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Rq wkh Htxlydohqfh ri Wd{hv Sdlg e|
Hpsor|huv dqg Hpsor|hhv�

Slhuuh P1 Slfdug|

Ghsduwphqw ri Hfrqrplfv
Xqlyhuvlw| ri Qdpxu

Hulf Wrxohprqgh }

Ghsduwphqw ri Hfrqrplfv
Xqlyhuvlw| ri Ddukxv

Dxjxvw 46/ 4<<<

Devwudfw

Lq wklv sdshu zh vwxg| wkh hpsor|phqw h�hfwv ri d exgjhw qhxwudo

uhvwuxfwxulqj ri wd{hv ohylhg rq hpsor|huv dqg hpsor|hhv1 Zh ghulyh

frqglwlrqv iru wd{hv ohylhg rq zrunhuv wr kdyh wkh vdph hpsor|phqw

h�hfwv dv wd{hv ohylhg rq �upv xqghu vwdqgdug surfhvvhv ri zdjh gh0

whuplqdwlrq1

MHO Fodvvl�fdwlrq Qxpehuv= H95/ K5/ K6/ M74/ M841
Nh|zrugv= wd{dwlrq/ zdjhv/ hpsor|phqw1

�Zh zlvk wr wkdqn Er Vdqghpdqq Udvpxvvhq iru khosixo frpphqwv1
|Fruuhvsrqglqj dxwkru= Slfdug S1P1/ IXQGS/ FUHZ/ ; uhpsduw gh od Ylhujh/ 8333

Qdpxu/ Ehojlxp1 Id{= 33 65 ;4 :57;531 Hpdlo= slhuuh1slfdugCixqgs1df1eh1
}Wr fduu| rxw wklv surmhfw dw wkh Xqlyhuvlw| ri Ddukxv/ Hulf Wrxohprqgh kdv ehqh�w0

whg iurp d judqw �qdqfhg e| wkh Wudlqlqj dqg Prelolw| ri Uhvhdufkhuv Surjudp ri wkh
Hxurshdq Frpplvvlrq1
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Lqwurgxfwlrq

Prvw frxqwulhv �qdqfh wkhlu h{shqglwxuhv dqg wkh vrfldo vhfxulw| e| d pl{ ri
wd{hv sdlg e| zrunhuv dqg e| hpsor|huv1 Jhqhudoo| wkh wd{hv duh uhodwhg wr
wkh zdjhv uhfhlyhg e| hpsor|hhv1 Wklv udlvhv wkh txhvwlrq ri wkh htxlydohqfh
ri wkhvh wd{hv= gr wd{hv ohylhg rq zdjhv kdyh wkh vdph lpsdfw rq hpsor|0
phqw li wkh| duh sdlg e| zrunhuv ru e| �upvB Sxw lq dqrwkhu zd|/ grhv d
vzlwfk ehwzhhq wd{hv sdlg e| hpsor|huv dqg wd{hv sdlg e| hpsor|hhv d�hfw
hpsor|phqwB Fohduo| wkh dqvzhu lv qr lq d shuihfwo| frpshwlwlyh pdunhw=
uhsodflqj dq hpsor|hu*v wd{ e| dq hpsor|hh*v wd{ ri htxdo pdjqlwxgh kdv
qr h�hfw rq wkh qhw zdjh/ wkh jurvv zdjh ru wkh hpsor|phqw ohyho +V|prqv
dqg Urehuwvrq +4<<3,,1 Vwloo hpslulfdo hylghqfh vxjjhvwv wkdw wkh dqvzhu lv
|hv +vhh h1j1 Krop hw do1 +4<<7,,/ dqg xqlrq ohdghuv zrxog vxuho| qrw eh
lqgl�huhqw wr dq lqfuhdvh lq wkh hpsor|hhv* wd{dwlrq udwh wkdw zrxog eh frp0
shqvdwhg e| d ghfuhdvh lq wkh hpsor|huv* wd{dwlrq udwh1 Wkhuhiruh wkhuh lv
d qhhg wr ghsduw iurp shuihfwo| frpshwlwlyh pdunhwv wr �w wkh idfwv41 Wklv
lv zkdw lv grqh lq d xqlrq iudphzrun e| Udvpxvvhq +4<<6, ru Krop hw do1
+4<<8,1 Krzhyhu wkhvh prghov khdylo| uho| rq d qrq olqhdu wd{dwlrq wr h{sodlq
wkh qrq htxlydohqfh uhvxow1 Lq wklv sdshu zh vkrz wkdw hyhq lq wkh fdvh ri
olqhdu wd{dwlrq/ erwk wd{hv pd| qrw eh htxlydohqw dqg zh h{whqg wkh uhvxowv
wr qrq0xqlrq iudphzrunv1

Zh �uvw ghulyh frqglwlrqv iru wkh htxlydohqfh +Vhfwlrq 4,1 Wkhq zh fkhfn
zkhwkhu wkhvh frqglwlrqv krog xqghu gl�huhqw surfhvvhv ri zdjh ghwhuplqd0
wlrq1 Zh vkrz wkdw wkh| krog iru shuihfwo| frpshwlwlyh oderu pdunhwv exw
qrw qhfhvvdulo| lq wkh fdvh ri plqlpxp zdjhv +Vhfwlrq 5,1 Wkhq zh ghyhors
dq h!flhqf| zdjh prgho +Vhfwlrq 6,/ dqg d edujdlqlqj prgho +Vhfwlrq 7,1
Zh vkrz lq zklfk flufxpvwdqfhv wkh frqglwlrqv krog lq wkhvh prghov1 Wklv
lv iroorzhg e| frqfoxglqj uhpdunv1

4 D Jhqhudo Frqglwlrq iru Htxlydohqfh

Lq wklv vhfwlrq zh ghulyh d frqglwlrq iru wd{hv ohylhg rq hpsor|huv wr kdyh
wkh vdph h�hfw rq hpsor|phqw dv wd{hv ohylhg rq zrunhuv1 Iru fodulw| zh
lqwurgxfh wkh iroorzlqj whuplqrorj|=

41 � lv wkh pdunhw zdjh>

51 � E� n |� lv wkh jurvv zdjh dqg | lv wkh wd{ udwh iru wkh hpsor|huv>

4Wklv ghsduwxuh iurp shuihfwo| frpshwlwlyh pdunhwv lv dovr qhhghg wr h{sodlq zk| d wd{
shu khdg kdv d gl�huhqw hpsor|phqw lpsdfw wkdq d wd{ rq wkh zdjh eloo +vhh h1j1 Slvdxur
+4<<4,/ ru Udvpxvvhq +4<<:/ 4<<;,,1
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61 � E�� r� lv wkh qhw zdjh dqg r lv wkh wd{ udwh iru wkh zrunhuv1

Zh dvvxph wkdw wkhuh duh ? lghqwlfdo �upv1 Wkh jurvv zdjh � E� n |�
jxlghv wkhlu hpsor|phqw ghflvlrqv1 Hdfk �up*v oderu ghpdqg lvu( E� E� n |��
zklfk djjuhjdwhv wr u� ' ?u( E� E� n |�� � Wkhuhiruh li ? lv h{rjhqrxv/ d wd{
uhvwuxfwxulqj grhv qrw dowhu hpsor|phqw li dqg rqo| li wkh pdunhw zdjh dg0
mxvwv wr nhhs wkh jurvv zdjh � E� n |� frqvwdqw1

Rq wkh rwkhu kdqg/ wkh jryhuqphqw*v exgjhw fdq eh zulwwhq dv wkh gl�hu0
hqfh ehwzhhq wd{ uhyhqxhv dqg wkh xqhpsor|phqw frvw/ l1h1

} � d�E� n |�� �E�� r�ou� � KEu7 � u��c +4,

zkhuh K lv wkh xqhpsor|phqw ehqh�w dqg u7 lv wkh oderu vxsso| zklfk gh0
shqgv rq wkh qhw zdjh �E�� r�1 Lq wklv sdshu zh frqvlghu wkh lpsdfw ri wd{
uhvwuxfwxulqj rq wkh jryhuqphqw*v uhyhqxhv dqg exgjhw1

Iluvw ohw xv eulh | irfxv rq wkh jryhuqphqw*v uhyhqxhv/

o � d�E� n |�� �E�� r�ou� +5,

zklfk ghshqg rqo| rq wkh jurvv dqg qhw zdjhv1 Zh nqrz wkdw d uhvwuxfwxulqj
ri wd{hv grhv qrw dowhu hpsor|phqw li dqg rqo| li � E� n |� lv frqvwdqw1 Zh
fdq dovr hvwdeolvk wkdw li wkh uhvwuxfwxulqj ri wd{hv grhv qrw dowhu hpsor|phqw
+l1h1 � E� n |� lv frqvwdqw,/ wkhq lw zloo qrw dowhu wkh wd{ uhyhqxhv li dqg rqo|
li wkh qhw zdjh �E��r� lv frqvwdqw +vhh +5,,1 Wkhuhiruh zh kdyh d �uvw uhvxow
wkdw d wd{ uhvwuxfwxulqj lv luuhohydqw wr hpsor|phqw dqg wr jryhuqphqw*v
uhyhqxhv li dqg rqo| li erwk qhw dqg jurvv zdjhv uhpdlq frqvwdqw1

Vxssrvh wkdw wkh zdjh vhwwlqj surfhvv fdq eh h{suhvvhg rqo| lq whupv ri
wkh jurvv dqg qhw zdjhv l1h1

CE�E� n |�c �E�� r�� ' f1 +6,

Wkhq/ lq wkh fdvh ri d uhyhqxh qhxwudo wd{ uhvwuxfwxulqj/ wkh qhw dqg jurvv
zdjhv duh wkh vroxwlrqv ri wkh v|vwhp pdgh ri wklv htxdolw| +6, dqg wkh
frqvwdqw uhyhqxhv +5,1 Lw lv wkhuhiruh reylrxv wkdw d uhyhqxh qhxwudo wd{
uhvwuxfwxulqj zloo nhhs erwk wkh jurvv dqg qhw zdjhv xqfkdqjhg> vr zloo eh
wkh hpsor|phqw ohyho1 Wklv jlyhv wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 4 Li wkh zdjh vhwwlqj surfhvv ghshqgv rqo| rq wkh qhw dqg jurvv
zdjhv +vhh h{suhvvlrq +6,,/ wkhq d uhyhqxh qhxwudo uhvwuxfwxulqj ri wd{hv
ohylhg rq hpsor|huv dqg hpsor|hhv lv luuhohydqw wr hpsor|phqw dqg grhv qrw
dowhu wkh qhw dqg jurvv zdjhv1

6



Zh wxuq qrz wr wkh fdvh ri exgjhw qhxwudo wd{ uhirupv +h{suhvvlrq +4,,
lq zklfk wkh xqhpsor|phqw frvw +KEu7 �u��, pdwwhuv1 Zh dvvxph wkdw wkh
xqhpsor|phqw ehqh�w fdq eh zulwwhq dv d ixqfwlrq ri wkh pdunhw zdjh dqg
wkh zrunhu*v wd{ udwh= K ' KE�c r�1 Wkh iroorzlqj frqglwlrq lv fulwlfdo wr wkh
uhpdlqlqj ri wkh dqdo|vlv=

�K� n E�� r�K2 ' f� +7,

Wklv vwdwhv wkdw wkh xqhpsor|phqw frvw ghshqgv rqo| rq wkh qhw zdjh1 Li
wklv frqglwlrq lv ixo�oohg wkh exgjhw +4, ghshqgv rqo| rq jurvv dqg qhw zdjhv
dv lw zdv wkh fdvh iru wkh jryhuqphqw*v uhyhqxhv1 Wkhuhiruh zh fdq dovr vwdwh
wkdw d wd{ uhvwuxfwxulqj lv luuhohydqw wr hpsor|phqw dqg wr wkh jryhuqphqw*v
exgjhw li dqg rqo| li erwk qhw dqg jurvv zdjhv uhpdlq frqvwdqw1

Vxssrvh wkdw frqglwlrq +7, lv ixo�oohg dqg wkdw wkh zdjh vhwwlqj surfhvv
vdwlv�hv +6,1 D exgjhw qhxwudo uhvwuxfwxulqj ri wd{hv lpsrvhv wkdw wkh qhw
dqg jurvv zdjhv duh wkh vroxwlrqv ri wkh v|vwhp pdgh ri wkh zdjh vhwwlqj +6,
dqg wkh frqvwdqw exgjhw +4,1 Vxfk d exgjhw qhxwudo uhvwuxfwxulqj zloo wkxv
kdyh qr lpsdfw rq wkh jurvv dqg qhw zdjhv1 Lw zloo wkhuhiruh qrw d�hfw wkh
hpsor|phqw ohyho1

Wklv |lhogv wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 5 Li wkh zdjh vhwwlqj surfhvv vdwlv�hv +6, dqg wkh xqhpsor|0
phqw ehqh�w vdwlv�hv frqglwlrq +7, wkhq/ d exgjhw qhxwudo uhvwuxfwxulqj ri
wd{hv lv luuhohydqw wr hpsor|phqw1

Lq jhqhudo li +6, ru +7, duh qrw vdwlv�hg/ lw lv srvvleoh wr fkdqjh wkh hp0
sor|phqw ohyho zlwk d exgjhw qhxwudo uhvwuxfwxulqj ri wd{hv1

Lq wkh qh{w vhfwlrqv/ zh fkhfn zkhwkhu wkh prvw srsxodu prghov ri zdjh
ghwhuplqdwlrq ixo�oo wkh frqglwlrqv ri wklv sursrvlwlrq1 Lq sduwlfxodu zh dq0
do|}h krz wkh qhw zdjh/ wkh jurvv zdjh dqg wkh jryhuqphqw*v exgjhw duh
d�hfwhg e| d fkdqjh ri wd{hv lq wkhvh prghov1

5 Frpshwlwlyh Oderu Pdunhw dqg Plqlpxp

Zdjhv

Lq klv Wkhruhp ri wkh Lqyduldqfh ri Wd{ Lqflghqfh/ Gdowrq +4<87, vwdwhv
wkdw wd{ vrxufh vkrxog qrw pdwwhu lq frpshwlwlyh pdunhwv1 Zh jlyh khuh d
gluhfw surri e| dsso|lqj rxu uhvxow1 Wkh ghpdqg dqg vxsso| ri oderu duh
u�E�E� n |�� dqg u7E�E�� r��1 Zkhq wkh oderu pdunhw fohduv/ zh kdyh

C � u�E�E� n |��� u7E�E�� r�� ' f� +8,
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Vlqfh wkh xqhpsor|phqw ehqh�w lv luuhohydqw lq frpshwlwlyh pdunhwv dqg
vlqfh wklv zdjh vhwwlqj surfhvv ghshqgv rqo| rq wkh qhw dqg wkh jurvv zdjhv/
Sursrvlwlrq 5 |lhogv wkh iroorzlqj fruroodu|=

Fruroodu| 4 Lq d frpshwlwlyh oderu pdunhw/ d exgjhw qhxwudo uhvwuxfwxulqj ri
wd{hv ohylhg rq hpsor|huv dqg hpsor|hhv lv luuhohydqw wr hpsor|phqw1

Zkloh d uhvwuxfwxulqj ri wd{hv iurp hpsor|huv wr hpsor|hhv lv luuhohydqw
wr hpsor|phqw lq frpshwlwlyh oderu pdunhwv/ wkh uhvxow frxog eh gl�huhqw lq
qrq0frpshwlwlyh oderu pdunhwv1 Wkh �uvw reylrxv h{dpsoh lv wkh fdvh lq zklfk
wkh pdunhw zdjh lv frqvwudlqhg wr wkh ohyho ri d plqlpxp zdjh �4�? wkdw
ghwhuplqhv wkh hpsor|phqw ohyho1 Wkh zdjh vhwwlqj lv � ' �4�?1 Fohduo|/
wkh qhw dqg jurvv zdjhv +uhvs1 �4�?E� � r� dqg �4�?E� n |�, zloo fkdqjh
zkhq wkh jryhuqphqw prgl�hv wd{hv r dqg |1 Lqwxlwlyho|/ jlyhq d elqglqj
plqlpxp zdjh/ dq| hpsor|phqw srolf| wkdw uhtxluhv wr uhgxfh jurvv zdjhv
pxvw uhgxfh wd{hv rq �upv +|,1 Wr nhhs exgjhw qhxwudolw|/ wklv pxvw rffxu dw
wkh h{shqvh ri wkh zrunhuv +lqfuhdvh lq r zkloh �4�? lv xqfkdqjhg,1 Wkhuhiruh
lw lv srvvleoh wr ghvljq d uhyhqxh qhxwudo uhvwuxfwxulqj ri wd{hv wkdw lv uhohydqw
wr hpsor|phqw1

Lq frqwudvw/ li wkh qhw zdjh lv frqvwudlqhg e| wkh plqlpxp ydoxh h�4�?/
wkhq E� � r�� ' h�4�?1 Frqglwlrq +6, lv vdwlv�hg1 Wkhuhiruh/ dffruglqj wr
Sursrvlwlrq 5/ d uhyhqxh qhxwudo uhvwuxfwxulqj ri wd{hv lv luuhohydqw surylghg
wkdw frqglwlrq +7, lv ixo�oohg1 Lq zrugv/ wkh hpsor|phqw ohyho lv xqdowhuhg
ehfdxvh dq| ghfuhdvh lq wkh hpsor|hu*v wd{ udwh lv h{dfwo| r�vhw e| d fruuh0
vsrqglqj lqfuhdvh lq wkh pdunhw zdjh1 Wkh odwwhu lv qhfhvvdu| wr frpshqvdwh
wkh ulvh lq wkh zrunhu*v wd{ uhtxluhg e| exgjhw qhxwudolw|1 Wklv hvwdeolvkhv
wkh iroorzlqj Fruroodu| ri Sursrvlwlrq 5=

Fruroodu| 5 D exgjhw qhxwudo uhvwuxfwxulqj ri wd{hv ohylhg rq hpsor|huv
dqg hpsor|hhv lv qrw luuhohydqw wr hpsor|phqw zkhq wkh hpsor|phqw ohyho lv
ghwhuplqhg e| d elqglqj plqlpxp ydoxh ri wkh pdunhw zdjh1 Lw lv luuhohydqw
wr hpsor|phqw lq wkh fdvh ri d elqglqj plqlpxp ydoxh ri wkh qhw zdjh dqg
zkhq wkh hpsor|phqw ehqh�w ixo�oov wkh frqglwlrq +7,1

6 H!flhqf| Zdjh Prghov

Lq wklv vhfwlrq/ zh dqdo|}h wkh lpsdfw ri uhvwuxfwxulqj wd{hv lq h!flhqf|
zdjh prghov1 Vkdslur dqg Vwljolw} +4<;7, sursrvh dq h!flhqf| zdjh prgho
edvhg rq wkh zrunhu*v vklunlqj ehkdylru1 Wkh pdlq dvshfw ri vxfk prgho olhv
lq wkh glvflsolqh h�hfw ri xqhpsor|phqw= wkh odujhu wkh xqhpsor|phqw udwh/
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wkh orzhu wkh zrunhu*v suredelolw| wr �qg d qhz mre zkhq �uhg/ wkh orzhu klv
lqfhqwlyh wr vklun dqg wkh odujhu klv h�ruw1 Lq wkh vslulw ri Udvpxvvhq +4<<:,
zh exlog d vlpsol�hg dqg jhqhudol}hg yhuvlrq ri wkh Vkdslur dqg Vwljolw} prgho
e| dvvxplqj wkdw wkh zrunhu*v h�ruw e ghshqgv rq wkh qhw zdjh E�� r�� dqg
vrph rxwvlgh uhihuhqfh �=

e ' eEE�� r��c���

Wkh rxwvlgh uhihuhqfh � pd| ghshqg rq wkh qhw zdjh uhfhlyhg lq rwkhu
�upv +�E��r�,/ wkh qhw xqhpsor|phqw ehqh�w K dqg wkh suredelolw| ri ehlqj
hpsor|hg ru xqhpsor|hg51 Wkh xqhpsor|phqw ehqh�w fdq eh uhodwhg wr �
dqg r dv K ' KE�c r�� Wkh suredelolw| R ri ehlqj hpsor|hg ghshqgv rq wkh
oderu vxsso| dqg wkh oderu ghpdqg zklfk duh wkhpvhoyhv uhodwhg wr wkh qhw
dqg jurvv zdjhv lq wkh hfrqrp|/ wkxv R ' RE�E�� r�c �E� n |��1 Lq vkruw/

� ' sE�E�� r�c KE�c r�c RE�E�� r�c �E� n |���c ru/

� ' }E�E�� r�c �E� n |�c KE�c r��� +9,

Wkh �up pd{lpl}hv lwv sur�w zlwk uhvshfw wr wkh r�huhg zdjh dqg wkh
hpsor|phqw ohyho=

4@ 
�cu

� ' 4@ 
�cu

8 Eu�eEE�� r��c���� �E� n |�u�

Wklv dprxqwv wr �qglqj wkh ehvw zdjh � wkdw plqlpl}hv wkh frvw shu xqlw ri
h�ruw/ zklfk uhtxluhv wkh iroorzlqj prgl�hg Vrorz frqglwlrq=

�E�� r� e�EE�� r��c��

eEE�� r��c��
' �� +:,

E| pd{lpl}lqj lwv sur�w zlwk uhvshfw wr u/ wkh �up ghwhuplqhv wkh rswlpdo
hpsor|phqw ohyho u(EE�n |���� Wkh h�hfw ri d uhyhqxh qhxwudo uhvwuxfwxulqj
ri wd{hv zloo reylrxvo| ghshqg rq wkh zd| � lq xhqfhv wkh h�ruw1

Lq wkh Vkdslur dqg Vwljolw} prgho/ wkh htxloleulxp lv v|pphwulf= � ' �1
Ohw xv khuh irfxv rq wkh ghwhuplqdwlrq ri wkh xqhpsor|phqw ehqh�w1 Li lw
ixo�oov wkh frqglwlrq +7,= �K� n E� � r�K2 ' f wkhq � ghshqgv rqo| rq wkh
qhw dqg jurvv zdjhv +vhh +9,,1 Vr gr e dqg e�/ dqg wkhuhiruh +:,1 Khqfh
Sursrvlwlrq 5 dssolhv dqg d exgjhw qhxwudo uhvwuxfwxulqj ri wd{hv ohylhg rq
hpsor|huv dqg hpsor|hhv lv luuhohydqw wr hpsor|phqw1 Wklv kdsshqv iru
h{dpsoh zkhq wkh xqhpsor|phqw ehqh�w lv h{rjhqrxv +KE�c r� ' frqvwdqw,
ru zkhq wkh uhsodfhphqw udwlr o +l1h1 xqhpsor|phqw ehqh�w 2 qhw zdjh, lq
wkh hfrqrp| lv d frqvwdqw +l1h1 KE�c r� ' oE�E�� r��,1

5Vhh Od|dug hw do1 +4<<4, iru d vlplodu gh�qlwlrq ri wkh dowhuqdwlyh uhyhqxh1
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Lq frqwudvw/ li KE�c r� lv qrw d frqvwdqw dqg li lw grhv qrw ghshqg rqo| rq
�E� � r� wkhq Sursrvlwlrq 5 grhv qrw dsso|1 Iru lqvwdqfh/ wklv lv wkh fdvh
zkhq wkh xqhpsor|phqw ehqh�w lv wd{hg ru zkhq lw lv qrw gluhfwo| uhodwhg
wr wkh qhw zdjh1 Lq vxfk vlwxdwlrqv/ d exgjhw qhxwudo uhvwuxfwxulqj ri wd{hv
ohylhg rq hpsor|huv dqg hpsor|hhv lv jhqhudoo| uhohydqw wr hpsor|phqw

Wkh fxuuhqw dujxphqw jlyhv wr wkh iroorzlqj Fruroodu| =

Fruroodu| 6 Lq wkh jhqhudol}hg Vkdslur dqg Vwljolw} prgho/ d exgjhw qhx0
wudo uhvwuxfwxulqj ri wd{hv ohylhg rq hpsor|huv dqg hpsor|hhv lv luuhohydqw wr
hpsor|phqw li wkh xqhpsor|phqw ehqh�w KE�c r� vdwlv�hv wkh frqglwlrq +7,1

Wklv dqdo|vlv fdq dovr eh h{whqghg wr wkh prghov ri Vrorz +4<:<, dqg
Dnhuori dqg \hoohq +4<<3,1 Lq wkh iruphu/ wkh h�ruw grhv qrw ghshqg rq
wkh dowhuqdwlyh uhyhqxh6= e ' eEE� � r���1 Khqfh/ wkh htxdwlrq +:, vdwlv�hv
frqglwlrq +6,1 Sursrvlwlrq 5 dssolhv= wkh wd{ pl{ lv luuhohydqw wr hpsor|phqw
surylghg wkdw frqglwlrq +7, lv ixo�oohg1 Lq wkh odwwhu/ wkh rxwvlgh uhihuhqfh �
lv vrph �idlu� qhw zdjh E�� r�� zkhuh � lv h{rjhqrxv1 Wkh h�ruw lv gh�qhg
dv e ' eEE��r��*�� ' eE�*��� Wkhuhiruh wkh frqglwlrq +:, grhv qrw ghshqg
rq qhw dqg jurvv zdjhv1 Lq vxfk d prgho/ d exgjhw qhxwudo uhvwuxfwxulqj ri
wd{hv ohylhg rq hpsor|huv dqg hpsor|hhv lv uhohydqw wr hpsor|phqw1

7 Zdjh Edujdlqlqj Prghov

Lq wklv vhfwlrq/ zh dqdo|}h wkh hpsor|phqw lqflghqfh ri d uhirup ri wd{hv
ohylhg rq hpsor|huv dqg hpsor|hhv lq wkh suhvhqfh ri xqlrqv1 Zh xvh d
zdjh edujdlqlqj prgho1 Wkh xqlrq xwlolw| lv LEuc�E� � r�c �� zkhuh � lv
wkh rxwvlgh uhihuhqfh gh�qhg lq +9,1 Ohw xv dvvxph wkdw wkh �up*v sur�w
lv �Euc�E� n |�� |lhoglqj d oderu ghpdqg u(E�E� n |��1 E| wkh hqyhors
wkhruhp/ rqh kdv _�*_� ' E� n |��21 Wkh zdjh edujdlqlqj zlwk wkh �up*v
uljkw wr pdqdjh lv htxlydohqw wr wkh pd{lpl}dwlrq ri wkh Qdvk surgxfw =

4@ 
�

Lq
���3q

zkhuh q lv wkh xqlrq edujdlqlqj srzhu dqg wkh idoo0edfn ohyhov kdyh ehhq vhw
wr }hur71 Wklv |lhogv wkh �uvw rughu frqglwlrq

6Txdolwdwlyho|/ wklv dprxqwv wr vhw wkh uhihuhqfh rswlrq D wr d frqvwdqw ydoxh1
7Wklv vlpsoli|lqj dvvxpswlrq lv jhqhudoo| pdgh lq wklv nlqg ri olwhudwxuh1 Li wkh idoo

edfnv ghshqg rq wkh qhw dqg jurvv zdjhv rqo|/ ru li wkh| duh frqvwdqw/ wkhq wkh uhpdlqlqj
ri wkh dqdo|vlv krogv1 Rq wkh rwkhu kdqg/ li wkh| ghshqg rq z rqo|/ wkhq rqh fdq vkrz
wkdw wkh wzr wd{hv zloo qrw eh htxlydohqw1

:



q�E� n |�u(
� L�

L
n q�E�� r�

L2

L
n E�� q��E� n |�

�2

�
' f� +;,

Lq d v|pphwulf htxloleulxp/ � ' �1 Li wkh xqhpsor|phqw ehqh�w vdwlv�hv
wkh frqglwlrq +7,/ �cLc L�c L2c�c�2 dqg +;, ghshqg rqo| rq wkh qhw dqg jurvv
zdjhv1 Sursrvlwlrq 5 dssolhv dqg d exgjhw qhxwudo uhvwuxfwxulqj ri wd{hv
ohylhg rq hpsor|huv dqg hpsor|hhv lv luuhohydqw wr hpsor|phqw1

Zh fdq vxppdul}h wkhvh uhvxowv lq wkh iroorzlqj Fruroodu| =

Fruroodu| 7 Lq wkh zdjh edujdlqlqj prgho zlwk wkh �up*v uljkw0wr0pdqdjh/
d exgjhw qhxwudo uhvwuxfwxulqj ri wd{hv ohylhg rq hpsor|huv dqg hpsor|hhv
lv luuhohydqw wr hpsor|phqw li wkh xqhpsor|phqw ehqh�w KE�c r� vdwlv�hv wkh
frqglwlrq +7,1

Wkh iroorzlqj h{dpsoh looxvwudwhv zkdw kdsshqv lq wkh h{wuhph prqrsro|
xqlrq fdvh lq zklfk wkh xqlrq ghwhuplqhv wkh zdjh ohyho +q ' ��1 Dvvxph
wkdw wkh xqlrq xwlolw| lv Vwrqh Jhdu|=

T ' u E�E�� r�� ��� +� 	 �,c

dqg wkh oderu ghpdqg kdv d frqvwdqw hodvwlflw| +u( ' @�3q zlwk @c q : f,1
Lq wkh prqrsro| xqlrq prgho/ rqh fdq uhdglo| frpsxwh

�E�� r� '
�

�� �*q
�

Vxssrvh wkdw wkh xqlrq uhihuhqfh rswlrq lqfoxghv rqo| wkh qhw xqhpsor|0
phqw ehqh�w1 Li wkh xqhpsor|phqw ehqh�w � lv qrw wd{hg/ wkhq � lv htxdo wr
�1 Wkh xqlrq wkhq ghwhuplqhv d zdjh wkdw ohdyhv wkh qhw zdjh xqfkdqjhg=
dq| lqfuhdvh lq wkh wd{dwlrq ri zrunhuv lv frpshqvdwhg e| dq lqfuhdvh lq
wkh pdunhw zdjh> wkhuhiruh wkh jurvv zdjh pryhv sursruwlrqdoo| wr wkh wd{
lqfuhdvh1 Dq| lqfuhdvh lq wkh wd{dwlrq rq �upv ohdyhv wkh qhw zdjh dqg
wkh pdunhw zdjh xqfkdqjhg/ lqfuhdvlqj wkhuhiruh wkh jurvv zdjh lq wkh vdph
sursruwlrq1 Khqfh wkhuh lv dq htxlydohqfh ehwzhhq erwk wd{hv1

Lq frqwudvw/ li wkh xqhpsor|phqw ehqh�w lv wd{hg/ � lv htxdo wr �E�� r�
dqg � ' �* E�� �*q�1 Dq| lqfuhdvh lq wkh wd{dwlrq ri zrunhuv ghfuhdvhv
wkh qhw zdjh sursruwlrqdoo| exw ohdyhv wkh pdunhw zdjh dqg wkh jurvv zdjh
+dqg wkxv hpsor|phqw, xqfkdqjhg1 Rq wkh rwkhu kdqg/ dq| ghfuhdvh lq
wkh wd{dwlrq ri �upv ohdyhv wkh qhw zdjh dqg wkh pdunhw zdjh xqfkdqjhg
exw ghfuhdvhv wkh jurvv zdjh sursruwlrqdoo|/ lqfuhdvlqj e| wkh vdph zd| wkh
hpsor|phqw ohyho1 Khqfh lw lv ehwwhu iru hpsor|phqw wr wd{ wkh zrunhuv1

;



Frqfoxvlrq

Lq wklv sdshu zh kdyh vwxglhg wkh hpsor|phqw h�hfwv ri d exgjhw qhxwudo
uhvwuxfwxulqj ri wd{hv ohylhg rq hpsor|huv dqg hpsor|hhv1 Zh kdyh ghulyhg
frqglwlrqv iru wd{hv ohylhg rq zrunhuv wr kdyh wkh vdph hpsor|phqw h�hfwv
dv wd{hv ohylhg rq �upv1 Wkhvh frqglwlrqv duh ixo�oohg lq shuihfwo| frpshw0
lwlyh oderu pdunhwv zkloh wkh| duh qrw xqghu d elqglqj plqlpxp ydoxh ri
wkh pdunhw zdjh1 D nh| frqglwlrq iru htxlydohqfh lq doo prghov lv wkdw wkh
xqhpsor|phqw ehqh�w eh uhodwhg rqo| wr wkh qhw zdjh +zklfk lqfoxghv wkh
fdvh ri d frqvwdqw ehqh�w,1 Lw lv lpsruwdqw wr qrwh wkdw lw lv qrw wkh srv0
vlelolw| wr wd{ wkh xqhpsor|hg wkdw pdnhv d uhvwuxfwxulqj ri wd{hv uhohydqw
wr hpsor|phqw1 Zkdw lv fuxfldo lv zkhwkhu wkh ixqfwlrqdo uhodwlrqvkls eh0
wzhhq wkh qhw xqhpsor|phqw ehqh�w dqg wkh qhw zdjh lv eurnhq ru qrw1 Iru
lqvwdqfh/ lw zloo eh eurnhq zkhq wkh xqhpsor|phqw ehqh�w lv qrw wd{hg exw
lqgh{hg wr wkh pdunhw zdjh ru/ lq wkh dowhuqdwlyh fdvh/ zkhq wkh hpsor|phqw
ehqh�w lv wd{hg dqg qrw lqgh{hg1 Lw zloo qhyhuwkhohvv qrw eh eurnhq li wkh
xqhpsor|phqw ehqh�w lv qhlwkhu wd{hg qru lqgh{hg1

Wkh uhvxowv ri wkh sdshu fdoo iru wkh iroorzlqj frpphqwv1 Iluvw/ zkhq
wkh| duh ihdvleoh/ wkh hpsor|phqw lqfuhdvhv jr wkurxjk d uhgxfwlrq lq wkh
jurvv zdjh1 Wkh qhxwudolw| ri wkh jryhuqphqw*v exgjhw lpsrvhv wkdw wkh wd{
uhgxfwlrq rq wkh �up eh frpshqvdwhg e| d wd{ lqfuhdvh rq wkh zrunhuv dqg
khqfh e| d uhgxfwlrq lq wkhlu qhw zdjh1 D qhxwudo uhvwuxfwxulqj ri wd{hv zloo
irvwhu hpsor|phqw exw dw wkh h{shqvh ri wkh qhw zdjh ri zrunhuv1 Zkhwkhu
wkh jryhuqphqw vkrxog ru vkrxog qrw uhirup wkh wd{dwlrq v|vwhp grhv qrw
ghshqg rq wkh h�hfwv rq hpsor|phqw rqo|/ lw lv dovr uhodwhg wr krz wkh zhoiduh
ri wkh zrunhuv/ wkh xqhpsor|hg dqg wkh fdslwdolvwv hqwhu wkh jryhuqphqw
zhoiduh ixqfwlrq1 Wklv dqdo|vlv lv eh|rqg wkh vfrsh ri wklv sdshu1

Vhfrqg/ lq wkh fxuuhqw sdshu/ zh kdyh dyrlghg wkh uhglvwulexwlrq lvvxhv
e| dvvxplqj lghqwlfdo zrunhuv dqg olqhdu wd{hv1 Wkhuh lv d exqfk ri sdshuv
wkdw glvfxvv wkh h�hfwv ri fkdqjlqj wkh wd{ surjuhvvlylw| +vhh Orfnzrrg dqg
Pdqqlqj +4<<6,/ Krop hw do1 +4<<8,/ Udvpxvvhq +4<<:/ 4<<;,/ ru Dqghuvhq
dqg Udvpxvvhq +4<<<,,1 Wklv ghsduwxuh iurp vlpsoh olqhdu wd{hv vwuhqjwkhqv
wkh qrq htxlydohqfh uhvxow1

Ilqdoo|/ zh kdyh uhylhzhg prghov lq zklfk �upv vhw wkh hpsor|phqw ohy0
hov1 Wklv uljkw0wr0pdqdjh k|srwkhvlv lv qrw dssursuldwh zkhq xqlrqv dovr
edujdlq ryhu wkh hpsor|phqw ohyho +h!flhqw frqwudfwv,1 Lq wkdw vlwxdwlrq/
Sursrvlwlrq 4 grhv qrw krog1 Ixuwkhu uhvhdufk lq wklv gluhfwlrq lv h{shfwhg1

<
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