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1 Introduction

The theory of bipower, and more generally multipower, variation has developed out of problems
in mathematical finance; for motivation and some first results and applications see [5], [6], [7],
[8], [9], [10], [26], [27], [28], [29]. It is natural, therefore, that initially the focus was on Brownian
semimartingales, for which a rather complete and comprehensive theory is now available, cf.
[3] (also [4] and [18]). Extensions of the theory to Lévy processes and It6 semimartingales have
been obtained, particularly by Jacod in [15] (cf. also [8]), and applications to finance of such
extensions are discussed in [17] and [25].

A further avenue of generalisation is to stochastic integrals with respect to Gaussian pro-
cesses having stationary increments. This was begun in [2], [12] which treated the power
variation case, providing in particular a feasible central limit theorem for inference on the
integrands in question'. The techniques used there, as well as in the present paper which
considers the bipower case, come from very powerful recent results developed in the context of
Wiener/It6/Malliavin calculus, especially by Nualart, Peccati and coauthors, see [21], [22] and
[23] (cf. also [19]). (In fact, we believe that there are no other tools available that would allow
derivation of the conclusions in the present paper.)

The structure of the paper is as follows. Section 2 lists a number of background results
needed for the proofs, given in the Appendix, of the main results, which are presented in Sections
3 and 4. Those Sections discuss limit laws of bipower variation for Gaussian processes with
stationary increments and for integrals with respect to such processes, respectively. Section 5

concludes.

2 Background

In this section we review the basic concepts of the Wiener chaos expansion. In particular, we
present a multiplication formula (Proposition 1) and a multivariate central limit theorem for a
sequence of random variables which admit a chaos representation (Theorem 2). The latter is
based on the theory for multiple stochastic integrals developed in [21], [23] and [14].

Consider a complete probability space (€2, F, P) and a Gaussian subspace H; of L2(€), F, P)
whose elements are zero-mean Gaussian random variables. Let IH be a separable Hilbert space

with scalar product denoted by (-, ) jy and norm ||-|| zr. We will assume that there is an isometry
W : H—H;
h +— W(h)

in the sense that
EW (h1)W (h2)] = (h1, ho)m.

! As discussed in [2], an important early forerunner of that paper is a paper by Guyon and Leon [13] which

derived quadratic variation limit results for stationary Gaussian processes.
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It is easy to see that this map has to be linear.

For any m > 2, we denote by H,, the m-th Wiener chaos, that is, the closed subspace of
L?(Q), F, P) generated by the random variables H,,(X), where X € Hy, E[X?] =1, and H,, is
the m-th Hermite polynomial, i.e. Ho(z) =1 and Hy,(z) = (—l)meé ki (e‘é).

dx™

Suppose that IH is infinite-dimensional and let {e;,i > 1} be an orthonormal basis of IH.
Denote by A the set of all sequences a = (a1, as,...), a; € N, such that all the terms, except
a finite number of them, vanish. For a € A we set a! = II3°,q;! and |a| = Y77, a;. For any
multindex a € A we define |

¢, = ﬁﬂzﬁlHai(W(ei))-

The family of random variables {®,,a € A} is an orthonormal system. In fact
B2 Ho, (W (ei) )2, Hy, (W (ei))] = daval

where d,, denotes the Kronecker symbol. Moreover, {®,| a € A, |a] = m} is a complete
orthonormal system in H,, .

Let a € A with |a| = m. The mapping
I, :H"™ — H,
éz?ilez@ai = H?ilHai(W(ei))’

between the symmetric tensor product IH®™, equipped with the norm vm!||| em, and the
m-th chaos H,, is a linear isometry. Here ® denotes the symmetrization of the tensor product
® and Iy is the identity in R.

Forany h=h1 @ - Q@ hy and g = g1 @ -+ - ® g EIH®™, we define the p-th contraction of
h and g, denoted by h ®, g, as the element of IH ®2(m=p) given by

h®pg: <h1agl>H"'<hpagp>th+1®"‘®hm®gp+l®"'®gm-

This definition can be extended by linearity to any element of JH®™. h®,,g does not necessarily
belong to IH®?™~P) even if h and g belong to IH®™. We denote by h®,g the symmetrization
of h®, g.

Proposition 1 For any h € IH®P and g € IH®Y, we have

L(WI(g) = > ! ( P ) ( 1 )Ipﬂ_%(hérg). (2.1)
r=0 r r

Proof: First, note that
Ii(ei) = W(e).

Let a € A with |a|] = p and ¢ = 1. Due to linearity of I, it suffices to consider the case
h=®;ee2% g =ej. It holds that

Ip(®i=ye; ") T (e5) = T2y Ha, (W ()W (e5).
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Assume that j is an index such that a; = 0. Then
Diere] " ®1ej =0

and
I12° ) Ha, (W (e3))W (e)) = L1 (@6 " @e;),

so we have that

(@217 ) 1(ej) = Tps1 (Ri2165" ®ej) + pLp1 (217" @1e5).

Assume now that a; # 0. Then we obtain the identity

~ . aj ~ '
Bl Bre; = LH2 "
p
with a} = a; if i # j and @} = a; — 1. Furthermore,
2 Hao (W(ei))W(ej) = ILZy izHa,(W(es)(Hay11(Wej) + ajHa;—1(W(ej)))

= L1 (@216 @ej) + ply-1(D72 16" 1),
since the Hermite polynomials verify
Hy1(x) = xHy(x) —nHy—1(x).

Hence, the relationship (2.1) is true for ¢ = 1. The general formula follows by induction through

the lines of the proof of Proposition 1.1.3 in [20]. O

Remark 1 Note that if we take h = ¢;%P, g = €;%9 we obtain the well-known identity

Hy(W (e0)) Hy(W(es) = Y r! ( g ) ( X ) Hy g2 (W (e1).

r=0 r

Now, let G be the o-field generated by the random variables {W(h)| h € IH}. Any square

integrable random variable F' € L?(Q, G, P) has a unique chaos decomposition

o
F=Y In(hm),
m=0

where h,, € H®™ (see [20] for more details).
Finally, we present a multivariate central limit theorem for sequences of functionals F;, €
L?(Q,G, P).

Theorem 2 Consider a sequence of d-dimensional random vectors F,, = (FL, F2, ..., Fff), such
that F¥ € L2(Q,G, P) and

0o
F?f = Z Im(hﬁan) )
m=0

where hﬁl’n € IH®™. Assume that the following conditions hold:
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(i) For any k =1,...,d we have

o0
lim lim sup Z m!”hfn’nH%@m =0.
N—oo p—oo m=N+1

(ii) For k,l=1,...,d we have
: k
m! nh_rgo Hhm,nH%{@m =X,

m! lim (hF Bl Vpem =30 k#1L,

m,n " ‘m,n
n—00

and 3°°_ ¥ =3 € R4,
(iii) Foranym>1,k=1,...,dandr=1,...,m—1
~ k k
HIL% Hhm,n Sr hm,nHz}[@Q(M*T) =0.

Then we have
Fn - hO,n 1’ Nd(0> E) ) (22)

as n tends to infinity, and for any natural number N and k=1,...,d
N 4 N 2
lim B (Zlfm(h,’jw)> =3 (Zl Eﬁ) : (2.3)
m= m=

Proof: Under the conditions (ii) and (iii) the weak convergence (2.2) of the vector

<Im1 (h11nl,n)v Im2 (h%lg,n)7 e Imd(hgmd,n)> ’

is shown in [23] (moreover, these authors prove that (2.2) implies (2.3)). Under the additional
condition (i) this result can be extended to general multivariate sequences F,, with squared

integrable components (see [2]). O

Example 3 Consider a sequence of stationary, normalized, centered Gaussian random vari-

ables (X;)i>1. We want to study the asymptotic behavior of the sequence

1 n
Y,=— H(X;
n \/ﬁ Zz; ( Z) I
where H is a real-valued function of Hermite index R > 1, i.e.
oo
H(x) = Z emHp (2)
m=R

with cg # 0 (in particular, this implies that E[H(X;)] = 0). Assume that E[H?(X;)] =
Yo pm! c2, < co. We can take H; =span{X;,i > 1}, and JH = H;. The inner product on
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HH is then induced by the covariance function p(k) = cov(Xi, Xi4) of the sequence (X;)i>1

(note that p(0) = 1). We obtain the following representation

) n
1
m=R =1
) n
1
= E = E :Cm[m(Xz@m)
m=R n =1

o) 1 n
- }:ul(E:cmX?m>.
m=R \/ﬁ =1
Set .
1
hm,n = % ;CmXFm

Assume that

> 1o()I" < .

It holds that

= = mle?,
> mllhasalren = S22 Y 7= )
m=R m=R 1,j=1

oo n—1 ] o oo
= Z mlc?, 1+2me(j) (1_71) — z;tm!c%@ 1—|—2Z;pm(
m= j=

Note the identity

i) | =%

2 n

c . . — _

o o = B 32 75 ) x5,
7/7.7:1
This implies
ct n
||hm,n Qr hm,n ‘%{@)2(7”,” = nﬂ pT(Z _ j)pr(k . l)pm_r(i B k‘)pm_r(j B l)
i:jsz:l

64
= N G- BTG = k) (-

1,J,k=0

iVivk

)

n

where the last term converges to 0 under assumption (2.4) (see [12] for a detailed proof). Thus,

under assumption (2.4), conditions (i)-(iii) of Theorem 2 are fulfilled, and we deduce that

Y, = N(0,02).
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3 Asymptotic theory for bipower variation of Gaussian pro-

cesses with stationary increments

We consider a Gaussian process (Gi)i>0, defined on a filtered complete probability space
(Q, F, (Ft)t>0, P), with centered and stationary increments. The variance function R of the

increments of G is defined as
R(t) = E[|Gs1s — Gs],  t>0. (3.1)

In this section we study the asymptotic behaviour of the bipower variation processes

[n]
1
V(G a)i = —g > IATGPIAYLGT L pg=0, (3.2)
=1

where A?G = G — Gi-1 and 72 = R(2) = E[|A?G|?], using the multiplication formula (2.1)
and the central limit theorem discussed in the previous section. For this purpose we introduce

the representation
oo
|z|P = Z apmHm(x) , (3.3)
m=0

where the H,, are Hermite polynomials as defined in Section 2.
In order to give a statement about the asymptotic behaviour of the bipower variation pro-
cess V(G;p,q)} we require the following assumptions on the variance function R defined in

(3.1), which were introduced by Guyon and Leon in [13]:

(A1) R(t) = tPLo(t) for some B € (0,2) and some positive slowly varying (at 0) function

Ly, which is continuous on (0, 00).
(A2) R'"(t) = t972Ly(t) for some slowly varying function Lo, which is continuous on (0,00).

(A3) There exists b € (0,1) with

La(y)
L()(.ZL‘)

K =limsup sup
=0 yelz,ah]

<

Recall that a function L : (0,00) — IR is called slowly varying at 0 when the identity

lim L{tz)

=1 (3.4)
holds for any fixed ¢t > 0. Provided L is continuous on (0, c0), we have

IL(z)| < Cz™®,  x€(0,T] (3.5)
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for any o > 0 and any T > 0 (where the constant C' > 0 depends on a and T').
Finally, we introduce the correlation function of the increments of G, i.e.

j>o0. (3.6)

r(J) = COV(%, W) ,

Tn Tn

By the triangular identity, and due to the stationarity of the increments of G, we know that

r(0) =1 and

R(EE) + RO — 2R(3)
2R(+) ’

We start with the weak law of large numbers for the sequence V(G;p,q)7. Throughout this

rn(j) = j=1 (3.7)

3 |—[3

paper we write Y =5 Y when supyepo,r |Y¢" — Yl L0 for any 7' > 0.

Theorem 4 Assume that conditions (A1)-(A3) are satisfied. Then we have

V(Gip@)f wep

Phd
where the quantity pl(,?q) s given by
P =D apmatgmmt 7 (1), (3.9)
m=0

Proof: see Appendix.

Remark 2 Notice that by orthogonality of Hermite polynomials the identity
B

Tn

P = .

holds. Moreover, since the function Ly is slowly varying at 0, assumption (A1), (3.9) and (3.7)

(and the dominated convergence theorem) imply that

. n S — m 2 2 2 2
Pp,g = nlin;o p}(o,q) = Z Ap,mGqmm! (25 - "= EHB%B/ - Biﬁ—/1 ’p|Bz‘ﬁ-(1 - Biﬁ/ 9, (3.10)
m=0

where BP/2 is the fractional Brownian motion with Hurst parameter (3 /2. Consequently, The-

orem 4 yields the uniform convergence
ucp
V(G p,q)f — ppagl-

Next, we present the weak limit of the properly normalized sequence V(G;p,q)7'. Notice
that the central limit theorem for bipower variation is valid under the same assumptions that

are required to show the corresponding result for the power variation case (see [2]).
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Theorem 5 Assume that conditions (A1)-(A8) hold and 0 < 3 < 3. Then we obtain the
weak convergence (in the space D([0,T])? equipped with the Skorohod topology)

(Gtﬂ/ﬁ(V(i})%’ U —t)> == (Gm(;ZZWt) ; (3.11)

where W is a Brownian motion that is defined on an extension of the filtered probability space

O, F, (F)i>0, P) and is independent of F, and o2, is given by
> Pq

P4 oo

o2 = lim nVar(V(BBﬂ;p, q)?) , (3.12)
where BB/? is the fractional Brownian motion with Hurst parameter (3/2.

Proof: see Appendix.

Remark 3 In Theorem 5 the constant ,oz(]fq) can not be replaced by its limit p,, defined in

(3.10). This is due to the fact that the bias \/ﬁ(pgfq) — pp,g) can, in general, converge to infinity.

Remark 4 The finiteness of Uqu (for 0 < 8 < %) and its exact representation is shown in

(6.11) in the Appendix. Note that due to the assumption (A1) the behaviour of the function
R near 0 is similar to that of the fractional Brownian motion with Hurst parameter 5/2. This

is reflected in the formula (3.12).

The proof of Theorem 5 relies on the methods developed in the previous section. In the first step
we apply the multiplication formula (2.1) to obtain the chaos decomposition of the sequence
vn (% — t). Then we show the convergence of finite dimensional distributions of the
Sequencﬁqugiven in (3.11). Finally, we prove the tightness condition.

Notice that the weak convergence in (3.11) is equivalent to the stable convergence (in
D([0,71)%)

V (G, 7 —s
vin( V(Gip @)t —t) T Trayy (3.13)
(n) p
Pp,q P

where F¢ denotes the o-algebra generated by the process G (see [1], [16] or [24] for more
details on stable convergence). The latter result is crucial for proving a functional central limit
theorem for the bipower variation of integral processes which is presented in the next section.
4 Extensions to integral processes

In this section we extend the limit theorems of the previous section to integral processes

t
Zt—/ usdGs (41)
0

defined on the same probability space as G, where the stochastic integral is the pathswise

Riemann-Stieltjes integral. Assumption (A1) implies that G has finite r-variation for any
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r > 2/ and hence by [30] the integral in (4.1) is well-defined for any stochastic process u of
finite g-variation with ¢ < 1/(1 — (5/2)).
First we state the law of large numbers for the integral process which is valid under the

same assumptions as in the power variation case.

Theorem 6 Assume the conditions (A1)-(A3). Suppose that u = {u,t € [0,T]} is a stochas-

tic process with finite r-variation, where r < W Set

t
Zt:/ USdGs.
0

t
V(Z;p,q)y 5 pp,q/ |us[PTds,
0

Then for p,q > 0 we obtain

as n — oQ.

Proof: see Appendix.

Remark 5 Note that integrals with respect to fractional Brownian motion Z; = fg usdBf /2

are a special case of this setting leading to the same limit.

Next we provide the weak limit theorem of the properly normalized bipower variation.

Theorem 7 Assume the conditions (A1)-(A83) and suppose that w = {u,t € [0,T]} is a
stochastic process with finite r-variation, where r < %, and which is Holder continuous of
the order a with a > max(1/(2(p A 1)),1/(2(¢ A 1))). Then we obtain for Z; = fg usdGs and

p,q>0
V(Z; p7 - +
Gt,\/ﬁ |’LL |p Ads — Gt, p | |p 1AW
p,q

as n — oo, where the convergence is in D([0,T))? and W is a Brownian motion defined on an

extension of the filtered probability space (0, F, (Fi)e>0, P) and is independent of F.
Proof: see Appendix.

Combining Theorem 7 and 6 we can derive a feasible central limit theorem for the bipower

variation.

Corollary 1 Under the assumption of Theorem 7 it holds that

Jn (V(Z<5q — ! \us\p+qu>
P,

D,q D
SN

N(O, 1).
V(Z:2p,29)} 92 4
P2p,2q p%yq
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5 Conclusion

In this paper we derived convergence in probability and stable central limit theorems for bipower
variation of Gaussian processes with stationary increments and for associated integral processes.
The corresponding asymptotic theory for multipower variation can be obtained similarly in a
straightforward manner. Extensions of the results presented here to spatial and tempo-spatial
settings would be of interest, as would simulation and empirical studies of how well the limit

laws work in applications.

6 Appendix

In the following we denote all constants which do not depend on n by C.

Let H; be the first Wiener chaos associated with the triangular array (A7G/7n)n>11<j<n)>
i.e the closed subspace of L?(), F, P) generated by the random variables (ATG/Tn)n>1,1<5<nt]-
Notice that H; can be seen as a separable Hilbert space with a scalar product induced by the
covariance function of the process (A;LG / Tn)nzmgjg[nt]. This means we can apply the theory
of Section 2 with the canonical Hilbert space IH = H;. Denote by H,, the mth Wiener chaos
associated with the triangular array (A7G/7;)n>11<j<ng) and by I, the corresponding linear
isometry between the symmetric tensor product H{"™ (equipped with the norm Vm! H'||H(1®m)
and the mth Wiener chaos.

(n)

First, we present the chaos decomposition for the sequence V (G;p, q)} — ppqt-

Lemma 1 For anyt > 0, we obtain the decomposition

o0 [Tlt}
1 _
V(Gpa)t = gt =3 (= S") + 07 | (6.1)
m=2 i=1
where the kernels fi"* € H?m are given by
m_ = (n) (AFG\®h~ (Al G\@m—h
L= ZSh”“( n ) ®( Tn ) ’ (6.2)

h=0
(for simplicity we suppress the dependency of f on n) with
n > l+h l+m—h
ng,r)n = Zap,Hhaq,lerfh“ ( I ) ( I > Tiz(l)- (6.3)
1=0

Proof of Lemma 1: Using the multiplication formula (2.1) and the linearity of the mapping I,

10
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we obtain the representation

[nt m1/Ama m
et =13 5 (S () ()

i=1 m1,m2=0

g a(()™ e (39

Tn Tn

[nt] mi1/Ama m
133 (S () ()

i=1 m1,m2=0

(190 (229

- Sy

Notice that ap2m+1 = 0 for all m > 0 and p > 0, because the Ha,, 1 are odd functions. This

implies the identity

n 1 m _
V(Gipa) = ot =3 (= Y S") + 0™
m=2 i=1
which completes the proof of Lemma 1. O

Next, we present a lemma which has been shown in [2].

Lemma 2 Suppose that conditions (A1)-(A8) hold. Let € > 0 with ¢ < 2 — (3. Define the
sequence r(j) by
r)=G-0" =2, (6.4)

and r(0) =r(1) = 1. Then we obtain the following assertions:

(i) It holds that

If, moreover, B +¢€—2 < —% it holds that
(o]
ZT’2(j) < 00
j=1

(ii) For any 0 < e <2 — 3 from (6.4) there exists a natural number ng(e) such that
) <Cr(j), 520
for all n > ny(e).

11
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(iii) Set p(0) = 1 and p(j) = 5((]' —1)% — 20 + (j + 1)5) for j > 1. Then it holds that
rn(j) = p(J)
for any 5 > 0.

Finally, we show the following result.

Lemma 3 It holds that

e L+ h l+m—h
|s§J:L|§Z|ap,z+h||aq,z+m_h|u( | )( >|r;<1>| (6.5)

=0

<C

() m
( ) (6.6)

m! lrn (1)|(1 = |7y

where the constant C' does not depend on n, m and h.

Proof of Lemma 3: First, notice the identity

AP .
. G‘p> = Zag,ll! < oo.
1=2

Var (

Tn

From this we deduce that af,’l < % (for any fixed p > 0). Now, recall that |r,(1)| < 1 since r,
is a correlation function of a process with stationary increments. Consequently, we obtain the

inequality

Z lap.i+h]laq i+m—n|l! ( l —:h ) ( I+ TrlL —h ) Irl (1)] < h'(mc—h)' Z(l +1)--- (L +m)|ra (1))

<h>< 1

=C

=0
m! !Tn(l)\(l—lrn(l)\)) '

Hence, we deduce the assertion of Lemma 3. ]

Proof of Theorem 4: We first show the pointwise convergence V(G;p, q)} — pz(fq)t 2.0, Using

the expansion (6.1) and the stationarity of the increments of G we obtain the identity.

(9] [nt]—-1
Var (V(G:pa)f — o) = 30 m (SR e+ 2 D (nt] = BN S ) - (67
m=2 k=1

Now, by (6.2), Lemma 2 (ii) and Lemma 3 we have the inequalities

2 s ()2 am
17U < (X letinl)” < © oo =g - 09

) N\ m 4mym(k —1
A fdngm] < O (L 1sl) =1 < € e (69

12
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for some C' > 0. Consequently, we deduce that

var(V(G;p,q)?—p;(fq)t) = C([Z?exp((rrn(l)l(liIrn(1>!>>2>

4C nt]—1
2texp <(\m(1)\(1—|rn(1)l))2> S

n

since r"™(k) is decreasing in m. This implies Var(V(G;p, q)7 pﬁ,nq) ) — 0 (because (1) —

20=1 1) by Lemma 2 (i), and we obtain the pointwise convergence

V(Gip.ai P,
Py
The ucp convergence follows immediately, because % is increasing in t and the limit
process g(t) =t is continuous. O

Before we proceed with the proof of Theorem 5 let us show the following lemma.

Lemma 4 Under the assumptions (A1)-(A8) and 0 < 8 < 3 we have

lim nVar(V(G ,q)} —pgfq) ) = ai,qt , (6.10)

n—oo

where 0' is defined in (3.12). Moreover, we obtain the identity

Zm' ch (m)p(1) + 2 Z Cly Ig 15 (M Zpll —Dplk+1)pB (k)|
1=0 k=1

(I1,12,13)EJm
(6.11)

where Jpm = {(l1,12,13) € IN3| I; > 0, Iy + 1z + 13 = m}, p(j) is the correlation function of the

increments of the fractional Brownian motion BP/? defined in Lemma 2 (iii),

| m—ltj m e "
o - 5 %m0 ) () ().
;hgj ! h—2j+1 J l—j

fatls m - h m—h
Cly lals (M) = E Sh'Shei +1 )
1,02,l3 = 2+ h—ly+1 I I

and the quantity sy* is given by

l+h l+m—nh
s’gl:nh_r)noos Z%Hhaqu hl'< ; )( ) >pl(1)'

=0

Proof of Lemma 4: We assume w.l.o.g. that ¢ = 1. First, we prove the identities

1M e = D™ mirt (1) (6.12)

T e = D e (m)rt (k= Dri2(k + Dl (k) (6.13)

(I1,l2,l3)ETm

13
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where cl(n)(m) (resp. ¢

(n)

h,m"

Notice that

=3

h=0

(n)

1, 115 (M) are defined exactly as ¢;(m) (resp. ¢, 1,15(m)), but sj? is

replaced by s

—1
m ALG AP G
Z 7®...®L.
h Tn

tie{ii+1},4{t;=i}=h Tn
Next, we obtain

—1 —1
O m INYERY AP G AL G
1 Bem = > sé,&s%( h) (h> D L e i LA

T T T T
hoh' =0 n n n n

where the second sum is running over all indexes t;,t. with ¢;,t’ € {1,2}, §{t; = 1} = h and

7777 1773
Bt =1} = 1. Since (~0¢ £> = ro(1 0)=1 t th tati
;=1y=n. ) = rn(1) or r,(0) = 1, we get the representation

1 B em = D ct™ (m)rh (1)
=0

where we have to compute cl(n) (m). For this purpose we need to count all possible h, h’ and all

tq, ), with tq,t), € {1,2}, t{tq = 1} = h, #{t/, = 1} = K’ such that
Htg=2,t, =1} =1—3j, Htg=2,t, =2y =m—h+j—1,

where 0 < j < [. For this condition to be satisfied we require that j < h < m — 1+ j and
h' = h — 25 + 1. Moreover, for fixed j and h there are

(G0

of the above-mentioned combinations. By summing over all possible j and h we obtain the
identity (6.12).

The second identity can be deduced in a similar way. To compute cl(:lg 1, (m) (for (I, 12, 13) €

Jm) we need to look at all possible h,h' and all t4,t, with tq € {1,2}, t, € {k + 1,k + 2},
#{ta =1} = h, #{t), = k + 1} = 1’ such that

ﬁ{tdZQ,t/d:k—i-l}:ll, ﬂ{tdzl,t/d:k—i-2}:l2,

tH{ta=1,t,=k+1} =h—l, tH{ta =2ty =k+2}=m—h—1;.

These conditions imply that lo < h <m —1; = Iy + 13 and h' = h — I3 + [;. Moreover, for fixed

()G

14

h there are
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of the above-mentioned combinations. Hence, we obtain (6.13).
Now, recall the identity (6.7) (for ¢t = 1):

wVar(V(Gipra)t - o) = 3 i (1A 2 m + = Zn— MU Fidgm )

m=2

As in the proof of Theorem 4 we obtain the approximation

n—1
nVar(V(G;p, Q)7 — p](fq)) < C(l +2 ;TQ(]C - 1)) )

where the function r is defined in Lemma 2 (i). When 0 < § < % the constant € > 0 (in the

definition of the function r) can be chosen such that g+ e —2 < —%. In this case we have

irQ(k—

k=1
Finally, recall the convergence
rn(7) = p(5)
for any j > 0 (see Lemma 2 (iii)). By the dominated convergence theorem we deduce that

[e.e]

nVar(‘/(G;p, Q1 - p;(,fi])) - Z m'(icl

=0

+ 2 Z 011712713 Zpll 12 k+ ) (k))
k=1

(I1,l2,l3)€Tm

On the other hand the right-hand side of the above convergence equals
aqu = lim, o nVar(V(Bﬂ/ 2, Q)7 ) because p is the correlation function of the increments

of the fractional Brownian motion B%/2. This proves (6.11). O

Proof of Theorem 5: We divide the proof of Theorem 5 into two steps. In the first step we
prove the convergence of finite dimensional distribution of the sequence (Gt, vn ( % —t) ) .
Pp.q

Then we prove the tightness of this sequence.

Step 1: Define the vector Y, = (V;},...,Y,9)T by
yho L [”f (\A?G’p’%ﬂq_ <n>> (6.14)
" \/ﬁi:[nak]-i-l n n fra) '
where (ag, b, k = 1,...,d, are disjoint intervals contained in [0, T']. Clearly, it suffices to prove

that
- (Gbk — Gy Opg(Why, — Wak))
(n)

where o), is given by (3.12) (because ppq — pp,q, Where pp 4 is given in (3.10)).

(Gbk — G, Y,!j)

1<k<d 1<k<d’

15
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By Lemma 1 we obtain the representation

[nbg]
1
S NEN S R
<\f i=[nag]|+1 )
Since

E[(Gy, — Ga,)Yi] =0

for any 1 < k,1 < d, it is sufficient to check the following conditions.

(i) Forany m > 1 and k = 1,...,d, the limit

. _ 2
nh_)rgo m! Hf Z o = 0p.q(ms k)
i=[nay]+1
exists and
Z m! sup H o 7
f i=[nag|+1 o
(ii) For any m > 1 and k # h,
[nby] [nbn)
nhi{.lo< Z fimaT Z fm>H®m= ;
z [nag]+1 i=[nap]+1
(iii) Forany m > 1, k=1,...,d and 1 < p <m — 1, we have that
Jm [ Z ) (5 2 1) pann=0
z z [nag]+1

Under conditions (i)-(iii) we then obtain (by Theorem 2) the central limit theorem
D
Yn—>Nd< , pqdlag(bl—al,...,bd—ad)> , (6.15)

where 012)7(1 is given by (3.12). Since the increments of the process G are stationary we will prove

part (i) and (iii) only for k =1, a3 = 0 and b; = 1.

(i) By the same methods as presented in Lemma 4 we obtain

012,7q(m, 1) =m! Z c(m)p(1) + 2 Z Cly o ls (M Z Pl (k P2 (k+1)pB (k) |
k=1

1=0 (I1,12,13)ETm

HE™

oo 1 n
> s 3
m=2 n 1y i=1

16
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and Y, 02 (m,1) 02 .

(ii) For any 1 < k, h < d with by < a we have

[nbg] [nbp] [nbg] [nby]

< 2 fﬁyvff > fm>H®n__i? > > (1 F iy

z [nag]+1 i=[nap]+1 j=[nag]+1i=[nap]+1

Assume w.l.o.g. that ar = 0, by = a;, = 1 and b, = 2 (the case by < aj is much easier).
By part (ii) of Lemma 2 with 0 < € < 3 — 3 in the definition of 7 (see (6.4)) we obtain the
approximation (by (6.9))

[nby] . [nbn] . 13 o n—1 n .
‘< 2. ’7 > >H®m‘—0m<nzj7“ @+ (n+ )
z [nag]+1 i=[nap]+1 j=1 j=1

for some constant C,, > 0. It follows that r™(j) < (j — 1)~ for some § > 0 and for all

m,j > 2. Hence, we obtain

< nzbk] [nzbh] >
fzmv = fm
7, [nag]+1 f i=[nap|+1

as n — OoQ.

(iii) Fix 1 < p < m — 1. We obtain the identity

—1 -1
i ®p fj = Z 85”),1 S/ m ( 5 ) < Y > Z<;_7;,ﬁ>m< TZ ) TZ )+,

h,h/'=
ALaG o oapG A9 LG
Tn Tn Tn Tn ’

where the second sum is running over all indexes tg, ), with t, € {i,9+ 1} , ¢} € {j,j + 1},
#{tx =i} = h and §{t}, = j} = K. Now, by Lemma 2 (ii) (with 0 < € < 3 — 3 in the definition

of r) and Lemma 3 we deduce the inequality

(S )3

C .
s S D i — =Dk = 1)
! 1<4,0,h,k<n

AZG\@(m—p) . ARG\ ®(m—p) ARG\ ®(m—p) -+ ARG\ @(m—p)
J h
. <( Tn ) ( Tn ) ’( Tn ) ( Tn ) >H?2(mp>
where ”~” denotes the symmetrization and r(—1) := 1. Applying again Lemma 2 (ii) and

Lemma 3 we see that it suffices to prove

n? Y (=l = D)rP(h =k 1)

1<j,L,h,k<n

r(17 = Al = D™ PTA (L = A = D™l = B = ([l = k[ = 1) = 0,

17
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where 0 < a < m — p. The latter term is smaller than

nTt Y PG = PR ()P PG — ke (1L k).

—1<j,1,k<n—2

Without any loss of generality we can assume that p = m —p =1and a =0 or a = 1. For

a=0and any 0 < € < 1 we get

2 2
Tty >oorli-r) <nt Y > r(li—1r)
“1<j<n—2 \ —1<I<n—2 —1<j<[ne] \—1<i<n—2
2
+2n~t > Sorli-mr@ ] 2t > S rlli—r
[nel<j<n—2 \ —1<I<[ne/2] [ne]<j<n—2 \[ne/2]<i<n—1

2

<2 > 2O +6 D 2P0 > A0

—1<l<n—2 —1<i<n—2 [ne/2]<l<o0

2
which converges to 2 (Z_l <l<oo rQ(l)) as n — oo by Lemma 2 (i). The desired result follows

by letting € tend to zero. O

Step 2: Clearly, it suffices to show the tightness of the sequence ﬁ(V(G;p, Q) — pé@t).
Set

7z = ﬁ(V(G;p,q)? - /)5773’5) = i Im(% fim)
m=2 i=1
and N N 1 [nt]
=S n(L5)

In Step 1 we have proved that conditions (i)-(iii) of Theorem 2 are satisfied. Then by (2.3) and

the Cauchy-Schwarz inequality we obtain the approximation

B2z -z ez -z
24

P(1ZpN = ZpN 2 A 125N - 20N 2 ) <

pg([nt] — [nta])([nta] — [nt]) _ op4(ta — t1)?
<cC N < Py

for any ¢; <t <t9 and A > 0. On the other hand condition (i) of Theorem 2 also implies that

im limsup E[|Z]' — Ztn’N|2] =0.

l
N—oo n—oo

Using this we conclude that

ok (ty —11)?
P(|Zg—zg| >\ |28 — 20| > A) < c?”q(;l)

18
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for any ¢t; <t < t3 and A > 0, from which we deduce the tightness of the sequence Z;* by
Theorem 15.6 in [11]. This completes the proof of Theorem 5. O

Proof of Theorem 6: We will show that

[nt]—1 "
1 P
n 17_n (r+q) Z |ARZIPIAL,  Z|7 pm/o |us[PTds,
i=1
where we can follow similar ideas as in [12] and [2].

First we look at the case p,q < 1, then we obtain, for any m > n

[mt] t
m- p+q Z |Amz|p|AZ+12’q _ Pp,q/ |uS|P+QdS
J=1 ’
[mi]
— o) Z A Z|P (\A?}HZ\Q - IU%A;&IG’(I)
j=1
[mt]
tm i (p+q) Z‘UJ AT G| (’A;?"LZ’P — ]u@A;”G’p>
J=1 ’

+m (Pt Z|u3AJHG|qlu%A}nGV’

[nt]

DI IR ET
iiljéln(i)
[nt]
n m—lTT;(p+q)Z|uﬂ|p|ui|q Z AT GIATGPP
=1 " el

[nt]
PPN fuss Pl |7
n < n n
=1
[nt] ¢
tpq | 17D Pl 7= [ s
=1

_ Agm) + Bgm) + an,m) + ngm) + Egn)’

where I,(i) = {j : £ € 1}, 1 <@ < [nt].

Agm) converges in probability to zero, uniformly in ¢, as m tends to infinity. We denote by

(n’n

19
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|-||cc the supremum norm on [0,7]. Using the Hélder inequality we obtain

..

]
e SN AL ‘|A;112|q — Juy AT G

J=1

IN

[mT] 1/2

m_lTw_fp Z ‘A;-”“Z’zp
j=1

IN

[mT] 1/2

2
x [ m ey (|A;.112|q - \u%A;”HZW)
j=1

o] 1/2

< m_lTn_fp Z ’A;”Z‘Qp
j=1

] 1/2

—1_—2q m CAM 2q
X | m™ 7, E ]AjHZ*u#Aj_HG\
J=1

The first term tends to pa, fOT lus|?Pds in probability as follows by Theorem 2 of [2], and the

second term can be shown to tend to zero as in the proof of that theorem.

(

The convergence of Btm) to zero as m — oo can be verified analogously.

For any fixed n, Dgn’m) converges in probability to zero, uniformly in ¢, as m tends to
infinity. In fact,
[nT) » ;
o] <5 o
< = " "
x \m~lr, e 37 |A;1G|P|A;11G|q—% .0
J€In(i)
since we know by Theorem 4 that
[mt]
1 - ucp
m L CTON AT GPIATL Gl pygt.
j=1
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For the term C,(fn’m) we obtain

=
[nT]
<m0 ST ST Pl |7~ s Plu 17| A7 G | A7, 6
=1 je[n(') n n m ™
pte —(p+q) P .
+ || [P iung L i Z ) PN ZeligvNaNel
2 ([nt]-1) <5< [nt]
[nT] )
< p+q) p 7 e
< Zmur oo sezﬁ)ﬁ%@-_n(“n sl )
X Z AmG‘p‘A]_HG‘q
JELL(4)
( )[nT] ,
+ —1 T;P-ﬁ-q q - ‘ o B Sp
mLr ;mm [ sezn@i“l%’uzn(i)(“ L[ = )
X Z AmG‘p|A]+1G‘q
JELL(4)
p+q (p+q) m v ” .
+ [l iung L i Z ) INZeldIN el
([t -1) <5 <7 [nd]
where we denote I, () := (%, %], 1 < i < [nt]. As m tends to infinity, we find as above by

Theorem 4, that this converges in probability to

[nT]

p7
Fo= 20 Pl oY sup

[ 7 = g7
] S€Tn()UTn(i-1) "

[nT]

N DI N (T U Rl [l
i=1 SEIn(l+1)UIn

By the same argument as in [12], F,, tends to zero almost surely as n tends to infinity.

Finally we have to show that lim,, .. HE(”) HOO =0

2l
o0
[nT]
ulpta
< P05 up [Pl 7 — s+ py AL
i—1 S€In (i)
[nT)
< opa | WPl ™ 32 sup g7~ sl
= 156 nl
[nT)
Flul g n ™Y sup s P — )
= 1SEInz
X Jull
u
TS sup [fus [P fuaf?] x [l |7 fugl?] + 10 |
= 1S€I7L() n
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where the terms tend to zero by the same arguments as for F,.
Next we look at the other cases of p and q. Without loss of generality we may assume p < ¢

and ¢ > 1.

In the following we will use
O lasllbi + i)V < (D laallbalP) 0+ (D laallesP) M9,

which follows by some straight forward application of Minkowski’s inequality together with the

triangular inequality.

Hence we can show that

1/q
[mt]
m i PYONTIAR ZPIAT L Z10 | ST+ T+ 1T+ IV +V 4+ VI+VII
7j=1
with
[mt] . 1/‘1
[ =m0+ mezw‘A 1Z—uiA;7}HG’
Jj=1 "
[mt] 1/q
11 = m b0 S s AT 2] ‘Amz g 1AmG‘
=
1/q
I = [ m~ e (P+0) > us AT Gl AT G
() <j<mng
nt 1/q
IV = [m 7, eroy = 3" [us AT Gl (uizy — uia)ATGIP
i=1 jel, (i)
] 14
V: m- 7— (p+q Z Z uj — l ]+1G| ’Uwz 1AmG‘p
=1 jel, )
[nt]
VI= | m ', PO uaa Plus | Y AT GIYATGPP
=t " " jen)
[nt] 1/q
Pp,
- > lwiss Plusl?
=1
[nt] /g

VIIT= | P Z|u i [Pl |f
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On account of this we obtain

[mit] 1/q

t 1/q
L @0 ST | Am Zp AT 7] —<pp,q /O |us|f’+qu)

7j=1
t 1/q
< \I\+\H\+\HI]+ylvy+yV|+\VIy+\VH—(pp,q/ Ius\P+st> \
0
P

— 0

by the same arguments as for the case p, ¢ < 1. This completes the proof. ]

Proof of Theorem 7. We obtain, for any m > n

[mt] ¢
(f’%)) A p+q) Z |Amz|p|AJ+1Z|q - ml/z/o |us[P*ds
7=1
[mt]
= (pgz)) m~ 2= p+q) Z AT ZP (‘Aj+12’q lu A]+1G|q>
j=1
_ [mt]
(o) O Y by Al (1672 — iy G )
[mt] [m]
+ (é}z)) m /2~ () Z lu s AJ+1G|q|u%A§”G|p L2 Z |u%|q‘u%‘p
7=1 =
1 [nt] 1/2 [nt]
_ (é}fg)) m*1/2TT;(p+q) Z Z ‘U%AﬁlGWW%A}nGV + Z ‘u%mu%p
i=1 jeIn(i) i=1
1 [nt] 1 9 [nt]
+ (P](JZ)) m—1/27_rﬁ(p+q)2|u%|p|u%‘q Z AT Gl ATGP — Z‘u’ 1‘p|ul K
=1 JEIL(7)

[nt] n
P Plag =¥ [ s
; n n 0

By a combination of the arguments of Theorem 6 and Theorem 7 in [2] together with the
result of Theorem 5 it can be shown that [|AT™)||o, [|B™)|se, [|CT™ s, ||E™]|ee — 0 and

m,n) FC—st t
DE )P % Jo lus[PT2dW, as n,m — oco.
P,q
]
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