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Gxh wr wkuhvkrogv/ fdsdflw| frqvwudlqwv/ udwlrqlqj/ lqvwlwxwlrqdo uhvwulfwlrqv olnh
wd{ eudfnhwv/ dqg dv|pphwulhv ri gl�huhqw nlqgv/ qrqolqhdu uhodwlrqv duh dq lqwh0
judo sduw ri pdq| hfrqrplf wkhrulhv1 Qrqhwkhohvv/ prvw hpslulfdo hfrqrphwulf
prghov duh edvlfdoo| olqhdu1 Vhyhudo h{sodqdwlrqv iru wklv vwdwh ri wkh duw fdq
eh jlyhq lq dgglwlrq wr wkh reylrxv rqh ri idploldulw| dqg frqyhqlhqfh1 Rqh ri
wkh srvvleoh h{sodqdwlrqv lv edvhg rq wkh surfhgxuh riwhq dssolhg zkhq ghflglqj
rq wkh dssolfdwlrq ri d qrqolqhdu ru olqhdu vshfl�fdwlrq1 Lq prvw fdvhv d olqhdu
prgho lv vshfl�hg dw wkh rxwvhw dqg d qrqolqhdu vshfl�fdwlrq lv rqo| frqvlghuhg li
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vrph whvw iru qrqolqhdulw| lqglfdwhv wkdw wkh olqhdu vshfl�fdwlrq pd| eh lq grxew1
Xqiruwxqdwho|/ yhu| olwwoh lqirupdwlrq dv wr zkdw nlqg ri qrqolqhdu prgho vkrxog
eh dssolhg/ fdq eh h{wudfwhg iurp prvw ru doo ri wkh h{lvwlqj whvwv iru qrqolqhdu0
lw| lpso|lqj wkdw wkh dfwxdo fkrlfh ri qrqolqhdu prgho lv udwkhu duelwudu| dqg
wdloruhg wr wkh gdwd lq wkh vdpsoh dssolhg1 Lq idfw/ lw riwhq wxuqv rxw wkdw wkh
rxw ri vdpsoh iruhfdvw shuirupdqfh ri wkh uhmhfwhg olqhdu prgho lv idu ehwwhu wkdq
wkh rxw ri vdpsoh iruhfdvw shuirupdqfh ri wkh qrqolqhdu dowhuqdwlyh1 Dv rxw ri
vdpsoh iruhfdvw shuirupdqfh lv rqh ri wkh suhihuuhg phdqv wr jxdug djdlqvw wkh
lqkhuhqw gdqjhu ri ryhusdudphwhul}hg qrqolqhdu prghov/ vxfk hylghqfh w|slfdoo|
lpsolhv wkdw wkh qrqolqhdu vshfl�fdwlrq ri wkh prgho lv lq grxew1 Khqfh/ wkh olq0
hdu prgho riwhq hqgv xs dv wkh suhihuuhg vshfl�fdwlrq1 Rq wkh rwkhu kdqg/ hyhq
li wkh qrqolqhdu vshfl�fdwlrq dgrswhg vkrxog kdyh ehwwhu iruhfdvw shuirupdqfh
wkdq wkh olqhdu vshfl�fdwlrq/ wkhuh pd| h{lvw dqrwkhu qrqolqhdu vshfl�fdwlrqv/
zklfk lq d ehwwhu dqg pruh sduvlprqlrxv zd| uhsuhvhqwv wkh wkhruhwlfdo dqg
hpslulfdo lqirupdwlrq dydlodeoh1 Li wklv lv wkh fdvh/ krz gr zh dyrlg hqglqj xs
zlwk d qrqolqhdu vshfl�fdwlrqv zklfk dw ehvw kdv olwwoh fuhglelolw| dv lw kdv rqo|
ehhq fkrvhq ehfdxvh lw shuirupv ehwwhu wkdq d vshfl�f olqhdu prgho/ dqg pd|eh
lv dw rggv zlwk d pruh jhqhudo gdwd frkhuhqw qrqolqhdu prghoB

Lq dffrugdqfh zlwk wkh jhqhudo wr vshfl�f prghoolqj vwudwhj|/ rqh pljkw
dujxh wkdw wkh ehvw zd| wr surfhhg lv wr vwduw e| dsso|lqj d vshfl�fdwlrq �h{leoh
hqrxjk wr frqwdlq wkh olqhdu dqg d zlgh udqjh ri qrqolqhdu vshfl�fdwlrqv dv
vshfldo fdvhv1 Wkh �h{leoh qrqolqhdu vshfl�fdwlrq fdq wkhq sod| wkh uroh ri d
edvh olqh prgho hqfrpsdvvlqj wkh fodvv ri prghov zlwklq zklfk pruh vshfl�f
dqg lqwhusuhwdeoh prghov pxvw eh irxqg1 Wkh pruh vshfl�f prghov pxvw wkhq
eh whvwhg djdlqvw wkh jhqhudo prgho dqg qrw uhmhfwhg lq rughu wr eh dssolhg lq wkh
vxevhtxhqw dqdo|vlv1 Wzr pdmru sureohpv h{lvw1 Iluvwo|/ krz gr zh ghwhuplqh
wkh edvh olqh �h{leoh prgho lq d ihdvleoh dqg frvw h�hfwlyh zd|/ dqg vhfrqgo|/ krz
gr zh dyrlg wkdw wkh edvh olqh prgho lv dq ryhusdudphwhul}hg prgho/ ryhu�wwlqj
wkh vdpsoh dssolhgB Wkh dqvzhu frxog eh wr dsso| rqh ri wkh �h{leoh qrqolqhdu
uhjuhvvlrq prghov dydlodeoh vshfl�hg lq d frpsxwhu lqwhqvlyh exw oderxu vdylqj
zd| dqg edvh wkh fkrlfh ri edvh olqh prgho rq wkh uhodwlyh iruhfdvw dffxudf| ri
wkh prgho lq dq rxw ri vdpsoh frqwh{w1 D uhodwhg dssurdfk wr wkh rqh vxjjhvwhg
khuh lv dgyrfdwhg e| Vzdqvrq dqg Zklwh +4<<8/ 4<<:d/ 4<<:e, dqg Vwrfn dqg
Zdwvrq +4<<;,1 Wkh dssurdfk lv dssolhg lq �qglqj qrqolqhdu frpsrqhqwv lq
XV pdfurhfrqrplf vhulhv1 Erwk Vzdqvrq dqg Zklwh dqg Vwrfn dqg Zdwvrq
vhohfw wkh suhihuuhg prgho edvhg rq wkh ELF fulwhulrq/ dqg zkloh Vzdqvrq dqg
Zklwh dssolhv d qhxudo qhwzrun qrqolqhdu prgho Vwrfn dqg Zdwvrq dovr dsso|
h{srqhqwldo vprrwklqj dqg vprrwk wudqvlwlrq dxwruhjuhvvlrqv1 Lq erwk fdvhv
wkh uhvxowv duh txlwh idyrxudeoh wr wkh olqhdu prgho/ exw zh zloo dujxh ehorz
wkdw wklv uhvxow pd| eh gxh wr wkh fkrlfh ri prgho vhohfwlrq fulwhulrq dqg wr
wkh fodvv ri qrqolqhdu prghov xvhg lq wkh frpsdulvrqv1 Wkh edvholqh prgho pd|
eh fkrvhq dprqj vhyhudo �h{leoh qrqolqhdu uhjuhvvlrq prghov dydlodeoh lq wkh
olwhudwxuh 1

Lq wklv sdshu zh frqvlghu �h{leoh qrqolqhdu uhjuhvvlrq prghov vxfk dv Kdplo0
wrq*v Ioh{leoh Uhjuhvvlrq Prgho +IQO,/ vhh Kdplowrq +4<<<, / wkh Qhxudo Qhw0
zrun Uhjuhvvlrq Prgho +DQQ,/ vhh Zklwh +4<<5, / dqg wzr yhuvlrqv ri wkh Sur0
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mhfwlrq Sxuvxlw Uhjuhvvlrq Prgho +SSU,1 Wkh �uvw yhuvlrq ri wkh SSU prgho
lv edvhg rq wkh dojrulwkp vxjjhvwhg e| Iulhgpdq dqg Vwxho}h +4<;4, +SSU4,
dqg wkh vhfrqg lv vxjjhvwhg e| Dogulq/ Erhoylnhq/ dqg Vfkzhghu +4<<6, wr eh
dssolhg lq fdvhv ri prghudwh qrq0olqhdulwlhv +SSU5,1 Wkh IQO dqg DQQ duh
sdudphwulf prghov zkloh wkh SSU prghov duh qrqsdudphwulf1

Dowkrxjk wkh dssolfdwlrqv ri wkh �h{leoh prghov lq wkh suhvhqw frqwh{w duh
uhvwulfwhg wr xqlyduldwh prghov wkh dowhuqdwlyh �h{leoh prghov duh fkrvhq dprqj
wkh fodvv ri prghov zklfk fdq hdvlo| eh jhqhudol}hg wr wkh pxowlyduldwh fdvh1 Wkh
prgho vhohfwlrq zlwklq hdfk ri wkh irxu fodvvhv ri prghov lv pdgh e| d iruzdug
vwhszlvh surfhgxuh/ zkhuh d vlpxowdqhrxv hvwlpdwlrq phwkrg lv dssolhg dw hdfk
vwhs/ dqg zkhuh wkh prgho vhohfwlrq fulwhuld dssolhg duh wkh DLF fulwhulrq/ wkh
ELF fulwhulrq ru Furvv Ydolgdwlrq +FY ,1 Wkh uhvxowv ri wkh dssolfdwlrqv lqglfdwh
wkdw wkh FY fulwhulrq dqg lq vrph fdvhv wkh ELF fulwhulrq vkrxog eh suhihuuhg
dv wkh| ohdg wr wkh ehvw iruhfdvwlqj prghov1 Wkh suhglfwlyh suhflvlrq ri wkh
�h{leoh uhjuhvvlrq prghov lv hydoxdwhg e| xvh ri devroxwh iruhfdvw shuirupdqfh
phdvxuhv vxfk dv iru lqvwdqfh wkh Phdq Vtxduh Huuru dqg gluhfwlrqdo iruhfdvw
phdvxuhv vxfk dv wkh ghjuhh ri gldjrqdo frqfhqwudwlrq1 Lq rughu wr frpsduh wkh
irxu gl�huhqw prghov zh dovr dsso| wkh Glherog dqg Pduldqr whvw/ +GP,/ vhh
Glherog dqg Pduldqr +4<<8, iru uhodwlyh suhglfwlyh dffxudf| dqg wkh iruhfdvw
hqfrpsdvvlqj whvw vxjjhvwhg e| Kduyh|/ Oh|erxuqh/ dqg Qhzerog +4<<;,/ lq
dgglwlrq wr d whvw edvhg rq Vshdupdq*v udqn fruuhodwlrq frh�flhqw1 Lq wkh
dssolfdwlrqv shuiruphg ehorz rqo| wkh iruhfdvw hqfrpsdvvlqj whvwv vhhp wr kdyh
wkh srzhu wr vhsdudwh qrqolqhdu prghov iurp olqhdu prghov1

Whqwdwlyho|/ wkh uhvxowv vxjjhvw wkdw wkh vpdoo vdpsoh srzhu surshuwlhv ri
wkh iruhfdvw hqfrpsdvvlqj whvwv duh ehwwhu wkdq wkh vpdoo vdpsoh surshuwlhv ri
wkh Glherog0Pduldqr whvw/ dw ohdvw zkhq wkh prghoolqj surfhgxuh vwduwv iurp
wkh olqhdu vshfl�fdwlrq dqg dggv wkh qrqolqhdu sduwv1 Lq dgglwlrq/ wkh vl}h surs0
huwlhv ri wkh hqfrpsdvvlqj whvwv duh txlwh dffhswdeoh/ dv vkrzq e| Kduyh| hw1
do1 +4<<;,1 Wkh surfhgxuhv duh dssolhg wr wkh jurzwk udwhv lq XV lqgxvwuldo
surgxfwlrq dqg XV xqhpsor|phqw lq dq dwwhpsw wr pdnh dq dgglwlrqdo frqwul0
exwlrq wr wkh rqjrlqj glvfxvvlrq ri wkh srvvleoh h{lvwhqfh ri dv|pphwulhv dqg
qrqolqhdulwlhv lq wkh XV exvlqhvv f|foh41 Iru erwk vhulhv wkh uhvxowv lqglfdwh
wkdw wkh iruhfdvw dffxudf| ri wkh �h{leoh uhjuhvvlrq prghov lv lq jhqhudo ehwwhu
wkdq wkh iruhfdvw dffxudf| ri wkh olqhdu prghov1 Dprqj wkh qrq0olqhdu prghov
Kdplowrq*v �h{leoh uhjuhvvlrq prgho dqg d surmhfw sxuvxlw prgho dssolfdeoh lq
fdvh ri prghudwh qrq0olqhdulwlhv vhhp suhihudeoh dv wkh fkrlfh iru wkh edvholqh
prgho1 Wkh rxwolqh ri wkh suhvhqwdwlrq lv wkdw wkh �h{leoh uhjuhvvlrq prghov duh
suhvhqwhg lq Vhfwlrq 5/ zkloh Vhfwlrq 6 frqwdlqv d suhvhqwdwlrq ri wkh surfhgxuh
vxjjhvwhg zkhq fkrrvlqj wkh edvholqh prgho1 Wkh �uvw vxevhfwlrq frqwdlqv wkh
suhvhqwdwlrq dqg dssolfdwlrq ri wkh whvwv iru olqhdulw| dssolhg/ zkloh wkh vhfrqg
vxevhfwlrq frqwdlqv wkh glvfxvvlrq ri prgho vhohfwlrq dqg hvwlpdwlrq surfhgxuhv1
Wkh odvw vxevhfwlrq ghvfulehv wkh uhdo wlph iruhfdvw frpsdulvrq ehwzhhq wkh ehvw
olqhdu dqg qrqolqhdu prghov1 Vhfwlrq 7 frqwdlqv wkh frqfoxvlrqv1

�A�i _@|@ 4@) Mi _L�?*L@_i_ uhL4
�||TG%%����iUL?�@��_!%��T. �|4%t�)**iMih}%�iMT@}i%t�T@}i��|4*
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2 6*i �M*i +i}hitt�L? �L_i*t

Irxu Ioh{leoh Uhjuhvvlrq Prghov zloo eh frqvlghuhg1 Wkuhh ri wkhvh/ wkh Qhx0
udo Qhwzrun Uhjuhvvlrq Prgho/ vhh Zklwh +4<<5,/ dqg wkh Surmhfwlrq Sxu0
vxlw Uhjuhvvlrq Prgho / vhh Iulhgpdq dqg Vwxhow}h +4<;4,/ Kxehu +4<;8, dqg
K�dugoh +4<<3, dqg wkh Surmhfwlrq Sxuvxlw Uhjuhvvlrq Prgho iru prghudwh qrq0
olqhdulwlhv/ vhh Dogulq/ Erhoylnhq dqg Vfkzhghu +4<<6, duh douhdg| zhoo nqrzq lq
wkh olwhudwxuh dowkrxjk dssolfdwlrqv lq wkh �hog ri g|qdplf wlph vhulhv dqdo|vlv
lq rwkhu duhdv wkdq �qdqfldo pdunhwv duh olplwhg1 Wkh irxuwk dssurdfk 0 ghqrwhg
Kdplowrq*v Ioh{leoh Uhjuhvvlrq Prgho 0 lv qryho dqg gxh wr Kdplowrq +4<<<,1
Zkloh wkh Qhxudo Qhwzrun prgho dqg wkh wkh Surmhfwlrq Sxuvxlw prghov vshfli|
wkh qrqolqhdu frpsrqhqwv dv sduw ri wkh phdq ixqfwlrq wkh prgho vxjjhvwhg e|
Kdplowrq lqwurgxfh wkh qrqolqhdu frpsrqhqwv dv sduw ri wkh fryduldqfh pdwul{
ri wkh glvwxuedqfh whup1

2�� O@4�*|L?<t 6*i �M*i +i}hitt�L? �L_i*�

Wkh edvlf lghd xqghuo|lqj wkh �h{leoh uhjuhvvlrq prgho dssurdfk vxjjhvwhg e|
Kdplowrq +4<<<, lv wr ylhz qrw rqo| wkh hqgrjhqrxv yduldeoh dv d uhdol}dwlrq ri
d vwrfkdvwlf surfhvv exw dovr wr frqvlghu wkh ixqfwlrqdo irup ri wkh frqglwlrqdo
phdq ixqfwlrq lwvhoi dv wkh rxwfrph ri d udqgrp surfhvv1 Frqvlghu wkh prgho5

|w @ �iqo+{w> �, . �w +4,

zkhuh �w lv d vhtxhqfh ri QL+3> �5, huuru whupv dqg �iqo+{w> �, lv d ixqfwlrq ri d
n�4 yhfwru {w/ zklfk pd| lqfoxgh odjjhg ghshqghqw yduldeohv1 Ohw xv uhsuhvhqw
wkh phdq ri wkh frqglwlrqdo glvwulexwlrq l1h1 �iqo+{w> �, dv kdylqj d olqhdu sduw
dqg d vwrfkdvwlf qrqolqhdu sduw l1h1 dv 6

�iqo+{w> �, @ {
3

w� . �p+j � {w, +5,

zkhuh iru dq| fkrlfh ri }/ p+}, lv d uhdol}dwlrq iurp d udqgrp �hog zlwk wkh
dv|pswrwlf glvwulexwlrq

p+}, � Q+3> 4, +6,

H+p+},3p+z,, @ Kn+k, +7,

dqg zkhuh k lv gh�qhg dv k � 4

5
^+} � z,3+} � z,`

4

5 1 Wkh uhdol}dwlrq ri p+=, lv
ylhzhg dv ehlqj suhghwhuplqhg zlwk uhvshfw wr i{4> ==> {W > �4> ==> �Wj dqg p+=, lv
wkhuhiruh frqvlghuhg wr eh lqghshqghqw ri i{4> ==> {W > �4> ==> �Wj= Wkh fryduldqfh
pdwul{ Kn+k, lv gh�qhg e|

Kn+k, @

�
Jn�4+k> 4,@Jn�4+3> 4,

3
li k � 4
li k A 4

+8,

26Lh |�i t@!i Lu UL?�i?�i?Ui �| �t @tt�4i_ �? |�i uL**L��?} |�@| @** �@h�@M*it @hi _i4i@?i_�
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zkhuh Jn+k> u,/ 3 ? k � u lv7

Jn+k> u, @

] u

k

+u5 � }5,
n

5 g} +9,

Forvhg irup h{suhvvlrqv iru Kn+k, iru n @ i4> ==> 8j duh surylghg e| Kdplowrq
+4<<<, zkr dovr jlyhv d jhqhudo ghvfulswlrq ri wkh vwdwlvwlfdo surshuwlhv ri wkh
udqgrp �hog81

Vlqfh lw lv qrw srvvleoh wr gluhfwo| revhuyh p+}, 0 iru dq| fkrlfh ri } 0 zh
fdqqrw revhuyh wkh ixqfwlrqdo irup ri �iqo+{w> �,= Khqfh lqihuhqfh derxw wkh
xqnqrzq sdudphwhuv ri wkh prgho vxppdul}hg e| � @ i�> �> j> �j pxvw eh
edvhg rq revhuylqj wkh uhdol}dwlrqv ri |w dqg {w rqo|= Iru wkdw sxusrvh uhzulwh
prgho +4, dv

| @ [� . x +:,

zkhuh | lv d W � 4 yhfwru zlwk w3wk hohphqw htxdo wr |w / [ d W � n pdwul{
zlwk w3wk urz htxdo wr {

3

w
dqg x d W � 4 yhfwru zlwk w3wk hohphqw htxdo wr

�p+j�{w,.�w= Frqglwlrqdo rq dq lqlwldo vhw ri sdudphwhuv �> j> dqg e| gh�qlqj
� � �

�
dqg Z +[> j> �, @ �5K . LW zh pd| rewdlq wkh JOV hvwlpdwh ri wkh

sdudphwhuv ri wkh olqhdu sduw ri wkh prgho frqvlvwlqj ri � dqg � dv

e�W +j> �, @ ^[3Z�4+[> j> �,[`�4[3Z�4+[> j> �,| +;,

e�5W +j> �, @
4

W
^| �[e�W +j> �,`3Z�4+[> j> �,^| �[e�W +j> �,` +<,

zkhuh LW lv wkh lghqwlw| pdwul{ ri glphqvlrq +W �W , dqg wkh iw> vj hqwu| ri wkh
pdwul{ K 0 ghqrwhg K+w> v, 0 lv htxdo wr

K+w> v, @

�
Kn+kwv,

3
li kwv � 4
li kwv A 4

+43,

kwv @
4

5
^+h{w � h{v,3+h{w � h{v,` 45

h{w @ j � {w

Edvhg rq wkh lghdv ri Zhfnhu dqg Dqvoh| +4<;6, / Kdplowrq +4<<<, vkrzv/ wkdw
wkh frqfhqwudwhg orj olnholkrrg ixqfwlrq fdq eh zulwwhq dv

O+|>[> j> �, @ �
W

5
oq+5�,�

W

5
oq e�5

W
+j> �,�

4

5
oq mZ +[> j> �,m �

W

5
+44,

e
�L|�Ui CfE�c o� ' �3 oc @?_ C&E�c o� U@? |�i? Mi UL4T�|i_ hiU�ht��i*) M)

C&E�c o� ' 3
�

� n &
Eo2 3 �2�&*2

n
&o2

� n &
C&32E�c o�

uLh & ' 2c �c����
DA�i ULhhi*@|�L? Mi|�ii? 6E5|� @?_ 6E�r� �t }��i? M) |�i �L*�4i Lu |�i �?|ihtiU|�L? Lu
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Wkh ydoxh ri wkh frqfhqwudwhg olnholkrrg ixqfwlrq lv irxqg xvlqj wkh ydoxhv ri
e�W +j> �, dqg e�

5

W +j> �, irxqg iurp htxdwlrq +;, dqg +<,1 D qhz vhw ri ydoxhv iru j
dqg � lv vhohfwhg dqg d qhz ydoxh ri wkh frqfhqwudwhg olnholkrrg ixqfwlrq +44, lv

irxqg djdlq xvlqj wkh qhz ydoxhv ri e�W +j> �, dqg e�
5

W +j> �, irxqg iurp htxdwlrq
+;, dqg +<,1 Rqfh wkh hvwlpdwhv ri +j> �, pd{lpl}lqj htxdwlrq +44, kdyh ehhq

rewdlqhg/ d qhz hvwlpdwh ri e�W dqg e�
5

W lv jlyhq iurp +;, dqg +<,1
Iurp wkh vshfl�fdwlrq lq +:, lw lv fohdu wkdw wkh qrqolqhdulwlhv duh lqwurgxfhg

lqwr wkh Kdplowrq prgho wkurxjk wkh vshfl�fdwlrq ri wkh huuru fryduldqfh pdwul{1
Wkh hvwlpdwru ri wkh frqglwlrqdo phdq ixqfwlrq �iqo+{w> �, lv jlyhq e| wkh

w3wk urz ri

[e�W . eS3+ eS3 . e�
5

W LW ,
�4^| �[e�W ` +45,

zkhuh wkh iw> vj hqwu| ri wkh pdwul{ S3 0 ghqrwhg S3+w> v, 0 lv htxdo wr

S3+w> v, @

�
�5Kn+kwv,

3
kwv � 4
kwv A 4

+46,

kwv @
4

5
^+h{w � h{v,3+h{w � h{v,` 45 +47,

h{w @ j � {w +48,

dv vkrzq e| Kdplowrq +4<<<,1Wkh hvwlpdwru ri wkh frqglwlrqdo phdq ixqfwlrq
zloo eh frqvlvwhqw iru �+=, ehorqjlqj wr d yhu| eurdg fodvv ri ghwhuplqlvwlf qrq0
olqhdu ixqfwlrqv1 Wklv uhvxow zloo dovr dsso| lq wkh fdvh ri �+=, ehlqj olqhdu1
Vlqfh zh duh jrlqj wr hydoxdwh wkh iruhfdvw dffxudf| ri wkh prgho rxw ri vdp0
soh dqg htxdwlrq +45, rqo| zrunv iru fdvhv zkhuh wkh frqglwlrqdo phdq ixqf0
wlrq lv hydoxdwhg dw srlqwv revhuyhg lq wkh vdpsoh/ d prgl�fdwlrq pxvw eh
pdgh1 Wr eh pruh vshfl�f/ lq rughu wr rewdlq wkh pd{lpxp olnholkrrg hv0
wlpdwh ri �iqo dqg �/ ghqrwhg e�iqo dqg e� uhvshfwlyho|= zh vhhn wr fdofxodwhe��iqo+{�>e�,/zkhuh {� @ i{�4> {

�

5> ==> {
�

njgrhv qrw ehorqj wr wkh vdpsoh1 Li zh ohw

S �

3 +w, ghqrwh wkh fryduldqfh ehwzhhq �iqo+{w> �, dqg e��iqo+{w>e�,>zh fdq rewdlq

dq hvwlpdwh ri ��iqo+{
�>e�, dv

e��iqo+{�>e�, @ [e�W . eS �3

3
+ eS3 . e�5W LW ,�4^| �[e�W ` +49,

zkhuh

S �

3
@ iS �

3
+w,> w @ 4> 5> ===Wj +4:,

S �

3 +w, @

�
�5Kn+k

�

w ,
3

k�w � 4
k�w A 4

+4;,

k�w @
4

5
^+h{w � h{�,3+h{w � h{�,` 45 +4<,

h{w @ j � {w +53,h{� @ j � {� +54,

iru w @ 4> ==> W= Lq htxdwlrq +49, eS3 dqg eS �

3 ghqrwh S3 dqg S �

3 hydoxdwhg dw wkh
pd{lpxp olnholkrrg hvwlpdwhv ri � dqg j1

:



2�2 A�i �i�h@* �i|�Lh! +i}hitt�L? �L_i*

Qhxudo qhwzrunv prghov duh qrqolqhdu prghov wkdw fdq eh vshfl�hg wr �w sdvw
dqg ixwxuh ydoxhv ri d wlph vhulhv khuhe| h{wudfwlqj klgghq vwuxfwxuhv dqg uhod0
wlrqvklsv jryhuqlqj wkh gdwd1 Lq d wudglwlrqdo vwdwlvwlfdo frqwh{w qhxudo qhwzrunv
fdq eh frqvlghuhg d qrqolqhdu/ qrq0sdudphwulf lqihuhqfh whfkqltxh wkdw lq wkh
xqfrqvwudlqhg irup lv gdwd gulyhq dqg prgho iuhh1 D sulrul wkh uhodwlrqvklsv
ehwzhhq lqsxw yduldeohv dqg rxwsxw yduldeohv duh xqfrqvwudlqhg dqg qr suhgh0
whuplqhg sdudphwhuv duh uhtxluhg wr vshfli| wkh prgho1 Ohw xv frqvlghu wkh
vlqjoh klgghq od|hu ihhgiruzdug9 qhwzrun lq zklfk wkh rxwsxw |w jlyhq lqsxwv {w
lv ghwhuplqhg dv

|w @ �dqq+{w> �, . �w +55,

zkhuh

�dqq+{w> �, @ {3w� .

t[
m@4

�m#m+{
3

w�m, +56,

� @ i�> �4> �5> ====�t> �4> ==> �tj +57,

Lq wklv w|sh ri qhxudo qhwzrun n lqsxw xqlwv vhqg wkh vljqdov {lw wr vr0fdoohg
%klgghq% xqlwv dfurvv zhljkwhg frqqhfwlrqv �lm iru l @ 4> ==> n dqg m @ 4> ==> t1
Wkhuh duh lq wrwdo t klgghq xqlwv hdfk revhuylqj wkh zhljkwhg vxp ri wkh n lqsxw
vljqdov/ wkdw lv/ klgghq xqlw m revhuyhv {3w�m zkhuh {w @ i{4w> ==> {nwj dqg �m @
i�4m > ==> �nmj1 Wkh klgghq xqlw m wkhq rxwsxwv d vljqdo #m+{

3

w�m, zkhuh #m ghqrwhv
wkh %dfwlydwlrq% ru %vtxdvklqj% ixqfwlrq frpprqo| dvvxphg wr eh erxqghg
dqg prqrwrqlfdoo| lqfuhdvlqj1 Iroorzlqj Zklwh +4<;<, zh wdnh wkh dfwlydwlrq
ixqfwlrq wr eh d orjlvwlf ixqfwlrq dqg wr eh lghqwlfdo iru doo klgghq xqlwv/ l1h1
#m+{

3

w�m, @ #+{3w�m, @ +4 . h{s+�{3w�m,,
�4 iru m @ 4> ==> t1 Ixuwkhupruh/ zh

dxjphqw wkh vlqjoh klgghq od|hu qhwzrun e| gluhfw olqnv iurp wkh lqsxw xqlwv wr
d vlqjoh rxwsxw zlwk zhljkwv � @ i�4> ==> �nj lpso|lqj wkdw wkh qhxudo qhwzrun
prgho zloo kdyh d olqhdu frpsrqhqw dqg dvvxph wkdw wkh rxwsxw dovr frqwdlqv
d zklwh qrlvh whup �w � qlg+3> �5,1 Ilqdoo|/ zh ohw � @ i�4> ==> �tj ghqrwh wkh
klgghq0xqlwv0wr0rxwsxw zhljkwv1 Wkh sdudphwhuv ri wkh prgho dqg khqfh wkh
hvwlpdwh ri wkh frqglwlrqdo phdq ixqfwlrq lv rewdlqhg e| dsso|lqj qrqolqhdu
ohdvw vtxduhv/ QOV/ l1h1 e| vroylqj

plq
�

H+| � �dqq+{w> �,,
5 +58,

Wkh QOV surfhgxuh pd| frqyhujh wr d orfdo udwkhu wkdq d joredo rswlpxp dqg
wkhuhiruh surshu vwduwlqj ydoxhv duh nqrzq wr eh ri d yhu| lpsruwdqw pdwwhu1
Iru hyhu| vlqjoh vshfl�fdwlrq xqghu frqvlghudwlrq zh wkhuhiruh zrunhg zlwk 8
gl�huhqw vhwv ri sdudphwhu yhfwruv ri vwduwlqj ydoxhv dqg lwhudwhg iurp wkhvh
xqwlo frqyhujhqfh1 Wkh lwhudwhg sdudphwhu yhfwru fruuhvsrqglqj wr wkh vpdoohvw
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ydoxh ri wkh remhfwlyh ixqfwlrq jlyhq e| htxdwlrq +58, zdv fkrvhq1 Dv vkrzq e|
Zklwh +4<<5, wkh vlqjoh klgghq od|hu ihhgiruzdug qhxudo qhwzrun prghov srvvhvv
wkh xqlyhuvdo dssur{lpdwlrq surshuw| wkdw lw fdq dssur{lpdwh dq| qrqolqhdu
ixqfwlrq wr dq duelwudu| ghjuhh ri dffxudf| zlwk d vxlwdeoh qxpehu ri klgghq
xqlwv1 Ri frxuvh wklv whoov xv qrwklqj derxw wkh shuirupdqfh ri vxfk whfkqltxhv
lq sudfwlfh/ dqg iru d jlyhq vhw ri gdwd lw lv srvvleoh iru rqh whfkqltxh wr grplqdwh
dqrwkhu lq whupv ri dffxudf| hwf1

2�� A�i �hL�iU|�L? ��ht��| +i}hitt�L? �L_i*

Rqh yhu| forvho| uhodwhg dssurdfk wr wkh sdudphwulf Qhxudo Qhwzrun Uhjuhvvlrq
Prgho lv wkh vhplsdudphwulf Surmhfwlrq Sxuvxlw Uhjuhvvlrq Prgho sursrvhg e|
Iulhgpdq dqg Vwxhow}h +4<;4, dqg Kxehu +4<;8,/ vhh dovr K�dugoh +4<<3,1 Iru d
vlqjoh rxwsxw yduldeoh |w dqg d yduldeoh lqsxw yhfwru jlyhq e| {w wkh Surmhfwlrq
Sxuvxlw Uhjuhvvlrq Prgho fdq eh zulwwhq lq wkh irup

|w @ �ssu+{w> (, . �w +59,

zkhuh

�ssu+{w> (, @ {3w� .
y[

m@4

$m*m+{
3

w�m, +5:,

( @ i�> $4> ====$y>�4> ==>�yj +5;,

Wkh sdudphwhuv �m gh�qh wkh surmhfwlrq ri wkh lqsxw yhfwru {w rqwr d vhw ri
sodqhv odehoohg e| m @ 4> ==> y= Wkhvh surmhfwlrqv duh wudqviruphg e| wkh qrqolqhdu
dfwlydwlrq ixqfwlrqv ghqrwhg *m+=, dqg wkhvh lq wxuq duh olqhduo| frpelqhg zlwk
zhljkw $m dqg dgghg wr wkh olqhdu sduw/ {3w� wr irup wkh rxwsxw yduldeoh |w=

Wkh �uvw dojrulwkp iru rewdlqlqj dq hvwlpdwh ri ( lv wkh ruljlqdo dojrulwkp
vxjjhvwhg e| Iulhgpdq dqg Vwxhow}h +4<;4,/ exw zlwk d ihz gl�huhqfhv1 Iluvwo|/
wkh dojrulwkp lv dxjphqwhg vxfk wkdw wkh hvwlpdwlrq ri wkh zhljkwv $m iru
m @ 4> ==>  fdq eh rewdlqhg xvlqj vlpsoh ruglqdu| ohdvw vtxduhv= Vhfrqgo|/ ohdvw
vtxduhv whfkqltxhv lv xvhg iru frqfhqwudwlqj rxw wkh olqhdu sduw ri |= Wklugo|/
fxelf vsolqhv zlwk dxwrpdwlf gdwd ghshqghqw ghwhuplqdwlrq ri wkh vprrwklqj
sdudphwhu lv dssolhg lq wkh hvwlpdwlrq ri wkh hpslulfdo dfwlydwlrq ixqfwlrqv *m /
m @ 4> ==> �1 Ilqdoo|/ DLF/ ELF dqg FY lq wxuq duh xvhg dv vwrsslqj uxohv zlwk
uhvshfw wr wkh fkrlfh ri wkh dssursuldwh qxpehu ri dfwlydwlrq ixqfwlrqv jlyhq
e| �> exw dovr dv ghwhuplqdqwv ri wkh qxpehu ri uhjuhvvruv/ nm iru m @ 4> ==> �=
lqfoxghg lq hyhu| dfwlydwlrq ixqfwlrq1

Ohw | dqg [ eh dv gh�qhg lq htxdwlrq +:,1 Wkh vhw ri uhjuhvvruv lqfoxghg lq
wkh ydulrxv dfwlydwlrq ixqfwlrqv lv doorzhg wr gl�hu1 Ohw [m ghqrwh wkh pdwul{ ri
wkh nm uhjuhvvruv lqfoxghg lq dfwlydwlrq ixqfwlrq *m 1 Krz wr fkrrvh wkh surshu

[m lv ri frxuvh rqh ri rxu pdlq frqfhuqv dqg lw zloo eh glvfxvvhg lq ghwdlov odwhu1
Ixuwkhupruh/ zh gh�qh }y.4 @ [y.4�y.4=Wkh dojrulwkp ghqrwhg SSU4 fdq
wkhq eh ghvfulehg dv iroorzv

<



41 Frqglwlrq rq wkh uhjuhvvruv e| frpsxwlqj wkh uhvlgxdov euy iru y @ 3 dqg
surylgh lqlwldo vwduwlqj ydoxhv iru wkh sdudphwhuv �y dqg $y1 Lq sduwlfxodu

euy @ | �[y+[y3[y,�4+[y3|, +5<,

�y � X+�4> 4, +63,

$y � X+�4> 4, +64,

zkhuh X lv wkh xqlirup glvwulexwlrq1 Lq rughu wr h{soruh wkh qdwxuh ri wkh
orfdo rswlpd uhshdwhg uxqv duh lpsruwdqw dqg qhfhvvdu| zkhq hvwlpdwlqj
surmhfwlrq sxuvxlw prghov1 Dv iru wkh DQQprgho zh frqvlghuhg 8 gl�huhqw
vhwv ri vwduwlqj ydoxhv hyhu| wlph d qhz klgghq xqlw zdv lqwurgxfhg1 Wkhvh
zhuh doo gudzq iurp d xqlirup glvwulexwlrq gh�qhg rq wkh xqlw lqwhuydo1

51 Ilqg wkh surmhfwlrq yhfwru �y.4 5 ?ny.4+mm�y.4mm @ 4, wkdw pd{lpl}hv wkh
jrrgqhvv ri �w phdvxuh U5

y.4+�y.4, gh�qhg dv

U5
y.4+�y.4, @ 4� +euy3euy,�4+euy � e$y.4e*y.4+}

y.4,,3+euy � e$y.4e*y.4+}
y.4,,
+65,

zkhuh wkh hvwlpdwhg hpslulfdo dfwlydwlrq ixqfwlrq e*y.4+}
y.4, lv ghwhu0

plqhg e| wkh fxelf vsolqh dssurdfk

e*y.4+}
y.4, @ plq

z+}y.4,
V�v+z, +66,

V�v+z, @ +| � z+}y.4,,3+| � z+}y.4,, . �v

]
+z33+}y.4,,5g}y.4+67,

zlwk wkh zhljkw e$y.4 rewdlqhg iurp d olqhdu uhjuhvvlrq ri euy rq e*y.4+}
y.4,

dv

e$y.4 @ +e*y.4+}
y.4,3e*y.4+}

y.4,,�4+e*y.4+}
y.4,3euy, +68,

Wkh edvlf lghd xqghuo|lqj wkh fxelf vsolqh vprrwklqj dssurdfk lv wr sur0
gxfh d �h{leoh fxuyh wkdw surylghv d jrrg �w ri wkh gdwd/ exw zlwkrxw
srvvhvvlqj wrr pxfk orfdo yduldwlrq1 Lq wkh fxuuhqw frqwh{w wklv dssurdfk
wudqvodwhv lqwr fkrrvlqj wkh dfwlydwlrq ixqfwlrq *m dv wkh ixqfwlrqdo irup
z+}, wkdw plqlpl}hv wkh Hxfolghdq glvwdqfh wr | exw zlwk d shqdow| iru
orfdo yduldwlrq1 Zlwkrxw dq| shqdow| lqfoxghg lq fkrrvlqj z+}, zh zrxog
rewdlq d shuihfw �w wr wkh gdwd1 Lq wkh fxelf vsolqh vprrwklqj dssurdfk
wkh fodvv ri fxuyhv wkdw surylghv d shuihfw lqwhusrodwlrq lv dyrlghg e| lqwur0
gxflqj d vr0fdoohg urxjkqhvv shqdow| iru udslg orfdo yduldwlrq1 Wkhuh duh
d qxpehu ri zd|v wr txdqwli| orfdo yduldwlrq exw wkh fxelf vsolqh dssurdfk
xvhv wkh vhfrqg rughu ghulydwlyh/ dqg wkh urxjkqhvv shqdow| lv jlyhq e|]

z33+},5g} +69,
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zklfk fruuhvsrqgv wr wkh vhfrqg whup lq wkh h{suhvvlrq iru V�v = Khqfh/
wkh hpslulfdo dfwlydwlrq ixqfwlrq *m dssolhg lv wkh ixqfwlrq z+}, wkdw
plqlpl}hv d zhljkwhg vxp ri uhvlgxdo huuruv dqg orfdo yduldwlrq zkhuh
wkh zhljkw dvvrfldwhg zlwk wkh orfdo yduldwlrq lv jlyhq e| wkh vprrwklqj
sdudphwhu �v=Wkh vprrwklqj sdudphwhu �v lq wkh xqlyduldwh fxelf vsolqh
uhjuhvvlrq ixqfwlrq lv ghwhuplqhg frqglwlrqdo rq d wudlqlqj gdwd vhw +wr eh
gh�qhg odwhu, dqg dffruglqj wr wkh jhqhudol}hg furvv ydolgdwlrq sulqflsoh
frlqhg e| Zdked +4<::,1

61 Li U5
y.4 lv vx�flhqwo| vpdoo/ vwrs wkh dojrulwkp/ rwkhuzlvh jr wr vwhs 7

71 Frqvwuxfw d qhz vhw ri uhvlgxdov

euy.4 @ euy � e*y.4+}
y.4, +6:,

dqg dgg dq dgglwlrqdo dfwlydwlrq ixqfwlrq1 Ixuwkhupruh xsgdwh y @ y.4
dqg jr edfn wkurxjk vwhs 5 dqg vwhs 61

Rqh lpsruwdqw gl�huhqfh ehwzhhq wkh qhxudo qhwzrun prgho ghvfulehg deryh
dqg wkh surmhfwlrq sxuvxlw prgho ri wklv vhfwlrq lv wkdw hdfk klgghq xqlw lq wkh
surmhfwlrq sxuvxlw uhjuhvvlrq lv doorzhg d gl�huhqw dfwlydwlrq ixqfwlrq dqg lq sdu0
wlfxodu wkdw wkhvh ixqfwlrqv duh qrw suhvfulehg lq dgydqfh/ exw duh ghwhuplqhg
iurp wkh gdwd dv sduw ri wkh %wudlqlqj% ru hvwlpdwlrq surfhgxuh1 Dqrwkhu gl�hu0
hqfh lv wkdw wkh sdudphwhuv lq wkh surmhfwlrq sxuvxlw uhjuhvvlrq duh rswlpl}hg
f|folfdoo| lq jurxsv zkloh wkrvh lq wkh qhxudo qhwzrun duh rswlpl}hg vlpxowdqh0
rxvo|1 Vshfl�fdoo|/ hvwlpdwlrq lq wkh Surmhfwlrq Sxuvxlw Uhjuhvvlrq Prgho wdnhv
sodfh iru rqh klgghq xqlw dw d wlph/ dqg iru hdfk klgghq xqlw wkh vhfrqg0od|hu
zhljkwv duh rswlpl}hg �uvw/ iroorzhg e| wkh dfwlydwlrq ixqfwlrq dqg wkh �uvw
od|hu zhljkwv1 Wkh surfhvv lv uhshdwhg iru hdfk klgghq xqlw lq wxuq xqwlo d vx�0
flhqwo| vpdoo ydoxh ri wkh huuru ixqfwlrq lv dfklhyhg ru xqwlo vrph rwkhu vwrsslqj
fulwhulrq lv vdwlv�hg1 Vlqfh wkh rxwsxw |w ghshqgv olqhduo| rq wkh vhfrqg0od|hu
sdudphwhuv/ wkhvh fdq eh rswlpl}hg e| olqhdu ohdvw vtxduh whfkqltxhv1 Rswlpl}d0
wlrq ri wkh dfwlydwlrq ixqfwlrqv *m+=, uhsuhvhqwv d sureohp ri rqh0glphqvlrqdo
fxuyh �wwlqj iru zklfk d ydulhw| ri whfkqltxhv fdq eh xvhg/ dv iru lqvwdqfh wkh
rqh edvhg rq fxelf vsolqhv ru wkh rqh edvhg rq wkh Qdgdud|d0Zdwvrq w|sh nhuqho
vprrwkhu/ vhh K�dugoh +4<<3, iru d glvfxvvlrq1 Khuh zh kdyh fkrvhq wr zrun zlwk
wkh fxelf vsolqh vprrwkhu1

Ilqdoo| zh zloo frqvlghu d �h{leoh uhjuhvvlrq prgho ghqrwhg SSU5 zklfk lv
yhu| forvho| uhodwhg wr wkh SSU prgho rxwolqhg deryh1 Krzhyhu/ lw lv pxfk
vlpsohu dw wkh h{shqvh ri ehlqj qrw txlwh dv �h{leoh dv wkh vwdqgdug dojrulwkp1
Dogulq/ Erhoylnhq dqg Vfkzhghu +4<<6, dujxh wkdw qrqolqhdu vwuxfwxuhv lq sudf0
wlfh riwhq duh rqo| prghudwho| ghyldqw iurp d olqhdu vwuxfwxuh1 Wkhvh prghu0
dwh qrqolqhdu vwuxfwxuhv lqfoxgh V0vkdshv dqg rwkhu prghudwh fxuydwxuhv/ voljkw
mxpsv lq ghulydwlyhv ru orfdo glsv ru expsv1 Xsrq wklv dujxphqw wkh| duh deoh
wr lpsohphqw d yhu| vlpsoh dqg idvw dojrulwkp iru hvwlpdwlrq ri wkh frqglwlrqdo
phdq ixqfwlrq jlyhq e| htxdwlrq +53, xqghu wkh dvvxpswlrq wkdw lw lv qrqolqhdu
exw prqrwrqh ru dssur{lpdwho| prqrwrqh1 Dogulq/ Erhoylnhq dqg Vfkzhghu
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+4<<6, surylgh h{whqvlyh qxphulfdo hylghqfh vkrzlqj wkdw wkh SSU5 prgho rxw0
shuirup wkh SSU4 prgho zkhq wkh qrqolqhdulw| lv prghudwh dqg wkh vljqdo wr
qrlvh udwlr lv vpdoo1 Lq hfrqrplfv wkh xvh ri djjuhjdwhg gdwd lv txlwh frpprq
dqg dv wkh ghjuhh ri qrqolqhdulw| fdq glplqlvk zlwk djjuhjdwlrq/ vhh Judqjhu
dqg Whu�dvyluwd +4<<6, d surmhfwlrq sxuvxlw prgho olnh SSU5 lv dq reylrxv srv0
vlelolw|1

Frqvlghu d vlpsoh yhuvlrq ri wkh prgho jlyhq e| htxdwlrq +59, 0 +5;, vxfk dv

| @ *+[�, . � +6;,

@ *+}, . �

zkhuh | dqg � duh yhfwruv zlwk |w dqg �w dv wkh w
3wk hohphqwv/ uhvshfwlyho|1 Dqg

dvvxph zlwkrxw orvv ri jhqhudolw| wkdw wkh froxpqv ri wkh pdwul{ [ zlwk wkh w3wk
urz htxdo wr {3w kdyh }hur phdq dqg wkdw wkh frh�flhqw yhfwru � lv vwdqgdugl}hg
vr wkdw �3	{� @ 4 zkhuh 	{ @ H+[3[,1 Ixuwkhupruh/ ghqrwh wkh uhvlgxdo
yhfwru dv u @ | � [ 3�rov zkhuh �rov @ 	�4

{ 	{| zkhuh 	{| @ H+[3|,= Lq
dgglwlrq/ ohw wkh suhglfwru eh } @ [�/ dqg frqvlghu wkh yhfwru x @ +[�}�3	{,
dqg qrwlfh wkdw } dqg x duh xqfruuhodwhg dv H+}3x, @ H+}3+[ � }�3	{,, @
�3	{ ��3	{��

3	{ @ �3	{ ��3	{ @ 31 Suhpxowlso|lqj | @ *+[�, . � e| [ 3

wkhq lpso|

[ 3| @ [3*+}, .[ 3� +6<,

@ [3*+}, . x3*+},� x3*+}, .[3�

@ 	{�}
3*+}, . x3*+}, .[ 3�

dqg e| dsso|lqj wkh h{shfwdwlrq rshudwru zh rewdlq

	{| @ 	{�H+}
3*+},, .H+x3*+},, +73,

Ilqdoo|/ suhpxowlsolfdwlrq e| 	�4
{ jlyhv

�rov @ ��.E +74,

zkhuh

� @ H^}3*+},` +75,

E @ 	�4
{ H^x3*+},` @ 	�4

{ H^+[ � }�3	{,
3*+},` +76,

Htxdwlrq +74, zulwhv wkh ROV hvwlpdwh �rov dv d vxp ri rqh whup sursruwlrqdo wr
wkh wuxh gluhfwlrq yhfwru � dqg dqrwkhu whup E= Dv x dqg } duh xqfruuhodwhg/ wkh
fruuhodwlrq ehwzhhq x dqg wkh wudqvirupdwlrq *+}, pd| eh h{shfwhg wr eh vpdoo1
Lqghhg/ lw fdq eh vkrzq/ vhh Dogulq/ Erhoylnhq dqg Vfkzhghu +4<<6,/ wkdw li [
iroorzv dq hoolswlfdoo| frqwrxuhg glvwulexwlrq olnh wkh Jdxvvldq/ H^x3*+},` @ 3
zkhuhe| E @ 3 dqg �rov @ ��=Dovr qrwlfh wkdw li *+}, lv olqhdu l1h1 *+}, @ [�
wkhq � @ H+}3*+},, @ �3	{� @ 4 dqg wkh ruglqdu| ohdvw vtxduh hvwlpdwru zloo
eh htxdo wr wkh wuxh sdudphwhu �rov @ �= Khxulvwlfdoo|/ � @ H^}3*+},` phdvxuhv
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wkh fruuhodwlrq ehwzhhq wkh olqhdu prgho } @ [� dqg wkh qrqolqhdu prgho
*+[�,1 Li wklv fruuhodwlrq lv orz wkhq �rov pxvw eh h{shfwhg wr eh idu iurp �/
exw li wkh fruuhodwlrq lv uhdvrqdeo| kljk/ zklfk lv wuxh lq wkh fdvh ri prghudwh
qrqolqhdulwlhv/ �rov pxvw eh h{shfwhg wr eh forvh wr �1 Wklv vxjjhvwv wr wdnh
wkh olqhdu ruglqdu| ohdvw vtxduhv hvwlpdwh e�rov iru � dqg wkhq rewdlq e*+e}, e|
vprrwklqj | ru lq wkh jhqhudo fdvh zkhuh zh kdyh d olqhdu sduw dv lq htxdwlrq
+59, u lq wklv gluhfwlrq1

Wr vxp xs wkh vlpsoh dojrulwkp edvhg rq wkh ruglqdu| ohdvw vtxduh hvwlpdwru
zloo zrun dv orqj dv 41, � lv qrw wr forvh wr }hur lpso|lqj wkdw rqo| prghudwh
qrqolqhdu vwuxfwxuhv fdq eh dqdo|}hg dqg 51, E lv ri d vpdoo pdjqlwxgh uhtxlulqj
wkdw [ vkrxog eh forvh wr exw qrw qhfhvvdulo| shuihfwo| Jdxvvldq glvwulexwhg1

Wkh �uvw vwhs lq wkh prgl�hg dojrulwkp vxjjhvwhg e| Dogulq hw do1 +4<<6,

lv wr frqvwuxfw d frqvlvwhqw vdpsoh yhuvlrq ri �rov
m �m dqg Em � ghqrwhg e�rov

m e�m
dqg eEm 0 iru m @ 4> ==>  lq rughu wr jhw d frqvlvwhqw hvwlpdwh ri wkh wuxh gluhfwlrq
yhfwru �m = Lq rxu vhwxs wkh vdpsoh yhuvlrq ri htxdwlrq +74, htxdov

e�rov
m @ e��m . eE . +[m3[m,�4+[m3�, +77,

e�m @ W�4e}3me*m+e}m, +78,

eEm @ W�4+[m3[m,�4+e*m+e}m,3+[m � +[m3[m,�4e�rov
m ,e}m, +79,

e}m @ [me�rov
m +7:,

Li wkh frqglwlrqv glvfxvvhg deryh duh ixo�oohg wr dq h{whqw vxfk wkdw e�rov
m lv

douhdg| forvh wr wkh wuxh gluhfwlrq/ Dogulq hw do1 +4<<6, vxjjhvw wkh iroorzlqj
lwhudwlyh vfkhph prghudwho| fkdqjhg lq rughu wr pdnh lw �w lqwr rxu jhqhudo
prgho vhohfwlrq vwudwhj|

41 Fhqwhu wkh uhvsrqvh euy iru y @ 3= Wkh uhvsrqvh lv fhqwhuhg e| gh0phdqlqj
| e| d olqhdu frpelqdwlrq ri wkh uhjuhvvruv [y1 Lq sduwlfxodu/

euy @ | �[y+[y3[y,�4+[y3|, +7;,

51 Hvwlpdwh �3
y.4 e| ruglqdu| ohdvw vtxduhv dv

e�3
y.4 @ +[y.43[y.4,�4+[y.43euy, +7<,

dqg rewdlq e*y.4 e| xvlqj wkh fxelf vsolqh vprrwkhu gh�qhg e| htxdwlrq
+66, zlwk wkh vprrwklqj sdudphwhu ghwhuplqhg e| jhqhudol}hg furvv ydol0
gdwlrq frqglwlrqdo rq d wudlqlqj vhw wr eh ghvfulehg odwhu1

61 frpsxwh e�my.4dqg eEm
y.4 dffruglqj wr htxdwlrq +78, dqg +79, dqg xsgdwh

wkh gluhfwlrq yhfwru dffruglqj wr

e�m
y.4 @

e�m�4
y.4 �

eEm
y.4e�my.4 +83,

dqg vwdqgdugl}h vxfk wkdw e�m
y.4+[

y.43[y.4,�4e�m
y.4 @ 4=
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71 Ilqg wkh vprrwklqj ixqfwlrq e*m
y.4+[

y.4e�m
y.4, dqg rewdlq wkh dvvrfldwhg

rswlpdo zhljkw dv

e$m
y.4 @ +e*m

y.4+[
y.4e�m

y.4,
3e*m

y.4+[
y.4e�m

y.4,,
�4+e*m

y.4+[
y.4e�m

y.4,
3uy,
+84,

81 Uhshdw vwhs 6 dqg 7 xqwlo wkh vfdodu gl�huhqfh jlyhq e|

G @ mm
e�m�4
y.4te�m�4

y.4+[
y.43[y.4,�4e�m�4

y.4

�
e�m
y.4te�m

y.4+[
y.43[y.4,�4e�m

y.4

mm

+85,

ehfrphv vx�flhqwo| vpdoo1

91 Li wkh fulwhulrq ri �w lv vdwlv�hg vwrs wkh dojrulwkp/ rwkhuzlvh jr wr vwhs :

:1 Frqvwuxfw d qhz vhw ri uhvlgxdov

euy.4 @ euy � e*y.4+[
y.4e�m

y.4, +86,

dqg dgg dq dgglwlrqdo dfwlydwlrq ixqfwlrq1 Ixuwkhupruh xsgdwh y @ y.4
dqg jr edfn wkurxjk vwhs 5 dqg vwhs :1

Lq whupv ri uhsuhvhqwdwlrqdo fdsdelolw|/ zh fdq uhjdug wkh vwdqgdug Surmhf0
wlrq Sxuvxlw Uhjuhvvlrq dv d jhqhudol}dwlrq ri wkh pxowlod|hu qhxudo qhwzrun
prgho/ lq wkdw wkh dfwlydwlrq ixqfwlrqv duh pruh �h{leoh wkdq wkrvh dssolhg lq
wkh qhxudo qhwzrun frqwh{w1 Lw lv wkhuhiruh qrw vxusulvlqj wkdw Surmhfwlrq Sxuvxlw
Uhjuhvvlrq Prghov vkrxog kdyh wkh vdph xqlyhuvdo dssur{lpdwlrq fdsdelolwlhv
dv Qhxudo Qhwzrun Uhjuhvvlrq Prghov1

� A�i U�L�Ui Lu |�i M@ti*�?i �i �M*i hi}hitt�L?

4L_i*

Lq rughu wr looxvwudwh dqg frpsduh wkh xvh ri �h{leoh uhjuhvvlrq prghov dqg
uhodwlyh iruhfdvw shuirupdqfh lq vshfli|lqj qrqolqhdu hfrqrphwulf prghov wzr
gdwd vhulhv kdyh ehhq dqdo|}hg1 Wkh �uvw vhulhv lv wkh txduwhuo| fkdqjh lq wkh
XV xqhpsor|phqw udwh iurp 4<7<1T6 wr 4<<;1T5/ vhdvrqdoo| dgmxvwhg/ dqg wkh
vhfrqg vhulhv lv wkh vhdvrqdoo| dgmxvwhg txduwhuo| jurzwk udwhv ri XV lqgxvwuldo
surgxfwlrq iurp 4<7:1T5 wr 4<<;1T51 Erwk vhulhv duh vhdvrqdoo| dgmxvwhg e|
[0441 Xqlyduldwh prghov xvlqj odjjhg ydoxhv ri wkh ghshqghqw yduldeohv dv h{0
sodqdwru| yduldeohv duh irupxodwhg dqg wkh iroorzlqj surfhgxuh dssolhg1 Iluvwo|/
dv d suholplqdu| vwhs/ wkh qxoo k|srwkhvlv ri wkh vhulhv ehlqj olqhdu lv whvwhg e|
xvh ri Kdplowrq*v Odjudqjh Pxowlsolhu whvw/ wkh Qhxudo Qhwzrun whvw/ wkh Wvd|
whvw/ Zklwhv g|qdplf lqirupdwlrq pdwul{ whvw dqg wkh UHVHW whvw1 Wkh qxp0
ehu ri odjv lq wkh olqhdu vshfl�fdwlrq lv ghwhuplqhg e| hdfk ri wkh wkuhh prgho
vhohfwlrq fulwhuld dssolhg l1h1 DLF/ ELF ru wkh Furvv Ydolgdwlrq +FY ,1
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Wkh �uvw vwhs lv xqghuwdnhq lq rughu wr rewdlq vrph suholplqdu| lqirupdwlrq
dv wr wkh olqhdulw| ru qrqolqhdulw| ri wkh dssursuldwh prgho/ exw lq wkh frqwh{w
ri wklv lqyhvwljdwlrq lqirupdwlrq derxw wkh gl�huhqw whvwv pd| eh rewdlqhg dv
zhoo1

Vhfrqgo|/ wkh uhfxuvlyh prgho vhohfwlrq dqg hvwlpdwlrq surfhgxuhv iru hdfk
ri wkh irxu prghov l1h1 Kdplowrq*v Ioh{leoh Uhjuhvvlrq Prgho +IQO,/ wkh Qhxudo
Qhwzrun Uhjuhvvlrq Prgho +DQQ, / dqg wzr yhuvlrqv ri wkh Surmhfwlrq Sxuvxlw
Uhjuhvvlrq Prgho +SSU4, dqg +SSU5, duh dssolhg dqg wkh ehvw vshfl�fdwlrqv
fkrvhq edvhg rq wkh DLF/ ELF ru FY fulwhulrq1 Wkh iruhfdvw delolw| lq d
rqh shulrg dkhdg iruhfdvwlqj h{huflvh iru hdfk ri wkh wkuhh yhuvlrqv ri wkh irxu
prghov lv hydoxdwhg xvlqj phdvxuhv ri wkh iruhfdvwlqj delolw| vxfk dv wkh phdq
vtxduh huuru +PVH,/ wkh phdq devroxwh ghyldwlrq +PDG,/ wkh iruhfdvw devroxwh
shufhqwdjh huuru +PDSH,/ gluhfwlrqdo whvwv edvhg rq d frqwlqjhqf| wdeoh vxfk
dv wkh Khqulnvvrq0Phuwrq whvw +KP, dqg wkh "5 whvw iru lqghshqghqfh +"5

,/ wkh frqixvlrq udwh +FU,/ dqg wkh ghjuhh ri gldjrqdo frqfhqwudwlrq +!,1 Lq
dgglwlrq zh uhsruw Wkhlo*v X vwdwlvwlf +X, dqg wkh Judqjhu0 Qhzerog yhuvlrq
ri wkh Plqfhu0]duqrzlw} uhjuhvvlrq/ zkhuh wkh dfwxdo ydoxh lv uhjuhvvhg rq wkh
iruhfdvw/ dqg wkh frh�flhqw ri ghwhuplqdwlrq +U 5 , dssolhg dv d phdvxuh li wkh
uhjuhvvlrq kdv dq lqwhufhsw ri }hur dqg d vorsh ri 41 Wkh remhfwlyh lq wkh vhfrqg
vwhs lv wr �qg wkh ehvw prgho edvhg rq wkh suhflvlrq ri wkh rxw ri vdpsoh iruhfdvw1
Lq wkh frqwh{w ri wkh dqdo|vlv shuiruphg zh pd| dovr rewdlq lqirupdwlrq derxw
wkh gl�huhqw hydoxdwlrq fulwhuld DLF/ ELF ru FY 1

Wklugo|/ wkh ehvw iruhfdvwlqj prgho vshfl�fdwlrq iurp wkh irxu fodvvhv ri
qrqolqhdu prghov lv frpsduhg wr wkh olqhdu prgho e| xvh ri wkh Glherog0Pduldqr
whvw dqg wkh iruhfdvwlqj hqfrpsdvvlqj whvw vxjjhvwhg e| Kduyh| hw do1 Prgho
vhohfwlrq zloo eh edvhg rq Dndlnh*v dqg Vfkzduwv* lqirupdwlrq fulwhulrq ghqrwhg
DLF dqg ELF uhvshfwlyho| dqg rq furvv ydolgdwlrq ghqrwhg FY / vhh Dndlnh
+4<9<,/ Vfkzduwv +4<:;, / Vwrqh +4<:7/ 4<::, dqg Zdked dqg Zrog +4<:8,1
Wkh lqirupdwlrq fulwhuld DLF dqg ELF ri Dndlnh+4<9<, duh irxqg dv

DLF @ oq+e�5, . 5f

W
+87,

ELF @ oq+e�5, . f oq+W ,

W
+88,

zkhuh e�5 lv wkh hvwlpdwhg yduldqfh ri wkh uhvlgxdo iurp wkh uhjuhvvlrq prgho/ f
htxdov wkh frpsoh{lw| fulwhulrq/ l1h1 wkh qxpehu ri hvwlpdwhg sdudphwhuv dqg W
ghqrwhv wkh vdpsoh vl}h1 Wkh vhohfwhg prgho lv wkh prgho zkhuh f plqlpl}hv wkh
fulwhulrq1 Edvlfdoo|/ erwk fulwhuld duh �w fulwhuld zlwk d shqdow| iru wkh qxpehu
ri sdudphwhuv1 Vlqfh rxu jrdo lv wr �qg wkh prgho kdylqj wkh ehvw shuirupdqfh
zlwklq vdpsoh dv zhoo dv rxw ri vdpsoh d vlpsoh dssurdfk zkhq frpsdulqj
gl�huhqw prgho vshfl�fdwlrqv lv wr hydoxdwh wkh huuru ixqfwlrq xvlqj gdwd zklfk
lv lqghshqghqw ri wkh vdpsoh dssolhg lq wkh hvwlpdwlrq sduw:1

Furvv Ydolgdwlrq pd| eh ghvfulehg lq wkh iroorzlqj zd|1 Wkh prghov wr
eh frpsduhg duh hvwlpdwhg e| plqlpl}dwlrqv ri wkh dssursuldwh huuru ixqfwlrq

.A�i _@|@ ti| @TT*�i_ �? |�i it|�4@|�L? �t @*tL U@**i_ |�i |h@�?�?} ti|�
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gh�qhg rq wkh wudlqlqj gdwd vhw1 Wkh shuirupdqfhv ri wkh prghov duh wkhq
frpsduhg e| hydoxdwlqj wkh huuru ixqfwlrq xvlqj dq lqghshqghqw ydolgdwlrq vhw/
dqg wkh prgho kdylqj wkh vpdoohvw huuru zlwk uhvshfw wr wkh ydolgdwlrq vhw lv
vhohfwhg dv wkh suhihuuhg prgho1 Wklv dssurdfk lv fdoohg wkh Krog Rxw phwkrg1
Wkh gdqjhu ri wkh surfhgxuh lv wkdw lw fdq ohdg wr ryhu�wwlqj zlwk uhvshfw wr
wkh ydolgdwlrq gdwd vhw/ exw zh zloo eh deoh wr hydoxdwh wkh vl}h ri wkh ryhu�wwlqj
ehfdxvh zh duh jrlqj wr whvw wkh shuirupdqfh ri wkh fkrvhq prgho rq d wklug
lqghshqghqw gdwd vhw qdpho| wkh rxw ri vdpsoh gdwd vhw1 Pruh vfkhpdwlfdoo|/
wkh surfhgxuh pd| eh ghvfulehg lq wkh iroorzlqj zd|1 Iluvw/ glylgh wkh gdwd vhw
lqwr V . 4 glvwlqfw vhjphqwv zkhuh hdfk ri wkh �uvw V vhjphqwv frqvlvwv ri ;

^W@V` gdwd srlqwv dqg wkh uhpdlqlqj vhjphqw frqvlvwlqj ri W � V � ^W@V` gdwd
srlqwv

z @ i|> {j @ i+|4> {4,> +|5> {5,> ==> +|V> {V,> +|U> {U,j +89,

dqg

z @ izwj
W
w@4 +8:,

zv @ iz+v�4,�V.4> ==> zv�Vj iru v @ 4> ==> V +8;,

zU @ iz^W@V`�V.4> ==> zWj +8<,

Ixuwkhupruh/ ohw xv lqwurgxfh wkh ohdyh0rxw rshudwru % q %gh�qlqj wkh vhw
i|qv> {qvj @ i|> {jqi|v> {vj dv doo ri wkh revhuyhg gdwd srlqwv h{fhsw wkh ^W@V`
revhuydwlrqv lq vhjphqw v1 Vhfrqgo|/ hvwlpdwh wkh uhjuhvvlrq prgho xvlqj wkh
gdwd vhw i|qv> {qvj dqg rewdlq dq hvwlpdwh ri wkh frqglwlrqdo phdq ixqfwlrq gh0
qrwhg �+{qv>e)v,1 Wklugo|/ hydoxdwh wkh phdq vtxduhg uhjuhvvlrq huuru ixqfwlrq
xvlqj wkh uhpdlqlqj ^W@V` gdwd srlqwv lq vhjphqw v/ wkdw lv fdofxodwh

FY +v, @ ^W@V`�4

^W@V`[
l@4

+|vl � �l+{
v>e)v,,5 +93,

zkhuh |vl dqg �l ghqrwh wkh l*wk hohphqw2urz ri wkh |v0yhfwru dqg wkh �0yhfwru/
uhvshfwlyho|1 Wkh surfhvv lv uhshdwhg iru hdfk ydoxh ri v @ 4> ==> V> l1h1 iru hyhu|
srvvleoh fkrlfh ri vhjphqw rplwwhg iurp wkh wudlqlqj surfhvv/ dqg �qdoo| wkh
whvw huuruv duh dyhudjhg ryhu doo V 1 Vxfk d surfhgxuh doorzv xv wr xvh d kljk
sursruwlrq ri wkh dydlodeoh gdwd + d iudfwlrq 4�4@V , wr hvwlpdwh wkh uhjuhvvlrq
prgho/ zkloh dovr pdnlqj xvh ri doo gdwd srlqwv lq hydoxdwlqj wkh furvv ydolgdwlrq
huuru1 Wkh glvdgydqwdjh ri vxfk dq dssurdfk lv wkdw lw uhtxluhv wkh hvwlpdwlrq
surfhvv wr eh uhshdwhg V wlphv/ zklfk lpsolhv d uhodwlyho| orqj surfhvvlqj wlph1
D w|slfdo fkrlfh ri V lv V @ 43 / vhh Elvkrs +4<<8, 1 Wkh vlqjoh phdvxuh dssolhg
lq wkh furvv ydolgdwlrq prgho vhohfwlrq surfhgxuh fdq eh zulwwhq dv

FY @ V�4
V[

v@4

FY +v, +94,

Hwi| dA*7o ' t�Tt| G | $ A*7� uLh | ' �c ��c A ��i |�@|dA*7o |�i �?|i}ih L? Lh ��t| Mi*L� |�i
�@*�i Lu A*7�
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Dv d �uvw vwhs zh vxjjhvw whvwlqj wkh qxoo k|srwkhvlv ri wkh vhulhv ehlqj olqhdu e|
xvh ri wkh prvw jhqhudo vshfl�fdwlrqv whvw1 Wklv froohfwlrq ri whvw vwdwlvwlfv zloo
lqfoxgh Kdplowrq*v whvw/ Kdplowrq +4<<<,/ wkh Uhjuhvvlrq Huuru Vshfl�fdwlrq
Whvw ru UHVHW whvw/ Udpvh| +4<9<,/ d whvw / ghqrwhg wkh Wvd| whvw/ vhh Wvd|
+4<;9,/ wkh Qhxudo Qhwzrun whvw/ vhh Ohh/ Zklwh dqg Judqjhu +4<<6, dqg d
sduwlfxodu yhuvlrq ri Zklwh*v lqirupdwlrq pdwul{ whvw/ Zklwh +4<;:/4<<5,1 Wkh
whvwv duh doo uhfrpphqghg ehfdxvh ri wkhlu uhodwlyho| jrrg shuirupdqfh zlwk
uhvshfw wr vl}h dqg srzhu djdlqvw dq xqvshfl�hg dowhuqdwlyh prgho ghvfulehg lq
wkh olwhudwxuh1 Wkh qxpehu ri odjv lq wkh olqhdu vshfl�fdwlrq xqghu wkh qxoo lv
ghwhuplqhg e| hdfk ri wkh wkuhh prgho vhohfwlrq fulwhuld dssolhg l1h1 DLF/ ELF
ru Furvv Ydolgdwlrq +FY ,1

61414 Kdplowrq*v Odjudqjh Pxowlsolhu whvw

Wkh Odjudqjh pxowlsolhu whvw vxjjhvwhg e| Kdplowrq frqvlghuv wkh qxoo k|srwk0
hvlv K3 = � @ 3 lq htxdwlrq +5,1 Krzhyhu/ j lv qrw lghqwl�hg zkhq � htxdov }hur/
exw Kdplowrq +4<<<, vroyhv wklv sureohp e| dvvxplqj wkdw wkh l*wk hohphqw ri j/
l1h1 jl> lv sursruwlrqdo wr wkh vwdqgdug ghyldwlrq ri wkh l*wk urz lq {w= Il{lqj wkh
qrqlghqwl�hg sdudphwhuv wr wkh vfdoh ri wkh yduldeohv lpsolhv wkdw wkh Odjudqjh
pxowlsolhu vwdwlvwlfv iru qhjohfwhg qrqolqhdulw| ehfrphv

KOP @
^e�3Ke�� h�5wu+PKP,`5h�7^5wui^PKP � +W � n,�4Pwu+PKP,`5j`

+95,

zkhuh

e� @ P| +96,h�5 @ +W � n,�4e�3e� +97,

P @ LW �[+[3[,�4[ 3 +98,

dqg wkh +w> v, hohphqw ri wkh W � W fryduldqfh pdwul{ K ri p+j � {w, lv jlyhq
e|

K+w> v, @

�
Kn+kwv,

3
kwv � 4
kwv A 4

+99,

kwv @
4

5
^n�4

n[
l@4

+{l>w � {l>v,
5

v5l
`
4

5 +9:,

v5l @ W�4

W[
w@4

+{l>w � W�4

W[
w@4

{l>w,
5 +9;,

zkhuh Kn+=, lv gh�qhg lq htxdwlrq +8,1 Wkh Odjudqjh pxowlsolhu vwdwlvwlfv KOP

lv dv|pswrwlfdoo| "5+4, glvwulexwhg1
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61415 Wkh Qhxudo Qhwzrun whvw

Zkhq wkh qxoo k|srwkhvlv ri olqhdulw| lv wuxh l1h1 K3 = Su^H+|wm[w, @ {3w�
�` @ 4

iru vrph fkrlfhv ri �� dqg [w @ i{3
4
> {3

5
> ==> {3wj wkh rswlpdo qhwzrun zhljkwv

�m lq htxdwlrq +56, duh }hur iru m @ 4> ==> t1 Wkh qhxudo qhwzrun whvw iru qh0
johfwhg qrqolqhdulw| fdq wkhuhiruh eh lqwhusuhwhg dv whvwlqj wkh k|srwkhvlv K3 =
�4 @ �5 @ == @ �t @ 3 iru sduwlfxodu fkrlfhv ri t dqg �m = Dv lq Ohh hw do1
+4<<6, zh vhw wkh qxpehu ri klgghq xqlwv/ l1h1 t/ htxdo wr 43 dqg gudz wkh
gluhfwlrq yhfwruv �m lqghshqghqwo| iurp d xqlirup glvwulexwlrq rq wkh lqwhuydo ^0
5=5`1 Wkh whvw lv wkhq fduulhg rxw e| dq dx{loldu| uhjuhvvlrq zkhuh< e�+W�4, @ |W�
[W +[

3

W[W ,
�4+[3

W|W , lv uhjuhvvhg rq �+W�t, @ i#+[W�4,+W�4,> ==> #+[W�t,+W�4,j
3

zkhuh |W @ i|4> |5> ==> |W j= Wkh OP0whvw vwdwlvwlfv lv jlyhq e|

QQOP @ WU5 $ "5+t, +9<,

zkhuh U5/ lv wkh frh�flhqw ri ghwhuplqdwlrq iurp wkh dx{loldu| uhjuhvvlrq1 Eh0
fdxvh wkh revhuyhg frpsrqhqwv ri �w w|slfdoo| duh kljko| fruuhodwhg Ohh hw do1
+4<<6, uhfrpphqg xvlqj d vpdoo qxpehu ri sulqflsdo frpsrqhqwv lqvwhdg ri wkh
t ruljlqdo yduldeohv1 Xvlqj wkh t� ? t sulqflsdo frpsrqhqwv ri �w / ghqrwhg ��

w /
qrw froolqhdu zlwk {w dq htxlydohqw whvw vwdwlvwlfv lv jlyhq e|

QQOP� @ WU5
sf $ "5+t�, +:3,

zkhuh U5
sf lv wkh frh�flhqw ri ghwhuplqdwlrq iurp d uhjuhvvlrq ri e�+W�4, rq

��

+W{t�,=

61416 Wkh UHVHW dqg Wvd| whvwv

Frqvlghu wkh olqhdu prgho

|w @ {3w� . xw +:4,

zkhuh |w lv wkh ghshqghqw yduldeoh dqg {w d n yhfwru ri uhjuhvvruv 431 Wkh
�uvw vwhs frqvlvwv ri uhjuhvvlqj |w rq {w lq rughu wr rewdlq dq hvwlpdwh ri �>
vd| e�> wkh suhglfwlrq iw @ {3w

e�/ dqg wkh uhvlgxdov exw @ |w � iw zkhuhe| wkh

vxp ri vtxduhg uhvlgxdov duh VVU3 @
SW

w@4 ex5w = Lq wkh vhfrqg vwhs/ uhjuhvv exw
rq {w dqg rq wkh v{4yhfwru Pw > wr eh gh�qhg odwhu/ dqg frpsxwh wkh uhvlgxdov
iurp wklv uhjuhvvlrq eyw @ exw � {3we�4 �P 3

we�5 dqg wkh uhvlgxdo vxp ri vtxduhv

VVU @
SW

w@4 ey5w = Ilqdoo|/ lq wkh wklug vwhs frpsxwh wkh I vwdwlvwlfv jlyhq e|

I @
+VVU3 � VVU,@p

VVU@+W � n �p,
� I +v> W � n � v, +:5,

Xqghu wkh olqhdulw| k|srwkhvlv wkh I vwdwlvwlfv deryh lv dssur{lpdwho| I 0glvwulexwhg
zlwk v dqg W � n � v ghjuhhv ri iuhhgrp1 Wkh gl�huhqfh ehwzhhq wkh UHVHW
whvw dqg wkh Wvd| whvw olhv lq wkh fkrlfh ri Pw= Wkh UHVHW whvw gh�qhv Pw dv
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Pw @ ii5
w
> ==> iv.4

w j = Ehfdxvh i l

w
> l @ 5> ==> v.4 whqgv wr eh kljko| fruuhodwhg zlwk

{w dqg zlwk wkhpvhoyhv wkh whvw lv frqgxfwhg xvlqj wkh v� ? v odujhvw sulqflsdo
frpsrqhqwv ri i5

w
> ==> iv.4

w
qrw shuihfwo| froolqhdu zlwk {w dqg wkhuhiruh qrw zlwk

wkh olqhdu frpelqdwlrq iw @ {3

w
e�1 Wvd| +4<;9, vxjjhvwv xvlqj Pw @ yhfk+{w{

3

w
,

zkhuh wkh rshudwru yhfk lpsolhv wkdw Pw frqwdlqv wkh hohphqwv rq dqg ehorz
wkh gldjrqdo ri wkh pdwul{ {w{

3

w
l1h1 wkh vtxduhg h{sodqdwru| yduldeohv dqg wkh

furvvsurgxfwv ri wkhvh1

61417 Zklwh*v G|qdplf Lqirupdwlrq Pdwul{ whvw

Wkh lqirupdwlrq pdwul{ whvw lv ghyhorshg iurp wkh revhuydwlrq wkdw li d prgho
lv zhoo vshfl�hg wkh lqirupdwlrq pdwul{ htxdolw|44 krogv/ zkloh wklv lv qrw wkh
fdvh lq d plvvshfl�hg prgho1 Wkh yhuvlrq ri Zklwh*v g|qdplf plvvshfl�fdwlrq
whvw frqvlghuhg lq wklv sdshu zloo eh edvhg rq wkh fryduldqfh ri wkh frqglwlrqdo
vfruh ixqfwlrqv1 Iru d Jdxvvldq olqhdu prgho wkh orj olnholkrrg ixqfwlrq fdq eh
zulwwhq dv

Ow+{w> �> �, @ �
4

5
orj+5�,� orj+�,�

4

5
x5
w

+:6,

zkhuh xw @ ��4+|w � {3
w
�,= Wkh frqglwlrqdo vfruh ixqfwlrq lv wkhq jlyhq e|

vw+{w> �> �, @ ��4+xw> xw{
3

w
> x5

w
� 4,3 +:7,

Hydoxdwlqj wkh frqglwlrqdo vfruh dw wkh txdvl pd{lpxp olnholkrrg hvwlpdwruv ri
wkh fruuhfwo| vshfl�hg prgho xqghu K3 jlyhv evw @ vw+{w> e�> e�,= Wkh lqirupdwlrq
pdwul{ whvw lv edvhg rq iruplqj wkh t{4 lqglfdwru epw @ V �yhf+evwev

3

w
, zkhuh V lv

d vhohfwlrq pdwul{1 Lq sduwlfxodu zh rewdlq wkh whvw vwdwlvwlfv ghqrwhg %Zklwh6%
lq Ohh hw1 do=+4<<6, e| wkh dx{loldu| uhjuhvvlrq exw @ e�

�4+|w � {3
w
e�, rq {w dqg enw

0 zkhuh enw lv gh�qhg wr vdwlvi| epw @ enwex
3

w
= 1 Wkh whvw vwdwlvwlf dqg lwv dv|pswrwlf

glvwulexwlrq lv wkhq jlyhq e|

ZLP @ WU5
$ "5+t, +:8,

zkhuh U5 lv wkh frh�flhqw ri ghwhuplqdwlrq iurp wkh dx{loldu| uhjuhvvlrq1

61418 Dssolfdwlrq 4d1 Wkh fkdqjh lq wkh XV Xqhpsor|phqw udwh

Zh ehjlq e| frqvlghulqj wkh vhulhv ri �uvw gl�huhqfhv lq XV xqhpsor|phqw1
Lq rughu wr rewdlq wkh fruuhfw vl}h ri wkh whvw wkh whvwv iru olqhdulw| vkrxog eh
edvhg rq wkh uhvlgxdov iurp wkh ehvw olqhdu prgho dv vxjjhvwhg e| Judqjhu
dqg Whu�dvyluwd +4<<6,1 Lq sudfwlfh/ wklv lv grqh e| fdofxodwlqj hdfk ri wkh whvw
vwdwlvwlfv edvhg rq wkh ehvw olqhdu prgho ehlqj vhohfwhg e| wkh wkuhh prgho
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vhohfwlrq fulwhuld lq wxuq1 Ixuwkhupruh zh duh frqglwlrqlqj wkh whvw vwdwlvwlfv rq
wkh zkroh vdpsoh shulrg1

Zh �qg wkdw wkh ehvw olqhdu prgho edvhg rq DLF dqg FY frqvlvwv ri d
frqvwdqw whup dqg 7 odjv zkhuhdv wkh ehvw olqhdu prgho fkrvhq e| wkh ELF
fulwhulrq lqfoxghv d frqvwdqw whup exw rqo| 5 odjv1 Wkh uhvxowv suhvhqwhg lq
Wdeoh 4 lqglfdwh wkdw wkh qxoo k|srwkhvlv ri olqhdulw| lq doo fdvhv lv uhmhfwhg dw
wkh 8( ohyho h{fhsw lq wkh fdvh zkhuh lqihuhqfh lv edvhg rq wkh rxwfrph iurp wkh
UHVHW whvw1 Krzhyhu/ edvhg rq wkh UHVHW whvw/ uhmhfwlrq ri olqhdulw| lv vwloo
vxssruwhg dw d 43( ohyho1 Khqfh/ wkh dssolhg whvwv lqglfdwh wkh qhfhvvlw| iru d
qrq0olqhdu vshfl�fdwlrq ri wkh xqlyduldwh prgho iru wkh fkdqjh lq xqhpsor|phqw1

61419 Dssolfdwlrq 5d1 Wkh jurzwk udwh ri XV lqgxvwuldo surgxfwlrq

Iru wkh jurzwk udwh ri XV lqgxvwuldo surgxfwlrq wkh wkuhh prgho vhohfwlrq fulwhuld
djuhh rq wkh ehvw xqlyduldwh olqhdu prgho zklfk lqfoxghv d frqvwdqw dqg wzr
odjv/ vhh Wdeoh 51 Edvhg rq Kdplowrq*v olqhdulw| whvw dqg wkh UHVHW whvw lw
lv qrw srvvleoh wr uhmhfw wkh qxoo ri olqhdulw|1 Wklv uhvxow/ krzhyhu lv lq vwulfw
glvdjuhhphqw zlwk wkh rxwfrph ri wkh Qhxudo Qhwzrun whvw/ Wvd|*v dqg Zklwh*v
whvw1 Lw frxog eh gxh wr orz srzhu ri Kdplowrq*v whvw dqg wkh UHVHW whvw djdlqvw
d vshfl�f nlqg ri qrqolqhdulw| lqkhulwhg lq wkh lqgxvwuldo surgxfwlrq vhulhv ru lw
frxog eh gxh wr prghudwh qrqolqhdulwlhv gl�fxow wr ghwhfw gxh wr urexvwqhvv dqg
jrrg dssur{lpdwlrq surshuwlhv ri wkh olqhdu prgho rqh vwhs dkhdg1 Wkh srzhu
surshuwlhv ri Kdplowrq*v whvw dozd|v wxuq rxw wr eh dw ohdvw dv jrrg dv wkh srzhu
surshuwlhv ri wkh qhxudo qhwzrun whvw/ dv vkrzq e| Gdko +4<<<, edvhg rq d zlgh
udqjh ri qrqolqhdu prghov1

Wkh uhvxowv suhvhqwhg lq Wdeoh 5 lqglfdwh wkdw wkh qxoo k|srwkhvlv ri olqhdulw|
lq wkh jurzwk udwh ri XV lqgxvwuldo surgxfwlrq lv uhmhfwhg e| prvw ri wkh dssolhg
whvwv dw wkh 8( ohyho exw fohduo| qrw e| Kdplowrq*v whvw dqg qrw e| wkh UHVHW
whvw xqohvv wkh ohyho ri vljql�fdqfh lv udlvhg wr 48(1 Khqfh/ wkh dssolhg whvwv
glvdjuhh rq wkh qhfhvvlw| iru d qrq0olqhdu vshfl�fdwlrq ri wkh xqlyduldwh prgho
iru wkh jurzwk udwhv ri lqgxvwuldo surgxfwlrq/ dqg wkh hylghqfh frxog lpso| wkdw
wkh qrqolqhdulw| lq wkh XV lqgxvwuldo surgxfwlrq lv qrqh{lvwhqw ru ri d prghudwh
qdwxuh1

��2 �L_i* ti*iU|�L? @?_ it|�4@|�L?

Lq wkh vhfrqg vwhs wkh uhfxuvlyh prgho vhohfwlrq dqg hvwlpdwlrq surfhgxuhv iru
hdfk ri wkh irxu prghov l1h1 Kdplowrq*v Ioh{leoh Uhjuhvvlrq Prgho +IQO,/ wkh
Qhxudo Qhwzrun Uhjuhvvlrq Prgho +DQQ,/ dqg wzr yhuvlrqv ri wkh Surmhfwlrq
Sxuvxlw Uhjuhvvlrq Prgho +SSU4, dqg +SSU5, duh dssolhg dqg wkh ehvw vshfl0
�fdwlrqv fkrvhq dv ghvfulehg deryh1

Dowkrxjk prghuq frpsxwhuv duh yhu| h�flhqw wkh frpsxwdwlrqv lqyroyhg lq
wkh gl�huhqw qrqolqhdu dssurdfkhv glvfxvvhg khuh fdq eh h{fhvvlyh1 Ixuwkhupruh/
wkh surfhgxuh dssolhg pxvw eh vrphzkdw dxwrpdwlf/ dqg lq dgglwlrq sduvlprq|
lv dq lpsruwdqw remhfwlyh1 Wkh surfhgxuh dssolhg khuh lq wkh vshfl�fdwlrq dqg
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hvwlpdwlrq ri olqhdu dqg Ioh{leoh Uhjuhvvlrq Prghov lv d iruzdug vwhszlvh sur0
fhgxuh/ zkhuh d vlpxowdqhrxv hvwlpdwlrq phwkrg lv dssolhg dw hdfk vwhs1 Wkh
h{dfw surfhgxuh dssolhg lv vrphzkdw ghshqghqw xsrq zklfk ri wkh �h{leoh ds0
surdfkhv zh dsso| dqg zh zloo wkhuhiruh surylgh d ghwdlohg ghvfulswlrq ri wkh
surfhgxuh dssolhg lq wkh wkuhh fdvhv1

61514 Kdplowrq*v Ioh{leoh Uhjuhvvlrq Prgho1

Iurp htxdwlrq +4, dqg +5, lw lv vhhq wkdw wkh prgho frqwdlqv d olqhdu dqg d
qrqolqhdu sduw1 Wkh �uvw vwhs frqvlvwv ri shuiruplqj d iruzdug vwhszlvh olqhdu
uhjuhvvlrq zlwk uhjuhvvruv +odjv lq wkh xqlyduldwh fdvh, dgghg rq rqh dw d wlph
xqwlo qr dgglwlrqdo uhjuhvvru lpsuryhv xsrq wkh prgho vhohfwlrq fulwhulrq dssolhg1
Wkh qxpehu ri uhjuhvvruv lq wkh olqhdu sduw lv wkhq �{hg1 Qh{w wkh qxpehu ri
uhjuhvvruv lq wkh qrqolqhdu sduw/ wkh p+1, ixqfwlrq/ lv wr eh ghwhuplqhg1 Dv
lq wkh olqhdu sduw wklv lv grqh e| lqfoxglqj uhjuhvvruv rqh dw d wlph xqwlo wkh
prgho vhohfwlrq fulwhulrq fdqqrw eh lpsuryhg xsrq1 Li/ diwhu dgglqj wkh �uvw
uhjuhvvru wr wkh qrqolqhdu sduw ri wkh prgho / wkh prgho vhohfwlrq fulwhulrq lv qrw
lpsuryhg xsrq wklv zloo lpso| wkdw wkh suhihuuhg prgho zloo eh olqhdu1 Li dssolhg
uhfxuvlyho| wr gl�huhqw exw frqvhfxwlyh wlph shulrgv wkh Ioh{leoh Uhjuhvvlrq
Prgho dssurdfk doorzv iru wkh suhihuuhg prgho wr eh olqhdu lq vrph shulrgv
dqg qrqolqhdu lq rwkhuv1 Ixuwkhupruh/ d nh| ihdwxuh ri wkh prgho vhohfwlrq dqg
hvwlpdwlrq surfhgxuh lv wkdw hyhu| wlph d qhz uhjuhvvru lv dgghg wr wkh prgho
doo wkh sdudphwhuv lq wkh olqhdu dqg qrqolqhdu sduw duh uhhvwlpdwhg e| pd{lpxp
olnholkrrg1

61515 Wkh Qhxudo Qhwzrun Uhjuhvvlrq Prgho1

Iluvw/ wkh qxpehu ri uhjuhvvruv lq wkh olqhdu sduw ri wkh prgho lv ghwhuplqhg
dqg �{hg lq h{dfwo| wkh vdph zd| dv ghvfulehg deryh1 Vhfrqgo|/ d vlqjoh klgghq
xqlw lv dgghg dqg uhjuhvvruv duh vhohfwhg rqh e| rqh dv sduw ri wkh �uvw klgghq
xqlw xqwlo wkh prgho vhohfwlrq fulwhulrq qr orqjhu fdq eh lpsuryhg1 Wkh qxpehu
ri uhjuhvvruv lqfoxghg lq wkh �uvw klgghq xqlw lv wkhuhdiwhu �{hg dqg d vhfrqg
klgghq xqlw lv dgghg dqg wkh surfhvv uhshdwhg xqwlo �yh klgghq xqlwv kdyh
ehhq wulhg ru wkh prgho vhohfwlrq fulwhulrq fdqqrw eh lpsuryhg xsrq e| dgglqj
dgglwlrqdo klgghq xqlwv1 Djdlq doo wkh sdudphwhuv ri wkh prgho duh uhhvwlpdwhg
e| qrqolqhdu ohdvw vtxduh hyhu| wlph d qhz uhjuhvvru lv lqfoxghg1

61516 Wkh Surmhfwlrq Sxuvxlw Uhjuhvvlrq Prgho1

Wkh prgho vhohfwlrq surfhgxuh dssolhg lq frqqhfwlrq zlwk wkh Surmhfwlrq Sxuvxlw
Uhjuhvvlrq Prgho lv vlplodu wr wkh prgho vhohfwlrq lq wkh qhxudo qhwzrun fdvh1
Krzhyhu/ wkhuh lv rqh pdlq gl�huhqfh1 Vlqfh wkh sdudphwhuv ri wkh prgho duh
hvwlpdwhg lq jurxsv/ qrw doo wkh sdudphwhuv ri wkh prgho duh uhhvwlpdwhg hyhu|
wlph d qhz uhjuhvvru lv lqfoxghg1 Lq rughu wr fxw grzq wkh frpsxwdwlrqdo exughq
zh glg qrw frqvlghu edfn�wwlqj dv lw lv dovr dssduhqw iurp wkh ghvfulswlrq ri wkh
SSU4 dqg SSU5 dojrulwkpv1 Wklv uxoh lpsolhv wkdw rqo| wkh vhw ri sdudphwhuv lq
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wkh klgghq xqlw lq zklfk wkh qhz uhjuhvvru lv dgghg duh uhhvwlpdwhg1 Wkh prgho
vhohfwlrq surfhgxuh lv dv iroorzv1 Dgg d klgghq xqlw 0 zklfk lq wklv fdvh lv dq
hpslulfdoo| ghwhuplqhg xqlyduldwh ixqfwlrq 0 lqfoxglqj d frqvwdqw whup dqg rqh
uhjuhvvru1 Dgg uhjuhvvruv wr wklv klgghq xqlw dqg uhhvwlpdwh wkh prgho hyhu|
wlph d qhz uhjuhvvru lv lqfoxghg xqwlo wkh prgho vhohfwlrq fulwhulrq fdqqrw eh
lpsuryhg1 Zkhq wkh qxpehu ri uhjuhvvruv lq wkh �uvw klgghq xqlw lv ghwhuplqhg
�{ erwk wkh qxpehu ri uhjuhvvruv dqg wkh sdudphwhuv dw wkhlu hvwlpdwhg ydoxhv1
Dgg wkh vhfrqg klgghq xqlw dqg uhshdw wkh surfhvv xqwlo �yh klgghq xqlwv kdyh
ehhq wulhg ru wkh prgho vhohfwlrq fulwhulrq fdqqrw eh lpsuryhg xsrq e| dgglqj
dgglwlrqdo klgghq xqlwv1

61517 k vwhsv dkhdg iruhfdvwv

Lq rughu wr hydoxdwh wkh iruhfdvw delolw| ri wkh wkuhh dssurdfkhv dq rxw ri
vdpsoh rqh vwhs dkhdg iruhfdvw e|w4.4lv jhqhudwhg iurp hdfk ri wkh wkuhh �h{leoh
uhjuhvvlrq prghov hvwlpdwhg e| xvh ri d gdwd zlqgrz frqwdlqlqj d vdpsoh iurp
wkh vwduwlqj srlqw lq shulrg w3 wr shulrg w41 Lq wkh qh{w vwhs d vhfrqg vhw ri
rqh vwhs dkhdg iruhfdvw e|w4.5 lv frpsxwhg xvlqj d gdwd zlqgrz ehjlqqlqj dw
wlph w3 dqg whuplqdwlqj dw wlph w4 . 4= Frqwlqxlqj wklv surfhgxuh/ uroolqj wkh
gdwd zlqgrz iruzdug rqh shulrg hyhu| wlph hqdeohv xv wr vlpxodwh d vhtxhqfh ri
wuxh rxw ri vdpsoh iruhfdvwv1 Wkh vhtxhqfh zh jhqhudwh frqwdlqv q gdwd srlqwv 1
Wkh iruhfdvw shulrg pxvw eh orqj hqrxjk wr lqfoxgh shulrgv zkhuh wkh qrqolqhdu
fkdudfwhulvwlfv duh suhvhqw1 Iru lqvwdqfh/ li dv|pphwulf g|qdplfv ryhu wkh skdvhv
ri wkh exvlqhvv f|foh lv wkh h{shfwhg fdxvh ri wkh qrqolqhdulwlhv/ uhfhvvlrqv dv
zhoo dv h{sdqvlrqdu| hfrqrplf skdvhv pxvw h{lvw lq wkh rxw ri vdpsoh iruhfdvw
shulrg1

Lq wkh iroorzlqj zh zloo dsso| erwk rqh vwhs dkhdg dqg irxu vwhsv dkhdg
iruhfdvwv1 Wkh irxu vwhs dkhdg iruhfdvw vhtxhqfh iru hdfk �h{leoh uhjuhvvlrq
phwkrg lv frqvwuxfwhg lq d zd| dqdorjrxv wr wkh vhtxhqfhv frqvwuxfwhg iru wkh
rqh vwhs dkhdg iruhfdvw ghvfulehg deryh1 Wkh prwlydwlrq iru dovr frqvlghulqj
irxu vwhsv dkhdg iruhfdvwv iru hdfk �h{leoh uhjuhvvlrq phwkrg lv wkdw olqhdu
prghov pljkw orfdoo| dssur{lpdwh qrqolqhdu sdwwhuqv uhdvrqdeo| zhoo1 Khqfh/
wkh rqh vwhs0dkhdg iruhfdvw phdvxuh pd| qrw xqyhlo wkh qrqolqhdu frpsrqhqwv/
zkloh d irxu vwhs dkhdg iruhfdvw frxog1 D gudzedfn lv wkdw wkh ryhudoo iruhfdvw
delolw| ri doo wkh hfrqrphwulf prghov pd| idoo gudpdwlfdoo| dv d frqvhtxhqfh ri
h{whqglqj wkh iruhfdvw krul}rq1 Khqfh/ zh pd| hqg xs zlwk wkh gl�fxow wdvn ri
frpsdulqj iruhfdvwv zklfk duh doo ri d udwkhu orz txdolw|1

Wkh phwkrg zh xvh khuh wr surgxfh wkh rqh dqg irxu vwhsv dkhdg iruhfdvw lv
wkh vr0fdoohg gluhfw phwkrg1 Wkh sulpdu| uhdvrq iru wklv sduwlfxodu fkrlfh lv gxh
wr wkh frqfhswxdo dqg frpsxwdwlrqdo vlpsolflw| ri wkh gluhfw phwkrg1 Dffruglqj
wr wkh gluhfw phwkrg wkh k vwhsv dkhdg iruhfdvwv duh fdofxodwhg vlpso| dv

e|w.k @ �+{w>e), +:9,

zkhuh ) lv rewdlqhg iurp wkh jhqhudo uhjuhvvlrq prgho |w.k @ �+{w> ), . �w dqg
khqfh zloo htxdo d, wkh ohdvw vtxduh hvwlpdwru ri wkh olqhdu uhjuhvvlrq frh�flhqwv

55



lq fdvhv zkhuh �+=, lv d olqhdu ixqfwlrq lq wkh uhjuhvvruv e, wkh pd{lpxp olnh0
olkrrg hvwlpdwru ri * zkhq dssolhg wr Kdplowrq*v Ioh{leoh Uhjuhvvlrq Prgho
ru f, wkh qrqolqhdu ohdvw vtxduh hvwlpdwru ri � dqg ( lq wkh Qhxudo Qhwzrun
Uhjuhvvlrq Prgho ru Surmhfwlrq Sxuvxlw Uhjuhvvlrq Prghov/ uhvshfwlyho|1

61518 Phdvxuhv ri wkh devroxwh iruhfdvw shuirupdqfh

Reylrxvo| wkh orvv ixqfwlrq dssolhg lq phdvxulqj iruhfdvw shuirupdqfh vkrxog eh
wkh hfrqrplf orvv dvvrfldwhg zlwk wkh surgxfhg iruhfdvw1 Krzhyhu/ vxfk d orvv
fdqqrw eh frpsxwhg khuh dqg frqvhtxhqwo| zh dsso| vhyhudo gl�huhqw phdvxuhv/
zklfk hqdeoh xv wr hydoxdwh krz vhqvleoh rxu uhvxowv pd| eh wr wkh fkrlfh ri
orvv ixqfwlrq1 Zh frpsduh wkh devroxwh suhglfwlyh dffxudf| ri wkh prghov xvlqj
wkuhh gl�huhqw orvv ixqfwlrqv1 Wkh �uvw phdvxuh lv wkh iruhfdvw phdq vtxduhg
huuru +PVH,/ wkh vhfrqg lv wkh iruhfdvw phdq devroxwh ghyldwlrq +PDG,/ zkloh
wkh wklug lv wkh iruhfdvw devroxwh shufhqwdjh huuru +PDSH,1 Frqvlghu wkh k vwhsv
dkhdg iruhfdvw dqg ohw m @ 4> 5> ====W eh wkh wudlqlqj ru hvwlpdwlrq vdpsoh shulrg1
Li zh ohw q ghqrwh wkh ohqjwk ri wkh rxw ri vdpsoh shulrg ryhu zklfk zh zlvk wr
hydoxdwh wkh iruhfdvw shuirupdqfh wkh wkuhh phdvxuhv fdq eh gh�qhg dv

PVH @
4

q

q�k[
m@4�k

+|W.k.m � e|W.k.m,5 +::,

PDG @
4

q

q�k[
m@4�k

m|W.k.m � e|W.k.m m +:;,

PDSH @
4

q

q�k[
m@4�k

m
e|W.k.m
|W.k.m

� 4m +:<,

Wkh iruhfdvw zlwk wkh vpdoohvw ydoxh ri wkhvh phdvxuhv lv surgxflqj wkh %ehvw%
iruhfdvw1 Wkhlo*v X 0vwdwlvwlf gh�qhg e|

X @

5
7 q�k[
m@4�k

+|W.k.m � e|W.k.m,5
+|W.k.m � |W.m,5

6
8

4

5

+;3,

lv dovr d frpprqo| dssolhg phdvxuh1 D ydoxh ri X @ 3 lqglfdwhv d shuihfw
iruhfdvw/ zkloh d ydoxh htxdo wr 4 lqglfdwhv wkdw wkh iruhfdvw lv htxlydohqw wr d
qr fkdqjh iruhfdvw1 Dqrwkhu phdvxuh ri wkh devroxwh iruhfdvw shuirupdqfh lv wkh
vtxduhg fruuhodwlrq frh�flhqw/ U5 / ehwzhhq wkh iruhfdvw dqg wkh dfwxdo ydoxh1
Krzhyhu/ wkh fruuhodwlrq frh�flhqw grhv qrw phdvxuh zkhwkhu wkh iruhfdvw lv
r� wdujhw zlwk d frqvwdqw dqg wkhuhiruh lw fdq rqo| eh dssolhg dv d uhohydqw
phdvxuh li wkh lqwhufhsw lv }hur dqg wkh vorsh htxdov rqh lq d uhjuhvvlrq ri wkh
dfwxdo ydoxh rq wkh iruhfdvw1 Wkh vr0fdoohg Judqjhu Qhzerog uhjuhvvlrq1 Ohw
i|W.k.mj

q�k
m@4�k dqg ie|W.k.mjq�km@4�k ghqrwh d vhtxhqfh ri dfwxdo dqg suhglfwhg

ydoxhv uhvshfwlyho|1 Frqvlghu wkh iroorzlqj olqhdu uhjuhvvlrq

|W.k.m @ �3 . �4e|W.k.m . �W.k.m / m @ 4� k> ==> q� k +;4,
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Wkh k|srwkhvlv ri dq xqeldvhg rxw ri vdpsoh iruhfdvw fruuhvsrqgv wr �3 @
4��4 @ 3= Wkxv d yhu| vlpsoh uhjuhvvlrq edvhg whvw lv wkh vwxghqw w whvw ri wkh
wzr vhsdudwh qxoo k|srwkhvhv K3 = �3 @ 3 dqg K3 = �4 @ 4= Ixuwkhupruh/ zh
dsso| wkh uhjuhvvlrq edvhg I0whvw wr whvw wkh frpsrvlwh k|srwkhvlv K3 = �3 @ 3/
�4 @ 4= Ilqdoo|/ zh frpsxwh wkh U5 iurp wkh deryh uhjuhvvlrq dqg lqwhusuhw lw
dv d vlpsoh phdvxuh ri devroxwh iruhfdvw shuirupdqfh1

61519 Phdvxuhv ri gluhfwlrqdo iruhfdvw shuirupdqfh

Lq dgglwlrq wr wkh dssolfdwlrq ri phdvxuhv ri wkh devroxwh iruhfdvw shuirupdqfh/
phdvxuhv ri gluhfwlrqdo suhglfwlyh delolw| duh riwhq xvhg1 Khuh zh zloo frqvlghu
wkh Khqulnvvrq0Phuwrq whvw +KP,/ vhh Khqulnvvrq dqg Phuwrq +4<;4,/ lq ru0
ghu wr frpsduh wkh delolw| ri wkh prghov xqghu frqvlghudwlrq wr iruhfdvw wkh
fruuhfw gluhfwlrqv ri wkh pryhphqwv lq wkh vhulhv |w ryhu wlph1 Wkh KP whvw
iru gluhfwlrqdo suhglfwlrq delolw| lv frqgxfwhg e| vhwwlqj xs wkh iroorzlqj 5� 5
frqwlqjhqf| wdeoh

dfwxdo
xs grzq

suhglfwhg xs q44 q45 q43
grzq q54 q55 q53

q34 q35 q

Dvvxplqj wkdw wkh froxpq dqg urz vxpv duh �{hg wkh KP whvw fdq eh lqwhu0
suhwhg dv dq h{dfw whvw iru lqghshqghqfh ehwzhhq wkh suhglfwhg dqg wkh dfwxdo
ydoxhv ri wkh wlph vhulhv |w= Wkh KP whvw vwdwlvwlfv lv fdofxodwhg dv

KP @
q44 �

q43q34
qt

q43q34q53q35
q5+q�4,

� Q+3> 4, +;5,

Dv|pswrwlfdoo| KP zloo kdyh d vwdqgdug qrupdo glvwulexwlrq1 Krzhyhu/ dv
srlqwhg rxu e| Shvdudq dqg Wlpphupdqq +4<<7, wkh KP whvw lv gl�fxow wr
lqwhusuhw iurp dq hfrqrplf srlqw ri ylhz vlqfh lw lv frqglwlrqdo rq �{hg pdujlqv
zkhuh wkh pdujlqv duh wkh suhglfwhg fkdqjhv lq grzqzdug gluhfwlrq +q43,/ wkh
uhdol}hg fkdqjhv lq grzqzdug gluhfwlrq +q34,> dqg wkh uhdol}hg fkdqjhv lq xs0
zdug gluhfwlrq +q35,= Lq rxu fdvh wkhvh txdqwlwlhv zloo eh xqnqrzq dqg wkhuhiruh
wkh| pxvw wr eh hvwlpdwhg dqg frqvhtxhqwo| wkh whvw ri lqghshqghqfh orrvhv
wzr ghjuhhv ri iuhhgrp1 Wkh KP whvw lv vwloo d uhohydqw whvw vwdwlvwlfv/ exw lw
lv dv|pswrwlfdoo| htxlydohqw wr wkh zhoo nqrzq "5 whvw iru lqghshqghqfh lq d
5� 5 frqwlqjhqf| wdeoh jlyhq e|

"5 @
5[

l@4

5[

m@4

+qlm �
ql3q3m

q
,5

ql3q3m
q

� "5+4, +;6,

Edvhg rq wkh 5� 5 frqwlqjhqf| wdeoh zh zloo dovr suhvhqw d phdvxuh ri wkh frq0
ixvlrq udwh ghqrwhg FU zklfk lv wkh vxp ri wkh r� gldjrqdo hohphqwv glylghg e|
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wkh wrwdo qxpehu ri hohphqwv/ dqg wkh ghjuhh ri gldjrqdo frqfhqwudwlrq ghqrwhg
!1 Wkh frqixvlrq udwh FU dqg ! duh frpsxwhg dv

FU @
q45 . q54

q
+;7,

! @
s
"5@q +;8,

Wkh FU phdvxuh lqglfdwhv krz iuhtxhqwo| wkh iruhfdvw lv lq wkh zurqj gluhfwlrq/
zkloh wkh ! phdvxuh fdq eh lqwhusuhwhg doprvw olnh dq U5/ exw rqo| lq wkh 5� 5
fdvh1 Wkh "5 vwdwlvwlfv lv sursruwlrqdo wr q dqg lq d 5�5 wdeoh ! zloo olh ehwzhhq
}hur/ lqghshqghqfh/ dqg rqh/ shuihfw gluhfwlrqdo suhglfwlrq1

6151: Dssolfdwlrq 4e1 Wkh fkdqjh lq wkh XV Xqhpsor|phqw udwh

Ohw xv qrz surfhhg dqg hydoxdwh wkh �h{leoh uhjuhvvlrq prghov frqvlghuhg rq
wkh �uvw gl�huhqfhv lq XV xqhpsor|phqw udwh dqg vhtxhqfhv ri wuxh rqh vwhs
dkhdg rxw ri vdpsoh iruhfdvwv wr hydoxdwh hdfk ri wkh �h{leoh uhjuhvvlrq prghov
glvfxvvhg lq Vhfwlrq 51 Lq uhfhqw zrun rq wkh vhdufk iru qrqolqhdu frpsrqhqwv lq
XV pdfurhfrqrplf wlph vhulhv/ iruhfdvw frpsdulvrqv ehwzhhq olqhdu dqg �h{leoh
uhjuhvvlrq prghov kdyh ehhq grqh e| wkh xvh ri wkh h{srqhqwldo vprrwklqj ds0
surdfk/ vhh Vwrfn dqg Zdwvrq +4<<;,/ wkh qhxudo qhwzrun prgho / vhh Vzdqvrq
dqg Zklwh +4<<8/ 4<<:d/ 4<<:e, dqg Vwrfn dqg Zdwvrq +4<<;,/ ru wkh vprrwk
wudqvlwlrqv dxwruhjuhvvlrqv1/ vhh Whu�dvyluwd +4<<8, dqg Vwrfn dqgZdwvrq +4<<;,1
Lq fdvh ri iruhfdvw delolw| edvhg rq PVH lq sduwlfxodu wkh hylghqfh iurp wkhvh
vwxglhv kdv ehhq lq idyrxu ri wkh olqhdu prgho1 Krzhyhu/ dv dovr srlqwhg rxw
e| Vzdqvrq dqg Zklwh wklv frxog eh gxh wr wkh fkrvhq prgho vhohfwlrq fulwh0
ulrq dqg lq idfw wkh| txhvwlrq wkh xvh ri ELF iru vhohfwlqj wkh ehvw prgho zlwk
uhvshfw wr iruhfdvw shuirupdqfh1

Wkh uhvxowv ri wkh prgho vhohfwlrq dqg iruhfdvwlqj h{huflvh iru wkh fkdqjh lq
XV xqhpsor|phqw udwh duh jlyhq lq Wdeohv 6/ 7/ dqg 81 Lq Wdeoh 6 doo wkh prghov
kdyh ehhq vhohfwhg xvlqj wkh DLF fulwhulrq dqg wkh phdq ydoxh ri wkh DLF lv
vkrzq lq wkh �uvw urz1 Wkh vhfrqg urz jlyhv wkh iuhtxhqf| ri fdvhv zkhuh wkh
rqh vwhs dkhdg iruhfdvw fdq eh lpsuryhg e| dgglqj wkh qrqolqhdu frpsrqhqw wr
wkh olqhdu sduw1 Wkh frpsxwdwlrq ri wkh iuhtxhqf| lv grqh dv iroorzv1 Wkh ehvw
prgho dffruglqj wr wkh DLF fulwhulrq lv vshfl�hg iru wkh shulrg wr dqg lqfoxglqj
4<:<1T7 dqg lw lv uhjlvwhuhg zkhwkhu wkh ehvw prgho frqwdlqv wkh qrqolqhdu sduw
ri wkh vshfl�fdwlrq1 Lq wkh Kdplowrq prgho wklv zloo eh wkh sduw ri htxdwlrq+5,
frqwdlqlqj �p+j�{w, zkloh wkh olqhdu sduw lv {

3

w
�= Wkh prgho lv xvhg wr iruhfdvw

4<;31T41
Qh{w/ wkh ehvw prgho dffruglqj wr wkh DLF fulwhulrq lv vshfl�hg iru wkh

shulrg wr dqg lqfoxglqj 4<;31T4 dqg lw lv uhjlvwhuhg zkhwkhu wkh ehvw prgho
frqwdlq wkh qrqolqhdu sduw ri wkh vshfl�fdwlrq1 Wkh prgho lv xvhg wr iruhfdvw
4<;31T5/ hwf1 Phdvxuhv ri wkh devroxwh rqh shulrg dkhdg iruhfdvw shuirupdqfh
ri hdfk ri wkh prghov duh suhvhqwhg lq wkh vhfrqg urz eorfn ri Wdeoh 6/ zkloh
wkh urz eorfn frqwdlqv wkh phdvxuhv ri wkh gluhfwlrqdo iruhfdvw shuirupdqfh1
Wdeohv 7/ dqg 8 frqwdlq wkh fruuhvsrqglqj lqirupdwlrq zkhq wkh ELF dqg wkh
FY fulwhuld kdyh ehhq xvhg wr vhohfw wkh ehvw prgho dw hdfk vwdjh1 Edvhg rq
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wkh uhvxowv lq Wdeohv 6/ 7/ dqg 8/ Kdplowrq*v IQO prgho xvlqj wkh FY fulwhulrq
shuirupv wkh ehvw zkhq wkh devroxwh phdvxuhv duh dssolhg/ zkloh Kdplowrq*v
IQO prgho xvlqj wkh ELF fulwhulrq lv vxshulru zkhq wkh gluhfwlrqdo phdvxuhv
duh dssolhg1

Wkh surmhfwlrq sxuvxlw prgho SSU5/ zklfk lv hvshfldoo| vxlwdeoh lq fdvhv
ri rqo| prghudwh qrqolqhdulwlhv/ shuirupv txlwh zhoo hvshfldoo| zkhq wkh prgho
vhohfwlrq lv edvhg rq wkh FY fulwhulrq dqg wkh gluhfwlrqdo phdvxuhv duh frq0
vlghuhg1 Lq jhqhudo/ wkh DLF fulwhulrq lv qrw surgxflqj wkh ehvw iruhfdvw lq
dq| fdvh1 Qrqh ri wkh vhohfwlrq fulwhuld slfnhg xs d qrqolqhdu frpsrqhqw iru wkh
SSU5 prgho suredeo| ehfdxvh lw lv yhu| gl�fxow wr lghqwli| prghudwh qrqolqhdu0
lwlhv1 Iru wkdw uhdvrq zh lpsrvhg d qrqolqhdu frpsrqhqw lq wkh SSU5 prgho e|
frqvwudlqlqj y wr reh| y � 4 lq htxdwlrq +5:,1 Wklv dovr h{sodlqv zk| wkh phdq
ydoxhv ri wkh ydulrxv lqirupdwlrq fulwhuld h{fhhgv wkh rqhv dvvrfldwhg zlwk wkh
olqhdu prghov1 Zkloh SSU5 dozd|v %�qgv% lw qhfhvvdu| wr dsso| wkh qrqolqhdu
frpsrqhqw/ SSU4 vhogrp grhv1 Wkh IQO prgho %�qgv% d qrqolqhdu frpsrqhqw
qhfhvvdu| txlwh riwhq li wkh ELF fulwhulrq lv dssolhg dqg d olwwoh pruh wkdq kdoi
wkh wlphv zkhq wkh FY fulwhulrq lv dssolhg / exw qhyhu zkhq wkh DLF fulwhulrq
lv xvhg Wkh qhxudo qhwzrun prgho DQQ dssolhv d qrqolqhdu frpsrqhqw zkhq
wkh FY fulwhulrq lv xvhg lq <4( ri wkh fdvhv exw doprvw qhyhu ru qhyhu zkhq
wkh rwkhu fulwhuld duh dssolhg1

6151; Dssolfdwlrq 5e1 Wkh jurzwk udwh ri XV lqgxvwuldo surgxfwlrq

Wkh uhvxowv ri wkh dssolfdwlrqv wr wkh jurzwk udwh ri wkh Lqgxvwuldo Surgxfwlrq
duh suhvhqwhg lq Wdeohv 9/ :/ dqg ;1 Wkh ehvw shuiruplqj prghov duh khuh SSU5
dsso|lqj wkh FY fulwhulrq zkhq wkh devroxwh iruhfdvw shuirupdqfh phdvxuhv
duh xvhg dqg wkh DQQ prgho dsso|lqj wkh FY fulwhulrq zkhq wkh gluhfwlrqdo
iruhfdvw shuirupdqfh phdvxuhv duh xvhg1 Wkdw wkh IQO prgho grhv qrw shuirup
dv zhoo dv lq wkh fdvh ri wkh fkdqjh lq wkh xqhpsor|phqw fdq eh qr vxusulvh lq wkh
oljkw ri wkh uhvxow ri wkh whvw iru olqhdulw| shuiruphg hduolhu rq/ dv Kdplowrq*v whvw/
KOP / glg qrw uhmhfw olqhdulw|1 Erwk wkh SSU5 prgho dqg wkh DQQ prgho �qgv
wkdw d qrqolqhdu frpsrqhqw vkrxog eh dgghg lq doo fdvhv1 Khqfh/ wkh jhqhudo
lpsuhvvlrq iurp wkh wzr dssolfdwlrqv shuiruphg khuh lqglfdwhv wkdw wkh prgho
vhohfwhg e| wkh Furvv Ydolgdwlrq fulwhulrq lq jhqhudo kdv voljkwo| ehwwhu iruhfdvw
delolwlhv wkdq wkh prghov vhohfwhg e| wkh ELF fulwhulrq1 Wkh prghov vhohfwhg
e| wkh DLF fulwhulrq kdyh wkh zruvw iruhfdvwlqj uhfrug1 Wkh ehvw shuiruplqj
prghov zlwk uhvshfw wr wkh iruhfdvwlqj delolw| vhhp wr eh Kdplowrq*v Ioh{leoh
Uhjuhvvlrq prgho dqg wkh surmhfwlrq sxuvxlw prgho iru prghudwh qrq0olqhdulwlhv/
SSU5/ dqg wkh Qhxudo Qhwzrun Prgho DQQ1 Wkh uhvxowv lqglfdwh wkdw wkh uhvxowv
rewdlqhg zkhq whvwlqj iru olqhdulw| duh frqvlvwhqw zlwk wkh uhvxowv dssolhg zkhq
hvwlpdwlqj wkh ixoo prgho/ lqvridu dv erwk wkh uhvxow ri wkh KOP whvw dqg
wkh uhvxow ri wkh QQOP whvw duh frqvlvwhqw zlwk wkh uhvxow rewdlqhg zkhq
hvwlpdwlqj wkh prgho e| IQO dqg DQQ/ uhvshfwlyho|1
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Wkh ehvw iruhfdvwlqj prgho vshfl�fdwlrq iurp wkh irxu fodvvhv ri qrqolqhdu prg0
hov lv frpsduhg wr wkh olqhdu prgho e| xvh ri wkh Glherog0Pduldqr whvw dqg d
vhulhv ri iruhfdvwlqj hqfrpsdvvlqj whvwv lqfoxglqj wkrvh vxjjhvwhg e| Kduyh|
hw do1 Djdlq wkh surfhgxuhv duh dssolhg wr wkh wzr vhulhv= Wkh fkdqjh lq XV
xqhpsor|phqw udwh dqg wkh jurzwk udwh ri XV lqgxvwuldo surgxfwlrq1

61614 Wkh Glherog0Pduldqr whvw

Frpsdulqj wkh uhodwlyh iruhfdvw dffxudf| ri wzr gl�huhqw wlph vhulhv prghov lv
frpsolfdwhg iru d qxpehu ri uhdvrqv1 Iruhfdvwv zloo w|slfdoo| eh vhuldoo| dqg
frqwhpsrudqhrxvo| fruuhodwhg dqg zloo riwhq eh fkdudfwhul}hg e| kdylqj d qrq0
Jdxvvldq khdy| wdlohg glvwulexwlrq1 Iruwxqdwho|/ wkh whvw ri wkh qxoo k|srwkhvlv
ri qr gl�huhqfh lq wkh dffxudf| ri wzr frpshwlqj iruhfdvwv vxjjhvwhg e| Glherog
dqg Pduldqr +4<<8, +GP, lv urexvw djdlqvw doo ri wkhvh ihdwxuhv1 Wkh GP whvw
vwdwlvwlfv lv ghvljqhg dv iroorzv= Ohw ie|lwj

q
w dqg ie|mwj

q
w ghqrwh wzr vhtxhqfhv ri

iruhfdvwv ri wkh wlph vhulhv i|wj
q
w dqg ohw wkh dvvrfldwhg iruhfdvw huuruv eh ihlwj

q
w

dqg ihmwj
q
w = Dvvxph wkdw wkh orvv ixqfwlrq

45/ j+=,/ fdq eh zulwwhq dv d ixqfwlrq
ri wkh iruhfdvw huuruv rqo| l1h1 j+hlw, dqg gh�qh wkh orvv gl�huhqwldo ehwzhhq
wkh wzr frpshwlqj iruhfdvwv dv gw � ^j+hlw, � j+hmw,`= Li wkh vhtxhqfh igwjqw lv
fryduldqfh vwdwlrqdu| dqg kdv d vkruw phpru| wkh dv|pswrwlf glvwulexwlrq ri

wkh vdpsoh phdq orvv gl�huhqwldo g @ +4@q,
Sq

w@4 gw fdq eh vkrzq wr eh/ vhh
Glherog dqg Pduldqr +4<<8,/

s
q+g� �,

g$ Q+3> Y +g,, +;9,

Li doo dxwrfruuhodwlrqv ri rughu k ru kljkhu ri wkh vhtxhqfh igwjww duh doo }hur
zkhq frqvlghulqj k vwhsv dkhdg iruhfdvwv/ wkh yduldqfh Y +g, fdq eh vkrzq wr
eh htxdo wr

Y +g, @ q�4+u3 . 5
k�4[
l@4

ul, +;:,

zkhuh ul lv wkh l*wk rughu dxwrfruuhodwlrq ri gw1 Dq hvwlpdwh ri ul fdq eh rewdlqhg
dv

eul @ q�4
q[

w@l.4

+gw � g,+gw�l � g, +;;,

dqg e| vxevwlwxwlqj wkh hvwlpdwh iru eul lq wkh h{suhvvlrq iru Y +g, zh rewdlq wkh

yduldqfh hvwlpdwh eY +g,= Wkh Glherog0Pduldqr whvw vwdwlvwlf iru whvwlqj wkh qxoo
k|srwkhvlv ri htxdo iruhfdvw dffxudf| lv wkhq jlyhq e|

GP @
gteY +g,

� Q+3> 4, +;<,

�2+it�*|t @TT*)�?} |�i �5, *Ltt u�?U|�L? ��** Mi hiTLh|i_ Mi*L��
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Xqghu wkh qxoo k|srwkhvlv wkh Glherog0Pduldqr whvw vwdwlvwlfv zloo kdyh d vwdq0
gdug qrupdo glvwulexwlrq dv|pswrwlfdoo|1 Kduyh|/ Oh|erxuqh dqg Qhzerog
+4<<:, dujxh wkdw wkh GP whvw fdq eh txlwh ryhu0vl}hg lq vpdoo dqg prghu0
dwh vdpsohv dqg wkdw wklv sureohp ehfrphv dfxwh iru orqjhu iruhfdvw krul}rqv1
Lq rughu wr fxuh wklv sureohp wkh| vxjjhvw prgli|lqj wkh GP vwdwlvwlfv dv iroorzv

PGP @

u
q. 4� 5k. q�4k+k� 4,

q
�GP +<3,

Ixuwkhupruh Kduyh|/ Oh|erxuqh dqg Qhzerog +4<<:, vxjjhvw frpsdulqj wkh
vwdwlvwlfv zlwk fulwlfdo ydoxhv iurp wkh Vwxghqw*v w glvwulexwlrq zlwk q�4 ghjuhhv
ri iuhhgrp udwkhu wkdq iurp wkh vwdqgdug qrupdo glvwulexwlrq1

61615 Wkh iruhfdvw hqfrpsdvvlqj whvwv1

Hydoxdwlrq ri wkh uhodwlyh iruhfdvw delolw| ri wzr frpshwlqj hfrqrphwulf prghov
fdq dovr eh grqh e| xvlqj wkh iruhfdvw hqfrpsdvvlqj sulqflsoh/ vhh Fkrqj
dqg Khqgu| +4<;9,/ Fohphqwv dqg Khqgu| +4<<6, / dqg Kduyh|/ Oh|erxuqh dqg
Qhzerog +4<<;,1 Wkh iruhfdvw hqfrpsdvvlqj sulqflsoh lv edvhg rq wkh olwhudwxuh
rq frpelqlqj iruhfdvw/ vhh Judqjhu dqg Qhzerog +4<::,1 Frqvlghu wkh frpelqhg
iruhfdvw |fw iurp wzr frpshwlqj iruhfdvwv jlyhq dv

|fw @ +4� �,e|lw . �e|mw +<4,

3 � � � 4 +<5,

Wkhq wkh prgho jhqhudwlqj wkh iruhfdvw e|lw lv vdlg wr iruhfdvw hqfrpsdvv wkh
rwkhu prgho l1h1 e|mw li wkh hqwluh rswlpdo zhljkw lv dvvrfldwhg zlwk e|lww/ wkdw lv
li � @ 3= Li zh gh�qh �w @ |w � |fw wkh htxdwlrq deryh fdq eh uhzulwwhq dv

hlw @ �+hlw � hmw, . �w +<6,

Wklv lpsolhv wkdw jlyhq wkh vhtxhqfh ri iruhfdvw huuruv ihlwj
q
w dqg ihmwj

q
w zh fdq

ghwhuplqh zkhwkhu e|lw iruhfdvw hqfrpsdvvhv e|mw e| dsso|lqj vwdqgdug uhjuhvvlrq
edvhg whvwv ri wkh qxoo k|srwkhvlv � @ 3= Ixuwkhupruh/ wkh whvw surfhgxuh lv
h{shfwhg wr shuirup zhoo zkhq +hlw> hmw, lv elyduldwh qrupdoo| glvwulexwhg1 Krz0
hyhu/ wklv lv suredeo| yhu| uduho| wkh fdvh1 Lq dgglwlrq/ Kduyh|/ Oh|erxuqh dqg
Qhzerog +4<<;, vkrz dqdo|wlfdoo| dqg e| Prqwh Fduor vlpxodwlrqv wkdw li wkh
glvwulexwlrq ri +hlw> hmw, ghyldwhv iurp wkh elyduldwh qrupdo wkh whvw iru iruhfdvw
hqfrpsdvvlqj fdq eh vhulrxvo| ryhuvl}hg1

D srvvlelolw| iru kdqgolqj ghyldwlrqv iurp wkh dvvxpswlrq ri elyduldwh qru0
pdolw| ri wkh yduldeohv lq htxdwlrq +<6,/ lv wr dsso| wkh udqn fruuhodwlrq ehwzhhq
hlw dqg hlw � hmw dv wkh edvlv iru wkh whvw ri � @ 31 Wkh udqn fruuhodwlrq lv re0
wdlqhg e| rughulqj wkh %revhuydwlrqv% iru hlw dqg hlw � hmw dffruglqj wr vl}h dqg
phdvxuh wkh uhodwlrqvkls ehwzhhq wkhlu udqnv lqvwhdg ri wkhlu dfwxdo qxphulfdo
ydoxhv1 Vshdupdq*v udqn fruuhodwlrq frh�flhqw lv jlyhq e|

Uv @ 4�

9
S
�
GU5

�

q+q5 � 4,
+<7,

5;



zlwk wkh dssur{lpdwh glvwulexwlrq

+q� 4,
4

5Uv q Q+3> 4, +<8,

zkhuh GU� htxdov wkh gl�huhqfh ehwzhhq udqnv ri fruuhvsrqglqj sdluv ri hlw
dqg hlw � hmw dqg q htxdov wkh qxpehu ri %revhuydwlrqv%1 Wkh dssur{lpdwlrq lv
nqrzq wr eh uhdvrqdeo| jrrg surylghg q A 63= D vpdoo ydoxh ri Uv fruuhvsrqgv
wr d vpdoo ydoxh ri �1 Khqfh d vpdoo ydoxh ri Uv lqglfdwhv wkdw wkh iruhfdvw e|mw
grhv qrw frqwulexwh wr wkh frpelqhg iruhfdvw dqg frqvhtxhqwo| e|lw hqfrpsdvvhv
e|mw1 Vlploduo|/ zkhwkhu e|mw hqfrpsdvvhv e|lw pd| eh whvwhg e| khos ri Vshdupdq*v
udqn fruuhodwlrq frh�flhqw ehwzhhq hmw dqg hmw � hlw=

Hyhq li dssolfdwlrq ri Vshdupdq*v* udqn fruuhodwlrq vwdwlvwlfv vroyhv wkh sure0
ohp ri qrqqrupdolw| ri wkh lqfoxghg yduldeohv lw fdqqrw jxdug djdlqvw ghshq0
ghqfh ri wkh huuruv lq wkh dx{loldu| uhjuhvvlrq lq +<6,1 Kduyh|/ Oh|erxuqh dqg
Qhzerog +4<<;, wkhuhiruh vxjjhvw urexvwli|lqj wkh iruhfdvw hqfrpsdvvlqj whvw
djdlqvw vxfk ghshqghqfh1 Wkh urexvwl�hg whvwv duh edvhg rq wkh dvvxpswlrq
wkdw wkh k vwhsv dkhdg iruhfdvwv dw prvw kdyh iruhfdvw huuruv wkdw duh k � 4
ghshqghqw1 Li wklv lv fruuhfw d urexvw iruhfdvw hqfrpsdvvlqj whvw vwdwlvwlfv fdq
eh fdofxodwhg dv

U @ q4@5 eT�4@5 G � Q+3> 4,>  @ 4> 5 +<9,

zkhuh Gw @ +hlw � hmw,hlw> dqg G @ q�4
Sq

w@4Gw1 Li zh ohw e�w eh wkh uhvlgxdo
iurp d ohdvw vtxduh uhjuhvvlrq ri hlw rq +hlw � hmw, wkh hvwlpdwru ri T4 fdq eh
rewdlqhg dv

eT4 @ q4@5
k�4[

�@�+k=�4,

q[
w@m�m.4

+hlw � hmw,e�w+hl>w�m�m � hm>w�m�m,e�w�m�m +<:,

Wkh hvwlpdwru eT4 lv d frqvlvwhqw hvwlpdwru exw frqyhujhqfh pd| eh vorz1 Lqvwhdg
dq dowhuqdwlyh hvwlpdwru ghqrwhg eT5 frxog eh dssolhg1 Wkh hvwlpdwru ri T5 fdq
eh frpsxwhg dv

eT5 @ q4@5
k�4[

�@�+k=�4,

q[
w@m�m.4

GwGw�m�m +<;,

Xqiruwxqdwho|/ eT5 lv d frqvlvwhqw hvwlpdwru rqo| xqghu wkh qxoo1 Dv|pswrwlfdoo|
erwk U4 dqg U5 kdyh d vwdqgdug qrupdo glvwulexwlrq xqghu wkh qxoo/ dowkrxjk
Prqwh Fduor hylghqfh/ vhh Kduyh|/ Oh|erxuqh dqg Qhzerog +4<<;,/ vxjjhvwv
wkdw wkh whvwv kdyh ehwwhu vl}h dqg srzhu surshuwlhv zkhq xvlqj wkh fulwlfdo
ydoxhv iurp wkh Vwxghqwv w glvwulexwlrq zlwk q�4 ghjuhhv ri iuhhgrp1 Krzhyhu/
U5 pd| kdyh d odfn ri srzhu gxh wr wkh xvh ri eT5= Wkh whvwv U5 pd| dovr eh
lpsuryhg e| uhsodflqj eT5 e|

eTgp @ q4@5
k�4[

�@�+k=�4,

q[
w@m�m.4

^Gw �G`^Gw�m� m �G` +<<,
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l1h1 e| dsso|lqj wkh phdq fruuhfwhg Gw Wkh lpsuryhg whvw vwdwlvwlfv lv ghqrwhg
Ugp= Iroorzlqj Kduyh|/ Oh|erxuqh dqg Qhzerog +4<<;, Ugp pd| eh lpsuryhg
hyhq ixuwkhu e| d fruuhfwlrq vlplodu wr wkh rqh dssolhg wr GP deryh1 Khqfh/
wkh whvw vwdwlvwlfv ehfrphv

Upgp @

u
q. 4� 5k. q�4k+k� 4,

q
Ugp= +433,

Lq rughu wr vdyh vsdfh rqo| iruhfdvw frpsdulvrqv ehwzhhq wkh ehvw olqhdu
prgho dqg wkh ehvw qrq0olqhdu prgho duh uhsruwhg1 Lq ghwhuplqlqj wkh ehvw
prghov wkh phdvxuhv dssolhg duh wkh devroxwh iruhfdvw shuirupdqfh phdvxuhv
PVH>PDG>PDSH> dqgU5 dqg wkh gluhfwlrqdo iruhfdvw shuirupdqfh phdvxuh
! ghslfwhg lq Wdeohv < dqg 431 Erwk wkh 4 vwhs dkhdg iruhfdvw delolw| dqg wkh 7
vwhsv dkhdg iruhfdvw delolw| duh frpsduhg1 Wkh prwlydwlrq iru dovr frqvlghulqj
irxu vwhsv dkhdg iruhfdvwv iru hdfk �h{leoh uhjuhvvlrq phwkrg lv wkdw olqhdu
prghov pljkw dssur{lpdwh qrqolqhdu sdwwhuqv uhdvrqdeo| zhoo zkhq wkh iruhfdvw
krul}rq lv vpdoo1 Zkhq shuiruplqj wkh 7 vwhsv dkhdg iruhfdvw frpsdulvrqv wkh
U dqg wkh Uv vwdwlvwlfv duh qrw xvhg gxh wr wkhlu vhqvlwlylw| wr dxwrfruuhodwlrq
lq wkh huuruv1

61616 Dssolfdwlrq 4f1 Wkh fkdqjh lq wkh XV xqhpsor|phqw udwh

Wkh Glherog0Pduldqr whvw uhvxowv/ GP dqg wkh Prgl�hg GP whvw uhvxowv vkrzq
lq Wdeoh < lqglfdwh wkdw wkh qrq0olqhdu prghov duh qr ehwwhu lq suhglfwlqj wkh
fkdqjh lq wkh XV xqhpsor|phqw wkdq wkh olqhdu prgho1 D gl�huhqw uhvxow lv re0
wdlqhg zkhq wkh hqfrpsdvvlqj whvw lv dssolhg/ vhh Wdeoh 431 Zkhq wkh devroxwh
shuirupdqfh phdvxuhv duh xvhg lq vhohfwlqj wkh ehvw prghov/ wkh ehvw qrq0olqhdu
prgho/ IQOFY hqfrpsdvvhv wkh ehvw olqhdu prgho dqg qrw ylfh yhuvd lq wkh
4 vwhs dkhdg iruhfdvwv1 Wklv uhvxow lv rewdlqhg luuhvshfwlyh ri wkh fkrlfh ri
whvw vwdwlvwlf U/ Uv> U4/ Ugp/ dqg Upgp1 Krzhyhu/ wkh ehvw qrqolqhdu prgho
SSU5FY irxqg zkhq wkh gluhfwlrqdo shuirupdqfh phdvxuh ! lv dssolhg/ hqfrp0
sdvvhv wkh ehvw olqhdu prgho dqg ylfh yhuvd lq wkh 4 vwhs dkhdg iruhfdvw ri wkh
fkdqjh lq wkh xqhpsor|phqw1 Wkh uhvxowv iru wkh 7 vwhsv dkhdg iruhfdvwv duh
vrphzkdw pruh pl{hg1 Zkhq wkh devroxwh shuirupdqfh phdvxuhv PVH>PDG

dqg wkh gluhfwlrqdo phdvxuh ! duh dssolhg/ SSU5 xvlqj wkh FY fulwhulrq/ l1h1
SSU5FY lv wkh suhihuuhg qrqolqhdu prgho/ dqg lw hqfrpsdvvhv wkh ehvw olqhdu
prgho dqg qrw ylfh yhuvd dw ohdvw dw d 43 ( ohyho ri vljql�fdqfh1 Krzhyhu/ zkhq
wkh phdvxuh dssolhg lv wkh PDSH dqg U5> wkh ehvw qrqolqhdu prgho IQOFY

dqg wkh ehvw olqhdu prgho OUFY hqfrpsdvv hdfk rwkhu1

61617 Dssolfdwlrq 5f1Wkh jurzwk udwh ri XV lqgxvwuldo surgxfwlrq

Djdlq wkh Glherog0Pduldqr whvw uhvxowv/ GP dqg wkh Prgl�hg GP whvw uhvxowv
vkrzq lq Wdeoh 44 lqglfdwh wkdw wkh qrq0olqhdu prghov duh qr ehwwhu lq suhglfwlqj
wkh jurzwk udwh ri XV lqgxvwuldo surgxfwlrq wkdq wkh suhihuuhg olqhdu prgho1
Krzhyhu/ wkh iruhfdvw hqfrpsdvvlqj whvwv/ vhh Wdeoh 45 lqglfdwh wkdw wkh ehvw
qrqolqhdu prgho hqfrpsdvvhv wkh olqhdu prgho exw qrw ylfh yhuvd1 Wklv uhvxow
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lv rewdlqhg luuhvshfwlyh ri zkhwkhu 4 vwhs dkhdg ru 7 vwhsv dkhdg iruhfdvw duh
dssolhg ru zkdwhyhu whvw lv dssolhg h{fhsw Vshdupdq*v udqn fruuhodwlrq whvw Uv1
Zkhq wkh gluhfwlrqdo phdvxuh ! lv dssolhg wkh uhvxow lv ohvv fohdu fxw lq wkh
4 vwhs dkhdg iruhfdvw frpsdulvrqv1 Lq wkh 4 vwhs dkhdg iruhfdvw SSU5FY>ELF

duh wkh ehvw prghov zkhq wkh devroxwh iruhfdvw phdvxuhv duh dssolhg/ zkloh
DQQFY lv wkh suhihudeoh prgho zkhq wkh gluhfwlrqdo phdvxuhv duh dssolhg1 Exw
luuhvshfwlyh ri wkh uhvxow ri Kdplowrq*v whvw iru olqhdulw|/ zklfk lqglfdwhv wkdw
wkh prgho lv olqhdu/ IQOELF>FY duh wkh ehvw prghov zkhq 7 vwhsv dkhdg iruhfdvw
duh shuiruphg iru wkh jurzwk udwh ri XV lqgxvwuldo surgxfwlrq1

Khqfh iru erwk vhulhv lqyhvwljdwhg khuh/ l1h1 wkh fkdqjh lq wkh XV xqhp0
sor|phqw udwh dqg wkh jurzwk udwh ri XV lqgxvwuldo surgxfwlrq/ wkhuh lv vrph
lqglfdwlrq wkdw wkh qrq0olqhdu prgho lv suhihudeoh/ dqg wkdw IQO dqg SSU5 duh
wkh ehwwhu rqhv1 Lq dgglwlrq/ wkh uhvxowv dovr vxjjhvw wkdw wkh vpdoo vdpsoh srzhu
surshuwlhv ri wkh iruhfdvw hqfrpsdvvlqj whvwv duh ehwwhu wkdq wkh vpdoo vdpsoh
surshuwlhv ri wkh Glherog Pduldqr whvw/ dw ohdvw zkhq wkh prghoolqj surfhgxuh
vwduwv iurp wkh olqhdu vshfl�fdwlrq dqg dggv wkh qrqolqhdu sduwv1 Lq dgglwlrq/
wkh vl}h surshuwlhv ri wkh hqfrpsdvvlqj whvwv vhhp txlwh dffhswdeoh/ dv vkrzq
e| Kduyh| hw1 do1 +4<<;,1

e �L?U*�t�L?t

Iurp wkh olplwhg hpslulfdo hylghqfh rewdlqhg khuh lw lv whqwdwlyho| vxjjhvwhg wr
�qg d edvholqh qrqolqhdu �h{leoh irup iru d xqlyduldwh wlph vhulhv e| iroorzlqj
wkh surfhgxuh= 41 Uhfxuvlyho|/ edvhg rq k h{wud shulrgv dw d wlph vshfli| dqg
hvwlpdwh d olqhdu irup e| xvh ri prgho vhohfwlrq fulwhuld olnh Furvv Ydolgdwlrq
dqg2ru ELF1 51 Diwhu d suholplqdu| whvw iru olqhdulw|/ uhfxuvlyho|/ vshfli| dqg
hvwlpdwh �h{leoh uhjuhvvlrq prghov olnh wkh IQO vxjjhvwhg e| Kdplowrq +4<<<,
dqg wkh Surmhfwlrq Sxuvxlw prgho vxjjhvwhg e| Dogulq/ Erhoylnhq dqg Vfkzhghu
+4<<6, iru fdvhv ri prghudwh qrqolqhdulwlhv1 Xvh wkh Furvv Ydolgdwlrq dqg wkh
ELF fulwhuld1 61 Edvhg rq wkh uhpdlqlqj sduw ri wkh gdwd vhw vhohfw wkh ehvw
qrqolqhdu �h{leoh irup e| xvh ri iruhfdvw fulwhuld phdvxulqj wkh devroxwh iruhfdvw
shuirupdqfh dqg wkh gluhfwlrqdo iruhfdvw shuirupdqfh lq k0vwhsv dkhdg suhglf0
wlrqv/ dqg frpsduh wkh ehvw �h{leoh irup wr wkh olqhdu vshfl�fdwlrq e| xvh ri
wkh Glherog Pduldqr whvwv/ vhh Glherog dqg Pduldqr +4<<8, dqg wkh iruhfdvw
hqfrpsdvvlqj whvwv vxjjhvwhg e| Kduyh|/ Oh|erxuqh/ dqg Qhzerog +4<<;,1 Wkh
uhvxowv lqglfdwh wkdw wkh IQO phwkrg dqg wkh Surmhfwlrq Sxuvxlw Prgho duh wkh
suhihudeoh prghov wr dsso| dqg wkdw wkh FY dqg ELF duh wkh ehvw vhohfwlrq ful0
whuld/ zkloh wkh iruhfdvw hqfrpsdvvlqj whvwv surshuo| prgl�hg dv vxjjhvwhg e|
Kduyh| hw1 do1+4<<;, srvvhvv ehwwhu srzhu surshuwlhv wkdq wkh Glherog0Pduldqr
whvw1
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Dndlnh/ K1 +4<9<,/ cIlwwlqj dxwruhjuhvvlrqv iru suhglfwlrq*/ Dqqdov ri wkh Lqvwl0

wxwh ri Vwdwlvwlfdo Pdwkhpdwlfv 54/ 576~57:1

Dogulq/ P1/ Erhoylnhq/ H1 ) Vfkzhghu/ W1 +4<<6,/ cSurmhfwlrq sxuvxlw uhjuhvvlrq
iru prghudwh qrq0olqhdulwlhv*/ Frpsxwdwlrqdo Vwdwlvwlfv dqg Gdwd Dqdo|vlv

49/ 6:<~7361

Elvkrs/ F1 P1 +4<<8,/ Qhxudo Qhwzrunv iru Sdwwhuq Uhfrjqlwlrq/ R{irug Xqlyhu0
vlw| Suhvv/ R{irug/ Qhz \run1

Fkrqj/ \1 ) Khqgu|/ G1 +4<;9,/ cHfrqrphwulf hydoxdwlrq ri olqhdu pdfur0
hfrqrplf prghov*/ Uhylhz ri Hfrqrplf Vwxglhv 86/ 9:4~9<31

Fohphqwv/ P1 ) Khqgu|/ G1 +4<<6,/ cRq wkh olplwdwlrqv ri frpsdulqj phdq
vtxduhg iruhfdvw huuruv*/ Mrxuqdo ri Iruhfdvwlqj 45/ 94:~96:1

Gdko/ F1 P1 +4<<<,/ cDq lqyhvwljdwlrq ri whvwv iru olqhdulw| dqg wkh dffxudf|
ri �h{leoh qrqolqhdu lqihuhqfh*1 Xqsxeolvkhg pdqxvfulsw/ Ghsduwphqw ri
Hfrqrplfv/ Xqlyhuvlw| ri Ddukxv1

Glherog/ I1 ) Pduldqr/ U1 +4<<8,/ cFrpsdulqj suhglfwlyh dffxudf|*/ Mrxuqdo ri
Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 46/ 586~5961

Iulhgpdq/ M1 ) Vwxhow}h/ Z1 +4<;4,/ cSurmhfwlrq sxuvxlw uhjuhvvlrq*/ Mrxuqdo ri
Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq :9/ ;4:~;561

Judqjhu/ F1 Z1 M1 ) Qhzerog/ S1 +4<::,/ Iruhfdvwlqj Hfrqrplf Wlph Vhulhv/
Dfdghplf Suhvv/ Qhz \run1

Judqjhu/ F1 Z1 M1 ) Whudhvyluwd/ W1 +4<<6,/ Prghoolqj Qrqolqhdu Hfrqrplf

Uhodwlrqvklsv/ R{irug Xqlyhuvlw| Suhvv/ R{irug/ Qhz \run1

Kdhugoh/ Z1 +4<<3,/ Dssolhg Qrqsdudphwulf Uhjuhvvlrq/ Fdpeulgjh Xqlyhuvlw|
Suhvv/ Qhz \run/ Q\1

Kdplowrq/ M1 G1 +4<<<,/ cD sdudphwulf dssurdfk wr �h{leoh qrqolqhdu lqihuhqfh*1
Xqsxeolvkhg pdqxvfulsw/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Fdoliru0
qld/ Vdq Glhjr1

Kduyh|/ G1/ Oh|erxuqh/ V1 ) Qhzerog/ S1 +4<<:,/ cWhvwlqj wkh htxdolw| ri suh0
glfwlrq phdq vtxduhg huuruv*/ Lqwhuqdwlrqdo Mrxuqdo ri Iruhfdvwlqj 46/ 5;4~
5<41

Kduyh|/ G1/ Oh|erxuqh/ V1 ) Qhzerog/ S1 +4<<;,/ cWhvwv iru iruhfdvw hqfrpsdvv0
lqj*/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 49/ 587~58<1

Khqulnvvrq/ U1 ) Phuwrq/ U1 +4<;4,/ cRq pdunhw wlplqj dqg lqyhvwphqw shuiru0
pdqfh1 ll1 vwdwlvwlfdo surfhgxuhv iru hydoxdwlqj iruhfdvwlqj vnloov*/ Mrxuqdo
ri Exvlqhvv 87/ 846~8661
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Kxehu/ S1 +4<;8,/ cSurmhfwlrq sxuvxlw*/ Dqqdov ri Vwdwlvwlfv 46/ 768~7:81

Ohh/ W10K1/ Zklwh/ K1 ) Judqjhu/ F1 Z1 M1 +4<<6,/ cWhvwlqj iru qhjohfwhg qrq0
olqhdulw| lq wlph vhulhv prghov*/ Mrxuqdo ri Hfrqrphwulfv 89/ 59<~5<31

Shvdudq/ P1 ) Wlpphupdqq/ D1 +4<<7,/ cD jhqhudol}dwlrq ri wkh qrq0sdudphwulf
khqulnvvrq0phuwrq whvw ri pdunhw wlplqj*/ Hfrqrplf Ohwwhuv 77/ 4~:1

Udpvh|/ M1 E1 +4<9<,/ cWhvwv iru vshfl�fdwlrq huuruv lq fodvvlfdo olqhdu ohdvw
vtxduh uhjuhvvlrq dqdo|vlv*/ Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| Vhulhv
E/ 64/ 683~6:41

Vfkzduwv/ J1 +4<:;,/ cHvwlpdwlqj wkh glphqvlrq ri d prgho*/ Dqqdov ri Vwdwlvwlfv
9/ 794~7971

Vwrfn/ M1 K1 ) Zdwvrq/ P1 Z1 +4<<;,/ cD frpsdulvrq ri olqhdu dqg qrqolq0
hdu xqlyduldwh prghov iru iruhfdvwlqj pdfurhfrqrplf wlph vhulhv*/ QEHU/
Zrunlqj Sdshu +993:,1

Vwrqh/ F1 +4<::,/ cFrqvlvwhqw qrqsdudphwulf uhjuhvvlrq +zlwk glvfxvvlrq,*/ Dq0
qdov ri Vwdwlvwlfv 8/ 8<8~9781

Vwrqh/ P1 +4<:7,/ cFurvv0ydolgdwru| fkrlfh dqg dvvhvvphqw ri vwdwlvwlfdo suh0
glfwlrqv +zlwk glvfxvvlrq,*/ Mrxuqdo ri Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E

69/ 444~47:1

Vzdqvrq/ Q1 U1 )Zklwh/ K1 +4<<8,/ cD prgho0vhohfwlrq dssurdfk wr dvvhvvlqj wkh
lqirupdwlrq lq wkh whup vwuxfwxuh xvlqj olqhdu prghov dqg duwl�fldo qhxudo
qhwzrunv*/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf vwdwlvwlfv 46+6,/ 598~5:81

Vzdqvrq/ Q1 U1 ) Zklwh/ K1 +4<<:d,/ cIruhfdvwlqj hfrqrplf wlph vhulhv xvlqj
�h{leoh yhuvxv �{hg vshfl�fdwlrq dqg olqhdu yhuvxv qrqolqhdu hfrqrphwulf
prghov*/ Lqwhuqdwlrqdo Mrxuqdo ri Iruhfdvwlqj +46,/ 76<~7941

Vzdqvrq/ Q1 U1 ) Zklwh/ K1 +4<<:e,/ cD prgho vhohfwlrq dssurdfk wr uhdo0
wlph pdfurhfrqrplf iruhfdvwlqj xvlqj olqhdu prghov dqg duwl�fldo qhxudo
qhwzrunv*/ Wkh Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv ss1 874~8831

Whudhvyluwd/ W1 +4<<8,/ cPrghoolqj qrqolqhdulw| lq x1v1 jurvv qdwlrqdo surgxfw
4;;<04<;:*/ Hpslulfdo Hfrqrplfv 53/ 8::~8<:1

Wvd|/ U1 V1 +4<;9,/ cQrqolqhdulw| whvw iru wlph vhulhv*/ Elrphwulfd :6/ 794~7991

Zdked/ J1 +4<::,/ D vxuyh| ri vrph vprrwklqj sureohpv dqg wkh phwkrg ri
jhqhudol}hg furvv0ydolgdwlrq iru vroylqj wkhp/ lq S1 Nulvkqdldk/ hg1/ cDssol0
fdwlrq ri Vwdwlvwlfv*/ Dpvwhugdp/ Qruwk Kroodqg1

Zdked/ J1 ) Zrog/ V1 +4<:8,/ cD frpsohwho| dxwrpdwlf iuhqfk fxuyh= �wwlqj
vsolqh ixqfwlrqh e| furvv ydolgdwlrq*/ Frppxqlfdwlrqv lq Vwdwlvwlfv/ Vhulhv

D 7/ 4~4:1
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Zhfnhu/ Z1 H1 ) Dqvoh|/ F1 I1 +4<;6,/ cWkh vljqdo h{wudfwlrq dssurdfk wr qrq0
olqhdu uhjuhvvlrq dqg vsolqh vprrwklqj*/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo

Dvvrfldwlrq :;/ ;4~;<1

Zklwh/ K1 +4<;<,/ Dq dgglwlrqdo klgghq xqlw whvw iru qhjohfwhg qrqolqhdulw| lq
pxowlod|hu ihhgiruzdug qhwzrunv/ lq cSurfhhglqjv ri wkh lqwhuqdwlrqdo mrlqw
frqihuhqfh rq qhxudo qhwzrunv*/ LHHH Suhvv/ Qhz \run/ Q\/ Zdvklqjwrq/
GF/ ss1 784~7881

Zklwh/ K1 +4<<5,/ Hvwlpdwlrq/ Lqihuhqfh dqg Vshfl�fdwlrq Dqdo|vlv/ Fdpeulgjh
Xqlyhuvlw| Suhvv/ Qhz \run/ Q\1
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D A@M*it

Wdeoh 4= Whvwv iru olqhdulw|1 Fkdqjh lq XV Xqhpsor|phqw udwh/ 4<7<1T6 0
4<<;1T5

WHVW DLF E*@}'e � ELF E*@}'2 � FY E*@}'e �

KOP .��H E f�f� � D�SD E f�f2 � .��H E f�f� �

QQOP �f��S E f�ff � �D�S� E f�ff � �f��S E f�ff �

WVD\ I ���2 E f�ff � e�D� E f�ff � ���2 E f�ff �

ZLP �2�2b E f�f� � �.��� E f�f� � �2�2b E f�f� �

UHVHWI ��De E f�fS � ��fD E f�fH � ��De E f�fS �

� T��@*�it �? T@hi?|�itit� KOP �O@4�*|L?<t w� |it|

QQOP�A�i �i�h@* �i|�Lh! |it|� WVD\ I�A�i At@) |it|

ZLP� `��|i<t W?u� �@|h� |it|� UHVHWI� A�i +,5,A |it|

Wdeoh 5= Whvwv iru olqhdulw|1 Jurzwk udwh lq XV Lqgxvwuldo Surgxfwlrq/ 4<7:1T50
4<<;1T5

Whvw DLF E*@}'2 � ELF E*@}'2 � FY E*@}'2 �

KOP f�.D E f��b � f�.D E f��b � f�.D E f��b �

QQOP ����b E f�ff � ����b E f�ff � ����b E f�ff �

WVD\ I 2�.. E f�fe � 2�.. E f�fe � 2�.. E f�fe �

ZLP �.�ff E f�f� � �.�ff E f�f� � �.�ff E f�f� �

UHVHWI 2�f� E f��D � 2�f� E f��D � 2�f� E f��D �

�tii |�i ?L|i |L A@M*i �
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Wdeoh 6= Rqh shulrg dkhdg iruhfdvw shuirupdqfh ri wkh fkdqjh lq XV Xqhp0

sor|phqw udwh/ 4<;31T4 0 4<<;1T51 Doo prghov vhohfwhg e| DLF

w+ 6�w ��� ��+� ��+2

�i@? DLF �2��f�e �2��f�e �2��fbD �2��Hb� �2�2DHH

6hi^�i?U) 8 f�ff f�fb f�22 ��ff

�MtL*�|i uLhiU@t| �

TihuLh4@?Ui

PVH f�fS.b f�fS.b f�f.DH f���bS f�fSH2

PDG f��bDf f��bDf f�2f2f f�2S�e f��beb

PDSH 2�fHD2 2�fHD2 2��fb� ��eH�e 2�fefb

A�i�*t X f�bS2� f�bS2� ��f�S� ��2.Se f�bSef

w�t|@|�E�?|U'f� dT��@*�o f�eSDf f�eSDf f�e2.e f��b.b f��.�H

w�t|@|�Et*LTi'�� dT��@*�o f�DSHe f�DSHe f��b�. f�fff2 f�effD

I �t|@|�t|�U dT��@*�o f�SD�2 f�SD�2 f���.� f�fff2 f�eSSb

U5 f��Sff f��Sff f��ffb f��Sf� f��S�S

#�hiU|�L?@* uLhiU@t|

TihuLh4@?Ui

KP dT��@*�o f�2DD2 f�2DD2 f�2DD2 f�D��e f��SD.

"5 dT��@*�o f�2D2f f�2D2f f�2D2f f�D�fS f��S2b

FU f�e�2e f�e�2e f�e�2e f�eDbD f�e�Hb

! f����2 f����2 f����2 f�f.SD f��S22

8 A�i uhi^�i?U) Lu @ ?L?*�?i@h UL4TL?i?| Mi�?} @__i_

--OU0Olqhdu Uhjuhvvlrq Prgho/ IQO0Kdplowrq*v Ioh{leoh U1P

DQQ0 Wkh Qhxudo Qhwzrun U1P1/ SSU40Wkh Surmhfwlrq Sxuvxlw
U1P1/ SSU50 Wkh Surmhfwlrq Sxuvxlw U1P1 iru Prghudwh Q1O1
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Wdeoh 7= Rqh shulrg dkhdg iruhfdvw shuirupdqfh ri wkh fkdqjh lq XV Xqhp0
sor|phqw udwh/ 4<;31T4 0 4<<;1T51 Doo prghov vhohfwhg e| ELF

w+ 6�w ��� ��+� ��+2

�i@? ELF �2�22b. �D�eS�S �2�22b. �2�2�eH �2��S�S

6hi^�i?U) f�HH f�ff f�22 ��ff

�MtL*�|i uLhiU@t|

TihuLh4@?Ui

PVH f�fSSH f�fHb. f�fSSH f�fSS. f�fS.D

PDG f��bDf f�2�ee f��bDf f��bSH f��b.�

PDSH 2�...D ��f.�e 2�...D 2�HH�D 2�H.2�

A�i�*<t X f�bDe� ���fDe f�bDe� f�bD�b f�bDbe

w�t|@|�E�?|U'f� dT��@*�o f�SHe� f��bbe f�SHe� f�.eD2 f�D�2f

w�t|@|�Et*LTi'�� dT��@*�o f�eSb� f�fff� f�eSb� f��eS� f�2fSS

I �t|@|�t|�U dT��@*�o f�.�H� f�fff. f�.�H� f�S2fD f��H2.

U5 f��SHD f���.H f��SHD f��.�S f��.��

#�hiU|�L?@* uLhiU@t|

TihuLh4@?Ui

KP dT��@*�o f�2D.� f�f�H� f�2D.� f�DfHD f�D��2

"5 dT��@*�o f�2Def f�f�.e f�2Def f�DfD. f�D�f�

FU f�e�2e f��Seb f�e�2e f�eDbe f�eDbD

! f���2S f�2.SD f���2S f�f..e f�f.SD

8 5ii |�i ?L|it |L A@M*i �
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Wdeoh 8= Rqh shulrg dkhdg iruhfdvw shuirupdqfh ri wkh fkdqjh lq XV Xqhp0
sor|phqw udwh/ 4<;31T4 0 4<<;1T51 Doo prghov vhohfwhg e| FY

w+ 6�w ��� ��+� ��+2

�i@? FY f��f.b f��fDS f�fbSb f��f.D f����f

6hi^�i?U) f�DH f�b� f�fH ��ff

�MtL*�|i uLhiU@t|

TihuLh4@?Ui

PVH f�fSSb f�fS�� f�fSSD f�fSSD f�fS.f

PDG f��b�2 f��HbD f��bD� f��b�b f��b�D

PDSH 2�fS�e ��b.�b 2�fD�. 2�fHeH 2��ef�

A�i�*<t X f�bDeH f�b2.D f�bD22 f�bD2f f�bDDS

w�t|@|�E�?|U'f� dT��@*�o f�D��H f�D2bH f�efHf f�DSe2 f�D..D

w�t|@|�Et*LTi'�� dT��@*�o f�S�fb f�S.�D f�DS�H f�S��D f���fe

I �t|@|�t|�U f�.2fH f�.D�2 f�DbHS f�.Db2 f�De�.

U5 f��S.b f�ef2H f��.eD f��.fS f��.�b

#�hiU|�L?@* uLhiU@t|

TihuLh4@?Ui

KP dT��@*�o f��Sb2 f�fSSD f��Sb2 f�2D.2 f�f2fS

"5 dT��@*�o f��SS� f�fSe. f��SS� f�2Def f�f�bH

FU f�e�Hb f��b�b f�e�Hb f�e�2e f��Seb

! f��Sfb f�2�eH f��Sfb f���2S f�2.fb

8 5ii |�i ?L|it |L A@M*i �
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Wdeoh 9= Rqh shulrg dkhdg iruhfdvw shuirupdqfh ri wkh jurzwk udwh ri XV Lq0
gxvwuldo Surgxfwlrq/ 4<;31T4 0 4<<;1T51 Doo prghov vhohfwhg e| DLF

w+ 6�w ��� ��+� ��+2

�i@? DLF ��eDfb �2�2�ef ��e��S ��e�f� ��eH.e

6hi^�i?U) f�.. f�bD f�SH ��ff

�MtL*�|i uLhiU@t|

TihuLh4@?Ui

PVH ���S�b ��D�HH ��e..H ��e..b ���HfH

PDG f�.bSf f�bfef f�HS2H f�H.�� f�H��.

PDSH ���2ef ���.SH ����22 ���e�� ��2��e

A�i�*<t X f�HHeS f�bef� f�b2�D f�HHf� f�HbfH

w�t|@|�E�?|U'f�dT��@*�o f�e�SS f�D.e. f�DDfD f�H2bf f�bHHD

w�t|@|�Et*LTi'��dT��@*�o f�HbSe f�fDD� f���22 f��.fH f�2HD�

I �t|@| dT��@*�o f��Hb. f��fb� f�2eDH f�2�2b f���22

U5 f�2��H f��S.� f��.bb f��H�2 f�22SH

#�hiU|�L?@* uLhiU@t|

TihuLh4@?Ui

KP dT��@*�o f�ff.2 f�f�HH f�2SfD f�2fe� f���eD

"5 dT��@*�o f�ffSH f�f�Hf f�2D.� f�2f�� f���2�

FU f���.H f��Seb f�eeDb f�e�2e f�efDe

! f���ee f�2.eb f����. f��eHS f��He.

8 5ii |�i ?L|it |L A@M*i �
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Wdeoh := Rqh shulrg dkhdg iruhfdvw shuirupdqfh ri wkh jurzwk udwh ri XV Lq0
gxvwuldo Surgxfwlrq/ 4<;31T4 0 4<<;1T51 Doo prghov vhohfwhg e| ELF

w+ 6�w ��� ��+� ��+2

�i@? ELF ��Df.S f�..ef ��Df.S ��DfSH ��.Sef

6hi^�i?U) f�e2 f�ff f�D� ��ff

�MtL*�|i uLhiU@t|

TihuLh4@?Ui

PVH ���S�b ��.b2H ���S�b ��eS�� ���fbe

PDG f�.bSf f�b�eD f�.bSf f�H�.. f�.Hb�

PDSH ���2ef ��H��b ���2ef ��fHSf ����2�

A�i�*<t X f�HHeS ��f�Df f�HHeS f�b�S� f�HS.D

w�t|@|�E�?|U'f�dT��@*�o f�e�SS f��S�f f�e�SS f�be.S f�2�2H

w�t|@|�Et*LTi'��dT��@*�o f�HbSe f�ffe� f�HbSe f��H.S f�b2H.

I �t|@|�dT��@*�o f��Hb. f�f2fb f��Hb. f�eH.. f�2�e�

U5 f�2��H f�fH�D f�2��H f��.2D f�2.S2

#�hiU|�L?@* uLhiU@t|

TihuLh4@?Ui

KP dT��@*�o f�ff.2 f��efD f�ff.2 f�2H.� f�ff.f

"5 dT��@*�o f�ffSH f���.H f�ffSH f�2H�b f�ff.e

FU f���.H f�e�Hb f���.H f�eeDb f���.H

! f���ee f��.2D f���ee f��2eS f����2

8 5ii |�i ?L|it |L A@M*i �
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Wdeoh ;= Rqh shulrg dkhdg iruhfdvw shuirupdqfh ri wkh jurzwk udwh ri XV Lq0
gxvwuldo Surgxfwlrq/ 4<;31T4 0 4<<;1T51 Doo prghov vhohfwhg e| FY

w+ 6�w ��� ��+� ��+2

�i@? FY e�D�2� e�D�2� e�2DSb e�D2.� e�DHfb

6hi^�i?U) f�ff ��ff f�fD ��ff

�MtL*�|i uLhiU@t| �

TihuLh4@?Ui

PVH ���S�b ���S�b ����e. ���S�e ��2bHD

PDG f�.bSf f�.bSf f�.bSD f�.bDH f�..b�

PDSH ���2ef ���2ef ����.� ���2�S ��f.HD

A�i�*<t X f�HHeS f�HHeS f�H.DH f�HHeS f�HS�H

w�t|@|�E�?|U'f�dT��@*�o f�e�SS f�e�SS f�2.�S f�e�fD f�De.b

w�t|@|�Et*LTi'��dT��@*�o f�HbSe f�HbSe f�bHHf f�HHeD f�b��S

I �t|@| dT��@*�o f��Hb. f��Hb. f�2�eH f��.�H f�Sfe�

U5 f�2��H f�2��H f�2Sf� f�2�D� f�2Sf�

#�hiU|�L?@* uLhiU@t|

TihuLh4@?Ui

KP dT��@*�o f�ff.2 f�ff.2 f�ff�b f�ff.2 f�f2�D

"5 dT��@*�o f�ffSH f�ffSH f�ff�. f�ffSH f�f2f.

FU f���.H f���.H f��2e� f���.H f��Seb

! f���ee f���ee f���.b f���ee f�2SbS

8 5ii |�i ?L|it |L A@M*i �
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Wdeoh <= Glherog0Pduldqr whvw iru uhodwlyh suhglfwlyh delolw|1 Fkdqjh lq XV

Xqhpsor|phqw udwh/ 4<;31T4 0 4<<;1T51 Wkh Vtxduhg Huuru orvv ixqfwlrq lv
xvhg lq wkh GP dqg PGP vwdwlvwlfv1

�i@t�hi K3 GP PGP

� t|iT @�i@_ uLhiU@t|

PVH>U5 w+ELF s 6�wFY �f�b�H �f�b�2

Ef��D� Ef��D�

PDG>PDSH> ! w+FY s 6�wFY �f�Sb� �f�SHS

Ef�eb� Ef�Df�

e t|iTt @�i@_ uLhiU@t|t

PVH> ! w+DLF s ��+2ELF �f�Df2 �f�H�.

Ef�S2� Ef�e��

PDG w+FY s ��+2ELF �f�ffS �f�ffS

E��ff� E��ff�

PDSH>U5 w+FY s 6�wFY �f�b2b �f�b2�

Ef��D� Ef��S�

- T��@*�it �? T@hi?|�itit

* � ,^�@* uLhiU@t| @UU�h@U)

GP � A�i #�iML*_��@h�@?L |it|

PGP � A�i 4L_��i_ #�iML*_��@h�@?L |it|
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Wdeoh 43= Hqfrpsdvvlqj whvw iru uhodwlyh suhglfwlyh delolw|1 Fkdqjh lq XV Xq0

hpsor|phqw udwh/ 4<;31T4 0 4<<;1T51 Wkh ehvw olqhdu prgho yhuvxv wkh ehvw
qrq0olqhdu prgho

Phdv1 K3 U Uv U4 Ugp Upgp

� t|iT @�i@_ uLhiU@t|t

PVH> w+ELF C 513:7 51453 2�f.� 41;35 ��.bf

U5 6�wFY +3137, +3136, Ef�fe� +313:, Ef�f.�

6�wFY C 3144: 031334 f���. 3144: f���S

w+ELF +31<4, +31<4, Ef�b�� +31<4, Ef�b��

PDG> w+FY C 5145< 041<3< 2��SH 41;;3 ��HS.

PDSH 6�wFY +3136, +3139, Ef�f�� +3139, +3139,
6�wFY C 031739 041:<8 �f�e�e 03173: �f�efD

w+FY +319;, +313:, +319;, +319;, +319<,

! w+FY C +319;, 314<6 f�SS� 31966 f�S2b

��+2FY +3184, +31;8, Ef�D�� +3186, +3186,
��+2FY C 31:87 41667 f�.eb 31:76 f�.�H

w+FY +3178, +314;, +3178, +3179, +3179,

e t|iTt @�i@_ uLhiU@t|t

PVH> w+DLF C 0 0 ��bH2 417:6 ��eS�

! ��+2ELF 0 0 Ef�fD� Ef��e� Ef��e�

��+2ELF C 0 0 f�bfH 31<69 f�b�f

w+DLF 0 0 Ef��S� +3168, Ef��D�

PDG w+FY C 0 0 2�22� 41:3; ��SbS

��+2ELF 0 0 Ef�f�� Ef�fb� Ef�fb�

��+2ELF C 0 0 f�Hee 31;84 f�HeD

w+FY 0 0 Ef�ef� +316<, Ef�ef�

PDSH> w+FY C 0 0 ����f 41634 4f�2b2
U5 6�wFY 0 0 Ef��H� +314<, Ef�2f�

6�wFY C 0 0 ��ebf 41774 ��e�2

w+FY 0 0 Ef��e� Ef��D� Ef��D�

8 T��@*�it �? T@hi?|�itit� � C �G � i?UL4T@tt ��

U 0 ROV edvhg w0whvw1
Uv 0 Vshdupdq*v Udqn fruuhoodwlrq whvw/ U4 0 Urexvw Hqfrpsdvvlqj whvw1
Ugp 0 Urexvw Hqfrp1 whvw zlwk phdq fruuhfw1
Upgp 0 Urexvw Hqfrp1 whvw zlwk phdq dqg G1I1 fruuhfw1
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Wdeoh 44= Glherog0Pduldqr whvw iru uhodwlyh suhglfwlyh delolw|1 Jurzwk udwh ri
XV Lqgxvwuldo Surgxfwlrq1 4<;31T4 0 4<<;1T51 Wkh Vtxduhg Huuru orvv ixqfwlrq
lv xvhg lq wkh GP dqg PGP vwdwlvwlfv1

�i@t�hi K3 GP PGP

� t|iT @�i@_ uLhiU@t|t

PVH>PDG>PDSH w+FY s ��+2FY �f�b�H �f�b�2

Ef��D� Ef��D�

! w+FY s 6�wFY f�fff f�fff

E��ff� E��ff�

U5 w+ELF s ��+2ELF ���f�S ���f�f

Ef���� Ef��2�

e t|iTt @�i@_ uLhiU@t|t

PVH>PDSH>U5 w+FY s 6�wELF �f�.�2 �f�Sb.

Ef�eS� Ef�eb�

PDG>! w+FY s 6�wFY ���.�� ���SD�

Ef�fH� Ef��f�

8 5ii |�i ?L|i |L A@M*i b
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Wdeoh 45= Hqfrpsdvvlqj whvw iru uhodwlyh suhglfwlyh delolw|1 Jurzwk udwh ri XV
Lqgxvwuldo Surgxfwlrq/ 4<;31T4 0 4<<;1T51 Wkh ehvw olqhdu prgho yhuvxv wkh
ehvw qrq0olqhdu prgho

Phdv1 K3 U Uv U4 Ugp Upgp

� t|iT @�i@_ uLhiU@t|t

PVH>PDG> w+FY C 51537 41394 ��b.H ��.b� 41:;4
PDSH ��+2FY +3136, +315<, Ef�fD� Ef�f.� +313:,

��+2FY C 04143< 31;7: �f�bbD �f�bD. 031<84
w+FY +15:, +13173, Ef��2� Ef��e� +3167,

! w+FY C 4158< 418;3 515:< 4166: 41653
���FY +3154, +3144, +3135, +314;, +314;,
���FY C 3163< 4173: 318:9 3185: 31863
w+FY +31:9, +3149, +318;, +3186, +3186,

U5 w+FY C 41:43 0319;; ��bfD ��beD 41<65
��+2ELF +313<, +317<, Ef�fS� Ef�fD� +3138,
��+2ELF C 031378 041574 �f�fDf �f�fDf 031383
w+FY +31<9, +3154, Ef�bS� Ef�bS� +31<9,

e t|iTt @�i@_ uLhiU@t|t

PVH> w+FYC 0 0 2�S�e 2�2eD 5146<
PDSH>U5 6�wELF 0 0 Ef�f�� Ef�f2� +3136,

6�wELFC 0 0 ��ffD ��ffD 31<8;
w+FY 0 0 Ef���� Ef���� +3167,

PDG>! w+FYC 0 0 e�feS 51857 51738
6�wFY 0 0 Ef�ff� Ef�f�� +3135,
6�wFY C 0 0 �f�fDe �f�fDe 031384
w+FY 0 0 Ef�bS� Ef�bS� +31<9,

8 5ii |�i ?L|i |L A@M*i �f
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