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Qrlv| Ilqdqfldo Vljqdov dqg Shuvlvwhqw H�hfwv

ri Qrplqdo Vkrfnv lq Rshq Hfrqrplhv

Wruehq P1 Dqghuvhq�|

Xqlyhuvlw| ri Ddukxv/ HSUX dqg FHSU

Qlhov F1 Ehlhu

Xqlyhuvlw| ri Ddukxv

Ghfhpehu 4<<<

Devwudfw= Iordwlqj h{fkdqjh udwhv glvsod| vxevwdqwldo vkruw0uxq yrodwlolw| lpso|0

lqj wkdw djhqwv idfh d qrqwulyldo lqirupdwlrq sureohp ri glvhqwdqjolqj whpsrudu|

iurp shupdqhqw fkdqjhv1 Djhqwv dffxpxodwh lqirupdwlrq dqg ohduq ryhu wlph/

dqg zh dqdo|}h zkhwkhu wklv edvlf lqirupdwlrq sureohp lq wkh suhvhqfh ri qrplqdo

frqwudfwv fdq dffrxqw iru shuvlvwhqw h�hfwv ri qrplqdo vkrfnv1 Vshfl�fdoo| zh xvh d

jhqhudo htxloleulxp wzr0frxqwu| prgho zlwk vshfldol}hg surgxfwlrq dqg rqh0shulrg

qrplqdo frqwudfwv dqg frqvlghu wkh sursdjdwlrq ri qrplqdo vkrfnv ryhu wlph1 Lqiru0

pdwlrqdo sureohpv duh vkrzq wr kdyh lpsruwdqw txdolwdwlyh dqg srwhqwldoo| vwurqj

txdqwlwdwlyh lpsruwdqfh iru wkh sursdjdwlrq ri qrplqdo vkrfnv1

MHO fodvvl�fdwlrq= H65> I74

Nh|zrugv= H{fkdqjh udwhv> Lpshuihfw lqirupdwlrq> Ohduqlqj> Qrplqdo vkrfnv>

Shuvlvwhqfh> Whpsrudu| dqg shupdqhqw vkrfnv

�Zh dfnqrzohgjh frpphqwv iurp Plfkdho Mdqvvrq/ Pruwhq E1 Mhqvhq dqg Vûuhq Y1
Vûuhqvhq dv zhoo dv Pdxulfh Revwihog dqg rwkhu sduwlflsdqwv dw wkh 4<<< ]hxwkhq Zrunvkrs
lq Frshqkdjhq1 Zh zrxog dovr olnh wr wkdqn vhplqdu sduwlflsdqwv dw HSUX +Frshqkdjhq,
dqg Xqlyhuvlw| ri Ddukxv iru frpphqwv rq hduolhu gudiwv ri wklv sdshu1

|Fruuhvsrqgdqfh wr= Wruehq P1 Dqghuvhq/ Xqlyhuvlw| ri Ddukxv/ Ghsduwphqw ri Hfr0
qrplfv/ Exloglqj 683/ GN0;333 Ddukxv F> H0pdlo= wdqghuvhqChfrq1dx1gn1
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4 Lqwurgxfwlrq

Pryhphqwv lq h{fkdqjh udwhv dwwudfw pxfk dwwhqwlrq dqg d juhdw ghdo ri
uhvrxufhv duh devruehg lq lqwhusuhwlqj wkh ghyhorsphqwv1 Lqwhusuhwdwlrq ri
dq| fkdqjh lq wkh h{fkdqjh udwh lqhylwdeo| udlvhv wkh txhvwlrq zkhwkhu lw
lv whpsrudu| ru shupdqhqw1 Lqirupdwlrq rq wklv lvvxh lv fohduo| ri ydoxh wr
wudghuv lq wkh iruhljq h{fkdqjh pdunhwv/ exw dovr pruh zlgho| dv d qxpehu
ri ghflvlrqv duh ghshqghqw rq h{fkdqjh0udwh pryhphqwv lq sduwlfxodu sulfh
dqg zdjh ghflvlrqv1 Wlph uhyhdov zkhwkhu jlyhq vkrfnv zhuh whpsrudu| ru
shupdqhqw/ dqg wklv lpsolhv wkdw lqirupdwlrq dffxpxodwlrq ryhu wlph lqgxfhv
d ohduqlqj surfhvv lq xhqflqj wkh g|qdplf dgmxvwphqw sdwk1

Wkdw iruhljq h{fkdqjh pdunhwv duh fkdudfwhul}hg e| vxevwdqwldo vkruw0uxq
yrodwlolw| dv zhoo dv vxevwdqwldo dqg odvwlqj fkdqjhv lq h{fkdqjh udwhv lv zhoo0
nqrzq +Urjr�/ 4<<9,1 Lw lv dovr d zhoo0hvwdeolvkhg hpslulfdo idfw wkdw qrplqdo
h{fkdqjh udwhv kdyh shuvlvwhqw h�hfwv rq uhodwlyh sulfhv ehwzhhq frxqwulhv1
Lw lv dq lpsruwdqw sx}}oh wr rshq pdfurhfrqrplfv wr h{sodlq wkh hpslulfdo
hylghqfh lqglfdwlqj wkdw wkh kdoi0olih ri vkrfnv rq uhodwlyh sulfhv fdq eh dv orqj
dv 607 |hduv +vhh/ iru h{dpsoh/ PfGrqdog/ 4<<</ iru d vxuyh|,1 Wklv hylghqfh
vkrzv wkdw wkh sureohp ri glvwlqjxlvklqj ehwzhhq whpsrudu| dqg shupdqhqw
fkdqjhv lq wkh h{fkdqjh udwh lv e| qr phdqv wulyldo1 Vlqfh lw pruhryhu vhhpv
kdug wr h{sodlq wkh deryhphqwlrqhg idfwv zlwkrxw ohdylqj d uroh iru qrplqdo
vkrfnv/ lw lv qdwxudo wr txhvwlrq zkdw uroh qrplqdo vkrfnv kdyh zkhq djhqwv
duh xqdeoh wr glvwlqjxlvk whpsrudu| iurp shupdqhqw fkdqjhv14

Wkh dlp ri wklv sdshu lv wr vwxg| krz lqirupdwlrqdo sureohpv d�hfw wkh
wudqvplvvlrq ri qrplqdo vkrfnv lqwr wkh uhdo vlgh ri wkh hfrqrp| zlwklq dq
h{solflw lqwhuwhpsrudo jhqhudo htxloleulxp prgho1 Wkh irfxv zloo lq sduwlfxodu
eh rq wkh dgmxvwphqw surfhvv dqg wkh sureohp ri shuvlvwhqf|1 Wr wklv hqg
zh qhhg wr prgho wkh vrxufhv ri h{fkdqjh0udwh fkdqjhv1

Lq wkh iruhljq h{fkdqjh pdunhw djhqwv wudgh rqh fxuuhqf| djdlqvw dqrwkhu/
dqg fkdqjhv lq vxsso| dqg ghpdqg wudqvodwh lpphgldwho| lqwr fkdqjhv lq h{0
fkdqjh udwhv xqghu d  h{leoh h{fkdqjh0udwh uhjlph1 Lw iroorzv wkdw fkdqjhv lq
h{fkdqjh udwhv pd| ruljlqdwh iurp ydulrxv irupv ri vkrfnv dulvlqj rq hlwkhu
wkh ghpdqg ru wkh vxsso| vlgh1 Wkhvh vkrfnv frxog eh uhdo ru prqhwdu| lq
qdwxuh dqg ohdyh d qrq0wulyldo sureohp ri vhsdudwlqj whpsrudu| iurp shupd0
qhqw fkdqjhv lq wkh h{fkdqjh udwh1 Exloglqj wklv sureohp lqwr d ixoo| vshfl�hg
jhqhudo htxloleulxp prgho lv e| qr phdqv wulyldo vlqfh lw uhtxluhv qrw rqo|
d vshfl�fdwlrq ri vkrfnv zklfk kdyh whpsrudu| dqg shupdqhqw frpsrqhqwv

4Wkh lpsruwdqfh ri glvwlqjxlvklqj ehwzhhq whpsrudu| dqg shupdqhqw vkrfnv jrhv edfn
wr Pxwk*v +4<93, glvfxvvlrq ri wkh srvvleoh rswlpdolw| ri dgdswlyh h{shfwdwlrqv/ vhh dovr
Vdujhqw +4<;5,1 Lq vwdqgdug pdfurprghov wkh lghd kdv ehhq h{soruhg e| Dqghuvhq +4<;8,/
Euxqqhu hw do +4<;6, dqg Jhuwohu +4<;5,1
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exw dovr dq dffrxqw ri krz wkhvh vkrfnv d�hfw wkh djhqwv +suhihuhqfhv/ hq0
grzphqwv/ whfkqrorj|/ hwf,1

Wr vlpsoli| dqg wr irfxv rq wkh uroh ri qrplqdo vkrfnv zh dqdo|}h vkrfnv
dulvlqj lq wkh �qdqfldo vhfwru1 Wkhuhe| zh dovr dgguhvv wkh pruh gl!fxow
sureohp ri h{sodlqlqj shuvlvwhqw h�hfwv ri qrplqdo vkrfnv1 Dq hvvhqwldo
vrxufh ri pryhphqwv lq h{fkdqjh udwhv pd| eh fkdqjhv lq wkh +uhodwlyh, vxs0
so| ri oltxlglw| zklfk lq wxuq pd| eh gulyhq e| fkdqjhv lq wkh prqh| edvh
ru lq wkh oltxlglw| fuhdwhg e| wkh �qdqfldo v|vwhp1 D ydulhw| ri fdxvhv fdq
wkxv jlyh ulvh wr d fkdqjh lq oltxlglw| dqg ohdyh d sureohp ri glvhqwdqjolqj
whpsrudu| iurp shupdqhqw fkdqjhv1 Vlqfh wkh lqirupdwlrq sureohp ri lqwhu0
suhwlqj fkdqjhv lv hvvhqwldo wr rxu vwru| zh h{sorlw wkh prgho vlpsol�fdwlrq
zklfk fdq eh dwwdlqhg e| dvvxplqj wkdw fkdqjhv lq wkh dydlodeoh dprxqw ri
oltxlglw| duh gulyhq e| fkdqjhv lq wkh prqh| edvh zklfk duh hlwkhu whpsrudu|
ru shupdqhqw1 Lw lv dvvxphg wkdw doo fxuuhqw lqirupdwlrq lv iuhho| dydlodeoh/
exw djhqwv idfh wkh sureohp ri pdnlqj lqihuhqfhv derxw lwv lpsolfdwlrqv iru
wkh ixwxuh1 Zkloh wkh vshfl�f prgholqj dssurdfk wdnhq khuh exlogv rq wkh
prqhwdu| +frqvxpswlrq, dssurdfk wr h{fkdqjh0udwh ghwhuplqdwlrq/ zh wklqn
wkdw wkh lqvljkwv surylghg jr eh|rqg wklv vshfl�f zd| ri prghoolqj iruhljq
h{fkdqjh pdunhwv1 Wkh vshfl�f prgholqj dssurdfk dgrswhg kdv wkh yluwxh ri
dyrlglqj d vshfl�fdwlrq ri wkh �qdqfldo v|vwhp lq juhdw ghwdlo1 Wkh srlqw wkdw
wkh ghwhuplqdqwv ri h{fkdqjh udwhv fdq kdyh erwk whpsrudu| dqg shupdqhqw
frpsrqhqwv lv jhqhulf wr dq| prgho ri h{fkdqjh0udwh ghwhuplqdwlrq1

D vxevwdqwldo dprxqw ri h�ruw kdv ehhq sxw lqwr dqdo|}lqj wkh hpslulfdo
uroh ri prqhwdu| vkrfnv iru revhuyhg lqwhuqdwlrqdo exvlqhvv f|foh  xfwxdwlrqv
lqfoxglqj h{fkdqjh0udwh pryhphqwv1 Rxu uhdglqj ri wkh dydlodeoh hylghqfh
lv wkdw qrplqdo vkrfnv sod| d uroh/ zkloh lw lv ohvv fohdu wr zkdw h{whqw wkh|
duh wkh grplqdqw w|sh ri vkrfn15 Lq wkh iroorzlqj zh dqdo|}h wkh lqwhusod|
ehwzhhq lqirupdwlrq sureohpv dqg prqhwdu| vkrfnv/ qrw ehfdxvh prqhwdu|
vkrfnv qhfhvvdulo| duh wkh hpslulfdoo| grplqdqw w|sh ri vkrfn/ exw ehfdxvh
wkh wkhruhwlfdo olwhudwxuh vr idu kdv ehhq xqdeoh wr jlyh d frqylqflqj h{sod0
qdwlrq zk| qrplqdo vkrfnv kdyh shuvlvwhqw uhdo h�hfwv1 Lq wkh vdph yhlq zh
dvvxph rqh0shulrg qrplqdo frqwudfwv vlqfh lw lv zhoo nqrzq iurp wkh olwhudwxuh
wkdw wklv w|sh ri frqwudfw grhv qrw jhqhudwh dq| lqwhuhvwlqj g|qdplfv devhqw
lqirupdwlrq sureohpv1 Wkh uhihuhqfh srlqw lv wkxv d vhwwlqj zkhuh qrplqdo
vkrfnv pd| kdyh dq lpsdfw h�hfw gxh wr rqh shulrg qrplqdo frqwudfwv exw
wkh| gr qrw e| wkhpvhoyhv surgxfh dq| lqwhuhvwlqj g|qdplfv/ lh wkh lpsxovh
uhvsrqvhv duh wulyldo dqg lpsodxvleoh1 Zh dvn wkh vlpsoh txhvwlrq= wr zkdw

5Riwhq flwhg sdshuv duh Fodulgd dqg Jdol +4<<7, dqg Hlfkhqedxp dqg Hydqv +4<<8,1
Pruh uhfhqw frqwulexwlrqv duh Fdqryd dqg gh Qlfroö +4<<;, dqg Urjhuv +4<<<,1 Doo �qg
hpslulfdo vxssruw iru wkh k|srwkhvlv wkdw prqhwdu| vkrfnv sod| d uroh +dowkrxjk wr ydu|lqj
ghjuhhv,1
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h{whqw lv wklv fkdqjhg zkhq djhqwv idfh wkh edvlf sureohp ri glvhqwdqjolqj
whpsrudu| iurp shupdqhqw vkrfnvB

Wkh suhvhqw dqdo|vlv lv uhodwhg wr wkh jhqhudo glvfxvvlrq rq sursdjdwlrq
phfkdqlvpv lq exvlqhvv f|foh prghov1 Lw lv d zhoo0nqrzq idfw wkdw wkh lqkhuhqw
sursdjdwlrq phfkdqlvp lq forvhg0hfrqrp| prghov lv zhdn +vhh hj Frjoh| dqg
Qdvrq/ 4<<8,1 Wklv lpsolhv wkdw hyhq wkrxjk vkruw0uxq qrplqdo uljlglwlhv fdq
lqgxfh qrplqdo vkrfnv wr kdyh uhdo h�hfwv/ wkh h�hfwv duh qrw shuvlvwhqw vlqfh
wkh sursdjdwlrq phfkdqlvp lv wrr zhdn1 Lq dq rshq hfrqrp| frqwh{w wklv
xvxdoo| vkrzv xs lq wkh idfw wkdw wkh g|qdplfv lv hvvhqwldoo| zrunhg rxw
ryhu d wlph shulrg htxdo wr wkh frqwudfw ohqjwk +vhh Revwihog dqg Urjr�/
4<<8/ 4<<9,1 Iru uhdo vkrfnv wklv sureohp fdq eh flufxpyhqwhg e| dvvxplqj
shuvlvwhqf| lq wkh xqghuo|lqj vkrfn1 Reylrxvo| wklv surfhgxuh fdqqrw uhdglo|
eh dssolhg wr qrplqdo vkrfnv vlqfh lw lv rqo| wkh xqdqwlflsdwhg sduw ri wkh
vkrfn zklfk kdv uhdo h�hfwv1 Wklv kdv vsxuuhg dq lqwhuhvw lq vwuhqjwkhqlqj wkh
sursdjdwlrq phfkdqlvp yld wkh lqwurgxfwlrq ri vwdjjhuhg qrplqdo sulfh ru
zdjh frqwudfwv1 Zkloh hpslulfdoo| uhohydqw dqg vwuhqjwkhqlqj sursdjdwlrq/ lw
grhv qrw vhhp wkdw wklv phfkdqlvp lq lwvhoi fdq jhqhudwh vx!flhqw shuvlvwhqf|
lq wkh dgmxvwphqw surfhvv1 Wkh suhvhqw sdshu wdnhv dq dowhuqdwlyh urxwh dqg
vkrzv wkdw qrplqdo vkrfnv kdyh shuvlvwhqw uhdo h�hfwv zkhq djhqwv idfh wkh
lqirupdwlrq sureohp ri vhsdudwlqj whpsrudu| iurp shupdqhqw vkrfnv1 Wklv
vxjjhvwv d zd| ri vwuhqjwkhqlqj wkh hqgrjhqrxv sursdjdwlrq phfkdqlvp hyhq
li qrplqdo frqwudfwv kdyh vkruw gxudwlrq1

Wkh vshfl�f vwuxfwxuh ri wkh prgho exlogv rq wkh vr0fdoohg Qhz Rshq0
Hfrqrp|Pdfurhfrqrplfv odxqfkhg e| Revwihog dqg Urjr� +4<<8, dqg zklfk
lv d udslgo| h{sdqglqj �hog16 Wkh olwhudwxuh kdv h{soruhg wkh frqvhtxhqfhv ri
erwk qrplqdo sulfh dqg zdjh frqwudfwv1 Zh dvvxph qrplqdo zdjh frqwudfwv
+vhh vhfwlrq 516 iru ixuwkhu glvfxvvlrq, dqg d eulhi olvw ri uhodwhg Qhz Rshq0
Hfrqrp| Pdfurhfrqrplfv sdshuv doo zlwk vwlfn| zdjhv dqg shuihfw lqirupd0
wlrq lqfoxgh> Dqghuvhq dqg Ehlhu +4<<<, zkr lqyhvwljdwh d yhuvlrq ri wklv
sdshu*v prgho zlwk vwdjjhulqj dv wkh sursdjdwlrq vwuhqjwkhqlqj phfkdqlvp>
Kdx +4<<<, irfxvhv rq wkh uroh ri qrqwudgdeohv rq h{fkdqjh0udwh g|qdplfv
lq d rqh0shulrg ghwhuplqlvwlf prgho> Nroopdqq +4<<<, vroyhv d vwrfkdvwlf
prgho zlwk erwk Fdoyr0vw|oh sulfh dqg zdjh vwdjjhulqj qxphulfdoo|/ dqg wu|
wr plplf furvv frxqwu| fruuhodwlrqv ri pdfur yduldeohv> dqg Revwihog dqg Ur0
jr� +4<<<, suhvhqw d vlqjoh0shulrg vwrfkdvwlf prgho zlwk h{dfw forvhg irup
vroxwlrqv/ zkhuh wkh| dqdo|}h wkh h�hfwv rq zhoiduh/ h{shfwhg rxwsxw dqg
h{shfwhg whupv ri wudgh ri wkh prqhwdu| uhjlph1 Wkh| uxoh rxw zhdowk uhdo0
orfdwlrqv e| dvvxpswlrq17

6Iru dq h{fhoohqw vxuyh| vhh Odqh +4<<<,1 Vhyhudo sdshuv fdq eh irxqg rq wkh Qhz Rshq
Hfrqrp| Pdfurhfrqrplfv krphsdjh kwws=22zzz1sulqfhwrq1hgx2 �epgr|oh2rshq1kwpo1

7Dsduw irup wkhvh vwlfn|0zdjh sdshuv wkhuh lv d odujh olwhudwxuh rq sulflqj0wr0pdunhw
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D edvlf ohvvrq ri prghov zlwk rqh0shulrg qrplqdo zdjh ru sulfh frqwudfwv
+vhh Odqh/ 4<<<, lv wkdw wkh| jhqhudwh uhdo h�hfwv ri qrplqdo vkrfnv exw wkh
g|qdplf lpsolfdwlrqv duh qrw yhu| lqwhuhvwlqj vlqfh wkh vwhdg|0vwdwh h�hfw
lv uhdfkhg douhdg| diwhu rqh shulrg1 Gxh wr zhdowk uhdoorfdwlrq lqgxfhg e|
wkh lpsdfw h�hfw dqg frqvxpswlrq vprrwklqj/ wkh vkrfn kdv d shupdqhqw
h�hfw rq uhodwlyh sulfhv +rssrvlwh lq vljq wr wkh lpsdfw h�hfw,1 Wkh xqlw0urrw
surshuw| ri uhodwlyh frqvxpswlrq wkxv fduulhv ryhu wr wkh whupv ri wudgh1

D glvwlqjxlvklqj ihdwxuh ri wkh suhvhqw sdshu lv wkdw zh zdqw wr eh suh0
flvh derxw wkh surfhvv iroorzhg e| hqgrjhqrxv yduldeohv lqfoxglqj wkhlu shuvlv0
whqf| surshuwlhv1 Wr wklv hqg zh vroyh h{solflwo| iru wkh dqdo|wlfdo vroxwlrq wr
dq lqwhuwhpsrudo jhqhudo htxloleulxp rshq hfrqrp| prgho dgplwwlqj zhdowk
uhdoorfdwlrqv ehwzhhq frxqwulhv dqg lqfoxglqj qrplqdo zdjh frqwudfwv dv zhoo
dv wkh lqirupdwlrq sureohp ri vhsdudwlqj whpsrudu| iurp shupdqhqw vkrfnv1
Zh vkrz wkdw wklv vhwwlqj surgxfhv pruh sodxvleoh g|qdplfv1

D forvho| uhodwhg qrq0Qhz Rshq0Hfrqrp| Pdfurhfrqrplfv sdshu/ zklfk
grhv lqwurgxfh wkh qrwlrq ri lpshuihfw lqirupdwlrq dqg ohduqlqj zlwk uhvshfw
wr h{fkdqjh0udwh g|qdplfv/ lv Jrxulqfkdv dqg Wruqhoo +4<<9,18 Wkhuh duh/
krzhyhu/ vrph qrwdeoh gl�huhqfhv vlqfh> +l, wkh| srvwxodwh dq h{rjhqrxv
surfhvv iru wkh lqwhuhvw udwh dqg ghulyh h{fkdqjh udwhv iurp wkh xqfryhuhg
lqwhuhvw udwh sdulw|> +ll, lqwhuwhpsrudo dvshfwv ru lqwhudfwlrqv ehwzhhq wkh
uhdo dqg qrplqdo vlgh +lqfoxglqj qrplqdo uljlglwlhv, sod| qr uroh> dqg +lll,
wkh| doorz iru djhqwv plvshufhlylqj wkh sdudphwhuv ri wkh vwrfkdvwlf surfhvv1
Wkdw vdlg/ wkh lqwxlwlrq xqghuo|lqj vrph ri wkhlu uhvxowv dssolhv wr rxu prgho
dv zhoo1

Wkh sdshu lv rujdql}hg dv iroorzv= Wkh lqwhuwhpsrudo wzr0frxqwu| prgho
zlwk d  h{leoh h{fkdqjh udwh lv vhw xs lq vhfwlrq 51 Wkh vwrfkdvwlf surfhvv iru
prqh| dqg wkh lqirupdwlrq vwuxfwxuh duh gh�qhg lq vhfwlrq 61 Vhfwlrq 7 gh0
vfulehv wkh htxloleulxp1 Vhfwlrq 8 frqvlghuv wkh g|qdplfv ri qrplqdo vkrfnv1
Lq vhfwlrq 9 zh suhvhqw qxphulfdo looxvwudwlrqv1 Glvfxvvlrq dqg frqfoxglqj
uhpdunv duh r�huhg lq vhfwlrq :1

dqg orfdo0fxuuhqf|0sulflqj1 Iurp wklv olwhudwxuh Ehujlq dqg Ihhqvwud +4<<<d/e, vkrxog eh
phqwlrqhg wrr1 Wkh| frqvlghu sulflqj0wr0pdunhw dqg �qg shuvlvwhqf| lq h{fkdqjh udwhv
lq d prgho zlwk sulfh vwdjjhulqj/ wudqvorj suhihuhqfhv dqg lqwhuphgldwh lqsxwv1 Vhh Odqh
+4<<<, iru rwkhu uhihuhqfhv dqg Revwihog dqg Urjr� +4<<<, iru d glvfxvvlrq rq wkhvh sulflqj
dvvxpswlrqv1

8Iru uhfhqw dqdo|vhv ri wkh uhodwlrq ehwzhhq lqirupdwlrq dqg qrqqhxwudolw| ri qrplqdo
vkrfnv/ vhh Dqghuvhq +4<<:, dqg Nloh| +4<<9,1



Qrlv| Ilqdqfldo Vljqdov 8

5 D Vwrfkdvwlf Wzr0Frxqwu| Prgho

Iroorzlqj Revwihog dqg Urjr� +4<<8, zh frqvlghu d wzr0frxqwu| prgho zlwk
d  h{leoh h{fkdqjh udwh dqg vshfldol}hg surgxfwlrq1 Wkhuh duh wzr htxdoo|0
vl}hg frxqwulhv dqg wzr jrrgv/ rqh surgxfhg e| Krph dqg rqh surgxfhg e|
Iruhljq �upv1 Wkhuh duh wzr dvvhwv lq wkh hfrqrp|= prqh| dqg d uhdo erqg/
zkhuh wkh iruphu lv prwlydwhg wkurxjk prqh|0lq0wkh0xwlolw| +Ihhqvwud/ 4<;9,
dqg wkh odwwhu lv wudghg lq d shuihfw fdslwdo pdunhw1 Wkhuh lv qr fdslwdo lq
wkh prgho/ qr lqwhuqdwlrqdoo| preloh oderu dqg wr irfxv rq lqwhughshqghqflhv/
wkh prgho lv v|pphwulf1

514 Frqvxphuv

Wkh frxqwulhv duh lqkdelwhg e| frqvxphuv zkr frqvxph jrrgv/ vxsso| oderu/
dqg krog prqh| dqg erqgv1 Wkh frqvxphu*v ehkdylru lv ghwhuplqhg wkurxjk
pd{lpl}lqj h{shfwhg olihwlph xwlolw|1 Ohw .| eh wkh h{shfwdwlrqv rshudwru
frqglwlrqdo rq shulrg w lqirupdwlrq +vhh qh{w vhfwlrq iru pruh rq wkh lqiru0
pdwlrq vwuxfwxuh ri wkh prgho,/ � oderu vxssolhg/ � qrplqdo edodqfhv/ � d
uhdo frqvxpswlrq lqgh{ dqg � wkh frqvxphu sulfh lqgh{/ wkhq wkh frqvxphu*v
remhfwlyh ixqfwlrq lv

L| ' .|

"[
�'f

B�

%
j

j � �
�

j3�
j

|n� n
1

�� q

�
�|n�

�|n�

��3q

�
V

� n >
�

�n>
|n�

&
c

j : fc 1 : fc q : fc V 	 fc > : fc f 	 B � ��

Wkh uhdo frqvxpswlrq lqgh{ djjuhjdwhv dfurvv frqvxpswlrq ri wkh Krph jrrg
dqg wkh Iruhljq jrrg

�| '
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2

� �
4 �
��
|

� 43�
4 n

�
�

2

� �
4 �

�
s
|

� 43�
4

& 4
43�

c 4 : �c

zkhuh 4 lv wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq Krph dqg Iruhljq jrrgv19

Wkh sulfh lqgh{ fruuhvsrqglqj wr frpsrvlwh frqvxpswlrq lv

�| '

�
�

2

�
� �
|

��34
n
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2

�
�
s
|

��34
� �

�34

c

9Dvvxplqj � A 4 hqvxuhv wkdw wkh Pduvkdoo0Ohuqhu frqglwlrq lv ixo�oohg/ lh d qrplqdo
ghsuhfldwlrq ohdgv wr dq lqfuhdvh lq wkh wudgh edodqfh dqg/ wkxv/ d zhdowk uhdoorfdwlrq lq
idyru ri Krph1 Dqghuvhq dqg Ehlhu +4<<<, dqdo|}h wkh uroh ri � iru wkh dgmxvwphqw surfhvv
lq pruh ghwdlo +vhh dovr Wlooh/ 4<<<,1
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zkhuh � �
| E�

W�
| � lv wkh sulfh ri wkh Krph jrrg lq Krph +Iruhljq, fxuuhqf|

dqg � s
| E�

Ws
| � lv wkh sulfh ri wkh Iruhljq jrrg lq Krph +Iruhljq, fxuuhqf|1 Dv

rxu irfxv zloo eh rq qrplqdo zdjh uljlglw| zh dvvxph wkdw odz ri rqh sulfh
krogv iru erwk jrrgv/ lh

� �
| ' 7|�

W�
| c �

s
| ' 7|�

Ws
| �

Dq dvwhulvn ghqrwhv Iruhljq yduldeohv dqg � Es� uhihuv wr yduldeohv rulj0
lqdwlqj lq Krph +Iruhljq,1 7 lv wkh qrplqdo h{fkdqjh udwh gh�qhg dv wkh
Krph sulfh ri Iruhljq fxuuhqf|1 D gluhfw lpsolfdwlrq ri ORS lv wkdw sxu0
fkdvlqj srzhu sdulw| krogv dv zhoo/ wkdw lv/ �| ' 7|�

W

| 1 Dv d frqvhtxhqfh
wkh vxevhtxhqw dqdo|vlv zloo irfxv rq krz qrplqdo vkrfnv d�hfw wkh whupv ri
wudgh1 Lw fdq eh vkrzq lq d vhwwlqj lqfoxglqj qrqwudgdeohv wkdw wkh pryh0
phqwv lq wkh uhdo h{fkdqjh udwh duh txdolwdwlyh htxlydohqw wr wkh pryhphqwv
lq wkh whupv ri wudgh1

Zh dvvxph wkdw wkhuh lv rqh lqwhuqdwlrqdoo| wudghg uhdo erqg ghqrwhg lq
wkh frpsrvlwh frqvxpswlrq jrrg �1 Ohw o| eh wkh frqvxpswlrq edvhg uhdo
lqwhuhvw udwh ehwzhhq gdwhv w dqg w.41 Wkh frqvxphu*v exgjhw frqvwudlqw iru
dq| shulrg w lv jlyhq e|

�|�| n�| n �|�| ' E� n o|3���|�|3� n�|3� n`|�| n�| n �|� |�

Wkh uljkw0kdqg vlgh jlyhv dydlodeoh uhvrxufhv dv wkh vxp ri wkh jurvv uhwxuq
rq erqgkroglqjv E�no|3���|�|3�/ lqlwldo prqh| kroglqjv�|3�/ oderu lqfrph
`|�|/ qrplqdo sur�w lqfrph �| dqg wudqvihuv iurp wkh jryhuqphqw �|� |1
Uhvrxufhv duh doorfdwhg wr frqvxpswlrq �|�|/ qrplqdo prqh| kroglqjv �|

dqg erqgkroglqjv �|�|1
Jlyhq wkh frqvwdqw hodvwlflw| frqvxpswlrq lqgh{ Krph frqvxphuv* gh0

pdqgv iru wkh Krph jrrg dqg wkh Iruhljq jrrg duh
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uhvshfwlyho|/ dqg pxwdwlv pxwdqglv iru wkh ghpdqgv e| Iruhljq frqvxphuv1
Djjuhjdwlqj ghpdqgv/ zh �qg ghpdqgv iru wkh Krph dqg Iruhljq jrrgv wr
eh
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zkhuh zruog frqvxpswlrq �`
| � �

2
�| n

�
2
�W

| 1
Wkh �uvw0rughu frqglwlrqv dulvlqj iurp frqvxphu pd{lpl}dwlrq/ zulwwhq

lq orj0olqhdu irup:/ duh wkh Hxohu htxdwlrq

.|S|n� ' S| n j *L} E� n o|� c +4,

dqg prqh| ghpdqg

6| � R| ' #6SS| � #�6S.|S|n� n #6R ER| �.|R|n�� c +5,

zkhuh orzhu0fdvh ohwwhuv ghqrwh wkh qdwxudo orjdulwkpv ri wkh fruuhvsrqg0
lqj xsshu0fdvh yduldeohv1; Doo frqvwdqwv duh qhjohfwhg1< Wkh oderu0vxsso|
ghflvlrq/ ru pruh jhqhudoo|/ wkh zdjh vhwwlqj lvvxh lv ghdow zlwk lq vhfwlrq
5161

Iru odwhu uhihuhqfh lw lv qrwhg wkdw +4, lpsolhv wkdw uhodwlyh frqvxpswlrq
iroorzv d pduwlqjdoh lh

.|

�
S|n� � SW|n�

�
' S| � SW| �

Wkh orj0olqhdul}hg yhuvlrqv ri wkh sulfh lqglfhv duh

R| '
�

2

�
R�| n r| n R

Ws
|

�
c RW| '

�

2

�
R�| � r| n R

Ws
|

�
c

dqg wkh whupv ri wudgh lv gh�qhg dv

^| � R�| � R
s
| ' R�| � R

Ws
| � r|�

515 Ilupv

Ilupv ghpdqg oderu dqg surgxfh wkh Krph jrrg1 Wkhuh lv shuihfw frpshwl0
wlrq lq wkh surgxfw pdunhwv lpso|lqj wkdw �upv duh sulfh wdnhuv1 Wkh zdjh lv
wdnhq dv jlyhq dv zhoo1 Wkh jrrg lv surgxfhg vxemhfw wr d ghfuhdvlqj uhwxuqv
whfkqrorj| olqnlqj rxwsxw t � dqg oderu lqsxw �43

t �
| ' �

�
| c f 	 � 	 ��

:Wkh prgho lv vshfl�hg vr dv wr |lhog d orj0olqhdu prgho1 Krzhyhu/ orj0olqhdul}dwlrqv
duh qhhghg iru prqh| ghpdqg dqg wkh exgjhw frqvwudlqw1 Vhh dsshqgl{ D iru ghwdlov dqg
gh�qlwlrqv ri frqvwdqwv1

;Lq wkh uhvw ri wkh sdshu �{} ghqrwhv wkh hodvwlflw| ri wkh yduldeoh [ zlwk uhvshfw wr
wkh yduldeoh ]1 Vxshuvfulswv duh lqfoxghg zkhq wkh uljkw kdqg vlgh yduldeoh kdv pruh wkdq
rqh hqwu|/ hj odjjhg dqg ohdghg yduldeohv +fi �pf dqg �4pf lq htxdwlrq ^5`,1

<Wkhvh frqvwdqw whupv lqfoxgh yduldqfh whupv zklfk duh frqvwdqw xqghu wkh vwrfkdvwlf
surfhvv frqvlghuhg1

43\ k +\ �i , lv xvhg dv qrwdwlrq iru Krph +Iruhljq, rxwsxw dv zh ohdyh \ +\ �, dv qrwdwlrq
iru uhdo lqfrphv +vhh dsshqgl{ D,1
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Pd{lpl}lqj sur�wv vxemhfw wr whfkqrorj| |lhogv wkh iroorzlqj oderu ghpdqg
dqg rxwsxw vxsso| +lq orjv,

?| ' #?�
�
R�| � �|

�
c #?� ' E�� ��3�

c +6,

+�| ' #+�
�
R�| � �|

�
c #+� ' � E�� ��3�

�

Wkh hodvwlflw| ri oderu ghpdqg zlwk uhvshfw wr surgxfw uhdo zdjh lv �#?� dqg
wkh hodvwlflw| ri rxwsxw vxsso| zlwk uhvshfw wr surgxfw uhdo zdjh lv �#+�1
Sur�wv duh glvwulexwhg wr krxvhkrogv1

516 Zdjh vhwwlqj

Wr ohdyh d uroh iru qrplqdo vkrfnv zh qhhg wr lqwurgxfh qrplqdo frqwudfwv1
Zh gr wklv e| vshfli|lqj rqh0shulrg qrplqdo zdjh frqwudfwv1 Zkloh qrplqdo
uljlglwlhv pd| suhydlo lq erwk surgxfw dqg oderu pdunhwv/ zh irfxv rq qrplqdo
zdjh uljlglwlhv dv rqh srvvleoh vrxufh ri qrplqdo uljlglw|1 Hpslulfdo hylghqfh
dovr vxssruwv wkdw qrplqdo zdjh uljlglwlhv pljkw sod| d uroh +vhh hj Hvwhyær
dqg Zlovrq/ 4<<;> Revwihog dqg Urjr�/ 4<<<> Vshqfhu/ 4<<;> Wd|oru/ 4<<;,144

Zlwk suh0vhwwlqj ri qrplqdo zdjhv lw ehfrphv ri lpsruwdqfh iru zdjh vhwwhuv
krz wr vhsdudwh whpsrudu| dqg shupdqhqw lq xhqfhv rq wkh h{fkdqjh udwh1
Lq wklv zd| lqirupdwlrqdo sureohpv jhw d qrq0wulyldo uroh iru wkh lqwhusod|
ehwzhhq wkh prqhwdu| dqg wkh uhdo vlgh ri wkh hfrqrp|1

Zh exlog rq d udwkhu h{whqvlyh olwhudwxuh lqwurgxflqj lpshuihfw frpshwl0
wlrq lqwr wkh oderu pdunhw +vhh hj Prhqh dqg Zdoohuvwhlq/ 4<<6/ iru d vxuyh|
dqg uhihuhqfhv,1 Zrunhuv duh rujdql}hg lq +prqrsro|, xqlrqv/ dqg hdfk xqlrq
uhsuhvhqwv d +vpdoo, vxevhw ri zrunhuv vxsso|lqj oderu wr d jlyhq jurxs ri
�upv145 Hdfk xqlrq lv xwlolwduldq fkrrvlqj d zdjh iru shulrg | jlyhq doo dydlo0
deoh lqirupdwlrq lq shulrg | � � vr dv wr pd{lpl}h wkh h{shfwhg xwlolw| ri
zrunhuv zklfk lq wxuq ghshqgv rq wkh zdjh lqfrph uhfhlyhg dqg wkh glvxwlolw|
ri zrun1 Wkh ohyho ri hpsor|phqw lv ghwhuplqhg e| �upv jlyhq wkh zdjh vhw

44Wd|oru +4<<;, suhvhqwv d pruh edodqfhg ylhz e| frqfoxglqj �111 ghwdlohg vwxglhv gr
qrw surylgh hylghqfh wkdw rqh irup ri uljlglw| ^zdjh` lv pruh vljql�fdqw wkdq wkh rwkhu
^sulfh` 111� +s 56,1

45Lw lv nqrzq iurp Kduw +4<;5, wkdw e| dvvxplqj d vx!flhqwo| odujh qxpehu ri xqlrqv/
lw lv srvvleoh wr pdlqwdlq wkh surshuw| wkdw wkh| kdyh pdunhw srzhu lq wkh oderu pdunhw
zlwkrxw lqwurgxflqj wkh srvvlelolw| wkdw wkh| shufhlyh wkdw wkh| fdq d�hfw wkh zkroh hfrq0
rp| +hj djjuhjdwh sulfhv,1 E| dvvxplqj v|pphwu| zh duh deoh wr dwwdlq d vlpsoh irup iru
wkh rswlpdo zdjh frqwudfw1
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e| wkh xqlrq +uljkw0wr0pdqdjh vwuxfwxuh,1 Vlqfh doo xqlrqv duh lghqwlfdo/ zh
fdq zulwh wkh zdjh ghflvlrq sureohp ri d uhsuhvhqwdwlyh xqlrq dv pd{lpl}lqj
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�n>
|

�
c

zkhuh l| phdvxuhv wkh vkdgrz ydoxh ri zdjh lqfrph wr wkh krxvhkrog +l| @

�
3

�
j

| fi wkh frqvxphu*v rswlpl}dwlrq sureohp,1 Wkh xqlrq wdnhv lqwr dffrxqw
wkdw hpsor|phqw lv ghwhuplqhg dffruglqj wr +6, dqg wkh rswlpdo qrplqdo
zdjh wr eh txrwhg iru shulrg w fdq qrz eh zulwwhq
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� c
zlwk wkh edvlf lqwhusuhwdwlrq wkdw wkh rswlpdo zdjh lv vhw vr dv wr edodqfh wkh
pdujlqdo jdlq iurp d zdjh lqfuhdvh jlyhq dv wkh +h{shfwhg, pdujlqdo jdlq lq
frqvxpswlrq/
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c

zlwk wkh pdujlqdo frvwv jlyhq e| wkh +h{shfwhg, qhjdwlyh h�hfw ri lqfuhdvhg
h�ruw/

�V#?�.|3�

�
�

�n>
|

�
�

Lw lv qrwhg wkdw wkh zdjh ghpdqgv ri wkh xqlrq duh lqfuhdvlqj lq lwv pdunhw
srzhu phdvxuhg e| wkh zdjh hodvwlflw| ri oderu ghpdqg +�#?�,1

Xvlqj wkdw doo hqgrjhqrxv yduldeohv duh orj0qrupdoo| glvwulexwhg +fi eh0
orz,/ zh fdq e| xvh ri wkh oderu ghpdqg +6, zulwh wkh +orj, qrplqdo zdjh
iru shulrg w dv
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l
c +7,

zkhuh

#�R ' E� n >#?��
3� Ef�D n >#?�� c #�S ' dj E� n >#?��o

3�
� +8,

Shulrg0w hpsor|phqw lv ghwhuplqhg e| wkh oderu0ghpdqg htxdwlrq jlyhq wklv
zdjh1

Lw iroorzv iurp wkh zdjh htxdwlrq wkdw qrplqdo zdjhv dqg wkxv sulfhv
ghshqg rq h{shfwhg h{fkdqjh udwhv1 Wklv fdswxuhv wkh fkdqqho wkurxjk zklfk
h{fkdqjh udwhv d�hfw wkh uhdo vlgh ri wkh hfrqrp|1 Qrwh dovr wkdw +7, fdswxuhv
wkh edvlf krprjhqhlw| surshuw| zklfk zloo eh jhqhulf wr dq| plfur0irxqghg
zdjh0vhwwlqj prgho146

46Lw iroorzv wkdw dgrswlqj wkh iudphzrun ri hj Revwihog dqg Urjr� +4<<<, grhv qrw



Qrlv| Ilqdqfldo Vljqdov 43

517 Jryhuqphqw

Wkh rqo| vrxufh ri xqfhuwdlqw| lq wkh prgho lv fkdqjhv lq wkh prqh| vxssolhg
e| wkh jryhuqphqw1 Zh dvvxph wkdw wkh jryhuqphqw edodqfhv lwv exgjhw hdfk
shulrg/ lh

�| ��|3� ' �|� |�

Lq rwkhu zrugv/ wkh rqo| uroh ri wkh jryhuqphqw lv wr lvvxh prqh|1 Prqh|
lv wudqvihuuhg wr frqvxphuv lq d oxps0vxp idvklrq1 Krph prqh| lv rqo| khog
e| Krph uhvlghqwv dqg ylfh yhuvd iru Iruhljq prqh|1 Wkh vwrfkdvwlf surfhvv
jryhuqlqj prqh| vxsso| dorqj zlwk wkh dvvxpswlrqv rq wkh lqirupdwlrqdo
vwuxfwxuh duh ghvfulehg lq ghwdlo lq wkh qh{w vhfwlrq1

Zh hqg wkh ghvfulswlrq ri wkh prgho e| qrwlqj wkdw Iruhljq lv frpsohwho|
v|pphwulf dqg wkdw d +v|pphwulf, htxloleulxp h{lvwv +vhh dsshqgl{ D, lq
zklfk prqh| lv qhxwudo1

6 Prqh| Vxsso| dqg Lqirupdwlrq Vwuxfwxuh

Wkh rqo| vrxufh ri xqfhuwdlqw| lq wkh prgho lv wkh +uhodwlyh, prqh| vxsso|1 D
vwudljkwiruzdug zd| e| zklfk wr lqwurgxfh wkh sureohp ri vhsdudwlqj ehwzhhq
whpsrudu| ru shupdqhqw lq xhqfhv lv wr dvvxph wkdw wkh uhodwlyh prqh|
vxsso| surfhvv lv47

6| �6W

| ' 5| n �|c +9,

dqg

5| ' w5|3� n 0|c f � w � �c

zkhuh � dqg 0 duh lqghshqghqw dqg qrupdoo| glvwulexwhg phdq0}hur vkrfnv
zlwk yduldqfhv j2

� dqg j2
01

Wkh prqh| vxsso| surfhvv fdswxuhv wkdw vrph fkdqjhv duh whpsrudu|
+�, dqg vrph duh shupdqhqw +5,/ dqg wkdw djhqwv fdqqrw uhdglo| glvhqwdqjoh
rqh w|sh ri vkrfn irup wkh rwkhu1 Wkh sdudphwhu w ghwhuplqhv wkh ghjuhh

fkdqjh wkh uhvxowv1 Lq wkhlu iudphzrun wkhuh duh gl�huhqwldwhg oderu lqsxwv dqg FHV
surgxfwlrq +olqhdu lq htxloleulxp,1 Zrunhuv kdyh prqrsro| srzhu lq wkh oderu pdunhw/ vhw
wkh zdjh d shulrg lq dgydqfh dqg �upv duh prqrsrolvwlf lq wkh surgxfw pdunhwv1 Lq wklv
vhwxs zh zrxog jhw wkh h{dfw vdph zdjh htxdwlrq zlwk

�
qz

�
qz

�4
uhsodfhg zlwk !

!�4
/ zkhuh

! lv wkh vxevwlwxwlrq hodvwlflw| ehwzhhq gl�huhqw nlqgv ri oderu lqsxwv1
47Vlqfh lqirupdwlrq  rzv frqwlqxrxvo| lq wkh iruhljq h{fkdqjh pdunhw dqg wkh zdjh

frqwudfwv duh dvvxphg wr eh �{hg iru d jlyhq shulrg ri wlph/ lw iroorzv wkdw vrph djjuh0
jdwlrq ri lqirupdwlrq kdv douhdg| lpsolflwo| wdnhq sodfh lq wudqviruplqj �qdqfldo gdwd wr
pdwfk wkh ohqjwk ri zdjh frqwudfwv1
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ri shuvlvwhqf|1 Djhqwv nqrz fxuuhqw dqg sdvw uhdol}dwlrqv ri uhodwlyh prqh|
vxssolhv/ exw wkh| gr qrw nqrz zkhwkhu fxuuhqw fkdqjhv duh whpsrudu| ru
shupdqhqw1 Dffruglqjo|/ wkhuh lv ixoo fxuuhqw lqirupdwlrq/ exw djhqwv ohduq
ryhu wlph dv wkh| dffxpxodwh lqirupdwlrq rq wkh yduldeohv ri lqwhuhvw1 Qrwlfh
wkdw wkh suhvhqw dqdo|vlv grhv qrw exlog rq wkh frqixvlrq ehwzhhq devroxwh
dqg uhodwlyh sulfh fkdqjhv xqghuo|lqj wkh Qhz Fodvvlfdo pdfurhfrqrplf prg0
hov1

Zh glvwlqjxlvk ehwzhhq wkuhh w|shv ri vkrfnv= d wudqvlwru| vkrfn +� :

fc f 	 w � �,/ d shuvlvwhqw vkrfn +0 : fc f 	 w 	 �, dqg d ixoo| shupdqhqw
vkrfn +0 : fc w ' �,1 Wkh qhhg wr lqwurgxfh wkh odwwhu glvwlqfwlrq dulvhv
ehfdxvh wkh g|qdplf surshuwlhv iroorzlqj d vkrfn wr 5 fkdqjh gudpdwlfdoo|
ehwzhhq wkh fdvh zkhuh w lv vwulfwo| ohvv wkdq rqh dqg wkh fdvh zkhuh lw lv
h{dfwo| rqh +vhh ehorz,1 Zkhq zh suhvhqw rxu uhvxowv lw lv lpsolflw wkdw zh
frqglwlrq rq wkh w|sh ri vkrfn zklfk kdv klw wkh hfrqrp|1 Qrwh/ wkdw wr dyrlg
frqixvlrq zh xvh wkh whuplqrorj| whpsrudu| dqg shupdqhqw vkrfnv zkhq zh
lq jhqhudo glvfxvv wkh lqirupdwlrq glvhqwdqjolqj sureohp +fi/ iru h{dpsoh/ wkh
lqwurgxfwlrq, dqg zkhq zh lq jhqhudo glvfxvv wkh prqh| vxsso| surfhvv +9,148

Khqfh/ � lv odehoohg dv wkh whpsrudu| sduw/ dqg 5 wkh shupdqhqw sduw1 Zkhq
vshfl�f vkrfnv duh frqvlghuhg/ zh xvh wkh wkuhh odehov= wudqvlwru|/ shuvlvwhqw
dqg ixoo| shupdqhqw1

Wkh vshfl�fdwlrq +9, fdq eh lqwhusuhwhg lq vhyhudo zd|v1 Wkh lpphgl0
dwh lqwhusuhwdwlrq lv wkdw prqh| vxsso| +prqhwdu| srolf|, fkdqjhv pd| eh
hlwkhu whpsrudu| ru shupdqhqw1 Wkh whpsrudu| frpsrqhqw pd| dovr uhsuh0
vhqw vkruw0uxq yrodwlolw| ru qrlvh jhqhudwhg e| wkh �qdqfldo v|vwhp +prqh|
pxowlsolhu,/ zkloh wkh shupdqhqw sduw uhsuhvhqwv wkh xqghuo|lqj ixqgdphqwdo
idfwruv +prqh| edvh,1 Ilqdoo|/ wkh whpsrudu| sduw pd| uh hfw phdvxuhphqw
huuruv ru huuruv lqfoxghg lq suholplqdu| gdwd uhodwlyh wr wkh r!fldo gdwd sxe0
olvkhg zlwk vrph odj1

Jlyhq wkh prqh| vxsso| surfhvv zh fdq frqvlghu h{shfwdwlrq irupdwlrq/
dqg lw iroorzv wkdw

.
�
6|n� �6W

|n� m U|
�
' . E5|n� m U|� c

zkhuh zh iru wkh prphqw xvh wkh pruh frpsuhvvhg qrwdwlrq .| E�� lq idyru ri
. E� m U|� iru wkh pdwkhpdwlfdo h{shfwdwlrq frqglwlrqhg rq lqirupdwlrq dydlo0
deoh dw wlph w +ghqrwhg e| U|,1 Revhuydwlrqv ri wkh uhodwlyh prqh| vxsso| duh
lq wkh suhvhqw vhw0xs wkh rqo| vrxufh ri lqirupdwlrq rq lwv ixwxuh pryhphqwv
dqg lw iroorzv wkdw

. E5|n� m U|�

48Wklv phdqv wkdw erwk shuvlvwhqw dqg ixoo| shupdqhqw vkrfnv lq wkh jhqhudo glvfxvvlrq
duh odehoohg shupdqhqw vkrfnv1
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zkhuh wkh vhfrqg whup dffruglqj wr Jud|eloo +4<94, fdq eh zulwwhq

. d5|n� � . E5|n� m U|3�� m 6| �6W

| � . E6| �6W

| m U|3��o

' w� d6| �6W

| �. E6| �6W

| m U|3��o c

zkhuh

f � w� ' w
j2
0

j2
0 n j2

�

� w�

Wkh �0frh!flhqw lv lqfuhdvlqj lq wkh yduldelolw| ri lqqrydwlrqv wr wkh shu0
pdqhqw sduw ri wkh +uhodwlyh, prqh| vwrfn dqg ghfuhdvlqj lq wkh yduldelolw|
ri wkh whpsrudu| fkdqjhv1 Wkdw lv/ li doo vkrfnv duh shupdqhqw zh kdyh
� ' �/ dqg li doo vkrfnv duh whpsrudu| � ' f uh hfwlqj wkdw fxuuhqw vljqdov
frqwdlq doo lqirupdwlrq ri uhohydqfh iru suhglfwlqj ixwxuh prqh| vxssolhv1
Vxevhtxhqwo| zh odeho � dv wkh qrlvh frh!flhqw1

Xvlqj wkdw

. E5|n� m U|3�� ' w. E5| m U|3�� ' w. E6| �6W

| m U|3�� c

wkh frqglwlrqdo h{shfwdwlrq fdq eh zulwwhq dv
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' w.|3� E6| �6W

| � n w� d6| �6W

| � .|3� E6| �6W

| �o c

wkdw lv/ h{shfwdwlrqv ri wrpruurz*v uhodwlyh prqh| vxsso| duh ghwhuplqhg
e| wkh sduw ri sdvw h{shfwdwlrqv zklfk duh eholhyhg wr fduu| iruzdug soxv
dq xsgdwh zklfk ghshqgv rq wkh qhz lqirupdwlrq surylghg e| wkh prvw
uhfhqw revhuydwlrq +wkh xqdqwlflsdwhg fkdqjh lq wkh uhodwlyh prqh| vxsso|,1
Qrwlfh/ wkdw wkh frpsuhvvhg qrwdwlrq iru wkh frqglwlrqdo h{shfwdwlrq kdv
ehhq uh0dgrswhg1 Li zh lqwhusuhw wkh whpsrudu| sduw ri prqh| hyroxwlrq +�,
dv qrlvh dqg wkh shupdqhqw sduw +5, dv ixqgdphqwdov/ wkh xsgdwlqj irupxod
kdv d yhu| lqwxlwlyh lqwhusuhwdwlrq1 Wkh pruh qrlvh lq wkh prgho/ wkh odujhu j2

�

dqg/ khqfh/ wkh vpdoohu �1 Dv � ghfuhdvhv wkh ohvv zhljkw lv sxw rq wkh fxuuhqw
revhuydwlrq ri prqh| vxsso| zkhq xsgdwlqj h{shfwdwlrqv vlqfh djhqwv nqrz
wkdw fxuuhqw pryhphqwv whqg wr uh hfw qrlvh/ lh fxuuhqw vljqdov kdyh d orz
lqirupdwlrq frqwhqw1
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Rqh odvw frqyhqlhqw zd| ri h{suhvvlqj wkh xsgdwlqj irupxod lv

.|

�
6|n� �6W
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' w dE�� ��.|3� E6| �6W

| � n � E6| �6W

| �o c

zkhuh wkh qrlvh frh!flhqw phdvxuhv wkh iudfwlrq ri d jlyhq fkdqjh lq wkh
prqh| vxsso| zklfk lv wdnhq wr uh hfw d shupdqhqw fkdqjh1 Wklv kljkoljkwv
krz wkh yduldqfh udwlr +�, ghwhuplqhv krz pxfk zhljkw lv sxw rq fxuuhqw
revhuydwlrqv uhodwlyh wr odvw shulrgv h{shfwdwlrqv lq iruplqj h{shfwdwlrqv1
Wkh whup lqvlgh wkh eudfnhwv jlyhv wkh ehvw suhglfwlrq ri wkh shupdqhqw
sduw ri wkh uhodwlyh prqh| vwrfn dw wlph w/ dqg w wlphv wklv jlyhv wkh ehvw
suhglfwlrq ri wkh shulrg w.4 uhodwlyh prqh| vwrfn1

Lq jhqhudo wkh lqirupdwlrq frqwhqw ri wklv shulrgv uhodwlyh prqh| vxsso|
lv phdvxuhg e| w � �1 Wkh qrlvh frh!flhqw jryhuqv wkh zhljkw sxw rq fxuuhqw
prqh| dv d ixqfwlrq ri qrlvh +j2

� uhodwlyh wr j2
0, dqg jlyhq wklv zhljkw w

ghwhuplqhv krz pxfk wkdw vkrxog fduu| ryhu wr qh{w shulrg1
Vlqfh wkh xsgdwlqj ri h{shfwdwlrqv wr vkrfnv lv fuxfldo wr wkh uhvxowv ri

wklv sdshu/ lw lv xvhixo wr frqvlghu krz h{shfwdwlrqv hyroyh xqghu rxu wkuhh
w|shv ri vkrfnv1 Iljxuhv 406 ghvfuleh wkh dgmxvwphqw sdwk iru wkh dfwxdo dqg
h{shfwhg prqh| vwrfn wr wudqvlwru|/ shuvlvwhqw dqg ixoo| shupdqhqw vkrfnv/
uhvshfwlyho|1 Lq doo fdvhv zh frqvlghu d 4 shufhqw srvlwlyh vkrfn wr wkh prqh|
vwrfn149

Iljxuh 4 derxw khuh

Iru d wudqvlwru| vkrfn +�jxuh gudzq iru w ' �/ � ' f�D, zh vhh wkdw
dowkrxjk wkh uhodwlyh prqh| vxsso| lv rqo| d�hfwhg lq rqh shulrg/ lw wdnhv
vhyhudo shulrgv iru wkh djhqwv wr ohduq wklv1 Dffruglqjo| d srvlwlyh wudqvlwru|
vkrfn zloo lpso| wkdw wkh prqh| vwrfn lv xqdqwlflsdwhg orz lq vxevhtxhqw
shulrgv xqwlo djhqwv hyhqwxdoo| ohduq wkdw wkh vkrfn zdv wudqvlwru|1 Wkh
ohduqlqj shulrg lv surorqjhg dqg wkhuhiruh shuvlvwhqf| lv lqfuhdvlqj zkhq
w lv lqfuhdvlqj dqg � ghfuhdvlqj1 Wklv iroorzv vlqfh lqfuhdvlqj w ohdgv wr
dq lqfuhdvhg zhljkw rq wkh �uvw whup lq +:, dqg ghfuhdvlqj � ohdgv wr dq
ghfuhdvhg zhljkw rq wkh vhfrqg whup1

Iljxuh 5 derxw khuh

Qh{w zh wxuq wr d shuvlvwhqw vkrfn +�jxuh gudzq iru w ' f�b/ � ' f�D�
lq zklfk fdvh lw dovr wdnhv vhyhudo shulrgv ehiruh h{shfwdwlrqv dqg gh idfwr
prqh| frqyhujh/ lh prqh| lv xqh{shfwhgo| kljk1 Ixuwkhupruh/ lw lv lqwhuhvwlqj

49Zh orrn dw g|qdplfv ri h{shfwdwlrqv xqghu wkh dvvxpswlrq wkdw wkh| kdyh ehhq }hur
xs wr gdwh 4/ zkhuh d rqh0wlph 4 shufhqw srvlwlyh prqhwdu| vkrfn klwv wkh hfrqrp|1 Qr
vkrfn rffxuv diwhu wkdw1
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wr vhh wkdw wkhuh lv ghod|hg ryhuvkrrwlqj1 Lqlwldoo| h{shfwdwlrqv ulvh/ dqg �uvw
vhyhudo shulrgv odwhu wkh| ehjlq wr idoo1 Ghod|hg ryhuvkrrwlqj rffxuv zkhq
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Wklv lpsolhv wkdw ghod|hg ryhuvkrrwlqj lq h{shfwdwlrqv lv hqvxuhg li

w� E6| �6W

| � 	 w2� E6| �6W

| � n w� dw E6| �6W

| �� w� E6| �6W

| �o c

ru

�� 2w n � 	 f�

Wklv frqglwlrq zloo wxuq xs odwhu zkhq zh uhdfk h{fkdqjh0udwh g|qdplfv1
Wkh shuvlvwhqf| uhvxowv duh wkh vdph dv iru d wudqvlwru| vkrfn1

Iljxuh 6 derxw khuh

Ilqdoo|/ iru d ixoo| shupdqhqw vkrfn +�jxuh gudzq iru w ' �/ � ' f�D�
zh �qg wkdw h{shfwdwlrqv vorzo| frqyhujhv wr wkh dfwxdo prqh| vwrfn iurp
ehorz/ dqg wkh ohduqlqj shulrg lv surorqjhg wkh vpdoohu lv �1 Wklv lv gxh wr
wkh idfw wkdw djhqwv shufhlyh fxuuhqw revhuydwlrqv wr eh kljko| lqihfwhg e|
qrlvh1 Ghvslwh ehlqj vxusulvhg wkh shulrg diwhu wkh vkrfn/ djhqwv vwloo shufhlyh
wklv *qhz* vxusulvh wr eh gxh wr qrlvh lq wkh prqh| pdunhw/ dqg vr iruwk1

Hylghqwo|/ wkh g|qdplfv ri uhodwlyh prqh|/ dqg lwv h{shfwhg ydoxh gl�hu
dfurvv wkh wkuhh w|shv ri vkrfnv1 Wkhvh gl�huhqfhv zloo wxuq rxw wr eh fuxfldo
zkhq zh wxuq wr wkh g|qdplf dgmxvwphqw ri wkh rwkhu yduldeohv ri wkh prgho1

7 Htxloleulxp

Fkdudfwhul}lqj wkh htxloleulxp dqdo|wlfdoo| lv qrw rqo| frpsolfdwhg e| wkh
suhvhqfh ri qrplqdo frqwudfwv dqg wkh lqirupdwlrq sureohp exw dovr wkh lq0
whuwhpsrudo vwuxfwxuh olqnlqj fxuuhqw dqg ixwxuh ghflvlrqv yld fkdqjhv lq
zhdowk dqg h{shfwdwlrqv1 Zh ghprqvwudwh lq dsshqgl{ E krz wr �qg dq
dqdo|wlfdo vroxwlrq vxfk wkdw zh fdq vroyh h{solflwo| iru wkh surfhvv iru hq0
grjhqrxv yduldeohv jlyhq wkh surfhvv iru wkh h{rjhqrxv yduldeohv +wkh prqh|
vwrfn, dqg wkh lqirupdwlrq vwuxfwxuh1 Jlyhq wklv zh duh deoh wr dqdo|}h krz
wkh dgmxvwphqw sdwwhuq ghshqgv rq ydulrxv w|shv ri vkrfnv xqghu ydulrxv
dvvxpswlrqv frqfhuqlqj wkh lqirupdwlrq vwuxfwxuh1

Vshfl�fdoo| lw lv ghprqvwudwhg lq dsshqgl{ E wkdw wkh htxloleulxp surfhvv
iru wkh qrplqdo h{fkdqjh udwh lv jlyhq dv4:

xrrEu�r| ' xr6Eu� E6| �6W

| � c +;,

4:Zh rplw wkh h{dfw ghulydwlrqv dqg h{suhvvlrqv dv wkh| gr qrw dgg hqrxjk lqirupdwlrq
uhodwlyh wr wkh vsdfh wkh| frqvxph1 Wkh uhdghu lv uhihuuhg wr wkh dsshqgl{ iru pruh
whfkqlfdo ghwdlov1
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zkhuh

xrr Eu� ' �� ��
rru� �2

rru
2c

xr6 Eu� ' �r6 n ��
r6un �2

r6u
2c

dqg O lv wkh odj0rshudwru14; Wkxv wkh g|qdplfv ri wkh qrplqdo h{fkdqjh udwh
lv ghwhuplqhg e| vhfrqg0rughu odj sro|qrpldov iru erwk wkh dxwruhjuhvvlyh
dqg prylqj dyhudjh sduwv1

Vlploduo|/ wkh whupv ri wudgh fdq eh zulwwhq

x^^Eu�^| ' x^6Eu� E6| �6W

| � c +<,

zkhuh

x^^Eu� ' xrr Eu� c

x^6 Eu� ' �^6 n ��
^6un �2

^6u
2�

Ilqdoo|/ uhodwlyh frqvxpswlrq fdq eh zulwwhq

xSSEu� ES| � SW| � ' xS6Eu� E6| �6W

| � c +43,

zkhuh

xSSEu� ' x^^Eu� ' xrr Eu� c

xS6 Eu� ' �S6 n ��
S6u�

Lqirupdwlrqdo sureohpv duh vhhq wr kdyh wkh srwhqwldo wr jhqhudwh d frp0
solfdwhg g|qdplf dgmxvwphqw sdwk iru erwk wkh qrplqdo h{fkdqjh udwh/ wkh
whupv ri wudgh dqg uhodwlyh frqvxpswlrq iroorzlqj qrplqdo vkrfnv1 Lq sdu0
wlfxodu zh kdyh qrq0wulyldo g|qdplfv uxqqlqj eh|rqg wkh ohqjwk ri qrplqdo
frqwudfwv +khuh rqh shulrg,1

4;Dorqj wkh vdph olqh dv �{| ghqrwhv wkh hodvwlflw| ri d yduldeoh [ zlwk uhvshfw wr
dqrwkhu yduldeoh \ / �{{ +O, ghqrwhv wkh dxwruhjuhvvlyh odj sro|qrpldo ghwhuplqlqj wkh
g|qdplfv ri wkh yduldeoh [1 Wkh hqwulhv duh jlyhq e| !4{{O/ !

5

{{O
5/ hwf1 Vlploduo|/ wkh

*prylqj0dyhudjh* sduw kdv hqwulhv !{p/ !
4

{pO/ hwf1
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8 G|qdplfv Xqghu Lpshuihfw Lqirupdwlrq

Zh qrz wxuq wr d ghwdlohg dqdo|vlv ri wkh g|qdplf dgmxvwphqw sdwk xq0
ghu lpshuihfw lqirupdwlrq1 Lq sduwlfxodu zh od| rxw wkh hfrqrp|*v uhvsrqvh
iroorzlqj dq lqfuhdvh lq uhodwlyh prqh| vxsso| dqg zh irfxv rq wkh lpsdfw
h�hfwv/ wkh g|qdplfv dqg wkh orqj0uxq h�hfwv1 Jlyhq wkh dprxqw ri dojheud
lqyroyhg/ zh/ rqfh djdlq/ uhihu wr dsshqgl{ E iru whfkqlfdo ghwdlov dqg surriv1
Qxphulfdo looxvwudwlrqv duh jlyhq lq wkh qh{w vhfwlrq1

Iru odwhu frpsdulvrq lw lv xvhixo wr qrwh wkdw xqghu shuihfw lqirupdwlrq
zh fdq hdvlo| fkdudfwhul}h wkh whupv ri wudgh iroorzlqj d rqh0wlph srvlwlyh
prqh| vkrfn dv

^| 	 fc

^|n� ' ^|n� : fc ;�c � � A �c � A �c

wkdw lv/ wkh lpsdfw h�hfw ri wkh vkrfn 0 gxh wr rqh0shulrg qrplqdo zdjh
frqwudfwv 0 lv d whupv0ri0wudgh ghwhulrudwlrq zkloh wkh orqj0uxq h�hfw lv dq
lpsuryhphqw dwwdlqhg douhdg| diwhu rqh shulrg14< Lq wkh devhqfh ri lqiru0
pdwlrq sureohpv wkh dgmxvwphqw wr xqdqwlflsdwhg vkrfnv lv hqghg diwhu d
shulrg ri wlph htxdo wr wkh frqwudfw ohqjwk/ wkdw lv/ wkh g|qdplfv lv wulyldo
dqg wkh lpsxovh0uhvsrqvh ixqfwlrqv duh lpsodxvleoh1 Wklv dovr dssolhv iru
uhodwlyh frqvxpswlrq dqg wkh qrplqdo h{fkdqjh udwh1 Qh{w zh h{soruh krz
wklv lv fkdqjhg xqghu lpshuihfw lqirupdwlrq1

814 Lpsdfw H�hfwv

Wkh lpsdfw h�hfw ri dq h{sdqvlrq lq +uhodwlyh, Krph prqh| vxsso| +uhjdug0
ohvv ri wkh w|sh ri vkrfn, lv d ghsuhfldwlrq ri wkh qrplqdo h{fkdqjh udwh dqg
d whupv0ri0wudgh ghwhulrudwlrq

Yr|

Y E6| �6W

| �
' �r6 : fc

Y^|

Y E6| �6W

| �
' �^6 	 fc

dv d uhvxow ri wkh rqh0shulrg qrplqdo zdjh frqwudfwv1 Frqvhtxhqwo|/ ghpdqg
lv vzlwfkhg wrzdugv Krph jrrgv/ Krph rxwsxw lqfuhdvhv dqg Krph uxqv d
fxuuhqw0dffrxqw vxusoxv1 Wklv ohdgv wr d zhdowk lqfuhdvh zklfk yld frqvxps0
wlrq vprrwklqj lqgxfhv dq lqfuhdvh lq uhodwlyh frqvxpswlrq

Y ES| � SW| �

Y E6| �6W
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4<Wkh shuihfw lqirupdwlrq uhodwlyh prqh| vxsso| lv pw �p�
w @ �

�
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zkhuh � 5 ^3> 4`1
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Frqvxpswlrq rqo| uhdfwv wr xqdqwlflsdwhg fkdqjhv lq zhdowk dqg wkxv prqh|
vxsso|1 Wkh lpsdfw h�hfwv gl�hu dfurvv lqirupdwlrq uhjlphv dqg wkh uhodwlyh
pdjqlwxgh ri wklv gl�huhqfh lv ghwhuplqhg e| wzr wklqjv> wkh shuvlvwhqf|
sdudphwhu +ru w|sh ri vkrfn, w dqg wkh qrlvh frh!flhqw �1

Xqghu shuihfw lqirupdwlrq lv pljkw eh frqmhfwxuhg wkdw wkh lpsdfw h�hfw
lv lqghshqghqw ri wkh w|sh ri vkrfn vlqfh wkh qrplqdo uljlglw| lv whpsrudu|1
Wklv lv zurqj gxh wr lqwhuwhpsrudo h�hfwv d�hfwlqj wkh prqh| pdunhw dqg
wkhuhiruh wkh qrplqdo h{fkdqjh udwh +vhh dsshqgl{ F,1 Iroorzlqj d srvlwlyh
prqhwdu| vkrfn wkh uhdo d�hfwv ghshqg rq wkh qrplqdo ghsuhfldwlrq/ zklfk lq
wxuq ghshqgv rq wkh fkdqjh lq wkh prqh| vwrfn/ frqvxpswlrq dqg h{shfwhg
ixwxuh h{fkdqjh udwhv1 Wkh ghsuhfldwlrq fdq qrw eh lqghshqghqw ri wkh w|sh
ri vkrfn iru wkh vlpsoh uhdvrq wkdw lw zrxog lpso| wkh vdph uhdo h�hfwv
dqg wkxv wkh vdph fkdqjh lq +h{shfwhg, ixwxuh frqvxpswlrq/ exw wkdw lv
lqfrqvlvwhqw zlwk wkh frqglwlrq iru prqh| pdunhw htxloleulxp lq wkh ixwxuh
zklfk ghshqgv rq wkh h{whqw wr zklfk wkh prqh| fkdqjh zdv shupdqhqw1 Wkh
qrplqdo ghsuhfldwlrq wkhuhiruh kdv wr eh vpdoohu iru d whpsrudu| wkdq iru d
shupdqhqw fkdqjh lq wkh prqh| vxsso| wr hqvxuh htxloleulxp lq wkh prqh|
pdunhw1 Wklv eulqjv rxw dq lpsruwdqw ohvvrq iurp zrunlqj zlwk dq h{solflw
lqwhuwhpsrudo prgho> wkh vxevhtxhqw prqh| vxsso| kdv d fuxfldo h�hfw rq
zkdw kdsshqv lq wkh fxuuhqw shulrg zkhq wkh vkrfn klwv wkh hfrqrp|1 Pruh
shuvlvwhqfh lq wkh vkrfn ohdgv wr odujhu lpsdfw h�hfwv1

Wxuqlqj wr wkh lpsdfw h�hfwv xqghu lpshuihfw lqirupdwlrq lw lv xvhixo
wr qrwh wkdw lw fdq eh zulwwhq dv d zhljkwhg dyhudjh ri wkh lpsdfw h�hfwv
ri d whpsrudu| dqg d shupdqhqw vkrfn xqghu shuihfw lqirupdwlrq1 Pruh
vshfl�fdoo|/ dvvxph wkdw w ' hw 5 Efc �o/ wkhq zlwk reylrxv qrwdwlrq53

Lpsdfw H�mlps lqir ' E�� �� Lpsdfw H�mshu lqir

w'f n � Lpsdfw H�mshu lqir

w'hw c

zkhuh

� '
j2
0

j2
0 n j2

�

c

dqg

Lpsdfw H�mshu lqir

w'f 	 Lpsdfw H�mshu lqir

w'hw �

Lw iroorzv lpphgldwho| wkdw wkh lpsdfw h�hfw ri d shuvlvwhqw ru d ixoo| shupd0
qhqw vkrfnv lv vpdoohu/ dqg rssrvlwho| wkdw wkh lpsdfw h�hfw ri d wudqvlwru|
vkrfn lv odujhu xqghu lpshuihfw lqirupdwlrq1 Wkh lqwxlwlrq lv vwudljkwiruzdug>
sduw ri d wudqvlwru| vkrfn lv wdnhq wr eh shupdqhqw dqg ylfh yhuvd iru d shu0
pdqhqw vkrfn1 Pruhryhu zh kdyh wkdw pruh lqirupdwlrq frqixvlrq/ lh wkh

53Frqvxow dsshqgl{ E iru pruh rq wklv h{suhvvlrq1
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orzhu �/ orzhuv wkh lpsdfw h�hfwv ri shuvlvwhqw dqg ixoo| shupdqhqw vkrfnv
dqg lqfuhdvhv wkh lpsdfw h�hfw ri wudqvlwru| vkrfnv1 Wkh lpsdfw h�hfw xqghu
lpshuihfw lqirupdwlrq ghshqgv srvlwlyho| rq w iru doo wkuhh w|shv ri vkrfnv
vlqfh wkh lpsdfw h�hfw xqghu shuihfw lqirupdwlrq lv lqfuhdvlqj lq lw1

815 G|qdplfv

Wkh dgmxvwphqw surfhvv lv qrw hqghg diwhu rqh shulrg vlqfh djhqwv ryhu wlph
dftxluh pruh lqirupdwlrq ri uhohydqfh lq ghflglqj zkhwkhu fkdqjhv zhuh whp0
srudu| ru shupdqhqw1 Wkhuh lv wkxv d qrq0wulyldo g|qdplf dgmxvwphqw surfhvv
gulyhq e| dffxpxodwlrq ri lqirupdwlrq ryhu wlph1

Frqvlghulqj wkh lqwhulp g|qdplf surfhvv iru wkh yduldeohv lq pruh ghwdlo/
lw lv lqwhuhvwlqj wr qrwh wkdw wkh dxwruhjuhvvlyh sduw ri wkh qrplqdo h{fkdqjh
udwh/ wkh whupv ri wudgh dqg uhodwlyh frqvxpswlrq duh htxlydohqw1 Wklv lqgl0
fdwhv wkdw shuvlvwhqf| lq wkh dgmxvwphqw surfhvv vsuhdgv rxw wr doo yduldeohv1
Ixuwkhupruh/ wkh dxwruhjuhvvlyh sdudphwhuv ghshqg rqo| rq wkh sdudphwhuv
fkdudfwhul}lqj wkh vwrfkdvwlf surfhvv iru prqh| dqg wkhuhiruh wkh lqirupdwlrq
vwuxfwxuh vlqfh

��
�� ' � n w E�� �� c � ' rc ^c Sc

�2
�� ' �� ��

�� ' w E�� �� c � ' rc ^c Sc

dqg wkhuh lv d xqlw urrw lq wkh dxwruhjuhvvlyh sduw/ lh

��
�� n �2

�� ' �c � ' rc ^c S�

Wklv eulqjv rxw wkdw wkh lqirupdwlrq vwuxfwxuh kdv d srwhqwldoo| lpsruwdqw
uroh iru wkh g|qdplf dgmxvwphqw surfhvv/ mxvw dv lw glg iru wkh lpsdfw h�hfwv/
dqg wkhuhiruh dovr iru shuvlvwhqf| lq wkh dgmxvwphqw surfhvv hyhq li qrplqdo
frqwudfwv rqo| kdyh d gxudwlrq ri rqh shulrg1 Vshfl�fdoo| zh �qg wkdw pruh
shuvlvwhqf| lq wkh shupdqhqw sduw ri wkh vkrfn +kljkhu w, lqfuhdvhv wkh �uvw0
rughu dxwruhjuhvvlyh whup dqg ghfuhdvhv wkh vhfrqg rughu dxwruhjuhvvlyh whup/
dqg ylfh yhuvd iru d kljkhu �1

Xvlqj wkdw

w � w� ' w

�
��

j2
0

j2
0 n j2

�

�
' w

j2
�

j2
0 n j2

�

: fc

zh fdq lqihu wkdw w E�� �� 5 dfc �o zkhuh wkh orzhu erxqg lv uhdfkhg zkhq
wkhuh lv qr frqixvlrq ehwzhhq whpsrudu| dqg shupdqhqw vkrfnv +hlwkhu doo
vkrfnv duh shupdqhqw dj2

� ' fo ru doo vkrfnv duh whpsrudu| dw ' fo, dqg wkh
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xsshu erxqg lv uhdfkhg zkhq shupdqhqw vkrfnv duh ixoo| shupdqhqw +w ' �,
dqg vkruw0uxq yrodwlolw| grplqdwhv +j2

� $4,1 Lw iroorzv wkdw

��
�� 5 d�c 2oc � ' rc ^c Sc

�2
�� 5 d��c foc � ' rc ^c Sc

dqg lw fdq eh frqfoxghg wkdw pruh shuvlvwhqf| lq wkh shupdqhqw sduw ri
wkh vkrfnv +kljk w, dqg pruh lqirupdwlrq frqixvlrq +orz �, jhqhudwh wkh
vwurqjhvw shuvlvwhqf| lq wkh uhvsrqvh ri wkh yduldeohv iroorzlqj qrplqdo vkrfnv1
Wklv vxssruwv wkdw lqirupdwlrqdo sureohpv lq lqwhusuhwlqj �qdqfldo vljqdov
pd| eh dq lpsruwdqw sursdjdwlrq phfkdqlvp iru qrplqdo vkrfnv1 Wkh uhd0
vrq iru wklv fdq eh irxqg lq wkh xsgdwlqj irupxod iru h{shfwhg prqh| +:,/
zkhuh lw lv vhhq wkdw d yhu| orz ydoxh ri � ghfuhdvhv wkh lqirupdwlrq frqwhqw
ri fxuuhqw prqh|1 Wkh h{shfwhg ydoxh ri qh{w shulrgv uhodwlyh prqh| vwrfn lv
ghwhuplqhg vroho| e| w wlphv odvw shulrgv eholhiv1 D kljk w |lhogv shuvlvwhqf|
ri wkhvh eholhiv dqg/ wkhuhiruh/ xqh{shfwhg prqh|1

Wr foduli| wkh lpsruwdqfh ri wkh lqirupdwlrq vwuxfwxuh iru wkh g|qdplf
dgmxvwphqw surfhvv/ zh jlyh lq wdeoh 814 wkh fkdudfwhulvwlfv ri wkh DULPD0
surfhvvhv iroorzhg iru rxu wkuhh nh| yduldeohv xqghu lpshuihfw dqg shuihfw
lqirupdwlrq1 Wkh wrs hqwu| lv wkh lpshuihfw lqirupdwlrq surfhvv dqg wkh
erwwrp hqwu| lv wkh surfhvv wkdw wkh yduldeoh dw kdqg zrxog iroorz xqghu
shuihfw lqirupdwlrq

Wdeoh 8141 Lqirupdwlrq Vwuxfwxuh dqg Vwrfkdvwlf Surfhvvhv iru wkh

Hqgrjhqrxv Yduldeohv1

Lpshuihfw Lqirupdwlrq

Shuihfw Lqirupdwlrq
r ^ S� SW

Wudqvlwru| �-U��E�c�c2�
�-U��Efc�c��

�-U��E�c�c2�
�-U��Efc�c��

�-U��E�c�c��
�-U��Efc�cf�

Shuvlvwhqw �-U��E2c�c2�
�-U��E�c�c��

�-U��E2c�c2�
�-U��Efc�c��

�-U��E�c�cf�
�-U��Efc�cf�

Ixoo| Shupdqhqw �-U��E�c�c��
�-U��Efc�cf�

�-U��E�c�c��
�-U��Efc�c��

�-U��E�c�cf�
�-U��Efc�cf�

Lw lv vhhq wkdw jrlqj iurp shuihfw wr lpshuihfw lqirupdwlrq dggv ulfkhu
g|qdplfv iru doo wkuhh yduldeohv1 Wklv zloo dovr eh fohdu lq wkh qxphulfdo
looxvwudwlrqv ehorz1 Lw lv qrwhzruwk| wkdw/ zkloh wkh g|qdplfv duh wkh vdph
iru wkh whupv ri wudgh dqg uhodwlyh frqvxpswlrq dfurvv wkh wkuhh w|shv ri
vkrfnv xqghu shuihfw lqirupdwlrq/ zh �qg gl�huhqw surfhvvhv xqghu lpshuihfw
lqirupdwlrq1 Wklv vlpso| uh hfwv wkh lpsruwdqfh ri wkh ohduqlqj surfhvv
xqghu lpshuihfw lqirupdwlrq1 Wr wdnh dq h{dpsoh/ xqghu shuihfw lqirupdwlrq
uhodwlyh frqvxpswlrq iroorzv d udqgrp zdon1 Vlploduo|/ lw fdq eh vkrzq wkdw
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xqghu lpshuihfw lqirupdwlrq uhodwlyh frqvxpswlrq iroorzv d udqgrp zdon lq
wkh vxusulvh ri uhodwlyh prqh|

S| � SW| ' S|3� � SW|3� n �S6 d6| �6W

| � .|3� E6| �6W

| �o c

exw gxh wr wkh ohduqlqj sureohp lq wkh odwwhu whup/ zh hqg xs zlwk d pruh
frpsolfdwhg g|qdplf vwuxfwxuh wkdq xqghu shuihfw lqirupdwlrq1

Lq wkh Qhz Rshq0Hfrqrp| Pdfurhfrqrplfv olwhudwxuh wkhuh lv d jurzlqj
frqvhqvxv wkdw wkh ghwhuplqdqwv ri shuvlvwhqfh lq prghov zlwk vwdjjhulqj duh
+l, pdujlqdo frvwv* vhqvlwlylw| zlwk uhvshfw wr rxwsxw> +ll, sulfhv* vhqvlwlylw|
zlwk uhvshfw wr pdujlqdo frvwv +vhh Odqh/ 4<<<,/ dqg uhvhdufkhuv wu| wr �qg
frqglwlrqv xqghu zklfk wkh vhqvlwlylw| lv orz lq erwk fdvhv1 Lq wklv prgho
wkh shuvlvwhqf| lv jhqhudwhg zlwkrxw wkhvh frqvlghudwlrqv dv wkh shuvlvwhqf|
sdudphwhuv rqo| ghshqg rq wkh lqirupdwlrqdo vwuxfwxuh +w/�,1

816 Ghod|hg Ryhuvkrrwlqj

Hlfkhqedxp dqg Hydqv +4<<8, suhvhqw lpsxovh0uhvsrqvh ixqfwlrqv wr prqh0
wdu| vkrfnv zklfk glvsod| ghod|hg ryhuvkrrwlqj/ wkdw lv/ iroorzlqj dq +xqh{0
shfwhg, h{sdqvlrqdu| prqhwdu| srolf| wkh qrplqdo h{fkdqjh udwh �uvw iroorzv
d ghsuhfldwlqj sdwk dqg wkhq dssuhfldwhv wrzdugv lwv orqj0uxq ydoxh1 Wklv
lv gl�huhqw iurp wkh ryhuvkrrwlqj skhqrphqd dulvlqj lq wkh vhplqdo zrun e|
Gruqexvfk +4<:9, lq zklfk wkh qrplqdo h{fkdqjh udwh ghsuhfldwhv rq lp0
sdfw dqg wkhq dssuhfldwhv1 Lw wxuqv rxw wkdw d shuvlvwhqw vkrfn pd| surgxfh
ghod|hg ryhuvkrrwlqj vlqfh zh kdyh wkdw

Yr|

Y0|
	

Yr|n�

Y0|
c

dqg vlqfh wkh vkrfn idghv rxw lq wkh orqj uxq/ iru vrph shulrg lq wlph w.m

Yr|n�n�

Y0|
	

Yr|n�

Y0|
c � � �c

lv d srvvleoh g|qdplf dgmxvwphqw sdwwhuq1 D qhfhvvdu| frqglwlrq iru ghod|hg
ryhuvkrrwlqj lv wkdw

�� 2w n w� 	 fc

lpso|lqj wkdw d frpelqdwlrq ri d kljk ghjuhh ri shuvlvwhqf| lq wkh vkrfn
+kljk w, dqg pxfk qrlvh +orz lqirupdwlrq frqwhqw ri vljqdov/ lh orz �, whqgv wr
fuhdwh wklv skhqrphqrq1 Wklv frqglwlrq rq w dqg � lv wkh vx!flhqw frqglwlrq
iru jhqhudwlqj ghod|hg ryhuvkrrwlqj lq prqh| h{shfwdwlrqv +vhh vhfwlrq 6,1
Lqwxlwlyho|/ wklv kdv wr eh ixo�oohg iru ghod|hg h{fkdqjh0udwh ryhuvkrrwlqj wr
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rffxu dw doo/ exw lv qrw hqrxjk1 Wkh uhdvrq lv wkdw � fdq ehfrph wrr vpdoo/
ru htxlydohqwo|/ ohduqlqj fdq ehfrph wrr vorz1 Wkhuh duh wzr rssrvlwh h�hfwv
uhodwlyh wr wkh lpsdfw h�hfw> lqfuhdvhg frqvxpswlrq sxoov lq wkh gluhfwlrq ri
dq dssuhfldwlrq dqg wkh xszdug uhylvlrq ri h{shfwdwlrqv sxoov lq wkh gluhfwlrq
ri d ghsuhfldwlrq1 Li ohduqlqj lv wrr vorz wkh �uvw h�hfw rxwzhljkv wkh vhfrqg1
Lq wkh lqwhuphgldwh fdvh lw lv wkh rwkhu zd| durxqg dqg lq wkh odvw fdvh
ohduqlqj lv wrr idvw154

Wr zkdw h{whqw grhv wklv fdswxuh wkh ghod|hg ryhuvkrrwlqj irxqg e|
Hlfkhqedxp dqg Hydqv +4<<8,B Wkhuh duh wzr gl!fxowlhv lq lqwhusuhwlqj
wkhlu uhvxowv uhodwlyh wr wkh suhvhqw vhwwlqj vlqfh wkhlu dqdo|vlv grhv qrw do0
orz iru dq h{solflw glvwlqfwlrq ehwzhhq whpsrudu| dqg shupdqhqw vkrfnv dqg
vlqfh wkhlu uhvxowv ri frxuvh ghshqgv rq wkh dfwxdo uhdol}dwlrq ri whpsrudu|
dqg shupdqhqw vkrfnv ryhu wkh vdpsoh shulrg1 Zlwk uhvshfw wr wkh odwwhu
lw pljkw eh wkdw wkhuh duh xqxvxdoo| pdq| shuvlvwhqw vkrfnv +frpsduhg wr
srsxodwlrq prphqwv, lq wkh +vpdoo, vdpsoh wkh| frqvlghu1

Jrxulqfkdv dqg Wruqhoo +4<<9, �qg wkdw xqfrqglwlrqdo ghod|hg ryhuvkrrw0
lqj +luuhvshfwlyh ri zkhwkhu wkh vkrfn lv whpsrudu| ru shupdqhqw, lv qrw srv0
vleoh zkhq djhqwv nqrz wkh sdudphwhuv ri wkh xqghuo|lqj vwrfkdvwlf surfhvvhv1
Wkh| vkrz wkdw xqfrqglwlrqdo ghod|hg ryhuvkrrwlqj lv srvvleoh li djhqwv shu0
fhlyh erwk wkh lpsruwdqfh ri whpsrudu| vkrfnv dqg wkh ghjuhh ri shuvlvwhqf|
lq wkh shupdqhqw sduw ri wkh vkrfn wr eh kljkhu wkdq zkdw lv dfwxdoo| wkh
fdvh1 Lq wklv prgho/ zkhuh djhqwv nqrz wkh sdudphwhuv ri wkh prgho/ xqfrq0
glwlrqdo ghod|hg ryhuvkrrwlqj fdq eh uxohg rxw dv zhoo +vhh dsshqgl{ E,1 Zh
gr qrw sxuvxh wkh lvvxh ri plvshufhswlrq1

Odvwo|/ wkh Hlfkhqedxp0Hydqv uhvxow pljkw qrw eh urexvw1 Qhz hylghqfh
+Idxvw dqg Urjhuv/ 4<<<, srlqwv lq wkdw gluhfwlrq1

817 Orqj0Uxq H�hfwv

Qrplqdo vkrfnv gr lq jhqhudo kdyh orqj0uxq uhdo h�hfwv1 Wkdw lv/ orqj0uxq
qhxwudolw| grhv qrw suhydlo zkhq qrplqdo vkrfnv lqgxfh d uhdoorfdwlrq ri
zhdowk1 Yld frqvxpswlrq vprrwklqj d fkdqjh lq zhdowk lv wudqviruphg lqwr
d fkdqjh lq frqvxpswlrq1 Wkh xqlw urrw lpsolhg e| frqvxpswlrq vprrwklqj
lv wkxv uhfryhuhg lq wkh qrplqdo h{fkdqjh udwh/ wkh whupv ri wudgh dqg uhodwlyh

54Dfwxdoo|/ wkhuh duh wkuhh h�hfwv1 Lw fdq eh vhhq iurp wkh jxhvv iru wkh qrplqdo h{fkdqjh
udwh +vhh dsshqgl{ E,= vw @ �vf +fw � f�w , . �vp +pw �p�

w , . �4vpHw�4 +pw �p�
w , zkhuh

�vf ? 3 dqg �vp A 3/ �4vp A 31 Wkh wzr h�hfwv glvfxvvhg lq wkh wh{w fruuhvsrqg wr wkh
�uvw dqg wkh odvw whupv1 Wkh wklug h�hfw lv wkh plggoh whup1 Lq wkh shulrg diwhu wkh vkrfn
uhodwlyh prqh| kdv idoohq uhodwlyh wr wkh lpsdfw h�hfw1 Exw ghod|hg ryhuvkrrwlqj rffxuv
rqo| iru � *odujh*1 Lq rwkhu zrugv/ uhodwlyh prqh| vxsso| lv doprvw wkh vdph lq wkh shulrg
diwhu dqg iru fodulw| ri wkh dujxphqw zh glvuhjdug wklv idfwru1
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frqvxpswlrq1 Wklv lv vhhq prvw fohduo| e| zulwlqj wkh h{fkdqjh0udwh dqg wkh
whupv0ri0wudgh htxdwlrqv dv wkh iroorzlqj vwrfkdvwlf wuhqg uhsuhvhqwdwlrq
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Wkh orqj uxq h�hfwv reylrxvo| ghshqg rq wkh w|sh ri vkrfn dv zhoo dv wkh
lqirupdwlrq vwuxfwxuh1 Wkh wdeoh jlyhq ehorz vxppdul}hv wkh vljqv ri wkh
orqj0uxq h�hfwv

Wdeoh 8151 Orqj0Uxq H�hfwv1

r ^ S� SW *L}E �
�W
�

Wudqvlwru| � f � f � f f
Shuvlvwhqw 	 f : f : f f

Ixoo| Shupdqhqw W f : f : f f

Wr vhh wkh lqwxlwlrq iru wkhvh orqj uxq h�hfwv qrwh wkdw wkh vkrfn kdv d
uhdo h�hfw gxh wr wkh qrplqdo zdjh frqwudfwv1 Wklv fuhdwhv d fxuuhqw dffrxqw
vxusoxv zklfk doorzv kljkhu frqvxpswlrq lq doo ixwxuh shulrgv1 Wklv d�hfwv
oderu vxsso| dqg wkhuhiruh lq wxuq doo uhdo yduldeohv1 Wkh xqdqwlflsdwhg
zhdowk fkdqjhv lqgxfhg e| wkh qrplqdo vkrfn kdyh orqj0uxq uhdo h�hfwv1 Wkh
lqwhuhvw udwh vsuhdg lv xqd�hfwhg lq wkh orqj uxq luuhvshfwlyh ri wkh w|sh ri
vkrfn vlqfh wkh qrplqdo h{fkdqjh udwh lv frqvwdqw lq wkh orqj0uxq dqg wkh
lqwhuhvw udwh vsuhdg lv ghwhuplqhg e| wkh XLS +vhh qh{w vxevhfwlrq,1

Xqghu lpshuihfw lqirupdwlrq wkh orqj0uxq h�hfwv gl�hu ehwzhhq wkh wkuhh
w|shv ri vkrfnv/ uh hfwlqj wkdw wkh ohduqlqj surfhvvhv duh gl�huhqw lq wkh
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wkuhh fdvhv1 Wkh gl�huhqfhv lq wkh ohduqlqj surfhvvhv duh kljkoljkwhg zkhq
zh lq doprvw wkh vdph pdqqhu dv iru wkh lpsdfw h�hfwv fdq zulwh wkh orqj0uxq
h�hfw xqghu lpshuihfw lqirupdwlrq dv +zlwk reylrxv qrwdwlrq,55

OU H�hfwmlps lqir ' u. �
k
E�� �� OU H�hfwmshu lqir

w'f n � OU H�hfwmshu lqir

w'hw
l
c

zkhuh

u. ' Ohduqlqj H�hfw1

Wkdw lv/ wkh orqj0uxq h�hfw lv wkh zhljkwhg dyhudjh ri wkh shuihfw lqirupdwlrq
orqj0uxq h�hfwv pxowlsolhg e| vrph whup zklfk zh odeho �Ohduqlqj H�hfw�1
Wklv ohduqlqj h�hfw lv ghshqghqw rq wkh shuvlvwhqfh ri wkh vkrfn dqg wkh
lqirupdwlrqdo vhwwlqj lh wkh ghjuhh ri qrlvh1 Pruh vshfl�fdoo| lw fdq eh vkrzq
wkdw iru d>

wudqvlwru| vkrfn G u. '
�� w

�� w n w�
(

shuvlvwhqw vkrfn G u. '
�

�� w n w�
(

ixoo| shupdqhqw vkrfn G u. '
�

w�
'

�

�
(

zlwk wkh gluhfw lpsolfdwlrq wkdw wkh orqj0uxq h�hfwv ri d whpsrudu| vkrfn duh
vpdoohu wkdq wkh orqj0uxq h�hfwv ri d shupdqhqw vkrfn1 Dqrwkhu lqwxlwlyh
lpsolfdwlrq zruwk hpskdvl}lqj lv wkdw wkh orqj0uxq h�hfwv duh ghfuhdvlqj lq �

+ j20
j20nj

2
�
,1 Pruh qrlvh pdnhv ohduqlqj vorzhu dqg lqfuhdvhv wkh orqj0uxq h�hfwv1

Zkloh lw lv frpprqo| dvvhuwhg wkdw qrplqdo vkrfnv duh qhxwudo lq wkh
orqj uxq zh �qg wklv wr eh lqydolgdwhg iru rshq hfrqrplhv gxh wr wkh lq0
gxfhg zhdowk uhdoorfdwlrq h{fhsw lq wkh fdvh ri d wudqvlwru| vkrfnv zkhq wkh
xqghuo|lqj shupdqhqw vkrfnv duh ixoo| shupdqhqw +w ' �,1 Wkh uhdvrq iru
orqj0uxq qhxwudolw| lq wklv fdvh lv wkdw wkh lqlwldo srvlwlyh lpsdfw h�hfw rq
uhodwlyh frqvxpswlrq lv vxevhtxhqwo| uhguhvvhg dv djhqwv shufhlyh sduw ri wkh
vkrfn wr eh ixoo| shupdqhqw +w ' �,/ zkhq wkh vkrfn lv dfwxdoo| wudqvlwru|1
Lw wxuqv rxw wkdw wkh srvlwlyh dqg qhjdwlyh vxusulvhv suhflvho| edodqfh lq wkh
orqj uxq iru w ' � zkloh iru w 	 � wkh srvlwlyh vxusulvhv dozd|v grplqdwh1

Dqrwkhu sx}}olqj �qglqj lv wkdw d ixoo| shupdqhqw vkrfn pd| kdyh dq
dpeljxrxv h�hfw rq wkh qrplqdo h{fkdqjh udwh lq wkh orqj uxq1 Wkh olnho|

55Wkhuh lv rqh voljkw h{fhswlrq= wkh qrplqdo h{fkdqjh udwh iroorzlqj d ixoo| shupdqhqw
vkrfn1 Lq wklv fdvh wkh orqj0uxq h�hfw xqghu shuihfw lqirupdwlrq frqvlvwv ri wkh  h{leoh
sulfh orqj0uxq h�hfw +4, dqg d qhjdwlyh frpsrqhqw dulvlqj iurp oderu0ohlvxuh vxevwlwxwlrq1
Xqghu lpshuihfw lqirupdwlrq lw lv rqo| wkh odvw frpsrqhqw wkdw fdq eh zulwwhq dv wkh
srvwxodwhg zhljkwhg dyhudjh1



Qrlv| Ilqdqfldo Vljqdov 57

h{fkdqjh0udwh orqj0uxq rxwfrph lv d ghsuhfldwlrq dqg d judgxdo dgmxvwphqw
iurp ehorz wr wkh qhz orqj0uxq htxloleulxp/ lh xqghuvkrrwlqj1 Iru h{wuhph
sdudphwhu ydoxhv/ pruh vshfl�fdoo| d orz ydoxh ri �/ d orqj0uxq dssuhfldwlrq
lv srvvleoh156 Li wkhuh lv frqixvlrq/ ru udwkhu/ hqrxjk vkruw0uxq qrlvh/ zh
pljkw jhw ryhuvkrrwlqj dqg d orqj0uxq dssuhfldwlrq1 Wkh uhdvrq iru wklv lv
vlpso| wkdw wkh uhdo h�hfwv jhqhudwhg e| wkh h{wuhpho| vorz ohduqlqj surfhvv
duh yhu| vwurqj1 Wklv rxwfrph0ghshqghqfh rq wkh vwuxfwxudo sdudphwhuv ri
wkh prgho lv dovr nqrzq iurp Gruqexvfk*v ryhuvkrrwlqj prgho dqg lq wklv
fdvh pljkw eh lqwhusuhwhg dv vkrzlqj wkdw shuyhuvh qrplqdo h{fkdqjh0udwh
pryhphqwv duh srvvleoh li wkhuh lv hqrxjk lqirupdwlrq frqixvlrq1

Frpsdulqj wkh uhodwlyh vl}hv ri wkh orqj0uxq h�hfwv/ lw wxuqv rxw wkdw wkh|
duh vpdoohu iru wudqvlwru| vkrfn exw odujhu iru shuvlvwhqw dqg ixoo| shupdqhqw
vkrfnv zkhq frpsduhg wr wkh orqj0uxq h�hfwv xqghu shuihfw lqirupdwlrq1

Wkh orqj0uxq h�hfwv iroorzlqj dq| vkrfn duh ghfuhdvlqj lq �1 Wkhuh duh
wzr rssrvlwh h�hfwv1 Iluvw/ wkh lpsdfw h�hfw lqfuhdvhv1 Vhfrqg/ ohduqlqj lv
idvwhu +vhh xqh{shfwhg prqh| g|qdplfv lq �jxuhv 406,1 Wkh vhfrqg h�hfw
rxwzhljkv wkh �uvw1 Wkh ghshqghqfh ri wkh orqj0uxq h�hfwv ri w lv d elw pruh
pl{hg1 Iru wkh wudqvlwru| fdvh wkh orqj0uxq h�hfw lv ghfuhdvlqj lq w1 Djdlq
wkhuh duh wzr h�hfwv> �uvw/ d srvlwlyh h�hfw vlqfh wkh lpsdfw h�hfw lqfuhdvhv/
dqg/ vhfrqgo|/ d qhjdwlyh h�hfw vlqfh wkh shulrg0diwhu vzlwfk lv lqfuhdvlqj lq
w1 Wkh vhfrqg h�hfw lv vwurqjhvw1 Iru d shuvlvwhqw vkrfn wkh orqj0uxq h�hfwv
duh lqfuhdvlqj lq w�

818 Qrplqdo Lqwhuhvw Udwh Vsuhdg

Xs wr qrz zh kdyh rqo| orrnhg dw wkuhh yduldeohv/ exw dfwxdoo| zh kdyh rqh
pruh lqwhuhvwlqj yduldeoh= wkh qrplqdo lqwhuhvw udwh vsuhdg1 Wkh lpsolfdwlrqv
ri qrplqdo uljlglwlhv dqg lpshuihfw lqirupdwlrq iru wkh dgmxvwphqw ri qrplqdo
lqwhuhvw udwhv fdq hdvlo| eh zrunhg rxw e| qrwlqj wkdw wkh uhdo dvvhw dydlodeoh
wr krxvhkrogv lpsolhv wkdw lw lv srvvleoh wr frqvwuxfw d qrplqdo dvvhw zlwk d
uhwxuq ghwhuplqhg dv +lq orjv/ glvuhjduglqj frqvwdqwv,57

*L} E� n �|� ' *L} E� n o|� n.|R|n� � R|�

Lw iroorzv wkdw wkh qrplqdo lqwhuhvw udwh vsuhdg fdq eh zulwwhq lq dffru0
gdqfh zlwk wkh xqfryhuhg lqwhuhvw udwh sdulw| dv

*L} E� n �|�� *L} E� n �W| � ' .|r|n� � r|c

56Qxphulfdo dqdo|vlv vkrzhg wkdw rqo| iru k yhu|/ yhu| forvh wr }hur glg wklv shuyhuvh
g|qdplf dgmxvwphqw rffxu1

57Iru wkh qrplqdo lqwhuhvw udwh zh ghyldwh iurp ohwwlqj orzhu0fdvh ohwwhuv ghqrwh qdwxudo
orjdulwkpv ri xsshu0fdvh frxqwhusduwv1 Lw lv ghqrwhg lw1
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zkhuh lw kdv ehhq xvhg wkdw R| � RW| ' r|1
Xvlqj wkh htxloleulxp ydoxh iru wkh h{fkdqjh udwh/ lw iroorzv wkdw wkh

lqwhuhvw0udwh vsuhdg fdq eh zulwwhq lq wkh iroorzlqj vhpl0uhgxfhg irup

*L} E� n �|�� *L} E� n �W| � ' Ew � w��
�
*L} E� n �|3��� *L}

�
� n �W|3�

��
nx�r Eu� r| nx�6 Eu� E6| �6W

| � c

zkhuh wkh odjsro|qrpldov duh gh�qhg lq dsshqgl{ E1
Zh kdyh wkdw d +uhodwlyh, prqhwdu| h{sdqvlrq ohdgv wr d idoo lq wkh lqwhuhvw

udwh vsuhdg/ lh

Y d*L} E� n �|�� *L} E� n �W| �o

Y E6| �6W

| �
	 fc

|lhoglqj wkh sodxvleoh uhvxow wkdw d grphvwlf prqhwdu| h{sdqvlrq ohdgv wr d
idoo lq wkh grphvwlf qrplqdo lqwhuhvw uhodwlyh wr wkh iruhljq qrplqdo lqwhuhvw
udwh1

Shuvlvwhqf| lq wkh dgmxvwphqw ri wkh lqwhuhvw udwh vsuhdg lv fdswxuhg e|
wkh suhvhqfh ri erwk wkh odjjhg lqwhuhvw udwh vsuhdg dqg qrplqdo h{fkdqjh
udwhv fkdqjhv rq wrs ri prqh| vxsso| fkdqjhv1 Xqghu wkh shuihfw lqirupdwlrq
uhjlph wkhuh lv shuvlvwhqf| lq wkh lqwhuhvw udwh vsuhdg iroorzlqj d shuvlvwhqw
vkrfn1 Wklv lv vlpso| wkh pluuru lpdjh ri +fruuhfw, dssuhfldwlrq h{shfwdwlrqv1
Lq wkh wudqvlwru| fdvh +dqg shuihfw lqirupdwlrq vwloo, wkhuh lv rqh0shulrg g|0
qdplfv dqg lq wkh ixoo| shupdqhqw fdvh wkh lqwhuhvw gl�huhqwldo grhv qrw pryh
dw doo vlqfh wkh h{fkdqjh udwh iroorzv d udqgrp zdon1 Wkh lqirupdwlrq sure0
ohp ri glvhqwdqjolqj whpsrudu| iurp shupdqhqw vkrfnv vwuhqjwkhqv lqhuwld
dfurvv w|shv ri vkrfnv1 Wkdw lv/ v|vwhpdwlf gl�huhqfhv lq qrplqdo lqwhuhvw
udwhv dulvh dv d uhvxow ri wkh idloxuh ri djhqwv wr vhsdudwh whpsrudu| iurp
shupdqhqw qrplqdo vkrfnv1 Wklv grhv qrw ohdyh dq| ulvn iuhh duelwudjh srvvl0
elolwlhv/ vlqfh wkh uhdo uhwxuq lv wkh vdph lq erwk frxqwulhv dqg wkh gl�huhqfh
lq qrplqdo lqwhuhvw udwhv uh hfwv wkh fkdqjhv lq wkh qrplqdo h{fkdqjh udwh
h{shfwhg e| doo pdunhw sduwlflsdqwv1

Lw lv d zhoo hvwdeolvkhg hpslulfdo idfw wkdw dq dssuhfldwlqj +ghsuhfldwlqj,
h{fkdqjh udwh whqgv wr eh dffrpsdqlhg e| d srvlwlyh +qhjdwlyh, lqwhuhvw udwh
vsuhdg +vhh hj Iudqnho dqg Urvh/ 4<<8,1 Wkh suhvhqw vhwwlqj h{sodlqv wkdw
h{fhvv uhwxuqv duh shuvlvwhqw gxh wr wkh lqwhusod| ehwzhhq qrplqdo uljlglwlhv
lq wkh uhdo vlgh ri wkh hfrqrp| dqg wkh lqirupdwlrq sureohp ri glvhqwdqjolqj
whpsrudu| iurp shupdqhqw vkrfnv1 Wr sxw lw gl�huhqwo| zh �qg wkdw h{shfwd0
wlrqdo huuruv 0 lq d udwlrqdo h{shfwdwlrqv vhwwlqj 0 fdq dffrxqw iru v|vwhpdwlf
lqwhuhvw udwh vsuhdgv1 Lw lv dovr zruwk srlqwlqj rxw wkdw lw lv dq lpsolfd0
wlrq wkdw wkh vsuhdg lv wlph0ydu|lqj uh hfwlqj wkh w|sh ri vkrfn klwwlqj wkh
hfrqrp| dqg wkh ohduqlqj sureohp1
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Lw lv lqwhuhvwlqj wr qrwh wkdw xqghu shuihfw lqirupdwlrq wkh lpsdfw h�hfw
rq wkh qrplqdo lqwhuhvw udwh vsuhdg lv ghfuhdvlqj +devroxwh ydoxh, lq w1 Wkh
uhdvrq iru wklv lv vlpso| wkdw wkh qrplqdo ghsuhfldwlrq lv lqfuhdvlqj dqg/
khqfh/ wkh ghpdqg vzlwfklqj h�hfw lv lqfuhdvlqj lq w1 Jlyhq d vpdoo ghpdqg
vzlwfklqj h�hfw/ wkh lqwhuhvw udwh kdv wr idoo pruh wr fohdu wkh prqh| pdunhw1
Wklv h�hfw lv irxqg wrr lq wkh lpshuihfw lqirupdwlrq fdvh1 Wkh vdph dssolhv
iru �1 Frpsdulqj dfurvv uhjlphv wkh lpsdfw h�hfw lv odujhu lq wkh shuvlvwhqw
dqg ixoo| shupdqhqw fdvhv dqg vpdoohu lq wkh wudqvlwru|1 Wkh uhdvrqlqj lv wkh
vdph dv deryh/ wkh odujhu wkh h�hfw rq ghpdqg/ wkh vpdoohu wkh lqwhuhvw0udwh
pryhphqw zduudqwhg wr fohdu wkh prqh| pdunhw1 Wklv dovr phdqv wkdw wkh
lqwhuhvw udwh vsuhdg pryhv rssrvlwho| wkh wkuhh rwkhu yduldeohv lq vhqvlwlylw|
dqdo|vlv1

9 Qxphulfdo Looxvwudwlrqv

Wr pdnh wkh suhfhglqj wkhruhwlfdo dqdo|vlv pruh wudqvsduhqw lw lv xvhixo wr
frqvlghu qxphulfdo looxvwudwlrqv ri wkh h�hfwv ri gl�huhqw w|shv ri vkrfnv 0
wudqvlwru|/ shuvlvwhqw ru ixoo| shupdqhqw 0 wr wkh uhodwlyh prqh| vxsso|1 Wkh
lpsxovh0uhvsrqvh ixqfwlrqv iru wkh qrplqdo h{fkdqjh udwh/ wkh whupv ri wudgh/
uhodwlyh frqvxpswlrq dqg wkh qrplqdo lqwhuhvw vsuhdg duh jlyhq lq �jxuhv 7/
8 dqg 9/ uhvshfwlyho|1 Lq doo fdvhv zh frqvlghu d 4 shufhqw lqfuhdvh lq Krph
+uhodwlyh, prqh| lq shulrg 41 Wkh sdudphwhu ydoxhv xvhg iru wkh qxphulfdo
looxvwudwlrqv duh jlyhq lq wdeoh 914

Wdeoh 9141 Ehqfkpdun Ydoxhv158

4 � > j q B �

5 319: 43 31:8 < 424138 318

Lq doo looxvwudwlrqv lw lv dvvxphg wkdw w ' � lq wkh fdvh ri wudqvlwru| dqg
ixoo| shupdqhqw vkrfnv/ zkloh zh jhqhudwh d shuvlvwhqw vkrfn e| dvvxplqj
wkdw w ' f�b� Wkh qxphulfdo looxvwudwlrqv duh pdgh xqghu jlyhq dvvxpswlrqv
derxw wkh vljqdo0wr0qrlvh udwlr +�,/ wkdw lv/ wkh sdudphwhu ghwhuplqlqj wkh
h{whqw wr zklfk djhqwv wdnh fkdqjhv wr eh whpsrudu| ru shupdqhqw duh jlyhq1
Zh wkhq ihhg wkh prgho zlwk vkrfnv zklfk e| frqvwuxfwlrq duh hlwkhu wudqvl0
wru|/ shuvlvwhqw ru ixoo| shupdqhqw1 Wkh g|qdplf uhvsrqvhv wkxv uh hfw wkh
ohduqlqj surfhvv zkhq djhqwv ryhu wlph dftxluh pruh lqirupdwlrq1 Wkh �jxuhv
dovr looxvwudwh krz wkh lpsxovh0uhvsrqvh ixqfwlrqv duh d�hfwhg e| yduldwlrqv

58Wkh hodvwlflw| sdudphwhu � lv fkrvhq duelwudulo| wr eh 5/ � lv fkrvhq wr pdwfk wkh zdjh
vkduh ri derxw 526 zkloh � lv fkrvhq vr dv wr lpso| d oderu0vxsso| hodvwlflw| ri 3141 Wkh
qh{w wkuhh frh!flhqwv fruuhvsrqg wr wkrvh dgrswhg lq hj Kdludxow dqg Sruwlhu +4<<6, dqg
Vxwkhuodqg +4<<9,1 Wkh odvw frh!flhqw ydoxh lv duelwudulo| fkrvhq wr eh 3181
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lq wkh sdudphwhuv xqghuo|lqj wkh lqirupdwlrq vwuxfwxuh +wc �,/ dqg pdnh d
frpsdulvrq wr wkh fdvh ri ixoo lqirupdwlrq1 Lq uhdglqj wkh vxevhtxhqw �jxuhv
lw lv xvhixo wr nhhs wkh dgmxvwphqw ri h{shfwdwlrqv +�jxuhv 406, lq plqg1

914 Wudqvlwru| Vkrfn

Wkh lpsxovh0uhvsrqvh ixqfwlrqv iru d wudqvlwru| vkrfn vkrz wkdw wkh lqlwldo
h{fkdqjh0udwh ghsuhfldwlrq lv judgxdoo| zrunhg rxw ri wkh v|vwhp1 Uhodwlyh
frqvxpswlrq iroorzv wkh vdph sdwwhuq/ wkdw lv/ lw lqfuhdvhv rq lpsdfw dqg
vorzo| ghfd|v wrzdugv lwv orqj0uxq ydoxh1 Xqvxusulvlqjo| wkh whupv ri wudgh
ghwhulrudwhv rq lpsdfw/ exw lqwhuhvwlqjo| wkh lpsdfw h�hfw lv uhyhuvhg wr dq
lpsuryhphqw lq vxevhtxhqw shulrgv1 Wklv uh hfwv wkdw wkh prqhwdu| fkdqjh
glvdsshduv exw djhqwv vwloo h{shfw wkh prqh| vkrfn wr kdyh lqfuhdvhg1 Dv d
frqvhtxhqfh ghpdqg vzlwfkhv wrzdugv Iruhljq jrrgv dqg wklv h{sodlqv zk|
wkh orqj0uxq h�hfwv duh vpdoohu zkhq lqirupdwlrq lv lpshuihfw1 Wkh vxevh0
txhqw whupv0ri0wudgh lpsuryhphqw lv judgxdoo| zrunhg rxw ri wkh v|vwhp1
Wkh lqwhuhvw udwh vsuhdg g|qdplfv lv wkh vdph dv iru wkh whupv ri wudgh> lw
idoov rq lpsdfw dqg wkhq ulvhv +uhodwlyh wr wkh lqlwldo ydoxh,1 Iurp wkhq rq
wkh dgmxvwphqw lv judgxdo wrzdugv wkh orqj0uxq ydoxh1 Qrwh/ wkdw zh kdyh d
srvlwlyh lqwhuhvw udwh vsuhdg dqg dq dssuhfldwlqj fxuuhqf|1

Iljxuh 7 derxw khuh

Frpsdulqj dfurvv lqirupdwlrq uhjlphv zh vhh wkdw wulyldo g|qdplfv kdyh
ehhq uhsodfhg e| pruh shuvlvwhqf| dqg qrq0wulyldo g|qdplfv iru doo yduldeohv/
dqg wkh lpsdfw h�hfwv duh odujhu iru doo yduldeohv h{fhsw iru wkh qrplqdo
lqwhuhvw udwh vsuhdg/ fi wkh wkhruhwlfdo dqdo|vlv1 Wkh uhodwlyh pdjqlwxghv ri
wkh orqj0uxq h�hfwv duh qrw ylvleoh iurp wkh judskv vlqfh wkh| duh vpdoo lq
devroxwh ydoxh1

Wkh vhqvlwlylw| uhvxowv zlwk uhvshfw wr wkh qrlvh frh!flhqw � vkrz wzr
wklqjv1 Iluvw/ wkh lpsdfw h�hfwv duh lqfuhdvlqj lq �/ vlqfh djhqwv whqg wr wdnh
wkh vkrfn dv ehlqj ixoo| shupdqhqw1 Vhfrqgo|/ wkh shuvlvwhqf| lv ghfuhdvlqj
lq �1 Wkh uhdvrq iru wklv lv wkdw dowkrxjk d kljkhu �c orzhuv d sulrul eholhi
wkdw wkh vkrfn lv wudqvlwru| qrlvh/ lw lpsolhv wkdw lw wdnhv ohvv wlph iru djhqwv
wr ohduq wkdw wkh vkrfn lq idfw zdv wudqvlwru|1 Dorqj wkh vdph olqhv zh �qg/
wkdw wkh lpsdfw h�hfwv duh lqfuhdvlqj lq w zklfk uh hfwv wkdw d odujhu zhljkw
lv dwwulexwhg wr wkh sduw ri wkh vkrfn shufhlyhg wr eh shupdqhqw1 Shuvlvwhqf|
ri wkh yduldeohv lv lqfuhdvlqj lq w uh hfwlqj wkdw wkhuh lv pruh shuvlvwhqf| lq
wkh shupdqhqw sduw ri wkh vkrfn1
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915 Shuvlvwhqw Vkrfn

Iru d shuvlvwhqw vkrfn zh jhw rq lpsdfw d qrplqdo ghsuhfldwlrq/ d whupv0ri0
wudgh ghwhulrudwlrq/ dq lqfuhdvh lq frqvxpswlrq dqg dq lqwhuhvw0udwh idoo1 Wkh
vwulnlqj ihdwxuh lv wkh g|qdplfv ri wkh h{fkdqjh udwh/ zklfk lv vhhq wr glvsod|
ghod|hg ryhuvkrrwlqj1 Iroorzlqj wkh lqlwldo ghsuhfldwlrq wkh h{fkdqjh udwh
ghsuhfldwhv hyhq ixuwkhu lq wkh qh{w shulrg ehiruh vhwwolqj rq dq dssuhfldwlqj
sdwk wrzdugv wkh orqj0uxq ydoxh1

Iljxuh 8 derxw khuh

Frpsduhg wr wkh shuihfw lqirupdwlrq fdvh/ zh �qg wkdw lpshuihfw lqiru0
pdwlrq jhqhudwhv ghod|hg ryhuvkrrwlqj dv zhoo dv pxfk ulfkhu g|qdplfv iru
uhodwlyh frqvxpswlrq glvsod|lqj d nlqg ri xqghuvkrrwlqj sdwk dqg wkh whupv
ri wudgh judgxdoo| ulvlqj diwhu wkh lpsdfw idoo1 Wkh lpsdfw h�hfwv duh dv dq0
do|wlfdoo| suhglfwhg vpdoohu xqghu lpshuihfw lqirupdwlrq iru wkh �uvw wkuhh
yduldeohv dqg/ khqfh/ odujhu iru wkh qrplqdo lqwhuhvw udwh vsuhdg1 Wkh uho0
dwlyh pdjqlwxghv iru orqj0uxq h�hfwv dfurvv uhjlphv duh qrw ylvleoh h{fhsw
iru uhodwlyh frqvxpswlrq/ exw zh nqrz wkhp wr eh odujhu xqghu lpshuihfw
lqirupdwlrq +dqg }hur iru wkh vsuhdg,1

Wkh vhqvlwlylw| uhvxowv vkrz wkdw wkh ghod|hg ryhuvkrrwlqj ehkdylru glv0
dsshduv iru orzhu ydoxhv ri wkh w sdudphwhu1 Lw lv dovr vhhq wkdw erwk lpsdfw
h�hfwv +h{fhsw iru wkh lqwhuhvw udwh vsuhdg, wkh orqj0uxq h�hfwv duh lqfuhdvlqj
lq w dv lqglfdwhg e| wkh uhodwlyh frqvxpswlrq judsk1

Wkh sdudphwhu � d�hfwv wkh g|qdplfv/ dqg iru orz ydoxhv ri � ghod|hg
ryhuvkrrwlqj glvdsshduv dv ohduqlqj ehfrphv wrr vorz +fi vhfwlrq 816,1 Wkh
vhqvlwlylw| ri lpsdfw h�hfwv dqg shuvlvwhqf| ri wkh yduldeohv duh dv vkrzq dq0
do|wlfdoo|> vpdoohu � lpsolhv vpdoohu lpsdfw h�hfwv +ylfh yhuvd iru wkh lqwhuhvw
udwh vsuhdg, dqg pruh shuvlvwhqf| dv djhqwv wdnh orqjhu wr ohduq wkh h{dfw
qdwxuh ri wkh vkrfn1

916 Ixoo| Shupdqhqw Vkrfn

Iru d ixoo| shupdqhqw vkrfn wkh lqlwldo h�hfw lv vorzo| zrunhg rxw ri wkh
v|vwhp iru doo irxu yduldeohv1 Iru wkh vshfl�f sdudphwhu frqvwhoodwlrq xvhg
zh vhh wkdw wkh orqj0uxq h{fkdqjh0udwh h�hfw lv d ghsuhfldwlrq/ dwwdlqhg yld
xqghuvkrrwlqj ehkdylru1 Frpsduhg wr wkh shuihfw lqirupdwlrq uhjlph lw lv
vwulnlqj krz wkh g|qdplfv duh pxfk ulfkhu xqghu lpshuihfw lqirupdwlrq1 Lq
wkh iruphu fdvh wkh h{fkdqjh udwh dqg uhodwlyh frqvxpswlrq mxpsv lpph0
gldwho| wr wkhlu qhz orqj0uxq ydoxhv/ wkh qrplqdo lqwhuhvw udwh vsuhdg grhv
qrw pryh dw doo dqg wkh whupv ri wudgh kdyh rqh0shulrg g|qdplfv1 Doo irxu
yduldeohv glvsod| pxfk pruh sodxvleoh g|qdplfv xqghu lpshuihfw lqirupdwlrq1
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Iljxuh 9 derxw khuh

Djdlq zh vhh wkdw lqfuhdvlqj wkh ghjuhh ri qrlvh +orzhulqj �, lqfuhdvhv
shuvlvwhqf|/ uh hfwlqj wkdw wkh ohduqlqj surfhvv lv surorqjhg1 Pruhryhu/ zh
kdyh d ghsuhfldwlqj fxuuhqf| dqg d qhjdwlyh lqwhuhvw udwh vsuhdg1

Wkh qxphulfdo looxvwudwlrqv glvsod|hg deryh vkrz wkdw lqirupdwlrqdo sure0
ohpv lpso| wkdw qrplqdo vkrfnv kdyh h�hfwv uxqqlqj zhoo eh|rqg wkh ohqjwk
ri frqwudfwv1 Wklv vxssruwv wkdw lqirupdwlrqdo sureohpv fdq sod| dq lpsru0
wdqw uroh dv d sursdjdwlrq phfkdqlvp/ wkrxjk/ lw lv fohduo| qrw wkh zkroh
vwru| vlqfh wkh prgho grhv qrw lq jhqhudo surgxfh whupv0ri0wudgh kdoi0olyhv ri
607 |hduv iroorzlqj vkrfnv1

: Glvfxvvlrq dqg Frqfoxvlrqv

Zh vhw rxw wr lqyhvwljdwh krz lqirupdwlrqdo sureohpv zrxog d�hfw wkh wudqv0
plvvlrq ri qrplqdo vkrfnv1 Wkh lqirupdwlrq sureohp zdv wkdw ri vhsdudwlqj
whpsrudu| iurp shupdqhqw fkdqjhv1 Dgrswlqj d jhqhudo htxloleulxp iudph0
zrun/ zh hqgrjhqrxvo| uhodwhg wkh dgmxvwphqw ri qrplqdo h{fkdqjh udwhv/
zdjhv/ sulfhv dqg wkh qrplqdo lqwhuhvw udwh vsuhdg dv zhoo dv uhdo yduldeohv
wr prqhwdu| vkrfnv1 Hyhq zlwk vkruw0whup qrplqdo frqwudfwv lqirupdwlrq
sureohpv frxog surgxfh shuvlvwhqw h�hfwv ri qrplqdo vkrfnv lq h{fhvv ri wkh
frqwudfw ohqjwk1 Lq jhqhudo/ dgglqj lqirupdwlrq lqwhusuhwdwlrq wr rqh0shulrg
frqwudfwv ohdg wr pxfk pruh sodxvleoh g|qdplfv ri doo wkh yduldeohv frp0
sduhg wr wkh fdvh ri rqh0shulrg frqwudfwv rqo|1 Rwkhu lqwhuhvwlqj uhvxowv zhuh
wkdw wkh prgho zdv deoh wr jhqhudwh ghod|hg h{fkdqjh0udwh ryhuvkrrwlqj dqg
shuvlvwhqf| lq qrplqdo lqwhuhvw udwh gl�huhqwldov1

Rxu prgho vkrxog eh vhhq dv d frpsohphqw udwkhu wkdq d vxevwlwxwh iru
rwkhu dqdo|vhv +Ehujlq dqg Ihhqvwud/ 4<<<d/e> Nroopdqq/ 4<<<, ri shuvlv0
whqf|1 Zh gr qrw lqwurgxfh shuvlvwhqf| yld dv|qfkurql}hg qrplqdo frqwudfwv
dqg/ lq vrph vhqvh/ vkrz krz lqirupdwlrq sureohpv fdq flufxpyhqw wkh sure0
ohp ri fuhdwlqj frqglwlrqv xqghu zklfk sulfhv duh lqvhqvlwlyh wr pdujlqdo frvw/
dqg pdujlqdo frvw lv lqvhqvlwlyh wr rxwsxw fkdqjhv1 Shuvlvwhqf| lq rxu prgho
lv jhqhudwhg rqo| e| ohduqlqj zlwkrxw gluhfw dvvxpswlrqv rq wkh deryhphq0
wlrqhg frqqhfwlrqv dqg vkrxog eh vhhq dv dgglqj wr wkh rwkhu phfkdqlvpv lq
wkh olwhudwxuh159

59Wklv lv edvlfdoo| d txhvwlrq ri wkh w|sh= Lv wkh jodvv kdoi hpsw| ru kdoi ixooB Ohduqlqj
lq rxu prgho fdq eh vhhq dv gulylqj d zhgjh lq ehwzhhq pdujlqdo frvwv dqg rxwsxw/ ru lq
rwkhu zrugv/ pdnlqj pdujlqdo frvw ohvv ghshqghqw rq rxwsxw1 Zkhq ohduqlqj lv vorz +pxfk
qrlvh, wkhuh duh odujh dqg shuvlvwhqw h�hfwv rq rxwsxw zlwkrxw +uhodwlyh, zdjh dgmxvwphqw1
Lpshuihfw lqirupdwlrq lpsolflwo| pdnhv pdujlqdo frvw ohvv vhqvlwlyh wr rxwsxw fkdqjhv1
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Zh prgho wkh lqirupdwlrq sureohp lq d yhu| vw|ol}hg zd|/ wkdw lv/ wkh
lqirupdwlrqdo vwuxfwxuh +w/�, lv frqvwdqw ryhu wlph1 Lq uhdolw| wkh uhodwlyh
yduldqfhv ri whpsrudu| dqg shupdqhqw vkrfnv pljkw ydu| dqg djhqwv pljkw
qrw ohduq wkh qhz vwuxfwxuh uljkw dzd|1 Lq wklv sdshu zh/ wkhuhiruh/ kdyh
h{soruhg d plqlpdo fkdqjh iurp shuihfw lqirupdwlrq dqg vkrzq wkdw wklv
fdq kdyh gudvwlf d�hfwv iru wkh g|qdplf dgmxvwphqw sdwk1 Dq reylrxv qh{w
vwhs zrxog eh wr dgg plvshufhswlrq +Jrxulqfkdv dqg Wruqhoo/ 4<<9, dv d zd|
wr h{sodlq xqfrqglwlrqdo ghod|hg qrplqdo h{fkdqjh0udwh ryhuvkrrwlqj dqg
suhglfwdelolw| ri h{fhvv uhwxuqv1

Zh kdyh fkrvhq wr frqvlghu wkh dqdo|wlfv lq juhdw ghwdlo1 Pxfk ri wkh
fxuuhqw exvlqhvv0f|foh olwhudwxuh dgrsw wkh dssurdfk ri surfhhglqj gluhfwo|
wr qxphulfdo vlpxodwlrqv +fdoleudwlrq, diwhu kdylqj vhw xs d prgho +riwhq
ihdwxulqj pdq| qhz dvshfwv,1 Wkh suhflvh zrunlqj ri wkh phfkdqlvpv dqg
wkh fulwlfdo sdudphwhuv whqg wr ehfrph eoxuuhg e| wklv dssurdfk1 Vlqfh lw lv
srvvleoh wr �qg dq dqdo|wlfdo vroxwlrq xqghu dvvxpswlrqv qr pruh uhvwulfwlyh
wkdq wkrvh hpsor|hg lq hpslulfdo vlpxodwlrqv/ zh �qg wkdw wklv |lhogv pruh
lqvljkwv1 Reylrxvo|/ lw grhv qrw pdnh vhqvh wr wdnh d 0 diwhu doo 0 vlpsoh
prgho dv wkh suhvhqw gluhfwo| wr wkh gdwd/ h{fhsw li rqh eholhyhv lq d prqr0
fdxvdo h{sodqdwlrq ri revhuyhg exvlqhvv f|fohv idfwv +rqo| qrplqdo vkrfnv/
rqo| lqirupdwlrqdo sureohpv dv sursdjdwlrq phfkdqlvp,1 Vwloo/ wkh txdolwd0
wlyh uhvxowv dqg wkh txdqwlwdwlyh looxvwudwlrqv lq rxu qxphulfdo h{dpsohv pdnh
xv frqfoxgh wkdw wkh uhdolvwlf sureohp ri lqwhusuhwlqj zkhwkhu fkdqjhv duh
whpsrudu| ru shupdqhqw dgg lpsruwdqw g|qdplfv wr wkh dgmxvwphqw surfhvv1
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D Vwhdg| Vwdwh dqg Orj0Olqhdul}dwlrq

Rxu dqdo|vlv exlogv rq d yhuvlrq ri wkh prgho vhw xs lq vhfwlrq 5 lq orj0
ghyldwlrqv iurp vwhdg| vwdwh1
Wkh frqvxphu pd{lpl}hv h{shfwhg xwlolw| vxemhfw wr wkh exgjhw frqvwudlqw
dqg/ wkh �uvw0rughu frqglwlrqv ghwhuplqlqj wkh rswlpdo fkrlfh ri �| dqg �|

duh uhdglo| irxqg wr eh
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zkhuh lw lv dvvxphg wkdw wkh xvxdo wudqvyhuvdolw| frqglwlrq lv vdwlv�hg1
Dv lv dssduhqw iurp wkh �uvw0rughu frqglwlrqv qrw doo h{suhvvlrqv duh olqhdu lq
orjv dqg vxevhtxhqwo| zh kdyh wr dssur{lpdwh durxqg wkh vwhdg| vwdwh1 Wkh
vwhdg|0vwdwh yhuvlrq ri wkh prgho lv vlplodu wr wkdw dqdo|}hg lq hj Revwihog
dqg Urjr� +4<<8, dqg Wlooh +4<<<,1 Zh irfxv rq d v|pphwulf vwhdg| vwdwh
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Qh{w vwhs lv wr orj0olqhdul}h wkh �uvw0rughu frqglwlrqv dulvlqj iurp frqvxphu
rswlpl}dwlrq +44,0+45,1 Wkh orj0olqhdul}hg Hxohu htxdwlrq +4, lv rewdlqhg e|
xvlqj wkh frqyhqlhqw irupxod iru orj0qrupdoo| glvwulexwhg yduldeohv
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T @o d*L} Ef�o c

zkhuh i lv d vfdodu dqg [ lv orj0qrupdoo| glvwulexwhg1 Wdnlqj orjv rq erwk
vlghv ri wkh prqh| ghpdqg htxdwlrq +45, |lhogv wkh orj ri d vxp dqg lw lv
hdv| wr vkrz wkdw durxqg d vwhdg| vwdwh +glvuhjduglqj frqvwdqwv,

*L}Ef| n ~|� '
f

f n ~
*L}Ef|� n

~

f n ~
*L}E~|��

Xvlqj wklv zh jhw wkdw

*L}

%
1

�
�|

�|

�
3q

n.|

�
B�

3
�
j

|n�

�|

�|n�

�&

' E�� B� *L}

%
1

�
�|

�|

�
3q
&
n B *L}

�
.|

�
B�

3
�
j

|n�

�|

�|n�

��
�

Htxdwlrq +5, iroorzv lpphgldwho| zlwk

#6S '
�

j E�� B� q
c #�6S '

B

j E�� B� q
c #6R '

B

E�� B� q
�

Qrwh/ wkdw iroorzlqj d vkrfn wkh hfrqrp| pryhv dzd| iurp wkh lqlwldo vwhdg|
vwdwh dqg grhv qrw uhwxuq1 Wkh orj0olqhdul}hg �uvw0rughu frqglwlrq iru prqh|
ghpdqg +5, vwloo krogv/ wkrxjk1 Orj0olqhdul}lqj +45, durxqg dq| qrq0lq dwlrqdu|
vwhdg| vwdwh zloo |lhog +5, +glvuhjduglqj frqvwdqwv,1 Wkh zdjh lv ghwhuplqhg
iurp
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Wkh odvw whup rq wkh uljkw0kdqg vlgh lv qhjoljleoh dv zh orrn dw vpdoo ghyld0
wlrqv durxqg vwhdg| vwdwh1 Zh hqg xs zlwk
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E Htxloleulxp zlwk Rqh0Shulrg Qrplqdo Zdjh Frq0

wudfwv dqg Lpshuihfw Lqirupdwlrq

Zh vroyh iru irxu yduldeohv= wkh qrplqdo h{fkdqjh udwh/ wkh whupv ri wudgh/ uho0
dwlyh frqvxpswlrq dqg wkh qrplqdo lqwhuhvw udwh vsuhdg1 Zh xvh wkh phwkrg
ri xqghwhuplqhg frh!flhqwv dqg wdnh hdfk yduldeoh lq wxuq1 Rxu jxhvvhv duh
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Qh{w zh dsso| d �yh vwhs surfhgxuh zkhuh zh kdyh d orrn dw wkh irxu yduldeohv
lq wxuq dqg odvwo| fkdudfwhul}h wkh surshuwlhv ri wkh vroxwlrq1

E14 Qrplqdo H{fkdqjh Udwh

Ehiruh vroylqj iru frqvxpswlrq dqg wkh whupv ri wudgh zh vroyh iru wkh qrp0
lqdo h{fkdqjh udwh/ zklfk lv ghwhuplqhg e| prqh| pdunhw htxloleulxp1 Uho0
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Sod|lqj durxqg zlwk wklv h{suhvvlrq zh uhwulhyh wkh vwrfkdvwlf wuhqg uhsuh0
vhqwdwlrq +vhh vhfwlrq 7, ru
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5:Iru d surfhvv olnh +4� O, vw @ �+O,%w/ olnh htxdwlrq +57,/ zkhuh %w lv zklwh qrlvh/ wkh
orqj0uxq h�hfw ri d rqh wlph vkrfn lv �+4, @

S
#l1 Li lqvwhdg %w iroorzv dq DU+4, zlwk

dxwruhjuhvvlyh sdudphwhu � wkh orqj0uxq h�hfw lv 4

4��
�+4,1 Vhh hj Kdplowrq +4<<7,1
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E1417 Ghod|hg Ryhuvkrrwlqj

Lq wkh iroorzlqj zh zloo vkrz wzr wklqjv= +l, li zh frqglwlrq rq d vkrfn ehlqj
shuvlvwhqw wkhq zh fdq jhqhudwh ghod|hg qrplqdo h{fkdqjh0udwh ryhuvkrrwlqj>
+ll, li zh gr qrw frqglwlrq rq d jlyhq vkrfn ehlqj shuvlvwhqw wkhq zh fdq uxoh
rxw ghod|hg ryhuvkrrwlqj1

Frqglwlrqdo Ghod|hg Ryhuvkrrwlqj Lq wkh fdvh ri d shuvlvwhqw vkrfn
d0| : fc w 5 Efc ��o zh fdqqrw uhmhfw wkh srvvlelolw| ri ghod|hg ryhuvkrrwlqj1
Wkh lpsdfw h�hfw dqg wkh h�hfw rqh shulrg odwhu duh

Yr|

Y E6| �6W

| �
' �r6c

dqg

Yr|n�

Y E6| �6W

| �
' ��

rr�r6 n w�r6 n ��
r6c

uhvshfwlyho|/ lpso|lqj wkdw zh qhhg

�r6 	 ��
rr�r6 n w�r6 n ��

r6 ,

Ew�� 2w��r6 	 ��
r6 ,

E�� w�Zr6 � �Z�
r6 	 Ew � w�� ZrSZS6 	 f,

�

� n #6R

��
Zr6 n Z�

r6

�
#6Rw� E�� 2w n w�� n �� w

�
	 Ew � w��ZrSZS6 	 f�

Khqfh/ d qhfhvvdu| frqglwlrq iru ghod|hg ryhuvkrrwlqj lv � � 2w n w� 	 f1
Jlyhq wkdw

Yr|n�

Y E6| �6W

| �
:

Yr|

Y E6| �6W

| �
: fc

zh kdyh ghod|hg ryhuvkrrwlqj dv zh nqrz wkh orqj0uxq h�hfw lv dq dssuhfld0
wlrq +vhh ehorz,/ lh wkh h{fkdqjh udwh kdv wr frph grzq hyhqwxdoo|1
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Xqfrqglwlrqdo Ghod|hg Ryhuvkrrwlqj Li zh gr qrw frqglwlrq rq wkh
vkrfn ehlqj shuvlvwhqw zh fdqqrw jhqhudwh ghod|hg ryhuvkrrwlqj1 Dvvxph
wkhuh lv d xqlw lpsxovh wr uhodwlyh prqh|/ wkhq wkh xqfrqglwlrqdo h{fkdqjh0
udwh uhvsrqvh/ rL| lv

rL|n� ' .| Er|n�m6| �6W

| ' �� ' �r�|n� n E�� �� rA|n�c � ' fc �c 2c ���

zkhuh rA| dqg r�| duh wkh uhvsrqvhv iru d whpsrudu| dqg d shupdqhqw vkrfn
uhvshfwlyho|1 Wkh uhvxow iroorzv vlpso| iurp wkh olqhdulw| ri wkh h{fkdqjh0udwh
htxdwlrq +4<,1 Zh kdyh wkdw

Yr|

Y E6| �6W

| �
' �r6c

Yr|n�

Y E6| �6W

| �

����
Ae6RJo@o+

' ��
rr�r6 n ��

r6c

Yr|n�

Y E6| �6W

| �

����
�eo6@?e?|

' ��
rr�r6 n w�r6 n ��

r6c

vr zh kdyh wr orrn dw

rL|n� � rL|

' E�� ��
Yr|n�

Y E6| �6W

| �

����
Ae6RJo@o+

n �
Yr|n�

Y E6| �6W

| �

����
�eo6@?e?|

�
Yr|

Y E6| �6W

| �
c

zkhq dvvhvvlqj wkh srvvlelolw| ri rewdlqlqj xqfrqglwlrqdo ghod|hg ryhuvkrrw0
lqj1 Lqvhuwlqj zh jhw

E�� ��
�
��
rr�r6 n ��

r6

�
n �

�
��
rr�r6 n w�r6 n ��

r6

�
� �r6

' ��
rr�r6 n w��r6 n ��

r6 � �r6

'
�
��
rr n w�� �

�
�r6 n ��

r6

' E� n w � w�n w�� ���r6 n ��
r6 ' w�r6 n ��

r6�

Xwlol}lqj wkdw

�r6 ' Zr6 n ZrSZS6c

dqg

��
r6 ' w�Z�

r6 � E� n w � w��Zr6 � wZrSZS6c
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zh jhw wkdw

w�r6 n ��
r6 ' w EZr6 n ZrSZS6� n w�Z�

r6 � E� n w � w�� Zr6 � wZrSZS6

' w�
�
Zr6 n Z�

r6

�
� Zr6

'
w�

� n #6R E�� w�
�

�
�

� n #6R

n
�

� n #6R

w�#6R

� n #6R E�� w�

�
'

w�
�
� n #6R

�
� �� #6R E�� w�� w�#6R�

� n #6R E�� w�
� �

� n #6R

�
'

w�� �� #6R E�� w��
� n #6R E�� w�

� �
� n #6R

� 	 f�

Lq frqfoxvlrq/ xqfrqglwlrqdo ghod|hg qrplqdo h{fkdqjh0udwh ryhuvkrrwlqj fdq
eh uxohg rxw15;

E15 Whupv ri Wudgh

Uhodwlyh ghpdqg lv jlyhq dv

_| � _W| ' �4^|c

dqg uhodwlyh vxsso| lv

+�| � +
Ws
| ' #+�d^| �

�
2#�R � �

�
.|3�^|

nr| � .|3�r| � #�S.|3� ES| � SW| �o�

Surgxfw pdunhw htxloleulxp lpsolhv wkdw

^| '
#+�#�S

4n #+�

�
S|3� � SW|3�

�
n
#+�

�
2#�R � �

�
4n #+�

.|3�^|

�
#+�

4n #+�
Er| �.|3�r|� c

zkhuh zh kdyh lqyrnhg wkh Hxohu htxdwlrq1 Lqyrnlqj wkh h{suhvvlrqv iru wkh
qrplqdo h{fkdqjh udwh dqg +55, zh rewdlq

^| '
#+�#�S

4n #+�

�
S|3� � SW|3�

�
n
#+�

�
2#�R � �

�
4n #+�

.|3�^|

�
#+�

4n #+�
EZr6 n ZrSZS6� d6| �6W

| �.|3� E6| �6W

| �o �

5;Qrwh wkdw zh gr qrw suryh wkdw wkh h{fkdqjh udwh wzr shulrgv diwhu wkh vkrfn fdq ulvh
uhodwlyh wr wkh h{fkdqjh udwh lq wkh shulrg diwhu wkh vkrfn1 Lw lv xqolnho| lw fdq rffxu jlyhq
rxu uhvxow dqg dv zh duh lqwhuhvwhg lq wkh Hlfkhqedxp0Hydqv uhvxow zh rqo| zdqw wr uxoh
rxw wkh *vprrwk* ghod|hg ryhuvkrrwlqj1
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Iurp rxu jxhvv +53, zh kdyh

.|3�^| ' Z^S
�
S|3� � SW|3�

�
n
�
Z^6 n Z�

^6

�
.|3� E6| �6W

| � c

dqg lqvhuwlqj wklv dqg htxdwlqj frh!flhqwv |lhog wkh iroorzlqj uhvwulfwlrqv

Z^S '
#+�#�S

4n #+�
Z^S n

#+�
�
2#�R � �

�
4n #+�

c

Z^6 ' �
#+�

4n #+�
EZr6 n ZrSZS6� c

Z�
^6 '

#+�#�S

4n #+�

�
Z^6 n Z�

^6

�
n

#+�

4n #+�
EZr6 n ZrSZS6� ' �Z^6�

Xvlqj +53,/ +55, dqg +56, zh fdq uhzulwh wkh whupv ri wudgh dv

^| ' ^|3� n Z^6 E6| �6W

| �

n

�
Z^SZS6 � Z^6 n

�

�� �

�
Z�
^6 n Z^SZS6

�� �
6|3� �6W

|3�

�
n

�
Z�
^6 �

Z�
^6

w � w�
�
Z^SZS6

w � w�

�
.|3� E6| �6W

| � �

Odjjlqj wklv rqfh dqg xvlqj +56, zh hqg xs zlwk +<, zkhuh

�^6 ' Z^6c

��
^6 ' Z^SZS6 � Z^6 n

�

�� �

�
Z�
^6 n Z^SZS6

�
n�

�
Z�
^6 �

Z�
^6

w � w�
�
Z^SZS6

w � w�

�
� Z^6 Ew � w�� c

�2
^6 ' �

�
Z^SZS6 � Z^6 n

�

�� �

�
Z�
^6 n Z^SZS6

��
Ew � w�� �

Wklv fdq eh uhzulwwhq dorqj wkh vdph olqhv dv wkh qrplqdo h{fkdqjh udwh dv
wkh vwrfkdvwlf wuhqg uhsuhvhqwdwlrq suhvhqwhg lq wkh wh{w ru

E�� u� ^| ' Z^6 E6| �6W

| �

n

�
Z^SZS6 � Z^6 n

�

�� �

�
Z�
^6 n Z^SZS6

�� �
6|3� �6W

|3�

�
n�

�
Z�
^6 �

Z�
^6

w � w�
�
Z^SZS6

w � w�

�
�

"[
�'f

Ew � w���
�
6|3�3� �6W

|3�3�

�
�
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E1514 Lpsdfw H�hfwv

Wkh lpsdfw h�hfw lq doo wkuhh fdvhv lv

Y^|

Y E6| �6W

| �
' Z^6 	 f� +65,

E1515 G|qdplfv

Wkh g|qdplfv lq wkh wkuhh fdvhv duh

E�� u� d�� w E�� ��uo ^| ' �^6�| n ��
^6�|3� n �2

^6�|32c +66,

E�� u�
�
�� w E2� ��u� w2 E�� ��u2

�
^| +67,

' �^60| n ��
^60|3� n �2

^60|32c

dqg5<

E�� u� d�� E�� w��uo ^| ' �^60| n
�
�^6 n ��

^6

�
0|3�c +68,

uhvshfwlyho|1

E1516 Orqj0Uxq H�hfwv

Wkh orqj0uxq h�hfw ri d wudqvlwru| vkrfn lv

Y^|n�

Y�|
' E�� w�

Z^SZS6

E�� w n w��
: f sJo � $4� +69,

Wkh orqj0uxq h�hfw ri d shuvlvwhqw vkrfn lv

Y^|n�

Y0|

����
wMEfc��

'
Z^SZS6

E�� w n w��
: f sJo � $4� +6:,

Wkh orqj0uxq h�hfw ri d ixoo| shupdqhqw vkrfn lv

Y^|n�

Y0|

����
w'�

'
Z^SZS6

w�
: f sJo � $4� +6;,

5<Zkhq � @ 4 zh rewdlq wkdw �4tp @ ��tp/ !tp @ �tp/ !
4

tp @ �5�tp . �tf�fp dqg

!5tp @ �tp � �tf�fp1
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E16 Uhodwlyh Frqvxpswlrq

Iurp htxdwlrq +4;, zh kdyh

K| � KW| ' B3�
�
K|3� � KW|3�

�
n E+| � +W| �� ES| � SW| � c

dqg vlqfh

+| � +W| ' E�� 4� ^|

' E�� 4� dZ^S
�
S|3� � SW|3�

�
n Z^6 E6| �6W

| �

nZ�
^6.|3� E6| �6W

| �oc

zh kdyh wkdw

K| � KW| ' B3�
�
K|3� � KW|3�

�
nE�� 4� dZ^S

�
S|3� � SW|3�

�
n Z^6 E6| �6W

| �

nZ�
^6.|3� E6| �6W

| �o

� ES| � SW| � �

Wkh qh{w vwhs lv wr �qg dq h{suhvvlrq iru uhodwlyh frqvxpswlrq frqvlvwhqw
zlwk wkh Hxohu htxdwlrq1 Ohdglqj rxu jxhvv zh �qg

.|

�
S|n� � SW|n�

�
' ZSK EK| � KW| � n ZSS ES| � SW| �

' ZSKB
3�
�
K|3� � KW|3�

�
n ZSK E�� 4� Z^S

�
S|3� � SW|3�

�
n
�
ZSK E�� 4� Z^6 n w�

�
ZS6 n Z�

S6

��
E6| �6W

| �

ndZSK E�� 4� Z�
^6

nEw � w��
�
ZS6 n Z�

S6

�
o.|3� E6| �6W

| �

n EZSS � ZSK� ES| � SW| � �

Xvlqj wkh Hxohu htxdwlrq |lhogv

S| � SW| ' E� n ZSK � ZSS�
3� iB3�ZSK

�
K|3� � KW|3�

�
nZSK E�� 4� Z^S

�
S|3� � SW|3�

�
n
�
ZSK E�� 4� Z^6 n w�

�
ZS6 n Z�

S6

��
E6| �6W

| �

ndZSK E�� 4� Z�
^6 n Ew � w��

�
ZS6 n Z�

S6

�
o.|3� E6| �6W

| �j�

Lw iroorzv wkdw

ZSK ' E� n ZSK � ZSS�
3�
B3�ZSKc

ZSS ' E� n ZSK � ZSS�
3�
ZSK E�� 4� Z^Sc

ZS6 ' E� n ZSK � ZSS�
3� �

ZSK E�� 4�Z^6 n w�
�
ZS6 n Z�

S6

��
c
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dqg

Z�
S6 ' E� n ZSK � ZSS�

3� �
ZSK E�� 4� Z�

^6 n Ew � w��
�
ZS6 n Z�

S6

��
' �ZS6�

Lw lv zruwk qrwlflqj wkdw uhodwlyh frqvxpswlrq grhv qrw iroorz d udqgrp
zdon +dv lw grhv xqghu shuihfw lqirupdwlrq, exw hyroyhv dffruglqj wr ulfkhu
g|qdplfv1 Wklv lv vhhq e| vxewudfwlqj wkh odjjhg yhuvlrq ri

S| � SW| ' S|3� � SW|3� n ZS6 d6| �6W

| � .|3� E6| �6W

| �o c

iurp lwvhoi1 Diwhu vrph vlpsoh dojheud zh hqg xs zlwk +43, zkhuh

��
SS ' �� w n w�c

�2
SS ' w�� wc

�S6 ' ZS6c

��
S6 ' �wZS6c

ru wkh vwrfkdvwlf wuhqg uhsuhvhqwdwlrq lq wkh wh{w1 Uhodwlyh frqvxpswlrq fdq
dovr eh zulwwhq

E�� u� ES| � SW| � ' d�� w E�� ��uo3� �
�S6 E6| �6W

| � n ��
S6

�
6|3� �6W

|3�

��
' ZS6

"[
�'f

Ew � w���
�
6|3� �6W

|3�

�
� ZS6w

"[
�'f

Ew � w���
�
6|3�3� �6W

|3�3�

�
�

E1614 Lpsdfw H�hfwv

Wkh lpsdfw h�hfw lv

Y ES| � SW| �

Y E6| �6W

| �
' ZS6 : f� +6<,

E1615 G|qdplfv

Wkh g|qdplfv iru d wudqvlwru| vkrfn/ shuvlvwhqw vkrfn dqg ixoo| shupdqhqw
vkrfn/ uhvshfwlyho|/ duh

E�� u� d�� w E�� ��uo ES| � SW| � ' �S6�| n ��
^6�|3�c +73,

E�� u�
�
�� w E2� ��u� w2 E�� ��u2

�
ES| � SW| � +74,

' �^60| n ��
^60|3�c

dqg

E�� u� d�� E�� ��uo ES| � SW| � ' �S60|� +75,
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E1616 Orqj0Uxq H�hfwv

Wkh orqj0uxq h�hfwv duh jlyhq e|

Y
�
S|n� � SW|n�

�
Y�|

'
ZS6 E�� w�

E�� w n w��
: f sJo � $4c +76,

lq wkh wudqvlwru| fdvh dqg

Y
�
S|n� � SW|n�

�
Y0|

�����
wMEfc��

'
ZS6

E�� w n w��
: f sJo � $4c +77,

lq wkh shuvlvwhqw fdvh1 Wkh orqj0uxq h�hfw lq wkh ixoo| shupdqhqw fdvh lv

Y
�
S|n� � SW|n�

�
Y0|

�����
w'�

'
ZS6

w�
: f sJo � $4� +78,

E17 Qrplqdo Lqwhuhvw Udwh Vsuhdg

Wkh Hxohu htxdwlrq uhdgv

�
3

�
j

| ' B E� n o|�.|

�
�
3

�
j

|n�

�
�

Li zh lqvwhdg ri d uhdo erqg dvvxph d qrplqdo erqg zlwk jurvv uhwxuq � n �|
wkh Hxohu htxdwlrq uhdgv

�
3

�
j

| ' B.|

�
E� n �|��|

�|n�
�
3

�
j

|n�

�
�

Htxdol}lqj uljkw0kdqg vlghv |lhogv

� n �| '
E� n o|�.|

�
�
3

�
j

|n�

�
.|

�
�
3

�
j

|n�

�|n�

�
�|

c

lpso|lqj wkdw

*L} E� n �|� ' *L} E� n o|� n *L}.|

�
�
3

�
j

|n�

�
� *L}.|

#
�
3

�
j

|n�

�|n�

$
� *L}�|�

Iurp mrlqw orj0qrupdolw| ri � dqg � zh jhw

*L} E� n �|� ' *L} E� n o|� n.|R|n� � R|c
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zkhuh zh glvuhjdug d frqvwdqw whup1 Wkh qrplqdo lqwhuhvw udwh vsuhdg lv wkhq

*L} E� n �|�� *L} E� n �W| � ' .|r|n� � r|�

Lqvhuwlqj iru wkh qrplqdo h{fkdqjh udwh zh jhw wkdw

*L} E� n �|�� *L} E� n �W| � ' Ew � w��
�
*L} E� n �|3��� *L}

�
� n �W|3�

��
nx�r Eu� r| nx�6 Eu� E6| �6W

| � c

zkhuh

x�r Eu� ' ��r n ��
�run �2

�ru
2 n ��

�ru
�c

x�6 Eu� ' ��6 n ��
�6un �2

�6u
2 n ��

�6u
�c

zlwk hqwulhv

��r ' ��
rr ' � n w � w�c

��
�r ' �2

rr �
�
��
rr

�2
c

�2
�r ' �2��

rr�
2
rrc

��
�r ' �

�
�2
rr

�2
c

��6 ' �r6 Ew�� �� n ��
r6c

��
�6 ' w E�� ���r6 � ��

rr�
�
r6 n �2

r6c

�2
�6 ' w E�� ����

r6 � ��
rr�

2
r6c

��
�6 ' w E�� ���2

r6�

Frpsduhg wr wkh shuihfw lqirupdwlrq fdvh zh kdyh qrq0wulyldo g|qdplfv iru
doo wkuhh nlqgv ri vkrfnv1 Wkh lpsdfw h�hfw lv

Y d*L} E� n �|�� *L} E� n �W| �o

Y E6| �6W

| �
' ��6 n ��r

Yr|

Y E6| �6W

| �
	 fc +79,

dqg wkh orqj0uxq h�hfw lv }hur

Y
�
*L} E� n �|n��� *L}

�
� n �W|n�

��
Y E6| �6W

| �
' f sJo � $4� +7:,
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E18 Dqdo|wlfdo Fkdudfwhul}dwlrq ri wkh Vroxwlrq

Lq wklv vxevhfwlrq zh dqdo|wlfdoo| fkdudfwhul}h wkh vroxwlrq irxqg1 Rxu �qdo
dlp lv wr fkdudfwhul}h wkh lpsdfw h�hfw/ wkh g|qdplfv dqg wkh orqj0uxq h�hfwv
ri wkh yduldeohv iroorzlqj wkh wkuhh gl�huhqw nlqg ri vkrfnv zh frqvlghu lq wkh
sdshu1 Wklv vwudwhj| kdv wkh glvdgydqwdjh wkdw zh hqg xs zlwk idu wrr pdq|
Ohppdv dqg Sursrvlwlrqv1 Exw lq0ghswk dqdo|vlv zduudqwv wklv dqg wr nhhs
d elw vwuxfwxuh wklv vxevhfwlrq lv vsolw lqwr wkuhh vxevxevhfwlrqv1 Iluvw zh
suhvhqw Ohppdv qhhghg odwhu rq/ wkhq zh frqfhqwudwh rq lpsdfw h�hfwv dqg
�qdoo| rq orqj0uxq h�hfwv1 G|qdplfv duh frqvlghuhg lq wkh pdlq wh{w1 Qrwh/
ixuwkhupruh/ wkdw zh lqwurgxfh qhz qrwdwlrq1 Zkhq lqwurgxflqj lpshuihfw
lqirupdwlrq lw lv reylrxv wkdw zh zdqw wr frpsduh wkh uhvxowv zlwk wkh shuihfw
lqirupdwlrq uhjlph1 Wkhuhiruh zh lqwurgxfh vxshuvfulswv lps +iru lpshuihfw
lqirupdwlrq, dqg shu +iru shuihfw lqirupdwlrq, zkhq wkh vdph sdudphwhuv lq
wkh gl�huhqw uhjlphv qhhg wr eh frpsduhg1 Zh frqvlghu srvlwlyh prqhwdu|
vkrfnv +fi vhfwlrq 6,1 Zh lqwurgxfh qhz whuplqrorj|/ wkdw lv Fdvh 4 fru0
uhvsrqgv wr wkh vlwxdwlrq ri d 4 shufhqw lqfuhdvh lq �|/ Fdvh 5 fruuhvsrqgv
wr wkh fdvh ri d 4 shufhqw lqfuhdvh lq 0| dw 5 Efc ��o dqg odvwo| Fdvh 6 lv wkh
fdvh ri d 4 shufhqw lqfuhdvh lq 0| dqg w ' �1 Wkh shuihfw lqirupdwlrq uhjlph
lv odlg rxw lq dsshqgl{ F1

E1814 Xvhixo Ohppdv

Ohppd 4 f 	 Zr6 � � dqg ZrS 	 f1

Surri1 Lw iroorzv iurp wkh uhvwulfwlrqv iru Zr6 dqg Z�
r6 wkdw Zr6 :

fc Z�
r6 : f dqg Zr6 n Z�

r6 ' �

E�n#6R3w#6R�
	 � lpso|lqj wkdw Zr6 5 Efc �o1

Wkh vhfrqg sduw ri wkh ohppd iroorzv vwudljkwirzdugo| iurp wkh uhvwulfwlrq
iru ZrS dqg wkh gh�qlwlrqv ri #6R/ #6S dqg #�6S +dsshqgl{ D,1

Ohppd 5 Z�6R
^S ' ZReo^S : f1

Surri1 Wkh htxdolw| iroorzv vwudljkwiruzdugo| iurp frpsdulvrq ri wkh
gh�qlwlrqv ri wkh wzr sdudphwhuv1 Wkh lqhtxdolw| iroorzv iurp Z^S '

#+�#�S
4n#+�

n

#+�E2#�R3��
4n#+�

Z^S , Z^S '

�
��

#+�E2#�R3��
4n#+�

�
3� �

#+�#�S
4n#+�

�
: f dv wkh odvw wzr

whupv duh srvlwlyh1

Ohppd 6 Z�6R
SS ' ZReoSS 	 f1
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Surri1 Wkh htxdolw| iroorzv vwudljkwiruzdugo| iurp frpsdulvrq ri wkh
gh�qlwlrqv ri wkh wzr sdudphwhuv1 Wkh lqhtxdolw| iroorzv iurp vxevwlwxwlqj
ZSK lq wkh uhvwulfwlrq iru ZSS lpso|lqj wkdw ZSS '

E�3B�E�34�Z^S
�3BE�34�Z^S

	 f dv B 5 Efc �o/

4 : � dqg Z^S : f +e| Ohppd 5,1

Ohppd 7 Z
�6R
SK ' Z

Reo
SK : f1

Surri1 Wkh htxdolw| iroorzv vwudljkwiruzdugo| iurp frpsdulvrq ri wkh
gh�qlwlrqv ri wkh wzr sdudphwhuv1 Wkh lqhtxdolw| iroorzv iurp ZSS ' BZSK E�� 4�Z^S 	
f +Ohppd 6, dqg vlqfh B : f/ E�� 4� 	 f dqg Z^S : f +Ohppd 5,/ ZSK pxvw
eh srvlwlyh1

Ohppd 8 ZReor6 : Z�6R
r6 li wReo ' w�6R dqg ylfh yhuvd li w�6R : wReo ' f1

Surri1 Vroylqj iru Z�6R
r6 zh �qg wkdw Z�6R

r6 '
�
� n #6R

�
3�
�
� n

w�#6R

�n#6R3w#6R

�
'�

� n #6R

�
3� �

� n w�#6RZ
Reo
r6

�
: f zklfk lv lqfuhdvlqj lq � dqg iru � $ f zh

fohduo| jhw wkdw Z�6R
r6 : ZReor6 dqg iru � $ �c Z�6R

r6 $ ZReor6 lpso|lqj wkh �uvw
sduw ri wkh ohppd1

Wkh vhfrqg sduw iroorzv e| revhuylqj wkdw Z�6R
r6 ' �

�n#6R
n

w�#6R

E�n#6R�E�n#6R3w#6R�
:

�
�n#6R

' ZReor6 1

Ohppd 9 mZ^0m : mZ^6m li w
Reo ' w�6R dqg ylfh yhuvd li w�6R : wReo ' f1

Surri1 Lq erwk lqirupdwlrqdo uhjlphv Z^� ' �
#+�

4n#+�
EZr6 n ZrSZS�� c � '

6c 0

, Z^� ' �
k
��

#+�
4n#+�

BZSKE�34�
jq

l
3� #+�

4n#+�
Zr6c � ' 6c 0 dv

ZS� ' BZSK E�� 4�Z^�c � ' 6c 01 Wkh uhvxow iroorzv iurp Ohppd 81

Ohppd : ZS0 : ZS6 li wReo ' w�6R dqg ylfh yhuvd li w�6R : wReo ' f1

Surri1 Xqghu erwk lqirupdwlrqdo uhjlphv ZS� ' BZSK E�� 4� Z^�c � ' 6c 01
Wkh uhvxow iroorzv iurp Ohppd 91

Wkh qhhg wr dxjphqw wkh wkuhh odvw ohppdv vwhpv iurp wkh idfw wkdw wkhuh
lv dq dv|pphwu| zkhq zh zdqw wr frpsduh dfurvv uhjlphv1 Lq wkh shuvlv0
whqw dqg ixoo| shupdqhqw fdvhv wkh reylrxv shuihfw lqirupdwlrq ehqfkpdun
lv vlpso| wReo ' w�6R iru wkh surfhvv 6| �6W

| ' wReo
�
6|3� �6W

|3�

�
n 0|1 Lq

wkh wudqvlwru| fdvh/ wkrxjk/ zh uhvwulfw wReo wr eh }hur/ zkhuhdv w�6R lv d iuhh
sdudphwhu1
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Ohppd ; ZReor6 	 Z
�6R
r6

�3wnw�
E� 	 ��1

Surri1 ZReor6 	 Z
�6R
r6

�3wnw�
, E�� w n w�� ZReor6 	 Z�6R

r6 , E�� w n w�� ZReor6 	

�#6R

�n#6R
ZReor6n �

�n#6R
,

��
� n #6R

�
E�� w n w��� �#6R

�
ZReor6 	 �,

E�3wnw�n#6R3w#6R�
�n#6R3w#6R

	

�/ zklfk dozd|v krogv wuxh1

Ohppd < �3w
�3wnw�

Z�6R
r6 	 ZReor6 E� : f� lq fdvh 41

Surri1 Lq fdvh 4 xqghu shuihfw lqirupdwlrq ZReor6 mw'f ' �
�n#6R

dqg xqghu

lpshuihfw lqirupdwlrq Z�6R
r6 mwMEfc�o '

�
� n #6R

�
3�
�
� n

w�#6R

�n#6R3w#6R

�
1 Vxevwl0

wxwlqj lq |lhogv wkh uhvxow �3w
�3wnw�

Z�6R
r6 	 ZReor6 ,

�3w
�3wnw�

�
�n#6R

�
� n

w�#6R

�n#6R3w#6R

�
	

�
�n#6R

, w� : f/ zklfk dozd|v krogv1

E1815 Lpsdfw H�hfwv

Sursrvlwlrq 43 Uhodwlyh frqvxpswlrq ulvhv rq lpsdfw1

Surri1 Wkh surri uxqv e| frqwudglfwlrq1 Zh kdyh ZS6 ' BZSK E�� 4� Z^6
dqg Z^6 ' �

#+�
4n#+�

�
Zr6 � Ejq�3�

ZS6
�
1 Dvvxph ZS6 	 f1 E| wkh �uvw h{0

suhvvlrq zh jhw wkdw Z^6 	 f exw e| wkh �uvw htxdwlrq wklv pxvw lpso| wkdw
ZS6 : f/ lh d frqwudglfwlrq1

Sursrvlwlrq 44 Wkh whupv ri wudgh idoo rq lpsdfw1

Surri1 Wkh uhvxow iroorzv lpphgldwho| iurp ZS6 ' BZSK E�� 4� Z^6 : f
+Sursrvlwlrq 43, dqg ZS6 : f/ B : f/ ZSK : f dqg E�� 4� 	 f1

Sursrvlwlrq 45 Wkh qrplqdo h{fkdqjh udwh ghsuhfldwhv rq lpsdfw1

Surri1 Wkh uhvxow iroorzv vwudljkwiruzdugo| iurp Sursrvlwlrq 43 dv Z^6 '
�

#+�
4n#+�

dZr6 n ZrSZS6o 	 f lpso|lqj wkh whup lqvlgh wkh eudfnhwv/ zklfk lv
Yr|

YE6|36
W

| �
/ lv srvlwlyh1

Sursrvlwlrq 46 Wkh qrplqdo lqwhuhvw udwh vsuhdg idoov rq lpsdfw1

Surri1
Yd*L}E�n�|�3*L}E�n�W| �o

YE6|36
W

| �
' ��6 n ��r

Yr|
YE6|36

W

| �
' �r6 E�� �� n ��

r6 n

��r�r6

' � EZr6 n ZrSZS6� n
�
� n #6R � w#6R

�
3�
�
w�3�3#6Rnw#6R

�n#6R

�
	 f dv

f 	 w� 	 �c f 	 #6R dqg f 	 Zr6 n ZrSZS6 +Sursrvlwlrq 45,1
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Sursrvlwlrq 47 Wkh lpsdfw h�hfw rq wkh qrplqdo h{fkdqjh udwh lv> Fdvh 4=
odujhu> Fdvh 5= vpdoohu> Fdvh 6= vpdoohu> xqghu lpshuihfw lqirupdwlrq wkdq
xqghu shuihfw lqirupdwlrq1

Surri1 Zh qhhg wr frpsduh Z�6R
r6 n ZrSZS6 zlwk ZReor6 n ZrSZS01

Xvlqj ZS� ' BZSK E�� 4� Z^� ' BZSK E�� 4�

�
�
k
��

#+�
4n#+�

BZSKE�34�
jq

l
3� #+�

4n#+�

�
Zr6

E� ' 6c 0� zh fdq zulwh ZReor6nZrSZS0�Z
�6R
r6 �ZrSZS6 '

k
EZReor6 � Z�6R

r6 �� EZS03ZS6�
jq

l
'

�
�n&f

EZReor6 � Z�6R
r6 �/

k
&f '

#+�
4n#+�

BZSKE43��
jq

: f
l
/ zkhuh wkh vljq ghshqgv rq wkh

fdvh fi Ohppd 81

Sursrvlwlrq 48 Wkh lpsdfw h�hfw rq wkh whupv ri wudgh lv +qxphulfdoo|,>
Fdvh 4= odujhu> Fdvh 5= vpdoohu> Fdvh 6= vpdoohu> xqghu lpshuihfw lqirupd0
wlrq wkdq xqghu shuihfw lqirupdwlrq1

Surri1 Wklv iroorzv gluhfwo| iurp Ohppd 9 dv wkh lpsdfw h�hfw xqghu
lpshuihfw lqirupdwlrq lv Z^6 dqg xqghu shuihfw lqirupdwlrq Z^01

Sursrvlwlrq 49 Wkh lpsdfw h�hfw rq uhodwlyh frqvxpswlrq lv> Fdvh 4= odujhu>
Fdvh 5= vpdoohu> Fdvh 6= vpdoohu> xqghu lpshuihfw lqirupdwlrq wkdq xqghu
shuihfw lqirupdwlrq1

Surri1 Wklv iroorzv gluhfwo| iurp Ohppd : dv wkh lpsdfw h�hfw xqghu
lpshuihfw lqirupdwlrq lv ZS6 dqg xqghu shuihfw lqirupdwlrq ZS01

Sursrvlwlrq 4: Wkh +devroxwh ydoxh ri wkh, lpsdfw h�hfw rq wkh qrplqdo
lqwhuhvw udwh vsuhdg lv> Fdvh 4= vpdoohu> Fdvh 5= odujhu> Fdvh 6= odujhu>
xqghu lpshuihfw shuihfw lqirupdwlrq wkdq xqghu shuihfw lqirupdwlrq1

Surri1 Fdvh 4= Shuihfw lqirupdwlrq= 3�
�n#6R

1 Lpshuihfw lqirupdwlrq=�
�n#6R3w#6R3w�

�n#6R3w#6R

��
3�

�n#6R

�
1 Wkh uhvxow iroorzv vlqfh

�n#6R3w#6R3w�

�n#6R3w#6R
5 E��c f�1

Fdvhv 5 dqg 6= Wkh uhvxowv iroorz gluhfwo| e| qrwlqj wkdw wkh lpsdfw h�hfw

xqghu shuihfw lqirupdwlrq lv Ew � �� ZReor6 '
w3�nw#6R3#6R

E�n#6R�E�n#6R3w#6R�
1 Dqg xqghu

lpshuihfw lqirupdwlrq lw lv ��6n��r
Yr|

YE6|36
W

| �
'

w�3�3#6Rnw#6R

E�n#6R�E�n#6R3w#6R�
/ zklfk lv

qxphulfdoo| odujhu wkdq wkh shuihfw lqirupdwlrq lpsdfw h�hfw1
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Sursrvlwlrq 4; Wkh +devroxwh ydoxhv ri wkh, lpsdfw h�hfwv rq wkh qrplqdo
h{fkdqjh udwh/ wkh whupv ri wudgh dqg uhodwlyh frqvxpswlrq duh lqfuhdvlqj lq
w dqg �1

Surri1 E| vxevwlwxwlrq zh �qg wkdw ZS6 '
BZSKE43��

#+�
4n#+�

�nBZSKE43��
#+�

4n#+�

�
jq

Zr6/ Z^6 '

ZS6
BE�34�ZSK

/ Zr6 n ZrSZS6 '

�
� n

BZSKE�34�
#+�

4n#+�

�
jq

�3BZSKE�34�
#+�

4n#+�

�
jq

�
Zr6 ' E� n &�� Zr6 dqg

Zr6 ' �
�n#6R

k
� n

w�#6R

�n#6R3w#6R

l
1 Wkh lpsdfw h�hfwv duh Zr6nZrSZS6/ Z^6 dqg

ZS6/ uhvshfwlyho|1
Wkh uhvxowv iroorz iurp revhuylqj wkdw>

+l, YZr6
Y�

: f
�
, YZS0

Y�
: f dqg YZ^0

Y�
	 f

�
c � ' wc �>

+ll, &� 5 E��c f�>
+lll, ZSK/ ZrS dqg wkh uhvw ri wkh sdudphwhuv deryh duh lqghshqghqw ri w

dqg �1

Sursrvlwlrq 4< Wkh +devroxwh ydoxh ri wkh, lpsdfw h�hfw rq wkh qrplqdo
lqwhuhvw udwh vsuhdg lv ghfuhdvlqj lq w dqg �1

Surri1 Wkh surri iroorzv vwudljkwiruzdugo| iurp wkh zulwlqj rxw wkh
h{suhvvlrq iru wkh lpsdfw h�hfw dqg hydoxdwlqj wkh sduwldo ghulydwlyhv1 Zh
kdyh wkdw

Yd*L}E�n�|�3*L}E�n�W| �o

YE6|36
W

| �
' ��6 n ��r

Yr|
YE6|36

W

| �
	 f dqg lqvhuwlqj iru ��6/

��r dqg Yr|
YE6|36

W

| �
zh �qg wkdw

Yd*L}E�n�|�3*L}E�n�W| �o

YE6|36
W

| �
' �r6 Ew�� �� n ��

r6 n

E� n w � w���r6 ' w�r6 n ��
r6 ' w� EZr6 n Z�

r6� '
w�3�3#6Rnw#6R

E�n#6R�E�n#6R3w#6R�
zklfk lv lqfuhdvlqj lq erwk w dqg �1 Vlqfh wkh lpsdfw h�hfw lv qhjdwlyh/
zh kdyh wkh ghvluhg uhvxow1

E1816 Orqj0Uxq H�hfwv

Sursrvlwlrq 53 Wkh orqj0uxq h�hfw ri d wudqvlwru| ru d shuvlvwhqw vkrfn rq
wkh qrplqdo h{fkdqjh udwh lv dq dssuhfldwlrq iru w 5 Efc ��1 Lq wkh fdvh ri d
wudqvlwru| vkrfn dqg w ' � wkh orqj0uxq h�hfw lv }hur1

Surri1 Wklv iroorzv gluhfwo| iurp htxdwlrqv +5<, dqg +63, dv zhoo dv
Ohppd 4 EZrS 	 f� dqg Sursrvlwlrq 43 +ZS6 : f,1

Sursrvlwlrq 54 Wkh orqj0uxq h�hfw ri d ixoo| shupdqhqw vkrfn rq wkh qrp0
lqdo h{fkdqjh udwh lv hlwkhu dq dssuhfldwlrq ru d ghsuhfldwlrq1
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Surri1 Wkh orqj0uxq h�hfw lv � n ZrS
ZS6
w�

dqg wkh hdvlhvw zd| wr vkrz
lw fdq eh hlwkhu srvlwlyh ru qhjdwlyh lv wr jlyh h{dpsohv1 Wkh edvholqh fdvh
|lhogv d ghsuhfldwlrq zkloh j ' f�D/ q ' f�D dqg � ' f�ffD surgxfhv dq
dssuhfldwlrq163

Dv wklv odvw sursrvlwlrq pljkw vhhp wr lqglfdwh/ wkh fdvh ri dq dssuhfldwlrq
rqo| rffxuv lq wkh fdvh ri k yhu| vpdoo/ wkdw lv/ iru uhdvrqdeoh sdudphwhu
ydoxhv wkh olnho| rxwfrph lv d ghsuhfldwlrq1

Sursrvlwlrq 55 Wkh orqj0uxq h�hfw rq wkh whupv ri wudgh lv dq lpsuryh0
phqw/ h{fhsw lq wkh vshfldo fdvh ri d wudqvlwru| vkrfn dqg w ' �/ zkhuh wkh
orqj0uxq h�hfw lv }hur1

Surri1 Wklv iroorzv gluhfwo| iurp +69,/ +6:,/ +6;, dqg Ohppd 5 EZ^S : f�/
Sursrvlwlrq 43 +ZS6 : f, dqg wkdw wE�� w n w��� w� : f/ vlqfh w� 	 w1

Sursrvlwlrq 56 Wkh orqj0uxq h�hfw rq uhodwlyh frqvxpswlrq lv dq lpsuryh0
phqw/ h{fhsw lq wkh vshfldo fdvh ri d wudqvlwru| vkrfn dqg w ' �/ zkhuh wkh
orqj0uxq h�hfw lv }hur1

Surri1 Wkh surri iroorzv gluhfwo| iurp htxdwlrqv +76,/ +77,/ +78, dqg wkh
idfw wkdw ZS6 : f +Sursrvlwlrq 43,1

Sursrvlwlrq 57 Wkh orqj0uxq h�hfwv rq wkh qrplqdo h{fkdqjh udwh lv> Fdvh
4= qxphulfdoo| vpdoohu> Fdvh 5= qxphulfdoo| odujhu> Fdvh 6= qxphulfdoo|
vpdoohu +li wkh orqj0uxq h�hfw lv d ghsuhfldwlrq,> xqghu lpshuihfw lqirupdwlrq
wkdq xqghu shuihfw lqirupdwlrq1

Surri1 Wkh surri lv vsolw lqwr wkuhh fdvhv=
Fdvh 4= Wkh uhvxow iroorzv iurp Ohppd <= Wkh orqj0uxq h�hfw xqghu

lpshuihfw lqirupdwlrq lv �3w
�3wnw�

ZrSZS6 dqg xqghu shuihfw lqirupdwlrq lw lv

ZrSZS01 E| Ohppd <
�3w

�3wnw�
ZS6 	 ZS0 lpso|lqj wkdw wkh orqj0uxq h�hfw pxvw

eh qxphulfdoo| vpdoohu xqghu wkh lpshuihfw lqirupdwlrq uhjlph1

Fdvh 5= Ohppd ; vwdwhv wkdw ZReor6 	 Z
�6R
r6

�3wnw�
iurp zklfk lw iroorzv wkdw

ZS0 	
ZS6

�3wnw�
, mZrSZS0m 	

�� ZrSZS6
�3wnw�

��1
Fdvh 6= Jlyhq wkh orqj0uxq h�hfw lv d ghsuhfldwlrq wklv uhvxow iroorzv iurp

Ohppd ; dv ZS0 	
ZS6
w�

, � n ZrS
ZS6
w�

	 �n ZrSZS0/ zkhuh wkh uljkw0kdqg vlgh
lv erwk wkh lpsdfw dqg orqj0uxq h�hfw xqghu shuihfw lqirupdwlrq dqg wkh
ohiw0kdqg vlgh lv wkh orqj0uxq h�hfw xqghu lpshuihfw lqirupdwlrq1

63Surjudp wr fkhfn wklv dydlodeoh rq uhtxhvw iurp wkh dxwkruv1
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Sursrvlwlrq 58 Wkh orqj0uxq h�hfwv rq wkh whupv ri wudgh duh> Fdvh 4=
vpdoohu> Fdvh 5= odujhu> Fdvh 6= odujhu> xqghu lpshuihfw lqirupdwlrq wkdq
xqghu shuihfw lqirupdwlrq1

Surri1 Wkh surri lv vsolw lqwr wkh wkuhh fdvhv=
Fdvh 4= Lw iroorzv iurp Ohppd < wkdw �3w

�3wnw�
ZS6 	 ZS0 lpso|lqj wkdw wkh

orqj0uxq h�hfw xqghu lpshuihfw lqirupdwlrq
�

�3w
�3wnw�

Z^SZS6
�
lv vpdoohu wkdq

xqghu shuihfw lqirupdwlrq EZ^SZS0� dv Z
�6R
^S ' ZReo^S +Ohppd 5,1

Fdvh 5= Wkh lpshuihfw lqirupdwlrq orqj0uxq h�hfw lv Z^SZS6
�3wnw�

dqg lw lv d
gluhfw lpsolfdwlrq ri Ohppd ; wkdw ZS0 	 ZS6

�3wnw�
lpso|lqj wkdw Z^SZS0 	

Z^SZS6
�3wn�

zklfk zdv zkdw zh zdqwhg wr vkrz1

Fdvh 6= E| Ohppd ;= ZReor6 	 Z
�6R
r6

�
, Z^6

�
	 Z^0 , ZS0 	

ZS6
�

dqg wkh
orqj0uxq h�hfwv duh Z^SZS6

�
dqg Z^SZS0 lpso|lqj wkh uhvxow iru Fdvh 61

Sursrvlwlrq 59 Wkh orqj0uxq h�hfwv rq uhodwlyh frqvxpswlrq duh> Fdvh 4=
vpdoohu> Fdvh 5= odujhu> Fdvh 6= odujhu> xqghu lpshuihfw lqirupdwlrq wkdq
xqghu shuihfw lqirupdwlrq1

Surri1 Wkh surri lv vsolw lqwr wkh wkuhh fdvhv=
Fdvh 4= D gluhfw lpsolfdwlrq ri Ohppd < lv wkdw �3w

�3wnw�
ZS6 	 ZS01

Fdvh 5= Wkh orqj0uxq h�hfw lv ZS6
�3wnw�

zklfk lv odujhu wkdq wkh orqj0uxq
h�hfw xqghu shuihfw lqirupdwlrq EZS0� e| Ohppd ;1

Fdvh 6= Zh qhhg wr frpsduh ZS6
�

zlwk ZS01 D gluhfw lpsolfdwlrq ri Ohppd
; lv wkdw ZS0 	

ZS6
�
1

Sursrvlwlrq 5: Wkh orqj0uxq h�hfw rq wkh qrplqdo lqwhuhvw udwh vsuhdg lv
}hur1

Surri1 Wklv lv prvw hdvlo| vhhq e| zulwlqj wkh qrplqdo lqwhuhvw udwh
vsuhdg dv

*L} E� n �|�� *L} E� n �W| �� Ew � w��
�
*L} E� n �|3��� *L}

�
� n �W|3�

��
'

��
rr Er| � r|3��� ��

rr Ew � w�� Er|3� � r|32�
n�2

rr Er|3� � r|32� n �2
rr Ew � w�� Er|32 � r|3�� n ��

r6 E�� u� E6| �6W

| �
n��

r6 Ew � w�� E�� u�
�
6|3� �6W

|3�

�
n �2

r6 E�� u�
�
6|3� �6W

|3�

�
n�2

r6 Ew � w�� E�� u�
�
6|32 �6W

|32

�
n �r6 Ew�� �� E6| �6W

| �
n�r6 Ew � w��

�
6|3� �6W

|3�

�
1 Lq wkh orqj uxq/ wkh qrplqdo h{fkdqjh

udwh kdv frqyhujhg wr lwv orqj uxq ydoxh uhqghulqj wkh �uvw irxu whupv rq wkh
uljkw0kdqg vlgh }hur1 Iru fdvhv 4 dqg 5 wkh uhodwlyh prqh| vxsso| hyhqwxdoo|
uhwxuqv wr }hur uhqghulqj wkh uhvw ri wkh uljkw0kdqg vlgh whupv }hur1 Lq wkh
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ixoo| shupdqhqw fdvh +w ' �, wkh odvw wzr whupv +dv zhoo dv wkh rwkhu prqh|
whupv, duh }hur dv zhoo1 Lq frqfoxvlrq/ *L} E� n �|n��� *L}

�
� n �W|n�

�
pxvw eh

}hur dv � $41

Sursrvlwlrq 5; Iroorzlqj d wudqvlwru| vkrfn wkh +devroxwh ydoxh ri wkh,
orqj0uxq h�hfwv rq wkh qrplqdo h{fkdqjh udwh/ wkh whupv ri wudgh dqg uho0
dwlyh frqvxpswlrq duh ghfuhdvlqj lq w1

Surri1 Wkh orqj0uxq h�hfwv duh E�3w�ZrSZS6
�3wnw�

/ E�3w�Z^SZS6
�3wnw�

dqg E�3w�ZS6
�3wnw�

1 Zh

kdyh wkdw �3w
�3wnw�

lv ghfuhdvlqj dqg ZS6 lv lqfuhdvlqj lq w +vhh surri ri Sursr0
vlwlrq 4;,/ vr qr lpphgldwh frqfoxvlrq fdq eh gudzq1 Zh fdq zulwh ZS6 dv
&�Zr6 +vhh surri ri Sursrvlwlrq 4;,/ zkhuh &� lv lqghshqghqw ri w1 Wkh

surfhgxuh wkhq erlov grzq wr �qglqj r�}?

�
YE �3w

�3wnw�
Zr6�

Yw

�
1 Xwlol}lqj wkdw

Zr6 '
�
� n #6R

�
3�
�
� n

w�#6R

�n#6R3w#6R

�
wklv ghulydwlyh lv hdvlo| irxqg wr eh

3�

E�3wnw��2
�

�n#6R

�
� n

w�#6R

�n#6R3w#6R

�
� �3w

�3wnw�

�
�#6R

�n#6R

�n#6R

�n#6R3w#6R

�
zklfk lv fohduo|

qhjdwlyh1

Sursrvlwlrq 5< Iroorzlqj d shuvlvwhqw vkrfn wkh +devroxwh ydoxhv ri wkh,
orqj0uxq h�hfwv rq wkh qrplqdo h{fkdqjh udwh/ wkh whupv ri wudgh dqg uhodwlyh
frqvxpswlrq duh lqfuhdvlqj lq w1

Surri1 Wkh orqj0uxq h�hfwv duh ZrSZS6
�3wnw�

/ Z^SZS6
�3wnw�

dqg ZS6
�3wnw�

1 Wkh uhvxow
iroorzv iurp wkh idfw wkdw �� wn w� lv ghfuhdvlqj dqg ZS6 lv lqfuhdvlqj lq w

+vhh surri ri Sursrvlwlrq 4;,1

Sursrvlwlrq 63 Wkh +devroxwh ydoxhv ri wkh, orqj0uxq h�hfwv rq wkh qrplqdo
h{fkdqjh udwh/ wkh whupv ri wudgh dqg uhodwlyh frqvxpswlrq iroorzlqj dq|
vkrfn duh ghfuhdvlqj lq �1

Surri1 Wkh uhvxow iroorzv iurp wkh idfw wkdw
YE Zr6

�3wnw��
Y�

' E�� w n w��32 3w

E�n#6R�E�n#6R3w#6R�
	 f,

YE ZS6
�3wnw��
Y�

	 f1

E19 Shuihfw yhuvxv Lpshuihfw Lqirupdwlrq64

Kdylqj phfkdqlfdoo| fkdudfwhul}hg wkh vroxwlrq zh fdq qrz jr d elw pruh
lqwr ghswk zlwk uhvshfw wr wkh frqqhfwlrq wr wkh shuihfw lqirupdwlrq fdvh
dqg vrph lqwhuhvwlqj lqwhusuhwdwlrqv1 Vroylqj wkh Z0v|vwhp zh jhw wkdw

Zr6 '
�

� n #6R

n w�sEw�c

64Wkh ghulydwlrq ri wklv vxevhfwlrq*v pdlq uhvxow lv qrw reylrxv zlwkrxw kdylqj uhdg wkh
zkroh dsshqgl{/ lq sduwlfxodu wkh shuihfw lqirupdwlrq sduw1 Wkh lqwxlwlrq xqghuo|lqj wkh
uhvxowv vkrxog eh dffhvvleoh1
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zkhuh

sEw� '
#6R�

� n #6R

� �
� n #6R � w#6R

� c s � : f�

Xqghu shuihfw lqirupdwlrq +dsshqgl{ F, lw wxuqv rxw wkdw zh fdq zulwh wkh
vdph sdudphwhu dv

�

� n #6R � w#6R

'
�

� n #6R

n wsEw��

Wkh lqwhuhvwlqj sduw vwhpv iurp wkh idfw wkdw Zr6 iru jlyhq hw xqghu lpshuihfw
lqirupdwlrq fdq eh zulwwhq dv d zhljkwhg dyhudjh ri wkh lpsdfw h�hfwv xqghu
shuihfw lqirupdwlrq zlwk w ' f +whpsrudu| vkrfn, dqg zlwk w ' hw +shupdqhqw
vkrfn,1 Wklv lv vhhq iurp qrwlqj wkdw

Zr6m
shuihfw lqirupdwlrq

w'f '
�

� n #6R

c

Zr6m
shuihfw lqirupdwlrq

w'hw '
�

� n #6R

n hwsEhw�c
dqg

Zr6m
lpshuihfw lqirupdwlrq

w'hw '
�

� n #6R

n hw�sEhw��
Iurp wklv lw lv fohdu wkdw

Zr6m
lpshuihfw lqirupdwlrq

w'hw ' E�� �� Zr6m
shuihfw lqirupdwlrq

w'f n � Zr6m
shuihfw lqirupdwlrq

w'hw
zlwk

� '
j2
0

j2
0 n j2

�

dqg �� � '
j2
�

j2
0 n j2

�

�

Wkdw lv/ wkh yduldqfh udwlr ghwhuplqhv wkh zhljkw1 Wklv uh hfwv wkh lqirupd0
wlrq surshuwlhv ri wkh prgho1 Li � +j2

� odujh, lv vpdoo/ wkhuh lv pxfk qrlvh
dqg qr zhljkw lv sxw rq wkh shuvlvwhqf| whup1 Qrwh wkdw dv wkh lpshuihfw
lqirupdwlrq fdvh frqyhujhv wr wkh shuihfw lqirupdwlrq fdvh/ Zr6 frqyhujhv
wrr1

Wkhuh duh wzr lpsruwdqw lpsolfdwlrqv ri wklv lqwxlwlyh uhvxow65

65Wkh uhdvrq wkhvh uhvxowv jr wkurxjk lv wkdw wkh flwhg h�hfwv ghshqg rq wzr vhwv ri
frh!flhqwv1 Wkh �uvw vhw lv lqghshqghqw ri � dqg k1 Wkh vhfrqg vhw lv ghshqghqw rq � dqg
k/ exw wkh| fdq eh zulwwhq dv olqhdu ixqfwlrqv ri �vp/ dqg/ khqfh/ wkh uhvxowv iroorz iurp
doo wkh h{suhvvlrqv iru lpsdfw dqg orqj0uxq h�hfwv1 Vhh ehorz1
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41 Wkh lpsdfw h�hfwv xqghu lpshuihfw lqirupdwlrq fdq lq wkh vdph zd|
eh zulwwhq dv wkh zhljkwhg dyhudjh ri wkh lpsdfw h�hfwv xqghu shuihfw
lqirupdwlrq1

51 Wkh orqj0uxq h�hfwv fdq eh zulwwhq dv d fruuhfwhg zhljkwhg dyhudjh
ri wkh orqj0uxq h�hfwv xqghu shuihfw lqirupdwlrq1 Wkh fruuhfwlrq lv d
whup ghshqglqj rq w dqg � pxowlsolhg zlwk wkh zhljkwhg dyhudjh1 Wklv
fruuhfwlrq fdq eh lqwhusuhwhg dv fdswxulqj wkh ohduqlqj surfhvv1

Wkh +whfkqlfdo, xsvkrw lv/ wkrxjk/ wkdw wkh gl�huhqfh lq Zr6 xqghu wkh
wzr uhjlphv lv gulylqj wkh gl�huhqfhv ri doo wkh rwkhu lpsruwdqw frh!flhqwv
+vhh ehorz,1

Lq wkh shuihfw lqirupdwlrq fdvh +vhh dsshqgl{ F, lw lv vkrzq wkdw uhodwlyh
pdjqlwxghv ri wkh lpsdfw dqg orqj0uxq h�hfwv duh ghwhuplqhg e| wkh lqwhusod|
ehwzhhq wkh shuvlvwhqfh ri wkh vkrfn dqg wkh lqfrph hodvwlflw| ri prqh|
ghpdqg1 Zlwk shuihfw lqirupdwlrq wklv fkdqjhv1 Ehorz duh jlyhq wkh lpsdfw
dqg orqj0uxq h�hfwv iru wkh qrplqdo h{fkdqjh udwh/ wkh whupv ri wudgh dqg
uhodwlyh frqvxpswlrq1

Wdeoh E19141 Lpsdfw dqg Orqj0Uxq H�hfwv Xqghu Lpshuihfw

Lqirupdwlrq1
Lpsdfw H�hfw Orqj0Uxq H�hfw66

v Zr6 n ZrSZS6 &ZrSZS6 E� n &ZrSZS6�
t Z^6 &Z^SZS6
f0fW ZS6 &ZS6

zkhuh wkh frqvwdqw & lv vkrfn0ghshqghqw

Wdeoh E19151
W|sh ri Vkrfn &

Wudqvlwru| �3w
�3wnw�

Shuvlvwhqw �
�3wnw�

Ixoo| Shupdqhqw �
w�

Rqo| wkuhh frh!flhqwv duh ghshqghqw rq w dqg lw lv67

Zr6
�
wc #6Rc �

�
'
�
� n #6R

�
3�
�
� n

w�#6R

� n #6R E�� w�

�
c

66Wkh orqj0uxq h�hfw iru wkh qrplqdo h{fkdqjh udwh lv n�vf�fp li wkh vkrfn lv hlwkhu
wudqvlwru| ru shuvlvwhqw dqg 4 . n�vf�fp li wkh vkrfn lv ixoo| shupdqhqw1

67Wkh uhvxowv wkdw wkh lpsdfw dqg orqj0uxq h�hfwv fdq eh zulwwhq dv zhljkwhg dyhudjhv
iroorz iurp wkhvh h{suhvvlrqv1 Vhh dovr wdeohv E1914 dqg F19141
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Z^6 '
�

#+�
4n#+�

��
#+�

4n#+�

�
jq
BZSK E�� 4�

Zr6
�
wc #6Rc �

�
c

ZS6 '
�

#+�
4n#+�

BZSK E�� 4�

��
#+�

4n#+�

�
jq
BZSK E�� 4�

Zr6
�
wc #6Rc �

�
�

Lw lv vhhq wkdw wkh ghshqghqfh iru Z^6 dqg ZS6 dulvhv ehfdxvh wkh| fdq eh
zulwwhq dv ixqfwlrqv ri Zr61 Qrz/ zkhq dvvhvvlqj wkh uhodwlyh pdjqlwxghv ri
wkh lpsdfw dqg orqj0uxq h�hfwv dfurvv wkh w|sh ri vkrfn zh �qg gl�huhqfhv
frpsduhg wr wkh shuihfw lqirupdwlrq fdvh1

Xqghu shuihfw lqirupdwlrq wkh djhqwv nqrz h{dfwo| zkdw kdv klw wkhp
zkhq d +rqh0wlph, vkrfn rffxuv1 Wkh qrplqdo ghsuhfldwlrq fuhdwhv d zhdowk
uhdoorfdwlrq zklfk lv vprrwkhg ryhu wlph1 Wkh uhodwlyh pdjqlwxgh ri wklv
zhdowk lqfuhdvh lv ghwhuplqhg e| wkh dprxqw ri oltxlglw| lq wkh hfrqrp|
wkh shulrg diwhu wkh vkrfn kdv klw +uhsuhvhqwhg e| w, dqg wkh lqfrph +frq0
vxpswlrq, hodvwlflw| ri prqh| ghpdqg +uhsuhvhqwhg e| #6R ^q`,1 Wkh uhodwlyh
lpsdfw dqg orqj0uxq h�hfwv rq uhodwlyh frqvxpswlrq dqg wkh whupv ri wudgh
duh lqfuhdvlqj lq w dqg q +ghfuhdvlqj lq wkh lqfrph hodvwlflw|,1 Wkh uhvxow iru
wkh orqj0uxq h�hfwv iroorz vlqfh wkh| duh wlhg wr wkh lpsdfw h�hfwv dv zdjhv
duh rqo| �{hg iru rqh shulrg1

Xqghu lpshuihfw lqirupdwlrq wkh djhqwv gr qrw nqrz zkdw kdv klw wkhp1
Wkhuhiruh/ wkh lpsdfw h�hfwv ri d whpsrudu| dqg d shupdqhqw vkrfn duh wkh
vdph168 Wkh devroxwh pdjqlwxgh lv ghdow zlwk deryh1

Wkh pruh lqwhuhvwlqj sduw lv wkh orqj0uxq h�hfwv1 Xqghu lpshuihfw lqiru0
pdwlrq lw lv vhhq wkdw wkh uhodwlyh vl}h ri wkh orqj uxq h�hfwv iru d shuvlvwhqw
vkrfn zlwk w ' hw 	 � frpsduhg wr d wudqvlwru| vkrfn +zlwk w ' hw iru wkh
xqghuo|lqj shupdqhqw sduw, lv

�

�3hwn�Zr6
�hwc #6Rc �

�
�3hw

�3hwn�Zr6
�hwc #6Rc �

� '
�

�� hw �
Lq wkh shuihfw lqirupdwlrq fdvh wklv udwlr lv +vhh dsshqgl{ F19,

� n #6R

� n #6R

�
�� hw� 	

�

�� hw �
68Zh lpsolflwo| dvvxph wkdw zkhq frpsdulqj d shupdqhqw vkrfn zlwk � @ h� dqg d

whpsrudu| vkrfn zlwk � @ 3/ wkhq wkh xqghuo|lqj shupdqhqw sduw iru wkh whpsrudu| fdvh
kdv � @ h�1
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Wkxv/ wkh olqn wr #6R kdv ehhq eurnhq xqghu lpshuihfw lqirupdwlrq1 Lq idfw
lw fdq eh vkrzq wkdw fhwhulv sdulexv iru q $ f xqghu shuihfw lqirupdwlrq
wkh udwlr lv �

�3hw dv zhoo1 Wkh uhdvrq iru wklv lv wkdw zkhq q lv vpdoo wkh

prqh| ghpdqg hodvwlflw| +zlwk uhvshfw wr lqfrph, lv odujh dqg lq wkh shulrg
diwhu wkh vkrfn wkh prqh| ghpdqg lv kljko| vhqvlwlyh zlwk uhvshfw wr lqfrph
+frqvxpswlrq, wkhuhe| qhjdwlyho| d�hfwlqj wkh h�hfw rq lpsdfw +shuihfw lq0
irupdwlrq,1 Vr/ iru lpshuihfw lqirupdwlrq orqj0uxq h�hfwv zh jhw wkh olplwlqj
fdvh ri wkh shuihfw lqirupdwlrq fdvh zlwk lq�qlwh lqfrph hodvwlflw| ri prqh|
ghpdqg1 Wklv iroorzv iurp wkh idfw wkdw djhqwv gr qrw nqrz zklfk vkrfn
klw wkhp dqg/ khqfh/ wkh lpsdfw h�hfwv gr qrw ghshqg rq zkhwkhu wkh vkrfn
lq idfw zdv hlwkhu whpsrudu| ru shupdqhqw1 Wkh lpsdfw h�hfwv duh wkh vdph
dqg iurp wkhq rq wkh uhodwlyh orqj0uxq h�hfwv ghshqg vroho| rq krz pxfk
prqh| wkdw lv lq wkh hfrqrp| +w,1

Rqh ri wkh uhdvrqv zk| wkh udwlr lqfuhdvhv xqghu lpshuihfw lqirupdwlrq lv
wkh shulrg0diwhu whupv0ri0wudgh lpsuryhphqw1 Wkh pdlq frqfoxvlrq/ wkrxjk/
lv wkdw wkh udwlr lv xqd�hfwhg +iru jlyhq w, e| yduldwlrqv lq rwkhu sdudphwhuv
xqghu lpshuihfw lqirupdwlrq zkhuhdv lw lv qrw xqghu shuihfw lqirupdwlrq1

F Htxloleulxp zlwk Rqh0Shulrg Qrplqdo Zdjh Frq0

wudfwv dqg Shuihfw Lqirupdwlrq

Lq wklv vhfwlrq zh jr wkurxjk wkh uhihuhqfh fdvh ri shuihfw lqirupdwlrq iru
frpsohwhqhvv1 Zh frqvlghu d prqh| vxsso| surfhvv zkhuh wkhuh lv qr frqix0
vlrq lq glvhqwdqjolqj shupdqhqw dqg whpsrudu| vkrfnv

6| �6W

| ' w
�
6|3� �6W

|3�

�
n 0|c 0| � ?�_

�
fc j2

0

�
c w 5 dfc �o c

dqg zkhuh wkh fdvh ri ixoo| shupdqhqw vkrfnv Ew ' �� lv dqdo|}hg lq Dqghuvhq
dqg Ehlhu +4<<<,1 Djdlq zh vroyh iru irxu yduldeohv lq wklv dsshqgl{= wkh
qrplqdo h{fkdqjh udwh/ wkh whupv ri wudgh/ uhodwlyh frqvxpswlrq/ dqg �qdoo|/
wkh qrplqdo lqwhuhvw udwh vsuhdg1 Zh dsso| wkh phwkrg ri xqghwhuplqhg
frh!flhqwv1 Rxu jxhvvhv duh

r| ' ZrS ES| � SW| � n Zr6 E6| �6W

| � c +7;,

^| ' Z^S
�
S|3� � SW|3�

�
n Z^00|c +7<,

dqg

S| � SW| ' ZSK
�
K|3� � KW|3�

�
n ZSS

�
S|3� � SW|3�

�
n ZS00|� +83,

Qrwh wkdw wkh jxhvv iru uhodwlyh frqvxpswlrq dqg wkh Hxohu htxdwlrq lpsolhv
wkdw uhodwlyh frqvxpswlrq iroorzv d udqgrp zdon

S| � SW| ' S|3� � SW|3� n ZS00|�
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F14 Wkh Qrplqdo H{fkdqjh Udwh

Djdlq zh kdyh

r| '
�

� n #6R

��
#�6S � #6S

�
ES| � SW| � n #6R.|r|n� n6| �6W

|

�
�

Jrlqj wkurxjk wkh xvxdo vwhsv surgxfhv wkh iroorzlqj uhvwulfwlrqv

ZrS ' #�6S � #6S ' � Ejq�3�
c

Zr6 '
�
� n #6R � w#6R

�
3�
�

Wkh g|qdplf dgmxvwphqw lv irxqg e| xvlqj +7;,

E�� u� E�� wu� r|

' E�� u� EZr6 n ZrSZS0� 0| n E�� w�ZrSZS00|3�c

lh dq DULPD+4/4/4,1 Uhvwulfwlqj w wr eh 3 ru 4 lpsolhv wkh surfhvv erlov
grzq wr dq DULPD+3/4/4,1 Wkh lpsdfw h�hfw htxdov

Yr|

Y0|
' Zr6 n ZrSZS0 : f� +84,

Wkh orqj0uxq h�hfwv duh

Yr|n�

Y0|

����
wMdfc��

' ZrSZS0 	 f sJo � $4c +85,

dqg

Yr|n�

Y0|

����
w'�

' Zr6 n ZrSZr0 ' � n ZrSZS0 : f sJo � $4� +86,

F15 Wkh Whupv ri Wudgh

Iroorzlqj wkh vdph vwhsv dv lq wkh lpshuihfw lqirupdwlrq fdvh zh uhwulhyh

^| '
#+�#�S

4n #+�

�
S|3� � SW|3�

�
n
#+�

�
2#�R � �

�
4n #+�

.|3�^|

�
#+�

4n #+�
EZr6 n ZrSZS6� 0|�

Diwhu vrph vlpsoh dojheud zh �qg wkdw frqvlvwhqf| zlwk wkh jxhvv uhtxluhv
wkdw

Z^S '
#+�

�
2#�R � �

�
4n #+�

Z^S n
#+�#�S

4n #+�
c
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Z^0 ' �
#+�

4n #+�
EZr6 n ZrSZS6� �

Xvlqj rxu jxhvv zh fdq uhzulwh wkh whupv ri wudgh dv

E�� u� ^| ' E�� u�Z^00| n Z^SZS00|3�c

ru

^| ' Z^00| n Z^SZS0

"[
�'f

0|3�3��

Wkdw lv wkh whupv ri wudgh iroorz dq DULPD+3/4/4, zlwk lpsdfw h�hfw Z^0
dqg orqj0uxq h�hfw Z^SZS01

F16 Uhodwlyh Frqvxpswlrq

Surfhhglqj dv iru uhodwlyh frqvxpswlrq lq wkh lpshuihfw lqirupdwlrq fdvh rqh
�qgv wkdw frqvlvwhqf| zlwk wkh Hxohu htxdwlrq uhtxluhv

ZSK ' E� n ZSK � ZSS�
3�
B3�ZSKc

ZSS ' E� n ZSK � ZSS�
3�
ZSK E�� 4� Z^Sc

ZS0 ' E� n ZSK � ZSS�
3�
ZSK E�� 4� Z^0�

Qrwh wkdw uhodwlyh frqvxpswlrq iroorzv d udqgrp zdon1

F17 Qrplqdo Lqwhuhvw Udwh Vsuhdg

Djdlq zh kdyh wkdw wkh qrplqdo lqwhuhvw udwh vsuhdg lv

*L}E� n �|�� *L}E� n �W| � ' .|r|n� � r|�

Ohw xv iru frpsohwhqhvv frqvlghu wkh g|qdplfv lq rxu wkuhh fdvhv1 Iru d
wudqvlwru| vkrfn E0| : fc w ' f� zh kdyh wkdw

*L} E� n �|n��� *L}
�
� n �W|n�

�
' .|n�r|n�n� � r|n� +87,

' r|n� � Zr60|n� � r|n�

' �Zr60|n�c � ' fc �c 2c ���c

lh rqh0shulrg g|qdplfv1 Iru d shuvlvwhqw vkrfn ^0| : fc w 5 Efc ��` zh kdyh

*L} E� n �|n��� *L}
�
� n �W|n�

�
+88,

' w Er|n� � r|3�n��� EZr6 n wZrSZS0� 0|n�c � ' fc �c 2c ���c
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zklfk lv d vorzo| ghfd|lqj sdwwhuq1 Lq wkh odvw fdvh ri d ixoo| shupdqhqw
vkrfn +0| : fc w ' �, wkh qrplqdo h{fkdqjh udwh lv d udqgrp zdon ohdglqj wr

*L} E� n �|n��� *L}
�
� n �W|n�

�
' fc � ' fc �c 2c ��� +89,

Qrwh wkdw lq wkh wkuhh fdvhv zh kdyh rqh0shulrg g|qdplfv/ lq�qlwh g|qdplfv
zlwk wkh lqlwldo h�hfw ehlqj vorzo| zrunhg rxw ri wkh v|vwhp dqg qr g|qdplfv/
uhvshfwlyho|1

F18 Dqdo|wlfdo Fkdudfwhul}dwlrq ri wkh Vroxwlrq

Ohppd 64 f 	 Zr6 � � dqg ZrS 	 f1

Surri1 Lw iroorzv iurp wkh uhvwulfwlrq iru Zr6 wkdw Zr6 '
�
� n #6R E�� w�

�
3�
5

Efc �o dv #6R : f dqg w 5 dfc �o1
Wkh vhfrqg sduw ri wkh ohppd iroorzv vwudljkwiruzdugo| iurp wkh uhvwulf0

wlrq iru ZrS dqg qrwlqj wkdw j : f dqg q : f1

Sursrvlwlrq 65 Uhodwlyh frqvxpswlrq ulvhv rq lpsdfw1

Surri1 Wkh surri uxqv e| frqwudglfwlrq1 Zh kdyh wkdw
YES|3SW| �

Y0|
' ZS0 '

BZSK E�� 4�Z^0 dqg Z^0 ' �
#+�

4n#+�

�
Zr6 � Ejq�3�

ZS0
�
1 Dvvxph ZS0 	 f1 E|

wkh vhfrqg h{suhvvlrq zh jhw wkdw Z^0 	 f exw e| wkh �uvw htxdwlrq wklv pxvw
lpso| wkdw ZS0 : f/ lh d frqwudglfwlrq1

Sursrvlwlrq 66 Wkh whupv ri wudgh idoo rq lpsdfw1

Surri1 Wkh uhvxow +Y^|
Y0|

' Z^S 	 f, iroorzv lpphgldwho| iurp ZS0 '
BZSK E�� 4�Z^0 dqg ZS0 : f +Sursrvlwlrq 65,/ B : f/ ZSK : f +Ohppd 7, dqg
E�� 4� 	 f1

Sursrvlwlrq 67 Wkh qrplqdo h{fkdqjh udwh ghsuhfldwhv rq lpsdfw1

Surri1 Wkh uhvxow iroorzv vwudljkwiruzdugo| iurp Sursrvlwlrq 66 dv Z^0 '
�

#+�
4n#+�

�
Zr6 � Ejq�3�

ZS0
�
	 f lpso|lqj wkh whup lqvlgh wkh eudfnhwv/ zklfk

lv Yr|
Y0|

/ lv srvlwlyh +vhh htxdwlrq ^84`,1

Sursrvlwlrq 68 Wkh lpsdfw h�hfw rq wkh qrplqdo lqwhuhvw udwh vsuhdg lv>
Fdvh 4= d idoo> Fdvh 5= d idoo> Fdvh 6= }hur1
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Surri1 Wklv iroorzv gluhfwo| iurp htxdwlrqv +87,/ +88,/ +89, dqg wkdw
Zr6 : f +Ohppd 64,c Zr6nZrSZS0 : f +Sursrvlwlrq 67,, Zr6nwZrSZS0 : f1

Sursrvlwlrq 69 Wkh orqj0uxq h�hfw ri d wudqvlwru| vkrfn iw 5 Efc �oj ru d
shuvlvwhqw vkrfn dw 5 Efc ��o rq wkh qrplqdo h{fkdqjh udwh lv dq dssuhfldwlrq1

Surri1 Wklv iroorzv gluhfwo| iurp +85,/ Ohppd 64 EZrS 	 f� dqg Sursr0
vlwlrq 64 +ZS0 : f,1

Sursrvlwlrq 6: Wkh orqj0uxq h�hfw ri d ixoo| shupdqhqw vkrfn Ew ' �� rq
wkh qrplqdo h{fkdqjh udwh lv d ghsuhfldwlrq1

Surri1 Wkh uhvxow iroorzv iurp Sursrvlwlrq 67 dqg qrwlqj wkdw wkh lpsdfw
h�hfw htxdov wkh orqj0uxq h�hfw/ fi htxdwlrq +86,1

Sursrvlwlrq 6; Wkh orqj0uxq h�hfw rq wkh whupv ri wudgh lv dq lpsuryh0
phqw1

Surri1 Wklv iroorzv gluhfwo| iurp qrwlqj wkdw wkh orqj0uxq h�hfw lv Z^SZS0
dqg wkdw Z^S : f +Ohppd 5, dqg ZS0 : f +Sursrvlwlrq 65,1

Sursrvlwlrq 6< Wkh orqj0uxq h�hfw rq uhodwlyh frqvxpswlrq lv dq lpsuryh0
phqw1

Surri1 Wkh uhvxow iroorzv iurp Sursrvlwlrq 65 dqg qrwlqj wkdw wkh orqj0
uxq h�hfw htxdov wkh lpsdfw h�hfw1

Sursrvlwlrq 73 Wkh orqj0uxq h�hfw rq wkh qrplqdo lqwhuhvw udwh vsuhdg lv
}hur1

Surri1 Iroorzv gluhfwo| iurp htxdwlrqv +87,/ +88, dqg +89,1

Sursrvlwlrq 74 Wkh +devroxwh ydoxhv ri wkh, lpsdfw dqg orqj0uxq h�hfwv rq
wkh qrplqdo h{fkdqjh udwh/ wkh whupv ri wudgh dqg uhodwlyh frqvxpswlrq duh
lqfuhdvlqj lq w1

Surri1 E| vxevwlwxwlrq zh �qg wkdw ZS0 '
BZSKE43��

#+�
4n#+�

�nBZSKE43��
#+�

4n#+�

�
jq

Zr6/ Z^0 '

ZS0
BE�34�ZSK

/ Zr6 n ZrSZS0 '

�
� n

BZSKE�34�
#+�

4n#+�

�
jq

�3BZSKE�34�
#+�

4n#+�

�
jq

�
Zr6 ' E� n &�� Zr6 dqg

Zr6 ' �
�n#6R3w#6R

1 Wkh lpsdfw h�hfwv duh Zr6 n ZrSZS0/ Z^0 dqg ZS01 Wkh



Qrlv| Ilqdqfldo Vljqdov 94

orqj0uxq h�hfwv iru wkh whupv ru wudgh dqg uhodwlyh frqvxpswlrq duh Z^SZS0
dqg ZS0 uhvshfwlyho|1 Wkh orqj0uxq h�hfw iru wkh qrplqdo h{fkdqjh udwh lv
ZrSZS0 lq wkh �uvw wzr fdvhv dqg lq fdvh 6 lw lv � n ZrSZS01

Wkh uhvxowv iroorz iurp revhuylqj wkdw>

+l, YZr6
Yw

' #6R

�
� n #6R � w#6R

�
32

: f
�
, YZS0

Yw
: f dqg YZ^0

Yw
	 f

�
>

+ll, &� 5 E��c f�>
+lll, ZSK/ ZrS dqg wkh uhvw ri wkh sdudphwhuv deryh duh lqghshqghqw ri w1

Sursrvlwlrq 75 Wkh +devroxwh ydoxh ri wkh, lpsdfw h�hfw rq wkh qrplqdo
lqwhuhvw udwh vsuhdg lv ghfuhdvlqj lq w1

Surri1 Wkh lpsdfw h�hfw lq wkh jhqhudo fdvh fdq eh vhhq iurp +88, wr eh

Yd*L}E�n�|�3*L}E�n�W| �o

Y0|
' w Yr|

Y0|
�Zr6�wZrSZS0 ' Ew � ��Zr6 dqg xvlqj wkdw Zr6 '�

� n #6R � w#6R

�
3�

zh hdvlo| �qg wkdw
Y

�
Yd*L}E�n�|�3*L}E�n�W| �o

Y0|

�
Yw

' YdEw3��Zr6o
Yw

lv

htxdo wr Zr6 n Ew � �� #6R

�
� n #6R � w#6R

�
32

'
�
� n #6R � w#6R

�
32

: f1

Wkh uhvxow iroorzv iurp revhuylqj wkdw wkh lpsdfw h�hfw lv �
�
� n #6R

�
3�

	 f
iru w ' f dqg 3 iru w ' �1

F19 D Forvhu Orrn

Kdylqj fkdudfwhul}hg wkh vroxwlrq lw pljkw eh hqoljkwhqlqj wr kdyh d forvhu
orrn dw wkh h�hfwv/ ru pruh suhflvho|> wkh gl�huhqfhv dfurvv w|shv ri vkrfn1 Lq
wkh iroorzlqj wdeoh zh suhvhqw wkh lpsdfw dqg orqj0uxq h�hfwv iru wkh qrplqdo
h{fkdqjh udwh/ wkh whupv ri wudgh dqg uhodwlyh frqvxpswlrq1

Wdeoh F19141 Lpsdfw dqg Orqj0Uxq H�hfwv Xqghu Shuihfw

Lqirupdwlrq1
Lpsdfw H�hfw Orqj0Uxq H�hfw69

v Zr6 n ZrSZS0 ZrSZS0 EZr6 n ZrSZS0�
t Z^0 Z^SZS0
f0fW ZS0 ZS0

69Wkh orqj0uxq h�hfw iru wkh qrplqdo h{fkdqjh udwh lv �vf�f% li � 5 ^3> 4, dqg 4.�vf�f%
li � @ 41
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Wkh lqwhuhvwlqj sduw lv wr qrwh wkdw zh kdyh

Zr6
�
wc #6R

�
'
�
� n E�� w� #6R

�
3�
c

Z^0 '
�

#+�
4n#+�

��
#+�

4n#+�

�
jq
BZSK E�� 4�

Zr6
�
wc #6R

�
c

ZS0 '
�

#+�
4n#+�

BZSK E�� 4�

��
#+�

4n#+�

�
jq
BZSK E�� 4�

Zr6
�
wc #6R

�
c

zkhuh zh kdyh vwuhvvhg wkdw Zr6 lv d ixqfwlrq ri wkh shuvlvwhqf| ri wkh vkrfn
w dqg wkh sdudphwhu #6R1 Wklv sdudphwhu dulvhv iurp wkh orj0olqhdul}dwlrq ri
wkh prqh| ghpdqg dqg iru frqyhqlhqfh zh uhvwdwh lw khuh

#6R '
B

E�� B�q
�

Lq wkh iroorzlqj zh zloo wdnh B iru jlyhq dqg irfxv rq wkh uroh ri q1 Li zh wdnh
wkh +orj, vwhdg|0vwdwh yhuvlrq ri wkh prqh| ghpdqg zh �qg wkdw +glvuhjduglqj
frqvwdqwv,

6� R '
�

jq
Sc

zklfk kljkoljkwv wkdw q lv dq lpsruwdqw ghwhuplqdqw ri wkh lqfrph +frq0
vxpswlrq, hodvwlflw| ri prqh| ghpdqg1

Kdylqj frpsohwhg wkh whfkqlfdolwlhv zh fdq wxuq wr wkh ghshqghqfh ri wkh
uhodwlyh h�hfwv rq w dqg #6R1 Dv lv hylghqw iurp wkh h{suhvvlrqv iru Zr6/ Z^0
dqg ZS0 wklv ghshqghqfh vwhpv iurp wkh idfw wkdw doo wkuhh frh!flhqwv fdq
eh zulwwhq dv ixqfwlrqv ri w dqg #6R1 Qrwlfh wkdw Zr6 lv wkh rqo| sdudphwhu
zklfk lv ghshqghqw rq w dqg dv d uhvxow vr duh Z^0 dqg ZS01 Frpsdulqj
wkh uhodwlyh h�hfwv ri d whpsrudu| +w ' f, dqg d shupdqhqw vkrfn zlwk

w ' hw 5 Efc �� zh fdq vhh wkdw wkh| duh ghwhuplqhg e|

Zr6

�hwc #6R

�
Zr6

�
fc #6R

� '
� n #6R

� n #6R

�
�� hw� '

� n B
E�3B�q

� n B
E�3B�q

�
�� hw�

'
E�� B� q n B

E�� B�q n B
�
�� hw� �

Iurp wklv lw lv vhhq wkdw iru li q $ f wkh uhodwlyh h�hfwv +erwk lpsdfw dqg
orqj0uxq h�hfwv, duh �

�3hw : � dqg iru q $ 4 wkh uhodwlyh h�hfwv duh �1 Wkh
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odvw uhvxow iroorzv vlqfh wkh lqfrph hodvwlflw| ri prqh| ghpdqg ehfrphv }hur1
Iroorzlqj dq| vkrfn wkh prqh| ghpdqg lv xqfkdqjhg lq wkh shulrg diwhu1
Rq wkh rwkhu kdqg/ li q ehfrphv duelwudulo| vpdoo/ wkhq prqh| ghpdqg lv
h{wuhpho| vhqvlwlyh wr lqfrph fkdqjhv1 Dv d uhvxow/ wkh h�hfwv duh kljko|
ghshqghqw rq krz pxfk prqh| wkhuh lv lq wkh hfrqrp| wkh shulrg diwhu
wkh vkrfn wr dffrpprgdwh wkh lqfuhdvhg prqh| ghpdqg1 Lq wkh fdvh ri
d wudqvlwru| vkrfn wkhuh zrqw eh dq| ulvh lq oltxlglw| wkh shulrg diwhu dqg
vxevhtxhqwo| wkh h�hfwv duh vpdoo uhodwlyh wr wkh vlwxdwlrq ri d odujh w lq
zklfk wkhuh lv ohhzd| iru d pruh frqvlghudeoh zhdowk lqfuhdvh lq wkh shulrg
ri wkh vkrfn1 Lw lv lpsruwdqw wr vwuhvv wkdw zh frqvlghu uhodwlyh h�hfwv/ vlqfh
wkh devroxwh h�hfwv duh ghwhuplqhg e| vhyhudo frh!flhqwv1 Zh lvrodwh wkh
uhdvrqv zk| wkh h�hfwv gl�hu dfurvv w|sh ri vkrfn1 Zkhq q $ f lw lv zruwk
qrwlqj wkdw wkh devroxwh orqj0uxq h�hfwv duh }hur/ zklfk lv vhhq e| lqvhuwlqj
lq wkh h{suhvvlrqv deryh1 Wklv lv gxh wr wkh h{wuhph vhqvlwlyhqhvv ri prqh|
ghpdqg rq lqfrph +frqvxpswlrq,1 Qrwh/ wkdw wkh uhodwlyh orqj0uxq h�hfwv
pljkw qrw eh wkdw vhqvlwlyh wr fkdqjhv lq q vlqfh B lv odujh +wkh ehqfkpdun
ydoxh lv dssur{lpdwho| 31<8,1

Wkh ghshqghqfh ri wkh h�hfwv ri w lv/ ri frxuvh/ wkh pluuru dujxphqw> iru
d jlyhq prqh| ghpdqg lqfrph hodvwlflw| d odujh w pdnhv urrp iru d odujhu
zhdowk +frqvxpswlrq, lqfuhdvh zkhq wkh vkrfn rffxuv uhodwlyh wr d vpdoo w
vlpso| ehfdxvh wkhuh lv pruh prqh| lq wkh hfrqrp| wkh shulrg diwhu1
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Uhihuhqfhv

Dqghuvhq/ W1P1/ 4<;81 Sulfh G|qdplfv xqghu Lpshuihfw Lqirupdwlrq1 Mrxu0
qdo ri Hfrqrplf G|qdplfv dqg Frqwuro </ 66<06941

Dqghuvhq/ W1P1/ 4<<:1 H{fkdqjh Udwh Yrodwlolw|/ Qrplqdo Uljlglwlhv dqg
Shuvlvwhqw Ghyldwlrqv iurp SSS1 Mrxuqdo ri wkh Mdsdqhvh dqg Lqwhuqd0
wlrqdo Hfrqrplhv 44/ 8;7093<1

Dqghuvhq/ W1P1 dqg Q1F1 Ehlhu/ 4<<<1 Sursdjdwlrq ri Qrplqdo Vkrfnv lq
Rshq Hfrqrplhv1 Zrunlqj Sdshu 4<<<043/ Xqlyhuvlw| ri Ddukxv1

Ehujlq/ S1U1 dqg U1F1 Ihhqvwud/ 4<<<d1 Sulflqj wr Pdunhw/ Vwdjjhuhg Frq0
wudfwv dqg Uhdo H{fkdqjh Udwh Shuvlvwhqfh1 Plphr/ Xqlyhuvlw| ri Fdo0
liruqld dw Gdylv1

Ehujlq/ S1U1 dqg U1F1 Ihhqvwud/ 4<<<e1 Vwdjjhuhg Sulfh Vhwwlqj/ Wudqvorj
Suhihuhqfhv dqg Hqgrjhqrxv Shuvlvwhqfh1 Mrxuqdo ri Prqhwdu| Hfr0
qrplfv/ iruwkfrplqj1

Euxqqhu/ N1/ D1 Fxnlhupdq/ dqg D1K1 Phow}hu/ 4<;61 Prqh| dqg Hfrqrplf
Dfwlylw|/ Lqyhqwrulhv dqg Exvlqhvv F|fohv1 Mrxuqdo ri Prqhwdu| Hfr0
qrplfv 44/ 5;4064<1

Fdqryd/ I1 dqg J1 gh Qlfroö/ 4<<;1 Glg |rx Nqrz Wkdw Prqhwdu| Glv0
wxuedqfhv Pdwwhu iru Exvlqhvv F|foh IoxfwxdwlrqvB Hylghqfh Iurp wkh
J0: Frxqwulhv1 FHSU Glvfxvvlrq Sdshu 535;1

Fodulgd/ U1 dqg M1 Jdol/ 4<<71 Vrxufhv ri Uhdo H{fkdqjh Udwh Ioxfwxdwlrqv=
Krz Lpsruwdqw Duh Qrplqdo VkrfnvB Fduqhjlh0Urfkhvwhu Frqihuhqfh
Vhulhv rq Sxeolf Srolf| 74/ 40891

Frjoh|/ W1 dqg M1P1 Qdvrq/ 4<<81 Rxwsxw G|qdplfv lq Uhdo0Exvlqhvv0F|foh
Prghov1 Dphulfdq Hfrqrplf Uhylhz ;8/ 7<508441

Gruqexvfk/ U1/ 4<:91 H{shfwdwlrqv dqg H{fkdqjh Udwh G|qdplfv1 Mrxuqdo
ri Srolwlfdo Hfrqrp| ;7/ 4494044:91

Hlfkhqedxp/ P1 dqg F1 Hydqv/ 4<<81 Vrph Hpslulfdo Hylghqfh rq wkh Hi0
ihfwv ri Prqhwdu| Srolf| Vkrfnv rq H{fkdqjh Udwhv1 Txduwhuo| Mrxuqdo
ri Hfrqrplfv 443/ <:80433<1
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Hvwhyær/ P1P1 dqg E1D1 Zlovrq/ 4<<;1 D Qrwh rq Qrplqdo Zdjh Uljlglw|
dqg Uhdo Zdjh F|folfdolw|1 IHGV Zrunlqj Sdshu 4<<;054/ Erdug ri
Jryhuqruv ri wkh Ihghudo Uhvhuyh V|vwhp/ Zdvklqjwrq GF1

Idxvw/ M1 dqg M1 Urjhuv/ 4<<<1 Prqhwdu| Srolf|*v Uroh lq H{fkdqjh Udwh
Ehkdylru1 Pdqxvfulsw1

Ihhqvwud/ U1F1/ 4<;91 Ixqfwlrqdo Htxlydohqfh Ehwzhhq Oltxlglw| Frvwv dqg
wkh Xwlolw| ri Prqh|1 Mrxuqdo ri Prqhwdu| Hfrqrplfv 4:/ 5:405<41

Iudqnho/ M1D1 dqg D1N1 Urvh/ 4<<81 Hpslulfdo Uhvhdufk rq Qrplqdo H{0
fkdqjh Udwhv1 Lq J1P1 Jurvvpdq dqg N1 Urjr�/ hgv= Kdqgerrn ri
Lqwhuqdwlrqdo Hfrqrplfv/ Yro LLL/ 49;<04:5<1 Dpvwhugdp= Qruwk Kro0
odqg1

Jhuwohu/ P1/ 4<;51 Lpshuihfw Lqirupdwlrq dqg Zdjh Lqhuwld lq wkh Exvlqhvv
F|foh1 Mrxuqdo ri Srolwlfdo Hfrqrp| <3/ <9:0<;:1

Jrxulqfkdv/ S10R1 dqg D1 Wruqhoo/ 4<<91 H{fkdqjh Udwh G|qdplfv dqg
Ohduqlqj1 QEHU Zrunlqj Sdshu 88631

Jud|eloo/ I1D1/ 4<941 Dq Lqwurgxfwlrq wr Olqhdu Vwdwlvwlfdo Prghov/ Yro 41
Qhz \run= PfJudz0Kloo1

Kdplowrq/ M1G1/ 4<<71 Wlph Vhulhv Dqdo|vlv1 Sulqfhwrq/ QM= Sulqfhwrq
Xqlyhuvlw| Suhvv1

Kduw/ R1G1/ 4<;51 D Prgho ri Lpshuihfw Frpshwlwlrq zlwk Nh|qhvldq Ihd0
wxuhv1 Txduwhuo| Mrxuqdo ri Hfrqrplfv <:/ 43<046;1

Kdx/ K1/ 4<<</ H{fkdqjh Udwh Ghwhuplqdwlrq= Wkh Uroh ri Idfwru Sulfh
Uljlglwlhv dqg Qrqwudgdeohv1 Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ iruwk0
frplqj1

Kdxuldxow/ M10R1 dqg I1 Sruwlhu/ 4<<61 Prqh|/ Qhz0Nh|qhvldq Pdfurhfr0
qrplfv dqg wkh Exvlqhvv F|foh1 Hxurshdq Hfrqrplf Uhylhz 6:/ 48660
489;1

Nloh|/ P1W1/ 4<<91 Hqgrjhqrxv Sulfh Vwlfnlqhvv dqg Exvlqhvv F|foh Shu0
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Iljxuh 7e1
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Iljxuh 7f1
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Iljxuh 7g1

4 Shufhqw Wudqvlwru| Krph Prqhwdu| H{sdqvlrq1
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Iljxuh 8d1
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Iljxuh 8f1
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