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Abstract

We propose a simulated maximum likelihood estimator for dynamic models based on non-
parametric kernel methods. Our method is designed for models without latent dynamics from
which one can simulate observations but cannot obtain a closed-form representation of the like-
lihood function. Using the simulated observations, we nonparametrically estimate the density—
which is unknown in closed form—by kernel methods, and then construct a likelihood func-
tion that can be maximized. We prove for dynamic models that this nonparametric simulated
maximum likelihood (NPSML) estimator is consistent and asymptotically efficient. NPSML is
applicable to general classes of models and is easy to implement in practice.
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1 Introduction

We propose a simulated maximum likelihood estimator for dynamic models based on nonparametric
kernel methods. Our method is designed for models without latent dynamics from which one can
simulate observations but cannot obtain a closed-form representation of the likelihood function.
For any given parameter value, conditioning on available information, we draw N i.i.d. simulated
observations from the model. We then use these simulated observations to nonparametrically
estimate the conditional density—unknown in closed form—by kernel methods. The kernel estimate
converges to the true conditional density as N goes to infinity, enabling us to approximate the true
density arbitrarily well with a sufficiently large N. We then construct the likelihood and search
over the parameter space to obtain a maximum likelihood estimator—monparametric simulated
maximum likelihood (NPSML) estimator.

NPSML was introduced by Fermanian and Salanié (2004), who obtained theoretical results
only for static models. In this paper, we develop and generalize their method to dynamic models,
including nonstationary and time-inhomogeneous ones. We give general conditions for the NPSML
estimator to be consistent and have the same asymptotic distribution as the infeasible maximum
likelihood estimator (MLE). For the stationary case, we also analyze the impact of simulations on
the bias and variance of the NPSML estimator.

NPSML can be used for estimating general classes of models, such as structural Markov decision
processes and discretely-sampled diffusions. In Markov decision processes, the transition density
of endogenous state variables embodies an optimal policy function of a dynamic programming
problem, and hence typically does not have a closed-form representation (Doraszelski and Pakes,
2007; Rust, 1994). However, we can closely approximate the optimal policy function numerically,
and simulate observations from the model for NPSML. Similarly, in continuous-time stochastic
models with discretely-sampled data, the transition densities are well-defined, but only in few
special cases can we derive closed-form expressions for them. Again, diffusion processes can be
approximated with various discretization schemes to any given level of precision, and hence we can
simulate observations from the model which are then used for NPSML.

For the classes of models that NPSML addresses, there are two categories of existing approaches.
The first is based on moment matching, and includes simulated methods of moments (Duffie and
Singleton, 1993; Lee and Ingram, 1991; McFadden, 1989; Pakes and Pollard, 1989), indirect inference
(Gouriéroux et al., 1993; Smith, 1993), and efficient methods of moments (Gallant and Tauchen,
1996). These are all general-purpose methods, but cannot attain asymptotic efficiency—even for
models that are Markov in observables—unless the true score is encompassed by the target moments
(Tauchen, 1997). More recently, Altissimo and Mele (2008) and Carrasco et al. (2007) developed
general-purpose estimators based on matching a continuum of moments that are asymptotically

as efficient as maximum likelihood estimators for fully observed systems. One attractive feature



of NPSML—which it shares with Altissimo and Mele (2008) and Carrasco et al. (2007)—is that
asymptotic efficiency is attained without having to judiciously choose an auxiliary model. For
NPSML, the researcher has to choose a kernel and a bandwidth for the nonparametric estimation
of transition densities. However, there exist many data-driven methods that guide the researcher
in this regard such that our method can be made fully automated while yielding full efficiency.
Another advantage is that, unlike most of the above methods (Altissimo and Mele, 2008; Carrasco
et al., 2007; Gallant and Tauchen, 1996; Gouriéroux et al., 1993; Smith, 1993), NPSML can handle
nonstationary and time-inhomogeneous dynamics.

The approaches in the second category approximate the likelihood function itself, and hence
is more closely related to NPSML. Examples of this approach include the simulated likelihood
method (Lee, 1995), and the method of simulated scores (Hajivassiliou and McFadden, 1998), both
of which are designed for limited dependent variable models. Another set of examples are various
maximum likelihood methods for discretely sampled diffusions (Ait-Sahalia, 2002, 2004; Brandt
and Santa-Clara, 2002; Elerian et al., 2001; Pedersen, 1995a,b; Sandmann and Koopman, 1998).!
While all these methods result in asymptotically efficient estimators, they are designed only for
specific classes of models—i.e. limited dependent variable models or diffusions, and cannot be
adapted easily to other classes of models. NPSML is for general purposes in both theoretical and
practical senses. Theoretically, we establish its asymptotic properties under fairly weak regularity
conditions allowing for a wide range of different models. At the practical level, when the model
specification changes, only the part of the computer code that generates simulated observations
needs to be modified, leaving other parts (e.g. kernel estimation of conditional density or numerical
maximization of likelihood) unchanged.

Throughout this paper, we assume that it is possible to simulate the current variables of the
model conditioning on finitely-many past observations. This excludes cases with latent dynamics
since these cannot be simulated one step at a time. Extensions to methods with built-in nonlinear
filters that explicitly account for latent dynamics are worked out in a companion paper (Kristensen
and Shin, 2007) building on the main results obtained here.

The rest of the paper is organized as follows. In the next section, we set up our framework to
present the simulated conditional density and the associated NPSML estimator. In Section 3, we
derive the asymptotic properties of the NPSML estimator under regularity conditions. Section 4
provides a detailed description on implementing NPSML with a numerical example, and Section 5

concludes.

LObviously, we are citing only a small subset of methods for diffusion estimation—namely, those that maximize
approximated likelihood and that are hence most closely related to NPSML. It should be noted that, unlike the
others, Ait-Sahalia (2002, 2004) use analytic expansions of the transition density and forgo simulations. Markov
chain Monte Carlo methods are widely used for Bayesian estimation of diffusions. Elerian, Chib, and Shephard
(2001) is a representative example, and Johannes and Polson (2005) provide a broad overview of such methods.



2 Nonparametric Simulated Maximum Likelihood
2.1 Construction of NPSML Estimator

Suppose that we have T observations, {(yt,a:t)}thl, y; € R¥ and z; € &;. The space X, can be

time-varying. We assume that the data has been generated by a fully parametric model:

v = gt (z,e030), t=1,---,T, (1)

where # € © C R? is an unknown parameter vector, and &;|z; ~ F.. Assume that F. is known
and does not depend on 6.2 One particular class contained in the above model is where z; =
(Y¢—1, -, Yt—q) for some ¢ > 1, such that {y;} is a (possibly time-inhomogeneous) gth order Markov
process. In this case (1) is a fully specified model. However, we allow x; to contain other (exogenous)
variables than lagged values of y;, in which case (1) is only a partially specified model. Also, we
allow the process z; to be nonstationary, either due to unit-root-type behaviour or due to time-
dependence of g;.

The model is assumed to have an associated conditional density p;(y|z;6). That is,
P(yt €A|£L‘t:$) :/pt(y|gj’9)dy’ t=1,---,T,
A

for any Borel set A C R¥. Then a natural estimator of # is the maximizer of the conditional
log-likelihood:

T
= argmax Ly (0),  Lr(0) =Y _logpi(elw1; ).
t=1

™

If the model (1) is fully specified, z; = (y¢—1, ..., yt—q), then this is the full likelihood of the model
conditional on the starting value. If on the other hand, x; contains other variables than lagged
values of y;, Lr(0) is a partial likelihood.

Suppose now that p;(y|z; §) does not have a closed-form representation, and thus the maximum
likelihood estimation of € is not feasible. In terms of the model (1), this normally occurs when
either the inverse of g;(x¢,e4;60) w.r.t. ; does not exist, or the inverse does not have a closed-form
expression.> Such a situation may arise, for example, when the function g involves a solution to
a dynamic programming problem, or when we are dealing with discretely-sampled diffusions. In
such cases, although p;(y|x; 6) is not available in closed form, we are still able to generate simulated

observations from the model: A solution to a dynamic programming problem can be represented

?We can actually allow the distribution Fi to be time-varying and dependent on z; as well—i.e. F. (-) = F. (-, t, z;).
For simplicity, we do not consider such cases here.

89; ' (y,z36)
oy

3If the inverse has a closed-form expression, we have p:(y|x; ) = pe (g[l (y, z; 9)) , and the likelihood

is easily evaluated.



numerically, and a diffusion can be approximated by various discretization schemes up to a given
level of precision.

We here propose a general method to obtain a simulated conditional density, which in turn will
be used to obtain a simulated version of the maximum likelihood estimator. For any given ¢t > 1,
y € RF, 2 € X, and 0 € ©, we wish to compute a simulated version of p;(y|z; ). To this end, we
first generate N i.i.d. draws from F;, {z-:i}ﬁ\;l, through a random number generator, and use these

to obtain:
0 .
Y;fi.’ :gt(ﬂj,6i;9), Z:L"‘,N.

By construction, the IV simulated i.i.d. random variables, {Yx 9 N |, follow the target distribution:
Yfi’e ~ p(-|z;6), i = 1,--- ,N. They can therefore be used to estimate p;(y|z;6) with kernel
methods. Define:

pe(ylz; 0) ZKh —Y), (2)

where Kj(v) = K(v/h)/h*, K : R R is a kernel, and h > 0 a bandwidth.? Under regularity

conditions on p; and K, we obtain:
Pe(yl; 0) = pi(yle; 0) + Op(1/VNRF) + Op(h?), N — oo,

where the remainder terms are op(1) if h — 0 and Nh* — oo.
Once (2) has been used to obtain the simulated conditional density, we can now use it to

construct the following simulated MLE of 6g:

6 = arg IgleégLT(e) Ly (0) = log pi(yilai; 6).
When searching for 0 through numerical optimization, we use the same draws for all values of 6.
We may also use the same batch of draws from F.(-), {51}7{\4 1, across different values of ¢ and x.

Since p¢(y|x; 0) Eil pe(y|x; 0), the simulated likelihood L (6) LA Lr(6) as N — oo for a given
T > 1 under regularity conditions. The main theoretical results of this paper demonstrate that 0
inherits the properties of the infeasible MLE, é, as T, N — oo, under suitable conditions.

Let us note the following two points. Firstly, the usual curse of dimensionality for nonparametric
estimators depends only on k = dim(y;) here, and the dimension of x; is irrelevant in itself. Secondly,
because we use i.i.d. draws, the density estimator is not affected by the dependence structure in
the observed data. In particular, our estimator p;(y|x; ) remains a consistent of p;(y|x; @) whether

the model and observed data are i.i.d. or nonstationary.

4Here and in the following, we will use K to denote a generic kernel.



Numerical optimization is facilitated if Ly(0) is continuous and differentiable in 8. With (2),
if K and 0 — g; (2,¢;0) are r > 0 times continuously differentiable, then L(0) has the same
property. This follows from the chain rule and the fact that we use the same random draws {e;}¥
for all values of 6.

A disadvantage of our estimator is that, for a finite NV and a fixed h > 0, the simulated log-
likelihood function is a biased estimate of the actual one. To obtain consistency, we will have to
let N — oo which is a feature that is shared by most other simulated likelihood methods.’? This is
in contrast to, for example, simulated method of moments, where unbiased estimators of moments
can be constructed, and consistency therefore be obtained for a fixed N. In addition to this, we
also have to require h — 0 to obtain consistency. However, if one is willing to make a stronger
assumption about the identification of the model, this issue can be partially avoided. For example,

in the stationary case, the standard identification assumption is

E [log p(y¢|xt; 0)] < E[log p(yelzs; 6o)], 6 # bo.

A stronger identification condition implying the former is

E [log ( / K(v)p(ye + hvlzy; 9)@)] <E [log ( / K(v)p(ys + hvlzy; Oo)dvﬂ . 000,

for all 0 < h < h for some h > 0.5 Under this identification condition, one can show consistency of
our estimator for any fixed 0 < h < h as N — oco. A similar identification condition can be found
in Altissimo and Mele (2008). Still, for a fixed h > 0 the resulting estimator will no longer have
full efficiency. To obtain this, one has to let h — 0.

While we here focus on the kernel estimator, one can use other nonparametric density estimators
as well. Examples are the semi-nonparametric estimators of Fenton and Gallant (1996), Gallant
and Nychka (1987), Phillips (1983) and Wahba (1981); the log-spline estimator of Stone (1990); and
the wavelet estimator of Donoho et al. (1996). What is needed is that the nonparametric estimator

converges towards the true density.

Example: Discretely-Observed Jump Diffusion. Consider an R*-dimensional continuous-

time stochastic process {y; : t > 0} that solves:

dyr = p (t,y;0) dt + 3 (¢, y1;0) AW + JedQy. (3)

?See Lee and Song (2006) for an exception.
This follows from the following inequality:

E [log p(y|+; 6)] = lim B |:10g (/ K(0)p(ye + hvlz; 6)dv>] < limE [log (/ K (0)p(ye + hvlz; 00)du)}

= E [log p(y:|x+; 00)] -



Here, the model contains both continuous and jump components. W; € R is a standard Brownian
motion, while @ is an independent pure jump process with stochastic intensity (¢, y¢; 0) and jump
size 1. The functions y : [0,00) x R¥ x © + R¥ and X : [0, 00) x R* x © s R¥*¥ ig the drift and
the diffusion term respectively, while J; measures the jump sizes and has density v (¢, y;; 6).

Such jump diffusions are widely used in finance to model the dynamics of stock prices, interest
rates, exchange rates and so on (Sundaresan, 2000). Suppose we have a sample y1, ..., yp—without
loss of generality, we normalize the time interval between observations to 1—and wish to estimate
6 by maximum likelihood. Although under regularity conditions (Lo, 1988) the transition density
P (ye41 € Alye = @) = [, pe(y|w; 0)dy is well-defined, it cannot be written in closed form.” However,
discretization schemes (Bruti-Liberati and Platen, 2007; Kloeden and Platen, 1992) can be used to
simulate observations from the model for any given level of accuracy, hence enabling NPSML. We
re-visit this example in Section 4 where we provide a detailed description of implementing NPSML

in practice.

2.2 Extensions and Alternative Schemes

Discrete Random Variables. Discrete random variables can be accommodated within our
framework. Suppose y; contains both continuous and discrete random variables. For example, y; =
(y1t, y2t) € RF¥ where 31; € R¥ is a continuous random variable while y; € Yo C R is a random
variable with (potentially infinite number of) discrete outcomes, Yo = {y21,y22,...}. We could
then use a mixed kernel to estimate p; (y|x). For given simulated observations Yt‘;’“;-’@ = (Yff5 f, Yo, f)

i=1,...,N:

N
1 0 0
pe(y1, yalz; 0) NZ n(YViys — y)I{Yari = w2}, (y1,9) € R, (4)

where I{-} is the indicator function and K : R*¥ - R is the kernel from before. However, the
resulting simulated log-likelihood will be discontinuous and optimization may be difficult. One
could replace the indicator function used for the discrete component with a smoother. Examples
of smoothers can be found in Cai et al. (2001) and Li and Racine (2007, Chapter 2). These will
increase bias but reduce variance of the estimator, and at the same time lead to a continuous
function. However, in general, Y;t’f itself will not be continuous so either way, with a discrete
component, L7(6) based on (4) is no longer continuous w.r.t. 6.

Instead, we will here assume that there exists a function )g';f (y2) = g2 (y2, z, &; 0) that is smooth

"Schaumburg (2001) and Yu (2007) use analytic expansions to approximate the transition density for univariate
and multivariate jump diffusions, respectively. Their asymptotic result requires that the sampling interval shrink to
zero. The theoretical results of the simulated MLE of Brandt and Santa-Clara (2002) or Pedersen (1995a,b) need to
be substantially modified before they can be applied to generalized Lévy processes.



in @ such that
B! () IV = w] = peluslun, @:.0). (5)

Thus, Yg‘zf now denotes a simulated value of the associated density, and not the outcome of the

dependent variable. We then propose to estimate the joint density by

p (y17y2\$ 0 ZKh 1tz - )Y2tz (yZ) (6)

To motivate the above assumption and the resulting estimator, we first note that a discrete random
variable can always be represented as y2; = D (z;) for some continuous variables z; € R™ and some
function D : R™ +— ) which we, for the sake of the argument, assume does not depend on (¢, z, 6).
For example, most limited dependent variables can be written on this form, c.f. Manrique and
Shephard (1998) and the references therein. We assume that z; satisfies z; = gz (z,¢;0) for some
function gz that can be written on closed form, and has associated conditional density p., |, (2]7).

Clearly, p: (y2|z) = P (y24 = y2|x: = x) satisfies

pr (al) = P (20 € D" (o) | = @) = / Do (]2) dz
D—1(y2)

(2]z)
(zly2)
If p, |z, (2|7) is known on closed form, this integral can then be simulated by

The last integral is equal to me pp (2]y2) dz for any density pp (z|y2) with support D~ (ys9).

- pzt|xt( e |90)
yQ|3j IC '7y27y2|x) IC(l) A %97y2 - (7)
Z ( b ) po(Z]"|y2)

~0,y2

where Z; a pp (2]y2), as is standard in the estimation of limited dependent variable models.

If p., (2|7) cannot be written on closed form, we propose to instead use

pzt|xt ZKI) - 7

where Zt"’ff ud DPz|a, (2|7) and b > 0 is another bandwidth. If fol(yz) Kb(sz — z)dz can be written
on closed form, we follow Fermanian and Salanié (2004, pp. 709-710 and 724-725) and use:

B (yal) = Z/c (7). KD (750 0) = /D Ny )Kb(zgff—z)dz. (8)
Y2

If this not the case, we can use

W2 = 2")

R G R G B o




In all three case, we can write the resulting simulated joint density on the form (6) by choosing
0 =0 0 2 0 0 (2 0
Vil (o) = KO nle)., Yol () = K37 (20 3n) and Y3 () = K32 (2132 vespec-

tively. Here, 6 — Y;:Zw’e is smooth with a bias that disappears as b — 0 and variance that is
bounded in b. Thus, the order of the variance of Ly (6) is not affected by any added discrete

variables, and the curse of dimensionality remains of order k = dim (y1;).

Time-Homogeneous Processes. If the data-generating process is time-homogeneous such that
pi(y|z;0) = ply|x; ), and we can simulate a trajectory {Y?, X? : i = ¢,..., N} from the model—
as is the case with most simulation-based methods used for dynamic models, then the following

alternative is available:

N 0 0
. — Kh Y, — Y Kh X! —x
p(y‘x;e):z:t 1 N(] t )9 ( t ) (10)
> Kn(X{ — )
This estimator is used in for example Altissimo and Mele (2008) and Hurn et al. (2003). It poten-

tially saves time since one can use the same simulated data points to approximate the conditional

density at all data points. So we only generate N simulated observations here to obtain the sim-
ulated likelihood at a given parameter value, while in the time-inhomogeneous case we need to
simulate T x N values. On the other hand, the convergence of p will be slower due to (i) the
dimension of (Y, X?) being greater than that of Y%, and (ii) the dependence between (Y9, X9)
and (Y, X?), s # t. So one will have to choose a larger N for the simulated conditional density in
(10) relative to the one in (2).

Typically, one will have to assume a stationary solution to the dynamic system under consider-
ation for p il p, and either have to start the simulation from the stationary distribution, or assume
that the simulated process converges towards the stationary distribution at a suitable rate. For
the latter to hold, one will need to impose some form of mixing condition on the process, as in
Altissimo and Mele (2008) and Duffie and Singleton (1993). Then a large value of N is needed to
ensure that the simulated process is sufficiently close to its stationary distribution—that is, one
has to allow for a burn-in.

The estimator in (10) may work under nonstationarity as well. Recently, a number of papers
have considered kernel estimation of nonstationary Markov processes. The kernel estimator proves
to be consistent and asymptotically mixed-normally distributed when the Markov process is recur-
rent (Bandi and Phillips, 2003; Karlsen and Tjgstheim, 2001). However, the convergence rate will
be path-dependent and relatively slow. So, for strongly dependent and nonstationary processes, it
will be preferable to use the estimator in (2).

In the remainder of this paper we focus on (2). The properties of (10) can be obtained by
following the same strategy of proof as the one we employ for (2). The only difference is that, to

obtain p il p, one has to take into account the dependence of the simulated values. A sufficient set



of conditions for p(y|z;0) il p(y|x; §) uniformly in y, x and 6 when the dynamics of the parametric

model is near-epoch dependent can be found in Andrews (1995, Corollary 2).

Quasi Maximum Likelihood Estimation. The use of our approximation method is not limited
to actual MLEs. In many situations, one can define quasi- or pseudo-likelihood which, even though
it is not the true likelihood, identifies the parameters of the true model. One obvious example of this
is the standard regression model, where the MLE based on Gaussian errors (i.e. the least-squares
estimator) proves to be robust to deviations from the normality assumption—e.g. C. Gourieroux,
A. Monfort and A. Trognon (1984) Pseudo Maximum Likelihood Methods: Theory. Econometrica,
Vol. 52(3), pp. 681-700. Another example is estimation of (G)ARCH models using quasi-maximum
likelihood—e.g. Lee and Hansen (1994). These are cases where the quasi-likelihood can be written
explicitly. If one cannot find explicit expressions of the quasi-likelihood, one can instead employ
our estimator, simulating from the quasi-model: Suppose for example that data has been generated
by the model (1), but the distribution of the errors F; is unknown. We could then choose a suitable
distribution G, draw {ei}ij\il from G. and then proceed as in Section 2.1. The resulting estimator
would no longer be a simulated MLE but rather a simulated QMLE. In this setting, the asymptotic
distribution has to be adjusted to accommodate for the fact that we are no longer using the true
likelihood function to estimate the parameters. This obviously extends to the case of misspecified
models as in White (1984). SEE ALSO

The above procedure is one example of how our simulation method can be applied to non-
and semiparametric estimation problems where an infinite-dimensional component of the model
is unknown. Another example is the situation where data has been generated by the model (1)
with known distribution F;, but now 6 = (a,7) where o and ~y are finite- and infinite-dimensional
parameters respectively. An application of our method in this setting can be found in Kristensen
(2008a) where 7 is a density. Again, our asymptotic results have to be adjusted to allow for 6 to

contain infinite-dimensional parameters.

3 Asymptotic Properties of the NPSMLE

Given the convergence of the simulated conditional density towards the true one, we expect that
the NPSMLE 6 based on the simulated density in equation (6) will have the same asymptotic
properties as the infeasible MLE 6 for a suitably chosen sequence N = N (T') and h = h(N) (and
b =b(N) when an additional kernel is used). We give two sets of results. The first establishes that
0 is first-order asymptotic equivalent to 6 under general conditions, allowing for nonstationarity.
Under additional assumptions, including stationarity, we derive approximate expressions of the bias
and variance components of 0 relative to the actual MLE due to the simulations, and give results

for the higher-order asymptotic properties of 0.

10



We allow for a mixed discrete and continuous distribution of the response variable, and write
v = (yi,vy2t) € V1 x Vo, where Y; = RF and )p = {y21,vy22,...}. Here, yi; has a continu-
ous distribution, while yo; is discrete with yo; € R!. The joint distribution can be written as
pe(y1,y2|x; 0) = pe(y2lyr, z; 0)pe(ya|x; 0) where pi(y2.i|y1,z;6) are conditional probabilities satisfy-
ing >°" pe(y2
Also, let p¢(y2,i|x;0) denote the conditional probabilities of yo|z: = .

y1,x;6) = 1, while p;(y1|x; 6) is a conditional density w.r.t. the Lebesgue measure.

The asymptotics are derived under the following simulation scheme,

Yﬁfée = g1t (we,8:50), (11)

Y;t;e (y2r) = 92,0 (Y21, 3¢, €350), (12)

fori=1,--- ,Nand t=1,---,T, where {Ei}i]il are i.i.d. draws from Fg, such that equation (5)
holds. The condition in equation (5) is met when Y;f (y2) = KO(ZPY, yy|z) with KO given in
equation (7), while it only holds approximately for K2 and K2 defined in equations (8)-(9) due
to biases induced by the use of kernel smoothing in those two cases. We handle these two cases in
Theorem 4 where results for approximate simulations are given.

Note that we here use the same errors to generate the simulations over time. An alternative sim-
ulation scheme would be to draw a new batch of errors for each observation xy, Yf;’e = gt (z1, €143 0),
i=1,...,N, such that the total number of simulations would be N x T, {51-7,5}1.]11, t=1,...,T. Under
regularity conditions, the NPSMLE based on this simulation scheme would have similar asymptotic
properties as the one based on the simulations in equations (11)—(12). However, as demonstrated
in Lee (1992), choosing N = NT, the variance of the NPSMLE based on equations (11)—(12) will
be smaller.®

In order for 6 to be asymptotically equivalent to é, we need p Lt p sufficiently fast in some
suitable function norm. To establish this, we verify the general conditions for uniform rates of kernel
estimators found in Kristensen (2008b). These general conditions are verified by the following set

of regularity conditions regarding the model and its associated conditional density.

A.1 The functions (z,t,0) — g1+ (z,e;0) and (x,t,0) — g2+ (y2,z,€;60) are continuously differen-
tiable for all yo and e such that for some function A(-) and constants X; ; > 0, 4,5 = 1.2,

lgne (@, < A) [L+ ol +892] L llga (va,w,50)]] < Ale) |1+ 2l >t + 222,

and E[A (¢)°] < oo for some s > 2. The derivatives of g; and g2 w.r.t. (z,t,0) satisfy the

same bounds.

8The results of Lee (1992) are for discrete choice models, but we conjecture that his results can be extended to
general simulated MLE.

11



A.2 The conditional density p:(y1,y2|z;0) is continuous w.r.t. 6 € O, and r > 2 times con-
tinuously differentiable w.r.t. 3; with bounded derivatives such that with B (x,t) =
B (1 + ||zt + t’\0v2>, for some constants B > 0 and Ag1,A\o2 > 0, the following bounds
hold uniformly over (¢,y1,y2,x,0):

2.

laf=r

0"pe(y1, y2|z; 0)
oyt

' <B(z,t), [yl (v1,92l2:0) < B (x,1). (13)

A3 00— gi14(z,e:0) and 0 — ga¢ (z,y2,¢;0) are twice continuous differentiable for all ¢, z, ¢ with

their derivatives satisfying the same moment conditions as g; and g in (A.1).

A.4 Opy(y|z;0)/06 and O*p(y|z;0)/ (0006') are r > 2 times continuously differentiable w.r.t. y

with bounded derivatives such that they satisfy the same bounds in equation (13) as p.

Assumptions (A.1)—(A.2) are used to establish uniform convergence of p by verifying the general
conditions in Kristensen (2008b), c.f. Lemma 11. Assumption (A.1) imposes restrictions on the
two data-generating functions ¢g; and go. The smoothness conditions are rather weak, and satisfied
by most models, while the polynomial bounds imposed on the two functions can be exchanged for
other bounds, but will complicate some of the conditions imposed below. Note that the moment
conditions in (A.1) do not concern the observed process {(y:, x:)}, only the errors ¢ that we
draw when simulating. If for example, A(e) < |||, then the moment condition is satisfied if
E[||e]|*] < oo. Thus, in this case, the moment condition only rule out models driven by fat-tailed
errors. If the model is time-homogenous, A2 =0, k = 1,2.

Assumption (A.2) restricts the conditional density that we are trying to estimate. The smooth-
ness assumptions imposed on p in (A.2) in conjunction with the use of higher-order kernels reduces
the bias of p. The bounds are imposed to obtain a uniform bound of the variance of p. Again, the
assumptions are quite weak and are satisfied by many models. If the model is time-homogenous,
Ao2 = 0.

Assumptions (A.3) and (A.4) will only be used when examining the effect of the simulations
on the asymptotic variance of the estimator. These two conditions yield uniform convergence of
Opi(y|x;0)/00 and 8?py(y|z;0)/ (8089’ ), which in turn allows us to analyze the first and second
derivatives of the simulated log-likelihood (Lemma 12).

Our conditions are slightly stronger than the ones found in Fermanian and Salanié (2004,
Conditions M.1-2 and L.1-3). There, weaker bounds and smoothness conditions are imposed
on the function g, while their restrictions on the conditional density are very similar to ours.

The kernel K is assumed to belong to the following class of kernel:

K.1 The kernel K satisfies:

12



1. |K (u)] € K < o0 and [|K (u)|du < p < co. There exist A, L < oo such that either (i)
K (u) =0 for ||u|| > L and |K (u) — K (u)] < A|lu—4/||, or (ii) K (u) is differentiable
with |0K (u) /Ou| < A. For some a > 1, |0°K (u) /Ou’| < Aul|™ for |jul > L and
i=0,1.

2. Forsome r > 1: [ K (u)u'du=0,i=1,...,7—1, and [ K (u) |u|" du < occ.
K.2 The first and second derivative of K exist and also satisfy (K.1.1).

This is a broad class of kernels allowing for unbounded support. For example, the Gaussian
kernel satisfies (K.1) with » = 2. When r > 2, K is a so-called higher-order kernel that reduces
the bias of p and its derivatives, and thereby obtains a faster rate of convergence. The smoothness
of p as measured by its number of derivatives, r, determines the degree of bias reduction. The
additional assumption (K.2) is used in conjunction with (A.3)—(A.4) to show that the first and the
second derivatives of p w.r.t. 8 also converge uniformly.

Next, we impose regularity conditions on the model to ensure that the actual MLE is asymp-
totically well-behaved. We first introduce the relevant terms driving the asymptotics of the MLE.

We first normalize the log-likelihood by some factor vy — oo:

T
1
LT(Q) = ; E Ingt@t‘mt;H)-
t=1

This normalizing factor vy is introduced to ensure that Lp(#) is well-behaved asymptotically and
that certain functions of data are suitably bounded, c.f. (C.1)—(C.5) below. It is only important for
the theoretical derivations, and not relevant for the actual implementation of our estimator since
vt does not depend on 6. The choice of v depends on the dynamics of the model. The standard
choice is vp = T as is, for example, the case when the model is stationary. In order to allow for
non-standard behaviour of the likelihood, e.g. unit root-type asymptotics, we don’t impose this
restriction though.

Assuming that Ly () is three times differentiable, c.f. (C.4) below, we can define:

_OLr(0) 1 L 9logpy(yilzi6) g
510) =55 _VT; BT, <R
PLr(0) 1 = 0logpi(yile;0) i
HT(G)_W_Z/T; 9000’ € R™,
T

_OLp(e) 1 0% log pi(ys]24; 0) dxd
Gri0) = Soaga0. = v 2= vogwar  CE

t=1
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The information then is defined as:

ZE [alogpt yt|90t, )310gpg(é/lt|$t;9) _ E[HT(Q)] c R¥d.

We also define the diagonal matrix Z7(0) = diag {ir(6)} € R¥?, and:
Ur(0) = T2 (0)S1(0), Ve(0) = I 2O Hr(O)Z " (0), Wra0) = Zp'(0)Gra(0)T (0.

We then impose the following conditions on the actual log-likelihood function and the associated
MLE where IT = IT(00)2

C.1 The parameter space is given by a sequence of local neighbourhoods,
Or ={0:|17;/% (0 - 60) | < ¢} CRY,
for some € > 0 with Z.' = Op (1).

C.2 7;/%(6 — 6) = op (1).
C.3 & Lp(6y+ 151/25) is stochastically equicontinuous for ||€|| < e.
C.4 Lp(0) is three times continuously differentiable with its derivatives satisfying:

1. (Ur(60), Vr(80)) 2 (0, Ha), and (/7zUr (60), Vi(80)) 2 (Sso, Hoo), With Hey > 0 a.s.;

2. maxj=1,.dSUpgeo, [|Wir(0)] = Op(1).
C.5 The following bounds hold for some §,q > 0:

1. supgeo, Vr' Srey |log pi(ye|oe; 0)|" " = Op(1);
2. vt SO0 [l = Op(1) and v 7, A3, (1) = Op(1).

The above conditions (C.1)—(C.4) are standard conditions found in the literature on non-ergodic
models—e.g. Basawa and Scott (1983); Jeganathan (1995); Saikkonen (1995). For general non-
ergodic models, simple conditions for (C.2)—(C.5) are not available and they have to be verified on
a case-by-case basis. For the stationary case, (C.2)—(C.5) are implied by primitive conditions as
found below.

The specification of the parameter space in (C.1) to be a sequence of non-increasing sets is
introduced to allow for non-ergodic models. Currently, to the best of our knowledge, there exists
no general results on the properties of MLEs for general dynamic models over a fixed parameter

space. Park and Phillips (2001) give results with fixed parameter space for the case of nonlinear
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regression with integrated time series. There, it is required that the individual components of the
estimator all converge with the same rate. In contrast, we here allow for different convergence rates
given by I;/ ?. This is usually the case for non-ergodic models as for example in the error-correction
model discussed below.

Assumption (C.2) gives us consistency of the actual MLE, while (C.3) is used in the proof of
0 £ 6. See Saikkonen (1995) for further details. Assumption (C.4) is a strengthening of (C.2)-
(C.3), c.f. Lemma 7. It implies consistency and that the asymptotic distribution of the MLE is
given by:

VT (0 — 60) % HL'Sa,

c.f. Lemmas 5-6.7

Assumption (C.5) imposes bounds on a number of sample averages. They are used when showing
that the simulated and the actual log-likelihood are asymptotically identical. Note that the factor
vy in (C.5) is the same as the one we normalized the log-likelihood with. The exponent ¢ > 0 can
be chosen to ensure that both the log-likelihood and the sample averages in (C.5) are well-behaved.

In the ergodic case, we can appeal to standard results for stochastic equicontinuity—e.g. Newey
(1991)—to prove that (C.3) and (C.5) hold with vy = T and ¢ = 1 if E[||z]|'™] < oo and
E [supgee | log p(ys|z4;0)|1+°] < oo. See Corollary 2 below and its proof for further details. Fur-
thermore, i (6p) = i(6o) + op (1) with i(6p) = E [0 log p(y¢|x; 60)/(0006)], so that Iy can be
chosen as the constant diag{i(#)}. This in turn implies that ©r is a fixed compact parameter set,
and we get standard /v = v/ T-convergence towards a normal distribution. Thus, in the case of
stationarity, (C.1)—(C.5) are more or less identical to the ones imposed in Fermanian and Salanié
(2004, Conditions L.1-3).

In the general case, one should choose vp as the square of the slowest rate of convergence of
the vector of MLEs. There is a tension between (C.1) and (C.5) in terms of the choice of vp. We
cannot choose v — oo too fast, since then || Zr|| — 0 (in which case no information regarding 6y is
available) and this is ruled out by (C.1). On the other hand, we have to choose v} — oo sufficiently
fast to ensure that the bounds in (C.5) hold. By choosing ¢ > 0 sufficiently large, (C.1) and (C.5)
will both be satisfied. However, a large value of ¢ implies that we have to use a larger number of
simulations for the NPSMLE to be asymptotically equivalent to the MLE, c.f. (B.1)—(B.2) below.

As an example of non-standard asymptotics of the MLE, consider a linear error-correction

model,
Ay = afBlyi_1 + 91/25,5, ey ~ N (0, 1) .

We can split the parameter vector into short-run, 67 = («,vech(€2)), and long-run parameters,

05 = 8. The MLE 6; converges with v/T-speed towards a normal distribution, while 8 is super-

9Basawa and Scott (1983) and Jeganathan (1995) show what Sa and Heoo look like in various cases.
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consistent with T(ég — 02) converging towards a Dickey-Fuller type distribution. In that situation,
we choose /v = VT, but now i7(6y) and therefore I, is not asymptotically constant. As demon-
strated in Saikkonen (1995), this model satisfies (C.2)-(C.4). Furthermore, z; = y;—1 satisfies
T2 Zthl ||$tH1+5 = Op (1) so we can choose ¢ = 2. We also refer to Kristensen and Rahbek (2008)
and Park and Phillips (2001) where (C.2)-(C.5) are verified for some non-linear, non-stationary
models.

Finally, we need to introduce trimming of the approximate log-likelihood to obtain uniform
convergence of log p; as is standard in the literature on semiparametric estimators. We redefine our

simulated log-likelihood as

. 1 &

Ly(0) = s Z Ta(De(yt|2e; 0)) log pe(ye|xe; 0),
t=1
where 74(+) is continuously differentiable trimming function satisfying 7,(z) = 1 if |z|] > a, and 0
if |z] < a/2, with a trimming sequence a = a(N) — 0. One could here simply use the indicator
function for the trimming, but then ij(G) would no longer be differentiable, and differentiability
is useful when using numerical optimization algorithms to solve for 6.
We impose the following restrictions on how the bandwidth h and trimming sequence a can

converge to zero in conjunction with N,T" — oo:

B. With ¢,§ > 0 given in (C.5), Ax = Mg + Mk + Aok, k= 1,2, where A\;1, N2 >0, =0,1,2,
are given in (A.1)-(A.2) and for some v > 0:

L. |10ga‘7/g:1N_7(1+6) — 0; |10g(4a)|_5qu71 — 0; Tl/;la_l [N’Yj\l + zjz] log(N)/\/W R
0; and TV}la_l [N’Y/\O,l + T/\o,z] = 0.

2. |logalvthN=Y149) — 0; |log(4a)|~*vd — 0; Tz/;lma*l [N‘Yj‘l —i—T;‘?] log(\)/VNIE —
0; and Twy/2a=L [N 4 Tho2] 0,

Condition (B.1) is imposed when showing consistency of the NPSMLE, while (B.2) will
imply that the NPSMLE has the same asymptotic distribution as the MLE. The parameter
~v > 0 can be chosen freely, however it has to be chosen small enough such that, for example,
Ta N ~1]og(N)2/h* — 0 as required in (B.2). We observe that large values of ¢ and/or
A1, A2 implies that N has to diverge at a faster rate relative to 7. In practice, this means that
a larger number of simulations have to be used for a given 7' to obtain a precise estimate. The
joint requirements imposed on a, h and N are fairly complex, and it is not obvious how to choose
these nuisance parameters for a given sample size T. This is a problem shared by, for example,
semiparametric estimators that rely on a preliminary kernel estimator. We refer to Ichimura and
Todd (2007) for an in-depth discussion of these matters.

16



Our strategy of proof is based on some apparently new results for approximate estimators,
c.f. Appendix A. In particular, Theorems 8-9 establish that the NPSMLE and the MLE will be
asymptotically first-order equivalent if I:T(G) converges uniformly towards Lp(0) at the right rate.
This makes our proofs considerably less burdensome than those found in other studies of simulation-
based estimators—e.g. Altissimo and Mele (2008); Fermanian and Salanié (2004)—since we do not

need to show that the simulated score and Hessian also converge.

Theorem 1 Assume that (A.1)-(A.2), (K.1) and (C.5) hold. Then the NPSMLE based on (6)

satisfies:
(1) Under (C.1)-(C.3): Iilpﬂ(@—ﬁg) = op (1) for any sequences N — oo, h,a — 0 satisfying (B.1).
(ii) Under (C4): \/I/TI;«/Q(é —6o) < HZ 'S, for any sequences N, h and a satisfying (B.2).

The following corollary considers the case where the data generating process is stationary and

ergodic, in which case more primitive conditions can be shown to imply (C.1)-(C.5) and (B.1)—

(B.2):

Corollary 2 Assume that {(y,x¢)} is stationary and ergodic, that (A.1)-(A.2) and (K.1) hold,

and:
() B[|z]|'™] < oo, |log p(y|z; )| < bi(y|x), VO € O, with B (b1 (ye|z4) 1] < 00 and © compact;
(ii) B [logp(ys|zs;0)] < B [log p(y:|as; 6o)], V6 # 6o.

Then 6 5 64 as log(N)/Nh=*"1g=1 — 0, h"a™? — 0, and N~>'h=*loga — 0 for some
v > 0.
If furthermore:

(iv) i(6p) = E [610@? pgét\xt%@o) dlog pa(gf‘xﬁeo)] exists and is nonsingular;

(v) Ha logé%g/lxe I < ba(ylx) uniformly in a neighborhood of 6y with B [ba(yi|z:)] < oo;

then /T(0—0) 4, N(0,i(60)71) as T/log(N)/Nh=*1a=t — 0, Th"a™' — 0, TN=>'h~*loga —
0, T(loga)™' — 0, TN~ — 0.

When N, h and a satisfy (B.1)—(B.2), the simulated and actual MLE are asymptotically first
order equivalent. However, in finite sample, the NPSMLE will most likely suffer from additional
biases and variance. To highlight these potential effects, we further examine the properties of
the NPSMLE when (B.1)-(B.2) are not satisfied. To this end, we have to invoke the additional
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smoothness conditions on g and p stated in (A.3)—(A.4) since we need to be able to analyze the
first and second derivative of Lz (6).
Under the additional smoothness conditions, the first two derivatives of g1 (z,¢;60) and

92t (Y2, x,€;0) w.r.t. 6 exist, and we can compute the first two derivatives of our density estimator:

aﬁt(y‘xve) 1 al xy,0 ‘1,0 xy,0 2,0y T,0
9  ~ N Z {Kh (Ylt,zZ - yl) Yo' (y2) + K}, (Yu,zZ - 3/1) Y9 Yo (y2>} ) (14)
i=1
aQﬁt(y‘xv 0) 1 al x¢,0 1,0y 2,0 rTt,0x xt,0
000~ Nh ZK;L (Ylt,'i - 3/1) {QYu,é Vot (y2) + Y1y Yoyt (3/2)} (15)
i=1
N

1 T Tt Tt Va2 Va2 ! Tt,
N {Kh (Yu,ie - y1) Vo (o) + K7, (Yu,{e - yl) v (Yuf) Yo (yQ)} 7
i=1

where

vl _ 0g¢ (x,€4;0) vl _ %gy (z,e:;0)

1e,t — Y] ’ 1t — 6980/ ’
and similarly for Y;ﬁ’f and Y;’f Lemma 12 shows that these are uniformly consistent estimates of
the actual derivatives of the conditional density p;. We can in turn use these to obtain a simulated

version of the score,

T

N 1 8ﬁt(yt’$t;9) {Ta(ﬁt(yt|$t;9)) o X }
Sr(0) = — - + 7, x¢;0)) lo T 0) b, 16
i VT; 90 Pe(yelze; 0) Ta(Pr(gelee;9)) log Pelyrle; 0) (16)

and the Hessian (see the proof of Theorem 3 for the expression). We then follow Lee (1999) and

consider a second order functional Taylor expansion of gT(H) w.r.t. p. This takes the form:

St(600) = Sr(00) + VSt [p— ] + V2Sr N [p— 1, D — P + RN, (17)

where VSr n [p — p] and V2Sr n [p — p, p — p] are the first and the second order functional differ-
entials w.r.t. p, while Rt y is the remainder term. Expressions for these terms can be found in the
proof of Theorem 3.

We then wish to analyze the asymptotic behaviour of each of the four terms on the right
hand side. To conduct our analysis, which involves U-statistics, we restrict our attention to the
stationary and (-mixing case. See e.g. Ango Nze and Doukhan (2004) for an introduction to this
concept. We also assume a bounded support of z;, and that p (y|z;€) is uniformly bounded away
from zero thereby obviating trimming. Under these and other regularity conditions, we obtain
that asymptotically the first two terms in the expansion in equation (17) satisfy (c.f. the proof of
Theorem 3):

T
VTSr(00) + VIVSy N [p—p) o< VTh iy + Z1 + \/;ZQ,
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Here, the first term is a bias component incurred by kernel estimation, while the two remaining
ones are variance components: Z; and Z, are two independent variables where Z; ~ AN (O, i(@o)*l)
is the variance component of the observed data, while Zy ~ N (O,Var (@2 (5,))) is the variance

component of the simulations. Here,

Yy (ei) =E

ngff (yat) o _E [S(Yfiﬂyztleﬁ (th)’ ]
p (aelwe) p (Y2t|@e) iR

where s(y1, y2|x) denotes the score at § = 6y, and p (y2.+|z¢) the conditional distribution of ys ¢|x; =

x. The second order term also contains a bias component,

N VT ,
VTV?Stn [p—p,p —p] NpEHe T 0P (\/Th2 )’

which all non-linear, simulation-based estimators will suffer from, while the remainder term is of a

lower order:
3/2
VTR x Op (ﬁ/ (vhe+2) ) +0p (VTH).

The two leading bias terms in the above expressions, p; and s, are given by:

py = /[/3;89p(y$;9)dy}p(m)d$—/ {/S(ylx;ﬁ)ﬁ;”p(ylx;ﬁ)dy]p(w)d% (18)
ViV, (yar)?
= p(n”f;,’ymé:t)p(ymp:t)] [rwrwan 19

From these results, we conclude that if VTh"™ — 0 and VT / (N th) — 0, all bias terms vanish
and VT (9 — 6o) follows a normal distribution centered around zero. On the other hand, if either
VTh" or VT / (N hk“) does not vanish, a bias term will be present and the asymptotic distribution

will not be centered around zero. Also, there will be an increase in variance due to the presence of
Zs.

Theorem 3 Assume that:

(1) {(ys,x¢)} is stationary and B-mizing with geometrically decreasing mizing coefficients;

(ii) (A.1)-(A5) and (K.1) hold, and 0 — g(x,e;0) is twice differentiable with both derivatives
satisfying (A.5);

(iii) (i)—(v) of Corollary 2 hold;

(iv) a; is bounded and infy, , » 0D (y1,y2|z;0) > 0.
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Then, if VTh" — ¢; >0 and \/T/ (Nth) — 9 >0,
. T _
VT (6 - 6y) LN <c,i(00)1 [z’(&o) + NVar (Vg (51))] i(00)1> ,
where ¢ = ¢y + capig, with py and py as in equations (18)—(19).

If VT/(Nh*1) — cp, then T/N — 0 such that the limiting distribution in Theorem 3 is
equivalent to N/ (E, i(@o)_l). We have here kept the factor 14+ 7'/N in the asymptotic variance to
give a better description of the finite-sample performance of the NPSMLE.

For the case where an unbiased estimator of the density is available and a new batch of simu-

lations is used for each observation, Lee (1999) derives results similar to Theorem 3.

Estimation of Variance. To do any finite-sample inference, an estimator of the asymptotic
distribution (which depends on the unknown parameter 6) is needed. A general method is simply
to simulate the score (and potentially also the observed information) for a sufficiently large 7" and
evaluate at @ = 0. These can then be used to approximate H'S..,. The computation of the score
and Hessian can be done in several ways. If the model satisfies (A.3), the estimators of the score
and Hessian given in (16) and the proof of Theorem 3 are available. In the general case, a simple

approach is to use numerical derivatives. Define:

Ope(ylz; 0) _ Pe(yle; 0+ der) — pelyla; 6 — dex)

00y, 20 ’

where ey, is the kth column of the identity matrix. We have:

Ope(y|z;0)  Ope(yla; 0)

00y, 00y
_ Di(yl; 0+ dex) — pe(ylo; 0+ dey)  Pe(yla; 0 — dex) — pily|a; 0 — dey)
B 26 a 26
N {pt(y!w; 0 + dex) — pi(yla; 0 — der)  Ipi(yla; 6) }
20 00y, ’

Now letting § = 6(IN) — 0 as N — oo at a suitable rate, all three terms are op(1). A consistent
estimator of the second derivative can be obtained in a similar fashion. These can in turn be used

to construct estimators of the information and score.

Approximate Simulations. In many cases, the model in (1) is itself intractable, such that one
cannot directly simulate from the model, and one only has an approximation of the model at hand.
For example, solutions to dynamic programming problems are typically approximated numerically,
and sample paths of diffusions must be approximated by some discretization scheme. We here derive

the asymptotics of the approximate NPSMLE based on simulations from a sequence of approximate
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models. Assuming that the approximation error from using the approximate model relative to the
true one can be made arbitrarily small, we demonstrate that the approximate NPSMLE has the
same asymptotic properties as the actual MLE.

Suppose we only have the following approximations of g1y and go, garit(2,€;60) and
gm2t (Y2, x,€;0) at our disposal, where garpr — grt, K = 1,2, as M — oo in a suitable func-
tion norm specified below in condition (M.1). We then redefine the simulated conditional density

as:
R =y
Pyl 0) ZKh Ylffz —y1)Ya; (v2),

where }A’&’e is generated by the approximate model,

Yfif :QM,lt (xygi;e)’ Y2tz (y2) —9M,2t (3/27%51';‘9)7 1= 17 7N‘
Let Ay be the associated approximate NPSMLE,
Or = argmax Ly r(0)  Larr(0) =Y ra(Bars(yelze; 0)) 1og pare (yielae; 0).
t=1

We give regularity conditions under which 0 has the same asymptotic properties as 6 which
is based on simulations from the true model. We impose the following condition on the sequence

of approximate models, and on the rates of IV, h, a relative to the approximation error.

M.1 The sequence of approximate models {gas} satisfies for some constants By, A3k, Aax > 0,
k=1,2:

B s loarac (o,650) = gue (e ci0)l| < B (1 ol 4052) b,
0cO

IN

E [2118 lgns,2t (Y2, x,€;0) — gos (Y2, 2, €5 9)II} By (1 + |z + t’\“) Sar.2,
S

where dp7, — 0 as M — oo.
B.1' Tvyla th™t [Ns1 4 T%2] 64 — 0 and Tvy'a™t [NY41 + TA42] 6375 — 0.

B.2 TV;I/za_lh_l [NAs1 4 Trs2] 531 — 0 and Tu;l/2a_1 [N7A41 4 TA2] 59 — 0.

Theorem 4 Assume that the conditions of Theorem 1 hold together with (M.1). Then the approx-
imate NPSMLE satisfies:

1. I%/2(9M —6o) = op (1) for any sequences N, M, h, and a satisfying (B.1) and (B.1');
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2. ,/VTI%F/Q(éM —0o) <, H 'S for any sequences N, M, h, and a satisfying (B.2) and (B.2').

One can exchange (M.1) for

E Sug|10gpM,t(yltvth|$t§0) — log pe(y1t, yot|ze; 0)| | < Oy
S

in which case 1 and 2 of Theorem 4 still go through under (B.1”), 65y — 0, and (B.2"), \/updy — 0
respectively. However, since pas¢(ye|ze; 6) and pi(y:|xe;0) in most cases are difficult to analyze,

condition (M.1) is in general easier to verify.

4 Implementing NPSML

One of the merits of NPSML is its general applicability. The applications include Markov decision
processes (Pakes, 1994; Rust, 1994), and discretely-sampled diffusions, where p;(y;|z; 0) typically
does not have a closed-form representation but observations can still be simulated for NPSML.

In Section 4.1 we re-visit the jump-diffusion example of Section 2, and provide a detailed
description on the implementation of NPSML in practice. We focus on this particular example
for two reasons. Firstly, diffusion models can be described more concisely than a typical Markov
decision model, which requires a detailed description of the economic environment. Secondly, the
literature on estimating general jump diffusions has largely sidestepped maximum likelihood—See
the discussion in Footnote 7. In this context, this estimation exercise showcases the usefulness of
NPSML.

NPSML being for general purposes, other applications can be implemented in a similar way. At
the implementation stage, only the part of the computer code that generates simulated observations
needs to be modified. In Section 4.2, we briefly discuss how NPSML can be used for estimating
generic Markov decision processes.

CHOICE OF BANDWIDTH: Hardle + XXX Journal of multivariate anal, Hall, Hardle and
Ichimura (1993) Optimal Smoothing in Single-Index Models, Annals of Statistics 21, 157-178.

4.1 Discretely-Observed Diffusions

We consider a bivariate version of the model in (3).

dy; + = (,u — eXp<2y2t)) dt + exp <%) dWi ¢ + log(1 + J;)dQy, (20)
dy2 = (g — a1yz,s)dt + azdWa . (21)

This specification is used by Andersen et al. (2002) to model daily stock (S&P 500) returns. In

their paper, y2; is an unobservable stochastic volatility process, and they use EMM for estimation.
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Here we assume that both y1; and yo; are observable. One interpretation is that we infer the
volatility from derivative prices as in Ait-Sahalia and Kimmel (2007). Note that it is not our
intention to replicate either paper.

The factors Wy ; and Wa; are standard one-dimensional Brownian motions with correlation p
between them. @ is a pure jump process with jump size 1, independent of Wi ; and Ws;, and its

jump intensity is given by Ag. The jump size J; is assumed to be log-normally distributed:
log(1+ Jp) ~ N (=0.59%,~7).. (22)

Note that the parameter vector § € R7 is (u, g, a1, a2, 7, p, o).

Ideally, we would like to give precise conditions under which the general jump diffusion (3)
satisfies (A.1)—(A.4) and (C.1)—(C.5). However, this proves very difficult without imposing strong
conditions ruling out standard models considered in empirical finance, including the current example
(20)—(21). Sufficient conditions for the existence of a twice-differentiable transition density for the
general jump diffusion can be found in Bichteler et al. (1987) and Lo (1988), but these are rather
restrictive and require, among other things, that the drift and diffusion term be linearly bounded
and infinitely differentiable. The asymptotic properties of the MLE of general jump diffusions are
not very well-understood yet due to the problems of not having the transition density on closed
form. In a few special cases, its properties can be derived, e.g. Ait-Sahalia (2002).

In what follows, we first generate a continuous sample path {(y1¢vy2:) € R? : 0 < ¢t < T}
from the true parameter values given in Table 1 (second column). We then assume that we
observe this process only discretely, for ¢ = 0,1,--- ,7. Note that the discrete observations are
temporally equidistant, with the interval length normalized to 1. We use these discrete observations
{(yit,y2¢) : t =0,1,--- , T} as our data. To generate this data series, we use the Euler scheme
with the observation interval divided into 100 subintervals to approximate the diffusion process.

Then we use NPSML while forgoing our knowledge of the parameter values used for data
generation. The first step of NPSML involves generating simulated observations from the model
for any given 6, and we use the Euler scheme to approximate the data generating process.!’ Given
(y1,5,Y2,s) for some period s, we divide the interval between s + 1 and s into M subintervals. In

our benchmark estimation, we use M = 10. We recursively compute for m =1,--- | M:

. . ex ui _ 1 ui _ WZ . .
uzl,m = ui,m—l —+ (/j/ — p(2,7nl)> . +eXp ( 2,m 1) 1,m +10g(1 —‘—an)Ufn’

2 M 2 VM

i i 1 W3 m
Uy = Uy 1 + (0 — QUG 4y 1) 7 + Q2

M VM’

10We are approximating a continuous-time process using a discretization scheme, and hence need to appeal to
Theorem 4. Bruti-Liberati and Platen (2007) and Kloeden and Platen (1992) give conditions under which the
discrete-time approximation satisfies condition (M.1). See also Detemple et al. (2006).
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with ui’o = 1,5 and Ué,o = 1y forall i = 1,--- | N; Jfﬁ is an i.i.d. random variable with its
distribution given in (22); U, is an i.i.d. binomial random variable, with Prob(U}, = 1) = %;11
erm =y1- pQme +pW2i’m, where me and Wém are i.i.d. standard normal random variables.

The subscript ¢ indexes simulations. In our benchmark estimation, we use N = 1, 000.

With the simulated observations Yﬁkl,i = (uiM, u"‘QM) fori=1,---,N, we use (2) to obtain:
| X
Pst1(Y1s41, Y2541y, ¥2:500) = > Ky (Kﬁyu - (yl,s+1ay2,s+1)) : (23)
i=1

We use multiplicative Gaussian kernel Ky () = Kp, (-)Kp,(-), with the bandwidths h; and hs (for y;
and gy respectively) given by the rule of thumb of Scott (1992, p.152). In particular, hy = G, N~1/6
for k = 1,2, where 6}, is the sample standard deviation of y; , in the data. Note that we do not
take advantage of the cross-correlation between y; s and y2 s in the data, and instead use a simpler
kernel and bandwidth.

With the estimated p; for t = 1,2,--- ,T, we can evaluate the conditional likelihood, which is
then maximized over the parameter space. As is typical for simulation-based estimations, when we
maximize the likelihood function, we use the same set of random numbers for any 6.!2

In our simulation study, we draw 100 sample paths of length 7" = 1,000 each, and estimate each
sample path with NPSML. In column (1) of Table 1, we report the mean of the 100 point estimates
for each parameter, and the 90% confidence interval constructed from these point estimates, with
N = 1,000 and the rule-of-thumb bandwidths. The NPSML performs reasonably well, although
the correlation coefficient p is systemically underestimated. One remarkable outcome is that the
jump parameters—y and Ag—are rather precisely estimated, even though there are only 20 or so
jump realizations in each sample path.?

To assess how sensitive the estimation results are to the choice of N (number of artificial obser-
vations used for density estimation) and the kernel bandwidths, we try different N and bandwidths.
In column (2), we reduce the number of artificial observations to N = 750. In column (3), we use
N = 1,000, but reduce both bandwidths by 20 percent. Finally, in column (4), we use N = 1,000
and bandwidths that are 20 percent greater than those in the benchmark.

When N is reduced to 750—column (2), the mean of the estimates move further away from
the true parameter value. However, there is no clear increase or decrease in the dispersion of the
parameter estimates. The results in column (3) are of particular interest to us. Our theoretical

results suggest that bandwidths should be chosen to go to zero at a faster rate than in the standard

" To draw the binomial random variable U, we first generate a uniform [0,1] random number and determine whether
it is less than Prob(U;, = 1).

2In the case of the binomial random variable U, we fix the realization of the underlying uniform random variable.
For different 6—M\o, to be exact, U itself may have different realizations.

13We ran the same exercise with trimming of the approximate log-likelihood. The results, with N being as large
as 1,000, were virtually the same as in column (1).
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Parameter
2%

2*0&0

2*@1

2*0[2

2%

2%p

2%\

True Value

2*%0.0304

2%*-0.0120

2*0.0145

2*0.1153

2*%0.0150

2*-0.6125

2*0.0200

(1) (2) (3) (4)

0.0305 0.0305 0.0307 0.0306
(0.0022,0.0524)  (0.0162,0.0533)  (0.0012,0.0661)  (0.0084,0.0448)
-0.0148 -0.0152 -0.0144 -0.0149
(-0.0181,-0.0100)  (-0.0186,-0.0111)  (-0.0188,-0.0088)  (-0.0185,-0.0100)
0.0161 0.0164 0.0160 0.0161
(0.0116,0.2061)  (0.0121,0.0207)  (0.0114,0.0214)  (0.0120,0.0214)
0.1147 0.1139 0.1167 0.1127
(0.1107,0.1168)  (0.1092,0.1185)  (0.1118,0.1198)  (0.1089,0.1156)
0.0199 0.0310 0.0100 0.0121
(0.0060,0.0542)  (0.0000,0.0368)  (0.0017,0.0158)  (0.0085,0.0126)
-0.7291 -0.7526 -0.6933 -0.7740
(-0.7595,-0.6863)  (-0.7984,-0.7012)  (-0.7189,-0.6592)  (-0.8064,-0.7344)
0.0169 0.0133 0.0196 0.0166

(0.0101,0.0213)  (0.0086,0.0175)  (0.0122,0.0197)  (0.0104,0.0222)

Table 1: Estimation Results. In each cell, the mean of the 100 point estimates in the simulation
study is reported in the top half. In the bottom half, the 90% confidence interval constructed
from the point estimates is reported. Column (1) is our benchmark with N = 1,000 and the
rule-of-thumb bandwidths. Column (2) reports the results with N = 750. Column (3) is for
N = 1,000 and bandwidths that are 20 percent narrower than those in the benchmark. Column
(4) is for N = 1,000 and bandwidths that are 20 percent wider than those in the benchmark.
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cases. With a little under-smoothing as in column (3), the mean of the estimates are closer to
the true parameter value than in the benchmark. Note the estimates of p in particular. On the
other hand, the results with over-smoothing as in column (4) do not compare favorably with the
benchmark results. We, in accordance with our theory, recommend a bandwidth narrower that

what is given by the rule of thumb in actual implementations.

4.2 Markov Decision Processes and Dynamic Games

Another class of economic models that NPSML can readily be applied to is Markov decision

processes: See Rust (1994) for an overview. In these models, the transition density is given by

plyrlare: 6) = / p(sleve, e (e )due,

where p(y¢|ze, us) is typically governed by an optimal decision rule of a dynamic programming
problem. The integral on the right-hand side does not have a closed-form representation, except in
few special cases. However, conditioning on z;, one can simulate u; and hence ¢, and use kernel
methods to estimate p(y:|z;). Therefore, NPSML is feasible.

NPSML can also be used to estimate a related class of economic models: Markov-perfect
equilibria of dynamic games. Ericson and Pakes (1995) provide a canonical framework for this
literature: a dynamic model of oligopolistic industry with entry and exit. The equilibrium transition

probability of this model is given by
pr(wirlwe ), we 2",

where Z is a finite set of integers. The transition probability depends on individual firm-specific
shocks, industry-wide shocks, and Markov-perfect strategies of firms regarding entry, exit and
investment.!* Firms’ strategies represent an optimal decision rule of a dynamic programming
problem. Clearly, the transition probability does not have a closed-form representation, but it
is still possible to simulate observations from the model conditioning on w;. Thus, NPSML is
feasible.!® The computational burden of such models grow quickly with n. Doraszelski and Judd
(2008) show how one can avoid this problem by casting the problems in continuous time. NPSML

is readily applicable to such continuous-time dynamic stochastic games as well.

MTn this class of models, conditioning on w;, w¢41 depends not only on individual actions but also on idiosyncratic
and aggregate shocks. To obtain the transition probability, all the shocks need to be integrated out.

15In solving individual firms’ dynamic programming problem, one needs to know their continuation value, and
hence the transition probability. Therefore, for a given 6, one needs to compute a fixed point in Pr(wi1|w:). See
Doraszelski and Pakes (2007) for a more detailed discussion.
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5 Concluding Remarks

We have generalized the nonparametric simulated maximum likelihood estimator of Fermanian
and Salanié (2004) to deal with dynamic models, including nonstationary and time-inhomogeneous
ones. Theoretical conditions in terms of the number of simulations and the bandwidth are given
ensuring that the NPSML estimator inherits the asymptotic properties of the infeasible MLE.

This method is applicable to general classes of models, and can be implemented with ease. Our
finite-sample simulation study demonstrates that the method works well in practice.

One limitation of the paper is that we only consider the cases where it is possible to simulate
the dependent variable conditional on finitely-many past observations. This excludes the cases with
latent dynamics. Extensions to methods with built-in nonlinear filters that explicitly account for
latent variable dynamics are worked out in a companion paper (Kristensen and Shin, 2007) based

on the main results given here.
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A Some General Results for Approximate Estimators

We first establish some general results for approximate MLEs. These results will then be applied
to show the desired results for the proposed NPSML considered here.

In the following, let § = argmaxgeo f/T(H) and § = argmaxgece L7(0), where Lp(0) =
vt S°L  log py (yi|4; 0) is the true but infeasible log-likelihood, and Ly (0) = Ly () is a se-
quences of approximations to Ly () (not necessarily the simulated version proposed here). We
then first establish the asymptotic properties of the true MLE under (C.1)—(C.4). Next, we give a

general set of conditions for the approximate estimator, 9, to be asymptotically equivalent to 0.

A.1 Asymptotics of True MLE

Lemma 5 Assume that (C.1) and (C.4) hold. Then with probability tending to one, there exists a
unique minimum point 8 of Ly () in Op which solves Sy (6) = 0. It satisfies I%/z(é —6y) =op(1).

Proof Use a second order Taylor expansion to obtain for any bounded sequence &, € R? such that
—-1/2
6o + I *¢r € O,

Ly (0o +I;1/2§T) — L1 (00) = Ur (6o) {7 + %f/TVT(é)fTa

for some 0 € 0o, 00 + I Y 2hT] € ©7. By another application of Taylor’s Theorem,

&V (0)r — EpVr(0o)ér| =

< max sup {§'TWT (0) fT} x ||Zp
i=1,...d gcO

&I\ [Hr (8) — Hr (60)] T ¢
V2]
— Op(||Z;"%¢7])) = o (1),

where we have used (C.4.2) and the fact that |\I;1/2§T|| = op (1). Thus,

Ly (B0 + T /26r) — Lt (90) = Ur (60) & + 5€0Ve(Bo)ér +0p (1) = 5 € Hackly +0p (1),

where the second equality follows by (C.4.1). Since & Hoo& > 0 a.s., Ly () is convex with
probability tending to one in the neighbourhood ©7, and so a unique minimizer § € O exists

which solves the first-order condition, S7 (f) = 0. We can choose € > 0 in the definition of

O arbitrarily small, and conclude that the solution to Sy (f) = 0 will still lie in ©p. Thus,
/%0 —00) =op(1). 11

Lemma 6 Assume that (C.1) and (C.4) hold. Then the MLE 6 satisfies

\/VTI;«/Q(é — (90) i) H(;OISOO
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Proof By Lemma 5, we know that 0 is consistent and solves the first order condition. A first order
Taylor expansion of the score and using (C.4.2) together with the same arguments as in the proof

of Lemma 5 yield

VorUr (00) = V(@) orZy (0 — 60) = Vi (60)v/rr Ty > (6 — 05) + op (1)
such that, by (C.4.1), 77Ty *(6 — 6p) = HZ S + 0p (1). 1

The following lemma states that (C.3) holds under (C.4).

Lemma 7 Assume that (C.4) holds. Then & — L1 (6 —i—I;l/z{) is stochastically equicontinuous.
Proof Under the assumptions made,

Lr(8o + T €)) — Lo(60 + I %¢,) = %(51 — &) Hool€) — &) +0p (1),
such that for any deterministic sequence §,, — 07,

_ _ 1
S 160+ T ) — Lo + I Pl < 5 |Hooll 8+ 0p (1) =T 0.
§1—&2||<6n

A.2 Asymptotics of Approximate MLE

Theorem 8 Assume that (C.1)-(C.3) hold and (*) supycq, |L7(0) — L(0)] = op (1) as T — oo
for a sequence N = N(T') — oo. Then I%/Q(é —6y) =op(1).

Proof Define & = I}ﬂ(é —0p) and & = I%m(é — 6p). We then wish to show that for any n > 0,
12,5 7 s g
P(IZ*(0 = B)] > n) = P(ler = &rll >m) =0, T - o.

Let 7 > 0 be given. Then by (C.3) there exists a § > 0 such that, ||€; — &p|| > 7 implies
| L7 (6o —i—Ir;l/ZAT) — L0 +I;1/25T)| > ¢ with probability tending to 1. Thus, as T' — oo,

P(lEr — &7l > €) < P(IL1 (80 + 7€) — Ly(6o + Iy *Ep)| > 6).

We then have to show that the right-hand side converges to zero. Since 6 is the maximizer of Lp(0),

we know that Ly (6 + Iy *€r) < Lr(6o + I,/ &), Thus,
L (00 + T %87) = Le(00 + T %Ep)| = Lo(0o +Ip ' *Er) — Lr(0o + T/ E1)

= {IA/T(GO + I;I/QAT) - LT<90 + I{“l/zéT)}
+ {LT(90 + Ij_‘l/ng) — Lr(6o + I;/QET)} )
where, by (*),

Lr(00 + T, %E7) — Lo(00 + T, Pé) < sup| L (0) - Lr(8)] = op(1)
€
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while, by the definition of  and again using (),

Lo+ I %E0) — Lr(0o + T2 er) < L6 + T *Er) — Lr(6o + I *hr)
sup|Lz(0) — Lr(0)] = op(1). |
6cO

IN

Next, we state two results for the approximate estimator to have the same asymptotic distri-
bution as the actual MLE. Theorem 9 establishes this result only requiring that the approximate
likelihood function supycg,,. |L7(0) — Ly (0)| = op(1/\/vr). Theorem 10 imposes stronger smooth-
ness conditions, requiring that ﬁT(G) be once differentiable; on the other hand we only require
SUPgpeo, [|OL7(0)/00 — dL1(0)/00)|| = 0p(1/||\/ﬁ1%/2||) which is a weaker convergence restriction
than op(1/,/v7), since HI;lﬂH = O(1). So there is a trade-off between smoothness and rate of

convergence.
Theorem 9 Assume that (C.1) and (C.4) hold. Then:
(i) 1 supgeo, [E7(0) — Lr(0)] = op(1), then T/(0 — 0o) = op (1),

(ii) If supgeo, |L1(0) — Lr(8)| = op(1/\/v7), then /orTy* (0 — 00) % H!Se and oy (0 —
0) = op(1). In particular, 1/VTI%/2(¢§ —6o) < H 'Sy

Proof Under (C.1) and (C.4), it holds that Z;/*(6 — 6p) = op (1) and that (C.3) is satisfied by
Lemmas 5 and 7 respectively. Thus, the conditions of Theorem 8 holds which then yields (i).

To prove (ii), we use the same arguments as in the proof of Lemma 5 to obtain:

Lr(0) — Lr(8) = Ly (60 + Iy %) — Lr (90 + T %Er)
= S & T 0T - &)
1 - R - n
= §(§T —&p) Hoo(&p — &p) +0p (1),

for some 6 € [0,6], since Sp(0) = Sp(0o + Z;lméT) = 0 by the definition of . We now use the
exact same argument as in the proof of Theorem 8 for the left-hand side to obtain that

Vo {Lr(0) = Lr(0)} = Vor{Lr(0) — Lr(®)} + Vor{Lr(0) — Lr(0)} = op (1).
Thus,

IVITZy (0 = )2 < | HLH Vo Er — ) HooEr — &7) = 0p(1). I
Theorem 10 Assume that (C.1) and (C4) hold together with:

(i) 6 — Lp(0) is once differentiable in Op.
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(ii) There exists a sequence N = N(T') — oo such that supycg,, |1S7(8)—S7(0)| = 0p(1/||\/ﬁI%/2H),
Then \/ﬁfjlﬂ(é —6o) 4, H 'Sy for this sequence N.
Proof By a standard Taylor expansion,

VOTL 287 (0) = orZy2Sr (00) + I 2 Hy (00)T7 > JorZy* (0 — 6) + op (1),
where

IVorzi*se @)l = IVorZ*(Se®) = Sr@} < sup [VorZi*{51(6) = Sr(b)}H] = op (1)
Thus,

VT (0 — 60) = ;" Hy (60)T, " {UTI,}/?sT (6o) + op(1)} 4 H S B

B Properties of Simulated Conditional Density
We here establish uniform convergence of p; given in equation (6) and its derivatives w.r.t. 6.

Lemma 11 Assume that (A.1)-(A.2) and (K.1) hold. Then p; given in (6) satisfies for all ya € Vo
and any compact set O:

sup sup sup sup |ps(y1, y2|z;0) — pe(y1, y2|z; 0)]
1<t<T y, €RF ||z]|<d,, 0€O

= Op ([ @ + 7% | 10g(N)/VNIE) 4 Op ([@)e + T2 17)
where S\k =Xk + A1+ Aop, E=1,2.

Proof Define v = (z,0,t) € I' = A, x © x {1,2,3,---}. Write p(y1,y2;7) = D(y1,y2|z;0) and
p(y1,y2;7v) = p(y1, y2|x; 8). We split up into a bias and a variance component:

sup  sup [p(y1, y2;7) — p(y1, y2;7)]
ll(2,0)||<d,, t<T

< sup  sup |B[p(y1, y2;7)]—p(y1, y2;7)| +  sup  sup [p(y1,y2;7) — Elp(y1, y2; )]
ll(2,0)l|<d,, t<T ll(2,0)|<d,, t<T

= : Bias(y1,y2;7) + Var(y, y2;7).

Using standard arguments for kernel estimators, the bias term can be shown to satisfy

8rp(y1;7)‘ +o(hT).

Bias(yn.p2i7)| <0 [ 1K @fol dox sup sup|TED
1

ll(z,0)||<dn t<T
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Thus, using the bound imposed on the rth derivative, |Bias(yi,y2;7)| = O ([d;\f‘l + T’\0’2] hr>
uniformly over (y1,7). To establish the uniform rate of the variance term, we apply the result of

Kristensen (2008b, Theorem 1) for averages of the form

%) hd ZY <(h)_x> : (24)

for some kernel-type function G. With Y; (y) = Yﬁ:? (y2), Xi (v) = let:? and G = K, our simulated
density can be written on this form. We then verify that his conditions (A.1)-(A.5) are satisfied
under our Assumptions (A.1)—(A.2) and his conditions (A.6) on G is implied by our (K.1). It’s clear
that our (K.1) implies his (A.6). Also, Kristensen (2008b, Assumptions A.1) is trivially satisfied
since we have i.i.d. draws. Kristensen (2008b, Assumptions A.2) follows from our Assumption
(A.1). Finally, the bounds in Kristensen (2008b, Assumptions A.4-A.5) in our case becomes, using
Kristensen (2008b, Remark 2.2):

By = p(yi37),

Bio= "B (|5 )| 1Vie! =] p (i),
By = ol B [[V5! 4m) ]IYfi’? = 1] p(1:7).

By =l EHY;&(Z ltz |Y1“—y1] (y157) 5

where Yﬁf and Y%Z (y2) are the derivatives w.r.t. (z,60,t). By Assumption (A.2), By =
0 (1 + ||zt + t>‘0’2) while, using (A.1),

Bl @il =v] = [ mmeylane
e:gi(eyy 1
< [l Gaeslar @
= Ellg2: (y2,:7)]]
< BAE)] [1+]e]> + 2],

and similarly for the two other conditional expections in By and Bs. Thus,
By <BAE)] (14 2™ +82) sl p (n57) = O (14 [l 1320 4 oatraz)
for k = 1,2, where the second equality follows from (A.2), while By = O (1 + HacHXl + t;\2>. |

Lemma 12 Assume that (A.1)-(A.4) and (K.1) hold. Then 8'p;/06", i = 1,2, given in (14)
satisfy for all yo € Vo and any compact set ©:

O'pe(y1, y2lz;0)  9'pe(y1, yala; 0) ’
sup sup sup sup - — :
1<t<T y, €R* ||z||<d, 6€O 00 00

- Op ([dil +T5‘2] 1og(N)/\/W) +Op ([d)r + T2 hT).
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Proof We only give a proof for the first derivative. The proof for the second one follows along the
same lines. We proceed as in the proof of Lemma 11. From the expression in equation (14),
x,0
0pe(y1, y2|x; ) 1 Yii =91\ vue
B [80 = 7k K —n Yori (y2) dF: (¢)
x,0

1 Yl g Y1 1,0+ 7,0
+hk+1 /K/< : A >}/1t:iy2t:i (y2) dF (¢),

where, uniformly over (t,x,0),

1 let:f B x,0
ﬁ/K (h Yori (y2) dF ()

Ipt (y2|y1 + vh,z;0)
20 dv

/K(U)P(yl + vh|z;0)

W20 500, oz 0) 0 ([} +17%] 7).

i z,05 T ap y 3?;0 \ )
hE+L /K/ ( ki ) Ylt fymf (y2) dF: (€) = pt (y2ly1, 7;0) t((919’)+0 ([dnl —|—T>‘2] h ) ‘

For the variance component, we again apply the results of Kristensen (2008b). With v = (z,0,t)
and X, ; (7) = Ytﬁ-’e, 0pt/06 can be written as the sum of two kernel averages, each of the form (24);
the first with Y,,; () = Vi Oy20 and G = K’, and the second with Y,i(y) = Y;i’f and G = K.

1t~ 2,5
Under the conditions imposed on the model, Assumptions (A.1)—(A.5) of Kristensen (2008b) hold.

C Proofs

Proof of Theorem 1 The first part of the result will follow if we can verify the condi-
tions in Theorem 8. In order to do this, we introduce an additional trimming function,
Tat = Ta(De(ye|ze; 0))I{||z¢|| < N7}, where I{-} is the indicator function and v > 0 is chosen

as in (B.1), and two trimming sets,

Avi(e) = {Pe(yele; 0) > ea, [lae|| < NV}, Agi(e) = {pe(yelwe; 0) = ea, [l]| < N7},

for any € > 0. Defining A¢(e) = A14(e) N Aa(e), it follows by the same arguments as in Andrews
(1995, p. 588), A2+(2¢) C A1t(e) C At(e/2) w.p.a.l as N — oo under (B.1). Thus, I4,,4) <

Lare@) = Tat = lay,a/2) < Layaya)-
We then split up L7(0) — L7 (6) into three terms,

T
. 1 ) ) .
Lr(0) — Lr(0) = TZ[Ta(pt(ytlxt;H))—Ta,t] log pi (ye |23 0)
1 T
+—th [log pi(yle; 0) — log pi (yi| 43 0) 72 Tat — 11og pi(yelas; 0)
t=1 t=1

= Bl(a)+B2(9)+B3(9),
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and then show that supycg |Bi(8)| = op(1), i =1,2,3. By (C.5),

1 T q—1
|loga\ lloga\l/T 1 1146 < |log a|v,
|B1(0)] < ZH{H i >N} < TNA(T) TZ ¢l _WXOP(l)y
t=1
while,
1 T
< - A . _ .
|B2(0)] < VT;HAt(1/4)|10gpt(yt\$t79) log p: (yi|@t; )|

T ~
< —— x sup supsup sup |p(yelas; 0) — pe(yelwe; 0)]-
avr  1<t<T 0€O yeRF ||z|| <N~

The final term is bounded by

T
1 .
|B3(6)] < ;Zha,t_1||10gpt(yt|xt;6)|
t=1

IN

T T
1 1
— E Hpe(yelwe; 0) < da}|logpi(ye|ze; 0)] + — E [{[|z¢]| > N7} [log ps(ye|ze; 0)]
vr vr

t=1

=: B3,1(9) + B3 2(6).

First, as a — 0,

T
1
|Bs,1(0)] — Zﬂ{pt(ydﬂ?t; 0) < da}[logpi(ye|zs; 0)|
vr

IN

= *ZH{IlogPt(ytlwn 0)| > [log(4a)[}log p: (y:|xs; 0)]
t=1

T
s g—1 1
< |log(4a)| v 1VTZ|10gPt(yt‘xt§9)|1+6
T ¢=1
= |log(4a)| i " x Op(1).

where we have used (C.5). Similarly, by (C.5),

T
1
|Bs2(0)] < ;ZH{H%II>N”}|10gpt(ytlfvt;0)|
t=1

LT 5/(1+6) T 1/(1+4)
{,/TZH{H%H > Nv}} { Z“ngt Yilwe; )|1+6}

<
t=1 t=1
q 5/(14-6) . T 1/(1+46)
< N’v(1+5) {I/q ZHCE 1+5} {Vq2|10gpt(yt|$t;9)|1+6}
T T t=1
1/‘71:1

The consistency result now follows from Theorem 8 together with Lemma 11 and (B.1).
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To show the second result, we merely have to strengthen the convergence of I:T(G) to take place
with rate vp, c¢.f. Theorem 9(ii). One can still apply the above bounds which now have to go to

zero with rate vp. This is ensured by (B.2). |}

Proof of Corollary 2 We verify that (C.1)—(C.5) hold under the conditions imposed in the corol-
lary. First, with vp = T and ¢ = 1, we obtain by LLN for mixing sequences that ip(6y) =
i(0o)+op (1) with i(6o) = E [0* log p(y¢|z+; 00)/(0006")], such that Zp can be chosen as the constant
Z = diag{i(6)}. Thus, there is a one-to-one deterministic correspondence between the mapping
&— Lp(0 +I;1/2§) and Lt () and we can restrict our attention to the latter. From e.g. Tauchen
(1985) that supycg | L1 (0) — L ()| = op (1) with L (§) = E [logp (y¢|x+; 0)] continuous under Con-
dition (i). Thus, by Newey (1991), Lz () is stochastically equicontinuous and we have verified
(C.3). Similarly, (C.5) follows by the (uniform) LLN,

T
sup |73 flog pi(yeles; 0)* — B [[log p (el )] | | 7o,
OGGT t=1
T T
T3 ool 0 =B [l ] =7 0, vt YA (o) ~B[AY (e)] = 0
t=1 t=1

To verify (C.4), appeal to the CLT for mixing sequences to obtain:

VorUr (00) =712 x T~ 1/22 alogpt yt'“ O iy (0,1*1/%'(00)1*1/2) ,

0=0o

while by the LLN,

1
Vir(6o) = T-1/2 o 7~ 12 82 log pi(yelz:; 0)

S x T2 P Y290\ 712,

0=00

Finally,

mas sup [1V;7(6)] < Csup |7
J=1,...dgco

2000 +Ci(6p)=0p(1). §

Z 0% 1og i (yi s >' — i(60)

Proof of Theorem 3 Since p (y|z; 0) is bounded away from zero, we may here re-define the sim-

ulated likelihood as Ly (§) = T S°L_ log p (ys|x+; 6) such that the associated score takes the form
T
Z Op (y¢|4; 0)
yt|xt7 ae

By the mean value theorem, for some 6 on the line segment between 6 and 6.
0 = Sr(00) + Hr(0)(6 — 6o).
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We then analyze the two terms, S7(6g) and Hrp(0), in turn. Define p; (8) = p (ye|zs;6), pr (0) =
P (yt|ze; ) and sy () = 9 log py (6).

We first consider S’T(Go) and suppress the dependence on 6y since this is fixed. The expansion
in equation (17) now follows by Lee (1999, Proposition 1) with

VSN [p—p] = 12}%%% dope} — TlX:{m Pets

V2Sr[p—pp—pl=-T" IZ {aept ope} e —pe} + T 12 g{pt i}y,

T
- 1 . . _ St
Rpy=-T"1%" 57 {Oapr — Oopi} (D — pi}* +T7" Z 5 (b — e}
— beby t=1

(247

We split up the first differential into a bias and a variance component,

VSt [p—pl=VSrn[E[P] —pl+ VSN [ —E[p],

where E [p] denotes the expectation of p conditional on data. Using standard bias expansions for

kernel estimators,
D (111, y2|x) —E [ﬁ (y1, y2|93)] = hT‘aé.lp (y1, y2|33) +o (hT) )
00D (Y1, y2|w) —E[0p (y1,y2l2)] = h"0, dep (y1,y2lz) +0(R"),
implying that the bias component satisfies

3y 80]%

VST’N[E[ﬁ}—p] = AT~ 12 IZ pt-i-Op hr)
t=1

= ph’ +0P(hr)7

with g given in equation (18). Next, define
1 s
U (z,6) = —01 (21,61) — —02 (21,61)
Dbt Pt
where z; = (y4, ) and

1 Y =y S 1 Y — i .
01 (21,8i) = hk+1K, < 7 VY (o) + op K| ———— ) Yaii (y2e),

1 Y — v\ .
02 (2¢,65) = ﬁK (lh) Yo't (yar) -

Here, Y, = g1 (x,€4;00) and Yl‘”z = Ogg1 (x,€4;00) and similarly for Yy (y2) and Yfz (y2). With
Y1 (z) = By (2,8)| 2], ¥o(ei) = B (2,€i)|ei] and ¢ = B[ (2,€;)], we can then write
VSrn [p—E[p] as

1 T N 1 N B
VSN BBl = e D D (¥ (aner) — v (@)} = 5 D {va (i) — ¥} + Az,

t=1 i=1 =1
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where Arny = ﬁZtTﬂ Zf\il {¥ (2t,€i) — 1 (2) — o (i) + ¥}. By standard results for U-
statistics of [-mixing sequences, c.f. Denker and Keller (1983), we obtain that Ary =

)
Op (1/\/W>, while ¥y (g;) — ¥ = 1y (&;) — B [y (5)] + op (1/\/>) This follows from

[0 - 5 frvao (e [ (oo

p(yt|xt) Y2 €V

3
st 5 (s

Y2E€YV2

3 / VE, (yo) dF, (z)

Y2€Y2
YE,
E 2,0 (yQ) | 7,‘|

p(yale)

where we have used that h=*+1) [ K’ ( Yy ) dy=h" [ K'(v)dv=0, and

J - 5 G o (2

Yy2E€Y2

Z s(Y75, y2|2)Y3; (y2) dFy (2) + O (R7)

S (yt|ﬂ?t)
»(wle)

2 (Zt,fi)

Y2EY2
Y&, yo|z)VE,
_ |:S( 1i y2|$) 2, (y2)|62:| —i—O(hT)
p (y2lz)
The second order differential can be written as:
V2SN [p—pp—p = VSrn[Ep] —pElp] —pl+ V>Srn [p— E[p], p — E[p]

+2V2S7. v (B[] — p.p — Efp]] -

Since the cross-term is of a smaller order than the first two ones, we can ignore this and set it to
zero in the following. Again using the bias expansion for kernel estimators and appealing to the

LLN for stationary and ergodic sequences, the bias component satisfies
VzSTN [E[ﬁ} - p,E[p] — p]
~ Z 53 (Bl00pe] = 0w} {Blpr] — pe} + 7 Z ;2 (Blp] - pe}?

= Op (h%) .

The variance component can be written as

T N T
. . . 1 1
VSt [p—E[p],p — B[] = TN > (aeie) + TNZ DD o (aeiney) (25)
t=1 i=1 t=1 itj
1
=: NUT,N + Br,n, (26)
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with
1 S
¢ (21, €ir€5) = —?61 (20,€i) 82 (21, €) + p—;52 (2t,€1) 82 (21, €5) -
t t

The first term, Ur y, is again a second order two-sample U-statistic while By y is a third order one.

We first analyze Ur y. We have E [¢ (2, €, €i) |2:] = 0 and, using the same arguments as before,

1 1 VY, (yor)?
E | =01 (2t,&) 02 (24, €4 Ei:| — d /K*
pt2 1( t ) 2( t )| hk+1 p(Y fay2t|$t y2t|xt
+ik Yt (y2e) Y53 (y2e) /K2
h p (Y1 17y2t|30 y2t|$t
where K* (v) = K (v) K’ (v), and
1 Y5 (yae Y (y2r)
E |:8;(5% (zhgl-) |52:| — ﬁE 2,1 ( ) /KZ
Pt p (Y17i7y2|33 y?t‘l"t

such that
E ¢ (2, €i,€i)] = h—(k+1)'u2 + h_k,a2 +o (h—(k+1)) ’

where 5 is given in equation (19) and fi, is the sum of the two other expectations above. Thus,
Urn/N =1/ (Nhk“) o + op (1/ (Nh"”l)). Next, we observe that:

E ¢ (21,i,€5) |2, €5) = B (2, 64,€5) |26, €5] = 0,

while E [¢ (24, €1, €5) €4, €5] = 0(1) as h — 0 such that the corresponding U-statistic By n is second-
order degenerate, implying Br y = Op (1 / (N 3/ 2hk“)). Finally, appealing to Lemma 12 and the
LLN,

IN

1
VT ||Rr.l| 1/2Z| |2||80pt Oopell {pe — e} + T~ 1/2Z| i 5 be — il

= 0p (VIW™) +0p (VT/ (N1F42)*).
Next, we consider the Hessian:
T PPN,
Z P 1 3 peOap}
Tt P T t=1 o

We first write

|| Hr(8) — Ho|| < sup |[|[Hp(0) — Hr(0)|| + sup ||Hr(0) — H (0) || + || H(8) — H (60)]| -
9co 0co
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The second and the third terms are both op (1) by standard ULLN results for stationary and
ergodic sequences under the conditions we have imposed on 92 log p (y|z;0) /0000’ (Newey, 1991).
Regarding the first term, write

. 92,1 ( 0 3 pt } d {aapt ) (6)' aept(e)aeptw)}
Hr(0) — _ 00 06 = .
2(0) TZ{ (0 TE ©) P2(0)
=: A;+ A,

The term A; can be written as

Ll 1 1 A Oepe(0) .
A= E Y [ e ptw»] x [(%pt(a) - o) - 220 5,(6) o)
- % ) ; ;tig)(l) (0501 (0) — Dgme (6 +7 Z Opo (0 1 + or (1) (Pe(0) — p(0))
=1
= wrorm {53t b 0 o 0]
001 (0
+(1+0P(1)){;; pgp(o())}sup ¢ (0) — p:(0)]
= Oop (1) s
where we have used the LLN together with sup, [p:(6) — p:(0)| = op (1), sup; H@gapt — O2,m1(0 H =

op (1) and inf; g p;(#) > 0. We can show that As = op (1) by the same arguments.
Combining the results for the score and the Hessian, with Zr = /T {St(0) + VSr.n [6 — E[5]]},

VE(0~t0) = (Ho+ 0r (1) { Zo -+ VIW ity + VT (NB) iy + 0 (1)} 4 A (cT, (80 + ﬁﬂ) |

where Q = i(6) ! Var (v (£4)) i(60) " [ |

Proof of Theorem 4 We follow the exact same arguments as in the proof of Theorem 3, except
that we now have

sup sup sup [page(ylz; 0) — pe(ylz; 0)| < sup  sup  sup [pare(yle; 0) — pe(yle; )]

yERF [[z||<N7Y 0€O YyERF ||z||<N7Y 6€O

+sup sup sup |pe(ylz; 0) — pe(ylz; 0)],
yERE |[z]| <N 0€O

where p;(y|z; 0) is the (infeasible) kernel estimator based on simulations from the true model. The

rate of convergence of the second term is given by Lemma 11, while the first term satisfies by (M.1),

|]5M,t(y|x79) —ﬁt(y|1‘79)‘ = N Z ‘Kh 1tz - Y ( ) K}l(Yltz A )Y2tz (yQ)’

IN

x,0 Ora,0 >0 z,0
Nh Z ‘Kh (Y - y)) ‘YZt,i (92)‘ ’YM,i - Yy
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N
1 x,0 orx,0 x,0
e DB — )| |95 02) - Vil (u2)
=1

IA

5
"2’131 (1 + |a|| —&—tA“)

+ouBa (14 2 +8442) + 0p(1),

where V50 = X095 + (1= A87) v, i € 10,1]. Thus,

ti o

T . .
—— x sup sup sup sup |par(ylz;0) — pe(yla; 0)]
avT  1<t<T €O yeRF ||z|| <N~

= Op (T(SM’I [NV/\3.1 +T>\3,z]> +O0p <aT§M’2 [N’Y)“‘*l +T>‘4’2]> ,

avr h v

where the right-hand side has to go to zero to obtain consistency. This holds by (B.1’). For first-
order equivalence, we require that the right-hand side vanish with rate /7. This holds by (B.2').
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