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Frqvlvwhqw Fryduldqfh Pdwul{ Hvwlpdwlrq iru Olqhdu Surfhvvhv

Plfkdho Mdqvvrq

Ghsduwphqw ri Hfrqrplfv dqg FGPH/ Xqlyhuvlw| ri Ddukxv

GN0;333 Ddukxv F/ Ghqpdun

Hpdlo= pmdqvvrqChfrq1dx1gn

Ghfhpehu 4;/ 4<<<

Devwudfw1 Wklv qrwh hvwdeolvkhv frqvlvwhqf| ri nhuqho hvwlpdwruv ri wkh

orqj0uxq fryduldqfh pdwul{ ri d olqhdu surfhvv xqghu zhdn prphqw dqg phpru|

frqglwlrqv1 Lq dgglwlrq/ lw lv srlqwhg rxw wkdw vrph sxeolvkhg frqvlvwhqf| surriv

duh lq huuru dv wkh| vwdqg1

Nh|zrugv= Fryduldqfh Pdwul{ Hvwlpdwlrq/ Nhuqho Hvwlpdwru/ Olqhdu Surfhvv
MHO Fodvvlilfdwlrq= F46

41 Lqwurgxfwlrq

Wklv qrwh hvwdeolvkhv frqvlvwhqf| ri nhuqho hvwlpdwruv ri wkh orqj0uxq fryduldqfh pd0
wul{ ri d olqhdu surfhvv xqghu zhdn prphqw dqg phpru| frqglwlrqv1 Wkh ehvw vxfk
frqvlvwhqf| uhvxowv fxuuhqwo| nqrzq wr wkh dxwkru uhtxluh vxevwdqwldoo| pruh uhvwulf0
wlyh prphqw dqg2ru phpru| frqglwlrqv wkdq qhhghg iru wkh ixqfwlrqdo fhqwudo olplw
wkhruhp +IFOW,14 Lq frqwudvw/ rxu frqglwlrqv duh rqo| prghudwho| vwurqjhu wkdq wkrvh
ri wkh IFOW ri Gdylgvrq +4<<<,15

51 Uhvxowv

Frqvlghu d vhtxhqfh ri ?0glphqvlrqdo udqgrp yhfwruv iT|j|D� '
�
ET|�c � � � c T|?�

��
|D�

jhqhudwhg e| wkh olqhdu surfhvv

T| ' � Eu� e|c +4,

zkhuh � Eu� '
S"

�'f��u
� lv dq ?� ? pdwul{ sro|qrpldo lq wkh odj rshudwru1 Iru doo

| 5 ]c ohw I| ' j Eer G r � |� dqg iru dq| 6 � ? pdwul{ � ' E@��� dqg dq| R : fc

4Vshfl�fdoo|/ Urelqvrq +4<<4/ Wkhruhp 514, uhtxluhv dw ohdvw 518 �qlwh prphqwv zkhq wkh edqg0
zlgwk h{sdqvlrq udwhv uhfrpphqghg e| Dqguhzv +4<<4, duh hpsor|hg/ zkloh gh Mrqj dqg Gdylgvrq
+4<<</ Wkhruhp 514, uhtxluh qhdu hsrfk ghshqghqfh ri vl}h 04251 Dv glvfxvvhg e| Gdylgvrq +4<<<,/
wkh odwwhu frqglwlrq lv h{fhvvlyho| vwulqjhqw iru wkh IFOW1 Lq sduwlfxodu/ lw lv vwurqjhu wkdq rxu
frqglwlrq +Y4, +l,1

5Gdylgvrq +4<<</ Wkhruhp 6, uhtxluhv vtxduh vxppdelolw| udwkhu wkdq devroxwh vxppdelolw| ri
wkh PD frh!flhqwv1

4
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ohw n�nR '
�S6

�'�

S?
�'� m@��m

R
��*R

� Zh lpsrvh wkh iroorzlqj frqglwlrq rq � Eu� dqg

ie|j|M] '
�
Ee|�c � � � c e|?�

��
|M]

=

+l,
S"

�'f n��n2 	 4c

+ll, Iru doo | 5 ]c . Ee| m I|3�� ' f +d1v1, dqg . Ee|e
�
| m I|3�� ' U? +d1v1,/

+lll, ie|�e|�j|M] lv xqlirupo| lqwhjudeoh iru � � � � � � ?�

+Y�,

Qrwlfh wkdw �f lv qrw qhfhvvdulo| wkh lghqwlw| pdwul{1 Wkhuhiruh/ wkh dvvxpswlrq
. Ee|e

�
| m I|3�� ' U? vlpso| uhvwulfwv . ET|T

�
| m I|3�� wr eh frqvwdqw1 Xqghu frqglwlrq

EY�� +ll,/ EY�� +lll, krogv zkhqhyhu ie|j|M] lv ����_� ru 4@ �$�$? t�T|M]. me�|m
o 	 4

iru vrph o : 2�
Zkhq EY�� krogv/ wkh orqj0uxq fryduldqfh pdwul{ ri T|c

l ' *�4
A<"

A3�
A[

r'�

A[
|'�

. ETrT
�
| � c

fdq eh zulwwhq dv iroorzv=

l ' K n K� � Pfc +5,

zkhuh

K '

"[
�'f

P�c +6,

P� ' .
�
T|T

�
|3�

�
c | � �n �c � � f�

Lq vrph dssolfdwlrqv/ vxfk dv wkh frlqwhjudwlrq surfhgxuhv ri Skloolsv dqg Kdqvhq
+4<<3, dqg Sdun +4<<5,/ wkh rqh0vlghg orqj0uxq fryduldqfh pdwul{ K lq E�� lv ri lqwhu0
hvw lq lw*v rzq uljkw1 Lq uhfrjqlwlrq ri wklv idfw/ zh irfxv h{solflwo| rq K� Ri frxuvh/
lq ylhz ri E2� dqg wkh idfw wkdw Pf lv hdv| wr hvwlpdwh/ d frqvlvwhqw hvwlpdwru ri l lv
uhdglo| frqvwuxfwhg jlyhq d frqvlvwhqw hvwlpdwru ri K� Zh frqvlghu wkh fodvv ri nhuqho
hvwlpdwruv ri K jlyhq e|

	KA '

A3�[
�'f

&

�
�

rA

�
	P�cA c
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zkhuh

	P�cA ' A3�
A[

|'�n�

T|T
�
|3�c f � � � A � �c

dqg & E�� lv d nhuqho1 Wkh fruuhvsrqglqj hvwlpdwru ri l lv

	lA ' 	KA n 	K�A � 	PfcA �

Wkh nhuqho & E�� dqg wkh vhtxhqfh irAjAD� ri +srvlwlyh, edqgzlgwk sdudphwhuv duh
dvvxphg wr vdwlvi| wkh iroorzlqj frqglwlrqv=

Iru doo % 5 Uc m& E%�m � � dqg & E%� ' & E�%� ( & Ef� ' �( & E�� lv frqwlqxrxv
dw }hur(

U W
dfc"�

7& E%� _% 	 4c zkhuh 7& E%� ' t�T+D�%� m& E+�m iru doo % � f�
+N,

rA $ 4 dqg A3�*2rA $ f dv A $ 4� +V,

Lq EN� c
U W
dfc"�

7& E%� _% ghqrwhv wkh rxwhu lqwhjudo ri 7& E�� ryhu dfc4� �6 Frqglwlrq EN�

uhvhpeohv Dvvxpswlrq D5Ef� ri Urelqvrq +4<<4, dqg lv vdwlv�hg e| prvw nhuqhov
frqvlghuhg lq wkh olwhudwxuh17 Lq sduwlfxodu/ EN� krogv iru wkh wuxqfdwhg nhuqho dqg
iru doo nhuqhov lq wkh fodvv N� ri Dqguhzv +4<<4, dqg Dqguhzv dqg Prqdkdq +4<<5,1
Olnhzlvh/ EV� lv vdwlv�hg zkhqhyhu wkh edqgzlgwk h{sdqvlrq udwh frlqflghv zlwk wkh
rswlpdo udwh uhsruwhg lq Dqguhzv +4<<4/ s1 ;63,1 Rxu pdlq uhvxow lv wkh iroorzlqj1

Wkhruhp 41 Vxssrvh EN� c EV� dqg EY�� krog1 Wkhq 	KA �K $R f dqg 	lA �l $R f
dv A $ 4�

Dowkrxjk frqglwlrq EN� lv vdwlv�hg e| prvw nhuqhov lq dfwxdo xvh/ vrph nhuqhov
lq wkh fodvv N� ri Dqguhzv +4<<4, dqg Dqguhzv dqg Prqdkdq +4<<5, gr qrw vdwlvi|
EN� � Vlploduo|/ frqglwlrq EN� fdq eh ylrodwhg xqghu Kdqvhq*v +4<<5, Frqglwlrq EN�
dqg Dvvxpswlrq 414 ri gh Mrqj +4<<;,1 Dv h{sodlqhg lq wkh dsshqgl{/ krzhyhu/ vrph
ri wkh surriv lq Dqguhzv +4<<4,/ Kdqvhq +4<<5, dqg gh Mrqj +4<<;, duh lq huuru dv

6Zh vwdwh wkh frqglwlrq lq whupv ri wkh rxwhu lqwhjudo lq rughu wr dyrlg phdvxudelolw| frpsolfd0
wlrqv1

7Xqolnh Urelqvrq +4<<4, dqg gh Mrqj dqg Gdylgvrq +4<<</ Dvvxpswlrq 4,/ zh gr qrw uhtxluhU
U
mN +�,mg� ?4> zkhuh N +�, @ +5�,�

4
U
U
n +{, h{s +l�{,g{= Wklv hqdeohv xv wr dffrpprgdwh wkh

wuxqfdwhg nhuqho1
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wkh| vwdqg/ suhflvho| ehfdxvh d frqglwlrq olnh EN� lv qhhghg iru d nh| vwhs lq wkhvh
surriv wr eh ydolg18

Lq dssolfdwlrqv/ wkh yhfwruv iT|j|D� duh riwhq ixqfwlrqv ri dq xqnqrzq sdudphwhu

yhfwru w +vd|,/ T| ' T| Ew� � Jlyhq dq hvwlpdwru 	wA ri wf +wkh wuxh ydoxh ri w,/ zh fdq

frqvwuxfw wkh hvwlpdwruv 	lA

�
	wA

�
dqg 	KA

�
	wA

�
c zkhuh

	lA

�
	wA

�
' 	KA

�
	wA

�
n 	KA

�
	wA

��
� 	PfcA

�
	wA

�
c

	KA

�
	wA

�
'

A3�[
�'f

&

�
�

rA

�
	P�cA

�
	wA

�
c

	P�cA

�
	wA

�
' A3�

A[
|'�n�

T|

�
	wA

�
T|3�

�
	wA

��
c f � � � A � ��

Wr hvwdeolvk frqvlvwhqf| ri 	lA

�
	wA

�
dqg 	KA

�
	wA

�
/ zh lpsrvh wkh iroorzlqj frqglwlrq=

Hlwkhu

+l, A �*2
�
	wA � wf

�
' �R E�� dqg iru vrph qhljkerukrrg Q ri wfc

t�T|D�.
�
t�TwM�

��� Y
Yw�

T| Ew�
��
2

�2�
	 4c

ru

+ll, T| Ew� ' T| Ewf�� Ew � wf�
�f|c t�T�$|$A nBAf|n2 ' �R E�� c dqg

A �*2
�
	wA � wf

�
B3�A ' �R E�� c zkhuh iBAjAD� lv d vhtxhqfh ri

qrqvlqjxodu pdwulfhv1

+Y2,

Frqglwlrq EY2� +ll, lv Kdqvhq*v +4<<5, Frqglwlrq EY��/ zkloh EY2� +l, lv htxlydohqw wr
Dvvxpswlrq E ri Dqguhzv +4<<4, xqghu EY�� � Dv lq Kdqvhq +4<<5,/ wkh iroorzlqj lv
dq lpphgldwh frqvhtxhqfh ri Wkhruhp 41

Fruroodu| 51 Vxssrvh EN� c EV� c EY�� dqg EY2� krog1 Wkhq 	KA

�
	wA

�
� K $R f dqg

	lA

�
	wA

�
� l $R f dv A $ 4�

8Wkhruhp 4 ri Dqguhzv dqg Prqdkdq +4<<5, lv wuxh dv vwdwhg/ vlqfh wkh nhuqho n lv dvvxphg wr
ehorqj wr wkh fodvv N6= Rq wkh rwkhu kdqg/ wkh fodlp wkdw wkh frqvlvwhqf| uhvxowv +Wkhruhp 4, krog
iru doo n 5 N4 zkhq wkh vhtxhqfh ri edqgzlgwk sdudphwhuv lv �{hg +Dqguhzv dqg Prqdkdq/ 4<<5/
s1 <89, zrxog dsshdu wr eh lqfruuhfw1
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Vdpsoh0ghshqghqw edqgzlgwk sdudphwhuv fdq dovr eh dffrpprgdwhg1 Ohw
	lA

�
	wA c 	rA

�
dqg 	KA

�
	wA c 	rA

�
ghqrwh 	lA

�
	wA

�
dqg 	KA

�
	wA

�
hydoxdwhg dw wkh srv0

vleo| vwrfkdvwlf edqgzlgwk 	rA � Wkh iroorzlqj dvvxpswlrq rq i	rAj vx!fhv=

	rA ' 	kA rA c zkhuh 	kA ' �R E�� c �*	kA ' �R E�� c dqg rA vdwl�hv EV� � +V �,

Wkhruhp 61 Vxssrvh EN� c EV �� c EY�� dqg EY2� krog1 Wkhq 	KA

�
	wA c 	rA

�
� K $R f

dqg 	lA

�
	wA c 	rA

�
� l $R f dv A $ 4�

61 Surriv

6141 Surri ri Wkhruhp 41 Qrwlfh wkdw

���	KA � K
���
2
�

���	KA �.
�
	KA

����
2
n
���. �

	KA

�
� K

���
2
c

���	lA � l
���
2
�

���	lA �.
�
	lA

����
2
n
���. �

	lA

�
� l

���
2
�

Frqwlqxlw| ri & E�� dw }hur dqg
S"

�'f nP�n2 	 4 lpsolhv
���. �

	KA

�
� K

���
2
$ f dqg���. �

	lA

�
� l

���
2
$ f� Pruhryhu/

���	lA � .
�
	lA

����
2
� 2 �

���	KA �.
�
	KA

����
2
n
���	PfcA � .

�
	PfcA

����
2
c

zkloh

���	KA � .
�
	KA

����
2
�

A3�[
�'f

����&
�

�

rA

����� � ���	P�cA � .
�
	P�cA

����
2
�

Vxssrvh zh fdq vkrz wkdw

r3�A

A3�[
�'f

����&
�

�

rA

����� ' � E�� � +7,

Pruhryhu/ vxssrvh zh fdq �qg qrq0qhjdwlyh vhtxhqfhv iq�j�Df dqg i�A c #AjAD� vxfk
wkdw

.
����	P�cA �.

�
	P�cA

����
2

�
� q��A n #A c f � � � A � �c +8,
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zkhuh
S"

�'f q� 	 4c �A ' J E�� dqg #A ' �
�
A3�*2

�
� Wkhq

.
����	PfcA �.

�
	PfcA

����
2

�
� qf�A n #A $ fc

dqg

.
����	KA � .

�
	KA

����
2

�
�

A3�[
�'f

����&
�

�

rA

����� � . ����	P�cA �.
�
	P�cA

����
2

�

� �A

A3�[
�'f

q� n #A

A3�[
�'f

����&
�

�

rA

�����
� �A

#
"[
�'f

q�

$
n E#A rA �

#
r3�A

A3�[
�'f

����&
�

�

rA

�����
$

$ fc

vlqfh m& E%�m � � iru doo % 5 U dqg �A rA ' J E�� xqghu EN� c EV� � Wkh wzr ohppdv
wkdw iroorz hvwdeolvk Ee� dqg ED� c khuhe| frpsohwlqj wkh surri1 �

Ohppd 71 Vxssrvh EN� dqg EV� krog1 Wkhq *�4 t�TA<" r3�A

SA3�
�'f m& E�*rA �m 	 4�

Uhpdun 41 Lq wkh surri ri Wkhruhp 4+d, lq Dqguhzv +4<<4,/ lw lv fodlphg wkdw wkh
frqfoxvlrq ri Ohppd 7 krogv xqghu wkh zhdnhu frqglwlrq wkdw & 5 N�c zkhuh

9

N� ' i& E�� G U $ d��c �o c & Ef� ' �c & E%� ' & E�%� ;% 5 UcU
U
m& E%�m _% 	 4c & E�� lv frqwlqxrxv dw f dqg dw doo exw

d �qlwh qxpehu ri rwkhu srlqwvj �

D vlplodu fodlp kdv ehhq pdgh e| Kdqvhq +4<<5/ ss1 <:30<:5,1 Dv zh qrz vkrz/
wkhvh fodlpv duh lqydolg1 Wdnh dq| & 5 N� vxfk wkdw & E%� ' � ;% 5 ] dqg wdnh dq|
irAj � Q vxfk wkdw EV� krogv1 Wkhq/ dv A $ 4c

r3�A

A3�[
�'f

����&
�

�

rA

����� � r3�A

dEA3��*rA o[
%'f

m& E%�m

' r3�A

��
A � �

rA

�
n �

�
$ 4c

9Dv srlqwhg rxw e| Dqguhzv dqg Prqdkdq +4<<5/ s1 <88,/ wkh fodvv N4 lq Dqguhzv +4<<4, vkrxog

eh gh�qhg zlwk
U
U
n +{,

5
g{ ?4 uhsodfhg e|

U
U
mn +{,m g{ ?4=
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zkhuh dEA � �� *rA o lv wkh odujhvw lqwhjhu qrw h{fhhglqj EA � �� *rA � Dv d frqvhtxhqfh/
wkh surriv ri Wkhruhp 4 ri Dqguhzv +4<<4, dqg Wkhruhpv 4 dqg 6 ri Kdqvhq +4<<5,
duh lq huuru dv wkh| vwdqg1 Olnhzlvh/

r32A

A3�[
�'f

����&
�

�

rA

����� � � � r3�A

dEA3��*rA o[
%'f

m& E%�m � %

' r3�A �

k
A3�
rA

l �k
A3�
rA

l
n �

�
2

$ 4c

frqwudglfwlqj d fodlp pdgh e| gh Mrqj +4<<;/ Surri ri Wkhruhp 5,1 Wkhuhiruh/
gh Mrqj*v +4<<;, fruuhfwhg surri ri Kdqvhq*v +4<<5, lqfruuhfw frqvlvwhqf| surri lv lq
huuru dv lw vwdqgv1

Rqh nhuqho & 5 N� vxfk wkdw & E%� ' � ;% 5 ] lv

& E�� '
"[
�'f

&� E�� c

zkhuh/ iru hdfk � � f dqg % � fc

&� E%� '

;?
=

�� E�n ��2 E%� �� c li � � % � �n E�n ��32 c

�� E�n ��2 E�n �� %� c li �n �� E�n ��32 � % � �n �c
fc rwkhuzlvh1

Ohwwlqj & E%� ' & E�%� ;% 	 fc lw hdvlo| vhhq wkdw & 5 N�� Lq sduwlfxodu/ & lv frqwlqx0
rxv dqg

]
U

m& E%�m _% ' 2

]
dfc"�

& E%� _%

' 2

"[
�'f

�]
dfc"�

&� E%� _%

�

' 2
"[
�'f

�

E�n ��2

'
Z2

�
	 4�
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Uhpdun 51 Dq| nhuqho & 5 N� vdwlv�hv Kdqvhq*v +4<<5, Frqglwlrq EN�/ zklfk
lv lghqwlfdo wr Dvvxpswlrq 414 ri gh Mrqj +4<<;,1 Lq Uhpdun 4/ zh wkhuhiruh rqo|
frqvlghuhg wkh fdvh zkhuh & 5 N�� Zh qrwlfh/ wkrxjk/ wkdw pdwwhuv fdq jhw hyhq
zruvh xqghu Kdqvhq*v +4<<5, Frqglwlrq EN� c vlqfh wkdw frqglwlrq doorzv & wr eh

glvfrqwlqxrxv dw frxqwdeo| pdq| srlqwv1 Wkh vhtxhqfh
q
r3�A

SA3�
�'f m& E�*rA �m

r
AD�

rqo| ghshqgv rq & E�� wkurxjk i& E%� G % 5 Gj c zkhuh G ' ^AD� ^�$�$A3� i�*rAj1
Vlqfh G lv frxqwdeoh/ r3�A

SA3�
�'f m& E�*rA �m fdq wdnh rq dq| ydoxh lq

�
r3�A ( r3�A � A

�
+iru

hdfk A , dqg vwloo vdwlvi| Kdqvhq*v +4<<5, Frqglwlrq EN� � Lq sduwlfxodu/ zh fdq kdyh
r3�A

SA3�
�'f m& E�*rA �m ' r3�A � Ac zklfk glyhujhv +dv A $ 4, zkhqhyhu rA ' J EA � �

Surri ri Ohppd 71 Iru dq| � � � � A � �/ zh kdyh

����&
�

�

rA

����� � 7&

�
�

rA

�
� 7& E%� c

�� �

rA
� % �

�

rA
c

zkhuh 7& E%� ' t�T+D�%� m& E+�m iru doo % � f� Wkhuhiruh/

r3�A

����&
�

�

rA

����� '
]
dE�3��*rA c�*rA �

����&
�

�

rA

����� _% �

] W

dE�3��*rA c�*rA �

7& E%� _%c

dqg khqfh

r3�A

A3�[
�'f

����&
�

�

rA

����� ' r3�A n r3�A

A3�[
�'�

����&
�

�

rA

�����
� r3�A n

] W

dfcEA3��*rA �

7& E%� _%

� r3�A n

] W
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