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Vkrxog Wudgh Xqlrqv Dssuhfldwh Iruhljq Gluhfw

LqyhvwphqwvB�

Phwwh \gh Vndnvhq

Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Ddukxv

Mdq Urvh Vûuhqvhq

Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Ddukxv

Qryhpehu 48/ 4<<<

Devwudfw

Lw lv riwhq dujxhg wkdw IGL kxuw zrunhuv lq wkh krph frxqwu| vlpso|
ehfdxvh mrev duh pryhg deurdg1 Frqwudu| wr wkdw ylhz/ exvlqhvvphq riwhq
dujxh wkdw IGL ehqh�w krph zrunhuv ehfdxvh wkhuh zloo eh dq h{sdqvlrq
lq wkh �up1 Lq wklv sdshu/ zh vkrz wkdw erwk ylhzv pd| eh fruuhfw/ dqg
zkhwkhu krph zrunhuv hqg xs jdlqlqj ru orvlqj rq IGL ghshqg rq zklfk
nlqgv ri dfwlylwlhv wkh �up pryhv wr wkh krvw frxqwu|1 Li wkhuh lv d elj
ghjuhh ri vxevwlwxwdelolw| +frpsohphqwdulqhvv, ehwzhhq wkh dfwlylwlhv lq
wkh krph frxqwu| dqg wkh krvw frxqwu|/ lw lv olnho| wkdw wkh zrunhuv orvh
+jdlq, rq IGL1

Nh|zrugv= Iruhljq gluhfw lqyhvwphqw/ pxowlqdwlrqdo hqwhusulvh/ zdjh
edujdlqlqj/ wudgh xqlrq

MHO Fodvvl�fdwlrq qr= M84/ O53/ I56

4 Lqwurgxfwlrq

Rqh ri wkh prvw wrslfdo lvvxhv lq hfrqrplfv lv oderxu pdunhw h�hfwv ri joredo0
l}dwlrq/ dqg uhfhqwo| wkh uroh ri pxowlqdwlrqdov kdv dovr frph lqwr irfxv +vhh h1j1
Odzuhqfh/ 4<<7/ Ulnhu dqg Eudlqdug/ 4<<:/ dqg Eudlqdug dqg Ulnhu/ 4<<:,1 Lq
wkh sxeolf ghedwh wkhuh vhhpv wr eh dw ohdvw wzr yhu| gl�huhqw ylhzv rq zkdw
duh wkh oderxu pdunhw h�hfwv lq wkh krph frxqwu| ri iruhljq gluhfw lqyhvwphqwv
+IGL,1 Vrph dujxh wkdw IGL jlyh ulvh wr d orzhu ghpdqg iru fhuwdlq nlqgv ri
oderxu/ dqg lq Hxursh dqg wkh XV lq sduwlfxodu xqvnloohg oderxu1 Wkh uhdvrq
ehlqj wkdw �upv pryh dfwlylwlhv lqyroylqj d orw ri xqvnloohg oderxu wr ohvv ghyho0
rshg frxqwulhv zkhuh wkh zdjh udwh iru wklv nlqg ri oderxu lv orzhu1 Wkh rwkhu

WZh zrxog olnh wr wkdqn vhplqdu sduwlflsdqwv dw Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri

Ddukxv iru xvhixo frpphqwv dqg vxjjhvwlrqv1

Phwwh \gh Vndnvhq judwhixoo| dfnqrzohgjhv �qdqfldo vxssruw iurp Fhqwhu iru Lqgxvwuldo Hfr0

qrplfv/ Xqlyhuvlw| ri Frshqkdjhq1
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ylhz/ zklfk lv riwhq khdug iurp pdqdjhuv lq �upv zklfk frqvlghu wr xqghuwdnh
IGL/ lv wkdw wkhvh lqyhvwphqwv zloo eh wr wkh dgydqwdjh ri zrunhuv lq wkh krph
frxqwu|1 Wkh orzhu zdjh frvwv lq wkh krvw frxqwu| pdnh wkh �up pruh frpshw0
lwlyh/ dqg wkh lpsolhg surgxfwlrq h{sdqvlrq zloo eh vx!flhqwo| odujh wr ehqh�w
zrunhuv lq wkh krph frxqwu|1 Lq wklv sdshu/ zh vkrz wkdw erwk ylhzv pd| eh
fruuhfw/ dqg lw ghshqgv rq zklfk nlqgv ri dfwlylwlhv wkh �up pryhv wr wkh krvw
frxqwu|1 Li wkhuh lv d elj ghjuhh ri frpsohphqwdulqhvv ehwzhhq wkh dfwlylwlhv
zklfk duh pryhg wr wkh krvw frxqwu| dqg wkh dfwlylwlhv zklfk uhpdlq lq wkh
krph frxqwu|/ lw lv yhu| olnho| wkdw wkh �up dqg wkh krph zrunhuv djuhh rq
zkhwkhu ru qrw lw lv suhihudeoh wr xqghuwdnh IGL1 Rq wkh rwkhu kdqg/ li wkhuh lv
d elj ghjuhh ri vxevwlwxwdelolw| ehwzhhq wkh dfwlylwlhv lq wkh krvw frxqwu| dqg
wkh dfwlylwlhv lq wkh krph frxqwu|/ lw lv olnho| wkdw wkh �up jdlqv exw wkh zrunhuv
orvh iurp IGL1 Wkhvh uhvxowv duh lqwhuhvwlqj vlqfh hpslulfdo uhvxowv lqglfdwh wkdw
dfwlylwlhv lq krph dqg krvw frxqwulhv duh frpsohphqwv dv orqj dv zh frqvlghu
IGL lq ghyhorslqj frxqwulhv xqghuwdnhq e| �upv vlwxdwhg lq lqgxvwuldol}hg frxq0
wulhv +vhh h1j1 Ulnhu dqg Eudlqdug/ 4<<:,4 1 Rq wkh rwkhu kdqg/ li lqyhvwphqwv
duh lq frxqwulhv zklfk duh vlplodu wr wkh krph frxqwu|/ dfwlylwlhv dsshdu wr eh
vxevwlwxwhv1 Khqfh/ lw vhhpv dv li Hxurshdq dqg Dphulfdq zrunhuv vkrxog ihdu
IGL lq Hxursh dqg wkh XV pxfk pruh wkdq IGL lq ghyhorslqj frxqwulhv1

Zh vhw xs d yhu| vlpsoh prgho ri rqh �up zklfk dw wkh oderxu pdunhw
idfhv d wudgh xqlrq/ dqg wkhvh wzr sduwlhv edujdlq ryhu wkh zdjh udwh1 Rxu
zd| ri prghoolqj wkh zdjh edujdlqlqj lv vx!flhqwo| jhqhudo wr hpeudfh oderxu
pdunhwv zkhuh wudgh xqlrqv duh vwurqj dv zhoo dv frpshwlwlyh oderxu pdunhwv1
Wkh surgxfwlrq lq wkh �up fdq eh vsolw xs lq wzr nlqgv ri dfwlylwlhv/ dqg wkh �up
kdv wkh rssruwxqlw| wr ehfrph pxowlqdwlrqdo dqg pryh rqh ri wkh dfwlylwlhv wr
dqrwkhu frxqwu|1 Lq wkh iruhljq frxqwu|/ wkh �up dovr idfhv d wudgh xqlrq dw wkh
oderxu pdunhw/ exw wklv wudgh xqlrq pd| kdyh ohvv +ru pruh, edujdlqlqj srzhu
wkdq wkh wudgh xqlrq lq wkh krph frxqwu|/ dqg lw pd| dovr eh wkh fdvh wkdw
wkh frpshwlwlyh zdjhv lq wkh wzr frxqwulhv gl�hu1 Rxu pdlq irfxv lv rq zkhq
wkh �up fkrrvhv wr ehfrph pxowlqdwlrqdo/ dqg zkhwkhu wkh wudgh xqlrq lq wkh
krph frxqwu| dssuhfldwhv wkdw wkh �up ehfrphv pxowlqdwlrqdo1 Zh �qg wkdw/ lq
jhqhudo/ wkh �up suhihuv wr eh pxowlqdwlrqdo li wkh iruhljq wudgh xqlrq lv zhdn/
ru li wkh iruhljq frpshwlwlyh zdjh lv uhodwlyho| orz/ lpso|lqj wkdw iruhljq zdjhv
duh orz/ exw ehvlghv wkdw rxu uhvxowv wxuq rxw wr eh yhu| vhqvlwlyh wr wkh ghjuhh ri
vxevwlwxwdelolw| ehwzhhq wkh wzr nlqgv ri dfwlylwlhv lq wkh �up1 Li wkhuh lv d kljk
ghjuhh ri vxevwlwxwdelolw| ehwzhhq wkh wzr dfwlylwlhv/ wkh �up whqgv wr suhihu wr
ehfrph pxowlqdwlrqdo/ exw lq wklv fdvh wkhuh lv dozd|v d orvv iru wkh wudgh xqlrq
lq wkh krph frxqwu|1 Zlwk d orzhu ghjuhh ri vxevwlwxwdelolw| ehwzhhq wkh wzr
nlqgv ri dfwlylwlhv/ lw lv pruh olnho| wkdw wkh wudgh xqlrq dssuhfldwhv wkdw wkh �up
ehfrphv pxowlqdwlrqdo/ dqg lq wkh vshfldo fdvh zkhuh wkh wzr nlqgv ri dfwlylwlhv
duh shuihfw frpsohphqwv/ wkh �up dqg wkh krph wudgh xqlrq dozd|v djuhh rq
zkhwkhu wkh �up vkrxog ehfrph pxowlqdwlrqdo1 Wkh uhdvrq lv wkdw/ zkhq wkh
dfwlylwlhv duh frpsohphqwv/ wkh �up fdqqrw h{sdqg iruhljq dfwlylwlhv dw wkh frvw

4Nudylv dqg Olsvh| +4<;;, jhw d uhodwhg uhvxow1 Wkh| �qg iru XV �upv wkdw dq lqfuhdvh lq
surgxfwlrq lq iruhljq d!oldwhv whqgv wr jlyh ulvh wr kljkhu dyhudjh zdjhv +exw orzhu hpsor|0
phqw, lq sduhqw �upv1
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ri grphvwlf dfwlylwlhv li lw �qgv wkh krph zdjh wr eh wrr kljk1 Wklv/ frpelqhg
zlwk wkh idfw wkdw wkh uhodwlyh lpsruwdqfh ri krph zdjh frvwv ghfuhdvhv zkhq
wkh �up ehfrphv pxowlqdwlrqdo/ wkh krph wudgh xqlrq h{sorlwv wr edujdlq iru
d kljkhu zdjh udwh5 1 Wklv zdjh lqfuhdvh pd| grplqdwh dq hpsor|phqw orvv
vr wkdw wkh wudgh xqlrq ehfrphv ehwwhu r� li wkh �up ehfrphv pxowlqdwlrqdo1
Pruhryhu/ zh vkrz wkdw lw lv srvvleoh wkdw qrw rqo| wkh krph zdjh exw dovr
hpsor|phqw lqfuhdvhv li wkh �up ehfrphv pxowlqdwlrqdo1

Wkhuh duh d ihz sdshuv lq wkh olwhudwxuh zklfk dqdo|}h wkh lpsolfdwlrqv ri
IGL zkhq oderxu pdunhwv duh xqlrql}hg1 Wzr h{dpsohv duh ]kdr +4<<8/4<<;,/
exw wkh vhw xs dqg irfxv lq wkhvh sdshuv duh yhu| gl�huhqw iurp rxuv1 Vshfl�fdoo|/
]kdr frqvlghuv wkh h�hfwv ri lqwud0lqgxvwuldo IGL1 Wkhuh lv rqh grphvwlf �up
dqg rqh iruhljq �up/ dqg wkh v|pphwulf htxloleulxp zkhuh erwk wkh iruhljq dqg
wkh krph �up ehfrph pxowlqdwlrqdo lv frpsduhg wr wkh htxloleulxp zlwk lqwud0
lqgxvwuldo wudgh zlwkrxw IGL6 1 Rq wkh frqwudu|/ zh rqo| frqvlghu wkh lqfhqwlyhv
ri d vlqjoh �up wr xqghuwdnh IGL1 Dqrwkhu fhqwudo gl�huhqfh lv wkdw ]kdr rqo|
frqvlghuv wkh fdvh zkhuh grphvwlf dqg iruhljq dfwlylwlhv duh shuihfw vxevwlwxwhv
zkhuhdv d fhqwudo dvshfw lq rxu dqdo|vlv lv wr xqfryhu wkh lpsruwdqfh ri wkh
ghjuhh ri vxevwlwxwdelolw|2frpsohphqwdulqhvv ehwzhhq krph dqg iruhljq dfwly0
lwlhv1 D wklug gl�huhqfh lv wkdw ]kdr frqvlghuv wkh fdvh ri v|pphwulf oderxu
pdunhwv/ zkhuhdv d fhqwudo hohphqw lq rxu dqdo|vlv lv d srwhqwldo dv|pphwu|
ehwzhhq iruhljq dqg krph oderxu pdunhwv1 Irxuwk/ ]kdr dvvxphv h!flhqw edu0
jdlqlqj zkhuhdv zh dvvxph zdjh edujdlqlqj1 Ilqdoo|/ zh jhw gl�huhqw uhvxowv1
]kdr �qgv wkdw IGL jlyh ulvh wr orzhu zdjhv wr wudgh xqlrq phpehuv/ zkhuhdv
zh �qg wkdw lw ghshqgv rq wkh ghjuhh ri vxevwlwxwdelolw| ehwzhhq iruhljq dqg
grphvwlf dfwlylwlhv1

Vlplodu wr ]kdr +4<<8/4<<;,/ Qd|oru dqg Vdqwrql +4<<;, orrn dw wkh lpsol0
fdwlrqv ri uhflsurfdo IGL1 Lq vshfl�f/ wkh| frqvlghu d jdph zkhuh wzr �upv ri
gl�huhqw qdwlrqdolw| fdq fkrrvh ehwzhhq wkh wzr vwudwhjlhv= xqghuwdnh IGL ru
qrw1 Wkh| frqvlghu wkh lpsruwdqfh ri wkh ghjuhh ri vxevwlwxwdelolw| ehwzhhq
jrrgv surgxfhg e| wkh grphvwlf �up dqg jrrgv surgxfhg e| wkh iruhljq �up1
D kljkhu ghjuhh ri vxevwlwxwlrq whqgv wr pdnh lw ohvv olnho| wkdw wkhuh duh IGL
lq htxloleulxp1 Vlploduo| iru wkh edujdlqlqj srzhu ri wkh xqlrq= wkh vwurqjhu
wudgh xqlrqv wkh ohvv olnho| lw lv wkdw �upv zloo fkrrvh wkh IGL vwudwhj|1

Ilqdoo|/ Exjklq dqg Ydqqlql +4<<8, frqvlghu wkh lpsolfdwlrqv ri xqlrqv iru
wkh lqfhqwlyhv wr xqghuwdnh IGL1 Krzhyhu/ wkhuh shuvshfwlyh lv dovr yhu| gl�huhqw
iurp rxuv dv wkh| frqvlghu wkh lqfhqwlyhv ri d iruhljq pxowlqdwlrqdo wr lqyhvw lq
wkh grphvwlf +xqlrql}hg, frxqwu|1 Pruhryhu/ d fhqwudo dvshfw lq Exjklq dqg
Ydqqlql lv/ dv lq ]kdr +4<<8/4<<;,/ wkdw wkhuh duh �upv ri gl�huhqw qdwlrqdolw|
surgxflqj wkh vdph jrrg1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5/ zh vhw xs wkh

5Wklv uhvxow lv uhodwhg wr zkdw lv irxqg lq Kruq dqg Zrolqvn| +4<;;, frqfhuqlqj wkh sdwwhuqv
ri xqlrqlvdwlrq1 Wkh| �qg wkdw/ li wzr gl�huhqw nlqgv ri oderxu duh vx!flhqo| forvh vxevwlwxwhv
lq surgxfwlrq/ lw lv rswlpdo iru wkh wzr nlqgv ri zrunhuv wr jr wrjhwkhu lq d vlqjoh wudgh xqlrq1
Rq wkh rwkhu kdqg/ li wkh wzr nlqgv ri oderxu duh vx!flhqwo| frpsohphqwdu|/ lw lv rswlpdo wr
irup wzr wudgh xqlrqv zlwk vhsdudwh edujdlqlqj1

6]kdr +4<<8, dovr frqvlghuv wkh fdvh zkhuh rqo| rqh ri wkh wzr �upv xqghuwdnhv IGL1
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edvlf prgho/ dqg lq vhfwlrq 6 zh dqdo|}h wkh lpsolfdwlrqv ri IGL1 Ilqdoo|/ zh
frqfoxgh lq vhfwlrq 71

5 Wkh Prgho

Zh frqvlghu d wzr frxqwu| sduwldo htxloleulxp prgho zkhuh d vlqjoh prqrsrolvwlf
�up idfhv wkh iroorzlqj lqyhuvh ghpdqg ixqfwlrq7 =

s @ F �T�e> 3 ? e ? 4> +4,

zkhuh s lv wkh sulfh dqg F dqg e duh srvlwlyh sdudphwhuv1 T lv wrwdo zruog gh0
pdqg/ dqg zh dvvxph wkdw wkhuh duh qr wudqvsruw ru rwkhu frvwv ri lqwhuqdwlrqdo
wudgh1

Lq rughu wr vwduw xs surgxfwlrq/ wkh �up kdv wr sd| d frvw J1 Wklv fdq
uhsuhvhqw d frvw wr uhvhdufk dqg ghyhorsphqw ru lw fdq eh lqwhusuhwhg dv d
zdjh frvw wr +vnloohg, zrunhuv zkrvh uhodwlrqvkls wr wkh �up lv edvhg rq d orqj
whup frqwudfw1 Zh dvvxph wkdw wkh zkroh �up fdqqrw eh pryhg deurdg/ dqg
rqh uhdvrq iru wklv pd| eh wkdw wkh �up qhhgv vnloohg zrunhuv zkr fdqqrw eh
irxqg deurdg1 Wkhuhiruh/ hlwkhu wkh �up fkrrvhv wr eh d orfdo �up zlwk doo
surgxfwlrq lq wkh krph frxqwu|/ ru wkh �up fkrrvhv wr eh pxowlqdwlrqdo zlwk
vrph surgxfwlrq deurdg dqg vrph surgxfwlrq lq wkh krph frxqwu|1

Zh dvvxph wkdw wkh surgxfwlrq surfhvv dv vxfk fdq eh vsolw lqwr wzr nlqgv
ri dfwlylwlhv/ dqg dq lqwhuphgldwh jrrg lv surgxfhg lq hdfk dfwlylw|1 Wkh wzr
dfwlylwlhv qhhg wkh vdph nlqg ri oderxu dv lqsxw +iru lqvwdqfh xqvnloohg oderxu,1
Wkhuh lv vrph vxevwlwxwlrq srvvlelolwlhv ehwzhhq wkh wzr lqwhuphgldwh jrrgv lq
�qdo surgxfwlrq zklfk duh fdswxuhg e| wkh iroorzlqj FHV surgxfwlrq ixqfwlrq8 =

t @ ^d4|
�
4 . d5|

�
5 `

4@�> d4 . d5 @ 4> � 5 ^�4> 4` = +5,

|l @ ol> l @ 4> 5 +6,

zkhuh |l lv surgxfwlrq ri wkh lqwhuphgldwh jrrg l/ ol lv oderxu lqsxw lq dfwlylw| l/
dqg t lv �qdo rxwsxw1 Wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq wkh wzr lqwhuphgldwh
jrrgv lq surgxfwlrq ri �qdo rxwsxw lv jlyhq dv � @ 4

4�� 5 ^3>4`1 Zh zloo dvvxph
wkdw dfwlylw| 4 qhhgv wkh lqsxw ri wkh vnloohg oderxu zklfk lv rqo| suhvhqw lq wkh
krph frxqwu|1 Wkhuhiruh/ dfwlylw| 4 pxvw wdnh sodfh lq wkh krph frxqwu|/ exw
wkh �up fdq fkrrvh wr ehfrph pxowlqdwlrqdo dqg pryh dfwlylw| 5 wr d iruhljq
frxqwu| +iurp qrz rq/ wkh krvw frxqwu|,1 Zh ixuwkhu dvvxph wkdw sodqw0vshfl�f
�{hg frvwv dvvrfldwhg zlwk dfwlylw| 5 duh wkh vdph lq wkh krph dqg lq wkh krvw

7Wkh prgho fdq dovr eh vhw xs dv d wzr vhfwru jhqhudo htxloleulxp prgho zlwk txdvl0olqhdu

suhihuhqfhv dqg shuihfw frpshwlwlrq lq wkh vhfwru zklfk zh gr qrw irfxv rq1 Krzhyhu/ iru

vlpsolflw| zh uhvwulfw dwwhqwlrq wr sduwldo htxloleulxp1
8Iru vlpsolflw| zh dvvxph wkdw surgxfwlrq ri wkh �qdo rxwsxw rqo| uhtxluhv wkh wzr lqwhu0

phgldwh jrrgv dv lqsxw1
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frxqwu| +dqg wkh| duh lqfoxghg lq J,9 / dqg zh dvvxph wkdw wkh h{wud �{hg frvwv
zkhq dfwlylw| 5 lv wdnlqj sodfh lq erwk frxqwulhv duh vx!flhqwo| kljk wkdw wkh
�up zloo qhyhu fkrrvh wr vsolw xs dfwlylw| 51 L1h1 wkh �up zloo rqo| surgxfh
lqwhuphgldwh jrrg 5 lq hlwkhu wkh krph ru wkh krvw frxqwu|: 1

Wkh yduldeoh frvw ixqfwlrq lv

f+z4> z5> t, @ ^+z4@d4,
u . +z5@d5,

u`4@u � t> +7,

zkhuh u @ �@+� � 4,= E| Vkhskdug*v ohppd zh jhw wkh iroorzlqj frqglwlrqdo
idfwru ghpdqgv=

o4+z4> z5> t, @ t � d�u4 zu�4
4 ^+z4@d4,

u . +z5@d5,
u`+4�u,@u> +8,

o5+z4> z5> t, @ t � d�u5 zu�4
5 ^+z4@d4,

u . +z5@d5,
u`+4�u,@u= +9,

Wkh �uppd{lpl}hv wkh iroorzlqj sur�w ixqfwlrq zuw1 t=

� @ F � t4�e � ^+z4@d4,
u . +z5@d5,

u`4@u � t �J> +:,

zklfk ohdgv wr wkh �uvw rughu frqglwlrq=

t @ ^+z4@d4,
u . +z5@d5,

u`�4@e�u
�N4> +;,

zkhuh N4 @ ^+4� e,F`4@e=
Vxevwlwxwlqj iru t lq +:, |lhogv=

� @ N5 � ^+z4@d4,
u . +z5@d5,

u`+e�4,,@ue
�J> +<,

zkhuh N5 @ FN4�e
4 �N4=

Wkh zrunhuv lq wkh krph frxqwu| dv zhoo dv lq wkh krvw frxqwu| duh rujd0
ql}hg lq wudgh xqlrqv zklfk vhhn wr pd{lpl}h dq remhfwlyh ixqfwlrq ri wkh irup=

Xl @ Ol � +zl � zl,> l @ i> k +43,

zkhuh i dqg k ghqrwh iruhljq +krvw, dqg krph frxqwu|/ uhvshfwlyho|1 zl lv wkh
frpshwlwlyh zdjh lq frxqwu| l/ dqg lw lv lpsolflwo| dvvxphg wkdw wudgh xqlrq
phpehuv zkr gr qrw jhw d mre lq wkh �up lq irfxv jhw wkh frpshwlwlyh zdjh
lq vrph dowhuqdwlyh mre1 Ol lv wrwdo hpsor|phqw lq dfwlylw| 4 dv zhoo dv 5 lq
frxqwu| l1 Khqfh/ zh dvvxph wkdw zrunhuv lq wkh wzr dfwlylwlhv/ lq wkh vdph
frxqwu|/ jhw wkh vdph zdjh1 Zh pdnh wklv dvvxpswlrq lq rughu wr vlpsoli| wkh

9Zh gr qrw ghq| wkh lpsruwdqfh ri h{wud �{hg frvwv dvvrfldwhg zlwk ehfrplqj pxowlqdwlrqdo
dv zhoo dv wkh lpsruwdqfh ri wudgh frvwv1 Exw wkh lpsruwdqfh ri wkhvh frvwv kdyh ehhq dqdo|}hg
lqwhqvlyho| hovhzkhuh +vhh h1j1 Pdunxvhq hw1do1/ 4<<9,1

: Lq vhfwlrq 616 zh frqvlghu wkh fdvh zkhuh lqwhuphgldwh jrrgv 4 dqg 5 duh shuihfw vxevwlwxwhv
lq surgxfwlrq ri �qdo rxwsxw1 Khqfh/ rxu dqdo|vlv lv vx!flhqwo| jhqhudo wr hpeudfh fdvhv zkhuh
wkh �up fkrrvhv wr kdyh wkh vdph dfwlylw| lq wkh krph dv zhoo dv lq wkh krvw frxqwu|1

8



dqdo|vlv/ dqg lw kdyh qr txdolwdwlyh lpsolfdwlrqv iru rxu uhvxowv; 1 Rqh zd| wr
ghihqg wkh dvvxpswlrq pd| eh wkdw lw lv wkh vdph nlqg ri oderxu lq wkh wzr
dfwlylwlhv1 Wkhuhiruh/ zlwklq wkh vdph frxqwu|/ wkh �up lv deoh wr pryh zrunhuv
ehwzhhq wkh wzr dfwlylwlhv pdnlqj lw lpsrvvleoh iru wkh wudgh xqlrq wr vxvwdlq
gl�huhqw zdjhv lq wkh wzr dfwlylwlhv1

Zdjhv duh ghwhuplqhg lq qhjrwldwlrqv ehwzhhq wkh �up dqg wkh wudgh xqlrqv1
Li wkh �up lv orfdo/ wkhuh lv rqo| edujdlqlqj zlwk wkh krph wudgh xqlrq/ dqg wkh
rxwfrph lv dvvxphg wr eh jlyhq e| wkh dv|pphwulf Qdvk edujdlqlqj vroxwlrq
+vhh h1j1 Elqpruh/ Uxelqvwhlq dqg Zrolqvn|/ 4<;9,1 Wkh edujdlqlqj srzhu ri
wkh wudgh xqlrq +�up, lv dvvxphg wr eh vk +4 � vk,1 Lq fdvh ri glvdjuhhphqw/
wkh �up kdv wr sd| wkh �{hg frvwv +J,/ lpso|lqj wkdw wkh idoo edfn sur�w lv �J1
Xqghu d frq lfw/ wkh wudgh xqlrq phpehuv duh dvvxphg wr jhw wkh frpshwlwlyh
zdjh +zk, zklfk lpsolhv wkdw wkh idoo edfn sd| r� wr wkh wudgh xqlrq lv 31

Li wkh �up lv pxowlqdwlrqdo/ wkhuh duh vlpxowdqhrxv edujdlqlqj zlwk wkh krph
dqg wkh iruhljq wudgh xqlrq1 Zh dvvxph Qdvk ehkdylrxu lq wkh vhqvh wkdw wkh
iruhljq zdjh lv dvvxphg wr eh jlyhq zkhq vroylqj wkh edujdlqlqj sureohp lq
wkh krph frxqwu|/ dqg wkh krph zdjh lv dvvxphg wr eh jlyhq zkhq vroylqj
wkh edujdlqlqj sureohp lq wkh iruhljq frxqwu|1 Wkh edujdlqlqj srzhu ri wkh
grphvwlf wudgh xqlrq lv dvvxphg wr eh wkh vdph dv zkhq wkh �up lv orfdo +l1h1
vk,/ dqg wkh edujdlqlqj srzhu ri wkh iruhljq wudgh xqlrq lv dvvxphg wr eh vi 1
Wkh idoo edfn sur�w ri wkh �up lq wkh edujdlqlqj zlwk wkh krph wudgh xqlrq lv
wkh pd{lpxp sur�w ri wkh �up/ jlyhq wkdw wkhuh lv qr hpsor|phqw lq wkh krph
frxqwu|1 Wkh idoo edfn sur�w ri wkh �up lq wkh edujdlqlqj zlwk wkh iruhljq �up
lv gh�qhg lq d vlplodu zd|1

Wr eh pruh suhflvh/ wkh rxwfrph ri wkh edujdlqlqj lq frxqwu| l lv jlyhq dv

zl @ dujpd{Xvl
l +� � �l,

4�vl > l @ k> i= +44,

zkhuh �k @ �J li wkh �up lv orfdo1 Li wkh �up lv pxowlqdwlrqdo/ lw lv hdvlo|
vkrzq wkdw

�l @ �J> li � � 4> l @ k> i +45,

�l @ N5d
4�e

e

n z
e�4

e

m �J> li � A 4> l> m @ k> i>

l 9@ m> n @ 4 iru l @ i> n @ 5 iru l @ k +46,

Wkh lqwxlwlrq lv wkdw/ lq wkh fdvh ri d frq lfw dw rqh ri wkh sodqwv/ wkh �up lv
vwloo deoh wr surgxfh dw wkh sodqw zkhuh wkhuh lv qr frq lfw li wkh wzr dfwlylwlhv
duh vx!flhqwo| forvh vxevwlwxwhv +l1h1 � A 4,1 Rq wkh rwkhu kdqg/ li wkh dfwlylwlhv
duh vx!flhqwo| forvh frpsohphqwv +� � 4,/ wkh �up forvhv grzq doo surgxfwlrq
lq fdvh ri d frq lfw1

;Zh kdyh orrnhg dw dq dowhuqdwlyh vshfl�fdwlrq ri wkh xwlolw| ri wkh wudgh xqlrq1 Lq wklv

vshfl�fdwlrq wkh xwlolw| lv L ' ,� W E�� 3 ��� n ,2 W E�2 3 ���� L1h1 wkh xqlrq dqg wkh �up

edujdlq ryhu erwk d zdjh wr zrunhuv lq dfwlylw| 4 dqg d zdjh wr zrunhuv lq dfwlylw| 51 Zlwk

wklv vshfl�fdwlrq zh jhw vlplodu uhvxowv wr zkdw zh �qg ehorz1
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514 Qr IGL

Lq wklv vhfwlrq/ zh dvvxph wkdw wkh �up uhpdlqv orfdo lpso|lqj wkdw z4 @ z5 @

zk1 Wkh sur�w fdq wkhq eh zulwwhq dv=

� @ iN5z
e�4

e

k
�J> +47,

zkhuh iN5 @ N5 +4@d
u
4 . 4@du5,

e�4

ue =
Vlqfh wkh krph wudgh xqlrq vxssolhv zrunhuv wr erwk dfwlylwlhv lq wkh �up/

wrwdo hpsor|phqw zklfk wkh xqlrq wdnhv lqwr dffrxqw lv Ok @ o4 . o5=Wklv ohdgv
wr wkh iroorzlqj sd|r� ixqfwlrq=

X @ iN4z
�4@e
k +zk � zk,> +48,

zkhuh iN4 @ N4 +4@d
u
4
. 4@du

5
,
e�4

ue =

E| lqvhuwlqj +47, dqg +48, lqwr +44,/ wkh �uvw0rughu frqglwlrq wr wkh pd{l0
pl}dwlrq sureohp lpsolhv wkdw

zk @ zk+4 .
vke

4� e
, +49,

Zh jhw wkh lqwxlwlyh uhvxowv wkdw wkh zdjh lv lqfuhdvlqj lq wkh edujdlqlqj srzhu
ri wkh wudgh xqlrq +l1h1 vk, dqg lw lv lqfuhdvlqj lq wkh dowhuqdwlyh zdjh ri wudgh
xqlrq phpehuv +l1h1 zk,1

515 IGL

Zh qrz wxuq wr wkh fdvh zkhuh wkh �up fkrrvhv wr pryh dfwlylw| 5 wr wkh krvw
frxqwu|1 Wkh �up*v sur�w lv jlyhq e| +<, zkhuh z4 @ zk/ dqg z5 @ zi 1 Wkh
sd|r� wr wkh krph xqlrq dqg iruhljq xqlrq duh uhvshfwlyho|=

Xk @ N4d
�u
4

zu�4
k ^+zk@d4,

u . +zi@d5,
u`

e+4�u,�4
ue +zk � zk, > +4:,

Xi @ N4d
�u
5

zu�4
i ^+zk@d4,

u . +zi@d5,
u`

e+4�u,�4
ue +zi � zi , = +4;,

E| lqvhuwlqj lqwr +44, dqg pd{lpl}lqj zuw1 zk/ zh jhw wkh iroorzlqj �uvw0rughu
frqglwlrq

+u � +u � 4,z�4k zk .
e +4� u,� 4

e
zu�4
k d�u

4
,

��
zk

d4

�u

.

�
zi

d5

�u��4
+zk � zk, .

N5 +4� vk,
e�4
e d�u

4

%
zu�4
k

k�
zk

d4

�u
.
�
zi

d5

�ul e+4�u,�4ue

+zk � zk,

&

vk

%
N5

k�
zk

d4

�u
.
�
zi

d5

�ul e�4ue

�J� �k

& @ 3 +4<,

:



Iru wkh iruhljq frxqwu| dq htxlydohqw h{suhvvlrq fdq eh rewdlqhg1 Zh fdq qrz
lq sulqflsoh vroyh iru wkh Qdvk htxloleulxp lq zk dqg zi / exw wkh frpsoh{lw| ri
wkh wzr �uvw0rughu frqglwlrqv lpsolhv wkdw zh fdqqrw jhw forvhg irup vroxwlrqv1

6 Wkh H�hfwv ri IGL

Vlqfh zh fdqqrw jhw forvhg irup vroxwlrqv wr wkh edujdlqhg zdjhv lq wkh jhqhudo
fdvh zlwk IGL/ zh wxuq wr frqvlghu vrph vshfldo fdvhv1 Lq rughu wr dqdo|}h wkh
lpsruwdqfh ri wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq wkh wzr lqwhuphgldwh jrrgv
lq surgxfwlrq ri �qdo rxwsxw/ zh orrn dw wkh wzr h{wuhph fdvhv ri shuihfw vxe0
vwlwxwhv +l1h1 � $4, dqg wkh Ohrqwlhi fdvh ri shuihfw frpsohphqwv +l1h1 �$ 3,1
Qrwh wkdw wkh iruphu fdvh fruuhvsrqgv wr d krul}rqwdo pxowlqdwlrqdo hqwhusulvh
zkloh wkh odwwhu fdvh fruuhvsrqgv wr d yhuwlfdoo| lqwhjudwhg pxowlqdwlrqdo hqwhu0
sulvh1 Krzhyhu/ ehiruh zh wxuq wr orrn dw wkhvh wzr h{wuhph fdvhv/ zh frqvlghu
wkh Free0Grxjodv fdvh +� @ 4, zklfk fdq eh lqwhusuhwhg dv wkh lqwhuphgldwh
fdvh1

614 Wkh Free0Grxjodv fdvh

Lq wkh vshfldo fdvh ri � @ 4 +� @ u @ 3,/ zh kdyh wkh Free0Grxjodv surgxfwlrq
ixqfwlrq1 Wkh ghpdqg ri oderxu iru wkh wzr nlqgv ri dfwlylwlhv ehfrphv=

o4 @ fN4z
�4.d5+4�e,

e

4
z
�d5+4�e,

e

5
> +53,

o5 @ fN5z
�d4+4�e,

e

4
z
�4.d4+4�e,

e

5
> +54,

zkhuh fN4 @ N4N
�

4

e

�
d4
d5

�d5
/ fN5 @ N4N

�

4
e

�
d4
d5

�
�d4

> dqg N @ d�d4
4

d�d5
5

1

Khqfh/ zh vhh wkdw/ hyhq wkrxjk oderxu lq wkh wzr nlqgv ri dfwlylwlhv duh vxe0
vwlwxwhv/ wrwdo oderxu ghpdqg lq erwk dfwlylwlhv duh ghfuhdvlqj lq z4 dv zhoo dv
lq z51

Zlwkrxw IGL/ wkh krph zdjh lv jlyhq e| +49,/ dqg lq wkh fdvh ri IGL e|
+4<, zklfk lq wkh Free0Grxjodv fdvh ehfrphv

zk @ zk

�
4 .

vke

d4 +4� e,

�
= +55,

Vlploduo|/ wkh iruhljq zdjh ehfrphv=

zi @ zi

�
4 .

vie

d5 +4� e,

�
= +56,

E| frpsdulqj +49, wr +55,/ zh vhh lpphgldwho| wkdw

zk mIGL� zk mqrIGL = +57,

;



Wkh uhdvrq iru wklv lv wkdw/ zkhq zrunhuv duh vsolw xs lq wzr jurxsv/ wkh vl}h ri
wkh krph zdjh ehfrphv ohvv lpsruwdqw iru wkh �up dqg wkh ghpdqg hodvwlflw|
iru krph oderxu ghfuhdvhv1 Wklv/ wkh krph wudgh xqlrq h{sorlwv lq wkh zdjh
edujdlqlqj wr jhw d kljkhu zdjh< 1

Wkh sur�w ri wkh �up/ li lw uhpdlqv orfdo/ lv jlyhq e| +47,/ zkhuh iN5 @

N5 +d
d4
4
dd5
5
,
4�e

e 1 E| xvlqj +55, dqg +56,/ wkh sur�w ri wkh �up/ li lw ehfrphv
pxowlqdwlrqdo +l1h1 +<,,/ wxuqv rxw wr eh=

� @ iN5

��
4 .

vke

d4 +4� e,

�
zk

��d4+4�e,
e

��
4 .

vie

d5 +4� e,

�
zi

��d5+4�e,
e

�J=

+58,
Wkh �up fkrrvhv wr ehfrph pxowlqdwlrqdo li wkh sur�w lq wklv fdvh lv kljkhu wkdq
li lw uhpdlqv orfdo1 E| frpsdulqj +47, dqg +58,/ dqg xvlqj +49,/ wklv lpsolhv
wkdw wkh �up ehfrphv pxowlqdwlrqdo li wkh iroorzlqj frqglwlrq lv vdwlv�hg=

�
zk

zi

�d5
A

�
4 . vke

d4+4�e,

�d4 �
4 .

vie

d5+4�e,

�d5
4 . vke

4�e

= +59,

Wkh uljkw kdqg vlgh ri wklv lqhtxdolw| lv ghfuhdvlqj lq vk dqg lqfuhdvlqj lq vi 1
Lq rwkhu zrugv/ wkh kljkhu wkh edujdlqlqj srzhu ri wkh grphvwlf wudgh xqlrq/
dqg wkh orzhu wkh edujdlqlqj srzhu ri wkh iruhljq wudgh xqlrq/ wkh pruh olnho|
lw lv wkdw wkh �up ehfrphv pxowlqdwlrqdo1 Vlploduo|/ lw iroorzv wkdw d kljk zk

dqg d orz zi pdnh lw pruh olnho| wkdw wkh �up ehfrphv pxowlqdwlrqdo1 Wkhvh
uhvxowv duh txlwh lqwxlwlyh vlqfh wkh �up rqo| fkrrvhv wr ehfrph pxowlqdwlrqdo li
vxfk d pryh lpsolhv orzhu zdjh frvwv1 Lw lv dovr hdvlo| vhhq wkdw/ li zk @ zi dqg
vk @ vi / wkh deryh frqglwlrq zloo qrw eh vdwlv�hg1 Khqfh/ d qhfhvvdu| frqglwlrq
iru IGL lv wkdw zi ? zk ru vi ? vk1 Li wklv frqglwlrq lv qrw vdwlv�hg/ wkh �up
jhwv kljkhu zdjh frvwv lq erwk dfwlylwlhv dqg reylrxvo| orzhu sur�w li lw ehfrphv
pxowlqdwlrqdo1

Qh{w zh wxuq wr frqvlghu krz wkh krph wudgh xqlrq zloo eh d�hfwhg e| IGL1
E| lqvhuwlqj +49, lqwr +48,/ wkh xwlolw| ri wkh wudgh xqlrq zkhq wkh �up lv orfdo
ehfrphv=

Xk @
�fN4 . fN5

��
4 .

vke

4� e

�
�

4
e vke

4� e
zk

e�4
e = +5:,

Vlploduo|/ zkhq wkh �up lv pxowlqdwlrqdo/ wkh wudgh xqlrq sd| r� wxuqv rxw wr
eh=

Xk @ fN4

�
4 .

vke

d4 +4� e,

��4.d5+4�e,
e vke

d4 +4� e,
zk

+e�4,d4
e

��
4 .

vie

d5 +4� e,

�
zi

��d5+4�e,
e

=

+5;,

<Wkh htxdolw| dulvhv zkhq wkh edujdlqlqj srzhu ri wkh xqlrq/ v/ lv }hur1

<



E| frpsdulqj +5:, dqg +5;,/ zh �qg wkdw wkh wudgh xqlrq suhihuv wkh �up wr eh
pxowlqdwlrqdo li=

�
zk

zi

�d5

A

�
4 .

vke
d4+4�e,

� 4�d5+4�e,
4�e

�
4 .

vie

d5+4�e,

�d5
�
4 .

vke
4�e

� 4
4�e

= +5<,

Iluvw ri doo/ zh vhh wkdw lw lv srvvleoh wkdw wkh grphvwlf wudgh xqlrq suhihuv wkdw
wkh �up ehfrphv pxowlqdwlrqdo1 Wkh uhdvrq iru wklv lv wkdw wkh grphvwlf wudgh
xqlrq wkhq vxffhhgv lq jhwwlqj d kljkhu zdjh1 Wklv pd| eh dw wkh frvw ri vrph
hpsor|phqw +vhh ehorz,/ exw wkh zdjh h�hfw pd| grplqdwh wkh hpsor|phqw
h�hfw1 Vhfrqg/ zh vhh wkdw wkh deryh frqglwlrq lv pruh olnho| wr eh vdwlv�hg
li zi lv orz uhodwlyho| wr zk1 Wkh uhdvrq iru wklv lv wkdw hpsor|phqw lq wkh
krph frxqwu| lv ghfuhdvlqj lq wkh zdjh lq wkh krvw frxqwu| +vhh +53,,1 Khqfh/
li zi lv orz/ wkh hpsor|phqw orvv iru grphvwlf zrunhuv/ li wkh �up ehfrphv
pxowlqdwlrqdo/ lv vpdoohu1 Iru wkh vdph uhdvrq/ wkh frqglwlrq lv pruh olnho| wr
eh vdwlv�hg li wkh edujdlqlqj srzhu ri wkh iruhljq wudgh xqlrq lv orz +l1h1 vi

lv orz,1 Irxuwk/ lw lv hdvlo| vkrzq wkdw d kljk vk pdnhv lw ohvv olnho| wkdw wkh
krph wudgh xqlrq suhihuv wkdw wkh �up ehfrphv pxowlqdwlrqdo +l1h1 wkh uljkw
kdqg vlgh lq wkh deryh lqhtxdolw| lv lqfuhdvlqj lq vk,1 Lq rwkhu zrugv/ lw lv pruh
olnho| wkdw d uhodwlyho| zhdn grphvwlf wudgh xqlrq suhihuv wkdw wkh �up ehfrphv
pxowlqdwlrqdo1

Wkh frqglwlrqv +59, dqg +5<, orrn txlwh vlplodu/ exw e| frpsdulvrq lw iroorzv
wkdw wkh uljkw kdqg vlgh lq +5<, lv dozd|v odujhu wkdq wkh uljkw kdqg vlgh lq +59,1
Khqfh/ lw lv dozd|v pruh olnho| wkdw wkh �up suhihuv wr ehfrph pxowlqdwlrqdo
wkdq wkdw wkh wudgh xqlrq dssuhfldwhv wkdw wkh �up ehfrphv pxowlqdwlrqdo1
Wklv lpsolhv wkdw/ li wkhuh lv rqo| d vpdoo dgydqwdjh iru wkh �up wr ehfrph
pxowlqdwlrqdo/ wkh wudgh xqlrq zloo dozd|v eh djdlqvw lw1

Ilqdoo|/ ohw xv wxuq wr hpsor|phqw1 E| xvlqj +49,/ +55,/ +53, dqg +54,/ zh
�qg wkdw grphvwlf hpsor|phqw lv kljkhu zkhq wkh �up lv pxowlqdwlrqdo wkdq
zkhq lw lv orfdo li

�
zk

zi

�d5

A

�
4 .

vke
d4+4�e,

� 4�d5+4�e,
4�e

�
4 .

vie

d5+4�e,

�d5

d

e
4�e

4

�
4 .

vke
4�e

� 4
4�e

= +63,

Zh vhh wkdw lw lv srvvleoh wkdw IGL jlyh ulvh wr kljkhu grphvwlf hpsor|phqw1
Lw lv pruh olnho| li zi lv orz uhodwlyho| wr zk dqg li vi lv uhodwlyho| orz1 Wkh
uhdvrq iru wklv lv wkdw grphvwlf hpsor|phqw lv lqfuhdvlqj lq iruhljq hpsor|phqw1
Pruhryhu/ lw lv hdvlo| vkrzq wkdw wkh uljkw kdqg vlgh lv lqfuhdvlqj lq vk1 Khqfh/
lw lv pruh olnho| wkdw grphvwlf hpsor|phqw lqfuhdvhv li wkh edujdlqlqj srzhu ri
wkh grphvwlf wudgh xqlrq lv uhodwlyho| orz1
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615 Wkh Ohrqwlhi fdvh

Li � $ 3 +� $ �4 dqg u $ 4,/ zh kdyh wkh Ohrqwlhi surgxfwlrq ixqfwlrq1 E|
xvlqj +4<,/ zh �qg wkdw/ li wkh �up lv pxowlqdwlrqdo/ wkh grphvwlf zdjh ehfrphv=

zk @
4

4�
vivke5

+4�e,5

�
zk

�
4 .

vke

4� e

�
.

d4

d5

vke

4� e

�
4 .

vie

4� e

�
zi

�
= +64,

Wkhuh lv d vlplodu h{suhvvlrq iru wkh iruhljq zdjh1 E| frpsdulqj +49, dqg +64,/
lw lv hdvlo| vhhq wkdw

zkmIGL � zkmqrIGL = +65,

Wkh frvw dvvrfldwhg zlwk surgxfwlrq lq wkh krph frxqwu| lv/ uhodwlyho| vshdnlqj/
ohvv lpsruwdqw iru wkh �up zkhq lw lv pxowlqdwlrqdo wkdq zkhq lw lv orfdo/ dqg
wkh wudgh xqlrq h{sorlwv wkdw wr jhw d kljkhu zdjh lq wkh pxowlqdwlrqdo �up1

E| iroorzlqj wkh vdph surfhgxuh dv lq wkh Free0Grxjodv fdvh/ zh �qg wkdw
wkh �up suhihuv wr eh pxowlqdwlrqdo li

�
d�4
4 . d�4

5

�
zk

d�4
4 zk . d�4

5 zi

A
4 .

vie

4�e

4�
vivke5

+4�e,5

= +66,

Wkh ohiw kdqg vlgh ri wklv lqhtxdolw| lv lqfuhdvlqj lq zk dqg ghfuhdvlqj lq zi /
dqg wkh uljkw kdqg vlgh lv lqfuhdvlqj lq vi dv zhoo dv vk1 Khqfh/ dv lq wkh
Free0Grxjodv fdvh/ lw lv pruh olnho| wkdw wkh �up suhihuv wr eh pxowlqdwlrqdo
li zk lv kljk uhodwlyho| wr zi dqg li vi lv orz1 Wklv lv vr ehfdxvh wkh iruhljq
zdjh frvwv duh wkhq uhodwlyho| orz1 Krzhyhu/ frqwudu| wr wkh Free0Grxjodv
fdvh/ d vwurqj grphvwlf wudgh xqlrq pdnhv lw ohvv olnho| wkdw wkh �up suhihuv
wr eh pxowlqdwlrqdo1 Wklv frxqwhu lqwxlwlyh uhvxow dulvhv ehfdxvh ri wkh Ohrqwlhi
surgxfwlrq ixqfwlrq1 Wkhuh lv qr vxevwlwxwlrq srvvlelolw| ehwzhhq wkh wzr nlqgv
ri dfwlylwlhv/ dqg zkhq wkh �up pryhv dfwlylw| 5 wr wkh krvw frxqwu|/ d vwurqj
grphvwlf wudgh xqlrq lv deoh wr lqfuhdvh wkh zdjh d orw lq wkh zdjh qhjrwldwlrqv
zlwkrxw wkh �up ehlqj deoh wr pryh d eljjhu iudfwlrq ri wkh surgxfwlrq dfwlylwlhv
wr wkh krvw frxqwu|1

Djdlq/ iroorzlqj wkh vdph surfhgxuh dv lq wkh Free0Grxjodv fdvh/ zh �qg
wkdw wkh krph wudgh xqlrq suhihuv wkh �up wr eh pxowlqdwlrqdo li +66, lv vdw0
lv�hg1 Khqfh/ wkh wudgh xqlrq dozd|v djuhhv zlwk wkh �up frqfhuqlqj zkhq lw
lv suhihudeoh wkdw wkh �up lv pxowlqdwlrqdo1 Wkh uhdvrq iru wklv uhvxow lv wkdw/
zkhqhyhu wkh iruhljq zdjh frvwv duh vx!flhqwo| orz vr wkdw wkh �up suhihuv wr
eh pxowlqdwlrqdo/ wkh grphvwlf wudgh xqlrq lv deoh wr jhw d pxfk kljkhu zdjh
zlwkrxw d elj hpsor|phqw ghfuhdvh dv ghvfulehg deryh1

Ilqdoo|/ ohw xv wxuq wr hpsor|phqw1 Krph hpsor|phqw lv kljkhu zlwk IGL
wkdq zlwkrxw IGL li

�
d�4
4 . d�4

5

�
zk

d�4
4 zk . d�4

5 zi

A

�
4 .

d4

d5

�e 4 .
vie

4�e

4� vivke5

+4�e,5

= +67,
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Wkh rqo| gl�huhqfh ehwzhhq wklv h{suhvvlrq dqg +66, lv wkdw wkh uljkw kdqg
vlgh lv pxowlsolhg e| d qxpehu odujhu wkdq rqh1 Khqfh/ zh vhh wkdw lw lv srvvl0
eoh wkdw grphvwlf hpsor|phqw lqfuhdvhv li wkh �up ehfrphv pxowlqdwlrqdo/ exw
wkh dgydqwdjh iru wkh �up +dqg wkh xqlrq, wr ehfrph pxowlqdwlrqdo kdv wr eh
vx!flhqwo| odujh +l1h1 iruhljq zdjh frvwv kdyh wr eh vx!flhqwo| orz,1

616 Wkh fdvh ri shuihfw vxevwlwxwhv

Li � $4 +�$ 4/ u$�4,/ wkh wzr lqwhuphgldwh jrrgv duh shuihfw vxevwlwxwhv
lq surgxfwlrq ri wkh �qdo jrrg1 Lq wklv fdvh lw vhhpv prvw uhdvrqdeoh wr dvvxph
wkdw wkh pdujlqdo surgxfw ri wkh lqwhuphgldwh jrrgv duh htxdo +l1h1 d4 @ d5 @
4
5,/ dqg wkh surgxfwlrq ixqfwlrq ehfrphv

t @
4

5
+|4 . |5, = +68,

Wr pdnh wkh fdvh lqwhuhvwlqj/ ohw xv dovr dvvxph wkdw wkh frpshwlwlyh zdjh
lq wkh krvw frxqwu| lv orzhu wkdq wkh edujdlqhg zdjh lq wkh krph frxqwu| zkhq
wkh �up lv orfdo/ l1h1

zi ? zk

�
4 .

vke

4� e

�
> +69,

dqg vlploduo| zh dvvxph wkdw

zk ? zi

�
4 .

vie

4� e

�
= +6:,

Wkhvh wzr frqglwlrqv pdnh vxuh wkdw wkh �up zloo qrw vlpso| ehkdyh dv d orfdo
�up zkhq lw lv pxowlqdwlrqdo1

Li wkh �up lv pxowlqdwlrqdo/ wkh wudgh xqlrqv lq wkh wzr frxqwulhv zloo eh lq
d Ehuwudqg frpshwlwlrq zkhuh wkh wzr nlqgv ri oderu duh shuihfw vxevwlwxwhv1 Li
wkh krph wudgh xqlrq dffhswv d zdjh zklfk lv dq % orzhu wkdq wkh iruhljq zdjh/
doo hpsor|phqw zloo eh sodfhg lq wkh krph frxqwu|1 Vlploduo|/ li wkh iruhljq wudgh
xqlrq dffhswv d zdjh zklfk lv dq % orzhu wkdq wkh krph zdjh/ doo hpsor|phqw
zloo eh lq wkh iruhljq frxqwu|1 Krzhyhu/ wkh krph wudgh xqlrq zloo qhyhu dffhsw
d zdjh ehorz zk/ dqg wkh iruhljq wudgh xqlrq zloo qhyhu dffhsw d zdjh ehorz
zi 1 Wkhuhiruh/ zh jhw wkh iroorzlqj htxloleulxp=

Li zi A zk/ wkhq

zk @ zi > +6;,

ok @ N45
e�4
e zi

�

4

e > +6<,

oi @ 3= +73,

Li zi ? zk/ wkhq
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zi @ zk> +74,

ok @ 3> +75,

oi @ N45
e�4

e zk
�

4

e = +76,

Li zi @ zk/ wkhq

zk @ zi @ zk> +77,

ok @ oi @
4

5
N4zk

�

4

e = +78,

Doo hpsor|phqw zloo eh lq wkh frxqwu| zkhuh wkh frpshwlwlyh zdjh lv orzhvw/ dqg
wkh wudgh xqlrq lq wklv frxqwu| dffhswv d zdjh htxdo wr wkh frpshwlwlyh zdjh
lq wkh rwkhu frxqwu|1 Li wkh frpshwlwlyh zdjh lv wkh vdph lq wkh wzr frxqwulhv/
zh dvvxph wkdw hpsor|phqw lv vkduhg htxdoo| dprqj wkh wzr dfwlylwlhv1 Doo
zrunhuv hpsor|hg lq wkh �up jhw wkh vdph zdjh/ dqg e| xvlqj +69, dqg +6:,/ lw
iroorzv wkdw

zIGL � zqrIGL = +79,

Lq wkh fdvh zkhuh wkh �up lv orfdo dv zhoo dv lq wkh fdvh zkhuh wkh �up lv
pxowlqdwlrqdo/ wkh sur�w lv jlyhq e| +47,1 Wkhuhiruh/ vlqfh wkh zdjh lv orzhvw
lq wkh pxowlqdwlrqdo fdvh/ wkh �up dozd|v suhihuv wr eh pxowlqdwlrqdo1 Iru wkh
vdph uhdvrq/ lw lv hdvlo| vhhq wkdw wkh wudgh xqlrq dozd|v ehfrphv zruvh r� li
wkh �up fkrrvhv wr eh pxowlqdwlrqdo1 Li zi ? zk/ wkhuh zloo eh qr hpsor|phqw
lq wkh krph frxqwu|1 Li zi A zk/ doo hpsor|phqw zloo eh lq wkh krph frxqwu|/
h{dfwo| dv lq wkh fdvh zkhuh wkh �up lv orfdo/ exw wkh zdjh zloo eh orzhu wkdq
wkh edujdlqhg zdjh zkhq wkh �up lv orfdo1 Ilqdoo|/ li zi @ zk/ wkh sd| r�
wr wkh grphvwlf wudgh xqlrq zloo eh }hur1 Wkhuhiruh/ zh fdq frqfoxgh wkdw lq
wklv fdvh zkhuh wkh wzr dfwlylwlhv duh shuihfw vxevwlwxwhv/ wkh �up dqg wkh wudgh
xqlrq dozd|v glvdjuhh rq zkhwkhu IGL duh suhihudeoh1

Wkh h�hfw ri IGL rq grphvwlf hpsor|phqw lv dpeljxrxv1 Li zi ? zk/ IGL
jlyh ulvh wr orzhu krph hpsor|phqw1 Li zi A zk/ IGL jlyh ulvh wr kljkhu krph
hpsor|phqw/ dqg li zi @ zk/ wkh h�hfw lv dpeljxrxv1

7 Frqfoxvlrq

Lq wklv sdshu zh kdyh vkrzq wkdw lw lv srvvleoh wkdw d �up dqg d orfdo wudgh
xqlrq djuhh rq zkhwkhu wkh �up vkrxog ehfrph pxowlqdwlrqdo dqg pryh d sduw
ri wkh surgxfwlrq deurdg1 Wkh| zloo dozd|v djuhh li wkh dfwlylwlhv zklfk duh
pryhg deurdg duh shuihfw frpsohphqwv wr wkh dfwlylwlhv zklfk uhpdlq lq wkh
krph frxqwu|1 Li wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq wkh wzr dfwlylwlhv sodfhg
lq wkh krph dqg krvw frxqwu| lv kljkhu wkdq lq wkh fdvh ri shuihfw frpsohphqwv/
lw lv vwloo srvvleoh wkdw wkh wudgh xqlrq djuhhv zlwk wkh �up frqfhuqlqj zkhwkhu
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wkh �up vkrxog ehfrph pxowlqdwlrqdo/ exw lw lv pruh olnho| wkdw wkh �up �qgv
lw dwwudfwlyh wr ehfrph pxowlqdwlrqdo wkdq wkdw wkh wudgh xqlrq dssuhfldwhv
wkdw wkh �up ehfrphv pxowlqdwlrqdo1 Li wkh dfwlylwlhv lq wkh krvw dqg wkh krph
frxqwu| duh shuihfw vxevwlwxwhv lq wkh surgxfwlrq ri wkh �qdo jrrg/ wkh �up
dqg wkh orfdo wudgh xqlrq dozd|v glvdjuhh rq zkhwkhu wkh �up vkrxog ehfrph
pxowlqdwlrqdo1

Wkh uhdvrq zk| lw lv srvvleoh wkdw wkh orfdo wudgh xqlrq pd| �qg lw dwwudf0
wlyh wkdw wkh �up ehfrphv pxowlqdwlrqdo lv wkdw wkh wrwdo zdjh frvw ri wkh krph
zrunhuv lv ehfrplqj ohvv lpsruwdqw iru wkh �up1 Wkh wudgh xqlrq lq wkh krph
frxqwu| h{sorlwv wkdw wr jhw d kljkhu zdjh lq wkh edujdlqlqj zlwk wkh �up1 Do0
wkrxjk hpsor|phqw lq wkh krph frxqwu| pd| ghfuhdvh/ wkh kljkhu zdjh pd|
frpshqvdwh iru wkh hpsor|phqw orvv1 Pruhryhu/ d kljk ghjuhh ri frpsohphqwdu0
lw| uhgxfhv wkh hpsor|phqw orvv lq wkh krph frxqwu| zkhq wkh �up h{sdqgv wkh
dfwlylwlhv lq wkh iruhljq frxqwu|1 Ilqdoo|/ li wkh zdjh frvwv lq wkh krvw frxqwu|
duh vx!flhqwo| orz/ hpsor|phqw lq wkh krph frxqwu| pd| dfwxdoo| lqfuhdvh li
wkh �up ehfrphv pxowlqdwlrqdo1

8 Uhihuhqfhv

Elqpruh/ N1/ D1 Uxelqvwhlq dqg D1 Zrolqvn|/ 4<;9/ Wkh Qdvk Edujdlqlqj
Vroxwlrq Lq Hfrqrplf Prghoolqj/ Udqg Mrxuqdo ri Hfrqrplfv 4:/ 4:90;;1

Eudlqdug/ V1O1/ dqg G1D1 Ulnhu/ 4<<:/ Duh X1V1 Pxowlqdwlrqdov H{sruwlqj X1V1
MrevB/ QEHU zrunlqj sdshu 8<8;1

Exjklq/ M1 dqg V1 Ydqqlql/ 4<<8/ Vwudwhjlf Gluhfw Lqyhvwphqw Xqghu Xqlrqlvhg

Roljrsro|/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq 46/ 45:04781

Kruq/ K1/ dqg D1 Zrolqvn|/ 4<;;/ Zrunhu Vxevwlwxwdelolw| Dqg Sdwwhuqv ri

Xqlrqlvdwlrq/ Hfrqrplf Mrxuqdo <;/ 7;707<:1

Nudylv/ L1E1/ dqg U1H1 Olsvh|/ 4<;;/ Wkh H�hfwv ri Pxowlqdwlrqdo Ilupv* Iruhljq

Rshudwlrqv Rq Wkhlu Grphvwlf Hpsor|phqw/ QEHU zrunlqj sdshu 5:931

Odzuhqfh/ U1]1/ 4<<7/ Wudgh/ Pxowlqdwlrqdo/ ) Oderu/ QEHU zrunlqj sdshu

7;691

Pdunxvhq/ M1U1/ D1M1 Yhqdeohv/ G1H1 Nrqdq dqg N1K1 ]kdqj/ 4<<9/ D Xql�hg

Wuhdwphqw ri Krul}rqwdo Gluhfw Lqyhvwphqw/ Yhuwlfdo Gluhfw Lqyhvwphqw/

dqg wkh Sdwwhuq ri Wudgh lq Jrrgv dqg Vhuylfhv/ QEHU zrunlqj sdshu

qr1 89<91

Qd|oru/ U1/ dqg P1 Vdqwrql/ 4<<;/ Zdjh Edujdlqlqj Dqg Iruhljq Gluhfw Lq0

yhvwphqw/ zrunlqj sdshu/ Xqlyhuvlw| ri Zduzlfn1

Ulnhu/ G1D1/ dqg V1O1 Eudlqdug/ 4<<:/ X1V1 Pxowlqdwlrqdov Dqg Frpshwlwlrq

Iurp Orz Zdjh Frxqwulhv/ QEHU zrunlqj sdshu 8<8<1
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]kdr/ O1/ 4<<8/ Furvv0Kdxolqj Gluhfw Iruhljq Lqyhvwphqw Dqg Xqlrql}hg Roljrsro|/

Hxurshdq Hfrqrplf Uhylhz 6</ 456:0861

]kdr/ O1/ 4<<;/ Wkh Lpsdfw Ri Iruhljq Gluhfw Lqyhvwphqw Rq Zdjhv Dqg

Hpsor|phqw/ R{irug Hfrqrplf Sdshuv 83/ 5;706341
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