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Abstract

This paper presents some limit theorems for certain functionals of moving averages
of semimartingales plus noise, which are observed at high frequency. Our method gen-
eralizes the pre-averaging approach (see [13],[11]) and provides consistent estimates for
various characteristics of general semimartingales. Furthermore, we prove the associ-
ated multidimensional (stable) central limit theorems. As expected, we find central
limit theorems with a convergence rate n~'/%, if n is the number of observations.

Keywords:  central limit theorem, high frequency observations, microstructure
noise, quadratic variation, semimartingale, stable convergence.
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1 Introduction

The last years have witnessed a considerable development of the statistics of processes
observed at very high frequency, due to the recent availability of such data. This is par-
ticularly the case for market prices of stocks, currencies, and other financial instruments.
Correlatively, the technology for the analysis of such data has grown rapidly. The em-
blematic problem is the question of how to estimate daily volatility for financial prices (in
stochastic process terms, the quadratic variation of log prices).
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However, those high frequency data are almost always corrupted by some noise. This
may be recording or measurement errors, a situation which can be modeled by an additive
white noise. For financial data we also have a different sort of "noise”, due to the fact
that prices are recorded as multiples of the basic currency unit, so that some rounding is
necessarily performed, and the level of rounding is far from being negligible for very high
frequency data in comparison with the intrinsic variability of the underlying process. For
these reasons, it is commonly acknowledged that the underlying process of interest, such
as the price semimartingale, is latent rather than observed.

A large amount of work has already been devoted to the subject, especially for additive
white noise, but also for some other types of noise like rounding effects. A comprehensive
discussion of the noise models and the effect of noise on the inference for the underlying
process may be found in [12]. And various statistical procedures for getting rid of the
noise have been proposed, see for example [1], [2], [3], [15], [16] and, more closely related
to the present work, [5], [13], [14], [11].

As a matter of fact, most of the afore-mentioned papers are concerned with the es-
timation of the integrated volatility, that is the quadratic variation, for a continuous
semimartingale. Only a few consider discontinuous semimartingales, and mostly study
again the quadratic variation or its continuous part. So there is a lack of more general
results, allowing for example to estimate other powers of the volatility (like the ”quartic-
ity”) or the sum of some powers of the jumps, for a general It6 semimartingale. These
quantities have proved extremely useful for a number of estimation or testing problems in
the context of high frequency data, but they have been studied so far when the process is
observed without noise.

The aim of this paper is to (partly) fill this gap. This is a probabilistic paper, with no
explicit statistical application, but of course the interest and motivation of the forthcoming
results lie essentially in potential applications. It is done in the context of the ”pre-
averaging method” developed in [11] and [13] for the estimation of the integrated volatility
for a continuous semimartingale.

Let us be more specific: we consider an It6 semimartingale X which is corrupted by
noise. The observed process Z = (Z;)¢>¢ is given as

Zt:Xt+Xt7 t207

where (x¢)t>0 are errors, which are, conditionally on the process X, centered and in-
dependent. The process Z is assumed to be observed at equidistant time points i4A,,,
i=0,1,...,[t/A,], with A,, — 0 as n — oo. This structure of noise allows for an additive
white noise, but also for noise involving rounding effects since y; may depend on X, or
even on the whole past of X before time ¢. It rules out, though, some other interesting
types of noise, like an additive colored noise. Note however that the x; are not necessarily
independent (the independence is only ”conditional on X”).

In the no-noise case (i.e. x = 0) an extensive theory has been developed in various
papers, which allows for estimating quantities like )" _, |[AX|P where AX, denotes the
jump size of X at time s, or fg |os|Pds where o is the volatility. See, for instance, [4]
or [10] among others. Typically, these quantities are estimated by sums of powers of the



successive increments of X, that is are limits of such sums. When the noise is present,
these estimators are inadequate because they converge toward some characteristics of the
noise rather than toward the characteristics of the process X in which we are interested.
There are currently three main approaches to overcome this difficulties, mainly for the
estimation of the quadratic variation in the continuous case: the subsampling method
([16]), the realized kernel method ([5]) and the pre-averaging method ([13],[11]) (see also
[6] for a comprehensive theory in the parametric setting). All these approaches achieve
the optimal rate of A}L/ 4
general estimators.

. In this paper we use the pre-averaging method to derive rather

More precisely, we choose a (smooth) weight function g on [0, 1] and an appropriate
sequence ky,, with which we associate the (observed) variables

kn—1
Z(g)} = Z 9/ k) (Ziiri)a, — Ziiti—1)An)
7=1
~ kn
Z(g)i = Z(g(j/k'n) = 9((j = V/ka)*(Zisyan — Ziirj—11a0)"
j=1

Our aim is to study the asymptotic behavior of the following functionals:

[t/An]=kn

V(Zgpr)i= Y |Z@)FP 1297
1=0

for suitable powers p,7 > 0. The role of Z(g)? is the reduction of the influence of the

noise process Y, whereas Z (g)"

i is used for bias corrections. The asymptotic theory for
the functionals V(Z, g, p,0)7 in the absence of jumps is (partially) derived in [11] and [14],

but here we extend these results to the case of general semimartingales.
Quite naturally, the asymptotic behavior of V(Z,g,p,r)i is different according to
whether the process X is continuous or not. In particular, different scaling is required

to obtain non-trivial limits for V(Z, g, p,r)}. More precisely, we show the following (L
means convergence in probability, and =% means convergence in probability uniformly
over all finite time intervals):

(i) For all semimartingales X it holds that ﬁ V(Z,9,p,0)¢ 2, 9(p) Dot |AX|P for
p> 2 and i V(Z,9,2,0)7 — ﬁ V(Z,9,0,1)} L, 9(2)[X, X]i, where the g(p)’s are
known constants (which depend on g) and [X, X] is the quadratic variation of X.

(ii) When X is a continuous Ité semimartingale it holds that A, * / W(Z,g,p,0)p B

—/ p/2
my fg ‘9@(2)03—#@ ag‘ ds, where m,,, 0 are certain constants, (02) is the volatility

process and (o) is the local conditional variance of the noise process y. Furthermore,
a proper linear combination of V(Z, g, p, r)} for integers p, r with p+2r = [ converges
in probability to f(f |os|'ds, when [ is an even integer.



For each of the afore-mentioned cases we prove a joint stable central limit theorem for a
given family of weight functions (g;)i1<i<a (for the first functional in (i) we additionally

have to assume that p > 3). The corresponding convergence rate is A,l/ :

We end this introduction by emphasizing that only the 1-dimensional case for X is
studied here. The extension to multi-dimensional semimartingales is possible, and even
mathematically rather straightforward, but extremely cumbersome, and this paper is al-
ready quite complicated as it is.

This paper is organized as follows: in Section 2 we introduce the setting and the
assumptions. Sections 3 and 4 are devoted to stating the results, first the various con-
vergences in probability, and second the associated central limit theorems. The proof are
gathered in Section 5.

2 The setting

We have a 1-dimensional underlying process X = (X¢):>0, and observation times iA,, for
alli =0,1,---,k,---, with A,, — 0. We suppose that X is a semimartingale, which can
thus be written as

X =Xo+ B+ X+ (2lyz<1y) * (= v) + (@lfz)>13) * e (2.1)

Here v is the jump measure of X and v is its predictable compensator, and X¢ is the
continuous (local) martingale part of X, and B is the drift. All these are defined on
some filtered probability space (Q(O),]: 0), (ft(o))tzo,]P’(O)). We use here the traditional
notation of stochastic calculus, and for any unexplained (but standard) notation we refer
to [9]; for example ¢ * (u — v); = fot Jg ¥(s, ) (1 — v)(ds, dz) is the stochastic integral of
the predictable function 1 (w, ¢, x) with respect to the martingale measure p — v, when it
exists.

The process X is observed with an error: that is, at stage n and instead of the values
X' = X;p, for i > 0, we observe X" 4 xI', where the x}'’s are ”errors” which are,
conditionally on the process X, centered and independent (this allows for errors which are
depending on X and thus may be unconditionally dependent). It is convenient to define
the noise y; for any time ¢, although at stage n only the values x;a, are really used.

Mathematically speaking, this can be formalized as follows: for each t > 0, we have
a transition probability Q;(w(®, dz) from (Q(O),ft(o)) into R. We endow the space Q1) =
R[22 with the product Borel o-field F(1) and the ”canonical process” (x; : t > 0) and
with the probability Q(w(®), dw™) which is the product ®t>0 Q:(w®, ). We introduce
the filtered probability space (2, F, (F¢)t>0,P) and the filtration (G;) as follows:

Q=00xo0  F = FOxFO)
Fi = t(o) ®o(xs: s €[0,1)), G = FO@o(xs:s€0,t)), (2.2)
P(dw®, dw®) = PO (dw®) Q(w©®, dw®).

Any variable or process which is defined on either Q) or Q) can be considered in the
usual way as a variable or a process on 2. Note that X is still a semimartingale, with the



same decomposition (2.1), on (2, F, (Ft)t>0, P), despite the fact that the filtration (F3) is
not right-continuous. On the other hand, the ”process” x typically has no measurability
property in time, since under Q(w(o), .) it is constituted of independent variables; as men-
tioned before, only the values of x at the observation times are relevant, and the extension
as a process indexed by R, is for notational convenience only.

At time t, instead of X; we observe the variable
Zr = X+ Xt (2.3)

We make the following crucial assumption on the noise, for some ¢ > 2:

Hypothesis (N—q) There is a sequence of (F, © )) stopping times (7,) increasing to oo,

such that [ Qy(w®,dz)|2|7 < n whenever t < Tp,(w®)). We write for any integer r < ¢:
B(r)(w™) /Qt ar = /B(2), (2.4)
and we also assume that
B(1) = 0. (2.5)
O

In most applications, the local boundedness of the gth moment of the noise, even for
all ¢ > 0, is not a genuine restriction. The condition (2.5), on the other hand, is quite a
serious restriction, and for instance it rules out the case where Z; is a pure rounding of
X;: see [11] for a discussion of the implications of this assumption, and some examples.

We choose a sequence of integers k,, satisfying for some 6 > 0:
koA, = 0+ O(A,}l/4); we write u, = k,A,. (2.6)
We will also consider weight functions g on [0, 1], satisfying

g is continuous, piecewise C'! with a piecewise Lipschitz derivative ¢/,
g(0)=g(1) =0, [ g(s)*ds > 0.

It is convenient to extend such a g to the whole of R by setting g(s) = 0 if s ¢ [0,1]. We
associate with g the following numbers (where p € (0,00) and i € Z):

= g(i/kn), gr = g —g 4, }
_ kn _ En
aP)n = 22 19717, g () =21 g P

If g, h are bounded functions with support in [0,1] and p > 0 and ¢ € R we set
[lsras, Wi = [ gns - o (29)

For example ¢/(p) is associated with ¢’ by the first definition above, and g(2) = (gg)(0).
Note that, as n — oo,

G)n = kng(p) +0Q1), G = ki Pg(p)+O(k,"). (2.10)



With any process Y = (Y;)¢>0 we associate the following random variables

Y = Yia,, AYY = Yian, = Yi-pa,
V(g = St gpAnY = =S gryi, (2.11)
Y(o)p = Xjmiepar, ),

and we define the o-fields F;' = Fia, and G' = Gia,, .

Now we can define the processes of interest for this paper. Below, p and r are nonneg-
ative reals, and typically the process Y will be X or Z:
[t/ An]—kn
V(Y,g9,p,7){ = Y ()i 1" 1Y (9)i'1"- (2.12)
i=0
We end this section by stating a number of assumptions on X, which are needed for
some of the results below.

One of these assumptions is that X is an [t0 semimartingale. This means that its
characteristics are absolutely continuous with respect to Lebesgue measure, or equivalently
that it can be written as

t t
Xy = X0+/ bSdS—I—/ osdWs + (51{|5|§1})*(H—g)t—|— (51{|5‘>1})*Et’ (2.13)
0 0

where W is a Brownian motion and g and v are a Poisson random measure on Ry X E
and its compensator v(dt,dz) = dt @ A(dz) (where (E,&) is an auxiliary space and \ a
o-finite measure). The required regularity and boundedness conditions on the coefficients
b,0,d are gathered in the following:

Hypothesis (H) : The process X has the form (2.13) (on (Q®, ) (f,f(o)),IP(O))), and
further:

a) the process (b;) is optional and locally bounded;
b) the processes (oy) is cadlag (= right-continuous with left limits) and adapted;

c) the function § is predictable, and there is a bounded function v in L?(E, £, \) such
that the process sup,cp(|0(w®, ¢, 2)] A 1)/7(2) is locally bounded. O

In particular, a continuous Ité semimartingale is of the form
t t
X: = Xo +/ bsds +/ osdWs. (2.14)
0 0

where the processes b and o are optional (relative to (ft(o))) and such that the integrals
above make sense. When this is the case, we sometimes need the process o itself to be an
It6 semimartingale: it can then be written as in (2.13), but another way of expressing this

property is as follows (we are again on the space (), F(0) (ft(o)),IP’(O))):

t t
o = o‘o—l-/ bsds—f-/ osdW —|—Mt+ZAO'5 1{\Aas\>v}a (2.15)
0 0

s<t



where M is a local martingale orthogonal to W and with bounded jumps and (M, M), =
fo asds, and the compensator of Y- 11jag,|>0v} 18 fo alds, and where b, at, a} and oy are
optional processes, the first three ones being locally integrable and the fourth one being
locally square-integrable. Then we set:

Hypothesis (K) : We have (2.14) and (2.15), and the processes by, az, a; are locally
bounded, whereas the processes b; and o are left-continuous with right limits. O

Remark 2.1 The intuition behind the quantities Z(g)? and Z (9)? can be explained as
follows. Assume for simplicity that X is a continuous It6 semimartingale of the form (2.14)

and the noise process x is independent of X. Now, conditionally on F}*, it holds that

—/
147 _ g (2
An1/4Z(g)? afiy N(0709(2)022An + (<9 ) a?An)
when the processes o and o are continuous on the interval (iA,, (i + k,)A,]. Thus,

AGY 47(9)? contains a ”biased information” about o2, ~(which is usually the main object
of interest). On the other hand, we have that

when the process « is continuous on the interval (iA,, (i + k,)A,] (this approximation
holds even for all semimartingales X'). It is now intuitively clear that a certain combination
of the quantities Z(g)? and Z (9)? can be used to recover some functions of o;a,. In
particular, a proper linear combination of V (Y, g,p — 21,1)}*, l = 0,...,p/2, for an even
number p, converges in probability to fg |os|P ds. This intuition is formalized in Theorem

3.3 and 3.4.

3 Results: the Laws of Large Numbers

3.1 LLN for all semimartingales.

We consider here an LLN which holds for all semimartingales, and we start with the
version without noise, that is Z = X. For the sake of comparison, we recall the following

classical result: N
t/An .
[/X:]IAHXIP P, { st [AXSP - if p>2
i

(X, X, if p=2. (5-1)

Below, and throughout the paper, g always denotes a weight function satisfying (2.7).

Theorem 3.1 For any t > 0 which is not a fived time of discontinuity of X we have

g AX [P ] > 2
V(X,g,p,0)" P { 9(p) ngt‘ | if p (3.2)

1
Fin 9(2) [X, X]; if p=2.



This convergence also holds for any t such that ¢/A,, is an integer for all n, if this
happens, but it never holds in the Skorokhod sense, except of course when X is continuous.
Taking in (2.12) test functions which are f(z) = |z|P is essential. For this we do not need
the full force of (2.6), but only that u, — 0 and k,, — oo.

Next we have the version with noise, again for an arbitrary semimartingale X. The
reader will have noticed in the previous theorem that nothing is said about V' (X, g, p,r)}
when r > 1, and in fact those functionals are of little interest. However, when noise is
present, we need those processes to remove an intrinsic bias, as in (b) below, and so we
provide their behavior, or at least some (rough) estimates on them.

Theorem 3.2 a) For any t > 0 which is not a fized time of discontinuity of X we have

1
p>2 and (Np) holds = = V(Z.9.p,0); 2og0) Y IAXP. (3.3)

s<t
Moreover if r > 0 and p + 2r > 2 and if (N-(p + 2r)) holds, then
p— ptdr
the sequence (kzn per V(Z,g,p,r)?) is tight. (3.4)
b) Under (N-2) we have for all t as above:
1 n 1 n P _
7V(Z797270)t _7V(ngao71)t - 9(2) [X?X]t (35)

kn, 2ky,

It is worth emphasizing that the behaviors of V(Z,g,p,0)" and of V(X,g,p,0)" are
basically the same when p > 2, at least for the convergence in probability. That is, by
using the pre-averaging procedure we wipe out completely the noise in this case. On the
opposite, when p = 2 the two processes V(Z,¢g,2,0)" and V (X, g,2,0)" behave differently,
even at the level of convergence in probability.

3.2 LLN for continuous It6 semimartingales - 1.

When X is continuous, Theorem 3.2 gives a vanishing limit when p > 2, so it is natural
in this case to look for a normalization which provides a non-trivial limit. This is possible
only when X is a continuous It6 semimartingale, of the form (2.14).

Theorem 3.3 Assume (N-q) for some q > 2 and that X is given by (2.14). Assume also
that b is locally bounded and that o and o are cadlag. Then if 0 < p < q/2 we have
g(2) o2

g

Q

t
A}l_p/‘L V(Z,g,p,0)] =5 mp/ ‘9@(2)0?—1— ds, (3.6)
0

where my, denotes the pth absolute moment of N'(0,1).



(The assumption p < ¢/2 could be replaced by p < ¢, with some more work.) This
result should be compared to the well known result which states that, under the same
assumptions on X, the processes ALP /2 ZEZ?TJ \

Hlg.Ip
my [y los|? ds.

This theorem is not really satisfactory, since contrary to what happens in Theorem
3.2-(a) the limit depends on the noise process, through «y, and further we do not know
how to prove a CLT associated to it, because of an intrinsic bias due again to the noise, see
Remark 2.1. However, at least when p is an even integer, we can prove a useful substitute.
That is, by an application of the binomial formula and the estimation of the terms that
involve the process ag, we obtain (up to a constant factor) the process fot |os|P ds in the
limit. This result, which we explain below, is much more useful for practical applications.

A X|P converge to the limiting process

For any even integer p > 2 we introduce the numbers py,; for [ =0, ---,p/2 which are
the solutions of the following triangular system of linear equations (C} = ﬁip)! denote
the binomial coefficients):

Pp,O = 17
s | boen
1=0 2 maj—a1 Cple Ppl = 07 J= 17 27 T ’p/2
These could of course be explicitly computed, and for example we have
1 3 15
Ppl = — 5 CE, Pp2 = Z Cﬁ, Pp3 = — § CS- (3-8)
Then for any process Y and for p > 2 an even integer we set
o p/2
V(Y,0.p)7 = > ppa V(Y.g,p— 21,17 (3.9)
1=0

Theorem 3.4 a) Let X be an arbitrary semimartingale, and assume (N-p) for some even
integer p > 2. Then for all t > 0 we have

P { 9(p) S IAXP if p=4

V(Z,9,p)} — #(2) [X. X, P (3.10)

x
Fn

b) Let X satisfy (2.14), and assume (N-2p) for some even integer p > 2. Assume also
that b is locally bounded and that o and o are cadlag. Then we have

t
ATV (Zgp) = my 692 [ o ds. (3.11)
0

The first part of (3.10) is an obvious consequence of (a) of Theorem 3.2, whereas the
second part of (3.10) is nothing else than (3.5), because pa 1 = —1/2.



3.3 LLN for continuous It6 semimartingales - 2.

For statistical applications we need to have ”estimates” for the conditional variance which
will appear in the CLTs associated with some of the previous LLNs. In other words, we
need to provide some other laws of large numbers, which a priori seem artificial but are
motivated by potential applications.

To this end we need a few, somehow complicated, notation. Some of it will be of
use for the CLTs below. First, we consider two independent Brownian motions W' and
W2, given on another auxiliary filtered probability space (', F', (F})i>0,P’). With any
function g satisfying (2.7), and extended as before on R by setting it to be 0 outside [0, 1],
we define the following Wiener integral processes

Ligh = / gls—awl,  I'(g) = / g'(s — W2, (3.12)

If h is another function satisfying (2.7), we define L(h) and L'(h) likewise, with the same
W' and W2. The four dimensional process U := (L(g),L'(g), L(h), L'(h)) is continu-
ous in time, centered, Gaussian and stationary. Clearly (L(g),L(h)) is independent of
(L'(g9), L' (h)), and the variables U; and Uy are independent if s > 1.

We set
mp(9;n,¢) = E'((nL(g)o + CL'(9)0)?)

mypq(g,h;n,¢) = fOZE/<(77L(g)1+<L’(g)1)p (WL(h)t—f—CL/(h)t)q) dt. (3.13)

These could of course be expressed by the mean of expectations with respect to the joint
law of U above and, considered as functions of (7, (), they are C*°. In particular, since
L(g)o and L'(g)o are independent centered Gaussian variables with respective variances
g(2) and g'(2), when p in an integer we have

2 _ _ _ e
o G2 (?5(2))" (€27 (2))P/27 myy my—2, i pis even

(3.14)
if p is odd.

mp(g;n,¢) = {
0
Next, recalling (3.7), we set for p > 2 an even integer:

w(gim, Q) = P2 pyr (2C27(2)) Mo, (g3, €)
1p (9 11, Q) = 0% P P (2677 (2))7 (2C%H (2)) 1o (g, i, ) ¢ (3:15)
Tiop(9, 1, Q) = pap(g, b m, Q) — 2pp(g5 1, €) tp(hs m, €)-

The following lemma will be useful in the sequel:

Lemma 3.5 We have
(g, Q) = mynP g(2)P". (3.16)

Moreover if g; is a finite family of functions satisfying (2.7), for any (n,() the matriz with
entries ﬁgp(gi,gj;n, ¢) is symmetric nonnegative.

10



We need a final notation, associated with any process Y and any even integer p:

p/2 [t/An]—3kn

MY, g bl = 3 pproper > (V@) (VD) (¥ (0)0, 17
r,r'=0 =0
1 2bn B B
= T = 2T (@ Y (), ) (37)
nj:l

Then our last LLN goes as follows:

Theorem 3.6 Let X satisfy (2.14), and let p > 2 be an even integer. Assume (N-2p),
that b is locally bounded and that o and o are cadlag. Then if p < q/2 and if g and h are
two functions satisfying (2.7), we have

¢
AP M(Z, g hip)d S 9_p/2/ Top(g, h; 0os, as) ds . (3.18)
0

The reader will observe that the limit in (3.18) is symmetrical in g and h, although
M(Y,g,h;p) is not.

4 Results: the Central Limit Theorems

4.1 CLT for continuous It6 semimartingales

As mentioned before, we do not know whether a CLT associated with the convergence
(3.6) exists. But there is one associated with (3.11) when p is an even integer. Below we
give a joint CLT for several weight functions g at the same time. We use the notation

1 i " _ !
Vig,p)i = AU (Ai PAV(Z,g,p)} —my (99(2>)p/2/0 \as\pd8>~ (4.1)

In view of Lemma 3.5, the square-root matrix ¢ referred to below exists, and by
a standard selection theorem one can find a measurable version for it. For the stable
convergence in law used below, we refer for example to [9].

Theorem 4.1 Assume (K) and (N-4p), where p is an even integer, and also that the
processes o and (3(3) are cadlag. If (gi)i1<i<a is a family of functions satisfying (2.7), for
eacht > 0 the variables (v(gi,p)?)lggd converge stably in law to a d-dimensional variable
of the form

d_ -t
1/2=p/2 y J
(6 > | wstooia as) (42)

where B is a d-dimensional Brownian motion independent of F (and defined on an exten-
sion of the space), and 1) is a measurable d x d matriz-valued function such that (Y¢*)(n, ()
is the matriz with entries Ty, (9, 9551, C), as defined by (3.15).

11



Observe that, up to the multiplicative constant 0*~?/2, the covariance of the jth and
kth components of the limit above, conditionally on the o-field F, is exactly the right side
of (3.18) for g = g; and h = gj,.

Remark 4.2 An application of Theorem 3.6 and the properties of stable convergence
gives now a a feasible version of Theorem 4.1. We obtain, for example, that the quantity

V(g,p)y

\/91—P/2A3fp/2 M(Z,g9,9:p)}

converges stably in law (for any fixed t) to a variable U ~ N(0,1) that is independent of
F. The latter can be used to construct confidence regions for the quantity fg los|P ds for
even p’s.

Remark 4.3 We only have above the stable convergence in law for a given (arbitrary)
time t. Obviously this can be extended to the convergence along any finite family of times,
but we do not know whether a functional stable convergence in law holds, although it is
quite likely.

4.2 CLT for discontinuous It6 semimartingales

Now we turn to the case when X jumps. There is a CLT for Theorem 3.2, at least when
p =2 and p > 3, exactly as in [10] for the processes of type (3.1). The CLT for Theorem
3.4, when p is an even integer, takes exactly the same form. In this subsection we are
interested in the case p > 3, whereas the case p = 2 is dealt with in the next subsection.

In view of statistical applications, and as in the previous subsection, we need to consider
a family (g;)1<i<q of weight functions. We use the notation

~ 1 1
* no_ - P
V*(g,p); INGE <kn V(Z,g9,p,0 s§<t |AX| ) (4.3)
and, when further p > 4 is an even integer,
—x w1 1 »
Ve = 1 (5 Va0l s§<t AX,PP). (4.4)

These are the processes whose asymptotic behavior is studied, but to describe the
limit we need some rather cumbersome notation, which involves the d weight functions
g;j satisfying (2.7), in which we are interested. For any real z and any p > 0 we write
{z}P = |z|Psign(z). Then we introduce four d x d symmetric matrices ¥,,_, ¥,,., ¥,,_ and
U, with entries:

1 (ft {gz )} IQZ(S—t)dS)(f {g;(s)}P~1 (S—t)ds) dt

)
\I/;]+_ 1( Z)(3} Lgi(s +t ds)(fo RO) 19](3+t)d5>d (4.5)
(

0 p—
v -, (J; {5 al(s — 0ds) (a5 (5017 g}s — t)ds)
=fo1 ()} 192(8+t)d8)( “Hgj(s)1Pt (s+t)ds)d

J
ﬂ]

12



These matrices are semi-definite positive, and we can thus consider four independent se-
quences of i.i.d. d-dimensional variables (Up,—)m>1, (Um+)m>1, (Um—)m>1 and (Up )m>1,
defined on an extension of the space, independent of F, and such that for each m the
d-dimensional variables U,,_, Upt, Up— and U, are centered Gaussian vectors with

respective covariances W,,_, ¥, W, and ¥,;. Note that these variables also depend on
p and on the family (g;), although it does not show in the notation.

Now let (T),)m>1 be a sequence of stopping times with pairwise disjoint graphs, such
that AX; # 0 implies that t = T}, for some m. As is well known (see [10]), the following d-
dimensional processes are well-defined when p > 3 and « is cadlag, and are F-conditional
martingales:

Uplt = P>t {AXTm }p_l (\/5 0T, ~Um— + 2= Upn-

- (4.6)

+V0 o1, Uy + % Um+) L1, <t}
Moreover, although these processes obviously depend on the choice of the times T;,,, their
F-conditional laws do not; so if the stable convergence in law below holds for a particular
"version” of U(p):, it also holds for all other versions.

Theorem 4.4 Assume (H) and let p > 3. Assume also (N-2p) and that the process o is
cadlag. If (gi)1<i<a is a family of functions satisfying (2.7), for each t > 0 the variables
(V*(9i,p)1)1<i<a converge stably in law to the d-dimensional variable U(p);.

The same holds for the sequence (V' (9i,P)¥ )1<i<d if further p is an even integer.

4.3 CLT for the quadratic variation

Finally we give a CLT for the quadratic variation, associated with (3.5) when p = 2, or
equivalently with (3.10) which is exactly the same in this case. In contrast to the preceding
results the function g is kept fixed, thus we will only show a one-dimensional result. So
the processes of interest are simply

— 1

Vi - —a (kl V(Z,9,2)7 - 9(2) [X, X],). (47)

In order to describe the limit, we introduce an extension of the space on which are
defined a Brownian motion B and variables U,,_,U,,—,Upny,Upy indexed by m > 1,
all these being independent one from the others and independent of F, and such that the

variables Up,—, Upn, Unm—, Uy are centered Gaussian variables with respective variances
—11 —11 .
Ui, il W," and U, , as defined in (4.5).

As in the previous section, (T),)m>1 is a sequence of stopping times with pairwise
disjoint graphs, such that AX; # 0 implies that ¢t = T, for some m. Then we associate
with these data the process U(2), as defined by (4.6). The result goes as follows:

13



Theorem 4.5 Assume (H). Assume also (N-4) and that the process « is cadlag. Then
for each t the variables V? converges stably in law to the variable

t
U, = 671 /0 Vg9 0o ad) dBs + U2),, (4.8)

where [iy(g, g;m,C) is defined by (3.15), which here takes the form

muto.0n.0) = 4 [ (7 [ gty ¢ [ g sm) as w9

When further X is continuous, the processes V' converge stably (in the functional sense)
to the process (4.8), with U(2) = 0 in this case.

When X is continuous, we exactly recover Theorem 4.1 when d = 1 and ¢g; = g, for
p = 2. Note that we do not need Hypothesis (K) here, because of the special feature of
the case p = 2. When X has jumps, though, the functional convergence does not hold.

5 The proofs

In the whole proof, we denote by K a constant which may change from line to line. This
constant may depend on the characteristics of the process X and the law of the noise x, on
6 and the two sequences (ky)n>1 and (Ay)p>1 in (2.6), but it does not depend on n itself,
nor on the index ¢ of the increments A X or A?Z under consideration. If it depends on
an additional parameter g, we write it K.

For the proof of all the results we can use a localization procedure, described in details
in [10] for instance, and which allows to systematically replace the hypotheses (N-¢), (H)
or (K), according to the case, by the following strengthened versions:

Hypothesis (SN-g): We have (N-¢), and further th(w(O), dz) |z|? < K. O

Hypothesis (SH): We have (H), and the processes b, o¢, sup,cp |9(t, 2)|/7(2) and X
itself are bounded. |

Hypothesis (SK): We have (K), and the processes by, oy, by, ay, ay, o¢ and X itself are
bounded. |

Observe that under (SK), and upon taking v large enough in (2.15) (changing v changes

the coefficients b, and a; without altering their boundedness), we can also suppose that
the last term in (2.15) vanishes identically, that is

t t
o = 0y +/ bsds + / osdWs + M;. (5.1)
0 0

Recall that |g]"| < K/kn. Then the fact that conditionally on F ©) the x¢’s are in-
dependent and centered, plus Holder inequality, give us that under (SN-q) we have (the

14



o-fields F* and G' have been defined after (2.11)):

()P | Gn —~p/2
p<a = E(X@IPIG]) < Kpkn } 52)

2r<q = E(x(@i"g") < Kk,"

We will also often use the following property, valid for all semimartingales Y:

V() = /A gn(s —iD)AYs, where ga(s) = 3 0" Ljonyanian(5)-  (5:3)
iAp j=1

5.1 Proof of Theorem 3.1.

We start with an arbitrary semimartingale X, written as (2.1). The proof follows several
steps.

Step 1) Denote by B’ the variation process of B, and let C' = (X¢ X¢). The process
B’ + C + (22 A1) % v is predictable increasing finite-valued, hence locally bounded. Then
by an obvious localization procedure it is enough to prove the result under the assumption
that

B4 Co+ (2?2 A1) %ve < K (5.4)

for some constant K.

For each ¢ € (0,1] we set:

X(@) = (eljjz>e) * 1y M(e) = (xljjz<ey) * (n—v)
Ae) = (M(e), M(e)), B(e) = B — (#lecpaic1y) * v (5.5)
Ale) = (2®1qp<ey) * v, B'(e) = variation process of B(g),

so that we have
X = Xo+B(e)+ X+ M(e) + X(e). (5.6)

We also denote by T}, () the successive jump times of X (¢), with the convention Ty(g) = 0
(which of course is not a jump time). If 0 <& <n <1 we have

Ale) < A(e), AB(e)<e,  |AM(e)| <2e } (5.7)

B'(e) < B’+%A’(77)+% (22 A1) *v.

Finally, we write V(Y,p)" = V(Y,g,p,0)" and YV, = Y (g)" in this proof. We also
set H(K u7t) = SUps§r§s+u,r§t ’Y;" - YS’ Observe that ?;L - _Zf;1<g<(j + 1)/kn) -
9(3/kn))(Yitj)a, — Yia,). Hence, since the derivative g’ is bounded, we obtain

i< [t/A] —kn+1 = V7] < KO, un,t). (5.8)
Step 2) Here we study B(e). By (5.8) and 6(B(e),u,t) < 6(B’(¢),u,t) we obtain for

p>1:
V(B(e),p)? < KkyB'(e);0(B'(¢),un, t)P L.
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Since AB’(g) < & we have limsup,,_,.. 0(B’(g), un,t) < &, so by (5.4) and (5.7) we have
lim sup,, i V(B'(¢),p)p < KeP™! (% +1 A’(n)t) for all 0 < e <n < 1. Since A'(n)r — 0
as 1 — 0, we deduce (choose first n small, then ¢ smaller) that for p > 2:

1
liH(l) lim sup k—V(B(E),p);Z = 0. (5.9)
e— n

n

Step 3) In this step, we consider a square-integrable martingale Y with D = (YY)
bounded. In view of (5.3)),

On the other hand, E(???er) = 0 whenever j > k;,,. Therefore

[t/ An]l—Fkn
E((V(Y.2))?) < kn ZO E(Y})?) < KK2E(Dy). (5.10)

We first apply this with ¥ = M(¢e), hence D = A(e). In view of (5.10) and since
A'(e)y = 0ase — 0 and A'(e); < K, we deduce

lim sup E((%V(M(E),Q)?)Q) = 0.

e=0 n n
Since by (5.8) we have V(M (g),p)? < KV (M(¢g),2)? (M (), un,t)P~2 when p > 2, and
since lim sup,, (M (), un,t) < 2¢, we get for p > 2:

1
p>2, n>0 = lim limsup ]P’(k— V(M(e),p)} >77> = 0. (5.11)

e—0  npooo n

Next, (5.10) with ¥ = X¢ yields that the sequence ﬁV(Xcﬂ)? is bounded in L2.
Exactly the same argument as above, where now 6(X¢, u,,t) — 0, yields

1
p>2, n>0 = lim limsup IP’(k— V(X< )} >77) = 0. (5.12)

e—=0 nooo n

Step 4) In this step we study V(X (¢),p)p. We fix ¢t > 0 such that P(AX; # 0) = 0. For
any m > 1 we set

I(m,n,e) = inf(i: iA, > Tp(e)).
We consider the set €,,(¢,¢) on which all intervals between two successive jumps of X (&)
in [0, t] are of length bigger than w,, and also [0, u,) and [t — uy, t| contain no jump. Then
up, — 0 and P(AX; # 0) = 0 yield Q,(t,e) — Q a.s. as n — oco. On the set Q,(t,e) we
have for i < [t/A,] — k, + 1:

Il (mome)—i AXr, ) if I(m,ne) =k, +1<i < I(m,n,e) -1
X(e); = for some m (5.13)
0 otherwise.

16



Therefore on the set 2, (t, &) we have
V(X)) = 9)n ) IAXPLyax, e,
s<t
and (2.10) yields
1
?V(X(e),p)? — () Y IAXPLax,>e)- (5.14)

n s<t

Step 5) In this step we study V(X¢,2). For easier notation we write ¥ = X¢ and
Y(n,i)s = [ia, gn(r — iA,)dY; when s > iA,. Using (5.3) and It6’s formula, we get

2

(V)% = ¢ + ¢, where
iAp+un 1Ap+un
Czn = / gn(s - iAn)2dCsa sz = 2/ Y(naZ)SdY;
1An 1An

On the one hand, Z£Z§ nl—kn ¢ is equal to g(2), C; plus a term smaller in absolute value
than KC,, and another term smaller than K(Cy — C;—_,,, ). Then obviously

[t/An]—kn
G — 9(2)Cr. (5.15)

k
n i=0

On the other hand, we have E({/" Z’i]) =0 when j > k,, and

(") < 4E((Cinyru, —Cia)  swp Y(n,)?),
SE[IAR,iIAR+un]

Now, by Doob’s inequality E( SUDsc[in ., iAn+un] ¥ (70, z)ﬁ) < KE((Cia, +u, —Cin,)?), hence
Cauchy-Schwarz inequality yields

E((¢")?) < KE((Ciap+un — Cin,)?) < KE((CiAn+un —Cia, )0(C, Uni))

whenever ¢ < [t/A,] — k, + 1. At this point, the same argument as for (5.10) gives

[t/An]—kn
E(( ; Ci")Q) < KkE(Ci(Cun,t) < KEZE(O(C,un,t)).

But 0(C, uy,t) tends to 0 and is smaller uniformly in n than a square-integrable variable.
We then deduce that - Y1757 ¢/ 2. 0, and this combined with (5.15) yields

1
VxS = g(2)C (5.16)

n

Step 6) It remains to put all the previous partial results together. For this we use the
following obvious property: for any p > 2 and 1 > 0 there is a constant K, ,, such that

nyeR = o+ylP —[zf] < Kpylyl” +nll. (5.17)
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Suppose first that p > 2. Applying (5.17) and (5.6), we get

V(X,p)i = V(X(e),p)i

< V(X0 + Ky (VBE) P+ V(X p)} + V(M(E), )} ).

Then by (5.9), (5.11), (5.12) and (5.14), plus >, [AX[PL{ax,5e) = Dooct [AX]P as
¢ — 0, and by taking n arbitrarily small in the above, we obtain the first part of (3.2).

Next suppose that p = 2. The same argument shows that it is enough to prove that

V(X4 X(2),2) 5 92)(Ci+ Y IAX P Tax, e ) (5.18)

1
kn s<t

On the set §,(t,¢), one easily sees that
V(X°+X(e),2)f = VIX2P+ V(X270 + > G
m>1: T, ()<t

where (' = Z{i?(fni;)l—kn—s-l ¢(m,n,i) and (with again Y = X¢)

2
S

7

—n|? n
C(mv n, Z) = g?(m,n,a)—iAXTm(e) + Yi - ‘gI(m,n,e)—iAXTm(E)

In view of (5.8), we deduce from (5.17) that for all n > 0,
[COm,m, )] < Kyf(XE,un, 1) + K| AX g, o)

if I(m,n,e) —k, <i < I(m,n,e) and T,,,(¢) < t. Then obviously (since 7 is arbitrarily
small) we have (]}, /k, — 0 for all m with T, (¢) < t. Hence (5.18) follows from (5.16) and
(5.14), and we are finished.

5.2 Proof of Theorem 3.2.
Now we turn to the case where noise is present. X is still an arbitrary semimartingale,

and as in the previous theorem we can assume by localization that (5.4) holds.

We first prove (a), and we assume (N-q) with ¢ = p for proving (3.3) and ¢ = p+ 2r for
proving (3.4). Another localization allows to assume (SN-¢), in which case (5.2) implies

Kt

E(V(x.9.4,0)}) + E(V(x.9.0,q/2)}) < W < Ktk2 2 (5.19)
We deduce from (5.17) that, for all n > 0,
V(Z,9,4,0); —V(X,9,4,0)/| < nV(X,9,q,0)] + K¢,V (X,9,4,0);, (5.20)

and thus (3.3) follows from (3.2) and (5.19).
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Next, Holder’s inequality yields when p,r > 0 with p +2r = ¢ > 2:
V(Z.g.p.r)} < (V(Z,9,0,001) (V(Z,9,0,q/2)})*/.

By (3.3) applied with ¢ instead of p we see that the sequence k 1V (Z,g,q,0)2 is tight, so
for (3.4) it is enough to show that the sequence k%/ V(Z, 9,0,q/2)} is also tight.

To see this we first deduce from |g7"| < K/k, that

R K it+kn—1
R < 5 > (A2 (521)

j=i

implying by Holder inequality (recall ¢ > 2) that (X(g)7)%/2 < 1+q/2 Z”k” | AT X4,

hence by (3.1) the sequence k%/QV(X,g,O, q/2)7 is tight. Second, (5.19) yields that
the sequence /’c%/zqv(x,kq,0,(]/2)%I is tight, and (3.4) follows because V(Z,g,0,q/2)} <
KQ(V(X797 07 q/2)? + V(X79707Q/2)?)'

Now we turn to (b), and by localization we can assume (SN-2). The left side of (3.5)
can be written as

1
Lv(x,g,2,00 +-—> Uy,

kn, kn
=1
where Ak
2320 X (9)f X(9)F it =1
t/A —kn 2 AT n : _
U(l)? = _Z Z] 1(93 ) AH»jX Az+j if l=2

and by (3.2) it is enough to prove that for [ = 1,2, 3,4,

1
U} ) (5.22)

n

First, (5.21) yields |U(3)7| < EWA }(A"X) so (5.22) for | = 3 follows from (3.1).
Next, (2.5) implies E(U(I)} | F ) =0 for [ = 1,2, hence (5.22) for [ = 1,2 will be implied
by

E((ki U(l)?)2 |F0) Eo (5.23)

By (2.5) and (2.11) and (5.2), the variables [E(X(g)7X(9)7 | FO)| vanish if j > k, and are
smaller than K/k, otherwise, whereas the variable [E(A}'x A7 ;x | F ©))] are bounded,
and vanish if j > 2. Then we get

E((UL)?* | FO) <

K [t/An]_kn
= . -

kn
Z z+j S KV(X797270)?7

i=
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[t/An]=kn  kn—1

K
E(U@)P* | F) < o > Z AL XA X i —imji<2}
n 7:,7;”:0 ]‘7 —
[t/An]
K n 2
nooi—

and (5.23) follows from (3.2) when [ = 1 and from (3.1) when [ = 2.
Finally, an easy calculation shows that U(4)} = U(5)} + U(6)}, where

[t/An] kn En
- X Z oGt UO)F = ("0 + o (iyan-n)?)
=0

for some coefficients o}, ", ", all smaller than K/ky. Then obv1ously E(|U(6 )”|) K
and E(U(5)}) = 0 and, since E(X@ Xi4j X1 X5 1) Vanishes unless i = =4 and j = j' when
4,3 > 1, we also have E(U(5)7)?) < Kt/kn,A,, < Ktky,. Then (5.22) and (5.23) hold for
[ =6 and | = 5 respectively, and thus (5.22) finally holds for | = 4. O

5.3 A key lemma.

In this section we prove a key result, useful for deriving the other LNNs, when the process
X is continuous, and for all CLTs. Before that, we prove Lemma 3.5.

Proof of Lemma 3.5. By virtue of (3.14) we have

p/2 p/2—v
9,77 C Zm% 77 g (C2 74 p/2 Y Z 27" Pp,r 2" Mp—2r—2v-

By (3.7) the last sum above vanishes if v < p/2 and equals 1 when v = p/2, hence (3.16).
Next, we put a; = p,(g:;m,¢) and U} = nL(gi)+ + CL'(g:)¢ and, for T > 2,

p/2

T
S (232 /0 H
r=0

The process (L(g;), L'(g:)) is stationary, hence E/(V) = Ta; for some constant a;. More-
over if

p/2
Fi(s.) = 3 pu oo (2 () 2T () E (UL MU P) — agay,

/=0

then f;; satisfies fi;(s,t) = fij(s +u,t +u) and fi;(s,t) =0if |[s —¢| > 1. Thus if T > 2,

Cov(V, VQZ) = / fij(s,t)dsdt
(0,772

1 s+1 T T T-1 s+1
= / ds/ fij(s,t)dt + / ds/ fij(s,t)dt + / dS/ fij(s,t)dt
0 0 -1 Js1 1 s—1
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Therefore % COV(VTZ;,VTJ;) converges to f02 fij(1,u)du as T — oo, and this limit equals
ﬁzp(gi, g5;1m,¢). Since the limit of a sequence of covariance matrices is symmetric nonneg-
ative, we have the result. O

Now, we fix a sequence i, of integers, and we associate the following processes, with ¢
an arbitrary function satisfying (2.7):

7, . o ~
9t = Vka WO sy L(@OF = VEn X7 sy L(OF = Ea X974ty
(5.24)
We do not mention the sequence i,, in this notation, but those processes obviously depend
on it.

Below, we fix a family (g;)1<;<q4 of weight functions satisfying (2.7). We denote by
L} and f;n and L}" the d-dimensional processes with respective components L(g,)" and
f/(gl)? and L'(g)?. These processes can be considered as variables with values in the
Skorokhod space D? of all cadlag functions from Ry into R?. The processes L; and L}
with components L(g;); and L'(g;)¢, defined by (3.12) with the same Wiener processes
W1 and W? for all components, are also D%valued variables, and the probability on
D?? = D? x D¢ which is the law of the pair (L, L’) is denoted by R = R,y = R(dz,dy).

We also have a sequence (f,,) of functions on D34 which all depend on w € D3¢ only
through its restriction to [0, m+1] for some m > 0, and which satisfy the following property
for some ¢’ > 2 (below, x,,z € D? so v = (x,y) € D*? and (z,9,2) = (v,2) € D3¢, and

the same for 2/, %/, 2/, and v’; moreover for any multidimensional function u on Ry we put

Uy, = SUPse[0,m+1] [[u(s)]]):

(v, 2)] < K (14 (v}

! )
1fu(v,2) — fu(@),2)] < K((v—=0)5+ (z—2)5) (1+ (v5)7 1 + (v/x)7 1 (5.25)
(2 )27 () /270,

+ ()17

We can now state the main result of this subsection:

Lemma 5.1 Assume (SN-q) for some q > 4 and that the process o is bounded. Let T be
the set of all times s > 0 such that both o and « are almost surely continuous at time s.
Take any sequence (in) of integers such that s, = i\, converges to some s € I'. If the
sequence (fy) satisfies (5.25) for some ¢ < q and converges pointwise to a limit f, we
have the almost sure convergence:

E(fuloo, L' L™ I | £ ) — / f(00sz, sy, 2(as)?z0) R(dz,dy), (5.26)

where zy is the constant function with components (g;(2))1<i<d-

Proof. 1) We first prove an auxiliary result. Let ng) be the set of all w(® such that both
(0))

o(w®) and a(w(®) are continuous at time s. We have P (") = 1 because s € T, and
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we fix w© € ng). We consider the probability space (Q(l),}"(l), Q), where Q = Q(w(o), ),
and our aim is to show that under Q,

" 5 a(wOr (5.27)

(functional convergence in law in D?), with L' = (L}) the process introduced after (5.24).
We first prove the finite-dimensional convergence. Let 0 < t; < --- < t,. By (5.24)

and (2.11) the rd-dimensional variable Z,, = (L;/nl 1<1<d,1<i<r)is

Zn = Y322, where 2f = (faf, (==X} and
a@,l,i _ _kn(gl);n,[kntl} if 1+ [kntz] < ] < kp+ [kntz] (528)
J 0 otherwise.

Under Q the variables (' are independent and centered with EQ(K}”\‘l) < Kk, ? by (SN-

q), recall ¢ > 4. The numbers a?’l’i being uniformly bounded and equal to 0 when j >
kn + [kntr], we deduce that under QQ again the variables z; are independent, with

Eq(z]) = 0. Eq(ll2}|I") < Kk;?, ZEQ 12511) (5.29)

Next,

00
n,l,z nl AN 1 (()) 2 n,li nld
E Eq = E (i +j—1)A ) a; " ay

n j=1

On the one hand a(;,1+j-1)a, (w)2 converges uniformly in j < k,, + [trkn] to ag(w(®)?

because s — as(w(?) is continuous at s. On the other hand (recall g; = 0 outside [0, 1]),

,l,z nl K i/kn / [kntz] 3/ kn / [knti’]
Z Z/ k, )du /( gl’(u_ k., )du

—1 -1) /kn j—1)/kn

which clearly converges to Attt — J g/(v —t;)gj, (v — ty)dv by the mean value theorem,
the piecewise continuity of each g;, and Riemann approximation. Hence

Z]E n,l,z nl' ") _ Cl,i,l/,i/ OAS(W(O))2' (530)

Then a standard limit theorem on rowwise independent triangular arrays of infinitesimal
variables yield that Z, converges in law under Q to a centered Gaussian variable with
covariance matrix (ch'"), see e.g. Theorem VII-2-36 of [9]. Now, in view of (3.12), this
matrix is the covariance of the centered Gaussian vector (L;’il :1<1<d,1<i<gq),and
the finite-dimensional convergence in (5.27) is proved.

To obtain the functional convergence in (5.27) it remains to prove that for each compo-
nent the processes f(gl)” are C-tight. For this we use a criterion given in [7] for example.
Namely, since ¢ > 2, the tightness of the sequence f(gl)” is implied by

0<v<l = Eg(L'(g)in —L(g)P9) < Ku¥/2 (5.31)
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A simple computation shows f’(gl)?ﬂ ~L'(g)r = >-; 07X for suitable coefficients 47,
such that at most 2[k,v] are smaller that K;/v/ky, and at most k, of them are smaller
than Ksv/v/ky,, and all others vanish. Then Burkholder-Davis-Gundy inequality yields

Eo(|IZ (90 — T (a)]7) < KE@((Z(‘S?X?)Q)Q/Q)

J
< KB (K (20)7? + K",

and (5.31) follows. Note also that the same argument implies

Eq (sup(IZ'(9)217) < K. (5.32)

o<t

2) In exactly the same setting than in the previous step, we want to prove here that
Digp =% 2(as@®)?g)(2)

E@(Supvgt \E’(gz)ﬁlq”) < K

t
(under Q again). Under Q the variable ('; = ky,(g)(j/kn) A7 ] +jx)2 satisfies

(5.33)

af'; = Eq(Cry) = k(g (5 /kn))? ((a(w(o))(z‘n+[knt}+j)An)2 + (a(w(O))(in+[knt]+j—1)A,L)2)
Eq(I¢17?) < K/kY>.

In view of the ContinuitAy of a(w®) at time s and of (2.10), and since L'(g;) = Z?Zl G
we see that B = Eq(L'(g)}) = ;?gl ay; converges locally uniformly to the “constant”
2(as(W®)27)(2), and also Bf < K. Hence it is enough to prove that V;* = L(g)r —
B ==% 0 and that the second part of (5.33) holds when L’(g;)? is substituted with V™.

Now, V;" is the sum of the k, centered variables (;'; — aj;, with (¢/2)th absolute

ki

moment smaller than K/ky' ", and ¢;'; is independent of (¢, : [l — j[ > 2). Then obviously

EQ((V")2) < K/kn — 0. Moreover if v € (0,1], T(g)fy, — D'(g)f = 33, 07 (A)? for
suitable coefficients 47, such that at most 2[k;,v] are smaller that K /ky, and at most ky, of
them are smaller than Ksv/k,, and all others vanish. Then by Burkholder-Davis-Gundy
inequality (applied separately for the sum of even indices and the sum of odd indices, to
ensure the independence of the summands), we have

Eq(Vit, — Vi17?) < KEo (X)) < kst

J

The second part of (5.33) for V;" follows and, together with the property ¢ > 4 and the

u.c.p.

fact that V" .0 for all t, it also implies V;* —= 0. Therefore we have (5.33).

3) Now we draw some consequences of the previous facts. We set for y, z € D, and
with zo the constant function with components g;(2):

f;l(O) (ya Z) = fn(o-sn (w(O))Ln(w(O))v Y, Z)’
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J QW dw®y oo (L™ (W), I (wM)), =1

A (w®) =
ffﬁ(o)(@sn (W(O))ya 203 z0) R(dz,dy), Jj=2

The FO)_measurable variables

(I)n =1+ sup \/ ‘Wsn—l-v - sn’
ve[0,(m+1)un]

satisfy E(®%) < K, for any u > 0, by scaling of the Brownian motion W, whereas
|L(g))?| < K®,, if t < m. Then we deduce from (5.25) and from the boundedness of o
and « that if y, 3/, z, 2’ are in D¢ and u = (y,2) and v’ = (v/, 2'):

o @) < K@n(@O)T (14 () + (2,)7/%)

£l (W) = £l ()] < K@n(@O) (u—u)y L+ (y3)7 ' + (i)
)P () ).

Moreover o, (w9) — a,s(w(®), so by the Skorokhod representation theorem according
to which, in case of convergence in law, one can replace the original variables by variables
having the same laws and converging pointwise one deduces from (5.27) and (5. 32) and
(5.33) (these imply that the variables [, (L, ') are uniformly integrable, since ¢’ < ),
that

w® el =  AP(w®) - AZW®) — o,

E(|Ay|q/q’) Cx (5.34)

Next, we make the following observation: due to the F(©-conditional independence of
the x:’s, a version of the conditional expectation in (5.26) is E(A} | Fs,). Therefore in
view of (5.34) (which ensures the uniform integrability and the a.s. convergence to 0 of
the sequence A} — A%), (5.26) is implied by

E( 721 | fsn) - F(US,O(S) a.S., (535)

where

/ F(6n, €y, 2(C)?=0) R(dx, dy).

4) For proving (5.35) we start again with an auxiliary result, namely

- n

" £ oL (5.36)
For this, we see that Z, = (ZZ’I :1<1<d,1<i<r)is given by (5.28), except that

\/7 A’Ln—f—] 4 = { J [kntz}

a.; .
J 0 otherwise.

Then the proof of (5.36), both for the finite-dimensional convergence and the C-tightness,
is exactly the same as for (5.27) (note that the right side of (5.30) is now 62 [ g;(v —
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ti)gy (v — ti)dv, which is the covariance matrix of (9L} : 1 <1 <d,1<i <r)). Further,
an elementary calculation yields

E(sup(\f(gl)qu) < K. (5.37)

v<t
5) Now we introduce some functions on R?:

Fa(n.€) = [E(funL",y,2(0)*20) ) R(da, dy).
Fy(n.¢) = [ E(falOnL,Cy,.2(0)*0) ) Rlda,dy).

Under R the canonical process is locally in time bounded in each .. Then in view of
(5.25) we deduce from (5.36) and (5.37), and exactly as for (5.34), that F,, — F, — 0
locally uniformly in R?2. We also deduce from (5.25) that F/(n,,¢.) — FL(n,¢) — 0
whenever (n,,(,) — (n,¢), and also that F], — F pointwise because f, — f pointwise,
hence we have F,,(n,, (¢,) — F(n,().

At this point it remains to observe that, because (Ws, 4+ — W, )i>0 is independent of
Fsn, we have E(AY | Fs,) = Fu(os,,as,). Since (0s,,a5,) — (05, a5) a.s., we readily
deduce (5.26), and we are done. O

Remark 5.2 In the previous lemma, suppose that all f,, (hence f as well) only depend
on (z,y) and not on z; that is, the processes L'™ do not enter the picture. Then it is easily
seen from the previous proof that we do not need ¢ > 4, but only ¢ > 2. O

5.4 Asymptotically negligible arrays.

An array (0]') of nonnegative variables is called AN (for “asymptotically negligible”) if

[t/un}
VA, su E( on ) 0, | < K 5.38
Ogjgpkn Z% kn+j ’ ’ ( )

for all ¢ > 0. With all processes v and reals p > 0 and integers m we associate the variables

(5.39)

D(v,m)] = SUDPefin, it n+(m+1)un] |7t — Yinrn s }
D'(y,m)y = ET(y,m)} | 7).

Lemma 5.3 a) If (87) is an AN array, we have

[t/An]

AnE( 3 5;) ~ 0 (5.40)
i=1

for allt > 0, and the array ((61")9) is also AN for each q > 0.
b) If v is a cadlag bounded process, then for all m > 1 the two arrays (I'(y,m)}) and
(T"(~,m)) are AN.

7
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Proof. a) The left side of (5.40) is smaller than a constant times the left side of (5.38),
hence the first claim. The second claim follows from Hoélder inequality if ¢ < 1, and from
Yoicr(0M)I < K> 7,67 if ¢ > 1 (recall that [0} < K).

b) Let 07 = I'(y,m)?. If € > 0, denote by N(e); the number of jumps of v with size
bigger than ¢ on the interval [0, ¢], and by v(e, t,n) the supremum of |ys — ;| over all pairs
(r,s) with s <r < s+nand s <t and such that N(g)s — N(¢), = 0. Since = is bounded,

Up  SUp E( Z 63€n+,j> < ]E(tv(e,t—l—l,(m—l—l)un)—i—(Kt)/\(KunN(s)t+1))

as soon as (m+2)u, < 1. Since limsup,,_,, v(e,t+1,(m+1)u,) < ¢, Fatou’s lemma im-
plies that the limsup of the left side above is smaller than Kte, so we have (5.38) because
¢ is arbitrarily small. Since E(I"(y,m)?) = E(I'(y, m)¥), the second claim follows. 0

5.5 Some estimates.

In this subsection we provide a (somewhat tedious) list of estimates, under the following
assumption for some g > 2:

e we have (2.14) and (SN-¢) and b and o are bounded, and ¢ and « are cadlag. (5.41)

We first introduce some notation, where ¢ and j are integers, Y is an arbitrary process,

and p,; is given by (3.7), and ¢ + j > 1 in the first line below, and p an even integer in

(5.43):

ly = AWM Ny = A2l = AL -ofARW )
)?

— kn—1 kn N
K’(g)?j: =1 9K ”Ha (g)Zj:lel n)‘?]Jrl’ )\(Q)Zj: ll(gln)‘?]Jrl

oY, 0.0 = V5 ppa (V9P (Y (9)), (5.43)
o(g.0)75 = S0 ppa (R(9)2)P 2 (R(9)7 )
Note that, by (3.9) ,
[t/An]—kn
V(V.g.p)t = Y, ¢(Y.g,p)} (5.44)
=0

In the forthcoming inequalities, we have 0 < j < mk,, where m is a fixed integer.
First, if we use (5.3) and the boundedness of g, and also (5.2), we obtain for u > 0:

YA\ |u T/ u n u/4
E(X ()21 + [W(g)rl* | F7) < K, AW, (5.45)
u<q = E(Z(g)["+ [F(g)r|* | ) < K,AM*
Next,
A= [l (b ds + (0 — o7)dW,
J (t4] 1)An( ) (5.46)

T/ n i+ j+kn)An L n
/\(g)z‘j = f((iJL?)Zn ) gn(s — (i+7)An) (bsds + (05 — g; )dWs>-
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Hence we obtain for u > 1, and recalling that I'(o, m)? < K:
E(An[" | J-'{‘) < K,AY? (Ai‘/Q n r’(a,m)y)>,

_ (5.47)
BNl | F7) < KA (A1 + T om))).

If u is an odd integer, (5.45), (5.47) and an expansion of (a7W ()" + A(g)?)* yield
E((W(9)i)" | F2) =0, E(X(9)1)" | F') < KA (A +/T(om)r ). (5.48)

Next, using |¢/"| < K/ky, and (5.3) and the first part of (5.47), plus Hélder inequality
and the definition of Y'(g)}', plus the obvious fact that E(|x;|* | F[') < Ky if u < g, and
after some calculations, we get for u > 1:

E(IX (g)2[" + [W(g)r[* | Fr) < K, AN,
uw<q/2 = E(|Z(y >Z+]|“+|x< V| FR) < KA (5.49)
uw<q = E(|Z(9)F,; — X(g)2 1" | FI) < K AL

Then, if we combine (5.45), (5.47) and (5.49), and use again Hoélder inequality, we
obtain for all reals [,u > 1 and r > 0:

(+2ru<a = E(|Z0n) 2, - GRor) Rony| 17
< Ky 7TAUZ/4+W/2(AZ/4 (I’ (o, m)" )= u(l+2r— 1)/q> (5.50)

2ru < q = E(|(Z0),)" - R0

)

’fn> < K, TAzu/Q-i-u/Q.

Finally, by (5.43), this readily gives for p > 2 an even integer and v > 1 a real, such that
pu < q:

n u n |u m u/4
E(1$(Z, g p)i " + 10(g, p)7 | | FP) < K, p ALY

. " (5.51)
E(6(Z,9.P)iy; — (9. )i [ | F) < Kup A7 (A3 + (1o, ) LoD/
5.6 Proof of Theorem 3.3.
By localization we can and will assume (5.41). We set
n/d B n n o /di—r \m _ 7 (2 p/2
p = A ZT = AR, e = mylaae + L a2

We deduce from (5.50) with 7 = 0 and Lemma 5.3 that A, Z[t/A"] Fon | — ¢ =B
Then it remains to prove

[t/An]—k

t
An Yo o=B /O%ds. (5.52)
=0
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Set (" = E(¢* | F'). By (5.45), E((¢™)? | F') < K, and in particular (" < K.
Moreover ([ is Fj; -measurable, hence E((¢]* — ¢;")(¢}' — (7)) = 0if |[j — i| > ky, and
[t/An]_kn 2 [t/An}—kn
E(lan > (@-e|) = a2 > E(@ -G -¢n) < Kduk, — 0.

i=0 i,j=1

Thus it is enough to prove (5.52) with ¢ substituted with /™. Since v + (/" < K,

[t/ An]—kn ¢ ([t/An]—kn)An
A Y - [ < [ = ulds + Kk A,
i=0 0 B

where 77 = (/™ when (i — 1)A,, < s < iA,. Therefore, since |y —vs| < K, in order to
obtain (5.52) it is enough to prove that for Lebesgue-almost all s we have v — 7, a.s. In
particular it is enough to prove that, for all s € T" (cf. Lemma 5.1), we have

C[/?/An]—kl — s a.s. (5.53)

With the notation of Lemma 5.1, we take d = 1 and the weight function g; = g, and the
functions f,, = f on D3 as f(x,y, z) = |z(0) 4+ y(0)|?, so (5.25) is satisfied with ¢ = p < q.
Moreover we fix s € I' and set i, = [s/Ap] + 1, s0 s, = in Ay, — 5. The left side of (5.26)
is AP/4gE/2 i, whereas its right side is E’(\HnL(g)o + n’L’(g)o\p) (recall (3.12)) evaluated
at n = o5 and 7’ = a,. Since L(g)o and L'(g)p are independent centered normal with

; ; . — o R 2oy 2 4 0oy 12\ P2 /2
respective variances g(2) and g’(2), this right side is m,, (0 g(2)0s+7 (2)045) = 0P/ %,

Since AP/4EE/? or/2 we get (5.53). O

5.7 Proof of Theorem 3.4.

As said already, (a) is a particular case of (3.3) when p > 4, and of (3.5) when p = 2. For
(b), we can again assume (5.41). We set

W= A2, g )t = A g, p) s e = my (09(2)7 ol
and (/" = E(¢* | F*). We deduce from (5.51) and Lemma 5.3 that A, ZEZOA"]_k" |t —

¢"| *=% 0. Then it is enough to prove (5.52).

By (5.51) we have E((¢")? | ') < K, hence (/" < K. Then, exactly as in the previous
proof, it remains to show (5.53) when s € I'. For this, we use Lemma 5.1 with d = 1 and
g1 = g and the functions f,, = f given by

p/2

F@y,2) = > ppalz(0) +y(0) P2 2(0)]".
=0

The left side of (5.26) is again Aﬁ“kﬁmgg. Its right side is pp(g; 00, as), as given by
(3.15), and by (3.16) this is also #?/2~,. Then (5.9) holds. O
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5.8 Proof of Theorem 3.6.

Once more, the proof is the basically same as in the previous subsection. We can assume
(5.41). We have

p/2
Fap(0.150.C) = D Pprpp (2625 (2))7(2CR () (a2 (9,3, C)
/=0
—Qmp—zr(g;n,é)mp-zw(h;n,C))- (5.54)

Therefore is is enough to prove that for r, 7’ between 0 and p/2, and with the notation

W= A2 () (120

2k
1 g n — 2/ 7 n|\p—2r|r7 n —2r/
?Z|Z(h)i+j|p =20 Z(g) PP Z (R, [P )
T = 9_p/2(20439/(2))r+r (mpf2r,p72r’(g7h;00—t7at)

_2mp—2r (g; oy, at)mp—Qr’(h; oy, at)) ,

we have
[t/An]—3k .
Ao Y s [ s
i=0 0

[t/ An]—3kn I

By (5.49) and (5.50) we have A, > . n— (" =50, where

¢ = AR RO (1R, P
2ky,

T Z\H T ) F el GO H o 2’“),

and thus it is enough to prove
[t/ An]—3kn

t
B> @ s

=0

We set (" = E(¢" | FI'), so as in the proof of Theorem 3.3 it is enough to prove (5.53)
when s € I'. We apply Lemma 5.1 with d = 2 and g; = g and go = h and the functions
fn and f on DY defined by

fal(@,a), (.9), (2:2)) = 207 2(0) (]2 (1) +y(D)P Z\m Lyp->
a0+ AP D) P ),
Fla). (). (=) = =07 20 (le()+ 5/ P> [ )+ O e
—2[(0) +y(0) "> [2'(1) + ' (V)P>"),
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and again i, = [sA,] + 1. Then (5.25) is satisfied with ¢ = 2p < ¢, and f, — f
pointwise. The left side of (5.26) is NI i, whereas its right side is r/2~, (recall that
(L(g9)0,L'(9)0) and (L(h)1,L'(h)1) are independent). Since APPPRE — P/2 we get (5.53)
by the lemma, and the proof is finished. a

5.9 Auxiliary results on the noise process.

At this stage we start the proof of our CLTs, and this is done through a large number
of steps. In the first step, we derive some results on the noise process x. Recall that G
denotes the o-field generated by F(© and Fi'. We set

kn
Alg)t = Y (g (at—0)” (5.55)

J=1

For random variables U, and V, indexed by a parameter v (for example v = (n,4) just
below), with V., > 0, we write Uy = O, (V) if the family U, /V, is bounded in probability.

Lemma 5.4 Assume (SN-q) for some q > 2, and let v and r be integers such that 2 <
v+2r <gq. Let also m > 0 and j be arbitrary in {0,1,--- ,mk,}.

a) When v is even we have

E((R@)2) (R(9)ig)" 1GF) = my 27 (Alg)iyy) 72 4+ Ou( A}/ 2H144112) (5.56)
7(2)r+v/2

g/
= me 2 (0324 + 0y (A2 (A2 + T(a,m)})), - (5.57)

7

b) When v is odd we have

E((R(9)14))" (R()E,) 1GF) = Ou(ag/z/ie/t), (5.58)
and also, for some suitable numbers v, ,, depending on g,
- n V(S n r n 7’11,7" n\2r+v— n
E((X(g)i+j) (X(9)is5) ’gi> = m (a)?r 072 B(3);

O, (A7 (AN 4 T (0, m)? +T(BE),m)} ). (559)

Proof. (5.57) and (5.58) are simple consequences of (5.56) and (5.59) respectively, upon
observing that A(g)?,; = §(2)(a})?/kn + Ou(AF*(AY? + T(a,m)7)). As for (5.56) and
(5.59), and up to taking a further conditional expectation, it is enough to prove them
when j = 0, so in the rest of the proof we take j = 0, and thus m = 0 as well. The
product (X(9)")?(X(g)")" is the sum of all the terms of the form

7 K3

_ 2 - 2
®(J,n) = (=D T gf X T (g, 5 )° T (—2(99’}) XzT'L+jl”X?+jl”—l>7
. . . g =/ =/ . .
J = {87,717"'7L7v7]17‘ : '7]27]17”‘7]87]1/7‘. ’ 7];“/*8 ’
where s€{0,---,r}, g, 5,5 €{1,--- kn}, 3; € {0,1}.
(5.60)
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We denote by I(J) the family of all indices of the variables x} occurring in (5.60), the
index j appearing [ times if X7/ is taken at the power [, so that I(J) contains v+ 2r indices.
We also denote by D(u)™ the class of all J’s such that among the v + 2r indices in I(J),
there are exactly u different indices, each one appearing at least twice. Note that D(u)™ is
the disjoint union over s’ = 0,---,r of the set D(u,s’)™ of all J € D(u)™ such that s = ¢'.
Note also that D(u)” =0 if u > v/2 + 7.

By (2.5) and the F (0)_conditional independence of the x;’s, the conditional expectation
E(®(J,n) | GP) is always smaller than K/k2T2" and it vanishes if J is outside U,>1D(u)",
that is

(R@prR@p16) = SWAE where

E
= YT Bu,s)",  Blus) =Y JeD(u,s)nE(@(J,n)yggb).

Now #D(u,s)” < Kk, so |®(u,s)"| < Kk *~?" hence O, = OU(A;/2+U/4+1/4) as soon
asu <r—1/2+wv/2. We deduce that for proving (5.56), so v is even, it is enough to show
that @, equals the right side of (5.56) for u = r+wv/2. In the same way, for proving (5.59),
so v is odd, it is enough to show that @, equals the right side of (5.59) for v = r+(v—1)/2.

a) Suppose that v is even and u = r + v/2. The definition of D(u)" and the property
u =7 +v/2 yield that, if J € D(u)", there is a nonnegative integer w < § A '5* such that
®(J,n) is the product of “+L™=% terms, of three types, all for different indices for x":

(1) s —w + 3 terms of the form (g}"x?ﬂ_l)g or (g;”X;‘H)Q,

(2) w terms of the form —2(9'”)39911(X?Jrj—lX?ﬂ')Q,

j
(3) =5 terms of the form 4(9;”)4(X?+j_1X?+j)2-

v+s+r
Hence #D(u,s)” < Kk, * , because the number of terms for a particular J is smaller

than W and the indices range from 1 to k,. Moreover, since « is bounded and | gé”\ <
K /ky, we have E(|®(J,n)|| | G*) < K/kYT?". We then deduce that

. vts+r r—s
B(u,s)"| < Kky 2 7 < KA (5.61)

In particular, ®(u,s)" = O(A:L/2+U/4+1/2) when s < r, and it thus remains to prove
that ®(u,r)" is equal to the right side of (5.56). If J € D(u,r)" then ®(J,n) contains only
terms of type (1). In fact D(u,r)" contains exactly the families J for which s = r, and
among ji,. .., Jy there are v/2 distinct indices, each one appearing twice (we then denote
by Ji the set of the v/2 distinct indices), and the sets Jo = {jj +7;: 1 <1 < r,J; = 0}
and J3 = {jj +7,:1<1<rj, =1} have distinct indices, and Ji, Jo and Jy are pairwise
disjoint. With this notation, we have (with u terms all together in the products):

E(®(J,n) | G]") = H (g;‘na?+j—l)2 H (9971—10?+j—1)2- (5.62)

jeJ1UJs JEJ3

The assumption (2.7) on g yields that |¢* — g]* ;| < K/ k2, except for j belonging to set
@, of indices for which ¢’ fails to exist or to be Lipschitz on [(j —1)/ky, jkn], so #Qn, < k.
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Since o' < K, we thus have

E(®(J,n) | G") = jenuvnus (gé.na?ﬂ._ly + Oy(k, 271 ifQun(J1UJUJ3) =0
| Ou(ky ™) otherwise.

Consider now L = {l1,---,l,} in the set £, of all families of indices with 1 <[} < --- <
ly < ky, and let w,(L) be the number of J € D(u,r)" such that the associated sets
Ji, Jo, J3 satisfy Jy U Jo U J3 = L. Then since #D(u,r)" < Kk and sup,, #@Qn < 00, we
deduce from the above that

B(ur)” = Y walL) [J (g Al j1)? + Ou(AY>F12). (5.63)
LeLln, jeL

Now we have to evaluate wy,(L). There are C}, many ways of choosing the two complemen-
tary subsets J; and JoUJ3 of L. Next, with J; given, there are (v/2)! (v—1)(v—3)---3-1
ways of choosing the indices j; so that ji,-- -, j, has v/2 paired distinct indices which are
the indices in Jp, and we recall that (v —1)(v—3)---3-1 =m, (if v = 0 then J; is empty
and there is mo = 1 ways again of choosing Ji). Finally with Jo U J3 fixed, there are 2" r!
ways of choosing the indices jj + 32, all different, when the smallest index in Js U J3 is
bigger than 1, and 2"~! ! ways if this smallest index is 1. Summarizing, we get

[ my2nul if 1¢L
wa(L) = { my 2" lulif 1€ L. (5.64)

On the other hand, we have by (5.55):

(A(g)} ul > T ad 1) + Oull, ™).

LeL, jeL

Therefore, by (5.63) and (5.64), we deduce that

my 2" (A(g)P)" — @(u,r)" = my2™ ' ) [T et 07 + Ou(Ap/?H1/2),
LeLl,: 1eL jeL

Since |g;"| < K/ky and since the number of L € £,, such that 1 € L is smaller than ku—t

the right side above is smaller than K AZ/ 241/ 2, and we deduce that ®(u,7)" is equal to

the right side of (5.56). In view of (5.61), this finishes the proof of (5.56).

b) Suppose that v is odd and v = r + v/2 — 1/2, and recall that we need to prove
that @, equals the right side of (5.59). Again, the definition of D(u)™ and the property
u=r+v/2—1/2yield that, if J € D(u)", there is a number z in {0, 1} and a nonnegative
integer w < % A # such that ®(J,n) is the product of W terms, all for
different indices for x", with s —w +a — 1 + % terms of type 1, w terms of type 2,
w terms of type 3, and 1 — a and a term respectively of the types (4) and (5)
described below:

(4) terms of the form (¢f"x7, ;1) or (¢7")2g}% 1 (X' )?,

(5) terms of the form —2(g") g7y (X{ ;1) (X)? or —2(97") (9721)* (X1 (X )s
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v+s+r—1

the whole product being multiplied by —1. It follows that #D(u,s)"” < Kk, * , by
the same argument as in (a), whereas E(|®(J,n)|| | g”) < K /K22 still holds. Hence,

instead of (5.61) we get |®(u,s)"| < KA,
O(AZ/HUMH/Q) when s < 7, and it thus remains to prove that ®(u,r)" is equal to
the right side of (5.59).

If J € D(u,r)" then ®(J,n) has u—1 terms of type (1) and one of type (4), and there
is exactly one common index among ji,- - -, j, and j] —i—jll, g +3; In other words, we
can associate with J three sets Jp, Ja, J3 pairwise disjoint (with the same description than
when v is even, except that #.J; = ”;1 and #(J2 U J3) = r — 1), plus an index [ outside
J1 U Jo U Js and an integer [ equal to 0 or 1, such that instead of (5.62) we have

E(@(n) | GF) = — ("2 860 1y, 11 (orad, ) [T (67 sadssn)

JjeJ1UJ2 JEJ3

In particular, ®(u,s)” =

This is equal to

=A@ ()2 (g I @M

jeJ1UJ2UJ3

up to Oy (k2% (kL +T(a,m)? + T(B(3),m)?)) when Q, N ({k}UJ1 UJoUJ3) =0 and to
0. (k;2*) otherwise. Therefore, since #D(u,r)" < Kk¥, we deduce that

D(u,r) = =A@ > @™ T @+ B

l,J1,J2,J3 jEJIUJ2UJ3

where the remainder term R, is like the last term in (5.59), and the sum is extended over
all [, Jy, Ja, J3 such that {l}, Jq, Ja, J3 are pairwise disjoint in the set {1,---,k,}. Then,
with R}, as R, above, we have

kn kn _

B(u,r)" = = BE) (@2 (Y ) () + R

J=1 Jj=1

Then by an estimate snmlar to (2.10) (without the absolute value), we deduce (5.59), with
Yo = =g [P (5)) ds. =

Lemma 5.5 Assume (SN-q) for some q > 2, and let p be an even integer. The variables

U(g,p)i; = E(¢(g,p)§fj \ Q?) (o7 W (9)i45)P

satisfy, for all u < q/p and m >0 and 0 < j < mk,,

(2

(9.0 | I < KAV (A £ D am)f +T(83),m)} ), (5.65)

E(U(g,p)f;[" | ') < KA/t (5.66)

33



Proof. In view of (5.43), and recalling that oW (g)" ', ; is G/'-measurable, we see that

p/2 p—2r

E(6(g:2)25 1 G1) = D 3 Citonppr (07 W (9)1 )" (R0 ™ (R(0)2)" 1 GF)-

r=0 w=0

By (3.7) and a change of the order of summation, we easily get

p/2 p/2—r o o
SN Oy ppr 2 mpar—20 (07 W ()1 ) (A(g)1y P20 = (oW (g)1 )P,
r=0 v=0
hence
p/2 p/2—r o
= 3D OBt (W) ) (B((R(9)E)" 2 (R(9)y) | GF)
r=0 v=0
—2"mp_2r_2y (A(g)?ﬂ)p/%v)
p/2 p/2—r—1 o
£ O (W) E((R()E) T Rl | 6F).
r=0 v=0

Now, (5.65) is a simple consequence of (5.45) and (5.56) applied to the terms in the first
sum above and of (5.48) and (5.59) for those in the second sum. Finally, (5.66) follows
from (5.45), (5.56) and (5.58), plus Holder’s inequality. a

5.10 Block splitting.

In this subsection we are going to split the sum over i which defines V' (Z, g, p)? into blocks
of size mk,,, separated by blocks of size k,, in order to ensure some “conditional indepen-
dence” of the successive summands, and it remains a residual sum for the summands
occurring just before time t.

More specifically, we fix an integer m > 2 (which will eventually go to infinity). Re-
calling (5.43), the ith block of size mk, contains ¢(Z,g,p)’ for all j between I(m,n,i) =
(i —1)(m + 1)k, and I(m,n,i) + mk, — 1. In a smnlar way, the ith block of size k,
corresponds to indices j between I(m,n,i) = i(m+ 1)k, — k, and I(m,n,i)+k, — 1. The
number of pairs of blocks which can be accommodated without using data after time ¢ is

. t— knfl A”
then Zn(ma t) = [(m(-l-l)ﬁ

big and small blocks are then t(m,n,i) = I(m,n,i)A, and t(m,n,i) = I(m,n,i)A,.

] . The “real” times corresponding to the beginnings of the ith

At this stage, we need some more notation. We consider the partial sums (we drop
the mention of p, but we keep the function g):

mkyp—1 kn—1
Cgm)i =Y HZ.9D){mmiyrys  ClomIt =D HZ.9.0)F 0y (567)
Jj=0 j=0
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[t/An]—kn

U(g,m)y = > 6(Zgp)} (5.68)

i=in (m,t)(m+1)kn

Consider the discrete time filtrations F(m)!' = T ) and F(m)r = = 77

B m,n,i—{—li I(mmn,i+1)’
Observe that (g, m)? is F(m)?-measurable and (g, m)? is F(m)!'-measurable, and set
n(g,m)i = E(C(g,m)f | F(m)iLy), 7lg,m)i = E(C(g,m)f | F(m)iy),  (5.69)
n in(m,t n 'Ln m t
Blom)t = Sz n(gm)f, Mig.m)p = TEP Clomt —alemit) |
5} n in(m,t n A7 n in( m ,t) )
Blg,m)i = S (g, m)y, Mg, m)i = S (Clg, )y =g, m)7).
The key point is the following obvious relation, for any m > 1:
Lemma 5.6 Under (SN-p) we have AYAP/A U(g,m)y 2.0 asn — .
Proof. The variable U(g, m)} is the sum of at most (m + 1)k, terms ¢(Z,g,p)7, all of
them satisfying (5.51). Then the expectation of the absolute value of AYAP/A U(g,m)y
is less than Km,pknA?/ 4, which clearly goes to 0. a

Next, we show that, in (5.67), we can replace ¢(Z, g,p)} by ¢(g,p);';, see (5.43). This
leads us to introduce some additional notation, similar to the previous ones:

6(g.m)? = 3705 T S92 fmmy g 0(9:m)E = 250" (G, s } (5:72)
Y(g,m)p = E(6(g,m)} | F(m)iy), F(g:m)} = E(d(g,m)} | F(m)i,)),

)
D(g,m)p = Sy (g,m)r,  N(gm)p = S ($(g,m)F — y(g, m)r)
m);

o o B (5.73)
D(g,m)y = Xm0 5(g,m)y,  Nig,m)p = 0™ (6(g,m)p —7(g,m)?).
Lemma 5.7 Under (SN-2p) we have, as n — oo:
AV (g,m)" = N(g,m)") 5 0, (5.74)
AP (M (g, m)" — N(g,m)") =% 0. '

Proof. The proof of the two assertions is the same, and we prove for example the first
one. By a convergence theorem for martingale arrays, it is enough to prove that

2
)~ o

By Cauchy-Schwarz inequality, the left side above is smaller than

in(m,t)

A N7 E(|lgmr - a(g,m)z

1=

74n mt mkp—1

AS/Q p/2 mk Z Z |¢ Z 9, p z—l—] qb(g?p)’zrij’Q)?
which by (5.51) and Lemma 5.3 goes to 0. O
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Lemma 5.8 Under (SN-p) we have, as n — oco:

AY PN (B(g,m)" — D(g,m)") =5 0,

3/4-p/4 n Y n u.c.p. (575)
Ay (B(g,m)™ — D(g,m)") ““% 0.

Proof. 1) Again we prove only the first assertion, and we drop g from the notation. In
view of (5.43), it is enough to show that, for all integers | between 0 and p/2, we can find
an AN array (6]) (depending on [) such that for all 0 < j < mk, we have

E((ZL 220 - R R 7| < kA gy
When [ = p/2 the second estimate (5.50) with w = 1 gives the result, but otherwise the

first estimate (5.50) with w = 1 is not quite enough. Below we fix [ between 0 and p/2 —1,
and the result will be true if we have the following:

E(F | 71| < KAP/A+1/4 64> where (5.76)
(®P (22 ) = (R )D (called Case A)
Fy = (X\?Jrj)l((?::—j)p 2 (Ezj)p_m) (called Case B)

(Zi P2 = E P2 (27 ) = (R)) (called Case C),

and where again (0]") is an AN array (perhaps different for each case).

The proof of (5.76) is simple in Cases A and C. Indeed, in those two cases we have

Fl; =0 when | = 0, and when [ > 1 we have [E(F; | F[")| < KAPA2 76 gee this,
we apply (5.45) and the second part of (5.50), plus the fact that I''(o,m + 1) < K, and
Cauchy-Schwarz inequality.

2) Now we consider Case B. Recall that 7?+j =K+ ij, hence

p—21
Z o GEL O GE = (X)) R () (5.77)

and we will prove the estimate (5.76) separately for each G;‘Jn For this, we begin with a
decomposition of Xn Recall (5.1) and the boundedness of the coefficients. By (5.46) we

have )\ =&+ where, with the simplifying notation S = iA,, and T = (i 4+ j)A,,

& = /T+ungn(s — (i + §)An) ((bs —B)ds + (/S ('Er dr + (G, — 5{‘)dWT)> dWS> ,

T

Z]’

T+un
"= / gnls = (i + ) ) (Vs + G (W, — Ws)dW, + (M, — Ms)dW, ).
T
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Then for v > 1 and j < mk,, we have (recall that E(|M; — Mg|" | Fs) < Kmvyu,ll/\(vﬂ) if
S <s< S+ muy):

B8 | 1) < Ko A (A2 4T/ (0,m + 107 + TG, m + 1)7)
E(| /An“v | fn) < K. A”/4+((1/2)/\(U/4)) (578)
i,j 7 m,v=n

E(|Xn|v | f”) < K Av/4+((1/2)/\(1’/4))
1,] 7 —_ m,v n .
3) Next we prove that, for u an odd integer,

E((Wi,)" &5 | 7)) = o. (5.79)

We prove this separately for each of the three terms constituting ;7} Since x — a"

is an odd function, this is obvious for the (first) term involving b}, and also for the
(second) term involving o}'. For the (third) term involving M, we observe first that
(W?ﬂ)“ =Y+ | ST e psdWy for some Fg = F;'-measurable variable ¥ and process p
adapted to the filtration (F}V) generated by the Brownian motion). Since the third term
is a martingale increment it is enough to prove that E(Ury,,, | Fs) = 0, where

U, = ( / tpsdws) ( / o gn<s—(z‘+j>An)<Ms—Ms>dWs>.

S T
Ito’s formula yields that Uy = M/ + fr} gn(s — (1 + 7)Apn)ps(Ms — Mg)ds for t > T, where
M’ is a martingale with Mg = 0, so it is enough to prove that

E(pi(My — Ms) | Fs) = 0. (5.80)

But for any fixed ¢ > T we again have p, = Y/ + [ é p.dWs where Y/ is Fg-measurable.
Hence (5.80) follows from the orthogonality of W and M, and we have (5.79).

4) Now, we use (5.45), (5.49) and (5.78), and the form of Gz’jn as a product of three
terms at the respective powers [, v = p — 2] — u and u. Then Holder inequality with the
respective exponents I’ = 2p/l and v' = 4p/(p — 21 — u) (so 21’ = vv' = 4p and (5.45)
and (5.49) apply) and v = 4p/(3p + u) yields E(\G?]n] | FI') < K AP/AH(/HAA/20),
Observing that (u/4) A (1/2u') > 1/4 when u > 2, we deduce that (5.76) holds for G;"

when u > 2. It remains to study G}’Jn, which is the sum G, + G, where
n _ (an l (—=n —2l—1 ¢n m __ /on l (=n —2l—1 ¢m
Gi,j = (Xi+j) ("%‘,j)p fz',ja Gz’,j = (Xz'—i—j) ("%‘,j)p i

By (5.45), (5.49) and (5.78),and Holder inequality as above, we get

(G| | F) < KAy + [0 m+ 17 + TG, m+ 1)1 )

Then by Lemma 5.3 we deduce that G}, satisfies (5.76).
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5) We are left to study G7" iy which can be written as G = 0 7 21 Cy o 1a(n, w, i, j),

where a(n,w,i,j) = (o "WZ_H)?’ A-l-w & (X1+]) (X7y;)*. On the one hand, by suc-
cessive conditioning we deduce from (5.58) and (5.78) that E(|a(n,w,i,j)| | F')) <

K Aﬁ/ 12 Ghen w is odd. On the other hand, when w is even, the same argument
with (5.56), plus (5.79) and the fact that p — 2] — 1 — w is then odd yield
[E(a(n,w,i, ) | F)| = Ou(A2*4(AY2 +T(a,m)})),

and by Lemma 5.3 this finishes the proof. |

Lemma 5.9 Under (SN-p) we have, as n — oo:

Lo (AN D(gm)p — 2 my (05212 [l louPds) 2 0

i " (5.81)
S (A D mip — ey my 05292 [ louds) = 0 -

Proof. By (2.11), W(g)#, ; is independent of F7*, and N'(0,5(2)»Ar). So by virtue of (2.6)

and (2.10) we have E((W(g)7,;)? | F*) = my(07(2 ))p/2A£/4 + Ou(Aﬁ/Ml/Q). Therefore

by (5.66), the left side of the first expression in (5.81) is smaller in absolute value than

in(m,t)

K t
i Dk S [ormnn” — / jo,[P ds
A711/4 ; i( ) 0 ‘

in(m,t)

+Kt(m + 1)A1/4 + Kt m + 1 \/ Z (F/ a ’I?’L) I(m,n3) + F/(ﬁ(?’) m)?(m,n,z)) :
1=1

The second term above goes to 0, as the last term (locally uniformly in ¢, in probability)
by Lemma 5.3. As to the first term, it goes to 0 locally uniformly in ¢ in probability as
well, because of our assumption (K): see for example [10]. Therefore the first assertion in
(5.81) holds, and the second one is proved in the same way. O

Lemma 5.10 Under (SN-2p) we have for all m > 2 and t > 0:

E(sup (A;Q;/Zlfp/zlﬁ(g,m)?)Q) < ﬁ (5.82)

s<t m

Proof. By Doob’s inequality, the left side above is smaller than

in(m,t)

48PN E((3(g,m))?).
=1
and (5.72) and (5.51) yield E((S(g,m)y)Q) < KAY?7Y Since in(m, t) < Kt/my/BAy, we
readily deduce the result. O
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5.11 An auxiliary CLT.

Here we prove a CLT for the vector (IN(g;,m)")1<i<d, when m > 2 is fixed and (g;)1<i<d
is a family of functions satisfying (2.7). We first complement the notation (3.13). For
¢(,neR and p > 0 and m > 1 we set

1B (g, i, Q) = P pprppar (2679 (2))7 (262 (2))”
S S B ((nEg)s + CL/(9)s)P 2 (). + CL (h)e))P=2" ds t, (5.83)
s (g, hin, Q) = ﬁ(u%(g,h;n,é)—mzup(g;n,é)up(h;n,é))-

Exactly as in Lemma 3.5, for any (1, () the matrix with entries 115,(gi, g;; 7, ¢) is symmetric
nonnegative.

Proposition 5.11 Assume (SN-4dp), and let m > 2. The sequence of d-dimensional
3/47p/4N(

processes with components Ay
following form

gi,m) converges stably in law to a process of the

d t
ol/2r2 " /0 W (0o, o) dB] , (5.84)
J=1 1<i<d

where B is as in Theorem 4.1 and ¢ is a measurable d X d matriz-valued function such
that (Y™™*)(n, () is the matriz with entries [y, (i, 95;1,C), as defined by (5.83).

We begin with a lemma, for which we use the notation I' of Lemma 5.1.

Lemma 5.12 Let m > 2 and s € I and i, = min(i : I(m,n,i)A, > s). Then under
(SN-4p) we have the following almost sure convergences:

A2y (gm)E — mmy, 0P G(2)P2 (og|P = mO PP, (g; 005, ), (5.85)

AL (89, m)f A, | Fm)i 1) = 67 (0, hi 0o ). (5.56)

Proof. We set i/, = I(m,n,i,) and s, = i,,A,, which converges to s. Both results are
consequences of Lemma 5.1.

By (5.66) (with u = 1), we see that (5.85) follows from

mkn—1
ARE(Y o Wlalf sl | Fon) — mm, 0725 o (5.8)
=0

Then we apply Lemma 5.1 with d = 1 and g; = g and with the functions
1" m
Fulw2) = - S eGP, fes) - [ ateras
§=0
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which satisfy (5.25) and f,, — f pointwise. The left (resp. right) side of (5.87) is equal
to A,l/Q_pM/kﬁﬂ_l times (resp. #'P/2 times) the left (resp. right) side of (5.26), hence
(5.85) holds.

For (5.86) we apply Lemma 5.1 with d = 2 and g1 = g and g2 = h and the functions

Full@a). /)1 (22 = T2 e i Tid' (= (j)-+y(&))p ’

() +v (L) () = (&)
Fl@a), (), (2.2)) = S o Jo S (@ (s) + y ()P
(@/(t) + o/ (8)P2" 2(s)" 2'(t)" ds dt,

?\%

which satisfy (5.25) and f,, — f pointwise. The left (resp. right) side of (5.86) is equal
to A%L_p/2/kﬁ_2 times (resp. 627P times) the left (resp. right) side of (5.26), hence (5.86)
holds. O

Proof of Proposition 5.11. 1) As is well known, and with the d-dimensional variables
with components f?’k N (0(gK, m)? — v(gg,m)") (which are martingale differ-
ences), it suffices to prove the next three convergences, for all ¢ > 0 and all bounded

martingales N:

in(m,t)

t
VA, Z E(f?’kff’l F(m) ) -, Gl_p/ oy (ks g1; 005, aus) ds, (5.88)
i=1 0
in(m,t) .
An > E(IEH I Fm)Ey) — 0, (5.89)
i=1
in(m,t) N
AYY ST EE (Nigmstyun — Na-Dmsya,) | Fm)Ey) — 0 (5.90)
i=1

(we use Theorem IX.7.28 of [9], with Z being a bounded martingale of the form Z; =
f(f usdWj for some predictable process u with values in (0, 1]).

Observe that (5.51) and Holder’s inequality imply that E(|6(gg, m)?[* | F(m)} ;) <
KmAﬁ_2. Then the expected value of the left side of (5.89) is smaller than K,,v/A,: hence
(5.89) holds. The proof of the other two properties is a bit more involved.

2) The proof of (5.88) is similar to the proof of Theorem 3.3. We denote by ¢ the
variable E({" kﬁ"l | F(m) ) and s = fisy (g, 915 00, as). Then, since kA, — 0, we
need to show that

in(m,t)

(m+ DAy Y (m+1)92—1’/t%ds. (5.91)
— 0
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Note that |¢!"| < K. Then, exactly as in the proof of Theorem 3.3, the above property
will follow from the fact that for any s € I', and with the notation 4,, of Lemma 5.12, we
have (similar to (5.53)):

" — 07y, as. (5.92)

Now, observe that
Gro= AL (E(3(gem)2, 8g m)E, | Fm)2 1) = (gem)E, Ao )L, ).
Then (5.92) readily follows from Lemma 5.12 and (5.83).

3) Now we turn to (5.90), which we prove for the first component, say with g = g;.
For simplicity we write D' (Y) = Yjmmi2yu, — Y(i—1)(m+2)u, for any process Y. In view of
the definition of £, and since N is a martingale, it is enough to prove that

in(m,t)
AN R(3(g,m)F DE(N) | F(m)iy) — 0. (5.93)
1=1

By (5.66) we see that 6(g, m)! = 8" + U, where

()

mkn—1

5" = Y Oy WD mmaiye)s B Flm)iy) < KAYPY2,
j=0

We have ZZ’;(lm’t) E((D(N))?) < K because the martingale N is bounded, so by Cauchy-
Schwarz inequality we get

in(m,t) in(m,t)
E(ay/r/ > W IDAN)]) < KAV E( > (wr)2) < KAV

Therefore it remains to prove that

in(m,t)
a(N,n,t) = AYP/0 ST E(ODR(N) | Fm)y) - 0. (5.94)
=1

Note that we always have
a(N,n,t) = S0 o(n,i), bn,i) = AYPE@G DR(N) | F(m)my),

(5.95)
and |b(n,i)| < KAY™

4) We have E(|6/"?) < K A% hence by Cauchy-Schwarz inequality

in(m,t)
AP ST UE(19M D)) < K\JE(NR).
i=1

41



It follows that the set of square-integrable martingales N satisfying (5.94) is closed under
L2-convergence. This allows to use the following scheme for the proof:

a) Prove (5.94) when N is (f;o))—adapted and orthogonal to W;

b) Prove (5.94) when N; = f(f ~vsdWs, where 7 is (]-'t(o))—adapted and constant in time over
intervals (t;—1,t;], with ¢g = 0 and ¢, = oo for some g.

¢) Conclude from the closeness proved before that (5.94) holds for all N € A, the set of
all bounded (]-'t(o))—martingales.

d) Prove (5.94) when N is in the set A'' of all martingales having Noo = f(xt15"» Xt,)»
where f is any Borel bounded on R? and ¢; < --- <t, and ¢ > 1.

e) Since N U N1 is a total subset of the set of all square-integrable (F;)-martingales,
conclude once more from the closeness that (5.94) holds for all such N.

5) We are thus left to proving (a), (b) and (d). The variable §/* is the sum of an
F(m)}" ;-measurable variable and of a martingale which is a stochastic integral with re-

spect to W, by the representation theorem on the Wiener space. Then if N is an (ft(o))—
martingale orthogonal to W we have b(n,i) = 0, hence a(N,n,t) = 0 and (a) holds.

Next let N be as in (b). If the interval [t(m,n,),t(m,n,i+ 1)] is contained in one of
the intervals [t;,t;41], then 6/ DI'(N) is the product of an F(m)? ;-measurable variable,
times a variable which is an odd function of the increments of the process W after the
conditioning time t(m,n,i), hence b(n,7) = 0. Thus a(V,n,t) is the sum of at most ¢
non-vanishing terms, all smaller than KAV by (5.95): then a(N,n,t) — 0.

This proves (b), hence (c), and the following extension of (c) is obvious: if s > 0 and

N is a bounded martingale relative to the filtration (Fs V ]:t(o))tzo and satisfying NV, = 0
if r < s, and if a’(N,n,t) is associated with N by (5.95), except that we delete from the

sum the term such that t(n,m,i) < s < t(n,m,i+ 1), then we have a'(N,n,t) .o

Finally we prove (d). Let N € N! be associated with ¢ and f as in (d). Then (see
[11]) we have N; = N for t; <t < tj41 (by convention ¢y = 0 and 441 = 00), where
N/ = M(G;x¢,, -+, x¢, )¢ and M(j;21,--+,2;) is a version of the martingale

t 1 7 J

q
L / [T Q@) fer,- 2z zg) | FY)
r=j5+1
(with obvious conventions when j =0 and j = ¢). We also set N{j = th - th/\tj- By the

extension of (c¢) given above, we have a/(N",n,t) 50 for all j. Furthermore a(N,n,t)
equals ?:1 a'(N" n,t), plus at most ¢ terms, each being smaller than KA%MA/Z by

(5.95). Therefore a(N,n,t) RN 0, and we are finished. O
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5.12 Proof of Theorem 4.1.

By localization we can assume (SN-4p) and (SK). The following property is implicitly
proved in the proof of Lemma 3.5 in Subsection 5.3 (with 7" playing the role of m here):

ﬁ%(gvh’nvg) - ﬁ2p(g7 hﬂ% C)) as m — OQ. (596)
We write A(g); = m,, (05(2))P/? fot los|P ds. By (4.1) and (5.71) we have for each m > 2:
v(g’p)n — A?L/4—P/4 N(g, m)n + Z(g, Tn)n7

where

Z(g,m)" = AU m)" + M(g,m)" — N(g,m)" + M(g, m)" — N(g,m)"

+B(g.m)" = D(g.m)" + B(g, m)" = D(g,m)" )
1

N (AL 7/4(D(g,m)" + Dlg,m) — Alg)) + AY P11 N (g,m).

On the one hand, Lemmas 5.6, 5.7, 5.8, 5.9 and 5.10 yield

lim Timsup P(|Z(g,m)}| > <) = 0 (5.97)
m—0o0  p—oo

for all € > 0. On the other hand, we fix the d-dimensional Brownian motion B in (5.84)

and (4.2) (the same in both). Using (5.96), we deduce that we can choose suitable versions

for the square-roots ¢ and ¥™ in such a way that ¥'""(n,() — 1(n, () for all n,{. Then

(5.84) converges in probability towards (4.2). The result then follows from Proposition

5.11 and from (5.97) in a standard way.

5.13 Theorem 4.4: a key decomposition.

Here we start the proof of Theorem 4.4, by providing a decomposition for the processes
V*(g,p)" of (4.3). So we fix p > 3, and assume « cadlag. By localization we can and will
assume (SN-2p) and (SK) without special mention.

As said before, in (4.6) one may take any sequence (7},) which exhausts the jump times
of X. A convenient choice is as follows: for any ¢ > 1 we consider the successive jump
times (T'(g,m) : m > 1) of the Poisson process u((0,t] x {z : 1/qg < v(z) < 1/(q —1)}),
where 7 is the function occurring in (SH). Those stopping times have pairwise disjoint
graphs as m and ¢ vary, and (7,,)m>1 denotes any reordering of the double sequence
(T'(g,m) : q,m > 1). We complete this sequence by setting Ty = 0.

Let P, be the set of all m > 1 such that T;, = T(¢’,m’) for some m’ > 1 and some
¢’ < q. We consider the processes (compare with (5.5)):

X = (0lyesyg) ¥ 1 MY = (01gae)<yq) * (10— 1),
X1 = X — X4, X" = X1 — M1 (5.98)
Z/q — X/q+X) Z//q — X/,q+X'
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So X" satisfies (2.14), with the same o as in (2.13) and a bounded drift given by

b = 3(t, 2) Mdz). (5.99)

-
{z:7(2)>1/q,|6(t,2)[<1}

We denote by Q,(t,¢) the set of all w such that for any m,m’ € P, with T),,(w) < t,
we have 2u, < Tp,(w) <t —4uy, and |T5,(w) — Ty (w)| > 4uy,, and also T;,(w) /A, is not
an integer. Since the set {T},, : m € F,} is locally finite and P(7}, = t) = 0 for all m and
t > 0, we have

Qn(t,q) — Q as.,as n— oo. (5.100)

Next, we denote by ‘7*(X ,9,p)" the process defined by (4.3) to emphasize the depen-
dency on X, and likewise we have V*(X'?, g, p)". Then a (relatively) simple computation
shows the following key property, which holds on the set Q,(t, q):

VA(X,g.p) = V(X! +Y (9!, Y(of = Y. (g9 (5.101)
mePy: T <t

where, with the random integer I' = [T,,/A,], we have set

ke — P
a9 = o (i (|79 0y + 90X,

AV
/ n p n p - -
|7 i) | aXn,]) + @@ — Bag@)IAXT, ).

(5.102)

(Note that Z2(g)%, _ ; possibly involves AT'Z'(q) for negative integers [, although this does
not occur on the set €,(t,q) when m € P, and j < 2k,; however, to have such variables
defined everywhere, we make the convention A?'Y = 0 for any process Y when i < 0.)

5.14 The processes Y (q,g)".

In order to study the variables Y (g, )} above, we set for m € F:

kn—1
. R
(¢ 9)m = o S gy Z9(g) Ty (5.103)
n n j:l

We have in fact a family (g;)1<;<q of d weight functions, with the associated variables

(Unm—, Uty Up—, Upt) as before Theorem 4.4.

Lemma 5.13 For any ¢ > 1, the (RN -valued variables (n(q, 91)m)1<i<d,mep, converge
stably in law, as n — o0, to (Nm)mep,, where Ny, is the d-dimensional variable given by

Upny . (5.104)

AT 77

m = VO or _Un_+ V0 op, Ups + m_+%
n Tm Tm + \/@ \/é
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Proof. As is well known, it is enough to prove the result for any finite subset of m’s, say
in a finite subset P, of P;. Since ¢ is fixed, we drop it from the notation, writing 2’ = 24,
7'=27"", M =M1, X'=X'"and X" = X"1.

1) The stopping times (T}, : m € P,) are independent of the Brownian motion W,
and also of the restriction p(q) of the Poisson measure p to the set Ry x {z : 7y(z) <
1/q}. Therefore if Hy = F; V o(T,, : m € P,), the process W is a Brownian motion
and the measure y(q) a Poisson measure with compensator v(q), the restriction of v to
Ri x {z : y(2) < 1/¢} again, relative to the filtration (H;). Thus X” admits the same
representation (2.14) and M has the same form (5.98) relatively to the two filtrations (F3)
and (H;). Since the random integers I} are Ho-measurable, we deduce from (5.2) and
(5.45) and (5.3) for M together with |(g;)n(s)| < K that, for v € (0,2p] and j € Z and
i=1,-- . d:

v/2 Eva n
E(AL, X" < KogW?, E(M(g)} 1) < KEVA,

" v 7n n v U/4 (5105)
E(‘X (gl)]gl-s-ﬂ +1Z (gl)IgL-',-j| ) < Ky gAx
Now, if f is a bounded function on R, arguments similar to the one giving (5.47)
(relative to the filtration (H;) and using that ¢ is cadlag and bounded and the drift b9 is
also bounded), we obtain that if 2 < k!, < 2k,

B (| St (/) Ay, X" = 1, g (G Rn) A W| ) = oulAF?)

, ) (5.106)
E(‘ 2522 f(/kn)A Im—i-]XH 0T 2522 f(/kn)A Im—i—]W’ ) = Ou(Av/4)

Moreover A,, = Zj 0 f(/kn)AYrm_;M, say, can be written as 0" x (u(q) — v(q))z,, — 0" *
(u(q) —v(9))1,, —2u, for some predlctable function 0" satisfying |6"(t, z)| < K~(z). Then a
well known result (see e.g. Lemma 5.12 of [10], used with 2u,, instead of A, and n = /uy,

and relative to the filtration (H;)) says that A4, /\/un %, 0. The same holds if we take
the indices I}* + j instead of I} — j, and thus

k/
P P
1/4 Zf (j/hn) A ;M — 0, A1/4 Zf (j/kn) Al ;M — 0. (5.107)
2) We put for ¢ > 0 and any weight function g:
n— p=l fn— p=l
G(g)iL = ]% Zj:i-&Q {g?} 9?_1'_1, G(9)y = ﬁ Zj:ll {g?} g??
fep —i p—1
Glo)ty = 7 i {gg‘} 97 i1 (5.108)
— kep— p—1 o oy —i p—1
Glo) = it {9?} 9 Gy = 252" {9?} g
Then a (tedious) computation shows that
kn—3 kn—1
77(%9)?)1 - 1/4 ( Z G zf ?” 'LXI + G( ) A?{,H&X/ + Z G(Q)ZL I” +'LX/>

=2
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kn—2 kn—1

1 al n n al n n
NCR ( Z G(9)i-XTn i + Z G(g)i—I—XIFn-H')‘
n n i=0 i=1
Moreover if
H_(g.t) = [ {g(s)}* 'g(s —t)ds, Hi(g.t) = [y {a(s)}" " g(s + t)ds, }
H_(g.t) = [ {g(s)}P1g/(s — t)ds, Hi(g.t) = [, Hg(s)}"1g/ (s + t)ds,
we have
n ’L al n I7 Z
Gl = He(79) +0uV/A0),  Clo)i = He(7-09) + Ou(v/A0).  (5.109)
Using |Gy < K and X' = M + X", (5.105), (5.106), (5.107) and (SN-2p), we deduce
e D = 01— PG + 01, P9t + P(9) e + P9y + 0Pu(), (5.110)
where
n n—3 i n
p(g)m— = ﬁZi:O H_ (E?g) AI;,LI ZW
n — knfl 7 n
PGy = ﬁ imy H- (E’g> Aln W
—/ \n kn—2 77 7 n
p(g)mf = A,l/l‘lkn Zz:() H_ (Eag) XITT;L—i
Py = —— o H (L ) n o
m+ ALy £i=1 +\ %09 ) X1 44

3) At this stage, we use the same ideas than in Lemma 5.1. We denote by pJ, . and
pr . the d-dimensional variables with components p(g;)r. and p(g;)r . First we argue
at w©® € QO fixed. Under Q = Q(w®,.) the variables 57, and 77, , are independent
one from the other, and also when m varies in P}Q as soon as n is large enough (so that
w©® € Q,(t,q)). Moreover they are sums, normalized by 1/ A}@/ 4kn, of (approximately)
k, centered independent variables with a bounded fourth moment, and their covariance
matrices are (approximately again) a%m_ /60 and a%m /6 times Riemann approximations of
the integrals defining W, and W, respectively. Then we prove exactly as for (5.27) (only
the finite-dimensional convergence is needed here) that under Q,

P = ( )
(pm_’pm+)mePé - \/@ m—» \/é m-+ mEP(;.

(5.111)

(In fact we prove the convergence in (5.111) for each m first, and then we use the fact
that the variables in the left side are independent for different values of m, under Q, and
as soon as w) € Q,,(t,q).)

Second, exactly as for (5.36) (or as above for (5.111)), we get

(p?n_,p”m+) £, <\/§ U, V0 Um+> (5.112)

meP, meP,

Note that (Upt,Ups) are as described after (4.5). Then, as in Steps 2 and 4 of the
proof of Lemma 5.1, we deduce from the convergences (5.111) under Q(w(®,.) and (5.112)
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under P(O), and also from (5.110), that (Pi—s P+ Prm—s P+ Jmep; converges in law to
(\/5 Un— V0 Ups, aTm_Um_/\/é, aTmUer/\/é)mepé. Moreover this convergence in law

is indeed a stable convergence, by exactly the same argument than for the same result in
[8]. Finally by (5.104) and (5.110) and the definition of the stable convergence in law, we
obtain the claim. O

Proposition 5.14 If ¢ > 1 and t > 0 are fized, and in the same setting as before, we
L—(s)

have (with —"  denoting the stable convergence in law):

L—(s
V(g o) h<ca =2 Ulpa), (5.113)

where U(p,q) is the d-dimensional process associated with the functions (g;) by (4.6),
except that the sums is taken over m € Py only.

Proof. With g;(p), = ngl lg1(i/kn)|P, we have |g;(p)n — kng;(p)| < K by (2.10). Then,
with the notation (5.103), a Taylor expansion plus the property |[AX7 | < K yield

)C(qvgz)%—p{AXTm}p’ln(q,gz)% <
kn—1 L
KA Z ( (Z"(91) i, —j1 )" (Z/q(gl)?gl—j+1)2) + KAV,

Now if we apply (5.105) we see that the expectation of the sum in the right side above is
bounded (recall p > 3). Therefore Lemma 5.13 implies

(€(q, 91)m)1<i<d,mer, g (p{AX AP Iy )

mqu7

and (5.113) readily follows. O

5.15 The processes ‘7*(X’q,g,p)".
The aim of this subsection is to prove the following:
Proposition 5.15 Under the same assumptions as before, and for all € > 0, we have

lim limsup IE”(HN/*(X'Q,g,p)?|>5> = 0. (5.114)
q—00 n

The proof is based on the following easy property (g is fixed throughout):

_ 1 [t/An]—kn
VX0 = Y D@+ R
Ay kn i=0
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where

kn—1

L(q)} = |Z'(g Z 9717 A7 S (), S(e)e= Y |AX(q)]?

s<t

and where the remainder term satisfies

R < < (S (T2 ~50)) + 2lah, + () = Do)

Lemma 5.16 We can find a sequence 4 going to 0 as ¢ — oo, with the following property:
for any ¢ > 1 and i > 1 we have a decomposition T'(q)? = I'(q)! + I (q)?", where both
I"(q)} and T"(q)} are Fj, -measurable and

(2

E(0 (@) < KA g,
E(T"(q); | F7) =0, (5.115)
E(I" ()P ?) < KgAY? + 0,0

Proof. 1) Let us fix 4, ¢ and n, which will be left out in most notation below. We consider
the filtration F} = F;a, ++, and associated with this filtration the Brownian motion W} =
Win,+t — Wi, and the Poisson random measure p'((0,] x A) = p((iln, i, +1t] x A),
whose compensator is still v. Recalling (5.99), we set b, = b, et} and observe that
|b;] < K¢ because b, is bounded and f{z (2)>1/q} |0(t, 2)|A(dz) < qffy JA(dz). With all
this notation and (5.98), we have

t t
0 0

Recalling g, in (5.3), we then set

t t [t/An]
Vi = [ Hhon(s)dst [ 0Lgu) WG 001 (c1jap (0 -2 Y ks (17
0 0

Then by (2.11) and (5.3) and (5.117), we see that Z/(g)!' = Y,,,,. If we further set
Vi = (16'9nl" Tp<r/ay) * 1,

we obtain Y, = Zk" ! g7 [P ATy ;3(g). Hence

i+j
L(q)i = Yu,IP =Yy, (5.118)
For simplicity of notation we write f(z) = |x[P, which is C? (recall p > 3), and we
associate the functions
Fz,y) = flz+y) - flz) = f(=)y
G(z,y) = fle+y) - f(z) = fy)
H(z,y) = F(z,y) = f(y),



which clearly satisfy

|F(z,y)| < K(lyPP + y*zP~2),
|Gz, y)| < K(|lz|ly[P~t + [y| |=]P~1), (5.119)
|H(z,y)| < K(o| |y[P~! + y?|z[F~2).

1

Then we apply It6’s formula and use (5.117) to obtain

V[P —Y/ = A+ A, + Ny + N/,

where
; [t/An]
A = /0 ads, A} = > F(Yjan 0" ),
j=1
ar = f'(Yy)gn(t )b'+ (Y gn(t)o ’2+/ H (Y, gn(t)0'(t, 2)) A(d2),
{z:7(2)<1/q}

and Ny is a martingale with angle bracket C' = (N, N) given by

t
C, = / cuds, = F'(Y)Pgn(t)0 + / G(Yr, gn ()5 (£ 2))2 M(d2),
0 {zv(2)<1/q}
and finally
/A
Nt, = - Z f/(}/jAn—)g;'nX?—i-j—l
j=1

which is another martingale (because the y;’s are centered) with square bracket

[t/An]

C, = Z (Y ) (X2 D)%

2) The decomposition I'(¢)? = I"(q)} +I'"(¢)? is given by:
M@f = Au, + A, T'@F = Nu, + N,
The F}', ;. -measurability of I'(¢); and T"(¢) is obvious, as is the second part of (5.115).
The rest of (5.115) will readily follows if we can find a sequence 7, — 0 such that
E(Au,l) < KA 1Al B4 D) < KA,

Un

E(Cy,) < KAY? + 0,0, E(C, ) < K,AY? 4 n A,

Un

(5.120)

For this we need moment estimates for Y;, as defined by (5.117). Recall that |V/| <
Kq and |0'| < K, and also that |g,| < K and [0(.,2)| < 7(z), and observe that n;, =
f{Z: ~(5)<1/q} 7(2)? X\(dz) goes to 0 as ¢ — oco. In view of (SN-2p) for ¢ = 2p, and since

| gﬂ < Kv/A,, and using the Burholder-Davis-Gundy inequality for the martingale which
is the last term in (5.117), we see that for all r € (0, 2p],

E(Yi|") < Kq't"+ Kt"? + Knt'/2), (5.121)
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By f(z) = |zP and (5.119), plus p > 3, we see that |a;] < K(q|V|P~t + |V3|P~2 +
nylYzl). Therefore (5.121) yields E(|a;|) < KgrtNe/2=1) 4 Kngtl/Q. In a similar way
¢t < K|Yy|*7% + Kn}Y?, hence E(¢;) < K(¢*~%* + njt). Then the estimate for A,, and
Cy, in (5.120) follows upon taking n, = K, for a K large enough.

For the same reasons, plus (SN-2p), the jth summand in the definition of A} has expec-
tation smaller than K AL/ + KA (P 2(GA)P 2+ (A, )P/ +15(3An)), whereas the jth
summand in the expression for Cj has expectation smaller than KA, (¢??~2(jA,)?~2 +
(JAR)P~ + 10 (jAR)). The two other estimates in (5.120) follow. O

Proof of Proposition 5.15. In view of (2.10) and of the fact that E(X(q)s+u — 2(q)s) <

K,u, we deduce that R(q)} £.0 for all q. Hence it remains to prove that

1
lim limsup P(— ( I >¢) = o (5.122)
q—00 (A}L/Zlk‘n 20 )

n

We set, with ¢ fixed and the notation of the previous lemma:

L(q)n = —— i,  L'(@On = —75— I (q)7.
N Ak, =

The first property in (5.115) yields E(|L/(¢)n]) < KqASM)A(pM*SM) + 74, hence since
p>3:

lim limsup E(|L,]) = 0.

q—0 n

Next, the properties of I''(¢)} in the Lemma 5.16 imply that [E(I''(q)7 T"(¢)’})| vanishes
when |j — i| > ky, and otherwise is smaller than Kqu/z + 1gAn. Hence E((L!)?) <
K,AY? + 5, which yields

lim limsup E(|L”|*) = 0.
q—00 n
Putting these two results together immediately yields (5.122). O

5.16 Proof of Theorem 4.4.

We start with the first claim, which easily follows from what precedes. The family (g¢;)
of weight functions is fixed. We observe that U(p, q); converges to U(p); in probability
as ¢ — 0o. Then the result is a trivial consequence of (5.101) and Propositions 5.14 and
5.15.

It remains to prove the second claim, and we show that it can be reduced to the first
claim. We take p > 4 an even integer, and it is enough to prove that ﬁ (V* (g,p)" —

V*(g,p)") “=% 0 for any weight function g. To see this we observe that the difference
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V*(g,p)* — V*(g,p)? is a linear combination of the processes (we omit to mention the
function g below):

—r (Z; =2 (Zp)
4 i i
A, =

for r=1,---,p/2. So it enough to prove that, for some p >3/4 and all r =1,---,p/2,

E((Z‘)Hr (2;1)7”) < KAP, (5.123)

(SK) yields E(|A?X|" | F*q) < KASJAZ)/Q, so when v > 1, and because of (SN-4p) for
the last estimate, we have

B(X | 77) < K APONUD  mRnp | ) < kAL,
(5.124)

v<2 = E(‘Zgil(g;)mgﬂXA?ﬂx‘ | FP) < K AP

Now (Z; )P=2" (Z\Z"”)T is a linear combination of terms of the form

kn

T\U [ TNR\U (=n\W [(SNNS n n n t

alu,v,w,s, 07 = (X" (K1) ()" @) (Do(9)2A0, XA x) |
j=1

where u, v, w, s, t are integers with u+w = p—2r and v+s+t = r. Using Holder inequality,
and taking advantage of (5.124) and of E(|x?|') < K,AY* and E(]x?!) < KTAln/Q, we see
that for all u/,v',w’,s',t' > 0 such that v/ +v' +w' + s+t = 1 and «' = 0 (resp.
vV =0, w =0,¢ =0, =0)if and only if u = 0 (resp. v =0, w = 0, s = 0,
t = 0), and also % V % Vv t’i, < 2p (which is possible because w + 2s + ¢t < p), we have
E(|a(u,v,w, s, t)?|) < KA}, where

2

u u v ow s t ., t
p=—-Ng+tvlpot+tgt+t—+s+s+0A; =

AN A .
—+—=—+-AN=+v —.
D) 274 T2 9 2 v>0

2 4 4 2 2

Then p > 3/4 as soon as r > 2, or r = 1 and w > 1. The only other case is r = 1 and
w=0,s0 u=p—22>2 and we have

_1+u’+,1 +t’/\t
p_2 9 U ly>0 9

Then we have three sub-cases:

() v =1, hence t =t =s =5 =w =0and p = H'T“/ + o' with the condition
w40 =1,s0 u =0 =1/2yields p > 3/4;

(2) s=1,hencet=t'=v=v=w' =0and p= HTU/ with the conditions v’ + s =1
and s'p > 1, s0 s’ = 1/3 yields p > 3/4;

(3)t =1, hencev:U':s:s’:w'zoandp:%—i—%,—l—t’/\%withthecondition
w +t'11 and 2t'p > 1, so v/ =t/ =1/2 yield p > 3/4.

Hence in all cases (5.123) holds with some p > 3/4, and the proof is finished.
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5.17 Proof of Theorem 4.5.

Here again the proof will be divided into several steps, and before proceeding we observe
two preliminary facts. First, that 7i,(g, g;7, () takes the form (4.9) results from a tedious
but elementary calculation. Second, by localization we may assume (SN-4) and (SH).

We omit to mention the function g in 7? and 1/;2" We generally use the notation of
the proof of Theorem 4.4, and in particular the stopping times T'(¢, m) and T}, introduced
in Subsection 5.13, the processes of (5.98), the sets Q,(t,q) satisfying (5.100), and the
(random) integers I. In the sequel, we will vary the process X (but not the noise
process ), so the process V' of (4.7) will be denoted by V(X)". We also write U’(c);
and U(2,0,0); for the two terms in (4.8), and U(o,d); for their sum, to emphasize their
dependency on the process o and the function ¢ (through the jumps of X, for the latter).

Step 1. This step is devoted to proving the result when X satisfies the following two
assumptions, in addition to (SH):

v(z)<1l/q = d(w,t,z)=0, (5.125)
by = bs = [O(t,2)1(is(y,) <1y Ad2) = 30,51 b5, 11s,,5,4) (1), } (5.126)
Os = 25108 15,5,,1) (),

for some ¢ > 1, and for a sequence of stopping times .S,, increasing strictly to co and with
So = 0.

1) Under (5.125) and (5.126) we have X}/ = >, AX;, and X' = X'? is the continuous
process given by the right side of (2.14), with ¥’ instead of b. Similar to (5.101), we have
on Q,(t,q):

VX7 = VXD +37 — " (5.127)
Y = Zmepq; T <t G " = ZmEPq: T <t G
Go= ot (S ([T F sy + 970X, |
@ ] - |pax]) + @@ - ka@)ax., ).
o= e Se? ((AXn, )2 + 200, A%y (X' + ).
Let (H:) be the filtration defined in the proof of Lemma 5.13, and associated with our q.
The same argument than in that lemma shows E(|A}, (X' + x)| | Ho) < K, whereas

|AX7,| < K by (SH). It follows that E(|¢7]) < KA2* hence

v/ oo (5.128)

2) Next we prove the stable convergence V (X')" O (0) (in the functional sense).

This looks the same as Theorem 4.1 for p = 2, however we do not have (K) here. Now,
a look at the proof of this theorem shows that (K) (instead of (H)) is used in two places
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only, namely in Lemmas 5.8 and 5.9. Here, the proof of Lemma 5.9 goes through in an
obvious way under (5.126), and we are left to showing that Lemma 5.8 holds, which we
do for the first convergence in (5.75) only.

The process in the left side of (5.75), say at time ¢ (and for p = 2), is the sum

in(mvt) knfl mn
2ut1 " 2j=g 0, where

0;; = A}L/4E<¢(X/ + X595 2) 1tmonsi)i — P95 2) 1(mmi)+i | f(m)?q)-

Let J, be the set of all ¢ such that (i — 1)(m + 1)u, < S, < imu, for some r > 1 (that
is, the indices of those ”"big blocks” that contain at least one S,), and consider the two
processes

mkyp—1 mkyp—1
n __ n m n
A = > o0, Al = > > o
i€{1,in(m,t)}NJ, J=0 i€{1l,in(m,t)}NJg  j=0

Applying (5.51) with u = 1 (recall (SN-4)), we obtain E(|6;]) < KAY*. Therefore
E(sups<ips, |A%']) is obviously smaller than K rAY* and, since S, — 0o as r — o0, we
deduce A" % 0 and it remains to prove the same for A™.

For this, and reproducing the proof of Lemma 5.8, we observe that (K) comes into
play only to decompose the variables X?ﬂ- as &' + Z’T; We easily deduce from (5.126)
that when ¢ ¢ J, such a decomposition holds with £, = 0 and & = b5 An. Then the

7]
u.c.p.

original proof goes through to show that A —= 0, and thus Lemma 5.8 holds here.
3) We have V(X')" 6 (o) from what precedes, and this gives the result (func-
tional stable convergence in law) when X is continuous, in addition to satisfying (5.126).

When X has jumps, the proof of Proposition 5.14 is valid when p = 2 (it only supposes

the C? property of x +— |z|P), so we have Y g U(2,0,0): (for t fixed, this is not a

functional convergence).

Now, exactly as in the proof of Lemma 5.8 in [10], one can show that we have the joint
stable convergence in law in Proposition 5.11 and Lemma 5.13, which results in the joint

convergence

VLY Y (U0), U2 0,8)).

Then we easily deduce from (5.100), (5.127) and (5.128) that V(X)) g U(o,d);.

Step 2. We turn to the general case, and we begin by constructing an approximation of
X satisfying (5.125) and (5.126).

For ¢ > 1 we recall the process b? of (5.99). If further » > 1 we denote by S(q,r), the
strictly increasing rearrangement of the points in the set {k27" : k > 0} U{T(¢,m) : m >
1}. By a classical density argument there are adapted processes b(q, r) and o(q, r) with the
following properties: they are bounded by the same bounds as ? and o respectively, con-
stant over each interval [(k—1)27",k27") for b(q,r) and each interval [S(¢,7)k—1,5(q,7)q)
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for o, and such that for all ¢,m > 1 and ¢t > 0:

e(g,r)e = E(fot(|b(q,r)s—b§|2+|a(q,r)s—as|2)ds) -0 }

(5.129)
U(Qa T)T(q,m) = O0T(qm)» U(er)T(q,m)— — 0T(¢q,m)—

as 7 — 0o (we use here the cadlag property of o). Next, we introduce a family of processes
(recall (5.98) for MY):

X(Q7T)t = XO + f()t b(q7 dS + fo dW + ((51{’7>1/q}) * :U’ (5 130)
Xl(QaT)t = Xt - X(QaT)t = fo bg - b QaT S dS + fo Os — U(Qa 7ﬁ)s)dI/Vs + Mtq

Finally, another notation will be

n iAn Un,
g, )7 = B L (b, r)s = 2+ [o(g,7)s — o) ds)

) (5.131)
f{z:’y(z)gl/q} ,-)/(Z) A(dz)

By construction X (¢, r) satisfies (5.125) and (5.126), so Step 1 gives us that for any ¢
and ¢, > 1,
_ L—(s) —
VX(@n) = Ulo(g,r), 0@, (5.132)

where §(q)(w,t,2) = §(w,t, 2) 1{y(2)>1/q}, and the convergence even holds in the functional
sense when X is continuous.

Note that, since o and o(gq,r) and « are uniformly bounded and the function fi, in
(4.9) is locally Lipschitz in (n, (), we have

E(sup|U'(a)s—U'(o(q,r)) 2 < KE /|05— q,7)s|? ds) < Ke(qg, )

s<t

On the other hand, since d(g) is bounded, it follows from (4.6) that

E((sup [U(2,0,6(0))s — U(2,0(q.7),5(a)s[?)

s<t

< KE( Z (lorgm)— — (@, ") (gm)—I? 1{T(q,m)§t})7

m2>1

which goes to 0 as r — oo by (5.129). Furthermore, we also have

E(sup |U(2,0,0(0))s ~ U2, 0,0),*) < KE( Y IAX, P 1ax.ii/ap).

s<t s<t
which goes to 0 as ¢ — 0o0. So, summarizing those results, we end up with

lim limsup E(Sup |U(J,5)S—U(J(q,r),é(q))s|2> — 0. (5.133)

q—  r—oo s<t
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Therefore, in order to get our theorem it remains to prove that for all £,n > 0 we have,
where C refers to the case X is continuous and D to the general (discontinuous) case:

Ot Timyg oo Timsup, _ oo Tim sup,, oo P b,z V(X (q,7))% = V(X)2 > 1) =0 5130
— _ 5.13
D: limg o limsup,_, . limsup, . P(|V(X(q,r))} — V(X)}| > 77) = 0.

Step 3. If Z(q,7) = X(q,7) + x, we have (for (g, r) fixed):

&(Z,9,2)7 — 6(Z(q,7),9,2)F = (X7)? — (X(q,7);)> + 202 (X} — X(g,7);) — 5 vP,
v = Z§i1(99n)2<(A?+jX)2 - (A?+jX(q77°))2 + 2Azn+jX(Azn+jX - A?-ij(Qﬂ")))'

Therefore 1
VP =V(X(@,r)p = GHan)i +Car)f -5 Vi,
where
1 [t/AEn:}—kn
Vil = — vf,
knAn/ i=0

1 [t/ An]—kn .

G1<q,r>?=M(,j > (FP-X@n)?) -9 (1% X~ X (0,7), X (0, 7)k) )
n " i=0

9 [t/An]—kn -
G*(q, 1)} = WL Z Y?(Xi —X((Iﬂ“)i)
YAv AR

We obviously have E(|v'|) < KA, so V" =5 0. Therefore, instead of (5.134), we are
left to prove for [ =1, 2:

C: limg oo limsup,_, . limsup,_ . P( sup,<, |G (q,7)?| > n) =0 ( )
- 5.135
D: limg oo limsup,_ . limsup,_., P(|G!(g,7)?| > 77) =0.

Step 4. We begin by proving (5.135) for [ = 2. We split the sum in the definition of
G?(q, )P into two parts: G3(g,r)} is the sum over those i’s such that the fractional part of
i/2ky is in [0,1/2), and G*(q,7)? which is the sum when the fractional part is in [1/2, 1),
so it enough to show (5.135) for [ = 3 and | = 4, and we will do it for I = 3 only. Now,
G3(q,7)} can be written as

Gs(qv T)? = Zjlo C(Qa ’I")?, (5 136)
n jken+kn— Anl=kn) —n (0 N .
C(Q7 T)j = knA21/4 Zz(iJQkaj:k 1)/\([t/ } F ) XZ (X’L - X(q, ’I")Z- ),

where J,, is the integer part of ([t/An] + 1 — 2ky)/2k;, (Jn, depends on ¢, and all ((q,r)7}
have k, summands, except the J,’th one which may have less). Note that ¢ (q,r)? is
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Fo(j+1)k, measurable, and by successive conditioning we have E(¢(q,7)] | Fojr,) = 0.
Therefore by a martingale argument (5.135) will follow, if we prove

J(n,t)
lim limsup limsup E( Z |C(q,r);-l|2) = 0. (5.137)
q—x rooo n—00 =0

Now, recall (5.130) and (5.125). Then, by (5.3) and standard estimates, plus (5.129)
and Cauchy-Schwarz inequality, plus (5.2) and successive conditioning, we get

E((0)? (X7 = X(@:0);)?) < KAY2(e(a, )} + unsy),

and so the expectation in (5.137) is smaller than K(e(q,r); + ¢4). Hence (5.137) holds.

Step 5. Now we turn to [ =1 in (5.135). We can write
GHar)i = G(g,r)} +G(g, )7,
where, with the notation A(q,r) = [X, X] — [X(q,7), X (g,7)]

Gog,r)p = SOy (q, )

)

. [y it o (5.138)
Wa.r)p = e (X2 = (X(qm))? = [ guls — i) dA(q, 7).,

1 1 [t/An]—kn

GG no_ -
<Q7T)t A,}/4 kn

iAp+un
[ aals = idnPdAGr)., ~ 92)Ala. ),

i=0 2

In this step we prove that G%(q,r)" satisfies (5.135). A simple calculation shows that
(recall the notation g(2),, of (2.8)):

60y = < || (B2 - 5)dA(ar)s+ vlann)

where because of (2.10) the remainder term v(g,r)}* satisfies, with A’(g,r) being the vari-
ation process of A(q,r):

K

A1/4 (A/(q’r)w + (A'(g,7)e — A,(QaT)thU,n))-

(g, r)i| <

In the continuous case C, we have A’(q,7)stu, —A'(¢,7)s < Kup, hence sup,, [v(g, )| <
KALY*. In the discontinuous case D we only have E(A'(q,7)s+u, — A'(q,7)s) < Kuy, so
that v(q, )} 2, 0asn — o0o. Then if we apply (2.10) we readily obtain (5.135) for [ = 6.

Step 6. At this stage it remains to prove (5.135) for [ = 5. For this we use (5.3) again,
and It0’s formula, to get, with ;"' = fltAn gn(s —iA,)dYs for any semimartingale Y and
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iAp+un iAptun )
= [ s il Xl =2 [ X g5 — i) 0 ds + o W)
iAp i1An

1An+un iAp+un
+2/ deMq—i—Z/ / X" gn(s — i) 6(s, 2) p(ds, dz),
[7AVS n ’Y(Z >1/Q} B

and a similar expression with (X, b7, 0,4) substituted with (X (q,7),b(q,7),0(q,7),0(q)),

so the second term on the right side above vanishes in this case (remember the last part
of (5.130)). Therefore

W, r)} = 1/4277 a7, 5)}

where, using (5.99) and with the notation I(n, z) = (1An, 1Ay, + uy], we have

P = Jry X1@ )5 90 —i80) ds (b + [0, 1) 65 M=)
= Lrna X (@) gn(s — idn) (b = b(g, 7)) ds

P = f](n,i) X'(q,r)>" gn(s — i) osdW,

= S X (@, )2’ gn(s — i) (05 — (g, 7)s)dWs

= Lra) Xo gnls —ilA,) dMY

P = Jiniy o1 /g X (@752 gls = in) 8(s, 2) (1 — v)(ds, dz).

Therefore, since moreover n(q,r,j)!" for j = 3,4,5,6 are martingale increments, (5.135)

for [ = 5 will follow if we prove that for all ¢ > 0, and as m — oo:

t/An]—kn
j=12 = lim limsup limsup A}L/4IE< Z |77(q,r,j)?|) — 0, (5.139)
q—  r—oo n—00 i—0
t/An]—k
j=34,56 = lim limsup limsup A}/QE< 3 \n(q,r,j)ﬂ?> — 0. (5.140)
4q—0  r—oo n—00 i—0

Then, standard estimates yield for s € I(n,i) and p > 2 (recall |b]| + |b(g, )| < Kq):

' 1/2
E(suptSS\X’(q,r)?’ZP) < K(e(q,r)?—i—An/ £q)
E( suprc, [X (0.7 ) < Ky (@007 + A7)
(s ) < KAl

and it follows that, since |g,| < K and e(¢, )} < K ande, < K and f{\5(8 l>1} |0(s, 2)|A(dz) <
[(2) 12A(dz) < oo,

i=12 = E(ln(q,n ) < Kol (av/eany +adyve)
\n 1/2 3/4 n 1/2
J = 3747576 = E(‘n(‘b’ra])z |2) S KATL/ (QQATL/ +€(Q7T)i =+ An/ 51])'
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By Holder’s inequality

[t/An]=kn 9 [t/An]—kn
(Af’/4 Z \/5(q,r)2"> < A2 Z e(g,m) < Ke(q,r).
=0 i=0

Since e(q,7) — 0 as r — oo, for each ¢, whereas ¢, — 0 as ¢ — co. Therefore we readily
obtain (5.139) and (5.140), and the proof is finished.
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