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Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq=
D Xqli|lqj Dssurdfk

Qlhov Kdoguxs dqg Plfkdho MdqvvrqW

Fhqwuh iru Qrq0Olqhdu Prghoolqj lq Hfrqrplfv

Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Ddukxv

GN0;333 Ddukxv F/ Ghqpdun

4 Iheuxdu| 4<<<

Devwudfw1 Wklv sdshu lqwurgxfhv d uhsuhvhqwdwlrq ri dq lqwhjudwhg yhf0

wru wlph vhulhv lq zklfk wkh frh!flhqw ri pxowlsoh fruuhodwlrq frpsxwhg iurp wkh

orqj0uxq fryduldqfh pdwul{ ri wkh lqqrydwlrq vhtxhqfhv lv d sulplwlyh sdudph0

whu ri wkh prgho1 Edvhg rq wklv uhsuhvhqwdwlrq/ d qrwlrq ri qhdu frlqwhjudwlrq

lv sursrvhg dqg wkuhh vhsdudwh dssolfdwlrqv ri wkh prgho ri qhdu frlqwhjudwlrq

duh surylghg1 Dv d �uvw dssolfdwlrq/ zh jlyh dqdo|wlfdo fruurerudwlrq ri wkh

frqmhfwxuh wkdw wkh �qlwh vdpsoh ehkdylru ri I 0vwdwlvwlfv edvhg rq ROV hvwlpd0

wruv ghshqgv frqwlqxrxvo| rq wkh diruhphqwlrqhg vtxduhg pxowlsoh fruuhodwlrq

frh!flhqw1 Khqfh/ wkh qrwlrq ri qhdu frlqwhjudwlrq khosv wr eulgjh wkh jds

ehwzhhq wkh srodu fdvhv ri vsxulrxv uhjuhvvlrq dqg frlqwhjudwlrq1 Vhfrqgo|/ zh

fkdudfwhul}h wkh surshuwlhv ri frqyhqwlrqdo frlqwhjudwlrq phwkrgv xqghu qhdu

frlqwhjudwlrq/ khuhe| lqyhvwljdwlqj wkh urexvwqhvv ri frlqwhjudwlrq phwkrgv1

Ilqdoo|/ zh looxvwudwh krz wr rewdlq orfdo srzhu ixqfwlrqv ri frlqwhjudwlrq whvwv

wkdw wdnh frlqwhjudwlrq dv wkh qxoo k|srwkhvlv1

Nh|zrugv= Frlqwhjudwlrq/ vsxulrxv uhjuhvvlrq/ qhdu frlqwhjudwlrq/ frlqwhjudwlrq
whvwv/ orfdo srzhu ixqfwlrq/ eurzqldq prwlrq1

MHO Fodvvlilfdwlrq= F45/ F46/ F551

41 Lqwurgxfwlrq

Rqh ri wkh prvw lpsruwdqw frqwulexwlrqv wr prghuq wlph vhulhv hfrqrphwulfv lv wkh
ghyhorsphqw ri dq dv|pswrwlf wkhru| iru wkh dqdo|vlv ri pxowlsoh lqwhjudwhg wlph
vhulhv1 Pxfk ri wklv uhvhdufk kdv ehhq lqvsluhg e| wkh Prqwh Fduor vwxg| frqgxfwhg
e| Judqjhu dqg Qhzerog +4<:7,1 Wkdw vwxg| frqvlghuhg uhjuhvvlrqv ri lqghshqghqw
udqgrp zdonv rq hdfk rwkhu dqg irxqg wkdw wkh xvxdo vljql�fdqfh whvw edvhg rq wkh
uhjuhvvlrq 8 0vwdwlvwlf whqgv wr ryhuuhmhfw wkh qxoo1 Wr ghvfuleh wklv skhqrphqrq/ wkh
whup vsxulrxv uhjuhvvlrq zdv frlqhg1 Wkh qxphulfdo �qglqjv ri Judqjhu dqg Qhzerog
zhuh jlyhq dq dqdo|wlfdo h{sodqdwlrq e| Skloolsv +4<;9,/ zkloh Sdun/ Rxoldulv/ dqg Fkrl

�Wklv sdshu kdv ehqh�whg iurp wkh frpphqwv ri K1 Shwhu Ervzlmn dqg vhplqdu sduwlflsdqwv dw

wkh Wlqehujhq Lqvwlwxwh/ Shqq Vwdwh Xqlyhuvlw|/ dqg wkh 4<<; Hxurshdq Phhwlqj ri wkh Hfrqrphwulf

Vrflhw|1

4
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+4<;;, surylghg ixuwkhu fodul�fdwlrq +vhh dovr Sdun +4<<3,,1 Wkhvh dxwkruv frqvlghuhg
uhjuhvvlrqv lqyroylqj txlwh jhqhudo lqwhjudwhg surfhvvhv dqg irxqg wkdw wkh dv|pswrwlf
surshuwlhv ri wkh dssursuldwh 8 0vwdwlvwlf ghshqg fuxfldoo| rq 42/ wkh vtxduhg pxowlsoh
fruuhodwlrq frh!flhqw frpsxwhg iurp wkh orqj0uxq fryduldqfh pdwul{ ri wkh lqqrydwlrq
vhtxhqfhv1 Li 42 	 �/ wkh 8 0vwdwlvwlf glyhujhv dw udwh A +zkhuh A lv wkh vdpsoh vl}h,
zkloh A3��8 kdv d qrq0ghjhqhudwh olplwlqj glvwulexwlrq/ zklfk rqo| ghshqgv rq wkh
glphqvlrq ri wkh v|vwhp + Sdun/ Rxoldulv/ dqg Fkrl +4<;;/ Fruroodu| 515,,1 Lq rwkhu
zrugv/ wkh uhjuhvvlrq lv vsxulrxv zkhqhyhu wkh frh!flhqw ri fruuhodwlrq lv ohvv wkdq
xqlw|1 Lq frqwudvw/ zkhq 42 ' � wkh vhulhv duh frlqwhjudwhg dqg 8 ' �R E�� zlwk d
frpsolfdwhg olplwlqj glvwulexwlrq +Skloolsv dqg Gxuodxi +4<;9/ Wkhruhp 814,,1

Wklv glvfrqwlqxlw| lv vrphzkdw glvfrpiruwlqj/ vlqfh lqwxlwlrq vxjjhvwv wkdw wkh
�qlwh vdpsoh glvwulexwlrq ri wkh 8 0vwdwlvwlf ghshqgv frqwlqxrxvo| rq 421 Dv d frqvh0
txhqfh/ wkhuh lv uhdvrq wr eholhyh wkdw frqyhqwlrqdo vsxulrxv uhjuhvvlrq dv|pswrwlfv
surylgh d srru dssur{lpdwlrq wr wkh �qlwh vdpsoh ehkdylru ri wkh 8 0vwdwlvwlf zkhq
wkh surfhvvhv duh �qhduo|� frlqwhjudwhg lq wkh vhqvh wkdw 42 lv �forvh� wr xqlw|1 Lq
wkh suhvhqw sdshu zh surylgh dqdo|wlfdo fruurerudwlrq ri wklv frqmhfwxuh1 Vshfl�fdoo|/
zh lqwurgxfh d prgho lq zklfk 42 lv d sulplwlyh sdudphwhu1 Wklv prgho doorzv xv wr
prgho 42 dv orfdo wr xqlw|4/ khuhe| lqwurgxflqj d qrwlrq ri qhdu frlqwhjudwlrq1 Xvlqj
wkh prgho ri qhdu frlqwhjudwlrq/ zh rewdlq d olplwlqj glvwulexwlrq ri wkh 8 0vwdwlvwlf
zklfk ghshqgv frqwlqxrxvo| rq wkh qrqfhqwudolw| sdudphwhu phdvxulqj wkh ghyldwlrq
iurp h{dfw frlqwhjudwlrq1 Wkhuhiruh/ wkh prgho ri qhdu frlqwhjudwlrq vhhpv wr vxjjhvw
d xvhixo zd| ri eulgjlqj wkh jds ehwzhhq vsxulrxv uhjuhvvlrq dqg frlqwhjudwlrq zlwk
uhvshfw wr wkh olplwlqj ehkdylru ri wkh 8 0vwdwlvwlf1

Pruh jhqhudoo|/ rxu prgho pdnhv lw lv srvvleoh wr jhqhudol}h h{lvwlqj uhvxowv ghulyhg
xqghu wkh dvvxpswlrq ri h{dfw frlqwhjudwlrq1 Wr ghprqvwudwh zk| vxfk h{whqvlrqv wr
orfdo dowhuqdwlyhv pljkw eh xvhixo/ zh surylgh wzr ixuwkhu dssolfdwlrqv ri wkh prgho1
Dv d �uvw dssolfdwlrq/ zh lqyhvwljdwh wkh urexvwqhvv ri frlqwhjudwlrq phwkrgv1 Zh gr
vr e| fkdudfwhul}lqj wkh olplwlqj ehkdylru xqghu qhdu frlqwhjudwlrq ri wkh xvxdo Zdog
vwdwlvwlf ghylvhg wr whvw k|srwkhvhv rq d frlqwhjudwlqj yhfwru1 Khqfh/ wklv dssolfdwlrq
frpsohphqwv Hoolrww*v +4<<;, vwxg|/ zkhuh wkh lpsolfdwlrqv ri qhdu0lqwhjudwlrq lq h{0
dfwo| frlqwhjudwhg prghov duh h{dplqhg1 Rxu �qglqj lv wkdw xqghu qhdu frlqwhjudwlrq
wkh olplwlqj glvwulexwlrq lv qr orqjhu �21 Lq idfw/ wkh uhvxowv ri d vlpxodwlrq vwxg|
lqglfdwh wkdw vxevwdqwldo vl}h glvwruwlrqv duh hqfrxqwhuhg hyhq iru prghudwh ydoxhv
ri wkh qrqfhqwudolw| sdudphwhu1 Vhfrqgo|/ zh looxvwudwh krz wr frpsxwh orfdo srzhu
ixqfwlrqv ri frlqwhjudwlrq whvwv wkdw wdnh frlqwhjudwlrq dv wkh qxoo k|srwkhvlv1 Lq wkh
olwhudwxuh/ vhyhudo gl�huhqw fodvvhv ri frlqwhjudwlrq whvwv kdyh ehhq sursrvhg1 Lw lv
wkhuhiruh ghvludeoh wr lqyhvwljdwh zkdw/ li dq|wklqj/ fdq eh vdlg derxw wkh uhodwlyh
srzhu surshuwlhv ri wkhvh frpshwlqj whvw surfhgxuhv1 Dv d �uvw vwhs lq wkdw gluhfwlrq
zh fkdudfwhul}h wkh ehkdylru ri vhyhudo frlqwhjudwlrq whvwv xqghu orfdo dowhuqdwlyhv

4Lq wkh diruhphqwlrqhg sdshuv/ �5 lv frpsxwhg iurp d orqj0uxq fryduldqfh pdwul{ zklfk lv lwvhoi
gh�qhg e| wdnlqj olplwv dv W $ 41 Wkhuhiruh/ lw lv qrw lpphgldwho| reylrxv krz wr prgho �5

dv d vhtxhqfh ri sdudphwhuv wkdw olh lq +vd|, d 4@W 5 qhljkerukrrg ri xqlw|1 E| zrunlqj zlwk d
uhsuhvhqwdwlrq zkhuh �5 lv d sulplwlyh sdudphwhu/ zh flufxpyhqw wklv srwhqwldo sureohp1
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dqg frpsxwh wkh fruuhvsrqglqj orfdo srzhu ixqfwlrqv1 Dprqj wkh vl{ whvw vwdwlvwlfv
xqghu vwxg|/ irxu duh irxqg wr kdyh yluwxdoo| lghqwlfdo orfdo srzhu surshuwlhv/ zkloh
wkh uhpdlqlqj wzr duh vljql�fdqwo| lqihulru lq whupv ri orfdo srzhu1

Wkh sdshu surfhhgv dv iroorzv1 Lq Vhfwlrq 5/ zh suhvhqw wkh jhqhudo prgho dqg
glvfxvv krz wkh srodu fdvhv ri vsxulrxv uhjuhvvlrq dqg frlqwhjudwlrq dulvh dv vshfldo
fdvhv ri wkdw prgho1 Lq dgglwlrq wr wkhvh idploldu frqfhswv/ Vhfwlrq 5 lqwurgxfhv d
qrwlrq ri qhdu frlqwhjudwlrq1 Vhfwlrq 6 glvfxvvhv wkh ehkdylru ri ROV hvwlpdwruv xqghu
vsxulrxv uhjuhvvlrq/ frlqwhjudwlrq/ dqg qhdu frlqwhjudwlrq/ zkloh Vhfwlrq 7 frqwdlqv wkh
fruuhvsrqglqj uhvxowv iru wkh 8 0vwdwlvwlf edvhg rq wkh ROV hvwlpdwruv1 Lq sduwlfxodu/
Vhfwlrq 7 xvhv wkh prgho ri qhdu frlqwhjudwlrq wr surylgh dqdo|wlfdo fruurerudwlrq
ri wkh frqmhfwxuh wkdw wkh �qlwh vdpsoh ehkdylru ri 8 ghshqgv frqwlqxrxvo| rq 42

hyhq zkhq 42 dssurdfkhv xqlw|1 Wkh wzr ixuwkhu dssolfdwlrqv ri wkh prgho ri qhdu
frlqwhjudwlrq dooxghg wr lq wkh suhylrxv sdudjudsk duh wkh vxemhfwv ri Vhfwlrqv 8 dqg
91 Vhfwlrq 8 lqyhvwljdwhv wkh urexvwqhvv ri frlqwhjudwlrq phwkrgv e| fkdudfwhul}lqj
wkh ehkdylru ri d Zdog vwdwlvwlf xqghu orfdo dowhuqdwlyhv1 Vlploduo|/ Vhfwlrq 9 uhsruwv
wkh ehkdylru ri vhyhudo frlqwhjudwlrq whvwv xqghu qhdu frlqwhjudwlrq1 Ilqdoo|/ Vhfwlrq
: r�huv d ihz frqfoxglqj uhpdunv1 Surriv ri doo uhvxowv ri wkh sdshu duh froohfwhg lq
dq Dsshqgl{ wrjhwkhu zlwk d olvw ri qrwdwlrq dqg gh�qlwlrqv ri wkh ydulrxv vwrfkdvwlf
surfhvvhv dsshdulqj wkurxjkrxw wkh sdshu1

51 Wkh Prgho

Zh dvvxph wkdw
�
E+|c 

�

|�
�
�
lv d ERn ��0glphqvlrqdo }hur0phdq lqwhjudwhg surfhvv jhq0

hudwhg e|

�
+|
 |

�
'

�
/f

s
�� 42 47$�

�f El
�

��
3�

f l�

��
1f|
��|

�
n� Eu� i|c +4,

zkhuh �| ' E1f|c �
�

�|�
�

lv gh�qhg dv �| =@
S|

r'�
ir/ +| dqg 1f| duh vfdoduv/  | dqg ��| duh

R0yhfwruv/ dqg

D41 ii|j lv l1l1g1 zlwk , Ei|� ' f dqg , Ei|i
�

|� ' WRn�c

D51 � Eu� =@
S

"

�'f
��u

� lv d odj sro|qrpldo zlwk
S

"

�'f
�
s
|o E��

���� 	 4c

D61 /f : f/ f � 4 � �/ l� lv dq xsshu wuldqjxodu/ qrqvlqjxodu pdwul{ ri glphqvlrq
R/ dqg 7$�f lv d R0yhfwru vdwlvi|lqj 7$�

�f El�l
�

��
3�

7$�f ' /2f�

Zkhq
�
E+|c 

�

|�
�
�
lv jhqhudwhg e| E��/

�
E{+|c{ 

�

|�
�
�
lv d olqhdu surfhvv1 Frqyhuvho|/

d uhsuhvhqwdwlrq yhu| vlplodu wr E�� fdq eh rewdlqhg zkhqhyhu
�
E{+|c{ 

�

|�
�
�
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hdu surfhvv e| dsso|lqj wkh Ehyhulgjh0Qhovrq +4<;4, ghfrpsrvlwlrq wr wkh ruljlqdo
�owhu1 Iru rxu sxusrvhv/ uhsuhvhqwdwlrq E�� lv yhu| frqyhqlhqw ehfdxvh lw doorzv xv wr
sdudphwhul}h wkh orqj0uxq fryduldqfh pdwul{ ri
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surfhvv1 Wrjhwkhu/ D4 dqg D5 hqvxuh wkdw zh fdq fdoo xsrq zhoo nqrzq uhvxowv iru
olqhdu surfhvvhv +h1j1 Skloolsv dqg Vror +4<<5,/ Skloolsv +4<;;e,, zkhq ghulylqj wkh
uhvxowv ri wkh sdshu1 Dw �uvw/ wkh sdudphwhul}dwlrq ri wkh pdwul{ suhpxowlso|lqj �|

lq E�� pljkw vhhp voljkwo| shfxoldu1 Qrwlfh/ krzhyhu/ wkdw wkh orqj0uxq fryduldqfh
pdwul{ ri E{+|c{ 
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lv vlpso| dq xsshu wuldqjxodu pdwul{ �vtxduh urrw� ri wkh orqj0uxq fryduldqfh pdwul{
ri E{+|c{ 

�

|
��1 Pruhryhu/ wkh lqglylgxdo sdudphwhuv kdyh vwudljkwiruzdug lqwhusuh0

wdwlrqv= /2

f
lv wkh orqj0uxq yduldqfh ri {+| dqg l� lv dq xsshu wuldqjxodu pdwul{

�vtxduh urrw� ri wkh orqj0uxq fryduldqfh pdwul{ ri { |1 Wkh orqj0uxq fryduldqfh
ehwzhhq { | dqg {+| lv jlyhq e| 47$�f/ zkhuh 7$�f lv d R0yhfwru h{suhvvlqj wkh gluhf0
wlrq ri wkh fryduldqfh1 Wklv yhfwru lv qrupdol}hg lq vxfk d zd| wkdw 4 lv d xqlwohvv
txdqwlw| phdvxulqj wkh vwuhqjwk ri wkh fryduldqfh1 Lq idfw/ dv wkh qrwdwlrq vxjjhvwv/
4 lv wkh pxowlsoh fruuhodwlrq frh!flhqw frpsxwhg iurp wkh orqj0uxq fryduldqfh pdwul{
ri E{+|c{ 

�

|
��1 Xqghu Dvvxpswlrq D6/ *�4A<" A3�, E+2

A
� dqg *�4A<" A3�, E A 

�

A
�

duh srvlwlyh +gh�qlwh, dqg �qlwh1 Wklv lpsolhv wkdw i+|j lv dq lqwhjudwhg surfhvv dqg
wkdw i |j lv d qrq0frlqwhjudwhg lqwhjudwhg surfhvv1 Dgplwwhgo|/ wkh dvvxpswlrq wkdw
i |j lv qrq0frlqwhjudwhg +l1h1 wkdw l� lv qrqvlqjxodu, lv vrphzkdw uhvwulfwlyh1 Rq wkh
rwkhu kdqg/ wkh dvvxpswlrq ri qrq0frlqwhjudwhg uhjuhvvruv lv idluo| vwdqgdug lq wkh
uhodwhg olwhudwxuh6/ vr lq rughu wr idflolwdwh frpsdulvrqv zlwk h{lvwlqj uhvxowv zh vkdoo
pdlqwdlq wklv dvvxpswlrq wkurxjkrxw1

D jodqfh dw E�� uhyhdov wkdw wkh rqo| olqhdu frpelqdwlrq ri +| dqg  | wkdw uhpryhv
wkh �

�|
frpsrqhqw iurp +| lv +| � ��

f
 |/ zkhuh �f

=@ El�l
�

�
�3� 47$�f1 Lq rwkhu zrugv/

5Wkh iroorzlqj glvfxvvlrq dvvxphv wkdw $3> �> 4 dqg �$43 duh frqvwdqwv1 Zkhq lqwurgxflqj d
qrwlrq ri qhdu frlqwhjudwlrq +Dvvxpswlrq D7 ehorz,/ zh doorz � wr eh d ixqfwlrq ri W 1

6Qrwdeoh h{fhswlrqv duh Sdun dqg Skloolsv +4<;</ Vhfwlrq 815,/ Fkrl +4<<7,/ dqg PfFdeh/ Oh|0
erxuqh/ dqg Vklq +4<<:,1 Vhh dovr Skloolsv +4<<8, dqg Fkdqj dqg Skloolsv +4<<8,1
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�
f
lv wkh xqltxh ydoxh ri � iru zklfk wkh orqj0uxq fryduldqfh ehwzhhq wkh �huuru�

{+| � �� E{ |� dqg wkh �uhjuhvvru� { | htxdov }hur1 Iru wklv uhdvrq/ zh vkdoo iroorz
Sdun/ Rxoldulv/ dqg Fkrl +4<;;, dqg uhihu wr �
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ghshqg vroho| rq 41

Zkhq 4 	 � +dqg �{hg,/ i+| � �� |j lv dq lqwhjudwhg surfhvv iru doo ydoxhv ri � dqg
zh zloo uhihu wr wklv dv wkh fdvh ri vsxulrxv uhjuhvvlrq1 Rq wkh rwkhu kdqg/
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 |j lv vwdwlrqdu| lq wklv fdvh1 Lq dgglwlrq

wr wkhvh idploldu frqfhswv/ zh lqwurgxfh d qrwlrq ri qhdu frlqwhjudwlrq1 Zh vd| wkdw�
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Vwulfwo| vshdnlqj/ 4 +dqg khqfh dovr wkh ixqgdphqwdo frh!flhqw �
f
, lv d vhtxhqfh ri

sdudphwhuv xqghu qhdu frlqwhjudwlrq1 Vlploduo|/
�
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lv d wuldqjxodu duud| udwkhu

wkdq d vhtxhqfh1 Vlqfh qr dpeljxlw| lv olnho| wr dulvh/ zh kdyh fkrvhq wr vlpsoli| wkh
qrwdwlrq voljkwo| e| rplwwlqj wkh dgglwlrqdo vxevfulsw A 1

Xqghu qhdu frlqwhjudwlrq/ htxdwlrq E2� uhpdlqv ydolg/ surylghg 4 lv uhsodfhg zlwk
�/ lw*v olplwlqj ydoxh1 Vr/ qhdu frlqwhjudwlrq lv vlplodu wr frlqwhjudwlrq lq wkh vhqvh
wkdw wkh orqj0uxq fryduldqfh pdwul{ ri E{+|c{ 

�

|
�� lv lqghshqghqw ri V1 Lq sduwlfxodu/

wkh orqj0uxq fryduldqfh pdwul{ lv vlqjxodu xqghu erwk h{dfw frlqwhjudwlrq dqg qhdu
frlqwhjudwlrq1

7Wkh dvvxpswlrq �5 A 3 lv qhhghg wr uxoh rxw wkh sdwkrorjlfdo fdvh zkhuh
�

4 �

��
3

3

�
F +O,hw @

31 Wkh fuxfldo lpsolfdwlrq ri Dvvxpswlrq D7 lv wkdw olpW$4 W
s
4� �5 h{lvwv dqg lv srvlwlyh1 Dv d

frqvhtxhqfh/ D7 frxog eh uhsodfhg zlwk dq| ri wkh iroorzlqj dvvxpswlrqv=

D73= � @ 4�plq
�
�

3

> W
�
@W 5 iru vrph �3 � 3 dqg �5 A 3=

D733= �5 @ 4�plq +�33> W , @W 5 iru vrph �33 � 3 dqg �5 A 3=

D7333= � @ h{s
�
��333@W 5

�
iru vrph �333 � 3 dqg �5 A 3=
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Ri frxuvh/ qhdu frlqwhjudwlrq uhgxfhv wr frlqwhjudwlrq zkhq V ' f1 Xqghu qhdu
frlqwhjudwlrq erwk whupv rq wkh uljkw kdqg vlgh ri E�� pdnh d qrq0qhjoljleoh frq0
wulexwlrq wr wkh olplwlqj glvwulexwlrq ri prvw vwdwlvwlfv wkdw lqyroyh i+| � ��

f
 |j dqg

wkhvh olplwlqj glvwulexwlrqv wkhuhiruh ghshqg frqwlqxrxvo| rq V1
Lq forvho| uhodwhg zrun/ Wdqdnd +4<<6> 4<<9/ s1 77<, kdv lqwurgxfhg d qrwlrq

ri qhdu frlqwhjudwlrq zklfk/ dowkrxjk yhu| vlplodu lq vslulw/ gl�huv voljkwo| iurp wkh
qrwlrq lqwurgxfhg khuh18 Hvvhqwldoo|/ wkrvh zrunv frqvlghu wkh vhhplqjo| pruh jhqhudo
fdvh lq zklfk Dvvxpswlrq D4 lv uhsodfhg zlwk wkh iroorzlqj dvvxpswlrq=

D��� ii|j lv l1l1g1 zlwk , Ei|� ' f dqg , Ei|i
�

|
� lv srvlwlyh gh�qlwh dqg �qlwh1

Dv lv uhdglo| yhul�hg/ wkh rqo| uhvwulfwlrqv lpsrvhg rq wkh orqj0uxq fryduldqfh pdwul{
ri E{+|c{ 

�

|
�� lq rxu prgho duh wkdw *�4A<" A3�,E+2

A
� dqg *�4A<" A3�, E A 

�

A
� duh

srvlwlyh +gh�qlwh, dqg �qlwh1 Wkhuhiruh/ uhsuhvhqwdwlrq E�� lv pruh jhqhudo wkdq pljkw
lqlwldoo| dsshdu wr eh wkh fdvh1 Lq sduwlfxodu/ zrunlqj xqghu D4 udwkhu wkdq D�� hqwdlov
qr orvv ri jhqhudolw|1 Krzhyhu/ xqghu D�� rqh doorzv 1

f|
/ wkh vwrfkdvwlf wuhqg gulylqj

+| � ��
f
 |/ wr eh fruuhodwhg zlwk �

�|
/ wkh vwrfkdvwlf wuhqgv gulylqj  |1 Wkhuhiruh/ dq

lpsruwdqw gl�huhqfh ehwzhhq D4 dqg D�� lv wkdw �
f
dozd|v htxdov wkh ixqgdphqwdo

frh!flhqw xqghu D4/ zkhuhdv wkh +svhxgr0,wuxh ydoxh �
f
w|slfdoo| gl�huv iurp wkh ixq0

gdphqwdo frh!flhqw xqghu D��1 Iru wklv uhdvrq/ wkh lqwhusuhwdwlrq ri wkh sdudphwhuv
ri wkh prgho vhhpv wr eh pruh vwudljkwiruzdug xqghu D4 wkdq xqghu D��1 Pruhryhu/
lw wxuqv rxw wkdw wkh ydulrxv glvwulexwlrqdo uhvxowv uhsruwhg lq vhfwlrqv 609 ghshqg
rq d vfdodu sdudphwhu xqghu D4/ zkhuhdv htxlydohqw h{suhvvlrqv frpsxwhg xqghu D��

lqyroyh d ERn ��0glphqvlrqdo sdudphwhu +h1j1 Wdqdnd +4<<9/ Wkhruhp 44144,,1 Wr
xqghuvwdqg wklv/ qrwlfh wkdw xqghu D4 wkh ghfrpsrvlwlrq +| ' ��

f
 | n E+| � ��

f
 |� lv

ruwkrjrqdo lq wkh vhqvh wkdw wkh orqj0uxq fryduldqfh ehwzhhq {E+| � ��
f
 |� dqg { |

lv }hur1 Xqghu D��/ lq frqwudvw/ wkh orqj0uxq fryduldqfh ehwzhhq {E+| � ��
f
 |� dqg

{ | zloo w|slfdoo| eh qrq0}hur1 Zkhqhyhu wklv lv wkh fdvh/ wkh olplwlqj glvwulexwlrqv
ghulyhg xqghu D�� ghshqg rq d sdudphwhu ri glphqvlrq juhdwhu wkdq rqh dqg wkh
lqwhusuhwdwlrq ri wkh uhvxowv vhhpv ohvv vwudljkwiruzdug1

61 Ehkdylru ri ROV Hvwlpdwruv

Frqvlghu wkh ROV hvwlpdwruv 	k dqg 	� lq wkh pxowlsoh uhjuhvvlrq

+| ' 	kn 	�
�

 | n 	�|c E| ' �c � � � c A � +8,

zkhuh
�
E+|c 

�

|
��
�
lv jhqhudwhg e| E��1 Lw wxuqv rxw wkdw wkh olplwlqj ehkdylru ri

8Dowhuqdwlyh frqglwlrqv ri qhdu frlqwhjudwlrq kdyh dsshduhg lq Txlqwrv dqg Skloolsv +4<<6/ Vhfwlrq
8, dqg Skloolsv +4<;;d/ s1 4358,1 Wkh +pxowlyduldwh h{whqvlrq ri wkh, qrwlrq ri qhdu frlqwhjudwlrq
lqwurgxfhg e| Txlqwrv dqg Skloolsv +4<<6, lv pruh jhqhudo wkdq wkh qrwlrq vxjjhvwhg khuh1 Rq wkh
rwkhu kdqg/ wkh qrwlrq ri qhdu frlqwhjudwlrq glvfxvvhg lq Skloolsv +4<;;d/ s1 4358, lv ixqgdphqwdoo|
gl�huhqw iurp rxuv/ vlqfh wkh vhulhv k3|w jhqhudwhg e| htxdwlrq +8, ri wkdw sdshu lv qhduo| lqwhjudwhg1
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�
	kc 	�

�
�
�

xqghu qhdu frlqwhjudwlrq ghshqgv rq wkh iroorzlqj sdudphwhuv=

� '

�
Zf
��

�
=@

#
"[
�'f

��

$
��

�
�7�

f

�
c +9,

� =@ �� nl3�
�

�
f WR

�# "[
�'f

���
�

�

$�
�

�7�
f

�
c +:,

zkhuh 7�
f
=@ El�l

�

�
�3� 7$�f1 Wkh sdudphwhu Zf lv d vfdodu/ dqg �� dqg � duh R0yhfwruv1

Wr vhh zk| wkhvh sdudphwhuv duh lpsruwdqw/ qrwlfh wkdw xqghu qhdu frlqwhjudwlrq lw
krogv wkdw

*�4
A<"

A3�,

#
 A

#
A[
|'�

E+| � ��
f
 |�

$$
' l���c +;,

*�4
A<"

, E A E+A � ��
f
 A �� ' l��� +<,

Dv lv zhoo nqrzq +h1j1 Skloolsv dqg Gxuodxi +4<;9/ Wkhruhp 714 +d,,,/ wkh olplw0
lqj glvwulexwlrq ri ROV hvwlpdwruv xqghu frlqwhjudwlrq ghshqgv rq wkhvh +qxlvdqfh,
sdudphwhuv1 D vlplodu vlwxdwlrq rffxuv xqghu qhdu frlqwhjudwlrq1

Ohppd 41 Vxssrvh
�
E+|c 

�

|�
�
�
lv jhqhudwhg e| E�� dqg vxssrvh D40D6 krog1

+d, Li 4 	 � dqg �{hg +vsxulrxv uhjuhvvlrq,/ wkhq dv A $ 4c

�
A3�*2	k
	� � �

f

�
,

/f

s
�� 42

�
� f

�

f l�
�

�
3��] �

f

j� Eo�j� Eo�
� _o

�3��] �

f

j� Eo�`f Eo� _o

�
c

+e, Li D7 krogv +qhdu frlqwhjudwlrq,/ wkhq dv A $ 4c

# s
A 	k

A
�
	� � �

f

� $
,
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� f

�

f l�
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f

j� Eo�j� Eo�
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�3�
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�
/fV

]
�

f

j� Eo�`f Eo� _o n Zf
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�

f

j� Eo� _`f Eo� n

�]
�

f

j� Eo� _`� Eo�
�

�
�� n

�
f
�

��
c

zkhuh EZfc�
�

�
�� dqg � duh gh�qhg lq ES� dqg E.�/ dqg `f/ `� dqg j� duh gh�qhg lq

wkh Dsshqgl{1

Xqghu vsxulrxv uhjuhvvlrq/ wkh olplwlqj glvwulexwlrq ri
�
	� � �

f

�
kdv phdq }hur1

Wklv surylghv xv zlwk dqrwkhu lqwhusuhwdwlrq ri wkh ixqgdphqwdo frh!flhqw= Xq0
ghu vsxulrxv uhjuhvvlrq/ wkh ixqgdphqwdo frh!flhqw lv vlpso| wkh olplwlqj h{shfwhg
ydoxh ri 	�1 Xqghu qhdu frlqwhjudwlrq/ 	� lv d vxshu0frqvlvwhqw hvwlpdwru ri �

f
vlqfh�

	� � �
f

�
' �R EA

3��1 Lq wklv vhqvh/ wkh qhdu frlqwhjudwlrq fdvh lv txdolwdwlyho| vlp0

lodu wr wkh frlqwhjudwlrq fdvh1 Vlqfh qhdu frlqwhjudwlrq uhgxfhv wr h{dfw frlqwhjudwlrq
zkhq V ' f/ wkh glvwulexwlrqdo uhvxow lq +e, lv zhoo nqrzq iru wkdw vshfldo fdvh +h1j1
Skloolsv dqg Gxuodxi +4<;9/ Wkhruhp 714 +d,,,1 Zkhq V 9' f/ wkh olplwlqj glvwulexwlrq
lq +e, lv hvvhqwldoo| d pl{wxuh ri wkh vsxulrxv uhjuhvvlrq glvwulexwlrq uhsruwhg lq +d,
dqg wkh glvwulexwlrq fruuhvsrqglqj wr h{dfw frlqwhjudwlrq1 D vlplodu uhvxow kdv ehhq
rewdlqhg e| Wdqdnd +4<<6/ Wkhruhp 9,1 Krzhyhu/ wkh glvwulexwlrq uhsruwhg wkhuh
ghshqgv rq d ERn ��0glphqvlrqdo qrqfhqwudolw| sdudphwhu udwkhu wkdq d vfdodu1

71 Whvw Vwdwlvwlfv Edvhg rq ROV Hvwlpdwruv

Edvhg rq wkh pxowlsoh uhjuhvvlrq ED�/ vwdqgdug uhjuhvvlrq sdfndjhv fdq eh xvhg wr
frpsxwh wkh 8 0vwdwlvwlf

8
�
	�
�
=@

�
	� � �

f

�
�
�SA

|'� E | � 7 � E | � 7 ��
��

	� � �
f

�
R � r2 c +43,

zkhuh 7 =@ A3�
SA

|'�  | dqg r2 =@ EA � R� ��3�
SA

|'� 	�
2

| 1
Wklv lv vlpso| wkh 8 0vwdwlvwlf xvhg wr whvw wkh qxoo k|srwkhvlv Kf G � ' �

f
1 Dv wkh

iroorzlqj ohppd vkrzv/ +xvxdo, vsxulrxv uhjuhvvlrq dv|pswrwlfv suhglfw wkdw 8
�
	�
�

glyhujhv dw udwh A zkhqhyhu 4 	 �1

Ohppd 51 Vxssrvh
�
E+|c 

�

|�
�
�
lv jhqhudwhg e| E�� dqg vxssrvh D40D6 krog1 Li 4 	 �

dqg �{hg/ wkhq dv A $ 4c

A3�
�
R� 8

�
	�
��

,
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zkhuh `>
f
dqg `

>
�
duh ghphdqhg Zlhqhu surfhvvhv gh�qhg lq wkh Dsshqgl{1

Txlwh uhpdundeo|/ wkh olplwlqj glvwulexwlrq ri A3� � 8
�
	�
�
grhv qrw ghshqg rq

dq| xqnqrzq sdudphwhuv1 Lq sduwlfxodu/ lw grhv qrw ghshqg rq 41 Krzhyhu/ dv
ghprqvwudwhg e| Skloolsv dqg Gxuodxi +4<;9/ Wkhruhp 814,/ wkh frqfoxvlrq ri wkh

ohppd ghshqgv fuxfldoo| rq wkh dvvxpswlrq wkdw 4 	 �/ vlqfh 8
�
	�
�
' �R E�� zlwk

d frpsolfdwhg olplwlqj glvwulexwlrq ghshqglqj rq qxlvdqfh sdudphwhuv zkhq 4 ' �1
Wkh iroorzlqj sursrvlwlrq jhqhudol}hv wkdw uhvxow wr wkh fdvh ri qhdu frlqwhjudwlrq1

Sursrvlwlrq 61 Li
�
E+|c 

�

|�
�
�
lv jhqhudwhg e| E�� dqg D40D7 krog/ wkhq dv A $ 4c
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zkhuh EZfc�
�

�
�� dqg � duh gh�qhg lq ES� dqg E.�/ dqg `f/ `

>
f
/ `�/ dqg `

>
�
duh

gh�qhg lq wkh Dsshqgl{1

Wklv sursrvlwlrq surylghv dqdo|wlfdo fruurerudwlrq ri wkh frqmhfwxuh wkdw wkh vsx0
ulrxv uhjuhvvlrq glvwulexwlrq uhsruwhg lq Ohppd 5 surylghv d srru dssur{lpdwlrq wr

wkh �qlwh vdpsoh glvwulexwlrq ri 8
�
	�
�
zkhq

�
E+|c 

�

|�
�
�
lv qhduo| frlqwhjudwhg lq wkh

vhqvh wkdw 42 � �1 Lq idfw/ lq dffrugdqfh zlwk frpprq vhqvh/ Sursrvlwlrq 6 vxjjhvwv

wkdw lq �qlwh vdpsohv wkh ehkdylru ri 8
�
	�
�
ghshqgv frqwlqxrxvo| rq 4 hyhq zkhq

42 dssurdfkhv xqlw|1 Qhdu frlqwhjudwlrq wkhuhiruh vhhpv wr vxjjhvw d xvhixo zd| ri
eulgjlqj wkh dssduhqw jds ehwzhhq vsxulrxv uhjuhvvlrq dqg +h{dfw, frlqwhjudwlrq1

Dowkrxjk wkh prwlydwlrq xqghuo|lqj wkh qrwlrq ri qhdu frlqwhjudwlrq lv yhu| vlp0
lodu lq vslulw wr wkh prwlydwlrq xqghuo|lqj wkh qrwlrq ri qhdu lqwhjudwlrq/ wkh dvvrfl0
dwhg dv|pswrwlf wkhru| lv gl�huhqw lq d frxsoh ri uhvshfwv1 Wkh dv|pswrwlf wkhru|
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xqghu qhdu frlqwhjudwlrq fdq eh h{suhvvhg lq whupv ri vlpsoh ixqfwlrqdov ri Zlhqhu
surfhvvhv1 Lq frqwudvw/ wkh uhohydqw olplwlqj glvwulexwlrqv xqghu qhdu lqwhjudwlrq lv
w|slfdoo| h{suhvvhg lq whupv ri ixqfwlrqdov ri gl�xvlrq surfhvvhv19 Pruhryhu/ wkh olp0
lwlqj ehkdylru dv wkh qrqfhqwudolw| sdudphwhu lqfuhdvhv zlwkrxw erxqg lv txdolwdwlyho|
gl�huhqw/ dv zh qrz glvfxvv1 Xqghu qhdu lqwhjudwlrq/ wkh dv|pswrwlf ehkdylru dv wkh
qrqfhqwudolw| sdudphwhu dssurdfkhv lw*v erxqgdu| ri gh�qlwlrq frlqflghv zlwk wkh uh0
vxowv iru wkh vwdwlrqdu| dqg h{sorvlyh DU+4,*v +Fkdq dqg Zhl +4<;:/ Wkhruhp 5,/
Skloolsv +4<;:/ Wkhruhp 5,,1 Dv hpskdvl}hg e| Skloolsv +4<;:/ ss1 8750876,/ wkhvh
�qglqjv gr qrw frqvwlwxwh d uljrurxv surri ri wkh uhvxowv iru vwdeoh dqg h{sorvlyh
DU+4,*v1 Qrqh wkh ohvv/ zh pljkw h{shfw wr glvfryhu d forvh frqqhfwlrq ehwzhhq wkh
glvwulexwlrqv ghvfulehg lq Ohppd 5 dqg Sursrvlwlrq 61: Lq vrph vhqvh/ wkh uhvxowv
lq Ohppd 5 dqg Sursrvlwlrq 6 duh vlplodu/ vlqfh erwk uhvxowv fdq eh lqwhusuhwhg dv

vxjjhvwlqj wkdw 8
�
	�
�
glyhujhv xqghu vsxulrxv uhjuhvvlrq +ohwwlqj A $ 4 lq Ohppd

5 dqg V $ 4 lq wkh glvwulexwlrq uhsruwhg lq Sursrvlwlrq 6,1 Krzhyhu/ zh qrwlfh wkdw
�*V2 wlphv wkh olplwlqj glvwulexwlrq lq Sursrvlwlrq 6 frqyhujhv wr
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f
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dv V $ 41 Wkhuhiruh/ Ohppd 5 fdqqrw eh ghgxfhg iurp Sursrvlwlrq 61 Dv vxfk/ rxu
uhvxowv surylgh dq looxvwudwlrq ri wkh srlqw wkdw rqh fdqqrw ghgxfh uljrurxv dv|pswrwlf
uhvxowv wkdw dsso| iru A $ 4 zlwk 42 �{hg e| whohvfrslqj wkh olplwv dv A $ 4 dqg
V $ 4 +Skloolsv +4<;:/ s1 876,,1

Hyhq xqghu h{dfw frlqwhjudwlrq/ zkhq V ' f/ wkh glvwulexwlrq uhsruwhg lq sursr0
vlwlrq 6 lv qrw xvhixo lq lwvhoi/ vlqfh lw ghshqgv rq xqnqrzq qxlvdqfh sdudphwhuv/
qrwdeo| �� dqg �1 Lq wkh vxevhtxhqw vhfwlrqv/ zh zloo uhshdwhgo| pdnh wkh vlpsol0
i|lqj dvvxpswlrq wkdw �� ' � ' f1 Wklv lv qrw ehfdxvh zh eholhyh lw lv d uhdolvwlf
dvvxpswlrq lq sudfwlfh;/ exw udwkhu ehfdxvh lw lv nqrzq wkdw e| xvlqj pruh vrsklvwl0
fdwhg hvwlpdwlrq phwkrgv wkdq ROV lw lv srvvleoh wr rewdlq sdudphwhu hvwlpdwhv wkdw
ehkdyh �dv li� �� ' � ' f1 Wkh txhvwlrq ri krz wr gr wklv lv reylrxvo| ri lpphqvh
lqwhuhvw dqg kdv dwwudfwhg frqvlghudeoh dwwhqwlrq lq wkh olwhudwxuh1< Krzhyhu/ vlqfh
wkh sulpdu| sxusrvh ri wklv sdshu lv wr lqyhvwljdwh wkh surshuwlhv ri ydulrxv nqrzq

9Vlqfh wkhvh gl�xvlrq surfhvvhv fdq eh uhsuhvhqwhg dv ixqfwlrqdov ri Zlhqhu surfhvvhv/ lw lv ri

frxuvh srvvleoh wr h{suhvv wkh dv|pswrwlf wkhru| lq whupv ri ixqfwlrqdov ri Zlhqhu surfhvvhv1 Grlqj

vr frpsolfdwhv wkh qrwdwlrq frqvlghudeo|/ krzhyhu1
:Khxulvwlfdoo|/ vsxulrxv uhjuhvvlrq fruuhvsrqgv wr qhdu frlqwhjudwlrq zlwk d �odujh� �=
;Vlqfh 4 lv qrqvlqjxodu/ lw iroorzv iurp htxdwlrqv +;, dqg +<, wkdw �4 @ � @ 3 li dqg rqo|

li olpW$4 W�4H
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{W

�SW

w@4
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|w � �3

3
{w

���
@ olpW$4 W�4H

�
{W
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|w � �3

3
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@ 31 Wkhuhiruh/ d

vx!flhqw frqglwlrq lv wkdw i{wj lv vwulfwo| h{rjhqrxv lq wkh vhqvh wkdw lw lv gulyhq e| d surfhvv zklfk
lv lqghshqghqw ri wkh huuru surfhvv
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<Dprqj wkh dydlodeoh hvwlpdwruv duh wkrvh sursrvhg e| Mrkdqvhq +4<;;/ 4<<4,/ Mrkdqvhq dqg
Mxvholxv +4<<3,/ Skloolsv dqg Kdqvhq +4<<3,/ Sdun +4<<5,/ Vdlnnrqhq +4<<4/ 4<<5,/ dqg Vwrfn dqg
Zdwvrq +4<<6,1
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lqihuhqfh surfhgxuhv xqghu qhdu frlqwhjudwlrq udwkhu wkdq wr sursrvh qhz phwkrgv/
zh zloo irfxv rq wkh vlpsohvw fdvh lq wkh krsh wkdw wkh ixqgdphqwdo phvvdjhv zloo
eh pruh wudqvsduhqw1 Wkhuhiruh/ zkhqhyhu zh lpsrvh �� ' � ' f +Dvvxpswlrq D8
ehorz, lq wkh vhtxho/ zh duh lpsolfwo| frqvlghulqj hvwlpdwruv dqg whvw vwdwlvwlfv edvhg
rq pruh vrsklvwlfdwhg surfhgxuhv wkdq ROV1

Iurp E�� zh qrwlfh wkdw xqghu h{dfw frlqwhjudwlrq/ zkhq 4 ' �/ zh kdyh
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�A n�R E�� c +44,

zkhuh Zf dqg �� duh wkh sdudphwhuv gh�qhg lq ES� � Zkhq �� ' f/ dv zloo eh dvvxphg
wkurxjkrxw Vhfwlrqv 8 dqg 9/
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lv lqwhjudwhg li dqg rqo| li Zf 9' f1
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r
lv qrq0frlqwhjudwhg li dqg rqo| li Zf 9' f1

Wkhuhiruh/ wkh vwdwlvwlfdo surshuwlhv ri
q�S|
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r
ghshqg fuxfldoo| rq

wkh ydoxh ri Zf�
43 Wkhvh frqvlghudwlrqv/ dorqj zlwk wkh dujxphqwv suhvhqwhg lq wkh

suhylrxv sdudjudsk/ ohdg xv wr uhtxluh wkh iroorzlqj wkurxjkrxw vhfwlrqv 8 dqg 9=

D81 Zf 9' f dqg �� ' � ' f1

81 Ehkdylru ri Frlqwhjudwlrq Phwkrgv Xqghu Qhdu Frlqwhjudwlrq

D txlwh uhpdundeoh uhvxow iurp wkh olwhudwxuh rq frlqwhjudwlrq lv wkh idfw wkdw iru
wkh sxusrvh ri grlqj lqihuhqfh rq frlqwhjudwlrq frh!flhqwv/ whvw vwdwlvwlfv kdyh ehhq
ghyhorshg zkrvh olplwlqj glvwulexwlrqv duh �2�44 Uhfhqwo|/ Hoolrww +4<<;, kdv lqyhvwl0
jdwhg wkh urexvwqhvv ri wklv uhvxow e| frqvlghulqj d prgho lq zklfk wkh uhjuhvvruv duh
qhduo| lqwhjudwhg zkloh vrph olqhdu frpelqdwlrq ri wkh uhjuhvvdqg dqg wkh uhjuhvvruv
lv h{dfwo| vwdwlrqdu|1 Lw wxuqv rxw wkdw wkh �2 uhvxow fdq euhdn grzq zkhq wkh uhjuhv0
vruv duh qrw h{dfwo| lqwhjudwhg1 Wkh prgho ri qhdu frlqwhjudwlrq doorzv xv wr frqgxfw
d frpsohphqwdu| h{shulphqw= zh fdq lqyhvwljdwh wkh ehkdylru ri whvw vwdwlvwlfv lq d
prgho zkhuh wkh uhjuhvvruv duh h{dfwo| lqwhjudwhg zkloh vrph olqhdu frpelqdwlrq ri
wkh uhjuhvvdqg dqg wkh uhjuhvvruv lv qhduo| vwdwlrqdu|1 Wr wkdw hqg/ zh gh�qh wkh
iroorzlqj Zdog vwdwlvwlf=
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zkhuh 	Z2
f
lv dq hvwlpdwru ri Z2

f
edvhg rq i	�|j1 Zh vkdoo uhtxluh wkdw 	Z2

f
lv d frqvlvwhqw

hvwlpdwru ri Z2
f
xqghu qhdu frlqwhjudwlrq1 Vlqfh qrqh ri rxu uhvxowv ghshqg rq wkh
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��S
w

v@4

�
|v � �

3

3
{v

�
>{

3

w

�
3

�
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lv pxowlfrlqwh0

judwhg lq wkh vhqvh ri Judqjhu dqg Ohh +4<<3, dqg frqyhqwlrqdo frlqwhjudwlrq uhvxowv qr orqjhu krog1
Sdun +4<<5, uhihuv wr wklv fdvh dv vlqjxodu frlqwhjudwlrq1

44Vhh h1j1 Skloolsv +4<<4/ Uhpdun +l,, dqg wkh uhihuhqfhv olvwhg lq irrwqrwh <1
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sduwlfxodu fkrlfh ri hvwlpdwru/ lw vx!fhv wr qrwlfh wkdw vxfk frqvlvwhqw hvwlpdwruv
h{lvw145

Hylghqwo|/ wkh whvw vwdwlvwlfv 8
�
	�
�
dqg C
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�
duh yhu| vlplodu1 Lq idfw/ dsduw

iurp wkh frqvwdqw R wkh rqo| gl�huhqfh ehwzhhq wkhp lv wkdw wkh ghqrplqdwru ri

8
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frqwdlqv d frqvlvwhqw hvwlpdwh ri j2/ wkh +dv|pswrwlf, yduldqfh ri E+| � ��

f
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zkhuhdv C
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frqwdlqv d frqvlvwhqw hvwlpdwh ri Z2

f
/ wkh frqglwlrqdo orqj0uxq yduldqfh
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f
 |�1

Dv wkh iroorzlqj fruroodu| wr Sursrvlwlrq 6 ghprqvwudwhv/ wkh �2 uhvxow grhv qrw
krog xqghu qhdu frlqwhjudwlrq146
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lv �2

R li dqg rqo| li V ' f1 Vr/ xqghu qhdu

frlqwhjudwlrq +zlwk V 9' f, wkh olplwlqj glvwulexwlrq lv qrw �2

R1
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xvxdo yduldqfh hvwlpdwruv wkdw duh frqvlvwhqw xqghu +h{dfw, frlqwhjudwlrq duh dovr frqvlvwhqw xqghu
qhdu frlqwhjudwlrq1

46Wkh olplwlqj glvwulexwlrq uhsruwhg lq Fruurodu| 7 frxog htxlydohqwo| eh zulwwhq lq wkh iroorzlqj
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Iru vlpsolflw|/ zh kdyh rqo| frqvlghuhg wkh qxoo k|srwkhvlv Kf G � ' �f1 H{0
whqglqj wkh uhvxow wr fryhu pruh jhqhudo +srvvleo| qrqolqhdu, uhvwulfwlrqv rq � lv d
vwudljkwiruzdug h{huflvh/ exw zh vkdoo qrw gr vr khuh1

Lw lv zruwk qrwlqj wkdw wkh frqfoxvlrq krogv hyhq wkrxjk �� ' � ' f1 Lq Hoolrww
+4<<;,/ wkh ghyldwlrq iurp wkh �2 glvwulexwlrq dulvhv ehfdxvh wkh fruuhfwlrqv pdgh
lq rughu wr dffrprgdwh hqgrjhqrxv uhjuhvvruv idlo wr zrun iru wkrvh uhjuhvvruv wkdw
duh qhduo| +exw qrw h{dfwo|, lqwhjudwhg1 Wkhuhiruh/ zkhq �� ' � ' f/ l1h1 zkhq
qr fruuhfwlrq lv qhhghg/ wkh �2 uhvxow frqwlqxhv wr krog hyhq zlwk qhduo| lqwhjudwhg
uhjuhvvruv1 Khuh/ wkh �2 uhvxow euhdnv grzq ehfdxvh ri wkh ghyldwlrq iurp h{dfw
frlqwhjudwlrq dqg wkhuhiruh dovr euhdnv grzq zkhq �� ' � ' f1 Vlploduo|/ lw dozd|v
euhdnv grzq iru doo vxevhwv ri �/ lq frqwudvw zlwk wkh uhvxow lq Hoolrww +4<<;,1 Wklv
lv lpsruwdqw/ vlqfh hvvhqwldoo| lw lv wklv uhvxow wkdw mxvwl�hv wkh yduldeoh dgglwlrq whvw
iru frlqwhjudwlrq gxh wr Sdun +4<<3,/ zklfk zloo e| vwxglhg lq wkh qh{w vhfwlrq1

Dv douhdg| dujxhg/ wkh olplwlqj glvwulexwlrq ri C
�
	�
�
ghyldwhv iurp wkh �2R glv0

wulexwlrq zkhqhyhu V 9' f1 Wkh vhyhulw| ri wkh ghyldwlrq lv vhhq wr ghshqg rq
b ' /fV*Zf1 Wklv vfdodu sdudphwhu uh hfwv wkh uhodwlyh vl}h ri wzr frqglwlrqdo ydul0
dqfhv/ dv zh qrz h{sodlq1 Lw iroorzv iurp E��� wkdw xqghu h{dfw frlqwhjudwlrq/ Z2f
fdq eh lqwhusuhwhg dv wkh orqj0uxq yduldqfh ri E+| � ��

f |� frqglwlrqdo rq { |1 Pruh
jhqhudoo|/ xqghu qhdu frlqwhjudwlrq/ Z2f fdq eh lqwhusuhwhg dv wkh orqj0uxq yduldqfh ri�
� ���

f

�
� Eu� i|/ wkh vwdwlrqdu| frpsrqhqw ri wkh huuru +| ���

f |/ frqglwlrqdo rq
{ |1 Dv iru /fV/ qrwlfh wkdw xqghu vsxulrxv uhjuhvvlrq wkh orqj0uxq yduldqfh ri {+|
frqglwlrqdo rq { | lv jlyhq e| /2f E�� 42�1 Xqghu qhdu frlqwhjudwlrq/ /2f E�� 42� '
EA � /fV�2 dqg wkh qxphudwru ri b/ /fV/ uhsuhvhqwv +wkh vtxduh urrw ri, wklv frqglwlrqdo
yduldqfh1 Vr/ wkh frh!flhqw b rq wkh �vsxulrxv uhjuhvvlrq whup�
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glwlrqdo yduldqfhv fruuhvsrqglqj wr wkh udqgrp zdon sduw dqg wkh vwdwlrqdu| sduw
ri wkh huuru +| � ��

f |/ uhvshfwlyho|1 Xqolnh /f dqg V/ zklfk duh srvlwlyh vfdoduv e|
dvvxpswlrq/ Zf fdq eh erwk srvlwlyh dqg qhjdwlyh1 Wkhuhiruh/ vr fdq b1

Wr looxvwudwh wkh pdjqlwxgh ri wkh vl}h glvwruwlrqv hqfrxqwhuhg xqghu orfdo do0
whuqdwlyhv/ zh kdyh vlpxodwhg +wkh glvfuhwh wlph frxqwhusduw ri, wkh olplwlqj glv0

wulexwlrq ri C
�
	�
�
1 Vshfl�fdoo|/ zh kdyh jhqhudwhg �| ' E1f|c �
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dssur{lpdwhg e| glvfuhwh vxpv147 Wklv surfhgxuh zdv uhshdwhg 531333 wlphv1 Lq Ilj0
xuh 4/ zh kdyh sorwwhg wkh uhmhfwlrq iuhtxhqflhv iru ydulrxv ydoxhv ri R dqg b1 Wkh
qrplqdo vl}h ri wkh whvwv lv 8(1

ILJXUH 4 DERXW KHUH

Wkh hylghqfh suhvhqwhg lq Iljxuh 4 vxjjhvwv wkdw vhyhuh vl}h glvwruwlrqv fdq rf0
fxu li frqyhqwlrqdo frlqwhjudwlrq phwkrgv duh ehlqj xvhg zkhq wkh vhulhv duh qhduo|
frlqwhjudwhg udwkhu wkdq h{dfwo| frlqwhjudwhg1 Lq idfw/ wkh vl}h lqfuhdvhv gudpdwlfdoo|
dv +wkh devroxwh ydoxh ri, b lqfuhdvhv iurp 3 dqg vxevwdqwldo vl}h glvwruwlrqv duh hq0
frxqwhuhg hyhq iru ydoxhv ri b lq wkh udqjh 8 wr 431 Zkhwkhu ru qrw wklv lv d sureohp
reylrxvo| ghshqgv rq zkhwkhu ru qrw uhvhdufkhuv fdq eh h{shfwhg wr eh deoh wr ghwhfw
vxfk ghsduwxuhv iurp h{dfw frlqwhjudwlrq1 Wkhuhiruh/ lw lv ri lqwhuhvw wr nqrz zkhwkhu
ru qrw whvwv iru frlqwhjudwlrq fdq eh h{shfwhg wr uhmhfw wkh qxoo k|srwkhvlv ri frlq0
whjudwlrq zkhq b lv htxdo wr 43/ vd|1 D sduwldo dqvzhu wr wklv txhvwlrq lv surylghg
lq wkh qh{w vhfwlrq/ zkhuh zh looxvwudwh krz wr rewdlq wkh orfdo srzhu ixqfwlrqv ri
vhyhudo dydlodeoh whvwv iru frlqwhjudwlrq1

91 Ehkdylru ri Whvwv iru Frlqwhjudwlrq Xqghu Qhdu Frlqwhjudwlrq

Gxulqj wkh odvw ghfdgh/ qxphurxv frlqwhjudwlrq whvwv wdnlqj frlqwhjudwlrq dv wkh qxoo
k|srwkhvlv kdyh ehhq sursrvhg1 Vlqfh wkhvh whvw surfhgxuhv xwlol}h gl�huhqw surshuwlhv
ri frlqwhjudwhg v|vwhpv lw vhhpv ghvludeoh wr nqrz zkdw/ li dq|wklqj/ fdq eh vdlg derxw
wkh uhodwlyh srzhu surshuwlhv ri wkh gl�huhqw whvwv1 Dovr/ wkh hylghqfh suhvhqwhg lq wkh
suhylrxv vhfwlrq vxjjhvwv wkdw wkh devroxwh srzhu surshuwlhv ri whvwv iru frlqwhjudwlrq
duh zruwk lqyhvwljdwlqj1 Lq wklv vhfwlrq zh wdnh d �uvw vwhs lq wkdw gluhfwlrq e|
fkdudfwhul}lqj wkh ehkdylru ri vhyhudo uhjuhvvlrq edvhg frlqwhjudwlrq whvwv48 xqghu
orfdo dowhuqdwlyhv dqg rewdlqlqj wkh fruuhvsrqglqj orfdo srzhu ixqfwlrqv1 Lq wkhlu
ruljlqdo irupxodwlrqv/ doo ri wkh whvw surfhgxuhv xqghu vwxg| khuh lqyroyh +w|slfdoo|
qrq0sdudphwulf, fruuhfwlrqv lq rughu wr dffrprgdwh wkh fdvh zkhuh wkh frqglwlrq
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48Kduulv +4<<:, dqg Vqhoo +4<<;, kdyh sursrvhg whvwv iru frlqwhjudwlrq wkdw xwlol}h sulqflsdo frp0
srqhqw phwkrgv/ zkloh Euhlwxqj +4<<;, kdv ghyhorshg d whvw edvhg rq fdqrqlfdo fruuhodwlrq dqdo|vlv1
Wkhvh whvwv duh qrw frqvlghuhg khuh1 Zh qrwh/ krzhyhu/ wkdw xqghu frlqwhjudwlrq wkh olplwlqj glv0
wulexwlrq ri wkh whvw sursrvhg e| Kduulv +4<<:, lv wkh vdph dv wkdw ri wkh FL whvw sursrvhg e| Vklq
+4<<7, + Kduulv +4<<:/ Wkhruhp :,,1 Zh wkhuhiruh frqmhfwxuh wkdw wkh orfdo srzhu surshuwlhv ri
Kduulv* whvw duh vlplodu wr wkrvh ri wkh FL whvw1
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�� ' � ' f lv ylrodwhg1 Vlqfh doo whvwv fdq eh edvhg rq vlpsoh ROV phwkrgv zkhq
�� ' � ' f krogv/ zh rqfh pruh vlpsoli| wkh suhvhqwdwlrq e| dvvxplqj �� ' � ' f

wkurxjkrxw1 Wklv doorzv xv wr irfxv rq wkh txhvwlrq ri lqwhuhvw zlwkrxw frpsolfdwlqj
wkh glvfxvvlrq xqqhfhvvdulo|1 Zh hpskdvl}h/ wkrxjk/ wkdw doo ri wkh whvw vwdwlvwlfv
vwxglhg khuh duh vlpsol�hg yhuvlrqv ri wkh ruljlqdo whvwv1

Zh kdyh glylghg wklv vhfwlrq lqwr irxu sduwv1 Vhfwlrq 914 ghdov zlwk whvwv edvhg
rq wkh yduldeoh dgglwlrq surfhgxuh/ zkloh Vhfwlrqv 915 dqg 916 vwxg| whvwv edvhg rq
uhvlgxdov iurp LE�� dqg LE2� uhjuhvvlrqv/ uhvshfwlyho|1 Ilqdoo|/ Vhfwlrq 917 frpsduhv
wkh orfdo srzhu surshuwlhv ri wkh gl�huhqw whvwv1

9141 Yduldeoh Dgglwlrq Whvwv1
Wkh yduldeoh dgglwlrq whvw surfhgxuh sursrvhg e| Sdun +4<<3, lv h{wuhpho| vlpsoh
wr lpsohphqw dqg fdq eh prwlydwhg dv iroorzv1 Xqghu frlqwhjudwlrq/ dssursuldwho|

frqvwuxfwhg Zdog whvwv +vxfk dv C
�
	�
�
gh�qhg lq E�2�, rq +vxevhwv ri, uhjuhvvlrq

frh!flhqwv kdyh olplwlqj �2 glvwulexwlrqv/ zkloh wkh| glyhujh xqghu vsxulrxv uhjuhv0
vlrq1 Dv d frqvhtxhqfh/ wkh qxoo ri frlqwhjudwlrq fdq eh whvwhg e| phdqv ri d yduldeoh
dgglwlrq whvw zkhuh vxshu xrxv uhjuhvvruv duh dgghg wr uhjuhvvlrq ED�1

Wkhuhiruh/ ohw &� dqg &2 eh duelwudu| qrq0qhjdwlyh lqwhjhuv vxfk wkdw &� n &2 � �
dqg iru | ' �c � � � c A / ohw _| =@
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+li &� � �, dqg ohw i3|j eh d &20glphqvlrqdo
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f

j2�� Eo�j2�� Eo�
� _o

�3��] �

f

j2�� Eo� _Vb Eo�

�
c

zkhuh b G' /fV*Zf/ dqg j2�� dqg Vb duh gh�qhg lq wkh Dsshqgl{1

49Wklv sduwlfxodu fkrlfh ri vxshu xrxv uhjuhvvruv lv dgyrfdwhg e| Sdun +4<<3/ Uhpdun e,1 Krzhyhu/
olwwoh jxlgdqfh rq wkh rswlpdo fkrlfh ri n4 dqg n5 lv surylghg dowkrxjk Uhpdun f ri wkh sdshu vxjjhvwv
wkdw n4 . n5 � 5 lv suhihudeoh1

4:Lq +46,/ gw + }w, lv rplwwhg li n4 @ 3 +n5 @ 3,1
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Wkh olplwlqj glvwulexwlrq ri a� lv �
2
&�n&2

li dqg rqo| li V ' f1 Xqghu �{hg dowhu0
qdwlyhv/ l1h1 xqghu vsxulrxv uhjuhvvlrq/ a� glyhujhv dw d udwh ghshqglqj rq wkh nhuqho
dqg edqgzlgwk xvhg lq frqvwuxfwlqj 	Z2f +Sdun +4<<3/ Wkhruhp 714 +e,,,1 Lq frqwudvw/
wkh orfdo srzhu rqo| ghshqgv rq b1

9151 Whvwv Edvhg rq Uhvlgxdov iurp dq L+4, Uhjuhvvlrq1
Vhyhudo frlqwhjudwlrq whvwv edvhg rq wkh uhvlgxdov i	�|j iurp ED� kdyh ehhq sursrvhg
lq wkh olwhudwxuh1 Zh vkdoo frqvlghu wkh whvwv gxh wr Vklq +4<<7, dqg Kdqvhq +4<<5e,1
Forvho| uhodwhg whvwv kdyh ehhq sursrvhg e| Kduulv dqg Lqghu +4<<7,/ Nxr +4<<;,/
PfFdeh/ Oh|erxuqh/ dqg Vklq +4<<:,/ Txlqwrv dqg Skloolsv +4<<6,/ dqg Wdqdnd +4<<9/
Vhfwlrq 441915,1

Wkh whvw sursrvhg e| Vklq +4<<7, lv edvhg rq
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zkhuh 	7| =@
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r'�
	�r iru | ' �c � � � c A / dqg 	Z2f lv d frqvlvwhqw hvwlpdwru ri Z

2
f1 Hvvhq0

wldoo|/ wklv lv wkh vwdwlrqdulw| whvw sursrvhg e| Nzldwnrzvnl/ Skloolsv/ Vfkplgw/ dqg
Vklq +4<<5, dssolhg wr wkh uhvlgxdov i	�|j14;

Kdqvhq +4<<5e, qrwhv wkdw d whvw ri frlqwhjudwlrq fdq eh edvhg rq
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dqg 	Z2
f
lv d frqvlvwhqw hvwlpdwru ri Z2

f
1

4;Wkh vlpsoh yhuvlrq ri wkh FL vwdwlvwlf frqvlghuhg khuh kdv dsshduhg +dw ohdvw, wzlfh lq wkh
olwhudwxuh1 Lw zdv sursrvhg e| Wdqdnd +4<<6,/ zkr hpskdvl}hv wkdw lw lv rqo| dssolfdeoh zkhq
wkh uhjuhvvruv duh vwulfwo| h{rjhqrxv1 Dovr/ lw kdv ehhq ghulyhg e| Oh|erxuqh dqg PfFdeh +4<<6,
+hvvhqwldoo|, xqghu wkh dvvxpswlrq ri vwulfwo| h{rjhqhrxv uhjuhvvruv1



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 4:

Sursrvlwlrq 91 Li
�
E+|c 

�
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�
lv jhqhudwhg e| E�� dqg D40D8 krog/ wkhq dv A $ 4c
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zkhuh b G' /fV*Zf/ dqg 	Vb/ j�/ dqg V
W

b duh gh�qhg lq wkh Dsshqgl{1

Wdqdnd +4<<9/ Wkhruhp 44144, uhsruwv d uhvxow yhu| vlplodu wr wkh uhvxow iru �U1
Krzhyhu/ wkh olplwlqj glvwulexwlrq uhsruwhg wkhuh ghshqgv rq d ERn ��0glphqvlrqdo
sdudphwhu1 Lq frqwudvw/ erwk olplwlqj glvwulexwlrqv uhsruwhg khuh rqo| ghshqg rq d
vfdodu sdudphwhu/ b1 Xqghu vsxulrxv uhjuhvvlrq/ wkh udwh ri glyhujhqfh ri �U dqg uS

ghshqgv rq wkh jurzwk udwh ri wkh odj wuxqfdwlrq qxpehu +Vklq +4<<7/ Wkhruhp 6,/
Nxr +4<<;/ Wkhruhp 6,,1 Wkh orfdo srzhu/ rq wkh rwkhu kdqg/ rqo| ghshqgv rq b1

9161 Whvwv Edvhg rq Uhvlgxdov iurp dq L+5, Uhjuhvvlrq1
Wkh frlqwhjudwlrq whvwv sursrvhg e| Fkrl dqg Dkq +4<<8, duh edvhg rq wkh uhvlgxdov
iurp wkh pxowlsoh uhjuhvvlrq
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zkhuh �Z2
f
dqg �j2 duh frqvlvwhqw hvwlpdwruv ri Z2

f
dqg j2 edvhg rq

�
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�
1 Wkhvh whvwv

duh lqwlpdwho| uhodwhg wr wkh vwdwlrqdulw| whvwv sursrvhg e| Fkrl dqg Dkq +4<<;,1
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Sursrvlwlrq :1 Li
�
E+|c 

�

|�
�
�
lv jhqhudwhg e| E�� dqg D40D8 krog/ wkhq dv A $ 4c
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f
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c
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c

7�(MU ,
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f

�Vb Eo�
2 _oc

zkhuh b G' /fV*Zf dqg �Vb lv gh�qhg lq wkh Dsshqgl{1

Rqfh pruh/ wkh ehkdylru xqghu orfdo dowhuqdwlyhv ghshqgv vroho| rq b/ zkhuhdv
wkh ehkdylru xqghu vsxulrxv uhjuhvvlrq ghshqgv rq wkh h{sdqvlrq udwh ri wkh odj
wuxqfdwlrq qxpehu +Fkrl dqg Dkq +4<<8/ Wkhruhp 5,,1

9171 Orfdo Srzhu ri Whvwv iru Frlqwhjudwlrq1
Lq rughu wr rewdlq orfdo srzhu ixqfwlrqv/ zh kdyh vlpxodwhg4< +wkh glvfuhwh wlph
frxqwhusduwv ri, wkh olplwlqj glvwulexwlrqv ri wkh a� E2c 2�

53/ �U/ uS/ u�U/ u�UU dqg
7�(MU whvw vwdwlvwlfv1 Iljxuhv 508 vkrz wkh orfdo srzhu ixqfwlrqv iru R ' �c � � � c e1
Wkh vl}h ri wkh whvwv lv 8(1

ILJXUH 5 DERXW KHUH

ILJXUH 6 DERXW KHUH

ILJXUH 7 DERXW KHUH

ILJXUH 8 DERXW KHUH

Wkh �jxuhv vxjjhvw wkdw wkh orfdo srzhu surshuwlhv ri a� E2c 2�/ �U/ uS dqg 7�(MU

duh yhu| vlplodu1 Rq wkh rwkhu kdqg/ u�U dqg +lq sduwlfxodu, u�UU duh uhpdundeo|
lqihulru lq whupv ri orfdo srzhu1 Lq wkh fdvh ri u�UU wklv lv qrw vxusulvlqj1 Lq idfw/ lw
iroorzv iurp wkh surri ri Sursrvlwlrq : wkdw

u�UU '
u�U

7�(MU

n JR E�� �

4<Dv lq Vhfwlrq 8/ zh vhw W @ 5=333 dqg uhshdw wkh surfhgxuh 531333 wlphv1
53Wkdw lv/ gw @

�
w> w5

�
3

dqg }w lv d wzr0glphqvlrqdo udqgrp zdon lq uhjuhvvlrq +46,1 Fkdqjlqj wkh

ydoxhv ri n4 dqg n5 grhv qrw vhhp wr d�hfw wkh orfdo srzhu ri wkh M4 whvw pxfk1
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Xqghu �{hg dowhuqdwlyhv +l1h1 xqghu vsxulrxv uhjuhvvlrq,/ u�U glyhujhv dw d idvwhu
udwh wkdq 7�(MU dqg d whvw edvhg rq u�UU lv wkhuhiruh frqvlvwhqw +Fkrl dqg Dkq
+4<<8/ Wkhruhp 5,,1 Lq frqwudvw/ vlqfh erwk u�U dqg 7�(MU duh erxqghg xqghu
qhdu frlqwhjudwlrq/ wkhuh vhhp wr eh qr uhdvrqv zkdwvrhyhu wr h{shfw wkdw u�UU

vkrxog eh ehwwhu wkdq u�U lq whupv ri orfdo srzhu1 Lq idfw/ li wkh orfdo srzhu ri
7�(MU lv kljkhu wkdq wkh orfdo srzhu ri u�U / u�UU pljkw eh h{shfwhg wr kdyh
udwkhu glvdvwurxv orfdo srzhu surshuwlhv dqg wklv lv lqghhg zkdw wkh �jxuhv vxjjhvw1

Wklv uhvxow looxvwudwhv dq lpsruwdqw srlqw1 Dv phqwlrqhg e| Fkrl dqg Dkq +4<<;/
s1 79,/ wkh gl�huhqfh ehwzhhq u�U dqg u�UU olhv lq krz wkh hvwlpdwh ri wkh lq0
irupdwlrq pdwul{ lv fkrvhq1 Vshfl�fdoo|/ u�U lv vlpso| wkh vtxduh ri wkh +vfdohg,
�uvw ghulydwlyh ri wkh orj0olnholkrrg ixqfwlrq/ zkhuhdv u�UU lqyroyhv wkh +vfdohg, vhf0
rqg ghulydwlyh ri wkh orj0olnholkrrg ixqfwlrq1 Zlwk lqwhjudwhg surfhvvhv/ wkh +vfdohg,
vhfrqg0ghulydwlyh ri wkh orj0olnholkrrg ixqfwlrq zloo w|slfdoo| frqyhujh zhdno| wr d
udqgrp yduldeoh udwkhu wkdq d qrq0vwrfkdvwlf olplw154 Wkhuhiruh/ wkh dv|pswrwlf
surshuwlhv ri rwkhuzlvh lghqwlfdo +Odjudqjh Pxowlsolhu, whvw vwdwlvwlfv zloo riwhq gh0
shqg rq zkhwkhu ru qrw wkh| lqyroyh wkh vhfrqg ghulydwh ri wkh orj0olnholkrrg ixqfwlrq
dqg vrph fdxwlrq vkrxog eh h{huflvhg zkhqhyhu d whvw vwdwlvwlf lqyroyhv wkh vhfrqg
ghulydwh ri wkh orj0olnholkrrg ixqfwlrq1

Dqrwkhu ohvvrq wr eh ohduqhg iurp rxu �qglqjv lv wkdw wkh udwh ri glyhujhqfh
xqghu �{hg dowhuqdwlyhv pljkw eh d srru phdvxuh ri wkh +orfdo, srzhu surshuwlhv
ri d whvw1 Lq wkh suhvhqw h{dpsoh/ iru lqvwdqfh/ u�UU dqg 7�(MU glyhujh dw wkh
vdph udwh xqghu �{hg dowhuqdwlyhv dqg u�U glyhujhv idvwhu wkdq erwk ri wkhvh +Fkrl
dqg Dkq +4<<8/ Wkhruhp 5,,1 Hylghqwo|/ �jxuhv 508 whoo dq hqwluho| gl�huhqw vwru|1
D vrphzkdw uhodwhg srlqw lv wkdw wkh orfdo srzhu ri doo wkh whvw xqghu vwxg| khuh
ghshqgv vroho| rq b/ zkhuhdv wkh udwh ri glyhujhqfh xqghu �{hg dowhuqdwlyhv ghshqgv
rq wkh sduwlfxodu qrq0sdudphwulf hvwlpdwru xvhg wr hvwlpdwh qxlvdqfh sdudphwhuv1
Rxu uhvxowv/ lq frqwudvw zlwk h{lvwlqj uhvxowv/ wkhuhiruh vxjjhvw wkdw wu|lqj wr lpsuryh
srzhu e| ohwwlqj wkh odj wuxqfdwlrq qxpehu jurz vorzo| +dv vxjjhvwhg e| h1j1 Fkrl dqg
Dkq +4<<8/ s1 <99,, lv qrw zruwkzkloh1 Lqvwhdg/ zh vxjjhvw wkdw wkh odj wuxqfdwlrq
qxpehu qxpehu vkrxog eh fkrvhq vr dv wr plqlpl}h �qlwh vdpsoh vl}h glvwruwlrqv1
Vlploduo|/ vlqfh wkh orfdo srzhu surshuwlhv ri a� E2c 2�/ �U/ uS dqg 7�(MU duh doprvw
lqglvwlqjxlvkdeoh/ rxu whqwdwlyh frqfoxvlrq lv wkdw wkh fkrlfh dprqj wkhvh whvwv vkrxog
eh jxlghg e| �qlwh vdpsoh frqvlghudwlrqv frqfhuqlqj vl}h glvwruwlrqv1

Lq wkh suhylrxv vhfwlrq/ zh dujxhg wkdw Zdog whvwv edvhg rq frqyhqwlrqdo frlq0
whjudwlrq phwkrgv fdq hqfrxqwhu vhyhuh vl}h glvwruwlrqv zkhq wkh vhulhv duh qhduo|
frlqwhjudwhg dqg b h{fhhgv 81 Rq wkh rwkhu kdqg/ wkh hylghqfh suhvhqwhg lq �jxuhv
508 lqglfdwhv wkdw hyhq zkhq b ' �f wkh srzhu ri wkh whvwv iru frlqwhjudwlrq fdq eh
zhoo ehorz 83(1 Wklv vxjjhvwv wkdw hyhq li wkh ghsduwxuh iurp +h{dfw, frlqwhjudwlrq
lv vxevwdqwldo +lq wkh vhqvh wkdw lw vhyhuho| d�hfwv wkh vl}h ri wkh frqyhqwlrqdo whvwv,/
whvwv iru frlqwhjudwlrq fdqqrw eh h{shfwhg wr ghwhfw vxfk ghsduwxuhv yhu| iuhtxhqwo|1

54Khuh/ iru lqvwdqfh/ wkh vfdohg vhfrqg ghulydwlyh ri wkh orj0olnholkrrg ixqfwlrq lv VEGKL �

W�5 �V5W@��
5

3
@ VEGKL . rs +4,1
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Wkhuhiruh/ zkhqhyhu d uhdvhdufkhu uhmhfwv d vwuxfwxudo k|srwkhvlv +rq wkh frh!flhqw
�, xvlqj frlqwhjudwlrq phwkrgv/ wkh uhvxow vkrxog eh lqwhusuhwhg fduhixoo|/ vlqfh lw
pljkw eh wkh fdvh wkdw wkh k|srwkhvlv lv fruuhfw/ zkhuhdv wkh +srvvleo| dx{loldu|,
dvvxpswlrq ri frlqwhjudwlrq lv qrw1 Wklv ri frxuvh ohdyhv rshq wkh txhvwlrq ri krz
wr lqwhusuhw wkh frh!flhqw yhfwru lq d qrq0frlqwhjudwhg v|vwhp/ d txhvwlrq zklfk zh
vkdoo qrw dwwhpsw wr dqvzhu khuh155

:1 Frqfoxglqj Uhpdunv

D qrwlrq ri qhdu frlqwhjudwlrq zdv sursrvhg dqg wkuhh dssolfdwlrqv ri wkh prgho
ri qhdu frlqwhjudwlrq zhuh surylghg1 Dv wkhvh dssolfdwlrqv looxvwudwh/ wkh qrwlrq ri
qhdu frlqwhjudwlrq lv xvhixo lq d ydulhw| ri vhwwlqjv1 Wkurxjkrxw wkh sdshu/ zh kdyh
gholehudwho| pdgh vhyhudo vlpsoli|lqj dvvxpswlrqv zlwk uhvshfw wr wkh GJS lq rughu
wr irfxv vshfl�fdoo| rq wkh lpsdfw ri frlqwhjudwlrq idloxuh1 Dv d frqvhtxhqfh/ vhy0
hudo h{whqvlrqv ri wkh dqdo|vlv duh srvvleoh1 Iru lqvwdqfh/ ghwhuplqlvwlf whupv fdq
eh lqfoxghg lq wkh GJS dqg wkh frqglwlrq �� ' � ' f fdq eh uhod{hg zlwk olwwoh
ru qr gl!fxow|1 Vlploduo|/ juhdwhu  h{lelolw| zlwk uhvshfw wr wkh frlqwhjudwlrq udqn
fdq eh dfklhyhg e| doorzlqj i+|j wr eh d yhfwru surfhvv dqg2ru doorzlqj i |j wr eh
frlqwhjudwhg1 Wkhvh dqg rwkhu h{whqvlrqv duh fxuuhqwo| ehlqj frqvlghuhg e| rqh ri
wkh dxwkruv dqg zloo eh uhsruwhg hovhzkhuh1

;1 Dsshqgl{

Zh vwduw e| hvwdeolvklqj d xvhixo ohppd1

Ohppd ;1 Ohw �| eh gh�qhg dv �| G'
S|

r'� ir/ zkhuh ii|j lv l1l1g1 zlwk , Ei|� ' f

dqg , Ei|i
�

|� ' WRn�/ dqg ohw � Eu� G'
S

"

�'f��u
� eh d odj sro|qrpldo vxfk wkdw i��j

lv d vhtxhqfh ri ERn �� � ERn �� pdwulfhv vdwli|lqj
S

"

�'f �
s
|o E��

���� 	 41 Wkhq/
dv A $ 4/ wkh iroorzlqj krog mrlqwo|=
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SdAoo

|'� �| E� Eu� i|�
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f
` Er� _` Er�� n oWRn�

�
� E��� c

zkhuh ` lv d ERn ��0glphqvlrqdo Zlhqhu surfhvv1

Surri1 Sduwv +d,0+f, duh pxowlyduldwh yhuvlrqv ri Skloolsv dqg Vror +4<<5/ Wkh0
ruhpv 617 dqg 61:,/ zkloh +g, fdq eh hvwdeolvkhg dorqj wkh olqhv ri Skloolsv +4<;;e,
dqg Kdqvhq +4<<5d/ Wkhruhp 714,1

Lq uhsuhvhqwdwlrq E��/ �| lv sduwlwlrqhg dv E1f|c �
�

�|�
�

/ zkhuh 1f| lv d vfdodu dqg ��|
lv d R0yhfwru1 Vlploduo|/ zh vkdoo w|slfdoo| sduwlwlrq ` dv E`fc`

�

��
�/ zkhuh `f dqg

55Iru d uhfhqw frqwulexwlrq wr wklv glvfxvvlrq/ vhh Skloolsv +4<<;,1
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`� duh ri glphqvlrqv � dqg R/ uhvshfwlyho|1 Wkurxjkrxw wkh dsshqgl{/ lqwhjudov vxfk
dv

U �

f
` Eo� _o dqg

U �

f
` Eo� _` Eo�� zloo riwhq eh deeuhyldwhg dv

U
` dqg

U
`_`�/

uhvshfwlyho|/ lq rughu wr vlpsoli| wkh qrwdwlrq1

;141 Surri ri Ohppd 41
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A3�C3�
A

3
EEC

AS
|'�

E+| � ��f |�

AS
|'�

 | E+| � ��f |�

4
FFD , /f

s
�� 42

�
� f

�

f l�

�]
j�`f�

Wkhuhiruh/



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 55

�
A3�*2	k
	� � �f

�
'

3
EECC3�

A

3
EEC

A
AS

|'�

 
�

|

AS
|'�

 |

AS
|'�

 | 
�

|

4
FFDC3�

A

4
FFD
3�

A3�C3�
A

3
EEC

AS
|'�

E+| � ��f |�

AS
|'�

 | E+| � ��f |�

4
FFD ,

/f

s
�� 42

�
� f

f l��

�
3��]

j�j
�

�

�
3��]

j�`f

�
c

surylqj +d,1 Xvlqj Ohppd ; +d,0+e, dqg +g, dqg FPW/ zh jhw

A3�*2
A[

|'�

E+| � ��f |� , /fV

]
`f n Zf

]
_`f n

�]
_`�

�

�
��c

dqg

A3�
A[

|'�

 | E+| � ��f |� , l�

�
/fV

]
`�`f n Zf

]
`�_`f n

�]
`�_`

�

�

�
�� n �

�
c

xqghu qhdu frlqwhjudwlrq1 Lq rwkhu zrugv/

C3�
A

3
EEC

AS
|'�

E+| � ��f |�

AS
|'�

 | E+| � ��f |�

4
FFD ,

�
� f

�

f l�

��
/fV

]
j�`f n Zf

]
j�_`f n

�]
j�_`

�

�

�
�� n

�
f
�

��
c +56,

dqg zh kdyh

# s
A 	k

A
�
	� � �f

� $
'

3
EECC3�

A

3
EEC

A
AS

|'�

 
�

|

AS
|'�

 |

AS
|'�

 | 
�

|

4
FFDC3�

A

4
FFD
3�

C3�
A

3
EEC

AS
|'�

E+| � ��f |�

AS
|'�

 | E+| � ��f |�

4
FFD ,



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 56

�
� f

�

f l��

�
3��]

j�j
�

�

�
3��

/fV

]
j�`f n Zf

]
j�_`f n

�]
j�_`

�

�

�
�� n

�
f
�

��
c

surylqj +e,1�
Ehiruh frqwlqxlqj zlwk wkh surriv ri Ohppd 5 dqg Sursrvlwlrq 6/ zh qrwh wkdw

htxdwlrq E2�� dorqj zlwk FPW lpsolhv wkdw

A32

#
A[

|'�

E | � 7 � E | � 7 �
�

$
' A32

A[
|'�

 | 
�

| �
#
A3�*2

A[
|'�

 |

$#
A3�*2

A[
|'�

 |

$�

, l�

�]
`�`

�

� �
�]

`�

��]
`�

�
�
�
l�� ' l�

�]
`

>
�`

>�
�

�
l��c +57,

xqghu erwk vsxulrxv uhjuhvvlrq dqg qhdu frlqwhjudwlrq1

;151 Surri ri Ohppd 51
E| dssolfdwlrq ri Ohppd 4 +d,/ zh kdyh

�
	� � �f

�
, /f

s
�� 42 El���

3�

�]
`

>
�`

>�
�

�
3��]

`
>
�`

>
f

�

xqghu vsxulrxv uhjuhvvlrq1 Dorqj zlwk E2e�/ wklv lpsolhv wkdw

A32
�
	� � �f

�
�

#
A[

|'�

E | � 7 � E | � 7 �
�

$�
	� � �f

�
,

/2
f

�
�� 42

��]
`

>
�`

>
f

�
�
�]

`
>
�`

>�
�

�
3��]

`
>
�`

>
f

�
� +58,

Qrz/

A3�
�
R� 8

�
	�
��

'

A32
�
	� � �f

�
�

�
AS

|'�

E | � 7 � E | � 7 ��
��

	� � �f

�

A32
AS

|'�

	�2|

� A � R� �

A
c



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 57

zkloh

A[
|'�

	�2| '

A[
|'�

E+| � ��f |�
2 � A3�

#
A[

|'�

E+| � ��f |�

$2

�
�
	� � �f

�
�

#
A[

|'�

E | � 7 � E | � 7 ��
$�

	� � �f

�
�

Vr/ wr frpsohwh wkh surri lw vx!fhv wr qrwlfh wkdw Ohppd ; +d,0+e, lpsolhv wkdw

A32

3
C A[

|'�

E+| � ��f |�
2 � A3�

#
A[

|'�

E+| � ��f |�

$2
4
D

, /2
f

�
�� 42

� ]
E`f�

2 _o � /2
f

�
�� 42

��]
`f

�2

' /2
f

�
�� 42

� ]
E`>

f �
2
��

;161 Surri ri Sursrvlwlrq 61
E| dssolfdwlrq ri Ohppd 4/ zh kdyh

A
�
	� � �f

�
,

El���
3�

�]
`

>
�`

>�
�

�
3��

/fV

]
`

>
�`

>
f n Zf

]
`

>
�_`f n

�]
`

>
�_`

�

�

�
�� n �

�
c

xqghu qhdu frlqwhjudwlrq1 Dorqj zlwk E2e� wklv lpsolhv wkdw

�
	� � �f

�
�

#
A[

|'�

E | � 7 � E | � 7 �
�

$�
	� � �f

�
,

�
/fV

]
`

>
�`

>
f n Zf

]
`

>
�_`f n E`>

�_`
�

���� n �

�
�

�
�]

`
>
�`

>�
�

�
3�

�
�
/fV

]
`

>
�`

>
f n Zf

]
`

>
�_`f n

�]
`

>
�_`

�

�

�
�� n �

�
�



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 58

Wkhuhiruh/ wkh surri lv frpsohwh rqfh zh kdyh hvwdeolvkhg wkdw r2 $R j21 Qrz/ e|
Ohppd ; +d,0+f,/

r2 '
A

A � R� �
� A3�

A[
|'�

	�2| '
A

A � R� �
� A3�

A[
|'�

E+| � ��f |�
2
n JR E��

'
A

A � R� �
� �

� �7��f
�#

A3�
A[

|'�

� Eu� i| E� Eu� i|�
�

$�
�

�7�f

�
n JR E��

$R

�
� �7��f

�# "[
�'f

���
�

�

$�
�

�7�f

�
' j2��

;171 Surri ri Fruroodu| 71
Xqghu wkh dvvxpswlrqv ri wkh fruroodu|/ r2 $R j

2 dqg 	Z2
f $R Z

2
f 9' f1 Wkhuhiruh/

C
�
	�
�
'

r2

	Z2f

�
R� 8

�
	�
��

'

�
j2

Z2
f

n JR E��

�
�
�
R� 8

�
	�
��

c

dqg wkh uhvxow iroorzv lpphgldwho| iurp Sursrvlwlrq 6 e| vhwwlqj �� ' � ' f1�

;181 Surri ri Sursrvlwlrq 81
Zh vkdoo suryh Sursrvlwlrq 8 dvvxplqj &� � � dqg &2 � �1 Wkh fdvh zkhuh &� ' f ru
&2 ' f fdq eh wuhdwhg lq h{dfwo| wkh vdph idvklrq1 Dv lv uhdglo| yhul�hg/

A[
|'�

	�2| �
A[

|'�

��2| '

#
A[

|'�

j2��c| E+| � ��f |�

$�# A[
|'�

j2��c|j
�

2��c|

$3�# A[
|'�

j2��c| E+| � ��f |�

$
c

zkhuh

j2��c| =@

�
_|

3|

�
�

3
EEEC
�

�
 |

�
�

3
EEC

A
AS

r'�

 
�

r

AS
r'�

 r

AS
r'�

 r 
�

r

4
FFD
3�3

EEC
AS

r'�

_
�

r

AS
r'�

3
�

r

AS
r'�

 r_
�

r

AS
r'�

 r3
�

r

4
FFD
4
FFFD
�

�



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 59

Ohw [A eh d gldjrqdo qrupdol}dwlrq pdwul{ gh�qhg dv

[A =@

� s
A � _�@} �Ac � � � c A &�

�
f

f A � W&2

�
�

Xqghu wkh dvvxpswlrqv ri Sursrvlwlrq 8/ wkh iroorzlqj krog mrlqwo| zlwk Ohppd ;=

s
A[3�

A

�
_dAoo

3dAoo

�
,

3
EEEC

o
111
o&�

`2 Eo�

4
FFFD ' j2 Eo� c +59,

[3�
A

A[
|'�

�
_|

3|

�
E+| � ��f |� , /fV

]
j2`f n Zf

]
j2_`fc +5:,

zkhuh `2 lv d &20glphqvlrqdo Zlhqhu surfhvv lqghshqghqw ri `1 Uhfdoolqj wkdw
�� ' � ' f xqghu wkh dvvxpswlrqv ri Sursrvlwlrq 8/ zh ghgxfh iurp E2��/ E2��/ E2S�/
dqg E2.� wkdw

[3�
A

A[
|'�

j2��c| E+| � ��f |� , /fV

]
j2��`f n Zf

]
j2��_`f ' Zf

]
j2��_Vbc

dqg

[3�A

#
A[
|'�

j2��c|j
�

2��c|

$
[3�

A ,
]
j2��j

�

2���

Khqfh

A[
|'�

	�2
| �

A[
|'�

��2
| , Z2

f

�]
j2��_Vb

�
�
�]

j2��j
�

2��

�
3��]

j2��_Vb

�
c

dqg wkh frqfoxvlrq iroorzv vlqfh 	Z2
f $R Z

2
f1�



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 5:

;191 Surri ri Sursrvlwlrq 91
Xvlqj E2��/ E2��/ dqg Ohppd 4 +e,/ zh kdyh

A3�*2 	7dAoo ' A3�*2

dAoo[
|'�

E+| � ��

f |��
3
CA3�*2C3�

A

dAoo[
|'�

�
�
 |

�4D
��

CA

�
	k

	� � �f

��

, ZfVb Eo�� Zf

�] o

f

j� Er� _r

�
�
�]

j�j�

�
3��]

j�_Vb

�
' Zf

	Vb Eo� �

Wkhuhiruh/ e| FPW/

�U '
A32

SA
|'�

	72
|

	Z2
f

'
A3�

SA
|'�

�
A3�*2 	7|

�2

Z2
f n JR E��

,
] �

	Vb

�2

c

dv fodlphg1 Vlplodu uhdvrqlqj |lhogv

C3�
A 5

W

dAoo ' C3�
A

dAoo[
|'�

�
�
 |

�
	�| ,

Zf

�
� f

�

f l�

�#] o

f

j� Er� _Vb Er��
�] o

f

j� Er�j� Er�
� _r

�
�
�]

j�j
�

�

�
3��]

j�_Vb

�$

' Zf

�
� f

�

f l�

�] o

f

j� Er� _	Vb Er� ' Zf

�
� f

�

f l�

�
V
W

b Eo� � +5;,

Iurp E22� c zh kdyh

C3�
A �AC

3�
A ,

�
� f

�

f l�

��]
j�j

�

�

��
� f

�

f l�

�

�
�

Dorqj zlwk E2H� dqg FPW/ wklv lpsolhv wkdw

uS ' A3�

SA
|'� 5

W�

| �
3�
A 5

W

|

	Z2
f

'
A3�

SA
|'�

�
C3�

A 5
W

|

�
�
�
C3�

A �AC
3�
A

�
3� �

C3�
A 5

W

|

�
Z2
f n JR E��



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 5;

,
] �

f

V
W

b Eo�
�

�] �

f

j� Er�j� Er�
� _r

�3�

V
W

b Eo� _oc

dv fodlphg1�

;1:1 Surri ri Sursrvlwlrq :1
Zh kdyh

�
�k

�� � �f

�
'

3
EEC

AS
|'�

|2
AS
|'�

|5 �|

AS
|'�

|5 |
AS
|'�

5
 

| 5
 �

|

4
FFD
3�3

EEC
AS
|'�

|7|

AS
|'�

5
 

| 7|

4
FFD c

zkhuh 7| =@
S|

r'� E+r � ��

f r� � E| E2��/ E2�� dqg FPW/ zh kdyh

A3�*2C3�
A

�
dAoo
5
 

dAoo

�
,

�
� f

�

f l�

�] o

f

j� Er� _r '

�
� f

�

f l�

�
7j� Eo� c +5<,

A3�*27dAoo , /fV

] o

f

`f Er� _rn Zf

] o

f

_`f Er� ' ZfVb Eo� � +63,

Frqvhtxhqwo|/ lw lv hdv| wr vkrz wkdw

CA

�
�k

�� � �f

�
, Zf

�
� f

�

f l�

�

�
3��]

7j�
7j
�

�

�
3��]

7j�Vb

�
� +64,

Wkhuhiruh/

A3�*2 �7dAoo ' A3�*27dAoo �
�
A3�*2C3�

A

�
dAoo
5
 

dAoo

����
CA

�
�k

�� � �f

��
,

ZfVb Eo�� Zf
7j� Eo�

�
�
7j�

7j
�

�

�
3�

�]
7j�Vb

�
' Zf

�Vb Eo� c

dqg e| FPW zh kdyh

7�(MU '
A32

SA
|'�

�72
|

�Z2
f

'
A3�

SA
|'�

�
A3�*2 �7|

�2
Z2
f n JR E��

,
] �

�Vb

�2
c



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 5<

dv fodlphg1 Qrz/

u�UU '
u�U

7�(MU n JR E��
c

zkloh

u�U '

�
A3�

SA
|'2

�7|3�{�7| � �Z2
f
3�j2

2

�2

�Ze
f

'

�
A3�

SA
|'2

�7|3�{�7| � Z2
f
3j2

2
n JR E��

�2

Ze
f n JR E��

�

Wkhuhiruh/ wr frpsohwh wkh surri lw vx!fhv wr hvwdeolvk wkdw

A3�

A[
|'2

�7|3�{�7| , Z2
f

]
�Vb_�Vb n

Z2
f � j2

2
� +65,

Xsrq gh�qlqj

�7| =@ �7| � 7| '

�
|
5
 

|

�
�
�

�k
�� � �f

�
c

zh kdyh

A3�

A[
|'2

�7|3�{�7| '

A3�

A[
|'2

7|3�{7| � A3�

A[
|'2

�7|3�{7| � A3�

A[
|'2

7|3�{�7| n A3�

A[
|'2

�7|3�{�7|� +66,

Lw iroorzv iurp Skloolsv +4<;;e, wkdw wkh iroorzlqj krogv mrlqwo| zlwk Ohppd ;=

�
� ���

f

�#
A3�

A[
|'2

#
|3�[
r'�

� Eu� ir

$
E� Eu� i|�

�

$�
�

��f

�
,



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 63

�
� �7��

f

��
� E��

�]
`_`�

�
� E��� n\

��
�

�7�f

�

' Z2
f

]
`f_`f n

�
� �7��

f

�
\

�
�

�7�f

�
c +67,

zkhuh

\ =@
"[
&'�

,
�
� Eu� if E� Eu� i&�

�
�
�

Qrz/

\ n \� ' � E��� E��� �
"[
�'f

���
�

�c

dqg zh wkhuhiruh kdyh

�
� �7��

f

�
\

�
�

�7�f

�
'

�

2

�
� �7��

f

�
E\ n \��

�
�

�7�f

�

'
�

2

#�
� �7��

f

�
� E��� E���

�
�

�7�f

�
� �

� �7��

f

�# "[
�'f

���
�

�

$�
�

�7�f

�$

'
�

2

�
Z2
f � j2

�
� +68,

Xvlqj E�e�/ E�D�/ dqg vwudljkwiruzdug dojheud/ zh duulyh dw

A3�

A[
|'2

7|3�{7| , Z2
f

]
Vb_Vb n

Z2
f � j2

2
� +69,

Pruhryhu/ xvlqj E2b�/ E�f�/ E���/ dqg lqwhjudwlrq e| sduwv lw lv qrw kdug wr vkrz wkdw

A3�

A[
|'2

�7|3�{7| , Z2
f

�]
7j�Vb

�
�
�]

7j�
7j
�

�

�
3��]

7j�_Vb

�
c +6:,



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 64

A3�

A[
|'2

7|3�{�7| , Z2
f

�]
Vb_7j�

�
�
�]

7j�
7j
�

�

�
3��]

7j�Vb

�
c +6;,

dqg

A3�

A[
|'2

�7|3�{�7| ,

Z2
f

�]
7j�Vb

�
�
�]

7j�
7j
�

�

�
3��]

7j�_7j�

�
�
�]

7j�
7j
�

�

�
3��]

7j�Vb

�
� +6<,

Xvlqj E�S�� E�b�/ zh rewdlq E�2� iurp E���1�

;1;1 Qrwdwlrq1

=@ gh�qlwlrqdo htxdolw|1
d�o lqwhjhu sduw ri�
, zhdn frqyhujhqfh +ri wkh dvvrfldwhg suredelolw| phdvxuhv,1
$R frqyhujhqfh lq suredelolw|1
JR E�� whqgv wr }hur lq suredelolw|1
�R E�� erxqghg lq suredelolw|1

;1<1 Surfhvvhv Dsshdulqj lq wkh Sdshu1
Ohw `f dqg`� eh lqghshqghqw Zlhqhu surfhvvhv ri glphqvlrqv � dqg R � �/ uhvshf0
wlyho|1 Pruhryhu/ iru &� � � dqg &2 � �c ohwj2 =@ Eu �c`�

2�
�/zkhuh u Eo� =@

�
oc � � � c o&�

�
�

dqg`2 lv d &20glphqvlrqdo Zlhqhu surfhvv lqghshqghqw ri E`fc`
�

��
�1 Zkhq &� ' f

E&2 ' f�/ u E`2� lv rplwwhg iurp j21 Ilqdoo|/ ohw b eh d vfdodu sdudphwhu1 Xvlqj `f/
`�/ j2/ dqg b/ zh gh�qh wkh iroorzlqj surfhvvhv/ olvwhg lq rughu ri dsshdudqfh lq wkh
sdshu=

j� Eo� =@

�
�

`� Eo�

�
c

`>
f Eo� =@ `f Eo��

] o

f

`f Er� _rc

`
>
� Eo� =@ `� Eo��

] o

f

`� Er� _rc



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 65

j2�� Eo� =@ j2 Eo��j� Eo�
�

�] �

f

j� Er�j� Er�
� _r

�3��] �

f

j� Er�j2 Er�
� _r

�
c

Vb Eo� =@ b

] o

f

`f Er� _rn`f Eo� c

	Vb Eo� =@ Vb Eo��
�] o

f

j� Er� _r

�
�
�] �

f

j� Er�j� Er�
� _r

�3��] �

f

j� Er� _Vb Er�

�
c

V
W

b Eo� =@

] o

f

j� Er� _	Vb Er� c

7j� Eo� =@

] o

f

j� Er� _rc

�Vb Eo� =@ Vb Eo�� 7j� Eo�
�

�] �

f

7j� Er� 7j� Er�
� _r

�3��] �

f

7j� Er�Vb Er� _r

�
�

Uhihuhqfhv

Ehyhulgjh/ V1/ dqg F1 U1 Qhovrq +4<;4,= �D Qhz Dssurdfk wr Ghfrpsrvlwlrq
ri Hfrqrplf Wlph Vhulhv lqwr Shupdqhqw dqg Wudqvlwru| Frpsrqhqwv zlwk Sdu0
wlfxodu Dwwhqwlrq wr Phdvxuhphqw ri wkh *Exvlqhvv F|foh*/� Mrxuqdo ri Prqhwdu|

Hfrqrplfv/ :/ 484�4:71

Euhlwxqj/ M1 +4<<;,= �Fdqrqlfdo Fruuhodwlrq Vwdwlvwlfv iru Whvwlqj wkh Frlqwhjudwlrq
Udqn lq d Uhyhuvhg Rughu/� Glvfxvvlrq Sdshu 438/ VIE 6:6/ Kxperogw0Xqlyhuvlwçw
}x Ehuolq1

Fkdq/ E1 K1/ dqg F1 ]1 Zhl +4<;:,= �Dv|pswrwlf Lqihuhqfh iru Qhduo| Qrqvwdwlrq0
du| DU+4, Surfhvvhv/� Dqqdov ri Vwdwlvwlfv/ 48/ 4383�43961

Fkdqj/ \1/ dqg S1 F1 E1 Skloolsv +4<<8,= �Wlph Vhulhv Uhjuhvvlrq zlwk Pl{wxuhv
ri Lqwhjudwhg Surfhvvhv/� Hfrqrphwulf Wkhru|/ 44/ 4366�43<71

Fkrl/ L1 +4<<7,= �Vsxulrxv Uhjuhvvlrqv dqg Uhvlgxdo0Edvhg Whvwv iru Frlqwhjudwlrq
zkhq Uhjuhvvruv duh Frlqwhjudwhg/� Mrxuqdo ri Hfrqrphwulfv/ 93/ 646�6531

Fkrl/ L1/ dqg E1 F1 Dkq +4<<8,= �Whvwlqj iru Frlqwhjudwlrq lq d V|vwhp ri Htxd0
wlrqv/� Hfrqrphwulf Wkhru|/ 44/ <85�<;61



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 66

+4<<;,= �Whvwlqj wkh Qxoo ri Vwdwlrqdulw| iru Pxowlsoh Wlph Vhulhv/� Mrxuqdo

ri Hfrqrphwulfv/ ;;/ 74�::1

Hoolrww/ J1 +4<<;,= �Rq wkh Urexvwqhvv ri Frlqwhjudwlrq Phwkrgv zkhq Uhjuhvvruv
Doprvw kdyh Xqlw Urrwv/� Hfrqrphwulfd/ 99/ 47<�48;1

Judqjhu/ F1 Z1 M1/ dqg W1 Ohh +4<<3,= �Pxowlfrlqwhjudwlrq/� lq Dgydqfhv lq

Hfrqrphwulfv= Fr0lqwhjudwlrq/ Vsxulrxv Uhjuhvvlrqv/ dqg Xqlw Urrwv/ hg1 e| W1 E1
Irpe|/ dqg J1 I1 Ukrghv/ Mu1 Juhhqzlfk/ FW= Mdl Suhvv/ :40;71

Judqjhu/ F1 Z1 M1/ dqg S1 Qhzerog +4<:7,= �Vsxulrxv Uhjuhvvlrqv lq Hfrqr0
phwulfv/� Mrxuqdo ri Hfrqrphwulfv/ 5/ 444�4531

Kdqvhq/ E1 H1 +4<<5d,= �Frqyhujhqfh wr Vwrfkdvwlf Lqwhjudov iru Ghshqghqw Khw0
hurjhqhrxv Surfhvvhv/� Hfrqrphwulf Wkhru|/ ;/ 7;<�8331

+4<<5e,= �Whvwv iru Sdudphwhu Lqvwdelolw| lq Uhjuhvvlrqv zlwk L+4, Surfhvvhv/�
Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 43/ 654�6681

Kduulv/ G1 +4<<:,= �Sulqflsdo Frpsrqhqwv Dqdo|vlv ri Frlqwhjudwhg Wlph Vhulhv/�
Hfrqrphwulf Wkhru|/ 46/ 85<�88:1

Kduulv/ G1/ dqg E1 Lqghu +4<<7,= �D Whvw ri wkh Qxoo K|srwkhvlv ri Frlqwhjudwlrq/�
lq Qrqvwdwlrqdu| Wlph Vhulhv Dqdo|vlv dqg Frlqwhjudwlrq/ hg1 e| F1 Kdujuhdyhv/
ss1 466�4851 R{irug Xqlyhuvlw| Suhvv/ R{irug1

Mrkdqvhq/ V1 +4<;;,= �Vwdwlvwlfdo Dqdo|vlv ri Frlqwhjudwlrq Yhfwruv/� Mrxuqdo ri

Hfrqrplf G|qdplfv dqg Frqwuro/ 45/ 564�5871

+4<<4,= �Hvwlpdwlrq dqg K|srwkhvlv Whvwlqj ri Frlqwhjudwlrq Yhfwruv lq
Jdxvvldq Yhfwru Dxwruhjuhvvlyh Prghov/� Hfrqrphwulfd/ 8</ 4884�48;31

Mrkdqvhq/ V1/ dqg N1 Mxvholxv +4<<3,= �Pd{lpxp Olnholkrrg Hvwlpdwlrq dqg
Lqihuhqfh rq Frlqwhjudwlrq 0 zlwk Dssolfdwlrqv wr wkh Ghpdqg iru Prqh|/� R{irug

exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/ 85/ 49<�5431

Nxr/ E10V1 +4<<;,= �Whvw iru Sduwldo Sdudphwhu Lqvwdelolw| lq Uhjuhvvlrqv zlwk L+4,
Surfhvvhv/� Mrxuqdo ri Hfrqrphwulfv/ ;9/ 66:�69;1

Nzldwnrzvnl/ G1/ S1 F1 E1 Skloolsv/ S1 Vfkplgw/ dqg \1 Vklq +4<<5,= �Whvw0
lqj wkh Qxoo K|srwkhvlv ri Vwdwlrqdulw| Djdlqvw wkh Dowhuqdwlyh ri d Xqlw Urrw=
Krz Vxuh duh Zh wkdw Hfrqrplf Wlph Vhulhv kdyh d Xqlw Urrw/� Mrxuqdo ri Hfrqr0
phwulfv/ 87/ 48<�4:;1

Oh|erxuqh/ V1 M1/ dqg E1 S1 P1 PfFdeh +4<<6,= �D Vlpsoh Whvw iru Frlqwhjud0
wlrq/� R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/ 88/ <:�4361



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 67

PfFdeh/ E1 S1 P1/ V1 M1 Oh|erxuqh/ dqg \1 Vklq +4<<:,= �D Sdudphwulf
Dssurdfk wr Whvwlqj wkh Qxoo ri Frlqwhjudwlrq/� Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/
4;/ 6<8�7461

Sdun/ M1 \1 +4<<3,= �Whvwlqj iru Xqlw Urrwv dqg Frlqwhjudwlrq e| Yduldeoh Dg0
glwlrq/� lq Dgydqfhv lq Hfrqrphwulfv= Fr0lqwhjudwlrq/ Vsxulrxv Uhjuhvvlrq/ dqg

Xqlw Urrwv/ hg1 e| W1 E1 Irpe|/ dqg J1 I1 Ukrghv/ Mu1 Juhhqzlfk/ FW= MDL Suhvv/
43:04661

+4<<5,= �Fdqrqlfdo Frlqwhjudwlqj Uhjuhvvlrqv/� Hfrqrphwulfd/ 93/ 44<�4761

Sdun/ M1 \1/ V1 Rxoldulv/ dqg E1 Fkrl +4<;;,= �Vsxulrxv Uhjuhvvlrqv dqg Whvwv
iru Frlqwhjudwlrq/� FDH Zrunlqj Sdshu ;;03:/ Fruqhoo Xqlyhuvlw|1

Sdun/ M1 \1/ dqg S1 F1 E1 Skloolsv +4<;<,= �Vwdwlvwlfdo Lqihuhqfh lq Uhjuhvvlrqv
zlwk Lqwhjudwhg Surfhvvhv= Sduw 5/� Hfrqrphwulf Wkhru|/ 8/ <8�4641

Skloolsv/ S1 F1 E1 +4<;9,= �Xqghuvwdqglqj Vsxulrxv Uhjuhvvlrqv lq Hfrqrphwulfv/�
Mrxuqdo ri Hfrqrphwulfv/ 66/ 644�6731

+4<;:,= �Wrzdugv d Xql�hg Dv|pswrwlf Wkhru| iru Dxwruhjuhvvlrq/�
Elrphwulnd/ :7/ 868�87:1

+4<;;d,= �Uhjuhvvlrq Wkhru| iru Qhdu0Lqwhjudwhg Wlph Vhulhv/� Hfrqrphw0

ulfd/ 89/ 4354�43761

+4<;;e,= �Zhdn Frqyhujhqfh ri Vdpsoh Fryduldqfh Pdwulfhv wr Vwrfkdvwlf
Lqwhjudov Yld Pduwlqjdoh Dssur{lpdwlrqv/� Hfrqrphwulf Wkhru|/ 7/ 85;�8661

+4<<4,= �Rswlpdo Lqihuhqfh lq Frlqwhjudwhg V|vwhpv/� Hfrqrphwulfd/ 8</
5;6�6391

+4<<8,= �Ixoo| Prgl�hg Ohdvw Vtxduhv dqg Yhfwru Dxwruhjuhvvlrq/� Hfrqr0

phwulfd/ 96/ 4356�43:;1

+4<<;,= �Qhz Wrrov iru Xqghuvwdqglqj Vsxulrxv Uhjuhvvlrqv/� Hfrqrphwulfd/
99/ 45<<�46581

Skloolsv/ S1 F1 E1/ dqg V1 Q1 Gxuodxi +4<;9,= �Pxowlsoh Wlph Vhulhv Uhjuhvvlrq
zlwk Lqwhjudwhg Surfhvvhv/� Uhylhz ri Hfrqrplf Vwxglhv/ 86/ 7:6�7<81

Skloolsv/ S1 F1 E1/ dqg E1 H1 Kdqvhq +4<<3,= �Vwdwlvwlfdo Lqihuhqfh lq Lqvwux0
phqwdo Yduldeohv Uhjuhvvlrq zlwk L+4, Yduldeohv/� Uhylhz ri Hfrqrplf Vwxglhv/ 8:/
<<�4581

Skloolsv/ S1 F1 E1/ dqg Y1 Vror +4<<5,= �Dv|pswrwlfv iru Olqhdu Surfhvvhv/�
Dqqdov ri Vwdwlvwlfv/ 53/ <:4�43341



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 68

Txlqwrv/ F1 H1/ dqg S1 F1 E1 Skloolsv +4<<6,= �Sdudphwhu Frqvwdqf| lq Frlqwh0
judwlqj Uhjuhvvlrqv/� Hpslulfdo Hfrqrplfv/ 4;/ 9:8�:391

Vdlnnrqhq/ S1 +4<<4,= �Dv|pswrwlfdoo| H!flhqw Hvwlpdwlrq ri Frlqwhjudwlrq Uh0
juhvvlrqv/� Hfrqrphwulf Wkhru|/ :/ 4�541

+4<<5,= �Hvwlpdwlrq dqg Whvwlqj ri Frlqwhjudwhg V|vwhpv e| dq Dxwruhjuhv0
vlyh Dssur{lpdwlrq/� Hfrqrphwulf Wkhru|/ ;/ 4�5:1

Vklq/ \1 +4<<7,= �D Uhvlgxdo0Edvhg Whvw ri wkh Qxoo ri Frlqwhjudwlrq Djdlqvw wkh
Dowhuqdwlyh ri Qr Frlqwhjudwlrq/� Hfrqrphwulf Wkhru|/ 43/ <4�4481

Vqhoo/ D1 +4<<;,= �Whvwlqj iru u Yhuvxv u04 Frlqwhjudwlqj Yhfwruv/� Mrxuqdo ri Hfrqr0
phwulfv/ ;;/ 484�4<41

Vwrfn/ M1 K1/ dqg P1 Z1 Zdwvrq +4<<6,= �D Vlpsoh Hvwlpdwru ri Frlqwhjudwlqj
Yhfwruv lq Kljkhu Rughu Lqwhjudwhg V|vwhpv/� Hfrqrphwulfd/ 94/ :;6�;531

Wdqdnd/ N1 +4<<6,= �Dq Dowhuqdwlyh Dssurdfk wr wkh Dv|pswrwlf Wkhru| ri Vsx0
ulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq/� Hfrqrphwulf Wkhru|/ </
69�941

+4<<9,= Wlph Vhulhv Dqdo|vlv= Qrqvwdwlrqdu| dqg Qrqlyhuwleoh Glvwulexwlrq

Wkhru|1 Qhz \run= Zloh|1



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 69

-30 -20 -10 0 10 20 30
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

S
iz

e

λ

p=1
p=2
p=3
p=4

Iljxuh 4= Uhmhfwlrq udwhv iru C
�
	�
�
> Qrplqdo Vl}h lv DI�



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 6:

-30 -20 -10 0 10 20 30
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

λ

P
ow

er

LM
I

LM
II

J
1
(2,2), CI, L

c
 & SBDH

I

Iljxuh 5= Orfdo Srzhu ri Whvwv iru Frlqwhjudwlrq> R ' �1



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 6;

-30 -20 -10 0 10 20 30
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

λ

P
ow

er

LM
I

LM
II

J
1
(2,2), CI, L

c
 & SBDH

I

Iljxuh 6= Orfdo Srzhu ri Whvwv iru Frlqwhjudwlrq> R ' 21



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 6<

-30 -20 -10 0 10 20 30
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

λ

P
ow

er

LM
I

LM
II

J
1
(2,2), CI, L

c
 & SBDH

I

Iljxuh 7= Orfdo Srzhu ri Whvwv iru Frlqwhjudwlrq> R ' �1



Vsxulrxv Uhjuhvvlrq/ Frlqwhjudwlrq/ dqg Qhdu Frlqwhjudwlrq 73

-30 -20 -10 0 10 20 30
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

λ

P
ow

er

LM
I

LM
II

J
1
(2,2), CI, L

c
 & SBDH

I

Iljxuh 8= Orfdo Srzhu ri Whvwv iru Frlqwhjudwlrq> R ' e1



Working Paper

1998-9 Torben M. Andersen and Robert R. Dogonowski: Social Insur-
ance and the Public Budget.

1998-10 Robert R. Dogonowski: Fiscal Policy Design, Imperfect Compe-
tition and Productivity Shocks.

1998-11 Robert R. Dogonowski: Should Federal or Regional Insurance
Protect the EMU?

1998-12 Robert R. Dogonowski: Income Taxation, Imperfect Competition
and the Balanced Budget Multiplier.

1998-13 Ebbe Yndgaard: EU Enlargement - Latvia is Ready.

1998-14 Torben M. Andersen: Staggered Wage-Setting and Output Per-
sistence.

1998-15 Henning Bunzel, Bent Jesper Christensen, Niels Haldrup, Svend
Hylleberg, Viggo Høst, Peter Jensen og Allan Würtz: Udvik-
lingslinier i Økonometrien.

1998-16 Peter Skott: Wage Formation and the (Non-)Existence of the
NAIRU.

1998-17 Svend Hylleberg and Per Baltzer Overgaard: Competition Policy
with a Coasian Prior?

1998-18 Lykke Eg Andersen and Osvaldo Nina: Micro-Credit and Group
Lending: The Collateral Effect.

1998-19 Torben M. Andersen and Svend Hylleberg: Sources of Persist-
ence in Employment Adjustment - Denmark 1974-1993.

1999-1 Bo Sandemann Rasmussen: Balancing the Budget: Long-Run
Adverse Effects of Progressive Taxation.

1999-2 Palle Schelde Andersen, Mark Klau, and Ebbe Yndgaard: Higher
Profits and Lower Capital Prices: Is Factor Allocation Optimal?

1999-3 Niels Haldrup and Michael Jansson: Spurious Regression, Coin-
tegration, and Near Cointegration: A Unifying Approach.



CENTRE FOR NON-LINEAR MODELLING IN ECONOMICS
DEPARTMENT OF ECONOMICS - UNIVERSITY OF AARHUS - DK - 8000  AARHUS C - DENMARK 

  F  +45 89 42 11 33 - TELEFAX +45 86 13 63 34

Working papers, issued by the Centre for Non-linear Modelling in Economics:

1996-2 Peter Boswijk, Philip Hans Franses and Niels Haldrup: Multiple Unit Roots in
Periodic Autoregression.

1996-3 Clive W.J. Granger and Niels Haldrup: Separation in Cointegrated Systems, Long
Memory Components and Common Stochastic Trends.

1996-4 Morten O. Ravn and Martin Sola: A Reconsideration of the Empirical Evidence
on the Asymmetric Effects of Money-Supply shocks: Positive vs. Negative or Big
vs. Small?

1996-13 Robert F. Engle and Svend Hylleberg: Common Seasonal Features: Global
Unemployment.

1996-14 Svend Hylleberg and Adrian R. Pagan: Seasonal Integration and the Evolving
Seasonals Model.

1997-1 Tom Engsted, Jesus Gonzalo and Niels Haldrup: Testing for Multi-cointegration.

1997-7 Luca Fanelli: Estimating Multi-Equational LQAC Models with I(1) Variables:
a VAR Approach.

1997-12 Niels Haldrup: A Review of the Econometric Analysis of I(2) Variables.

1997-14 Viggo Høst: Better Confidence Intervals for the Popoulation Mean by Using
Trimmed Means and the Iterated Bootstrap?

1997-17 N.E. Savin and Allan H. Würtz: The Effect of Nuisance Parameters on Size and
Power; LM Tests in Logit Models.

1997-18 Tom Engsted and Niels Haldrup: Multicointegration in Stock-Flow Models.

1998-6 Svend Hylleberg and Rikke Willemoes Jørgensen: A Note on the Estimation of
Markup Pricing in Manufacturing.

1998-15 Henning Bunzel, Bent Jesper Christensen, Niels Haldrup, Svend Hylleberg,
Viggo Høst, Peter Jensen og Allan Würtz: Udviklingslinier i Økonometrien.

1999-3 Niels Haldrup and Michael Jansson: Spurious Regression, Cointegration, and
Near Cointegration: A Unifying Approach.


