 0.
N
=1
This completes the proof of Theorem 5. g

8 Conclusion and outlook

In this paper we have derived convergence in probability and normal asymptotic limit results
for multipower variations of processes Y that, up to a drift-like term, has the form
Y, = /t g(t—s)osW(ds)
—o0

where the kernel g is deterministic, o > 0 is an adapted cadlag process and W is the stochastic
Wiener measure. A key type of example has g (t) behaving as ¢° for t | 0 and 6 € (—3, $)\{0}.
In those instances Y is not a semimartingale and the limit theory of multipower variation
developed for semimartingales does not suffice to derive the desired kind of limit results. The
basic tool we establish and apply for this is a normal central limit theorem for triangular
arrays of dependent Gaussian variables. As a case of some special interest for applications,
particularly in turbulence, the central limit behaviour of the realised variation ratio, i.e. the
ratio of bipower variation to quadratic variation, is briefly discussed. Some specific examples
of choice of g are also considered.

The turbulence context referred to concerns time-wise observations of velocities at a single
location z in space. More generally it would be of interest to develop the theory of multipower
variation corresponding to a setting where velocities are observed along a curve 7 in space-time.

More specifically, suppose that velocity Y; (z) at position x and time t is defined by

Yt(mz/ gt — 5,2 — ) 0y (€) W (deds)
A+(z,t)
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where W denotes white noise, oy (z) is a positive stationary random field on R?, g is a determin-
istic damping function and A is a subset of space-time involving only points with negative time
coordinate. (For realism in turbulence modelling a drift term should be added to this expression
for Y, but we ignore that here.) Then, with the curve 7 parametrised as 7 (w) = (z (w) , t (w)),

say, the problem is to study multipower variations of the process X defined as
Xo= [ gltw) - s w) - 9o (O W (deds).
A+71(w)

Among the questions that this raises is that of proper definition of filtrations. As to the latter,

the concept of alignment, introduced in [BNSch09], is relevant. The definition is as follows.

Definition The curve 7 and the ambit set A, with rectifiable and parametrised boundary
C = {c(y) : v €T}, are said to be aligned if the following conditions are satisfied. Let c*

denote the transversal of ¢, i.e. ¢t = (¢, —¢é1).

(i) For all w there exists a partition of C into two sets C;; and C;; such that 7 (w) - ¢t () >0
for all v with ¢ (v) € C;f while 7 (w) - ¢+ (y) < 0 for all v with ¢ () € C,.

(ii) The subsets I'}; and T', of T corresponding to C, and C,, are connected.

(iii) For all w the curve lengths of C and C,, are positive.

Note that the sets C,) and C,, constitute the ‘front’ and the ‘rear’ of Ay (z (w)) as

(z (w),t(w)) moves along the curve 7.

In another direction it would be of interest to extend results of the present paper to power
and multipower variations of higher order differences of Y. In particular, this might yield
normal central limit theorems for the whole range of values of § and it could also lead to more
robustness against drift processes. For some recent work on quadratic variation of higher order

differences, see [Beg07a] and [Beg07b] and references given there.

Appendix: Properties of the Bessel functions K

The Bessel functions K, are defined by

1 [ -
Ko@) =g [ yte 0y

where the index v may take any real value. The known formulas for the K, recalled below are
all given in [GrRy95].
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A.1 Exact properties

Elementary exact properties are

K,(x)=K_,(x) (A.1.1)
Kypi(z) =2v2 'K, (2) + K,,_1 () (A.1.2)
K\(z)=-K, 1(z) —va 'K, () (A.1.3)
Let
K, (z) = 2"K, (z) (A.1.4)
and, for v > 0,

K,(z)=2"""T(v) 'K, (). (A.1.5)

Here K, may be reexpressed as
K, (z) = ;/000 Y’ le” e~ %$2y71dy, (A.1.6)

and, by a well known limit property of K, we have (for v > 0)
K,(r) -1 as z|0. (A.1.7)

Note further that expressed in terms of K, the relations (A.1.1), (A.1.2) and (A.1.3) take the
form
K,(z) = 2*K_,(x)

Ky 1(x) = 20K, (z) + 22K, () (A.1.8)

and
K (2) = —2K,_1(z). (A.1.9)

The latter implies

K"(z) = 2K, o(x)+ 22K, 3(z) — 2°K,_3 (z)
= — (K, 3(z) — 32K, o(z)).

We shall also need the following formula (formula 3.383.8 in [GrRy95]). For t,¢,v > 0,

(o]
2
/ (t+s) 1" e 2¥5ds = /| 2T (v) 2_”1/1_”+%t”_%[(y_; (yt) et (A.1.10)
0 Q0 2
Finally, for n = 0,1, 2, ... we have
_ n+Z —z —1
KnJr%( x)=K % <1+ g z'n—z ) (A.1.11)
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with
(x) = gafie*x (A.1.12)

while, when the index is a natural number,

3
—

K,(z) = % (_1)k (n—Zl—l)' <§>2k7n
k=0
+ (—1)n+1 kZ:O M [logg — %lb (k+1)— %w (n+k+ 1)} (g)%c—‘rn(&l)

or, equivalently,

[y

— (—1)F (n—k—1)! (ZL‘>2k

k! 2

N

k=0

D D {log; ST~ Sk 1)] ()" s
2 i !

+

where 9 is the digamma function.

A.2 Asymptotic properties

The Bessel functions K, and I, are connected by

Ko (2) = g (oo (@) = 1 a) (A2.1)
and we have . (x)%
L@ =(3) X
Using these relations and the fact that
r(1-v)0(v)= (A.2.2)
sin (7v)

we find

K (1‘) — 21/—1 T i (%)2” _ (x)QVi (%)ZH
v sin (7v) nll'(n—v+1) 2 nl'(n+v+1)

n=0 n=0

B QV_lsianTry) {r(11— V) + F(21— V) (92 T
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Alternatively we may write

. B 00 F(l—l/) (g)?n 20 00 F(l—y) (2)277,
Ky (x) = 1+;M—(2) ;M

B ) F(l—V) (&)271 N F(l—y) (g)Qn

- 1+nZln!F(n—Virl)_<2> RZOM (8.3)

From these expansions, distinguishing between the cases 0 < v < 1 and v > 1, we obtain:

If 0 < v <1 then

) T (1—v) 11
1 _9 2w v | = 2 2(14v)
Ry () =1 =22 e g0t =0 (x ) . (A.2.4)

When v = 1 we have, from (8.1),

. 1
Ki(z)=1- 3 log z| z2 + O (xQ) . (A.2.5)
For v > 1
% 1 1 —2v,2v
Ky(x)zl—iy_1x2—2 2 + 0 (2. (A.2.6)
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