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Abstract

This paper presents a generalized pre-averaging approach for estimating the inte-
grated volatility. This approach also provides consistent estimators of other powers of
volatility — in particular, it gives feasible ways to consistently estimate the asymptotic
variance of the estimator of the integrated volatility. We show that our approach,
which possess an intuitive transparency, can generate rate optimal estimators (with
convergence rate n~1/4).

Keywords: consistency, continuity, discrete observation, Itd6 process, leverage ef-
fect, pre-averaging, quarticity, realized volatility, stable convergence.

JEL Classification: C10, C13, C14.

1 Introduction

The recent years have seen a revolution in the statistics of high frequency data. On the
one hand, such data is increasingly available and needs to be analysed. This is particularly
the case for market prices of stocks, currencies, and other financial instruments. On the
other hand, the technology for the analysis of such data has grown rapidly. The emblematic
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problem is the question of how to estimate daily volatility for financial prices (in stochastic
process terms, the quadratic variation of log prices).

The early theory was developed in the context of stochastic calculus, before the finan-
cial application was apparent. The sum of squared returns was shown to be consistent
for the quadratic variation in Meyer (1967). A limit theory was then developed in Jacod
(1994) and Jacod and Protter (1998), and later in Jacod (2006).

Meanwhile, these concepts were introduced to econometrics in Foster and Nelson (1996)
and Andersen and Bollerslev (1997, 1998). A limit theory was developed in Barndorff-
Nielsen and Shephard (2002), and Zhang (2001). Further early econometric literature
includes, in particular, Andersen et al. (2000, 2001, 2003), Barndorff-Nielsen and Shephard
(2004), Chernov and Ghysels (2000), Dacorogna et al. (2001), Engle (2000), and Gallant
et al. (1999). The setting of confidence intervals using bootstrapping has been considered
by Goncalves and Meddahi (2005) and Kalnina and Linton (2007).

The direct application to data of results from stochastic calculus have, however, run
into the problem of microstructure. No-arbitrage based characterizations of securities
prices (as in Delbaen and Schachermayer (1994)) suggest that these must normally be
semimartingales. Econometric evidence, however, suggests that there is additional noise
in the prices. This goes back to Roll (1984) and Hasbrouck (1993). In the nonparametric
setting, the deviation from semimartigales is most clearly seen through the signature plots
of Andersen et al. (2000), see also the discussion in Mykland and Zhang (2005).

Statistical and econometric research has for this reason gravitated towards the concept
that the price (and log price) semimartingale is latent rather than observed. Research
goes back to the work on rounding by Jacod (1996) and Delattre and Jacod (1997).
Additive noise is studied in Gloter and Jacod (2001), and a consistent estimator in the
nonparametric setting is found in Zhang et al. (2005). Issues of bias-variance tradeoff
are discussed in Bandi and Russell (2006b). In the nonparametric case, rate optimal
estimators are found in Zhang (2006), Podolskij and Vetter (2006) and Barndorff-Nielsen
et al. (2006). A development for low frequency data is given in Ait-Sahalia et al. (2005).

There are currently three main approaches to estimation in the nonparametric case:
linear combination of realised volatilities obtained by subsampling (Zhang et al. (2005),
Zhang (2006)), and linear combination of autocovariances (Barndorff-Nielsen et al. (2006)).
The purpose of this paper is to give more insight to the third approach of pre-averaging,
which was introduced in Podolskij and Vetter (2006). The idea is as follows. We suppose
that the (say) log securities price X; is a continuous semimartingale (of the form (2.1)
below). The observations are recorded prices at transaction times t; = iA,, and what is
observed is not Xy, but rather Z;,, given by

Zti = Xti + Gti. (11)

The noise ¢, can be independent of the X process, or have a more complex structure,
involving for example some rounding. The idea is now that if one averages K of these
Zy,’s, one is closer to the latent process. Define Zti as the average of Z;,, ., 7 =0,..., K —1.
The variance of the noise in Z; is now reduced by a factor of about 1/K. If one calculates
the realised volatility on the basis of ZO,Ztl,ZtQ, ..., the estimate is therefore closer to
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being based on the true underlying semimartingale. The scheme is particularly appealing
since it is obviously robust to a wide variety of structures of the noise e.

The paper provides a way of implementing this idea. There are several issues that
have to be tackled in the process. First of all, while the local averaging does reduce
the impact of the noise ¢, it adds noise by time averaging the latent semimartingale X.
The pre-averaged realised volatility Zi(th(% R ZtQiK)Q therefore has to be adjusted
by an additive term to eliminate the resulting bias. Second, one would not wish to only
average over differences from non-overlapping intervals, but rather use a moving window.
Finally, the estimator can be generalised by the use of a general weight function. Our
final estimator is thus on the form (3.6), where we note that the special case of simple
averaging is given in the example following Theorem 3.1. Note that in the notation of that
example, k, = 2K.

Like the subsampling and the autocovariance methods, the pre-averaging approach,
when well implemented, gives rise to rate optimal estimators (the convergence rate being
Op(n~"%)). This result, along with a central limit theorem for the estimator, is given as
our main result Theorem 3.1.

What is the use of a third approach to the estimation problem, when there already
are two that provide good convergence? There are at least three advantages of the pre-
averaging procedure:

(7) Transparency. It is natural to think of the latent process X; as the average of obser-
vations in a small interval. Without this assumption, identifiability problems may arise,
as documented in Li and Mykland (2007). Our procedure implements estimation directly
based on this assumption. Also, as noted after the definition (3.6), the entire randomness
in the estimator is, to first order, concentrated in a single sum of squares.

(74) Estimation of other powers of volatility. The pre-averaging approach also provides
straightforward consistent estimators of quarticity, thereby moving all the existing esti-
mators closer to the feasible setting of confidence intervals. See Podolskij and Vetter
(2006) for results in the case of independent noise.

(7i7) Edge effects. The three classes of estimators are similar also in that they are based
on a weight or kernel function. To some approximation, one can rewrite all subsampling
estimators as autocovariance estimators, and vice versa. The estimators in this paper can
be rewritten, again to first order, as a class of subsampling or autocovariance estimators, cf.
Remark 1. The difference between the three classes of estimators (and what is concealed
by the term “to first order”) lies in the treatment of edge effects. The potential impact
of such effects can be considerable, cf. Bandi and Russell (2006a). In some cases, the
edge effects can even affect asymptotic properties. Because of the intuitive nature of our
estimator, edge effects are less likely to be a problem, and they certainly do not interfere
with the asymptotic results.

The plan of the paper is as follows. The mathematical model is defined in Section 2,
and results are stated in Section 3. Section 4 provides a simulation study. The proofs are
in Section 5.
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2 The setting

We have a 1-dimensional underlying continuous process X = (X;);>0, and observation
times 1A, for all i =0,1,---,k,---. We are in the context of high frequency data, that is
we are interested in the situation where the time lag A,, is “small”, meaning that we look
at asymptotic properties as A, — 0. The process X is observed with an error: that is,
at stage n and instead of the values X' = Xja, for ¢ > 0, we observe real variables Z,
which are somehow related to the X, in a way which is explained below.

Our aim is to estimate the integrated volatility of the process X, over a fixed time
interval [0,¢], on the basis of the observations Z for i = 0,1,---,[t/A,]. For this, we
need some assumptions on X and on the “noise”, and to begin with we need X to be a
continuous It6 semimartingale, so that the volatility is well defined. Being a continuous
1t6 semimartingale means that the process X is defined on some filtered probability space
QO FO), (.7-";0)),520, P©) and takes the form

t t
Xy =Xo+ / byds + / osdWs, (2.1)
0 0

where W = (W,) is a standard Wiener process and b = (b;) and 0 = (04) are adapted
processes, such that the above integrals make sense. In fact, we will need some, relatively
weak, assumptions on these processes, which are gathered in the following assumption:

Assumption (H): We have (2.1) with two process b and o which are adapted and cadlag
(= “right-continuous with left limits” in time). O

In this paper, we are interested in the estimation of the integrated volatility, that is
the process

t
Cy = /Uzds. (2.2)
0

Next we turn to the description of the “noise”. Loosely speaking, we assume that,
conditionally on the whole process X, and for any given n, the observed values Z' are
independent, each one having a (conditional) law which possibly depends on the time and
on the outcome w, in an "adapted” way, and with conditional expectations X;*.

Mathematically speaking, this can be realized as follows: for any ¢ > 0 we have a
transition probability Q:(w(?), dz) from (Q(O),ft(o)) into R, which satisfies

/ 2Quw?,dz) = Xp(w®). (2.3)

We endow the space Q) = RI[0:%) with the product Borel o-field F®) and with the
probability Q(w(®, dw() which is the product @;>0 Q¢(w®,.). We also call (Z;);>0 the
?canonical process” on (QM, FM) and the filtration .7-}(1) = 0(Zs : s <t). Then we
consider the filtered probability space (€2, F, (F;)e>0, P) defined as follows:

Q= a0xQW,  F = FOxFO, F o= 0o A< FY, } (2.4)
2.

p(dw(o)’dw(l)) = PO) (dw(©) @(w(o)’ dw®).
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Any variable or process which is defined on either Q) or QM) can be considered in the
usual way as a variable or a process on ). By standard properties of extensions of spaces,
W is a Wiener process on (Q,F, (F)i>0,P), and Equation (2.1) holds on this extended
space as well.

In fact, here again we need a little bit more than what precedes:

Assumption (K): We have (2.3) and further the process

@) = [ 2, ds) - XiwP = B(ZP | FO) - @O (29)
is cadlag (necessarily (ﬁo))—adapted), and

t — /z8 Qr(w?, dz) is a locally bounded process. (2.6)

Taking the 8th moment in (2.6) is certainly not optimal, but this condition is in fact
quite mild (we need in any case the second moment to be locally bounded). The really
strong requirement above is the unbiasedness condition (2.3) of the noise. If this is not
satisfied, and if we denote by Y; the process Y; = [ zQ(dz), then as explained in Li
and Mykland (2007) one cannot make inference on the process X itself, but only on the
process Y, which thus should be assumed to satisfy Assumption (H). This is still a strong
assumption on the noise, as we see in one of the following examples. If this is the case,
one could replace everywhere below the process X by the process Y: so in a sense it is
natural to assume Y = X.

Example 1) If Z" = X 4 €, where the sequence (e]');>0 is i.i.d. centered with finite
8th moment and independent of X, then (K) is obviously satisfied. O

Example 2) Let Z]" = ~[(X]'+¢!')/~] for some v > 0 and (¢]') as in the previous example.
This amounts to having an additive i.i.d. noise and then taking the rounded-off value with
lag ~y, for example v = 1 cent. Then as soon as the ¢]' are uniform over [0,7], or more
generally uniform over [—2iv, (2¢ + 1)v] for some integer i, (K) is satisfied. If the ¢]' have
a C? density, with further a finite 8th moment and a support containing an interval of
length ~, then (K) is not satisfied in general but the process Y introduced above is of the
form Y = f(X) for a C? function f, and so everything goes through if we replace X by
Y below. O

Example 3) Let Z" = v[X]'/~] for some v > 0 (“pure rounding”). Then the errors
Z] — X" are independent, conditionally on X, but (K) is not satisfied, and the process Y’
is not an Ito semimartingale, and is not even cadlag: so nothing of what follows applies.
In fact in this case, if we observe the whole process Z; = v[X;/v| over some interval [0, 7],
we can derive the local times Ly for ¢ € [0,7] of the process X at each level z = iy for
i € Z, but nothing else, and in particular we cannot infer the values of the process C;.
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3 The results

We need first some notation. We choose a sequence k,, of integers and a number 6 € (0, 00)

satisfying
kn/An = 04 o(ALY (3.1)
(for example k,, = [0/v/A,]). We also choose a function g on [0, 1], which satisfies

g is continuous, piecewibe C' with a piecewise Lipschitz derivative ¢/, } (3.2)
9(0) =g(1) =0, [y g(s)*ds > 0. '
We associate with g the following numbers and functions on R :
1
s€0,1] — ¢1(s) = f g (u)g (u— s)du, ¢a(s) = [, g(u)g(u—s)du
s>1 — ¢1(s) = 0, ¢a(s) = (3.4)
ih,j=12 = &5 = fo i(8)o Y = ¢:(0).
Next, with any process V' = (V});>0 we associate the following random variables
Vit = Via,, AV = V=V,
Vi = Z] 1 g AV o= _Z o MV

(the two versions of V., are identical because g(0) = g(1) = 0).

Recall that in our setting, we do not observe the process X, but the process Z only,
and at times ¢A,,. So our estimator should be based on the values Z! only, and we propose
to take

A [t/ An]—kn+1 [t/An]
ro= E ) — E A Z)=. .
Ct 9¢2 P (ZZ ) 202w2 — ( 7 ) (3 6)

The last term above is here to remove the bias due to the noise, but apart from that it
plays no role in the central limit theorem given below.

As we will see, these estimators are asymptotically consistent and mixed normal, and
in order to use this asymptotic result we need an estimator for the asymptotic conditional
variance. Among many possible choices, here is an estimator:

[t/An]—

J—kn+1
4D Z —

[t/ An]—2kn+1 i+2kn—1

+4A <<I>12 <I>22¢1) Z 72 Z (A7 Z)?

3 1
¥y ¥ i=0 j=itkn

[t/An]—2

) D (@ArzAR.2 ()
i=1

—
T R

Ay, (‘1311 Proty  Pogr)?
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Theorem 3.1 Assume (H) and (K). For any fized t > 0 the sequence ﬁ (@” —Cy)

converges stably in law to a limiting variable defined on an extension of the gm’gz’nal space,
and which is of the form

Y; = /Ot s dBs, (3.8)
where B is a standard Wiener process independent of F and ~y is the square-root of
W= % (®2607 + 201, 0'5200“ + @113—5). (3.9)
Moreover .
| AR / 72 ds, (3.10)
01 R

and therefore, for any t > 0, the sequence — (C™ — C) converges stably in law to

AT TR
an N(0,1) variable, independent of F.

Example: The simplest function g is probably

go(x) = zA(1—2x). (3.11)
In this case we have
1 1 1 151
=1 = — P = - Py = — Poyg = —— 3.12
P =1, (o)) 12’ =g 12 = ge 2 = goe1 (3.12)
and also, with k,, even, we have
1 kn—1 kn/2—1
7! = k-( Sozr- Y Zg;j). (3.13)
" =k /2 §j=0

Remark 1: Our estimators are in fact essentially the same as the kernel estimators in
Barndorff-Nielsen et al. (2006). With our notation the “flat top” estimators of that paper
are

[t/An]—kn+1 1
K= Y (arz+ 3 k(L) (arz A z+a72 AL Z),
i=kp, kn <i<[t/Ap]—kn+1, 1<j<kn, "

where k& is some (smooth enough) weight function on [0, 1] having k(0) = 1 and k(1) = 0,
and also k'(0) = k’(1) = 0. Then we see that

[t/An]
. . A,
Cl' = K, (1+0(KAy) - 3;2¢2 E (A" Z)? + border terms,
i=1

provided we take k(s) = ¢2(s)/12, so there is a one-to-one correspondence between the
weight functions g and k. The “border terms” are terms arising near 0 and ¢, because



JLMPV-8 8

the two sums in the definition of K, do not involve exactly the same increments of Z.
These border terms turn out to be of order A%, the same order than @" — (%, although
they are asymptotically unbiased (but usually not asymptotically mixed normal). This
explains why our CLT is somehow simpler than the equivalent results in Barndorff-Nielsen
et al. (2006).

Remark 2: Suppose that Y; = oW, and that a; = «, where ¢ and « are positive
constants, and that ¢ = 1. In this case there is an efficient parametric bound for the
asymptotic variance for estimating o2, which is 80,/ see e.g. Gloter and Jacod (2001).
On the other hand, the concrete estimators given in Barndorff-Nielsen et al. (2006) or
Podolskij and Vetter (2006) or Zhang (2006), in the i.i.d. additive noise case, have an
asymptotic variance ranging from 8.29 03\/a to 26 o3\/cr, upon using an “optimal” choice
of # in (3.1). To compare with these results, here the “optimal” asymptotic variance in
the simple case (3.11), obtained for § = 4.777 \/a /o, is 8.545 o3\/a, quite close to the
efficient bound.

In practice we do not know how to choose # in an optimal way (this is the drawback
of all previously quoted papers as well, and especially for the efficient estimator of Gloter
and Jacod (2001)). Moreover the existence of an “optimal” choice of # is not even very
clear, since o0 = oy and o = o4 are usually random and time dependent. Nevertheless we
usually have an idea of the “average” sizes qgye and ogpe Of oy and oy: in this case one
should take 6 close to 4.8 \/0qpe/Tqve-

4 Simulation results

In this section, we examine the performance of our estimator.

4.1 Simulation Design

We study the case when the weight function is taken to be g(x) = x A (1 —z). We simulate
data for one day (¢ € [0, 1]), and assume the data is observed once every second (n=23400).
The X processes and the market microstructure noise processes are generated from the
models below. 25000 iterations were run for each model.

Model 1 — the case of constant volatility & additive noise.

dXt = O'dBt7 Zg = XtTZ + EZ,
Parameters used: o = 0.2/1/252, ¢, ~ i.i.d. N(0,0.0005%).
The observed sample path looks like this:
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2200 2205 2210 2215
|

2.195

2.190
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0} 5000 10000 15000 20000

Index

Model 2 — the case of constant volatility & rounding plus error.

exp(X¢,)
Xt = X() + O'VVt7 Uti = Uniform((),log (%) )’ th = log(fyth)
,y A

~

This model is similar as the two-stage contamination model studied in Li and Mykland
(2007), where the first stage of contamination is an additive error on the log prices, and
the second stage is rounding on the prices. The observed log price Z;,’s are the logarithm
of the rounded contaminated prices.

Parameters used: o = 0.2/v/252, Xy = log(9), v = 0.01.

The observed log price process looks like this:
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Model 3 — Model 3 — the case of stochastic volatility & additive noise. The Heston
model (Heston (1993)) is used to generate the stochastic volatility process.

dX; = (u—v/2)dt + 0¢dBy, Z' = X[ + €}

and
dvy = k(o — vy)dt + ’}/Z/tl/Qth,

where v; = 07 and we assume Corr(B,W) = p.

Parameters used: p = 0.05/252,x = 5/252,a = 0.04/252,v = 0.05/252, p = —0.5 and
e, ~ i.i.d. N(0,0.00052).

4.2 Simulation Results

Some initial simulations showed that our estimator is fairly robust to the choice of k,,
in other words, it performs reasonably well for a large range of k,. Since 6 comes from
asymptotic statistics, it doesn’t give precise instruction about k,, for small samples. On
the other hand, when computing the true asymptotic variance fot y2ds, the § we should
use is really k,v/A,. We decided to firstly fix k, to be close to the one suggested by
the optimal @, and then re-define 6 to be k,+/A,, for further computations. In all our
simulations, we used k,, = 51, which corresponds to a 6 ~ 1/3.

Table 1 reports the performance of the estimator CJ* and the variance estimator T'}.
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Model 1 Model 2 Model 3

Small-sample bias
Avg(CY — C)
Bias in the variance estimator

Avg(T} — [5~72ds)

-1.390286e-06 | -1.368032e-06 | -1.329654e-06

-1.520074e-10 | -1.433976e-10 | -1.385071e-10

As we will see later, the results in Model 1, where C?* and T are essentially normal
distributed, show the importance of a correction of these estimators, when dealing with
small sample sizes. We propose to replace the parameters v; and ¢;; by their finite sample
analogues, which are defined as follows:

kn 1kn 1

Vo= k) (g -6 W= ) (g))

j=1 noi=1

kn
G = D (G =g — gy, G = Y gier

Jj=i+1 Jj=i+1

2t = k() 68 - 0k (0)?)
ol = (X ok ol () - 5ok )k )

o = (X @07 - 50 0P)

As it can be seen in the proof, these parameters are the ”correct” ones, but each of them
converges at a smaller order than n~1 and can therefore be replaced in the central limit
theorem. Nevertheless, for small sizes of k,, the difference between each of the parameters
and its limit turns out to be substantial. A second adjustment regards the sums appearing
in the estimators. The numbers of summands are implicitly assumed to be |t/A,, | rather
than [t/A,,| — k, + 2, say. This doesn’t matter in the limit, but it is reasonable to scale
each sum by [t/A,,| divided by the actual number of summands to obtain better results.
However, this adjustment is of minor importance. The last step is a finite sample bias
correction due to the fact that Z}t:/lA "J(A?X )2 converges to C;. Therefore, the latter

term in C’[L gives a small negative bias, which we dispose of by another scaling factor.
Summarized, the new statistics can be defined as follows:

[t/An]—kn+1 k [t/An]

An,ady Tﬁk”An — t An An 7n nAn n
et = - I Dy (BB S g B S )

2omgle) \([/A] — kn + 2002 2 2k 2
and

o o [t/An | —kn+1

Fn,adj _ (1_¢1 An)f2< 4(1>§2 Lt/AnJ Z (Zn)4
' 2025 \30(Uy ) ([t/An) ke +2)
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kn kn o kn o Lt/An]—kn+1 i+2kn—1
SultBl (B TR Nz Y (ag2p
03<|_t/AnJ —kn+2) (¥2") (¥2") i=0 j=itkn
1t/ A |2

Anlt/An] @y 20fuln @b (pfn)? . i
93(Lt/AnJ—2>(<w’sf>2_ W T ) Z (812 (8a7)

Table 2 reports the performance of the adjusted estimator C’f 94 and the variance estima-
tor T4

Model 1 Model 2 Model 3

Small-sample bias
Avg(é’f’ad] - C)
Bias in the variance estimator

Avg(T "ad] f Y2ds)

-4.641224e-08 | -1.278064e-07 | 1.390028e-08

5.631088e-12 1.54554e-13 | 2.012485e-11

Histogram of adj_C_hat

Freguency
400 600 800 1000 1200
\ \

200
|

o -

[ T T T T T 1
0.00013 0.00015 0.00017 0.00019

adj_C_hat

Histogram of C}"*¥ for Model 1.

én ,adj

. C . crn—c n,adj
We test the normality of the statistics V{' = —f—= and N;~ )= —t ———_ whose
Ay ‘/F?’ A1/4 /Fn Ladj’

quantiles are compared with the AN'(0,1) quantiles:

Mean | Stdv. | 0.5% | 2.5% 5% 95% 97.5% | 99.5%
Model 1 N/ -0.22 | 1.04 | 1.26% | 4.72% | 8.32% | 96.86% | 98.56% | 99.82%
Model 1 Nf’adj -0.05 | 1.02 | 0.82% | 3.20% | 6.08% | 95.55% | 97.94% | 99.68%
Model 2 N/ -0.22 | 1.05 | 1.49% | 4.96% | 8.28% | 97.13% | 98.75% | 99.87%
Model 2 Nf’“dj -0.06 | 1.03 | 1.00% | 3.65% | 6.38% | 95.94% | 98.20% | 99.80%
Model 3 N/ -0.21 | 1.05 | 1.32% | 4.86% | 8.41% | 96.8% | 98.66% | 99.82%
Model 3 Nf’“dj -0.05 | 1.03 | 0.84% | 3.42% | 6.24% | 95.58% | 97.99% | 99.73%
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Normal Q—-Q Plot, N_t*n,adj}

Sample Quantiles

Theoretical Quantiles

Normal Q-Q plot of N;"*¥ for Model 1.

One of the reasons that the above quantiles don’t look good enough is that there is a
(small) positive correlation between the estimator C}* and I'}'. One can adjust this effect
by using a first order Taylor expansion of I': expanding I or I'**¥ around the theoretical

. : 1 . _1 _ Do-TPy,
asymptotic variance I'g (ﬁ ~ Sy 75 ):

(To —IP)(Cp = C)

NO} := N* —
YT E

and

Non,adj B Nn,adj - (FO _ F?,adj)(égl,adj - C)
t T t .
VT

The quantiles of N0 and N0/*¥ are compared with the A/(0,1) quantiles:

Mean | Stdv. | 0.5% | 25% | 5% | 95% | 97.5% | 99.5%
Model 1 N0 017 | 1.03 | 0.64% | 3.27% | 6.75% | 95.75% | 97.70% | 99.47%
Model 1 N0 | -0.01 | 1.04 | 0.40% | 2.21% | 4.81% | 94.26% | 96.78% | 99.16%
Model 2 N0 017 | 1.02 | 0.78% | 3.70% | 6.91% | 95.90% | 97.87% | 99.52%
Model 2 NO"*Y | -0.02 | 1.03 | 0.55% | 2.64% | 5.16% | 94.46% | 96.99% | 99.24%
Model 3 N0 0.16 | 1.04 | 0.65% | 3.50% | 6.85% | 95.71% | 97.79% | 99.53%
Model 3 NO*Y | 0.00084 | 1.05 | 0.38% | 2.40% | 4.94% | 94.06% | 96.76% | 99.16%
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Normal Q—-Q Plot, NO_t{n,adj}

o
< 4 o
7] N
2
5
(o4
o o _|
£
&
N -
< _| o]
! T T T T T
-4 -2 0 2 4
Theoretical Quantiles
n,adj
Normal Q-Q plot of NO; for Model 1.
5 The proof

To begin with, we introduce a strengthened version of our assumptions (H) and (K):

Assumption (L): We have (H) and (K), and further the processes b, o, [ 2® Q4(dz) and
X itself are bounded (uniformly in (w,?)) (then « is also bounded). O

Then a standard localization procedure explained in details in Jacod (2006) for example
shows that for proving Theorem 3.1 it is no restriction to assume that (L) holds. Below,
we assume these stronger assumptions without further mention.

There are two separate parts in the proof. One consists in replacing in (3.6) the
observed process Z by the unobserved X, at the cost of additional terms which involve
the quadratic mean error process « of (2.5). The other part amounts to a central limit
theorem for the sums of the variables (Y?)Q. This is not completely standard because
(X)? and (7?)2 are strongly dependent when |i — j| < kj, since they involve some
common variables X', whereas k,, — co. So for this we split the sum ZE’ZOA ”]_k"H(Y?)Z
into “big” blocks of length pk,,, with p eventually going to co, separated by “small” blocks
of length k,,, which are eventually negligible but ensure the conditional independence
between the big blocks which we need for the central limit theorem.

Obviously, this scheme asks for somehow involved notation, which we present all to-
gether in the next subsection.
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5.1 Some notation.

First, K denotes a constant which changes from line to line and may depend on the bounds
of the various processes in (L), and also on sup,, k2A,, (recall (3.1)), and is written K, if
it depends on an additional parameter r. We also write O, (z) for a (possibly random)
quantity smaller than K=z for some constant K as above.

In the following, and unless otherwise stated, p > 1 denotes an integer and ¢ > 0 a
real. For each n we introduce the function

kn—1

gn(s) = Z 95 L((=1)An,jAn (8), (5.1)
=1

which vanishes for s > (k, — 1)A,, and s < 0 and is bounded uniformly in n. We then
introduce the processes

X(n,s); = fg bugn(u — s)du + fg Tugn(u — s)dW, }

. (5.2)
C(n,s)y = [y omgn(u—s)?du.

These processes vanish for ¢t < s, and are constant in time for ¢ > s + (k, — 1)A,,, and

kn—1
Xi = X(n,ildn) ka4 = Y (g])AL,C = Cn,ildn) sk )a,  (5.3)
j=1
Next, we set
iNj+kn—1 kn—1
Al = > b hnan, AT =AY = () Par, (5.4)
m=iVj m=0
i+pkn—1
zr = (Z)P-Ar -, (2= ) 2 (5.5)
j=i
i+pkn—1 i+pkn—1
Cxpr= 3 (@2=e), compr= > (@W)2-¢). (56
j=i j=i

(note the differences in the definition of ((V,p)! when V.= Z or V. = X or V. = W).
Moreover for any process V we set

—nT>n m — 1
= Y wme(t) e
(4,m): i<j<m<i+pk,—1 n
A2kl
Wi = 3 @t 65)

j=i+kn
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Next we consider the discrete time filtrations Fir= ‘7:1(&)71 ®‘7:](‘1A)n— (that is, generated by

all ]-'](OA)n—measurable variables plus all variables Z; for s < jA,, and ]-'J’” =FO o F j(lA)n_
and G(p)} = Filp+1)k, and G'(p); = F o+ 1)k tphn> f0r J € N, and we introduce the

variables

) = Y52 C(Zp) ey ) = Emp)? | 9®)})

W@ = B ) e O = E@@) G0

(5.9)

Then j,(p,t) = (Wﬁ)ﬁ] — 1 is the maximal number of pairs of “blocks” of respective

sizes pk, and k,, that can be accommodated without using data after time ¢, and we set

Fipyp = Srqm)n,  Me)p = S8 —u5e))

. , (5.10)
Fpy = Y070, Mer = S8 e; -7m7),

With the notation i (p,t) = (jn(p,t)+1)(p+1)k,, we also have three “residual” processes:

[t/ An]—kn+1
A\ VA, ~In
CoN = G5 >z, (5.11)
i=in(p,t)
[t/ An]—kn+1 [t/An]
~ n An n wlAn n r7\2
O'(p)r = Vew > Ap- ST > (Arz)?, (5.12)
=0 =1
[t/ An]—kn+1
Al An n
am = Ve@ Y g -G (5.13)
=0

The key point of all this notation is the following identity, valid for all p > 1:
Cr—Cy = M(p)} + M ()} + Fp)f + F'(p)i + Clp)i + C' ()} + C™. (5.14)
We end this subsection with some miscellaneous notation:

B(p); = SUDgiclinn,(i+(p+2)kn)An] <|bs —by| + |os — 04| + |as — at|)

o (5.15)
X = A+ VEBETFD.

1
Eij = —/0 qui(s)gbj(s)ds. (516)

5.2 Estimates for the Wiener process.

This subsection is devoted to proving the following result about the Wiener process:
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Lemma 5.1 We have
E(C(W,p))? | FI') = 4(pP22 + E22) kpAZ (o) + Ou(p*x(p)}), (5.17)

E(CI(W,P)? | fzn) = (p®12 + E1a)ky Ay + Ou(pA YY), (5.18)
Proof. 1) Since ¢g(0) = g(1) = 0 we have fol g'(s)ds = 0. We introduce the process

1 t+1 1
U = —/ g (s)Wiisds = —/ g (s —t)Wsds = —/ g (8)(Wiys — Wy)ds,  (5.19)
0 t 0

which is stationary centered Gaussian with covariance E(UpUiys) = ¢2(s), as given by
(3.4). The scaling property of W and (3.5) and ¢(0) = ¢g(1) = 0 imply that

I~

(W) i1 ~Vknln Z (9 (j+1> g(gn))wuﬂm

i>1

Then (3.2) and the fact that E(sup,¢(g o |[Wetu — Wil?) < K592, plus a standard approx-
imation of an integral by Riemann sums, yield

(W) VinSn Uy, + R E(IRP9) < KAV (5.20)
= 7=>0

I

where the last estimate holds for all ¢ > 0. Then in view of (3.1) we get for j > i:

E(W/W 7)) = kndada () +0u(a%"

. (5.21)
(W) 77) = 3k2A2¢5 + 0u(AY).
At this stage, (5.18) is obvious.
2) We have
(CW,p)P)? = (07) Va(isp)? + Vi (i,0)* = 2(07)* Va3, p) V1 (i, ), (5.22)
where
i+phn—1 i+pkn—1
Valip) = > (WA ViGp) = Y. .
j=i j=i
On the one hand, we deduce from (5.3) that if i < j <i+ (p+ 1)k,
= Yok An(0)? + Ou(An + VA, BD)D). (5.23)

Then obviously

Vi(i,p) = va(0)?pk2An + Oulpv/ Ay +p B()). (5.24)
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On the other hand, another application of (5.20) and of the approximation of an
integral by Riemann sums, plus the fact that E(SUPue[o,s] |Uptu — Ur|?) < Kys? (this easily
follows from (5.19)), yield for any p > 1:

Valiop) £ K2A, / s+ Rp)y,  E(RGY) < Kp'alh  (5.25)
Since E(UUpys) = ¢2(s), that for p > 2 the variable U, = [(Us)?ds satisfies

_ _ B
E(Up) = pio, E(Up) = p2¢§+4p‘1>22+4:22.

Then (5.25) yields

E(V(i,p) | F7) = pk2A,ths + Oy (pAr™)

(5.26)
E(Va(isp)? | F7) = (023 + 4p®az + 45m) k3 A2 + 0, (0 Al ).
Combining (5.24) and (5.26) with (5.22), we immediately get (5.17). O

5.3 Estimates for the process X.

Here we give estimates on the process X. The assumption (L) implies that for all s, >0
and g > 0,

E (SUPu,ve[t,tJrs} | Xy — X7 | -7:25) < K, 51/?

(5.27)

‘E(XHS X, | R)| < Ks.

Then, since |h}| < K/ky, and Zk" ! hi = 0 for the second inequality below, we have
E(JAr X7 | 7)< K,AY%  E(X7F) < KA (5.28)

An elementary consequence is the following set of inequalities (use also |¢]'| < Kv/A,, for
the first one):

E((CCLPN ) S Ky E(CCO7 | F) < K. (5.20)

Here and below, as mentioned before, the constant K, depends on p, and it typically goes
to oo as p — oo (in this particular instance, we have K, = Kp*); what is important is
that it does not depend on n, nor on 1.

(5.29) is not enough, and we need more precise estimates on ((X,p)! and ¢'(X,p)?,
given in the following two lemmas.

Lemma 5.2 We have

ECX,p)} | FF)| < KpAY X ()7 (5.30)
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Proof. Observe that, similar to (5.27),

E(sup\X(n, s)e]? ].7-"8) < KqA‘TIL/4, ‘E(X(n, s) | F.
>0

(5.31)

Let us define the processes

M(n,s); = 2 fo wOu gn(u — 8) dW,,
B(n,s); = 2 fo (n, 8)u by gn(u — s)du.

Then M (n, s) is a martingale, and by Itd’s formula X (n, s)? = B(n, s)+C(n,s)+ M (n, s).
Hence, since E(x(1)7 | 77') < x(p);" when i < j <i+ (p+ 1)ky, (5.30) is implied by

BB i) G skan | F)| < KA XD,

For this we write B(n,iAn)(i1k,)a, = Un + Vi, where

(F+kn)A
Up = bn/ X(n,jAn)u gn(u — jA,) du,

/ (7, jAR)u (bu — b)) gn(u —iAy) du.
jA

< KA, < KA x(p)7-

sup;>o | X (1, jAn)¢|, hence the first part

On the one hand, the second part of (5.31) yields that ‘E(Un | F7)
On the other hand, we have |V,,| < Kv/A,, 5(1)

(2

of (5.31) and Cauchy-Schwarz inequality yield E(|V,| | F}') < K Ay x(1)}, and the result
follows. O

Lemma 5.3 We have
E(CX N2 | F7) — 4022 + Ea2) KAAL (7)Y < Kpx(p)]

/ o s (5.32)
(R, X0 | F7) = 0P12 + )k An(o?) \SKpAn X(P)7)-

Proof. The method is rather different from the previous lemma, and based upon the
property that for iA, <t <s < (i+ (p+ 2)k,)A, we have

q
Xu - XU - Ut(Wu - Wv)

B s [ F) < Kpgs? (2 + BB | 7).

u,vE[t,t+5]

We deduce that for i < j,1 <i+ (p+ 2)k, we have

E(‘X]’? — X] = o (W — W)

YIF) < Ky AU A BB FD) (5.33)

Now, V? = k”_l hi (Vi — V") and |h}| < K/ky, by using Holder inequality and (5.28)

we get for s a pos1t1ve integer

E(|(X5) - (oW}

YF) S Ky S (A E(BEINT ). (534
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y (5.7), this for s = 1 and ¢ = 2, plus (5.28) and Cauchy-Schwarz inequality, yield
E(|¢'(X.p)} = (01 (W,p)}

In a similar way, and in view of (5.6), we apply (5.34) with s =2 and ¢ = 2 to get

Z) < K, Agl/QX(p)?'

17 < Ky o) (5.35)

which yields (use (5.29) and Cauchy-Schwarz inequality):

E(‘(C(X,p)?)z - (C(W,p)?)Q‘ \;rgw) < K, x(o)".

At this stage, the result readily follows from Lemma 5.1. O

E(‘C(X,p)? —¢(W,p)}

5.4 Estimates for the process Z.

Now we turn to the observed process Z, and relate the moments of the variables 7?,

conditional on F©) with the corresponding powers of Y;L To begin with, and since

|h}| < K/kn and « is bounded, and by the rate of approximation of the integral of a
piecewise Lipschitz function by Riemann sums, the following properties are obvious:

A7l < KVA,
l7—i >k, = A;fj =0
i<j<m<i+@+Dk, = (5.36)
AP = g ¢1(mk—j> +Ou(pAn + VA, B(p)})
M2(p®y1y + Z11) + Oy <P3\/A_n +pﬂ(1’)?)' )

Z(j,m): i§j<m§i+pkn—1("4j m) (

Next, we give estimates for the F(?)-conditional expectations of various functions of Z.
Because of the F(©_conditional independence of the variables Z, — X, for different values

of t, and because of (2.3), the conditional expectation E((Z; — X;)(Zs — X,) | F© ®.7:(1))
vanishes if s < t and equals a4 if s =¢. Then, recalling (2.5) and (5.4),

E(Z) - X7 | Fm) =0

n N\ /=N _TL )

E((ZF - X0)(7; -

2

jc'ln

iNJ

) o (5.37)

More generally, E(anzlh? (Zp ., —
is different from all the others, and moreover 17| < K+v/A,, whereas the moments (2.6)
are bounded for ¢ < 8. Then if we write (Z, — X )? as the sum of H?n:lh? (Zl, — X))

over all choices of integers j; between 0 and k,, — 1, we see that for r, ¢ integers we have

X Z+J1) = 0 as soon as there is one j,, which

Ou(An) ifq—i—?“ =3
E((Z?—X?)q(Z?—X?)T | ]—"Z’X]) = ATAT 4 2(A7 )+ 0,(AY) ifq=r=2 (5.38)
0u(A2) if g+7r=8.
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Now, if we expand the first members of (5.38), and in view of (5.36) and (5.5) and of
|| < Ky/A,,, we deduce from (5.37) and (5.38) that for j > i:
E(Zr | Fr) = K2 —an E(1Z01Fm) = (K7 +0u(VE) )
E(ZprZp | FO) = (K1) = (X0 = &) + 4K, X AT, + 2(A7,)?
+0u (A2 + MK + 8K 1)
E((Zm* | 7)) < K(A2+[XP),

(5.39)

Then obviously this, combined with (5.28) and (5.30), yields

E(C(Z,p)} | F") = ¢
E((C(Z,p))* | F1) < K, (5.40)
E(C(Z,p) | Fim)| < KpAn *x(p)r.

and also, in view of (5.36),

E((C(ZpP)? | 7" = (C(X,p)?)2+§ P (X p)! + 4] (pP11 + Enn)

kn
+0°0u (VAL + 87 ) (1+ Zﬂfl X))
=i

Then, using (5.28) again and (5.32) and Hoélder inequality, we get
B2 )2 | F) = A(p®22 + Eaa) kA A2 (0])!

—8al (07)?(pP12 + E12)ki Ay — 4(al)? (pP11 + E11)‘ < K, x(p)i. (5.41)

We need some other estimates. Exactly as for (5.39) one sees that

E((Z)' | F) = (X)) +6(X])2 A7 +3(A7)? + 0y (A + A,[X7]) o
—=n 5.42
B(Z) | 7)) < KA +[X°)
and (using the boundedness of X)
E(C(@p | Fr) = X+ ARSI L (ArX)?
H(XT)? + A7) 7, L (afy + a), (5.43)

E((¢"2p2 1 7)< K.
Therefore, using (5.28), (5.29), (5.36), (5.21), and (5.34) with s = 2, we obtain
‘E((7?)4 | F1') = 3k ARu3(o7')! — 64, (07 af i — —( P20t < KAux(1)}F (5.44)

[B(C"(2)7 | 77) = 207 (9107 + bak2An(ofap)| < Kx(1)7. (5.45)
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Finally, the following is obtained in the same way, but it is much simpler:
E(A7L, 2 | FM) = (AR X)? +af +afy,
E((A7LZ2)H(AL52)° | FT) — 4af)?| < Kx(1)F (5.46)
E(A} Z2) AL 2)t | FT) < K.

5.5 Proof of the theorem.
We begin the proof of Theorem 3.1 with an auxiliary technical result.

Lemma 5.4 For any p > 1 we have

( Jn(pt \/IE ](p—i-l)k'n) |an(p+1)kn)> -0
S(VEr S Oy ) — o

Proof. We have j,(p,t) < Kpt/v/Ay,. Then the first expression in (5.47) is smaller than
a constant times the square-root of the second expression, and thus for (5.47) it suffices
to prove that

(5.47)

Jn(p,t)

E(vVA, Z Yornk)?) = 0. (5.48)

Let £ > 0 and denote by N(e); the number of jumps of any of the three processes b, o or
a, with size bigger than e, over the interval [0,¢], and set p(e,t,n) to be the supremum of
|bs — by| + |os — 0| + |as — | over all pairs (s,7) such that s <r < s+ n <t and such
that the interval (s, 7] contains no jump of b, o or « of size bigger than . Then obviously,
since all three processes b, o, o are bounded,

Jn(pst)

VA, Z Horom)? < (ENEAL) A ) + Kyt ple,t, (p+ Dlind)?

Moreover limsup, ., p(e,t,m) < 3. Then Fatou’s lemma yields that the limsup of the
left side of (5.48) is smaller than K,te?, and the result follows. O

The proof of the first part of the theorem is based on the identity (5.14), valid for all
integers p > 1. The right side of this decomposition contains two “main” terms M (p)}
and M'(p)}, and all others are taken care of in Lemmas 5.5 and 5.6 below:

Lemma 5.5 For any fized p > 1 we have:

AV ER)r S0 (5.49)
AV E () 0 (5.50)
A O 0 (5.51)
AV B, (5.52)
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Proof. In view of (5.9) and (5.10), the proof of both (5.49) and (5.50) is a trivial
consequence of (5.40) and of Lemmas 5.2 and 5.4. Since the right side of (5.11) contains

at most K,/v/A, summands, each one having expectation less than K A%L/ 2 by the last
part of (5.39) and (5.28), we immediately get (5.51).

In view of (5.3), and with the notation a,, = 2:/7?"_1(9]")2 we see that

7j=1
[t/An]—kn+1 [t/An]=kn+1ithk,—1
>, 4 = > > (g)’ArC
=0 =0 l=i+1
[t/ An) IN(kn—1) [t/ An]—kn+2
= Y ApC > @)? = an > AFC+0,(1).
=1 G=1V (IHkn—1—[t/Ay)) I=kn—1

It follows that 6’2(” = (‘gg ay, — 1) + Ou(v/A,). Since by Riemann approximation we
have a,, = k2 + Oy(1), we readily deduce (5.52) from (3.1). O

Lemma 5.6 For any fized p > 1 we have Afll/4 6’(1))? BN 0.

Proof. Let (" = (A?Z)%—(a ;+a®). We get by (5.28) and (5.46), and for 1 < i < j—2:
E(¢(") = E((ATX)?) = Ou(An),  E(('¢)) = E(ATX)*(ATX)%) = Ou(A7),

and also E(|C"2) < K. Then obviously E((z [t/2\n] gn) ) < K/A,, and it follows that

¢1A3/4 [t/An]
Wiy 2

It is then enough to prove that o /4 C (p)F+Gp . 0. Observe that by an elementary
calculation, F C'( )P+ G = Un + V,,, where

1/4 kn—1 NG in(p,t)—
o= (S5(S0)-228) (8w,

= i=kn,
A1/4 kn—1 in(pt)+kn—2 kn—1
Vo = 55 > ar Z (hi')? oo Y ()
2\ =0 i=in (p,t) I=i+1—in(pyt)
% 3/4 kn—1 [t/An]—1

T 0+2Za+2 Y A +afay

1=in (p,t)

On the one hand, since oy is bounded and |h}'| < K+/A, it is obvious that |V,| <
KAY*. On the other hand, Zk” 1(h") }f—i—i—O(An), whereas ZZi(lff)_l al < K/A,,
so by (3.1)), we see that U, — 0 pointwise. Then it finishes the proof. 0
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Now we study the main terms M (p)} and M'(p)y in (5.14). Those terms are (dis-
cretised) sums of martingale differences (note that n(p)? and 7'(p)?) are measurable with

respect to G(p)},, and G'(p)},; respectively).

By Doob’s inequality we have

Jn(pst)
E(sup[M'@)P) < 4 3 E(W ()P,
s< §=0

Now, (5.41) for p =1 and the boundedness of x(1)j imply E(|n'(p)} |2) < KA, and thus
(recall j,(p,t) < Kt/pVA,):

E(sup M) < 2 VA, (5.53)

s<t p

Lemma 5.7 For any fived p > 2, the sequence ﬁ M (p)™ of processes converges stably

n law to ,
Y(p) = / v(p)sdBs, (5.54)
0
where B is like in Theorem 3.1 and ~y(p); is the square root of
4 P 1 1 ola
2 Zoy
- 2 (-2 e +—\IJ)¢90—|—2( <1>+—x1/)
’7(p)t ?,Z)% ((p + 1 22 » + 1 22 t T 1 12 P n 1 12 0
2
p Q
— du+——=V )—) 5.55
+(p+1 11+p+1 )93 (5.55)

Proof. 1) In view of a standard limit theorem for triangular arrays of martingale differ-
ences, it suffices to prove the following three convergences:

Zf: ( 21 G0)7) - (ﬁ(p)?)Q) £, /Otfy(p)ids, (5.56)

1 Jn(pst) 4 .
A E((n(p)})" 1 6()j) — 0, (5.57)
7=0
1 jn(pat) P
NG Z% E(n(p); AN,p)j [ G(p)]) — 0, (5.58)
n J=

where A(V, p);1 = Vit Dknan = Vij—1)(p+2)kn A, for any process V', and where (5.58) should
hold for all bounded martingales N which are orthogonal to W, and also for N = W. The
last property is as stated as in Jacod and Shiryaev (2003). However, a look at the proof
in Jacod and Shiryaev (2003) shows that it is enough to have it for N = W, and for all N
in a set N of bounded martingales which are orthogonal to W and such that the family
(Noo : N € N) is total in the space L'(€2, F,P). A suitable such set N will be described
later.
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2) Since j(p,t) < Kt/pv/ Ay, (5.57) trivially follows from (5.40), whereas (5.56) is an
immediate consequence of (5.41) and of a Riemann sums argument.

3) The proof of (5.58) is much more involved, and we begin by proving that

Jn(pst)
n P n n n
AL/ Z aj — 0, where aj =E(((W,p)j,11, AN} |G(P)}). (5.59)
7=0

We have (W, p);! = (07')*Va(i,p) = V;i(i,p) (sce after (5.22)), and we set
8" = E(Va(j(p+ Dkn,p) AN, p)T | G(0)T),
87" = E(V,(j(p+ Dkn,p) AN, p)} | G(0)}).

When N = W, the variable 5" is the F(p41)k,A,-conditional expectation of an odd
function of the increments of the process W after time j(p + 2)k,A,, hence it vanishes.
Suppose now that N is a bounded martingale, orthogonal to W. By Ito’s formula we
see that (W;L)2 is the sum of a constant (depending on n) and of a martingale which is
a stochastic integral with respect to W, on the interval [jAn, (j + kn)A,]. Hence 07 is
the sum of a constant plus a martingale which is a stochastic integral with respect to W,
on the interval [j(p + 1)k, Ap, (j + 1)(p + 1)k, Ay]. Then the orthogonality of N and W
implies 67 = 0 again. Hence in both cases we have ¢} = 0.

Since ajf = (07, 1)z, )26 — 8/, (5.59) will follow if we prove
Jn(p;t)
AL4 Z o — (5.60)

For this we use (5.23). Since N is a martingale, we deduce (using Cauchy-Schwarz in-
equality) that

07 < Ky XN pnyi, VEAED) | GO)). (561)

where F' = (N, N) (the predictable bracket of N). Then the expected value of the left
side of (5.60) is smaller than the square-root of

Jn(pst)
E(F}) E<\/A_n Z E((ﬁ(P)?(erl)kn)Z)’
j=0

and we conclude by Lemma 5.4.

4) In this step we prove that

Jn(p,t)
AL/ Z af 50, where ' = E(C(X,p)iam, AN.D) G0, (5.62)

Then by Cauchy-Schwarz inequality and (5.35) we see that [a]" — af| satisfies the same
estimate than [07"| in (5.61). Hence we deduce (5.62) from (5.59) like in the previous step.
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5) It remains to deduce (5.58) from (5.62), and for this we have to specify the set N.
This set A is the union of N° and N, where N° is the set of all bounded martingales
on (Q(O),}" ), (.7-}(0))7 IP’(O)), orthogonal to W, and N'! is the set of all martingales having
Noo = f(Z4y,--+, Z4,), where f is any Borel bounded on R? and ¢; < --- <t, and ¢ > 1.

When N is either W or is in A'?, then by (5.40) the left sides of (5.58) and of (5.62)
agree, so in this case (5.58) holds. Next, suppose that N is in N, associated with the
integer ¢ and the function f as above. In view of (2.4) it is easy to check that N takes the
following form (by convention ¢ty = 0 and t441 = 00):

tl§t<tl+1 = Nt = M(l;Ztla"'aZtl)t

for 1 =0,---,q, and where M (l;z1,---,z) is a version of the martingale
M(Z;Zl, R ]E(O / H Qtr dZ’r' Zl) Ct Rl R4y ) q) | ]:t(O))
r=Il+1
(with obvious conventions when [ = 0 and [ = ¢), which is measurable in (z1,-- -, 2, w(o)).
Then
E((C(Z,P)jp+ )k, — C(XD)jpr1)k,) AN, D)T [ G(D)})) = 0 (5.63)

by (5.40) when the interval (j(p 4+ 1)knAp, (j(p + 1) + 1)k, A,] contains no point ¢;. Fur-
thermore, the left side of (5.63) is always smaller in absolute value than K, (use (5.29) and
(5.40) and the boundedness of N). Since we have only ¢ intervals (j(p + 2)knAn, (j(p +
1) + 2)k,A,] containing points t;, at most, we deduce from this fact and from (5.63) that

9¢2 Jn(pt) jn(p,t)
‘ 174 Z E(n(p)} AN, p)7 | G0)]) — AV Y d| < KA,
Jj= j=0
and (5.58) readily follows from (5.62). =

Now we can proceed to the proof of the first claim of Theorem 3.1. We have

1 An 1 n n
NG =G = NG M(p)i' +V(p)t,
where
1 ~ n ~ n ~ n
VR = o (MO FF PO +CoF+C )+ G,

On the one hand, Lemmas 5.5, Lemma 5.6 and (5.53) yield

lim limsup P(|V(p)?| > 5) =0

p—0o0 n—o00

for all € > 0. On the other hand, we fix the Brownian motion B, independent of F.
Since y(p):(w) converges pointwise to v;(w) and stays bounded by (5.55), it is obvious
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that Y (p): 2y, (recall ((3.8) and (5.54) for Y and Y (p)). Then the result follows from
(5.54) in a standard way.

It remains to prove (3.10). We set for r = 1,2, 3:

L)y = > () (5.64)

1el(r,n,t)
where
{0,1,---, [t/A,] — kp + 1} if r=1
I(r,n,t) = {0,1,---, [t/A,] — 2k, + 1} if r=2
{0,1,---,[t/A,] — 3} if r=3
and

u(Df =(Z))Y,  u@)P =Au"(2)], u@)] = An(A]L2)H (A5 2)%

(2 (2
(Note the different summations ranges I(r,n,t), which ensure that we take into account
all variables ()7 which are observable up to time ¢, and not more.)

Then a simple computation shows that (3.10) is implied by

r(r)y L, L(r), := /Oﬁ(r)sds (5.65)

for r =1, 2,3, where

_ 3
7(1), = 30%30? +6w1w20t2at + = %a?

02
F(2): = 20*s0ias + 2¢10af
7(3) = 4ai.

We set o/ (r)? = E(u(r)!" | F}'), and we denote by I''(r)f for r = 1,2,3 the processes

defined by (5.64), with u(r)} substituted with «'(r)?. Then we have I"(r)} LN ['(r); for
r = 1,2,3: this is a trivial consequence of (5.44), (5.45) and (5.46) and of an approximation

of an integral by Riemann sums. Hence it remains to prove that I'(r)p — I'(r)} £,0,a

result obviously implied by the following convergence:

Z v(r,n,i,j) — 0, where v(r,n,i,j) = ((u(r)?—u'(r)?)(u(r)?—u'(r)?)) (5.66)
i,j€I(r,n,t)

We have |v(r,n,i,7)] < KA2 by (5.42) for r = 1, by (5.43) for r = 2 and by (5.46) for
r = 3. Further v(1,n,4,j) = 0 when |j —i| > k,, and v(2,n,i,5) = 0 when |j — i| > 2k,
and v(3,n,4,j) = 0 when [j —i| > 5, so (5.66) holds in all cases.



JLMPV-8 28

References

ATT-SAHALIA, Y., MYKLAND, P. A. and ZHANG, L. (2005). How often to sample a

continuous-time process in the presence of market microstructure noise. Review of
Financial Studies 18 351-416.

ANDERSEN, T. G. and BOLLERSLEV, T. (1997). Intraday periodicity and volatility per-
sistence in financial markets. Journal of Empirical Finance 4 115-158.

ANDERSEN, T. G. and BOLLERSLEV, T. (1998). Answering the skeptics: Yes, standard

volatility models do provide accurate forecasts. International Economic Review 39
885-905.

ANDERSEN, T. G., BoLLERSLEV, T., DieBOoLD, F. X. and LABYS, P. (2000). Great
realizations. Risk 13 105-108.

ANDERSEN, T. G., BoLLERSLEV, T., DiEBOLD, F. X. and LABYS, P. (2001). The
distribution of realized exchange rate volatility. Journal of the American Statistical
Association 96 42-55.

ANDERSEN, T. G., BoLLERSLEV, T., DIEBOLD, F. X. and LABYS, P. (2003). Modeling
and forecasting realized volatility. Econometrica 71 579-625.

Banpr, F. M. and RusseLL, J. R. (2006a). Market microstructure noise, integrated vari-
ance estimators, and the accuracy of asymptotic approximations. Tech. rep., University
of Chicago Graduate School of Business.

Banpi, F. M. and RUsSELL, J. R. (2006b). Separating microstructure noise from volatil-
ity. Journal of Financial Economics 79 655-692.

BARNDORFF-NIELSEN, O. E., HANSEN, P. R., LUNDE, A. and SHEPHARD, N. (2006).
Designing realised kernels to measure ex-post variation of equity prices in the presence
of noise. Tech. rep.

BARNDORFF-NIELSEN, O. E. and SHEPHARD, N. (2002). Econometric analysis of realised
volatility and its use in estimating stochastic volatility models. Journal of the Royal
Statistical Society, B 64 253-280.

BARNDORFF-NIELSEN, O. E. and SHEPHARD, N. (2004). Power and bipower variation
with stochastic volatility and jumps (with discussion). Journal of Financial Economet-
rics 2 1-48.

CHERNOV, M. and GHYSELS, E. (2000). A study towards a unified approach to the joint
estimation of objective and risk neutral measures for the purpose of options valuation.
Journal of Financial Economics 57 407-458.

DACOROGNA, M. M., GENCAY, R., MULLER, U., OLSEN, R. B. and PicTET, O. V.
(2001). An Introduction to High-Frequency Finance. Academic Press, San Diego.



JLMPV-8 29

DELATTRE, S. and JACOD, J. (1997). A central limit theorem for normalized functions
of the increments of a diffusion process, in the presence of round-off errors. Bernoulli 3
1-28.

DELBAEN, F. and SCHACHERMAYER, W. (1994). A general version of the fundamental
theorem of asset pricing. Mathematische Annalen 300 463-520.

ENGLE, R. F. (2000). The econometrics of ultra-high frequency data. Econometrica 68
1-22.

FOSTER, D. and NELSON, D. (1996). Continuous record asymptotics for rolling sample
variance estimators. Econometrica 64 139-174.

GALLANT, A. R., Hsu, C.-T. and TAUCHEN, G. T. (1999). Using daily range data to
calibrate volatility diffusions and extract the forward integrated variance. The Review
of Economics and Statistics 81 617-631.

GLOTER, A. and JAacop, J. (2001). Diffusions with measurement errors. ii - optimal
estimators. ESAIM 5 243-260.

GONCALVES, S. and MEDDAHI, N. (2005). Bootstrapping realized volatility. Tech. rep.,
Université de Montréal.

HASBROUCK, J. (1993). Assessing the quality of a security market: A new approach to
transaction-cost measurement. Review of Financial Studies 6 191-212.

Jacop, J. (1994). Limit of random measures associated with the increments of a Brownian
semimartingale. Tech. rep., Université de Paris VI.

Jacop, J. (1996). La variation quadratique du Brownien en présence d’erreurs d’arrondi.
Astérisque 236 155-162.

Jacop, J. (2006). Asymptotic properties of realized power variations and related func-
tionals of semimartingales. Stochastic Processes and Applications (to appear).

Jacop, J. and PROTTER, P. (1998). Asymptotic error distributions for the euler method
for stochastic differential equations. Annals of Probability 26 267-307.

Jacop, J. and SHIRYAEV, A. N. (2003). Limit Theorems for Stochastic Processes. 2nd
ed. Springer-Verlag, New York.

KALNINA, I. and LINTON, O. (2007). Inference about realized volatility using infill sub-
sampling. Tech. rep., London School of Economics.

L1, Y. and MYKLAND, P. A. (2007). Are volatility estimators robust with respect to
modeling assumptions? Bernoulli 13 601-622.

STEVE HESTON (1993). A Closed-Form Solution for Options with Stochastic Volatility
with Applications to Bonds and Currency Options Review of Financial Studies 6 327-
343.



JLMPV-8 30

MEYER, P.A. (1967). Intégrales stochastiques - 1. In Séminaire de probabilités de Stras-
bourg I Lectures Notes in Math., 39 72-94 Springer Verlag: Berlin.

MYKLAND, P. A. and ZHANG, L. (2005). Discussion of paper “a selective overview
of nonparametric metods in financial econometrics” by J. Fan. Statistical Science 20
347-350.

PopoLsk1y, M. and VETTER, M. (2006). Estimation of volatility functionals in the
simultaneous presence of microstructure noise and jumps. Tech. rep., Ruhr-Universitéat
Bochum.

RorL, R. (1984). A simple model of the implicit bid-ask spread in an efficient market.
Journal of Finance 39 1127-1139.

ZHANG, L. (2001). From Martingales to ANOVA: Implied and Realized Volatility. Ph.D.
thesis, The University of Chicago, Department of Statistics.

ZHANG, L. (2006). Efficient estimation of stochastic volatility using noisy observations:
A multi-scale approach. Bernoulli 12 1019-1043.

ZHANG, L., MYKLAND, P. A. and AIT-SAHALIA, Y. (2005). A tale of two time scales: De-
termining integrated volatility with noisy high-frequency data. Journal of the American
Statistical Association 100 1394-1411.

(TO BE COMPLETED)



2007

2007-30

2007-31

2007-32
2007-33
2007-34
2007-35
2007-35

2007-37

2007-38
2007-39

2007-40
2007-41

2007-42

2007-43

Research Papers mc R E AT E S

Center for Research in Econometric Analysis of Time Series

Bent Jesper Christensen, Thomas Elgaard Jensen and Rune Mglgaard:
Market Power in Power Markets: Evidence from Forward Prices of
Electricity

Tom Engsted, Stuart Hyde and Stig V. Meller: Habit Formation,
Surplus Consumption and Return Predictability: International
Evidence

Seren Johansen: Some identification problems in the cointegrated
vector autoregressive model

Seren Johansen and Morten @rregaard Nielsen: Likelihood inference
for a nonstationary fractional autoregressive model

Charlotte Christiansen and Angelo Ranaldo: Extreme Coexceedances
in New EU Member States’ Stock Markets

Seren Johansen: Correlation, regression, and cointegration of
nonstationary economic time

David F. Hendry, Seren Johansen and Carlos Santos: Selecting a
Regression Saturated by Indicators

Peter Christoffersen, Kris Jacobs and Karim Mimouni: Models for
S&P500 Dynamics: Evidence from Realized Volatility, Daily Returns,
and Option Prices

Dennis Kristensen and Anders Rahbek: Likelihood-Based Inference in
Nonlinear Error-Correction Models

Peter Christoffersen, Kris Jacobs and Gregory Vainberg: Forward-
Looking Betas

Olav Bjerkholt: Trygve Haavelmo’s visit in Aarhus 1938-39

Sgren Johansen and Anders Rygh Swensen: Exact rational expecta-
tions, cointegration, and reduced rank regression

Ole E. Barndorff-Nielsen, José Manuel Corcuera and Mark Podolskij:
Power variation for Gaussian processes with stationary increments

Jean Jacod, Yingying Li, Per A. Mykland, Mark Podolskij and Mathias
Vetter: Microstructure Noise in the Continuous Case: The Pre-
Averaging Approach - JLMPV-9



