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Abstract

The main uniform convergence results of Hansen (2008) are generalized in two direc-
tions: Data is allowed to (i) be heterogenously dependent and (ii) depend on a (possibly
unbounded) parameter. These results are useful in semiparametric estimation problems
involving time-inhomogenous models and/or sampling of continuous-time processes. The
usefulness of these results are demonstrated by two applications: Kernel regression esti-
mation of a time-varying AR(1) model , and the kernel density estimation of a Markov

chain that has not been intialized at its stationary distribution.
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1 DMotivation and Main Results

Uniform convergence rates of kernel estimators have many useful applications, in particular
in semiparametric estimation problems. Recently, Hansen (2008) provided a set of strong
results for the case where data is stationary and strong mixing. In this note, we extend his
results in two directions: First, we allow for heterogenous data where the random variables
are nonidentically distributed but still mixing. Second, data can potentially depend on a
parameter and we show uniform convergence also over both the parameter set. The main
conclusion of this note is that as long as the mixing coefficients and suitably moments of
data are uniformly bounded as functions of the sample size and the parameter, the results of
Hansen (2008) still go through.

The first extension is useful in situations where data is non-stationary (but mixing) and
the distributions potentially vary with the sample size. Three specific examples where this
situation arises are (i) time-varying models (Dahlhaus et al., 1999; Cai, 2007; Kristensen,
2008a); (ii) continuous-time stochastic processes sampled at discrete time points where time
between observations shrink (Bandi and Phillips, 2003; Kristensen, 2008b); and (iii) Markov
chains that have not been intialised at their stationary distribution (Kim and Lee, 2004;
Yu, 1993). The second extension addresses a situation that often appears in semiparametric
problems where kernel estimators depend on the finite-dimensional parameter of interest,
for example index models (Li and Wooldridge, 2002). Another application can be found in
the recent literature on nonparametric simulated maximum-likelihood estimation (Fermanian
and Salanie, 2004; Kristensen and Shin, 2008).

In this Section, we present the main results. In Section 2, the usefulness of these is
demonstrated by two examples: The first is to kernel regression estimation in the locally
stationary AR(1) model, and the second is kernel estimation of the stationary density of a
homogenous Markov chain that has not been intialised in the stationary distribution. All
proofs and lemmas can be found in Section 3.

Let (Vi (7), Xni (7)) € RxRY, i = 1,...,n, n = 1,2,...., be a triangular array of ran-
dom variables and ]—"ff,i (V) =F Y (V) Xni (0) 5 s Yo (), X i (7)) an associated sigma-
algebra. The random variables depend on a parameter v € I' € R¥. We are then interested

in deriving uniform convergence rates of the following sample average:
> 1 . Xni (7) -z
U (1 = Y. . K[ =Rt
() = g D2 Yo ) K (T,

where K : R? — R is some weight function and h > 0 is a bandwidth. Let f,; (z;7) and
fn,ij (x,y;y) denote the densities of X, ; and (X, 3, Xy, ;). We then define for any triangular
array Wy, ; () and for some M > 0:

By (v) =sup sup fo,i(z;7), Bwa(y) =supsup E [|[Wy; (V)| | X (v) = 2] fri (z37), (1)
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Bwu(v)zsup‘SﬁgMSUPE[WWm(V)W%J(VHLX@iGO=H%)%4(7):ldfmw(w4n7%
n |i—j|> z,y
(2)

We are now ready to state the following conditions on the data where we write sup; ,, for
SUPy>1 SUP1<i<n®

A.1 For all v € I': The triangular array {(Y,,; (v),Xni(y)) :i=1,...,n, n > 1} is strongly

mixing, and its mixing coefficients,

Qni(y) = sup sup |P(ANnB)— P(A)P(B)|,
—n<k<n AeFF _(7),BEF, ()

satisfy i (7) < Ai~P for some 0 < A, 3 < oo (which do not depend on n and 7).

A.2 The functions v — Y, ; (7) and v — X, ; (7) are differentiable with derivatives Ynz (7)
and X, ; (7).

A.3 For some s > 2, uniformly over n and ¢,
E[[Yai (M) <00, ElllYai (1] <00, EllYni () [ Xni (0)|°] < ce.
With d = d + k and for some ¢ > 0, the mixing exponent 3 in (A.1) satisfies:

1+ (s—1)(1+d/q+d)
> e_ 9 .

g
A.4 The functions defined in Eq. (1)-(2) satisfy
Bo(7) < Bo (1+11") s Bua (1) < Bk (1+ I0I1Y) . k=12,

for some constants By, B3, A > 0 with W =Y, W = Y and Y X.

A.5 There exists constants ¢ > d and BW,g > 0 such that

Bw,z (v) = supsup [|lz[|? E [|[Wh; ()| Xn,i (v) = 2] fni (237)

in T
satisfies Bws (7) < Bws (1 + ||'y||)‘) for W=Y, W =Y and YX.

Assumption (A.1) restricts the data to be strongly mixing and imposes uniform bounds
on the mixing coefficients as functions of n and . We assume differentiability in (A.2) and
then require that certain moments of the data and their derivatives exist in (A.3). We allow
the parameter space I' to be unbounded and the functions By () in (A.4) to be unbounded
but with at most polynomial growth. This is particularly relevant in the case of NPSMLE
where v will contain past values of the observed process and one is not willing to assume

a compact support, see Kristensen and Shin (2008). When I' is unbounded we will only be



able to give uniform convergence over a (growing compact) subset of I' which will depend
on the polynomial bound A. The polynomial bounds on the functions By (y) and By (7),
k=1,2,3, are imposed to simplify the uniform convergence results. They can be exchanged
for other bounds as discussed below. Finally, (A.5) is a strengthening of the condition on
By w (7) in (A.4), and corresponds to the condition imposed in Hansen (2008, Eq. 21), but
is here required to hold for W = Y and Y X in addition to W =Y.

In the case, where (Y, (7), Xn,i (7)) = (Y, X;), (A.1)-(A.4) collapse to Assumption 1-2
of Hansen (2008). In particular, we have Y = X = A = 0. However, we we do not impose
stationarity meaning, for example, that the density of X; may depend on i, f; (x). More
general assumptions regarding the dependence of the data can be found in Andrews (1995)
who allows for near-epoch dependence. On the other hand, Andrews (1995) does not allow
for the distribution to depend on sample size and obtains less precise rates compared to the
ones stated here.

Due to heterogeneity, E[W¥ (z; )] does not necessarily have a well-defined limit as n — oo
under (A.1)-(A.5). For example, in the case where K is a standard kernel with [ K (z)dz =1,
in great generality it will hold that

n
EM (2;7)] =n7" Y fui (@59) ma (37) + 0 (1),
i=1

as n — 00, where my; (z;7) = E[Y,,i(7)|Xni(y) =2]. To ensure that the sum on the
right hand side has a well-defined limit, further restrictions have to be imposed. In most
applications, fn;(z;v) = f(x;7) + o(1) and my; (z;v) = m(z;y) + o(1), in which case
E[U (2;7)] = f (z;7) m (x;7)+0(1). The existence of such a limit of E[¥ (x;~)] is something
that should be verified on a case-by-case basis, and for example holds under stationarity.
However, we will not impose any such restrictions here, since the main objective of this note is
to bound the variance of ¥ (z; ). For that purpose, (A.1)-(A.5) suffice. Similar type of results
can be found in Andrews (1995) where the object of interest is a sum of densities/regression
functions, and no restrictions are imposed to ensure that this sum converges.

Next, we impose regularity conditions on the kernel:

A.6.1 The function K satisfies: |K (u)] < K < oo and [|K (u)|du < pu < oo. There
exists A1, L < oo such that either (i) K (u) = 0 for |ju|| > L and |K (u) — K (v/)| <
AqJlu — /|, or (ii) K (u) is differentiable with |0K (u) /Ou| < A; and, for some v > 1,
0K (u) /Ou| < Ay ||ul| ™" for ||ul]| > L.

A.6.2 For some Ay < 0o, |K (u)| < Ag ||lul|™" for ||ul| > L.

Assumption (A.6.1) and (A.6.2) are identical to Hansen (2008, Assumption 3) and Hansen
(2008, Eq. 22) respectively.



Theorem 1 Assume that (A.1)-(A.4) and (A.6.1) hold and with
B—1-d—dlg—(1+8)/(-1)
B+3-d-(1+p)/(5-1)

the bandwidth satisfies log (n) / (n’h?) — 0. Then with

0=

cn =0 <log (n)l/2 n1/2q) , dp=0 (log (n)1/2 n1/2q) :

sup sup | (a37) — B[ (2:7)]] = Op (dﬁx/logm)/(nhd))

=l <cn [V]I<dn

(i1) If additionally (A.5) and (A.6.2) hold, then:

sup sup |¥ (a37) — E[¥ (5)]] = Op (dg\/logm)/(nhd)).

z€R? ||7[|<dn

(i)

Remark 2 1. The results can be extended to uniform almost sure convergence by changing

the restrictions on B, 0 and ¢y, as in Hansen (2008, Theorem 3 and 5).

2. The polynomial bounds imposed on By yw (v), k = 0,1,2,3, and D () can be removed
and the above results will still go through with rate Op (Bn log (n) / (nhd)) where

B, = max max sup Brw .
Y Wewy Y X k=0,12,3 ||7H§I3in w ()
3. If Bpw (v), k=0,1,2,3, are all uniformly bounded, then Theorem 1(ii) can be shown
to hold uniformly over v € I.

2 Two Examples

We here present two applications of Theorem 1 when data is not parameter-dependent. For
an application of Theorem 1 with parameter-dependence, we refer to Kristensen and Shin
(2008). We here implicitly assume that the kernel satisfies (A.6.1)-(A.6.2) and is of order
r>1: [K(2)2dz2=0,i=1,..,r— 1, and [ K (2)|2]" dz < .

The first example where Theorem 1 becomes relevant is in the nonparametric estimation
of time-varying regression models. We here consider the following sequence of time-varying
AR(1) models,

1
Whi=a () Whio1+¢e, i=1,..,n,
n
where ¢; are assumed to be i.i.d.(0,0?) with E[|&¢]"] < oo, s > 4. Here, the distribution of

Wi obviously both depends on ¢ and n. Orbe et al. (2007, Lemma A.4) show that when

the autoregressive coefficient function a (s) is uniformly bounded below one,

Omax = SUpP |CL(S)| <1 (3)
0<s<1
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then {W,,;} satisfies the strong mixing condition in (A.1) and sup; ,, E[|[Wp|*] < occ.

We consider the following kernel estimator of the function a:

Uy (1) Yia K (UTT> Wi iWhni—1
Up(r) S K (M wE,

n,i—1

By defining X,,; = i/n (which for each n > 1 corresponds to i.i.d. draws from U [0, 1]), we
can now apply Theorem 1 to both ¥y (7) and ¥y (7). However, due to boundary problems,
the above estimator will be asymptotically biased at each of the two endpoints of the time
series, 7 = 0 and 7 = 1. We handle this by showing uniform convergence over the expanding
interval 7 € [b,1 — b] with b — 0. Alternatively, one could instead use a local linear estimator
or a boundary kernel since these will not suffer from boundary biases, c.f. Cai (2007) and

Chen (2000) respectively, but we here maintain the above estimator for simplicity.

Theorem 3 Assume that (i) a : [0,1] — R is r > 1 times continuously differentiable and
satisfies Eq. (3), and (ii) E [|e]’] < oo for some s > 4. Then for any sequence b satisfying
h/b— 0:
sup[(7) = (1) = Op (1) + O yog (n)/ ) )
T€[b,1-b]

The second example is where {X;} is a d-dimensional, time-homogenous Markov chain
with transition density p (y|x), P (Xiy1 € A|X;) = [, p (y|z) dy. We assume that the Markov
chain is mixing such that a stationary marginal density, f(x), exists. We then wish to
estimate f (x). If the observed sequence was not intialised at f (z), then it is non-stationary.

For example, if X = « for some given x then P (X; € A) = [, pi (y|z) dy, i = 1,2, ..., where

p0l0) = [ plz) pics Gla) d @

with py (y|z) = p (y|z). However, the distribution will converge towards the stationary one
in the total variation norm, sup 4 UA pi (ylz)dy — [, f (x) dz’ — 0, i — 00, with geometric

rate, c.f. Meyn and Tweedie (1993). So asymptotically we are able to recover the stationary

f(x)z%é%K(X’;x)

To obtain uniform convergence of the transition density (and thereby uniform convergence

density pointwise by

of f ) towards f however, convergence in the total variation norm does not suffice. To obtain
this, we here impose the Strong Doeblin Condition, see Holden (2000):

Jk >13p € (0,1) : pr (ylx) > pf (x). (5)



Theorem 4 Assume that the Markov chain {X;} satisfies the strong Doeblin condition (5),
and its transition density y — p (y|x) is v > 1 times differentiable 9"p (y|x) /Oy" being uni-

formly continuous for all . Also, ||z||? f (x) is bounded for some q > d. Then:

sup | f (@) — £ ()| = Op <h7“>+op( log<n>/<nhd>).

r€ER4

3 Proofs and Lemmas

We first state two lemmas that will be used to prove Theorem 1. The first lemma is an

extension of Hansen (2008, Theorem 1):

Lemma 5 Under (A.1)-(A.4) and (A.6.1), Var(¥ (z;7)) < ©(v)/ (nh?) as n — oo where
O(y) =0 |B2(y) Biy (v)+ B2y (v) + 1} < 00 for some constant © < co.

Proof. We have
“ o 1 n
U (z57) - E¥ (z9)] = —5 Zi:l Zni (,77)

where

Zustoi) = K (F D=0 v - b [k (P2 v @

Thus,

nh®Var(¥ (z;7)) = nh'E

(nlhd S i 7)) 2]
= | (L st
< S S B s ) Zuy ), 7

i=1 j=1

By following the arguments of Hansen (2008), we establish that

A b, i—jl <M
B[ Zni (37) Znj (@] S (WBey () + A2 () ¥, M <i—jl<h™
6ARY/* (7) i — |72 w2t < i

where i () = K5 'uBg (v) B1y (7). Plugging these bounds into the right hand side of Eq.
(7) establishes the result. m

Next, we state a triangular version of Liebscher (1996, Theorem 2.1):



Lemma 6 Let Z,; be a zero-mean triangular array such that |Zy ;| < by, with strong mizing

coefficients o, (i). Then for any e > 0 and m < n with m < €b, /4:

<

where o2, = E Y"1 Znil.

62 n

<4 4—
8) =S [640%7mn/m +8/3cb,m A (m),

In Hansen (2008, p. 739), Lemma 6 is stated for the case of a stationary sequence Z; but

the original result holds for triangular mixing arrays without imposing stationarity.

Proof of Theorem 1. Define

1
o= [PED ra =@V, A= {(29) €RI XD ol < ens Il < .

We follow the same steps as in Hansen (2008, Proof of Theorem 2). Write

n

b = e K () v ) < )

i 2o K () )1 )1 > 7
= Uy (259) + W2 (57)

where the second term satisfies

. oo 1 & s
B[t @y)]] < w23 [ K @)lsup B ([Yai (0] [Xns (7) = 2 = hu] fos (2 — hui ) du
n,: Rd An

< e | |K<u>|du><{sup supEnYn,i(v)Pan,i(v)=z1fn,i<zw>}
Rd 1<i<n A,

< w7V sup Bry (v)
VI<dn

- O(andg)

(and)). We can therefore re-

such that by Markov’s Inequality, sup, <4,

strict our attention to Wy (), and will in the following call this ¥ (z;+) with Y, ; () bounded.
We split up the set A, into N < cdkh=4*q-4=F balls of the form

Anj = {(x77) : HJ? _xj” < hay,

),

Y=l < han}



Define K* (z) as in Hansen (2008, Proof of Theorem 2) and K** (z) := |K (z)|. Then,

. — an i) — Xy
st (B0 o e ()20

= :5 4+ 85+ 53,

where

Xni i) —
slganMMMM—&meW<’S?>

s o (G2
X (75) —x)j

Yn,i (’Y])HK** ( : h

Ih—h’wH Yo ()

IN

" Xn,i Vi)~
S < ||Yai (1) = Yo (v)) [ K <(h)) < =l

lz — 2’| o [ Xni () — @)
sy < 5w ) e (201,

Defining

Fiin) = ()Y Vs ) Ko () 7 (T,

7

B = () S i (R,
U (7)) = (nhd>_1 Y Yilyy) K™ (Xn’i (Z) — a:) ;

we therefore obtain by the same arguments as in Hansen (2008, Proof of Theorem 2),

A

Wi (2,7,) - B (57,)]]

U (CL‘;’}/]-) — E[¥ (.’L‘;’}/j)]‘ +

n,j

_|_

W3 (2,7;) = B0 (a30))| + 9 (a7;) = BLE™ (w37,)]]

+2a, (BN (@37;)] + B (a7,)] + B[P (a37,)])




The last terms is of order O (andﬁ;) since, by using the same arguments as in the Proof
of Lemma 5, E[U} (z;7)] < 1/O0% (v)/ (nhd) and E[U** (z;7)] < /O** (v)/(nh?) where
05 (7) = O (d%') and ©** (y) = O (d%"). We now show that the first term converges with
the claimed rate; the three other ones involving W%, W3 and ¥** are treated in the same way
since W = YX and Y satisfy the same conditions as W = Y. With Zni(x;7y) defined in

Lemma 5,
n 2
|Zn,i (1'7 7)‘ <b,:= CTm E (Z Zn,i (QZ, 7)) <06 (7) nhd
i=1

1

such that, with m = a,; 17,1, Lemma 6 yields:

P < Z Zni (z57)

i=1
where the last inequality follows by choosing M > © () /d?* where

M?log (n) d)
640 () + 6K Md)

< 4n7M(64+6k) + 4Ana711+5771f5,

IN

> Mandﬁnhd> 4 exp { ] + 4%0@ (m)

00 _ g Bi(M)Bi (M) +1 _ 5 BB} |y +1
sup <© sup <© sup =0(1l), n— oo.
N Iyl <d- di NEA dy
In total,
P @m W (aiy) ~ B [ (7)) | > 3Man) —0(T) +0(Ty),
where

T = cidﬁh_(d+k)a;(d+k)n7M(64+6R), Ty = chth_(dJrk)a,11+5_(d+k)7'711+6n.

We can now follow the same arguments as in Hansen (2008, Proof of Theorem 2) to obtain
that both of these are o (1), since we have specified ¢, and d,, to have the same order and 6
have been chosen accordingly.

The second part follows along the same lines as Hansen (2008, Proof of Theorem 3) by
extending his arguments in the same manner as we have extended the ones of Hansen (2008,
Proof of Theorem 2). m

Proof of Theorem 3. We first verify that (A.1)-(A.5) hold. By Orbe et al. (2004,
Lemma A.4), {W),;} is strongly mixing with geometrically decreasing mixing coefficients.
Thus, (A.1) holds with Y,,; = W,,;W,;—1 and Y,,; = 7%_1 respectively and X,,; ~i.i.d.
U [0, 1] with 8 = +00. (A.2) is satisfied with A = 0 and any s > 2 as long as E []57;\25} < 0.
The densities fp; (x) =1{0 <z <1} and f, ;5 (z,y) =1{0 <2 < 1,0 <y <1}, and

EWniWni1| | Xni=2] = la(@)|E[W2,_1],
E[(WniWnio1) WajWajo1) [ Xni =2, Xpj=y] = la(@)||a(y)|E[W2,_iWn;-],

10



which are both bounded such that (A.4)-(A.5) hold. From Theorem 1, we then obtain
SUP,c(o,1] ’\i/k (1) — E[¥y (T)]’ = Op (log(n)/(nh)), k = 1,2. Next, by Dahlhaus (1996a),
A, =F [Wgz} = A(i/n) + o (n™!), where A (i/n) := 02/ (1 —a*(i/n)). We therefore
obtain, using the same arguments as in e.g. Cai (2007), that uniformly over the interval
T €[b,1—b],

Eff(r) = Y K (i/”h_ T) a(i/n) [A(i/n)+o(n™N)] =¥ (1) + O (h"),
=1

Blea] = Y& (PEET) MG 4o ()] = w2 (0) +0(0),
=1

where ¥ (1) = a (1) A (7) and ¥ (1) = A (7). By the mean-value theorem,

A ’@1(7)—‘1’1(7)‘ |0 (7
a (1) —a(r)| < e +5

1(0)] 14
s [T (-9 0],

where Wy (1) € [Wy (1), Uy (1)]. Since 7 — Wy (7) is continuous and positive, Wg pmin =
inf o1 W2 (1) > 0, and inf ep1y |2 (1) — U2 (7)| = op (1), U2 (7) > Uy upin/2 almost

surely as n — oo. Similarly,

Uy (1)] < sup;cpo,1] |1 ()| /2 almost surely. This proves the

result. m

Proof of Theorem 4. 1t is easily checked that (A.1)-(A.5) hold with Y}, ; = 1 under the
conditions imposed on the Markov chain: The Doeblin condition implies strong geometric
mixing, c.f. Holden (2000), and the uniform continuity of 0"p (y|z) /Jy" implies the same
property of 8"p; (y|x) /Oy by the recursion formula (4). Finally, ||z||? f (z) being bounded
implies that ||z||? p; (z]y) is bounded for all ¢ > 1 and y. This gives us the desired bound for

the variance component. Next, by standard arguments,

2 1 ¢ 1 ¢
B @) = > [ K @pilat shly)dz = 3 Y i (aly) + O ()
i=1 i=1
uniformly over x and for any given initial value y. Due to the Doeblin condition, there exists

constants M < oo and p < 1 such that uniformly in z,

n

el f@l < swp ) S PSS < )« Y g
i=1 1=1

=1

= O0(1/n),

where the last inequality follows by Holden (2000, Theorem 1). m

11
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