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Sursdjdwlrq ri Qrplqdo Vkrfnv lq Rshq

Hfrqrplhv

Wruehq P1 Dqghuvhq�|

Xqlyhuvlw| ri Ddukxv dqg FHSU

Qlhov F1 Ehlhu

Xqlyhuvlw| ri Ddukxv

Pd| 4<<<

Wkh sursdjdwlrq ri qrplqdo vkrfnv lv dqdo|}hg lq d ixoo| vshfl�hg vwrfkdvwlf
lqwhuwhpsrudo wzr0frxqwu| prgho1 Zh vkrz krz wr vroyh iru wkh htxloleulxp
dqdo|wlfdoo| dqg dqdo|}h wkh uroh ri uhdo dqg qrplqdo sursdjdwlrq phfkdqlvpv1
Iluvw zh frqvlghu wkh g|qdplf lpsolfdwlrqv ri qrplqdo vkrfnv kdylqj dq lpsdfw
h�hfw gxh wr rqh0shulrg qrplqdo frqwudfwv zkhq wkh sursdjdwlrq ryhu wlph uxqv
yld d edvlf uhdo sursdjdwlrq phfkdqlvp lq rshq hfrqrplhv +fxuuhqw dffrxqw,1 Zh
�qg wkdw wklv fdvh lv fkdudfwhul}hg e| vwurqj shuvlvwhqf| lq wkh uhdo h�hfwv ri
qrplqdo vkrfnv/ exw wkh g|qdplf dgmxvwphqw sdwk lv vwurqjo| dw rggv zlwk
hpslulfdo hylghqfh1 Vhfrqgo|/ zh lqwurgxfh d qrplqdo sursdjdwlrq phfkdqlvp lq
wkh irup ri vwdjjhuhg qrplqdo frqwudfwv1 Wklv wxuqv rxw wr lpso| d udglfdo
fkdqjh lq wkh g|qdplf uhvsrqvh wr qrplqdo vkrfnv/ dqg wr jhqhudwh d g|qdplf
dgmxvwphqw sdwk ri wkh irup revhuyhg hpslulfdoo|1

MHO fodvvl�fdwlrq= H65> I74

Nh|zrugv= Shuvlvwhqfh> Vwdjjhulqj> H{fkdqjh udwhv> Qrplqdo vkrfnv> Fxuuhqw
dffrxqw1

�Zh judwhixoo| dfnqrzohgjh frpphqwv dqg vxjjhvwlrqv iurp Qlhov Kdoguxs dqg Kdqv
Wlpphu dv zhoo dv e| vhplqdu sduwlflsdqwv dw wkh QKK +Ehujhq,/ Xqlyhuvlw| ri Zduzlfn/
Xqlyhuvlw| ri Ddukxv dqg dw wkh frqihuhqfh �Jhqhudo Htxloleulxp dqg Prqhwdu| Wudqv0
plvvlrq� rujdql}hg e| wkh Gxwfk Fhqwudo Edqn Qryhpehu 4<<;1 Dq hduolhu yhuvlrq ri wklv
sdshu kdv dsshduhg dv Vwd� Uhsruw qr 64/ Gh Qhghuodqgvfkh Edqn/ 4<<<1

|Fruuhvsrqgdqfh wr= Wruehq P1 Dqghuvhq/ Xqlyhuvlw| ri Ddukxv/ Ghsduwphqw ri Hfr0
qrplfv/ Exloglqj 683/ GN0;333 Ddukxv F1 H0pdlo= wdqghuvhqChfrq1dx1gn1
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4 Lqwurgxfwlrq

Rqh ri wkh prvw zhoo grfxphqwhg hpslulfdo idfwv lv wkh �qglqj wkdw qrplqdo
h{fkdqjh udwh fkdqjhv ohdg wr shuvlvwhqw ghyldwlrqv lq uhdo h{fkdqjh udwhv
dqg wkh whupv ri wudgh14 Wkxv/ qrplqdo dqg uhdo h{fkdqjh udwhv whqg wr
pryh lq wkh vdph gluhfwlrq lq wkh vkruw wr phglxp uxq/ dqg wkh uhwxuq wr
orqj0uxq htxloleulxp lv yhu| vorz1 Lw lv riwhq irxqg wkdw DUPD surfhvvhv
zlwk vwurqj dxwruhjuhvvlyh hohphqwv fdswxuh wkh surfhvvhv iru uhdo h{fkdqjh
udwhv txlwh zhoo1 Wkh frqvhqvxv ehlqj wkdw wkh kdoi0olih ri wkh uhodwlyh sulfh
h�hfwv lqgxfhg e| qrplqdo vkrfnv lv 607 |hduv1 Wklv �qglqj srvvhvvhv d sx}}oh
wr rshq pdfurhfrqrplfv vlqfh lw lv kdug wr uhfrqfloh zlwk hfrqrplf wkhru|
+Urjr�/ 4<<8,1

Wkh sureohp ri dffrxqwlqj vdwlvidfwrulo| iru shuvlvwhqf| h�hfwv lv vkduhg
zlwk exvlqhvv f|foh wkhru| lq jhqhudo +vhh hj Frjoh| dqg Qdvrq/ 4<<8,1 Lq
ixoo| vshfl�hg g|qdplf jhqhudo htxloleulxp prghov lw lv gl!fxow wr vshf0
li| uhdo sursdjdwlrq phfkdqlvpv zklfk jhqhudwh shuvlvwhqf| lq rxwsxw ri d
txdqwlwdwlyh lpsruwdqfh pdwfklqj wkdw revhuyhg lq wkh gdwd1 Iru uhdo vkrfnv
wklv sureohp fdq eh flufxpyhqwhg e| dvvxplqj shuvlvwhqf| lq wkh xqghuo|lqj
vkrfnv/ exw wklv surfhgxuh fdqqrw eh uhdglo| dssolhg wr qrplqdo vkrfnv vlqfh
shuvlvwhqf| lq xqdqwlflsdwhg qrplqdo vkrfnv lv qrw srvvleoh xqghu udwlrqdo
h{shfwdwlrqv1 Vlqfh wkh uhdo sursdjdwlrq phfkdqlvp lv zhdn/ wkh lpsdfw hi0
ihfw jhqhudwhg e| qrplqdo uljlglwlhv zloo qrw kdyh odvwlqj h�hfwv1 Fxuuhqwo|
lw lv ghedwhg wr zkdw h{whqw lqhuwld lq qrplqdo zdjh ru sulfh dgmxvwphqw
fdq jhqhudwh shuvlvwhqf| ri txdqwlwdwlyh lpsruwdqfh +vhh Wd|oru/ 4<<; iru d
glvfxvvlrq dqg uhihuhqfhv,1

Lv wkhuh dq| txdolwdwlyh gl�huhqfh ehwzhhq forvhg dqg rshq hfrqrplhv
lq uhvshfw wr wkh hqgrjhqrxv sursdjdwlrq phfkdqlvpv zklfk jhqhudwh shu0
vlvwhqf|B Rqh srwhqwldo lpsruwdqw gl�huhqfh dulvhv yld zhdowk uhdoorfdwlrq
+fxuuhqw dffrxqw, ehwzhhq frxqwulhv iroorzlqj +dv|pphwulf, vkrfnv dqg zklfk
yld frqvxpswlrq vprrwklqj zrxog d�hfw wkh vwuxfwxuh ri ixwxuh ghpdqg1
Zkloh wklv phfkdqlvp lv fhqwudo wr wkh vr0fdoohg lqwhuwhpsrudo dssurdfk wr
rshq pdfurhfrqrplfv +vhh hj Revwihog dqg Urjr�/ 4<<9, wkhuh kdv ehhq vxu0
sulvlqjo| olwwoh h�ruw ghyrwhg wr h{soruh wkh lpsolfdwlrqv ri wklv srwhqwldo
phfkdqlvp uhodwlyh wr wkh jhqhudo shuvlvwhqf| sx}}oh lq wkh exvlqhvv f|foh
olwhudwxuh dqg wkh vshfl�f rshq0hfrqrp| sureohp ri krz h{fkdqjh udwhv dqg
+qrplqdo dqg uhodwlyh, sulfhv lqwhudfw1

D vljql�fdqw dfklhyhphqw ri wkh qhz rshq pdfurhfrqrplfv5 lv wkh h{solflw

4Uhfhqw hpslulfdo hylghqfh rq wkh uroh ri qrplqdo vkrfnv iru exvlqhvv f|foh  xfwxd0
wlrqv dqg pryhphqwv ri h{fkdqjh udwhv fdq eh irxqg lq hj Fdqryd dqg Gh Qlfroö +4<<<,/
Hlfkhqedxp dqg Hydqv +4<<8, dqg Urjhuv +4<<;,1

5Wkh olwhudwxuh wrrn r� zlwk wkh iudphzrun vxjjhvwhg lq wkh �Uhgx{�0sdshu e| Revwihog
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irupxodwlrq ri g|qdplf jhqhudo htxloleulxp prghov1 Wklv doorzv dq h{solflw
dqdo|vlv ri lqwhuwhpsrudo dvshfwv lqfoxglqj wkh g|qdplf dgmxvwphqw surfhvv
wr ydulrxv w|shv ri vkrfnv1 Dv frqfhuqv qrplqdo vkrfnv/ wkhuh lv d qxpehu ri
sdshuv vwxg|lqj wkh uroh ri rqh0shulrg qrplqdo uljlglwlhv lq wzr0frxqwu| prg0
hov zlwk d  h{leoh h{fkdqjh udwh +vhh hj Odqh/ 4<<<,1 Wkhvh prghov vkrz krz
qrplqdo vkrfnv fdq kdyh erwk vkruw0whup dqg orqj0whup uhdo h�hfwv zkhuh
wkh odwwhu lv ghshqghqw rq wkh zhdowk uhdoorfdwlrq lqgxfhg e| wkh vkruw0uxq
qrplqdo uljlglwlhv1 Krzhyhu/ wkhvh prgho gr qrw kdyh pxfk wr vd| rq wkh
g|qdplf dgmxvwphqw surfhvv vlqfh wkh qhz vwhdg| vwdwh lv uhdfkhg douhdg|
diwhu rqh shulrg1 Wkhuh lv qr wudqvlwlrqdo g|qdplfv dqg wkh prgho edvlfdoo|
erlov grzq wr d wzr0shulrg prgho jhqhudwlqj dq lpsdfw h�hfw dqg d vwhdg|0
vwdwh h�hfw1 Pruhryhu/ prvw prghov duh ghwhuplqlvwlf suhfoxglqj dq dqdo|vlv
ri krz d jlyhq surfhvv iru/ vd|/ qrplqdo vkrfnv yld hqgrjhqrxv sursdjdwlrq
phfkdqlvpv duh wudqvplwwhg lqwr d surfhvv iru qrplqdo dqg uhodwlyh sulfhv1
Wkh edvlf dqdo|wlfdo sureohp hqfrxqwhuhg khuh lv wr nhhs wudfn ri wkh zhdowk
uhdoorfdwlrqv lqgxfhg e| vkrfnv1 Wkh h{lvwlqj vwrfkdvwlf prghov flufxpyhqw
wklv sureohp e| uxolqj rxw zhdowk uhdoorfdwlrqv hlwkhu e| dvvxplqj d frp0
sohwh vhw ri frqwlqjhqw fdslwdo pdunhwv +vhh Fkdul hw do/ 4<<;, ru e| pdnlqj
dvvxpswlrqv hqvxulqj wkdw wkh fxuuhqw dffrxqw lv qhyhu d�hfwhg +vhh Fruvhwwl
dqg Shvhqwl/ 4<<;/ dqg Revwihog dqg Urjr�/ 4<<;,1 Wkh suhvhqw sdshu vkrzv
krz wr vroyh dq h{solflw vwrfkdvwlf g|qdplf wzr0frxqwu| jhqhudo htxloleulxp
prgho dqdo|wlfdoo| iru wkh jhqhudo fdvh zkhuh vkrfnv d�hfw wkh fxuuhqw df0
frxqw dqg yld wklv urxwh fdxvhv zhdowk uhdoorfdwlrqv ehwzhhq frxqwulhv16

Wkh sduwlfxodu sureohp dgguhvvhg lq wklv sdshu lv wkh wudqvplvvlrq ri
qrplqdo vkrfnv ryhu wlph/ wkdw lv/ krz duh qrplqdo vkrfnv sursdjdwhg lq
rshq hfrqrplhv1 Zh frqvlghu krz dq lpsdfw h�hfwv ri qrplqdo vkrfnv jhq0
hudwhg e| rqh0shulrg qrplqdo frqwudfwv fdq eh sursdjdwhg ryhu wlph yld uhdo
phfkdqlvpv1 Wklv uxqv wkurxjk zhdowk uhdoorfdwlrq lqgxfhg e| fxuuhqw df0
frxqw fkdqjhv dqg zklfk yld frqvxpswlrq vprrwklqj h�hfwv ixwxuh ghpdqg1
Dowkrxjk wkh dgmxvwphqw surfhvv lv fkdudfwhul}hg e| vwurqj shuvlvwhqf| lq
wkh vhqvh wkdw wkh whupv ri wudgh glvsod|v d xqlw urrw/ zh �qg wkdw wkh
lpsxovh0uhvsrqvh wr d qrplqdo vkrfn lv lpsodxvleoh1 Wklv vxjjhvwv d edvlf
sureohp lq dffrxqwlqj iru shuvlvwhqw h�hfwv ri qrplqdo vkrfnv lq wkh suhvhqfh
ri vkruw0whup qrplqdo uljlglwlhv1

Wkh vhfrqg vwhs lv wkxv wr lqwurgxfh vwdjjhulqj ri qrplqdo frqwudfwv dv
d srvvleoh uhlqiruflqj +qrplqdo, sursdjdwlrq phfkdqlvp1 Vwdjjhuhg qrplqdo

dqg Urjr� +4<<8, dqg wkh wh{werrn/ Revwihog dqg Urjr� +4<<9,1 Iru d uhfhqw vxuyh| ri
wkh qhz rshq pdfurhfrqrplfv/ vhh Odqh +4<<<,1

6Wkhuhe| zh dyrlg wkh eodfn er{ riwhq lqyroyhg lq vlpxodwlrqv ri idluo| frpsolfdwhg
prghov wr jdlq ehwwhu lqvljkw lqwr wkh vshfl�f surfhvv jhqhudwhg iru hqgrjhqrxv yduldeohv
olnh wkh whupv ri wudgh +vhh dovr Fdpsehoo/ 4<<7,1
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frqwudfwv fdq eh vhhq dv d frqyhqlhqw zd| e| zklfk wr fdswxuh wkh hvvhqwldo
fkdudfwhulvwlfv ri d ghfhqwudol}hg pdunhw hfrqrp| wkdw doo sulfh dqg zdjh gh0
flvlrqv duh qrw pdgh vlpxowdqhrxvo| e| rqh frruglqdwlqj djhqf|/ exw udwkhu
pdgh e| qxphurxv djhqwv srvvhvvlqj gl�huhqw lqirupdwlrq1 Lw uhsuhvhqwv d
qrplqdo sursdjdwlrq phfkdqlvp zklfk srwhqwldoo| frxog dffrxqw iru shuvlv0
whqw h�hfwv ri qrplqdo vkrfnv1 Lq wkh forvhg0hfrqrp| olwhudwxuh wkhuh lv dq
rqjrlqj ghedwh rq wkh h{whqw wr zklfk vwdjjhulqj fdq jhqhudwh shuvlvwhqf| ri
d txdqwlwdwlyh lpsruwdqfh pdwfklqj wkdw revhuyhg lq wkh gdwd1 Zh �qg wkdw
d vwdjjhuhg frqwudfw vwuxfwxuh surgxfhv d pxfk pruh sodxvleoh g|qdplf dg0
mxvwphqw sdwwhuq wr vkrfnv/ dqg zh lghqwli| wkh nh| sdudphwhuv ghwhuplqlqj
wkh dxwruhjuhvvlyh hohphqwv lq wkh dgmxvwphqw surfhvv1 Lq frqwudvw wr forvhg0
hfrqrp| prghov zh �qg wkdw lqhodvwlf oderu vxsso| uhlqirufhv shuvlvwhqf|1

Wklv sdshu h{soruhv wkh sursdjdwlrq phfkdqlvp dulvlqj lq d/ e| qrz/ vwdq0
gdug lqwhuwhpsrudo rshq0hfrqrp| prgho iru wzr frxqwulhv + h{leoh h{fkdqjh
udwh, zlwkrxw uhdo fdslwdo1 Dv lq prvw prghov zh irfxv rq wkh ehkdylru ri
wkh whupv ri wudgh71 Wklv lv prwlydwhg sduwo| e| dqdo|wlfdo frqyhqlhqfh8 dqg
sduwo| e| wkh idfw wkdw hpslulfdo hylghqfh lqglfdwhv wkdw pryhphqwv lq wkh
sulfhv ri qrqwudgdeohv frqwulexwh yhu| olwwoh wr pryhphqwv lq uhdo h{fkdqjh
udwhv1 Dffruglqjo|/ zh dgrsw d prgho zlwk vshfldol}hg surgxfwlrq dqg xqghu
wkh dvvxpswlrq ri frvwohvv wudgh dqg lghqwlfdo suhihuhqfhv iru grphvwlf dqg
iruhljq krxvhkrogv lw iroorzv wkdw SSS dozd|v krog1

Wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 vhwv xs d vwrfkdvwlf yhuvlrq
ri d e| qrz idluo| vwdqgdug g|qdplf wzr0frxqwu| prgho1 Vhfwlrq 6 vkruwo|
rxwolqhv wkh fdvh zlwk qr qrplqdo uljlglwlhv1 Vhfwlrq 7 h{soruhv wkh lqwhudfwlrq
ehwzhhq rqh0shulrg qrplqdo frqwudfwv fdxvlqj qrplqdo vkrfnv wr eh qrqqhx0
wudo dqg frqvxpswlrq vprrwklqj dv wkh shuvlvwhqf| jhqhudwlqj phfkdqlvp1
Vhfwlrq 8 lqwurgxfhv qrplqdo wzr0shulrg vwdjjhulqj dqg hydoxdwhv krz wklv
jhqhudwhv shuvlvwhqf| dqg lqwhudfwv zlwk frqvxpswlrq vprrwklqj1 Lq vhfwlrq
9 wkuhh0shulrg vwdjjhulqj lv lqwurgxfhg wr hydoxdwh wkh uroh ri wkh frqwudfw
ohqjwk1 Vhfwlrq : vxppdul}hv dqg frqfoxghv wkh sdshu1

5 D Vwrfkdvwlf Wzr0Frxqwu| Prgho

Zh frqvlghu d wzr0frxqwu| prgho zlwk d  h{leoh h{fkdqjh udwh1 Erwk frxq0
wulhv/ Krph dqg Iruhljq/ surgxfh d vhsdudwh wudgdeoh frpprglw| zklfk lv
ghpdqghg e| frqvxphuv lq erwk frxqwulhv1 Prqh| lv ghpdqghg iru wkh wudqv0

7Lq Dqghuvhq dqg Ehlhu +4<<<, zh vkrz lq d prgho lqfoxglqj erwk wudghdeoh dqg qrq0
wudghdeoh jrrgv wkdw wkh uhdo h{fkdqjh udwh txdolwdwlyho| ehkdyhv dv wkh whupv ri wudgh1

8E| dvvxplqj dv|pphwulf suhihuhqfhv/ qrplqdo vkrfnv zrxog d�hfw uhdo h{fkdqjh udwhv1
Krzhyhu/ wkh edvlf phfkdqlvpv zrxog eh wkh vdph1
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dfwlrq vhuylfhv lw surylghv zklfk lv fdswxuhg e| lqfoxglqj uhdo edodqfhv lq wkh
+vhpl0lqgluhfw, xwlolw| ixqfwlrq ri krxvhkrogv +fi Ihhqvwud/ 4<;9,1 Wkhuh lv d
uhdo dvvhw +erqg, zklfk lv wudghg lq d shuihfw lqwhuqdwlrqdo fdslwdo pdunhw1
Wr irfxv rq wkh lqwhughshqghqflhv ehwzhhq wkh wzr frxqwulhv/ wkh prgho lv
v|pphwulf1

Zh irupxodwh dq h{solflw oderu pdunhw dqg dqdo|}h wkh uroh qrplqdo zdjh
uljlglwlhv pd| kdyh iru wkh wudqvplvvlrq ri qrplqdo vkrfnv lq rshq hfrqrplhv1
Zkloh qrplqdo uljlglwlhv pd| suhydlo erwk lq surgxfw dqg oderu pdunhwv zh
�qg lw qdwxudo wr irfxv rq qrplqdo zdjh uljlglwlhv vlqfh hpslulfdo hylghqfh
lqglfdwhv wkdw wkh| duh pruh lpsruwdqw wkdq qrplqdo sulfh uljlglwlhv +vhh hj
Vshqfhu/ 4<<;, dqg wudglwlrqdo rshq0pdfur prghov whqg dovr wr eh edvhg rq
dq dvvxpswlrq ri uljlg qrplqdo zdjhv19 Zh dvvxph vwdjjhuhg qrplqdo zdjh
frqwudfwv sduwo| iru looxvwudwlyh sxusrvhv dqg sduwo| wr uh hfw wkh idfw wkdw
oderu pdunhw uhodwlrqv iuhtxhqwo| lqyroyh frqwudfwv ri qrqwulyldo ohqjwk1 Wkh
frqwudfw vwuxfwxuh lq wkh oderu pdunhw lv h{rjhqrxv dqg wkh vwudwhj| lv wr dq0
do|}h wkh lpsolfdwlrqv ri ydulrxv frqwudfw irupv iru wkh g|qdplf dgmxvwphqw
surfhvv1

Zh vkdoo frqvlghu irxu yhuvlrqv ri wkh vxsso| vlgh glvwlqjxlvkhg e| wkh
prgh ri zdjh ghwhuplqdwlrq/ qdpho|/ d frpshwlwlyh oderu pdunhw/ rqh0shulrg
qrplqdo zdjh frqwudfwv/ wzr0shulrg qrplqdo zdjh vwdjjhulqj dqg wkuhh0
shulrg qrplqdo zdjh vwdjjhulqj1 Wkhvh irupxodwlrqv ri wkh vxsso| vlgh doorz
xv wr dqdo|}h krz shuvlvwhqf| jhqhudwhg iurp wkh ghpdqg vlgh yld frqvxps0
wlrq vprrwklqj lqwhudfwv zlwk shuvlvwhqf| phfkdqlvpv ruljlqdwlqj rq wkh vxs0
so| vlgh1

Wkh prgho vwuxfwxuh lv forvho| uhodwhg wr wkdw ri Ehwwv dqg Ghyhuhx{
+4<<<,/ Fkdul hw do +4<<;,/ Fruvhwwl dqg Shvhqwl +4<<;,/ Nroopdqq +4<<:/
4<<;,/ Revwihog dqg Urjr� +4<<8/ 4<<9/ 4<<;,/ Vxwkhuodqg +4<<9, dqg Wlooh
+4<<<,1

514 Frqvxphuv

Wkh uhsuhvhqwdwlyh frqvxphu*v suhihuhqfhv duh jlyhq e|
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.| lv wkh h{shfwdwlrqv rshudwru frqglwlrqdo rq shulrg w lqirupdwlrq/ Q lv
oderu vxssolhg dqg � ghqrwhv qrplqdo edodqfhv1 � lv wkh frqvxphu sulfh

9Wkh txdolwdwlyh lpsolfdwlrqv ri qrplqdo sulfh dqg zdjh uljlglwlhv duh wkh vdph lq wkh
�Uhgx{�0prgho/ vhh Revwihog dqg Urjr� +4<<9,/ fkdswhu 431
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lqgh{ dqg � lv d uhdo frqvxpswlrq lqgh{ gh�qhg ryhu frqvxpswlrq ri wkh
Krph jrrg dqg wkh Iruhljq jrrg=
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zkhuh 4 lv wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq Krph dqg Iruhljq jrrgv1
Wkh plqlpxp frvw dw zklfk rqh xqlw ri wkh frqvxpswlrq exqgoh fdq eh
dftxluhg gh�qhv wkh fruuhvsrqglqj sulfh lqgh{

�| '

�
�

2

�
� �
|

��34
n

�

2

�
� s
|

��34
� �

�34

c

zkhuh � �
| E�

W�
| � lv wkh sulfh ri wkh Krph jrrg lq Krph +Iruhljq, fxuuhqf|

dqg � s
| E�

Ws
| � lv wkh sulfh ri wkh Iruhljq jrrg lq Krph +Iruhljq, fxuuhqf|1

Zh dvvxph wkdw wkhuh duh qr lpshglphqwv wr wudgh vr wkdw wkh Odz ri Rqh
Sulfh krogv iru erwk jrrgv/ lh

� �
| ' 7|�

W�
| c � s

| ' 7|�
Ws
| �

Dq dvwhulvn uhihuv wr Iruhljq yduldeohv1 7 lv wkh qrplqdo h{fkdqjh udwh gh�qhg
dv wkh Krph sulfh ri Iruhljq fxuuhqf|1 Wkh dvvxpswlrq wkdw wkh Odz ri Rqh
Sulfh krogv lpsolhv vwudljkwiruzdugo| wkdw Sxufkdvlqj Srzhu Sdulw| krogv dv
zhoo/ wkdw lv/ �| ' 7|�

W

| 1
Zh dvvxph wkdw wkhuh lv rqh lqwhuqdwlrqdoo| wudghg uhdo erqg ghqrwhg

lq wkh frpsrvlwh frqvxpswlrq jrrg �1 Ohw o| eh wkh frqvxpswlrq edvhg
uhdo lqwhuhvw udwh ehwzhhq gdwhv w dqg w.41 Wkh frqvxphu*v g|qdplf exgjhw
frqvwudlqw lv jlyhq e|

�|�| n�| n �|�| ' E� n o|3���|�|3� n�|3� n`|�| n�| n �|� |�

Wkh uljkw0kdqg vlgh jlyhv dydlodeoh uhvrxufhv dv wkh vxp ri wkh jurvv uhwxuq
rq erqgkroglqjv E�no|3���|�|3�/ lqlwldo prqh| kroglqjv �|3�/ oderu lqfrph
`|�|/ qrplqdo sur�w lqfrph �| dqg wudqvihuv iurp wkh jryhuqphqw �|� |1
Uhvrxufhv duh doorfdwhg wr frqvxpswlrq �|�|/ qrplqdo prqh| kroglqjv �|

dqg erqgkroglqjv �|�|1
Jlyhq wkh frqvwdqw hodvwlflw| frqvxpswlrq lqgh{ Krph frqvxphuv* gh0

pdqgv iru wkh Krph jrrg dqg wkh Iruhljq jrrg duh

(�
| '

�

2

�
� �
|

�|

�
34

�|c (s
| '

�

2

#
� s
|

�|

$
34

�|c
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uhvshfwlyho|/ dqg vlploduo| iru wkh Iruhljq frqvxphuv* ghpdqgv1 Djjuhjdwlqj
ghpdqgv/ zh �qg ghpdqgv iru wkh Krph dqg Iruhljq jrrgv wr eh

(| '
�

2

�
� �
|

�|

�
34

�`
| c (W

| '
�

2

#
� Ws|
� W|

$
34

�`
| c

zkhuh zruog frqvxpswlrq �`
| ' �

2
�| n

�
2
�W| 1

Wkh frqvxphu pd{lpl}hv h{shfwhg xwlolw| vxemhfw wr wkh exgjhw frqvwudlqw
dqg wkh �uvw0rughu frqglwlrqv ghwhuplqlqj wkh rswlpdo fkrlfh ri �|/ �| dqg
�| duh uhdglo| irxqg wr eh

�
3

�

j
| ' B E� n o|�.|

�
�
3

�

j

|n�

�
c +4,

�
3

�

j
| ' b

�
�|

�|

�
30

n.|

�
B�

3
�

j

|n�

�|

�|n�

�
c +5,

�
3

�

j
|

`|

�|

' V�>
| � +6,

Lw lv dvvxphg wkdw wkh xvxdo wudqvyhuvdolw| frqglwlrq krogv1
Qrwlfh wkdw wkh sdudphwhu > ghwhuplqhv wkh hodvwlflw| ri lqglylgxdo oderu

vxsso| zlwk uhvshfw wr wkh uhdo zdjh1 Wkh kljkhu >/ wkh ohvv hodvwlf lv oderu
vxsso|1 Wkh lqfrph +frqvxpswlrq, hodvwlflw| lv ghwhuplqhg e| j>1 Wkh
kljkhu j>/ wkh ohvv wkh lqfrph hodvwlflw|1

Lq rughu wr vroyh wkh prgho dqdo|wlfdoo|/ lw lv frqyhqlhqw wr zrun zlwk
wkh prgho lq orj0ghyldwlrqv iurp vwhdg| vwdwh1 Odwhu lw zloo eh vkrzq wkdw
wkh yduldeohv ri wkh prgho duh orj0qrupdoo| glvwulexwhg xqghu wkh dvvxphg
vwrfkdvwlf surfhvvhv iru wkh h{rjhqrxv yduldeohv1 Wkh �uvw0rughu frqglwlrqv
lq orj0olqhdu irup duh:

.|S|n� ' S| n j *L} E� n o|� c +7,

6| � R| ' #6SS| n #�6S.|S|n� n #6R ER| � .|R|n�� c +8,

?| '
�

>
E�| � R|�� �

>j
S|� +9,

Orzhufdvh ohwwhuv ghqrwh wkh orj0ghyldwlrqv iurp vwhdg| vwdwh ri wkh fruuh0
vsrqglqj xsshufdvh yduldeohv1; Doo frqvwdqwv duh qhjohfwhg khuh dqg lq wkh
iroorzlqj orj0olqhdu yhuvlrq ri wkh prgho1<

:Frqvxow dsshqgl{ D iru ghwdlov rq orj0olqhul}dwlrq dqg gh�qlwlrqv ri wkh frqvwdqwv1
;Lq wkh uhvw ri wkh sdshu �{} ghqrwhv wkh hodvwlflw| ri wkh yduldeoh [ zlwk uhvshfw wr

wkh yduldeoh ]1 Vxshuvfulswv duh lqfoxghg zkhq wkh uljkw kdqg vlgh yduldeoh kdv pruh wkdq
rqh hqwu|/ hj odjjhg dqg ohdghg yduldeohv +fi �pf dqg �4pf lq htxdwlrq +8,,1

<Qrwlfh/ wkdw wkh frqvwdqw whupv lqfoxgh yduldqfh whupv zklfk duh dovr frqvwdqw xqghu
wkh vwrfkdvwlf surfhvv frqvlghuhg khuh +vhh ehorz,1
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515 Ilupv

Wkhuh lv shuihfw frpshwlwlrq lq wkh surgxfw pdunhwv1 Wkh uhsuhvhqwdwlyh
�up lv d sulfh dqg zdjh wdnhu dqg surgxfhv vxemhfw wr d ghfuhdvlqj uhwxuqv
whfkqrorj| olqnlqj rxwsxw t � dqg oderu lqsxw �43

t �
| ' ��

| c f 	 � 	 ��

Pd{lpl}lqj sur�wv |lhogv wkh iroorzlqj oderu ghpdqg dqg rxwsxw vxsso| iru
wkh uhsuhvhqwdwlyh �up

�| ' k?

�
� �
|

`|

�#?�

c k? ' E�� ��
�

�3� c #?� ' E�� ��3� c

t �
| ' k+

�
� �
|

`|

�#+�

c k+ ' E�� ��
�

�3� c #+� ' � E�� ��3� �

Wkh hodvwlflw| ri oderu ghpdqg zlwk uhvshfw wr surgxfw uhdo zdjh lv�#?� dqg
wkh hodvwlflw| ri rxwsxw vxsso| zlwk uhvshfw wr surgxfw uhdo zdjh lv �#+�1
Sur�wv duh glvwulexwhg wr krxvhkrogv1

516 Jryhuqphqw

Zh dvvxph wkh rqo| uroh iru wkh jryhuqphqw lv wr lvvxh prqh|1 Wkxv wkh
jryhuqphqw*v exgjhw frqvwudlqw lv

�| ��|3� ' �|� |�

Prqh| lv wudqvihuuhg wr frqvxphuv lq d oxps0vxp idvklrq1
Zh hqg wkh ghvfulswlrq ri wkh prgho e| qrwlqj wkdw Iruhljq lv frpsohwho|

v|pphwulf1

6 Frpshwlwlyh Oderu Pdunhw

Dv d ehqfkpdun iru wkh vxevhtxhqw dqdo|vlv ri qrplqdo uljlglwlhv/ lw lv xvhixo
wr frqvlghu wkh fdvh zkhuh wkh oderu pdunhw lv Zdoudvldq1 Wklv doorzv xv wr
lghqwli| wkh xqghuo|lqj g|qdplf phfkdqlvpv zklfk dulvh lqghshqghqwo| iurp

43Uhdo fdslwdo lv glvuhjdughg wr vlpsoli|1 Ghfuhdvlqj uhwxuqv fdq eh lqwhusuhwhg dv dulvlqj
iurp d vhfrqg idfwru ri surgxfwlrq lq �{hg vxsso|1 \ k+\ �i , lv xvhg dv qrwdwlrq iru Krph
+Iruhljq, rxwsxw dv zh ohdyh \ dqg \ � dv qrwdwlrq iru uhdo lqfrphv +vhh dsshqgl{ D,1



Sursdjdwlrq ri Qrplqdo Vkrfnv lq Rshq Hfrqrplhv ;

qrplqdo uljlglwlhv1 Htxdol}lqj ghpdqgv dqg vxssolhv lq wkh oderu pdunhwv/
zh �qg wkdw Krph dqg Iruhljq zdjhv duh ghwhuplqhg dv

�| ' #�RR
�
| n

�
�� #�R

� �
r| n RWs|

�
n #�SS|c +:,

zkhuh

#�R '
�
2
n >#?�

� n >#?�
c #�S '

�

j

�

� n >#?�
�

Lq ghulylqj wkh zdjh htxdwlrq zh xvh wkh orj0olqhdul}hg yhuvlrqv ri wkh sulfh
lqglfhv=

R| '
�

2

�
R�| n r| n RWs|

�
c RW| '

�

2

�
R�| � r| n RWs|

�
�

Htxdol}lqj +uhodwlyh, ghpdqgv dqg vxssolhv iru rxwsxwv zh hqg xs zlwk

^| '
#+�#�+

4n 2
�
�� #�R

�
#+�

ES| � SW| � c

zkhuh t lv wkh whupv ri wudgh

^| ' R�| � r| � RWs| �

Qrwh wkdw uhodwlyh frqvxpswlrq d�hfwv wkh whupv ri wudgh yld d vxsso|0vlgh
h�hfw/ wkh kljkhu uhodwlyh frqvxpswlrq/ wkh kljkhu uhodwlyh zdjhv dqg wkxv
wkh whupv ri wudgh1 Fkdqjhv lq wkh whupv ri wudgh kdyh d gluhfw ghpdqg h�hfw
dqg dovr d vxsso| h�hfw yld zdjh irupdwlrq1

Wkhuh h{lvwv d Zdoudvldq htxloleulxp +vhh dsshqgl{ D, wr wkh prgho lq
zklfk prqh| lv qhxwudo +vhh dovr Revwihog dqg Urjr�/ 4<<8,1

Qrwh ixuwkhupruh/ wkdw wkh udqgrp0zdon surshuw|44 ri uhodwlyh frqvxps0
wlrq iroorzlqj iurp wkh Hxohu htxdwlrqv/

.|

�
S|n� � SW|n�

�
' S| � SW| c

lpsolhv vwurqj shuvlvwhqf| lq wkh whupv ri wudgh vlqfh +vhh Urjr�/ 4<<5,

.|^|n� ' ^|�

44Pruh suhflvho|/ pduwlqjdoh surshuw|1
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7 Rqh0Shulrg Qrplqdo Zdjh Frqwudfwv

Wr euhdn qhxwudolw| ri prqh| zh lqwurgxfh qrplqdo zdjh frqwudfwv/ dqg wkh
lpsruwdqw txhvwlrq lv krz qrplqdo vkrfnv d�hfw wkh whupv ri wudgh dqg wkh
dgmxvwphqw surfhvv lqlwldwhg e| vxfk vkrfnv1

Zdjh vhwwlqj lv qrz fkdudfwhul}hg e| rqh0shulrg qrplqdo zdjh frqwudfwv1
Wkh zdjh lv vhw htxdo wr wkh h{shfwhg ydoxh ri wkh +orj, Zdoudvldq zdjh45

�| ' .|3�

k
#�RR

�
| n

�
�� #�R

� �
r| n RWs|

�
n #�SS|

l
�

Iru wkh suhvhqw dqdo|vlv ri qrplqdo vkrfnv wkh fulwlfdo surshuw| ri wkh zdjh
vhwwlqj uxoh lv wkdw lw ixo�ov edvlf krprjhqhlw| surshuwlhv1 Zh dvvxph wkdw
hpsor|phqw lv ghwhuplqhg e| oderu ghpdqg dw wkh txrwhg zdjh1

714 Qrplqdo H{fkdqjh Udwh

Wkh qrplqdo h{fkdqjh udwh fdq eh irxqg iurp wkh prqh| pdunhw htxloleulxp
frqglwlrqv lq wkh wzr frxqwulhv dv

r| ' #rS
�
S|3� � SW|3�

�
n #rr.|r|n� n #r6 E6| �6W

| � c

zkhuh/

#rS '
�
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�

Wr surfhhg zh kdyh wr vshfli| d surfhvv iru +uhodwlyh, prqh| vxsso|1 Zh
dvvxph wkdw lw iroorzv d udqgrp zdon/ lh

6| �6W

| ' 6|3� �6W

|3� n �|c +;,

zkhuh �| � ?�_Efc j2
��1 Wklv vshfl�fdwlrq lpsolhv wkdw doo +xqdqwlflsdwhg,

qrplqdo vkrfnv duh ixoo| shupdqhqw1 Zh dvvxph ixoo fxuuhqw lqirupdwlrq/ lh
�| lv frpprqo| revhuyhg lq shulrg w1

45Zdjh irupdwlrq frxog dovr eh d�hfwhg e| pdunhw srzhu ri wkh vxsso| vlgh lq wkh
irup ri hj xqlrqv1 Zkloh wklv kdyh lpsolfdwlrqv iru wkh ohyho ri uhdo zdjhv/ lw zrxog
qrw kdyh dq| gluhfw lpsolfdwlrqv iru wkh g|qdplf surshuwlhv ri wkh prgho1 Wklv hqvxuhv
wkdw wkh dvvxpswlrq wkdw vxsso| dffrprgdwhv ghpdqg lv wlph0frqvlvwhqw +iru d udqjh ri
vkrfn0ydoxhv,1
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Wkh g|qdplf htxdwlrq iru wkh qrplqdo h{fkdqjh udwh fdq qrz hdvlo| eh
vroyhg e| wkh phwkrg ri xqghwhuplqhg frh!flhqwv1 Iluvw/ zh jxhvv d vroxwlrq
wr eh ri wkh iroorzlqj irup

r| ' ZrS ES| � SW| � n Zr6 E6| �6W

| � c +<,

zkhuh ZrS dqg Zr6
46 duh frh!flhqwv wr eh ghwhuplqhg dqg uhodwlyh prqh|

vxssolhv iroorz wkh surfhvv jlyhq lq +;,1 Wdnlqj h{shfwdwlrqv dqg lqvhuwlqj
zh �qg wkh iroorzlqj uhvwulfwlrqv

ZrS ' #�6S � #6S ' � Ej0�3� c

Zr6 ' ��

Wkh ghwhuplqdwlrq ri wkh qrplqdo h{fkdqjh udwh lv wkxv htxlydohqw wr wkh
�prqhwdu| dssurdfk� h{fhsw wkdw wkh uhohydqw dfwlylw| yduldeoh lv uhodwlyh
frqvxpswlrq udwkhu wkdq rxwsxw1

715 Whupv ri Wudgh dqg Uhodwlyh Frqvxpswlrq

Htxdwlqj uhodwlyh vxsso| dqg ghpdqg lpsolhv wkdw wkh htxloleulxp whupv ri
wudgh lv ghwhuplqhg dv

^| '
#+�

4n #+�
d
�
2#�R � �

�
.|3�^| +43,

n#�S.|3� ES| � SW| �� Er| � .|3�r|�o�

Htxdwlrq +43, uhyhdov wkh edvlf gl!fxow| lq �qglqj dq dqdo|wlfdo vroxwlrq wr
wkh prgho/ qdpho|/ wkdw wkh whupv ri wudgh ghshqgv rq uhodwlyh frqvxpswlrq
zklfk lq wxuq ghshqgv rq zhdowk dqg wkxv wkh whupv ri wudgh1 Uhodwlyh frq0
vxpswlrq lv dovr fuxfldo wr wkh ghyhorsphqw ri qrplqdo h{fkdqjh udwhv1 Zh
vkrz lq dsshqgl{ F krz wr kdqgoh wklv lqwhughshqghqf| vr dv wr ghwhuplqh
wkh whupv ri wudgh dqg uhodwlyh frqvxpswlrq1 Iru odwhu uhihuhqfh qrwh wkdw
uhodwlyh rxwsxw lv ghwhuplqhg e| wkh whupv ri wudgh/ lh uhodwlyh rxwsxw hyroyhv
sursruwlrqdoo| wr wkh whupv ri wudgh1

Zh pdnh wkh frqmhfwxuh wkdw

S| � SW| ' S|3� � SW|3� n ZS��|� +44,

Wklv frqmhfwxuh iroorzv iurp wkh Hxohu htxdwlrq lpso|lqj wkdw frqvxpswlrq
fkdqjhv fdq rqo| eh gulyhq e| xqdqwlflsdwhg fkdqjhv/ dqg wkdw prqhwdu|
vkrfnv +x, duh wkh rqo| vkrfnv lq wkh prgho1

46Qrwh wkdw zh/ khqfhiruwk/ xvh �{} dv qrwdwlrq iru hodvwlflwlhv lq jxhvvhv1
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Jlyhq wklv frqmhfwxuh iru uhodwlyh frqvxpswlrq dqg +43,/ lw lv qdwxudo wr
jxhvv wkdw wkh whupv ri wudgh fdq eh zulwwhq dv

^| ' Z^S
�
S|3� � SW|3�

�
n Z^��|� +45,

Lq dsshqgl{ F zh ghprqvwudwh wkh h{lvwhqfh ri dq htxloleulxp vdwlvi|lqj +44,
dqg +45, dqg zkhuh

Z^S : fc

Z^� 	 fc

dqg47

ZS� W f �s 4 W ��

Lw lv qrwhg wkdw wkh vroxwlrq irxqg deryh iru wkh qrplqdo h{fkdqjh udwh dqg
wkh whupv ri wudgh frq�upv wkh hduolhu pdgh frqmhfwxuh wkdw doo hqgrjhqrxv
yduldeohv duh orj0qrupdoo| glvwulexwhg1

716 Dgmxvwphqw wr Qrplqdo Vkrfnv

Wkh suhvhqfh ri zdjh frqwudfwv fdxvhv qrplqdo vkrfnv wr kdyh uhdo h�hfwv/ lh
prqh| lv qrqqhxwudo +Z^� 9' f,1 Qrwlfh wkdw wkh lpsdfw h�hfw ri d qrplqdo
vkrfn fdswxuhg e| wkh frh!flhqw Z^� lv lqghshqghqw ri wkh zdjh vhwwlqj +#�R/
#�S, uxoh dqg ghshqgv rqo| rq wkh ghpdqg hodvwlflw| +4, dqg wkh uhvsrqvlyh0
qhvv ri �upv wr fkdqjhv lq sur�wdelolw| +#+�, +vhh dsshqgl{ F,1 Wklv iroorzv
vlpso| iurp wkh idfw wkdw qrplqdo zdjhv duh suhghwhuplqhg iru rqh shulrg1

Wr frqvlghu wkh g|qdplf lpsolfdwlrqv ri wkh prgho zh xvh wkh surfhvv iru
wkh prqh| vwrfn wr uhzulwh wkh qrplqdo h{fkdqjh udwh htxdwlrq dv

r| ' r|3� n
�
�� Ej0�3� ZS�

�
�|�

47Lq dsshqgl{ F lw lv vkrzq wkdw �fx ? 3 krogv iru � 5 ^�> 4,1 Wkh uhdvrq zk| �fx ? 3
grhv qrw krog jhqhudoo| iru � ? 4 lv wkh iroorzlqj1 Zlwk dq lqhodvwlf ghpdqg d idoo lq sur0
gxfwlrq ohdgv wr dq lqfuhdvh lq lqfrph dqg ylfh yhuvd1 Iru d orz ydoxh ri � wkh iroorzlqj
vfhqdulr lv srvvleoh1 D prqhwdu| h{sdqvlrq lqgxfhv dq dssuhfldwlrq ri wkh qrplqdo h{0
fkdqjh udwh ehfdxvh wkh lqgxfhg idoo lq surgxfwlrq ohdgv wr d odujh lqfuhdvh lq lqfrph dqg
wkxv frqvxpswlrq1 Wkh odwwhu lv vr odujh wkdw wkh lqfuhdvh lq prqh| ghpdqg grplqdwhv
wkh lqfuhdvh lq prqh| vxsso| dqg dv d frqvhtxhqfh wkh qrplqdo h{fkdqjh udwh dssuhfldwhv1
Zh frqvlghu wklv fdvh wr eh h{wuhpho| lpsodxvleoh dqg khqfh wkh wh{w rqo| glvfxvvhv wkh
fdvh zkhuh � 5 ^�> 4, iru � ? 41
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Wkh qrplqdo h{fkdqjh udwh iroorzv d udqgrp zdon surfhvv1 Wkh h�hfw ri
d prqhwdu| h{sdqvlrq rq wkh qrplqdo h{fkdqjh udwh lv irxqg wr eh +vhh
dsshqgl{ F,

Yr|
Y�|

' �� Ej0�3� ZS� : fc

lh wkhuh lv d qrplqdo ghsuhfldwlrq iroorzlqj d prqhwdu| vkrfn1 Wkh kljkhu
wkh hodvwlflw| ri frqvxpswlrq zlwk uhvshfw wr wkh prqh| vkrfn wkh ohvv wkh
yduldelolw| ri wkh qrplqdo h{fkdqjh udwh uhodwlyh wr wkh yduldelolw| ri wkh
prqh| vkrfn148 Lw lv vhhq wkdw ryhuvkrrwlqj ri wkh qrplqdo h{fkdqjh udwh
dulvhv li ZS� 	 f +zklfk krogv zkhq 4 	 �,1 Krzhyhu/ gxh wr wkh udqgrp0zdon
surshuw| wklv h�hfw lv shupdqhqw frqwudu| wr ryhuvkrrwlqj ri wkh �Gruqexvfk0
w|sh�1

Vlploduo| wkh whupv0ri0wudgh htxdwlrq fdq e| xvh ri +44, eh zulwwhq dv

^| ' ^|3� n Z^��| n EZ^SZS� � Z^�� �|3�c

lpso|lqj wkdw wkh whupv ri wudgh iroorzv dq DULPD+3/4/4, surfhvv dowkrxjk
wkh prqh| vkrfnv duh zklwh qrlvh1 Wkh whupv ri wudgh kdv d xqlw urrw zklfk
lv dovr vhhq e| uhzulwlqj lw dv

^| ' Z^��| n Z^SZS�

"[
�'f

�|3�3�c

iurp zklfk lw lv hdvlo| uhfryhuhg wkdw wkh lpsdfw h�hfw ri d qrplqdo h{sdqvlrq
rq wkh whupv ri wudgh lv

Y^|
Y�|

' Z^� 	 fc

zkloh wkh h�hfw lq doo ixwxuh shulrgv +|n �c � @ �, lv

Y^|n�
Y�|

' Z^SZS� W f �s 4 W �c

wkdw lv/ wkh h�hfwv duh shupdqhqw1

Iljxuh 4 derxw khuh

48Ehwwv dqg Ghyhuhx{ +4<<<, vkrz wkdw �Sulflqj wr Pdunhw� orzhuv wkh h{shqglwxuh
vzlwfklqj h�hfwv ri dq h{fkdqjh udwh ghsuhfldwlrq/ exw wklv lq wxuq pdjql�hv wkh h{fkdqjh
udwh uhvsrqvlyhqhvv wr d prqhwdu| vkrfn1
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Iljxuh 4 looxvwudwhv wkh lpsxovh0uhvsrqvh ixqfwlrq iru wkh whupv ri wudgh
wr d +srvlwlyh, qrplqdo vkrfn +iru 4 9' �,1 Wkh lpsdfw h�hfw lv dv h{0
shfwhg/ dqg wkhuh lv vwurqj shuvlvwhqf| +h{fhsw iru 4 ' � lpso|lqj wkhuh
lv qr zhdowk uhdoorfdwlrq,1 Krzhyhu/ wkh g|qdplf sdwk grhv qrw fruuhvsrqg
wr wkh lpsxovh0uhvsrqvhv irxqg lq wkh gdwd lpso|lqj d vorz uhwxuq wr wkh
orqj0uxq htxloleulxp zlwk kdoi0olyhv ri wkh lpsdfw h�hfw ri xs wr 6 wr 7 |hduv1
Wkh whupv0ri0wudgh h�hfw uhyhuvhv douhdg| diwhu rqh shulrg lq wkh fdvh zkhuh
4 : �1 Wkh uhdvrq iru wklv uhyhuvdo lv wkdw wkh lqlwldo h{sdqvlrqdu| h�hfw
rq lqfrph lqgxfhv dq lqfuhdvh lq frqvxpswlrq zklfk lv vprrwkhg ryhu wlph1
Gxh wr wkh lqfrph h�hfw rq oderu vxsso|/ lw iroorzv wkdw kljkhu frqvxpswlrq
ohdgv wr d shupdqhqw uhgxfwlrq lq oderu vxsso|1 Wklv lqgxfhv dq lqfuhdvh lq
wkh whupv ri wudgh lq doo vxevhtxhqw shulrgv1 D uhyhuvdo ri wkh h�hfw grhv qrw
dulvh iru 4 	 � vlqfh wkh prqhwdu| h{sdqvlrq ohdgv wr dq h{sdqvlrq ri uhodwlyh
rxwsxw/ wkh orz hodvwlflw| ri ghpdqg lpsolhv wkdw wkh frxqwu| orvhv lqfrph/
dqg wkhuh lv d zhdowk uhdoorfdwlrq wr wkh glvidyru ri Krph1 Wklv lqgxfhv d
idoo lq frqvxpswlrq +ZS� 	 f, zklfk yld wkh lqfrph h�hfw errvwv oderu vxsso|
dqg wkxv surgxfhv wkh shuvlvwhqw ghfuhdvh lq wkh whupv ri wudgh1 Krzhyhu/
diwhu rqh shulrg +@ wkh ohqjwk ri wkh frqwudfw, wkh dgmxvwphqw surfhvv lv
hqghg1 Iljxuh 4e looxvwudwhv wklv fdvh1

Qrwh wkdw wkh fdvh 4 : � fruuhvsrqgv wr wkh fdvh xvxdoo| dqdo|}hg lq
wkh olwhudwxuh vlqfh prvw prghov kdyh prqrsrolvwlfdoo| frpshwlwlyh surgxfw
pdunhwv dqg wkhuhiruh qhhg wr lpsrvh wkh uhvwulfwlrq wkdw wkh hodvwlflw| ri
ghpdqg lv qxphulfdoo| odujhu wkdq rqh wr kdyh d zhoo0gh�qhg pd{lpl}dwlrq
sureohp iru �upv +vhh Fkdul hw do/ 4<<;> Revwihog dqg Urjr�/ 4<<8> dqg
Vxwkhuodqg/ 4<<9,1 Pruhryhu/ lw lv wkh �vwdqgdug� fdvh lq wkh vhqvh wkdw wkh
Pduvkdoo0Ohuqhu frqglwlrq lv ixo�oohg +Pduvwrq/ 4<;8,1

Revwihog dqg Urjr� +4<<8, irxqg wkdw �prqh| vxsso| vkrfnv fdq kdyh
uhdo h�hfwv wkdw odvw zhoo eh|rqg wkh wlph iudph ri dq| qrplqdo uljlglwlhv
ehfdxvh ri lqgxfhg vkruw0uxq zhdowk dffxpxodwlrq yld wkh fxuuhqw dffrxqw�1
Wkh suhvhqw dqdo|vlv frq�upv wklv/ exw dovr eulqj rxw wkdw wkh lpsolhg sdwwhuq
iru wkh whupv ri wudgh lv qrw pdwfklqj wkh w|sh ri g|qdplfv revhuyhg lq
wkh gdwd1 Pruhryhu/ lw lv hdvlo| vhhq wkdw wklv jhqhudol}hv dv lw ghshqgv rq
wkh udqgrp0zdon surshuw| ri uhodwlyh frqvxpswlrq zklfk grhv qrw uho| rq
wkh vshfl�f surfhvv iru wkh vkrfn qru wkh vshfl�f zd| rqh0shulrg qrplqdo
uljlglwlhv duh prghoohg1

Fkdul hw do +4<<;, glvplvv wkh fkdqqho uxqqlqj iurp prqh| vkrfnv ryhu
shupdqhqw zhdowk uhglvwulexwlrqv wr shuvlvwhqw whupv0ri0wudgh pryhphqwv dv
ehlqj xqlpsruwdqw149 Lq sduwlfxodu/ lw lv dujxhg wkdw wkh h�hfwv ri zhdowk

49Lq wkh suhvhqfh ri d ixoo vhw ri frqwlqjhqw pdunhwv/ wkh krxvhkrog zrxog eh deoh wr ixoo|
glyhuvli| wkh frqvxpswlrq ulvn/ lpso|lqj wkdw vkrfnv gr qrw d�hfw uhodwlyh frqvxpswlrq1
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uhdoorfdwlrqv duh plwljdwhg e| fkdqjhv lq wkh whupv ri wudgh dqg grphvwlf
frqvxpswlrq vr dv wr ohdyh Iruhljq frqvxpswlrq xqd�hfwhg1 Rxu dqdo|vlv
vkrzv wklv rqo| krogv iru 4 ' �1 Lq jhqhudo/ dv uhyhdohg e| htxdwlrq +44,/
frqvxpswlrq gl�huhqfhv iroorz d udqgrp zdon dqg lqqrydwlrqv duh gulyhq e|
xqdqwlflsdwhg fkdqjhv lq +uhodwlyh, lqfrphv/ Wkh fulwlfdo sdudphwhu khuh lv
wkh hodvwlflw| ri ghpdqg 4 +fi dsshqgl{ F,1 Pruhryhu/ li zhdowk uhglvwulexwlrqv
duh txdqwlwdwlyho| xqlpsruwdqw/ lw lpsolhv wkdw wkh vr0fdoohg lqwhuwhpsrudo
dssurdfk wr wkh fxuuhqw dffrxqw kdv uhodwlyho| olwwoh suhglfwlyh srzhu1

8 Wzr0Shulrg Qrplqdo Zdjh Vwdjjhulqj

Vwdjjhuhg ru dv|qfkurql}hg qrplqdo zdjh ghwhuplqdwlrq lv d srwhqwldo lpsru0
wdqw sursdjdwlrq phfkdqlvp vlqfh lw lpsolhv d voxjjlvk dgmxvwphqw ri qrplqdo
yduldeohv +Wd|oru/ 4<<;,1 Vshfl�fdoo| lq wklv vhfwlrq/ zh dvvxph wkdw kdoi wkh
frqwudfwv duh vljqhg lq hyhq shulrgv dqg wkh rwkhu kdoi lq rgg shulrgv1 Wkh
qrplqdo zdjh lv vhw iru wzr shulrgv dffruglqj wr wkh iroorzlqj uxoh iru wkh
zdjh vhw dw wkh hqg ri shulrg w04 dqg dsso|lqj iru shulrgv w dqg w.4=

�

2
.|3� E�| n �|n�� c

zkhuh �| lv wkh +orj, Zdoudvldq zdjh udwh1 Wkh djjuhjdwh zdjh idfhg e| �upv
lq shulrg w/ �| lv wkhq jlyhq e|

�| '
�

e
E.|32�|3� n.|32�| n.|3��| n.|3��|n�� �

Oderu vxsso| lv dvvxphg wr dffrpprgdwh oderu ghpdqg dw wkh jlyhq zdjh1

814 Whupv ri Wudgh dqg Uhodwlyh Frqvxpswlrq

Zh suryh lq dsshqgl{ G wkdw wkhuh h{lvwv dq htxloleulxp lq zklfk wkh whupv
ri wudgh dqg uhodwlyh frqvxpswlrq duh ghwhuplqhg dv

^| ' Z^S
�
S|3� � SW|3�

�
n Z^^^|3� n Z^��| n Z�

^��|3�c +46,

S|n� � SW|n� ' S| � SW| n ZS��|c +47,

zlwk sdudphwhuv gh�qhg lq dsshqgl{ G1 Lw lv qrwhg wkdw wkh qrplqdo h{fkdqjh
udwh htxdwlrq +<, vwloo dssolhv dqg wkdw wkh uhohydqw hqgrjhqrxv yduldeohv duh
orj0qrupdoo| glvwulexwhg1
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Htxdwlrq +46, fdq eh uhzulwwhq e| wkh xvh ri wkh h{suhvvlrq iru uhodwlyh
frqvxpswlrq +47, dv

^| ' E� n Z^^� ^|3� � Z^^^|32

nZ^��| n
�
Z�
^� � Z^� n Z^SZS�

�
�|3� � Z�

^��|32c

vkrzlqj wkdw wkh whupv ri wudgh iroorzv dq DULPD+4/4/5, surfhvv zkhq wkh
wzr sursdjdwlrq phfkdqlvpv duh phujhg1 Qrwh wkdw frqvxpswlrq vprrwklqj
dorqh jhqhudwhv dq DULPD+3/4/4, zkloh vwdjjhuhg frqwudfwv surgxfh d vlplodu
surfhvv exw zlwk d vwurqjhu dxwruhjuhvvlyh sduw1 Wklv lqglfdwhv wkdw wkh pruh
sodxvleoh g|qdplf sdwk jhqhudwhg e| vwdjjhulqj fdq eh phujhg zlwk wkh
vwurqj shuvlvwhqf| h�hfw jhqhudwhg e| frqvxpswlrq vprrwklqj wr jhqhudwh d
g|qdplf sdwk pdwfklqj wkdw revhuyhg lq wkh gdwd1

Lq dsshqgl{ G lw lv vkrzq wkdw Z^^ 5 Efc �� dqg

YZ^^
Y4

	 fc
YZ^^
Y�

: fc
YZ^^
Y>

: fc

wkdw lv/ wkh dxwruhjuhvvlyh hohphqw lv vwuhqjwkhqhg wkh ohvv hodvwlf ghpdqg
+4, lv/ wkh odujhu wkh surgxfwlylw| sdudphwhu +�, dqg wkh ohvv hodvwlf oderu
vxsso| lv +wkh kljkhu >,1 Iurp forvhg0hfrqrp| prghov lw lv zhoo nqrzq wkdw
wkh hodvwlflw| ri oderu vxsso| lv fulwlfdo wr wkh txdqwlwdwlyh lpsruwdqfh ri
shuvlvwhqf|/ dqg lw lv irxqg wkdw txdqwlwdwlyho| lpsruwdqw shuvlvwhqf| uhtxluhv
lpsodxvleoh odujh ydoxhv ri oderu0vxsso| hodvwlflwlhv/ vhh hj Dvfdul +4<<;, dqg
Fkdul hw do +4<<9,1 Lq wkh suhvhqw rshq0hfrqrp| frqwh{w lw lv lqwhuhvwlqj wr
qrwh wkdw wkh hodvwlflw| ri oderu vxsso| sod|v d txdolwdwlyho| gl�huhqw uroh
wkdq lq forvhg hfrqrp| prghov1 Khqfh/ d pruh lqhodvwlf oderu vxsso| +kljkhu
ydoxhv >, lpsolhv pruh shuvlvwhqf| iroorzlqj d qrplqdo vkrfn1 Wklv lv dovr
uh hfwhg lq wkh qxphulfdo looxvwudwlrqv ehorz1 Wkh lqwxlwlrq iru wklv uhvxow lv
irxqg e| uhwxuqlqj wr htxdwlrq +:, jlylqj wkh xqghuo|lqj lqfhqwlyhv lq zdjh
irupdwlrq1 Zh kdyh wkdw

Y#�R
Y>

: fc

wkdw lv/ wkh kljkhu > +wkh ohvv hodvwlf oderu vxsso|,/ wkh pruh zdjhv duh
ghshqglqj rq wkh sulfhv ri grphvwlfdoo| surgxfhg surgxfwv dqg wkh ohvv rq wkh
sulfh ri Iruhljq surgxfhg jrrgv phdvxuhg lq grphvwlf fxuuhqf|1 Edvlfdoo|/
wklv mxvw uh hfwv wkdw frqvxphuv frqvlghu wkh frqvxpswlrq uhdo zdjh zkhuhdv
�upv frqvlghu wkh surgxfw uhdo zdjh1 Khqfh/ wkh vxsso|0vlgh h�hfw ri d
fxuuhqf| ghsuhfldwlrq lqgxflqj zdjh lqfuhdvhv lv vpdoohu wkh ohvv hodvwlf oderu
vxsso| lv1 Wklv lpsolhv wkdw wkh ghpdqg h�hfwv ri d qrplqdo ghsuhfldwlrq wr
d ohvvhu h{whqw lv frxqwhudfwhg e| wkh vxsso| h�hfwv1
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815 Dgmxvwphqw wr Qrplqdo Vkrfnv

Wkh g|qdplf lpsolfdwlrqv pd| eh vhhq pruh fohduo| e| wkh iroorzlqj vwrfkdv0
wlf wuhqg uhsuhvhqwdwlrq ri wkh whupv0ri0wudgh htxdwlrq

^| '
�

�� Z^^u

#
Z^��| n Z�

^��|3� n Z^SZS�

"[
�'f

�|3�3�

$
c

zkhuh O lv wkh odj0rshudwru1 Wkh wzr �uvw whupv rq wkh uljkw0kdqg vlgh fds0
wxuhv wkh g|qdplfv lqgxfhg e| vwdjjhuhg wzr0shulrg frqwudfwv zkloh wkh odvw
whup fdswxuhv wkh vwrfkdvwlf wuhqg gulyhq e| frqvxpswlrq vprrwklqj1 Wkh
reylrxv lpsolfdwlrq ehlqj wkdw qrw rqo| grhv wkh g|qdplfv uxq iruhyhu gxh
wr vwdjjhuhg frqwudfwv/ exw wkh h�hfwv uxqqlqj yld frqvxpswlrq vprrwklqj
kdyh erwk d gluhfw h�hfw +wkh Z^SZS�0whupv, dv zhoo dv dq lqgluhfw dulvlqj irup
wkh lqwhudfwlrq zlwk wkh g|qdplfv lqwurgxfhg e| vwdjjhulqj +Z^� ghshqgv rq
ZS�,1 Wklv zd| ri h{suhvvlqj wkh whupv ri wudgh dovr eulqjv rxw wkdw wkh Z^^
sdudphwhu lv fuxfldo iru wkh vshhg dw zklfk wkh v|vwhp frqyhujhv wr vwhdg|
vwdwh1

Lw fdq eh vkrzq +vhh dsshqgl{ G, wkdw Z^� 	 f dqg wkdw wkh whupv ri
wudgh iroorzv d sodxvleoh sdwk lq uhvsrqvh wr d prqhwdu| h{sdqvlrq14: Wkdw
lv/ wkhuh lv dq lqlwldo ghfuhdvh lq wkh whupv ri wudgh zklfk wkhq judgxdoo| lv
zrunhg rxw ri wkh v|vwhp1 Wkh orqj0uxq h�hfw +EZ^SZS��*E��Z^^�,

4; uhpdlqv
d ghfuhdvh li ZS� 	 f dqg ylfh yhuvd iru ZS� : f1 Wkh prgho lv wkxv fdsdeoh
ri jhqhudwlqj d sdwk iru wkh whupv ri wudgh vlplodu wr wkdw revhuyhg lq wkh
gdwd/ zkhwkhu lw jhqhudwhv shuvlvwhqf| ri vx!flhqw txdqwlwdwlyh lpsruwdqfh
lv dqrwkhu txhvwlrq +vhh ehorz,1

Lq wkh fdvh ri 4 : � +lpso|lqj ZS� : f, wkhuh h{lvwv d shulrg lq wlph w.m
vxfk wkdw

Y^|n�
Y�|

	 f dqg
Y^|n�n�

Y�|
: f/ � : f/

wkdw lv/ xs wr dqg lqfoxglqj shulrg w.m wkh whupv ri wudgh lv ehorz lwv lqlwldo
ydoxh/ exw diwhuzdugv wkh orqj0uxq h�hfw grplqdwhv/ dqg lv deryh lwv lqlwldo
ydoxh1

Qrwh wkdw lq wkh devhqfh ri zhdowk uhdoorfdwlrqv +4 ' � lpso|lqj ZS� ' f,
wkh g|qdplfv grhv qrw glvdsshdu frqwudu| wr wkh fdvh zlwk rqh0shulrg frq0
wudfwv1 Lq wklv fdvh wkh g|qdplfv lv gulyhq vroho| e| wkh vwdjjhuhg frqwudfwv1

4:Wklv lv dozd|v wkh fdvh zkhq � � 41 Li � ? 4 wkh g|qdplf dgmxvwphqw lv judgxdo
dw ohdvw iurp wkh shulrg diwhu wkh vkrfn1 Pruh vshfl�fdoo|/ zh fdqqrw uxoh rxw wkdw wkh
whupv ri wudgh/ lq wkh shulrg diwhu wkh lqlwldo idoo/ pryhv lq wkh rssrvlwh gluhfwlrq ri wkh
orqj0uxq ohyho dqg wkhq iurp wkhuh dgmxvwv judgxdoo| wrzdugv wkh orqj0uxq ohyho1 Qxphulfdo
h{huflvhv lqglfdwhg wkdw wklv shuyhuvh dgmxvwphqw lv kljko| xqolnho|1

4;Lw lv hdvlo| vkrzq wkdw �tf A 3 +vhh dsshqgl{ G,1
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Iru looxvwudwlyh sxusrvhv zh uhsruw vrph qxphulfdo h{dpsohv1 Vlqfh wkh
prgho lv kljko| devwudfw irfxvvlqj rqo| rq d ihz phfkdqlvpv dqg uho|lqj rq
sduwlfxodu ixqfwlrqdo irupv/ zh gr qrw �qg wkdw vxfk qxphulfdo looxvwudwlrqv
fdq eh xvhg wr pdnh lqihuhqfhv rq wkh hpslulfdo srzhu ri wkh phfkdqlvpv
frqvlghuhg khuh1 Dw ehvw vxfk h{dpsohv fdq eh vxjjhvwlyh1

Iljxuh 5 vkrzv wkh lpsxovh0uhvsrqvh ixqfwlrqv iru wkh whupv ri wudgh
iroorzlqj d 4 shufhqw lqfuhdvh lq wkh +uhodwlyh, grphvwlf prqh| vxsso| lq
shulrg 41 Wkh �jxuh dovr vkrzv krz wkh lpsxovh0uhvsrqvh ixqfwlrqv fkdqjh
wr yduldwlrqv lq wkh vl{ sdudphwhuv 4/ �/ >/ j/ 0 dqg B1 Wkh �jxuhv exlog rq
d edvholqh fdvh zkhuh wkh sdudphwhu ydoxhv duh jlyhq lq wdeoh 4

Wdeoh 41 Edvholqh ydoxhv14<

4 � > j 0 B
5 319: 43 31:8 < 424138

Iljxuh 5 derxw khuh

Wkh qxphulfdo looxvwudwlrqv lqglfdwh wkdw wkh vkruw0uxq uhodwlyh sulfh fkdqjhv
fdq eh vxevwdqwldoo| odujhu wkdq wkrvh revhuyhg lq wkh orqj uxq dqg wkdw wkh|
fdq wdnh sodfh ghvslwh uhodwlyho| vpdoo fxuuhqw0dffrxqw h�hfwv1 Wklv lv uh0
odwhg wr wkh vr0fdoohg Ihogvwhlq0Krulrnd sdudgr{ wkdw uhodwlyho| vpdoo fxuuhqw0
dffrxqw lpedodqfhv duh revhuyhg ghvslwh shuihfw fdslwdo prelolw|1 Wkh suhvhqw
dqdo|vlv vxjjhvwv wkdw vxevwdqwldo fxuuhqw0dffrxqw lpedodqfhv gr qrw qhfhv0
vdulo| dulvh ghvslwh dv|pphwulf vkrfnv dqg shuihfw fdslwdo prelolw|1

Wkh qxphulfdo looxvwudwlrqv surylghg khuh pd| vhhp wr lqglfdwh wkdw wkh
orqj0uxq h�hfwv duh olnho| wr eh txdqwlwdwlyho| vpdoo1 Wklv vxjjhvwv wkdw wkh
sursdjdwlrq phfkdqlvp uxqqlqj yld wkh fxuuhqw dffrxqw lv qrw lpsruwdqw1
Vlqfh fxuuhqw dffrxqwv duh qrw d�hfwhg e| vkrfnv xqghu d frpsohwh vhw ri
fdslwdo pdunhwv wklv vxjjhvwv pruhryhu wkdw lqfrpsohwh fdslwdo pdunhwv gr
qrw kdyh lpsruwdqw lpsolfdwlrqv iru wkh g|qdplf dgmxvwphqw sdwk1 Ixuwkhu0
pruh/ lw pd| dovr eh frqfoxghg wkdw wkh zrunkruvh vwrfkdvwlf yhuvlrq zklfk
suhfoxghv fxuuhqw0dffrxqw h�hfwv e| dvvxpswlrq pd| surylgh d uhdvrqdeoh
dssur{lpdwlrq wr wkh uhvxowv dulvlqj lq wkh jhqhudo fdvh1 Krzhyhu/ wkhvh lq0
ihuhqfhv duh qrw vxssruwhg e| vlpso| revhuylqj wkdw wkh orqj0uxq h�hfwv vhhp
wr eh txdqwlwdwlyho| vpdoo1 Wkh vhqvlwlylw| dqdo|vlv fohduo| vkrzv wkdw wkh
g|qdplf dgmxvwphqw sdwwhuq fdswxuhg e| wkh shuvlvwhqf| sdudphwhu fkdqjhv
vxevwdqwldoo| e| yduldwlrqv lq wkh sdudphwhuv hyhq wkrxjk wkh orqj0uxq h�hfwv

4<Wkh hodvwlflw| sdudphwhu � lv fkrvhq wr hqvxuh wkdw wkh Pduvkdoo0Ohuqhu frqglwlrq lv
ixo�oohg/ � lv fkrvhq wr pdwfk wkh zdjh vkduh ri derxw 526 zkloh � lv fkrvhq vr dv wr lpso|
d oderu0vxsso| hodvwlflw| ri 3141 Wkh wkuhh odvw frh!flhqwv fruuhvsrqg wr wkrvh dgrswhg lq
hj Kdludxow dqg Sruwlhu+4<<6, dqg Vxwkhuodqg +4<<9,1
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whqg wr eh vpdoo1 Wkh lqwxlwlrq iru wklv lv wkdw wkh orqj0uxq h�hfwv rq wkh
whupv ri wudgh ghshqgv erwk rq wkh vhqvlwlylw| ri oderu vxsso| wr zhdowk dqg
wkh fxuuhqw0dffrxqw lpedodqfhv fuhdwhg e| vkrfnv1

Grhv wkh prgho jhqhudwh h�hfwv ri qrplqdo vkrfnv eh|rqg wkh wlph shulrg
ri wkh h{rjhqrxvo| lpsrvhg frqwudfw ohqjwk ri wzr shulrgvB Lw grhv li wkh
ghpdqg hodvwlflw| lv orz/ wkh hodvwlflw| ri rxwsxw zlwk uhvshfw wr oderu lv kljk
ru li oderu vxsso| lv lqhodvwlf1 Vlqfh doo wkuhh surshuwlhv pd| vhhp olnho| wr
krog +lq wkh vkruw uxq, wklv |lhogv vxssruw wr wkh ylhz wkdw vwdjjhulqj qrw
rqo| kdv dq lpsruwdqw txdolwdwlyh uroh lq surgxflqj d sodxvleoh sdwk iru wkh
whupv ri wudgh +frqwudu| wr wkh rqh0shulrg frqwudfwv, exw dovr wkdw lw kdv
txdqwlwdwlyh lpsruwdqfh1 Krzhyhu/ h{fhsw lq wkh olplwlqj fdvh zkhuh wkh
oderu hodvwlflw| ri rxwsxw lv forvh wr rqh wkh shuvlvwhqf| jhqhudwhg lv qrw dv
vwurqj dv revhuyhg lq wkh gdwd1 Wklv vxjjhvwv wkdw vwdjjhuhg wzr0shulrg
qrplqdo zdjh frqwudfwv fdqqrw ixoo| vroyh wkh shuvlvwhqf| sx}}oh1

Dvvhvvlqj wkh txdqwlwdwlyh vwuhqjwk ri wkh sursdjdwlrq phfkdqlvp/ zh
�qg wkdw vwdjjhuhg qrplqdo zdjh frqwudfwv kdyh dq lpsruwdqw h�hfw erwk
zkhq frpsduhg wr wkh h�hfwv dulvlqj lq wkh fdvh ri rqh0shulrg frqwudfwv dqg
frpsduhg wr wkh doprvw devhqw hqgrjhqrxv sursdjdwlrq lq vwdqgdug prghov/
vhh hj Frjoh| dqg Qdvrq +4<<8, dqg Kdludxow dqg Sruwlhu +4<<6,1 Rq wkh
rwkhu kdqg/ lw lv dovr fohdu wkdw vwdjjhuhg wzr0shulrg frqwudfwv fdqqrw pdwfk
d kdoi0olih ri wkh h�hfwv ri vkrfnv dw wkh ohyho ri 607 |hduv hyhq li wkh shulrg
ohqjwk lv lqwhusuhwhg dv rqh |hdu1

Wkh qxphulfdo dqdo|vlv wkxv eulqjv rxw wkdw vwdjjhuhg frqwudfwv kdyh d
qrqwulyldo txdqwlwdwlyh h�hfw rq wkh sursdjdwlrq phfkdqlvp/ exw dovr wkdw
wkh shuvlvwhqf| sx}}oh fdqqrw eh uhvroyhg e| wklv vlqjoh phfkdqlvp1 Dq rshq
txhvwlrq lv krz orqj frqwudfwv kdyh wr eh wr |lhog d shuvlvwhqf| phfkdqlvp
dv vwurqj dv wkdw revhuyhg lq wkh gdwd1

9 Wkuhh0Shulrg Qrplqdo Zdjh Vwdjjhulqj

Lw lv d qdwxudo qh{w vwhs wr dqdo|}h krz wkh g|qdplf surshuwlhv fkdqjh zkhq
wkh qxpehu ri ryhuodsslqj frqwudfwv lv h{whqghg1 Zh frqvlghu lq wklv vhfwlrq
ryhuodsslqj wkuhh0shulrg frqwudfwv1 Orqjhu gxudwlrq ri vwdjjhuhg frqwudfwv
kdv wzr h�hfwv1 Iluvw/ orqjhu qrplqdo frqwudfwv surorqj wkh lpsdfw uhdo hi0
ihfwv ri qrplqdo vkrfnv1 Vhfrqgo|/ wkh g|qdplf dgmxvwphqw surfhvv fkdqjhv
gxh wr wkh lqwhudfwlrq ehwzhhq dq lqfuhdvlqj qxpehu ri frqwudfwv vhw dw gli0
ihuhqw srlqwv lq wlph1 E| lqwhusuhwlqj wkh shulrg ohqjwk xqghu wkuhh0shulrg
frqwudfwv dv 526 ri wkh shulrg ohqjwk xqghu wzr0shulrg frqwudfwv lw lv srvvleoh
wr dqdo|}h krz ohvv v|qfkurql}dwlrq ri zdjh irupdwlrq d�hfwv wkh g|qdplf
dgmxvwphqw sdwk iru jlyhq frqwudfw ohqjwkv1



Sursdjdwlrq ri Qrplqdo Vkrfnv lq Rshq Hfrqrplhv 4<

Lq olqh zlwk wkh suhylrxv dqdo|vlv zh dvvxph wkdw qrplqdo zdjhv lq d
wkuhh0shulrg frqwudfw duh vhw dv
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�
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lpso|lqj wkdw wkh djjuhjdwh zdjh kroglqj lq shulrg w lv jlyhq e|
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Lw lv vhhq wkdw ohvv v|qfkurql}dwlrq ri zdjh irupdwlrq h{whqgv erwk wkh edfn0
zdug dqg wkh iruzdug orrnlqj hohphqwv lq zdjh irupdwlrq1

Lw fdq eh vkrzq +vhh dsshqgl{, wkdw wkh whupv ri wudgh xqghu wklv frqwudfw
vwuxfwxuh hyroyhv dffruglqj wr
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Lw lv lpphgldwho| vhhq wkdw wkh xqlw urrw surshuw| lv pdlqwdlqhg dqg wkdw
orqjhu frqwudfw ohqjwk h{whqgv wkh shulrg ryhu zklfk vkrfnv kdyh dq lpsdfw
h�hfw1 Wkh fuxfldo txhvwlrq lv krz wkh shuvlvwhqf| surshuwlhv duh fkdqjhg1
Wkh whupv ri wudgh qrz iroorz dq DULPD+5/4/6, surfhvv/ zklfk vxjjhvwv d
txdolwdwlyh gl�huhqfh frpsduhg wr wkh fdvh ri wzr0shulrg vwdjjhulqj1

Wr surylgh d qxphulfdo looxvwudwlrq/ �jxuh 6 sorwv wkh lpsxovh0uhvsrqvh
ixqfwlrqv iru wkh whupv ri wudgh lq wkh fdvh ri wzr0 dqg wkuhh0shulrg vwdjjhuhg
frqwudfwv/ uhvshfwlyho|/ iru wkh edvholqh fdvh frqvlghuhg lq vhfwlrq 7 dv zhoo
dv vkrzlqj krz wkh lpsxovh0uhvsrqvh ghshqgv rq wkh vl{ sdudphwhuv 4/ �/
>/ j/ 0 dqg B1 Lw lv vhhq wkdw wkh shuvlvwhqf| surshuw| lv rqo| d�hfwhg yhu|
prghudwho| lq wkh fdvh ri wkuhh0shulrg vwdjjhulqj1

Iljxuh 6 derxw khuh

Vxppdul}lqj rxu �qglqjv zh �qg wkdw wkh lqwurgxfwlrq ri vwdjjhulqj
+frpsduh rqh0shulrg frqwudfwv zlwk vwdjjhuhg wzr0shulrg frqwudfwv, kdv vwurqj
txdolwdwlyh lpsolfdwlrqv/ zkloh d vwuhqjwkhqlqj ri dv|qfkurql}dwlrq +frpsduh
vwdjjhuhg wzr0shulrg frqwudfwv zlwk vwdjjhuhg wkuhh0shulrg frqwudfwv, rqo|
kdv d prghudwh h�hfw1 Zh lqwhusuhw wklv dv lqglfdwlqj wkdw wkh lqwurgxfwlrq
ri edfnzdug dqg iruzdug orrnlqj hohphqwv yld vwdjjhulqj lv wkh lpsruwdqw
phfkdqlvp zkloh ixuwkhu dv|qfkurql}dwlrq kdv olwwoh h�hfwv1 Wkh odwwhu pljkw
h{sodlq wkh dssduhqw vlplodulw| ri whupv0ri0wudgh +uhdo h{fkdqjh0udwh, dgmxvw0
phqw iroorzlqj vkrfnv ehwzhhq frxqwulhv zlwk fhqwudol}hg zdjh ghwhuplqd0
wlrq dqg ehwzhhq frxqwulhv ehwzhhq zlwk ghfhqwudol}hg zdjh ghwhuplqdwlrq1
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Frxqwulhv zkhuh ihz xqlrqv edujdlq lq dq dv|qfkurql}hg idvklrq pljkw �w
lqwr rxu fdvh zlwk wzr0shulrg ryhuodsslqj frqwudfwv +hj Ghqpdun ylv0ã0ylv
Vzhghq, zkhuhdv Dphulfdq0vw|oh  h{leoh oderu pdunhwv zkhuh zdjhv fkdqjh
doo wkh wlph pljkw �w rxu fdvh zlwk q0shulrg ryhuodsslqj frqwudfwv zkhuh q lv
�odujh� +hj XVD ylv0ã0ylv XN,1 Dv mxvw looxvwudwhg wkh g|qdplf dgmxvwphqw
glg qrw gl�hu1

: Frqfoxglqj Uhpdunv

Wkh suhvhqw sdshu kdv vkrzq krz wr h{solflwo| �qg wkh vwrfkdvwlf htxlole0
ulxp lq wkh jhqhudo fdvh zkhuh fxuuhqw0dffrxqw fkdqjhv duh doorzhg iru1 Lw
zdv vkrzq wkdw fxuuhqw0dffrxqw fkdqjhv sod| d fuxfldo uroh iru wkh g|qdplf
dgmxvwphqw sdwk1 Wkh vwxg| ri wkh sursdjdwlrq ri qrplqdo vkrfnv lq rshq
hfrqrplhv kdv eurxjkw iruzdug wzr lpsruwdqw lqvljkwv rq wkh srvvlelolw| ri
dffrxqwlqj iru shuvlvwhqw uhdo h�hfwv ri qrplqdo vkrfnv1 Iluvw/ li lpsdfw
h�hfwv duh jhqhudwhg e| vkruw0uxq qrplqdo uljlglwlhv dqg sursdjdwlrq uxqv
yld uhdo phfkdqlvpv/ lw lv qrw srvvleoh wr dffrxqw iru voxjjlvk dgmxvwphqw1
Wkh uhdvrq lv wkdw wkh lpsdfw h�hfw xqghu wkh vwdqgdug dvvxpswlrq xqghu0
o|lqj wkh Pduvkdoo0Ohuqhu frqglwlrq yld zhdowk h�hfwv zloo lqgxfh d uhyhuvdo
ri wkh uhodwlyh sulfh h�hfwv diwhu d shulrg ri ohqjwk htxdo wr wkh frqwudfw
shulrg1 Vhfrqg/ sodxvleoh dgmxvwphqw sdwwhuqv duh jhqhudwhg e| vwdjjhuhg
qrplqdo frqwudfwv/ vkrzlqj wkdw qrplqdo lqhuwld lv qhhghg wr surgxfh uhd0
vrqdeoh lpsxovh0uhvsrqvhv1 Rqh srwhqwldo phfkdqlvp lv dv|qfkurql}hg ru
vwdjjhuhg zdjh frqwudfwv fdswxulqj wkdw sulfh dqg zdjh ghflvlrqv duh qrw
frruglqdwhg dqg pdgh vlpxowdqhrxvo| lq d ghfhqwudol}hg pdunhw hfrqrp|1

Lw lv dq rshq txhvwlrq zkhwkhu wkh shuvlvwhqf| jhqhudwlqj phfkdqlvp
lqgxfhg e| vwdjjhuhg frqwudfwv lq lwvhoi lv vwurqj hqrxjk wr pdwfk wkh shuvlv0
whqf| revhuyhg lq wkh gdwd1 Wklv pd| uhtxluh wkh lqwurgxfwlrq ri rwkhu +uhdo,
sursdjdwlrq phfkdqlvpv1 Rqh srwhqwldo lpsruwdqw fkdqqho zrxog eh uhdo
fdslwdo dffxpxodwlrq vlqfh wkh uhvxowv ri wklv sdshu vkrz wkdw wkh forvhu rxw0
sxw dqg lqsxwv pryh wrjhwkhu/ wkh vwurqjhu lv shuvlvwhqf|1 Pruhryhu/ forvhg0
hfrqrp| prghov kdyh vkrzq wkdw uhdo fdslwdo dffxpxodwlrq dqg vwdjjhulqj
uhlqirufh hdfk rwkhu dv sursdjdwlrq phfkdqlvpv +vhh hj Dqghuvhq/ 4<<<,1 Dq
lpsruwdqw wrslf iru ixwxuh uhvhdufk lv wkxv wr dqdo|}h krz vwdjjhulqj dqg
fdslwdo dffxpxodwlrq lqwhudfwv lq rshq hfrqrplhv1

Lw lv lqwhuhvwlqj wr qrwh wkdw wkh dqdo|wlfdo dssurdfk ghprqvwudwhv wkdw
wkh lqvljkwv rewdlqhg e| wudglwlrqdo vkruw0uxq prghov edvhg rq wkh hodvwlf0
lw| dssurdfk wr vrph h{whqw fdq eh phujhg zlwk wkh prghuq lqwhuwhpsrudo
dqdo|vlv1 Lq sduwlfxodu/ lw wxuqv rxw wkdw wkh hodvwlflw| frqglwlrq ghwhuplqlqj
zkhwkhu wkh vwdqgdug Pduvkdoo0Ohuqhu frqglwlrq lv ixo�oohg sod|v d fuxfldo
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uroh iru wkh dgmxvwphqw phfkdqlvp1 Dffruglqjo|/ wkh vkruw0uxq suhglfwlrqv
ri vwdqgdug prghov pd| eh lq dffrugdqfh zlwk wkrvh ghulyhg iurp ixoo| vshf0
l�hg lqwhuwhpsrudo prghov1 Krzhyhu/ wkh g|qdplfv lpsolhg e| zhdowk uh0
doorfdwlrq pd| gl�hu vljql�fdqwo| iurp zkdw fdq eh lqihuuhg iurp vwdqgdug
prghov +frpsduh wr hj Pduvwrq/ 4<;8,1

D Vwhdg| Vwdwh dqg Orj0olqhdul}dwlrq

Rxu dqdo|vlv exlogv rq d yhuvlrq ri wkh prgho vhw xs lq vhfwlrq 5 lq orj0
ghyldwlrqv iurp vwhdg| vwdwh1 Dv lv dssduhqw iurp wkh �uvw0rughu frqglwlrqv
qrw doo h{suhvvlrqv duh olqhdu lq orjv dqg vxevhtxhqwo| zh kdyh wr dssur{lpdwh
durxqg wkh vwhdg| vwdwh1 Wkh vwhdg|0vwdwh yhuvlrq ri wkh prgho lv vlplodu wr
wkdw dqdo|}hg lq hj Revwihog dqg Urjr� +4<<8, dqg Wlooh +4<<<,1 Zh irfxv
rq d v|pphwulf vwhdg| vwdwh zkhuh � ' �W ' f dqg
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dqg zkhuh prqh| lv qhxwudo dqg wkh sulfh ohyho lv ghwhuplqhg iurp +5,153 Uhdo
lqfrphv duh
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Vwhdg|0vwdwh ydoxhv duh lqglfdwhg e| rplvvlrq ri wlph vxevfulswv1
Qh{w vwhs lv wr orj0olqhdul}h wkh �uvw0rughu frqglwlrqv dulvlqj iurp frq0

vxphu rswlpl}dwlrq +4,0+6,1 Wkh orj0olqhdul}hg Hxohu htxdwlrq +7, lv rewdlqhg
e| xvlqj wkh frqyhqlhqw irupxod iru orj0qrupdoo| glvwulexwhg yduldeohv
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53Wkh uhdghu fdq frqylqfh klpvhoi wkdw +48,0+4;, lv lqghhg d vwhdg| vwdwh e| soxjjlqj lqwr
wkh �uvw0rughu frqglwlrqv/ oderu ghpdqgv dqg vxssolhv dqg rxwsxw ghpdqgv dqg vxssolhv1
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zkhuh e lv d vfdodu dqg [ lv orj0qrupdoo| glvwulexwhg1 Wkh oderu0vxsso|
htxdwlrq lv hdvlo| olqhdul}hg zkhuhdv wkh prqh| ghpdqg zduudqwv d frpphqw1
Wdnlqj orjv rq erwk vlghv ri +5, |lhogv wkh orj ri d vxp dqg lw lv hdv| wr vkrz
wkdw durxqg d vwhdg| vwdwh +glvuhjduglqj frqvwdqwv,
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Zkloh wkh prgho lv vshfl�hg vr dv wr |lhog d orj0olqhdu vwuxfwxuh/ zh kdyh
wkdw wkh exgjhw frqvwudlqw lv olqhdu lq ohyhov/ lh
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Vxewudfwlqj wkh vwhdg|0vwdwh yhuvlrq ri wkh exgjhw frqvwudlqw iurp +4<, dqg
glylglqj e| \+@F, zh jhw
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Wkh odvw whup rq wkh uljkw0kdqg vlgh lv qhjoljleoh dv zh orrn dw vpdoo ghyld0
wlrqv durxqg vwhdg| vwdwh1 Zh hqg xs zlwk
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E Prqrsro| Xqlrq

Wklv dsshqgl{ ghprqvwudwhv wkdw wkh g|qdplf lpsolfdwlrqv duh xqfkdqjhg
li wkh oderu pdunhw lv fkdudfwhul}hg e| lpshuihfw frpshwlwlrq154 Zh ghprq0
vwudwh wklv iru d prqrsro| xqlrq xqghu d uljkw0wr0pdqdjh vwuxfwxuh/ wkdw lv/
wkh xqlrq vhwv wkh zdjh jlyhq wkh oderu0ghpdqg ixqfwlrq
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Wkh xqlrq lv dvvxphg wr eh xwlolwduldq dqg wkxv vhwv wkh zdjh vr dv wr pd{0
lpl}h lqglylgxdo xwlolw|1 Iurp wkh krxvhkrog remhfwlyh ixqfwlrq wklv lv irxqg
wr lpso| wkh iroorzlqj �uvw0rughu frqglwlrq
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Wklv lv vhhq wr eh htxlydohqw wr wkh lqglylgxdo oderu0vxsso| fxuyh xs wr
wkh pxowlsolfdwlyh idfwru #�
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: � zklfk uh hfwv wkh pdunhw srzhu

ri wkh xqlrq1 Wklv lv d ohyho h�hfw zklfk lqgxfhv kljkhu uhdo zdjhv dqg
orzhu hpsor|phqw/ exw zklfk grhv qrw kdyh dq| lpsolfdwlrqv iru wkh g|qdplf
surshuwlhv ri wkh prgho1

F Htxloleulxp zlwk Rqh0Shulrg Qrplqdo Zdjh Frq0

wudfwv

Zh frqmhfwxuh d vroxwlrq iru wkh whupv ri wudgh dqg uhodwlyh frqvxpswlrq dv
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54Wklv lv edvhg rq Dqghuvhq dqg Wrxohprqgh +4<<<,1
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F14 Whupv ri Wudgh

Irup wkh htxloleulxp frqglwlrq iru wkh jrrgv pdunhw zh kdyh
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zkhuh wkh Hxohu htxdwlrq kdv ehhq lqyrnhg1 E| xvh ri wkh qrplqdo h{fkdqjh
udwh htxdwlrq zh �qg

^| ' #^S
�
S|3� � SW|3�

�
n #^^.|3�^| n #^��|c

#^S '
#+�

4n #+�
#�Sc

#^^ '
#+�

4n #+�

�
2#�R � �

�
c

#^� ' � #+�
4n #+�

EZr6 n ZrSZS�� �

Xvlqj +54, wr ghwhuplqh .|3�^| zh �qg

^| '
�
#^^Z^S n #^S

� �
S|3� � SW|3�

�
n #^��|� +56,

Htxdol}lqj frh!flhqwv lq +54, dqg +56, |lhogv

Z^S ' #^^Z^S n #^Sc

Z^� ' #^��

F15 Uhodwlyh Frqvxpswlrq

Iurp htxdwlrq +53, zh kdyh

K| � KW| ' B3�
�
K|3� � KW|3�

�
n E+| � +W| �� ES| � SW| � c

vlqfh

+| � +W| ' E�� 4� ^| ' E�� 4�
�
Z^S

�
S|3� � SW|3�

�
n Z^��|

�
c

zh kdyh wkdw

K| � KW| ' B3�
�
K|3� � KW|3�

�
nE�� 4�

�
Z^S

�
S|3� � SW|3�

�
n Z^��|

�� ES| � SW| � �
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Wkh qh{w vwhs lv wr �qg dq h{suhvvlrq iru uhodwlyh frqvxpswlrq frqvlvwhqw
zlwk wkh Hxohu htxdwlrq1 Ohdglqj rxu jxhvv zh �qg

.|

�
S|n� � SW|n�

�
' ZSK EK| � KW| � n ZSS ES| � SW| �

' ZSKB
3�

�
K|3� � KW|3�

�
n ZSK E�� 4� Z^S

�
S|3� � SW|3�

�
nZSK E�� 4� Z^��| n EZSS � ZSK� ES| � SW| � �

Xvlqj wkh Hxohu htxdwlrq |lhogv

S| � SW| ' E� n ZSK � ZSS�
3� EB3�ZSK

�
K|3� � KW|3�

�
nZSK E�� 4� Z^S

�
S|3� � SW|3�

�
n ZSK E�� 4�Z^��|�

Frqvlvwhqf| uhtxluhv

ZSK ' E� n ZSK � ZSS�
3� B3�ZSKc

ZSS ' E� n ZSK � ZSS�
3� ZSK E�� 4� Z^Sc

ZS� ' E� n ZSK � ZSS�
3� ZSK E�� 4�Z^��

F16 Dqdo|wlfdo Fkdudfwhul}dwlrq ri wkh Vroxwlrq

Sursrvlwlrq 4 Z^S : f1

Surri1 Iurp wkh uhvwulfwlrq iru Z^S lw iroorzv wkdw Z^S '
�
�� #^^

�
3�

#^S

zklfk lv xqdpeljxrxvo| srvlwlyh dv #^^ 5 Efc �� dqg #^S : f1

Sursrvlwlrq 5

;?
=

ZS� : f li 4 : �
ZS� ' f li 4 ' �
ZS� 	 f li 4 � 4 	 �c 4 5 Efc ��

1

Surri1 Lw iroorzv gluhfwo| iurp wkh uhvwulfwlrqv iru ZSS dqg ZS� wkdw

ZSS
ZS�

'
Z^S
Z^�

c

dqg e| vxevwlwxwlrq zh �qg

ZSS '
E�� B� E�� 4� Z^S
�� B E�� 4� Z^S

c
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lpso|lqj wkdw

ZS� '
E�� B� E�� 4�Z^�
�� B E�� 4�Z^S

c

zklfk fdq eh uhzulwwhq xvlqj

Z^� ' � #+�
4n #+�

�
�� Ej0�3� ZS�

�
c

dv

g�ZS� ' g2c

zkhuh/

g� ' �� B E�� 4�Z^S � E�� B� E�� 4�
#+�

4n #+�

�

j0
c

g2 ' E�� B� E4� ��
#+�

4n #+�
�

Wkhuh duh wkuhh fdvhv=
4 : � , g� : fcg2 : f , ZS� : fc
4 ' � , g� : fcg2 ' f , ZS� ' fc
4 � 4 	 � , g� : fcg2 	 f , ZS� 	 fc

zkhuh 4 lv gh�qhg vxfk wkdw g� : f li 4 �41 Qrwh wkdw g� $ � dv 4 $ �1

Sursrvlwlrq 6 Z^� 	 f1

Surri1 Z^� lv jlyhq dv � #+�
4n#+�

�
�� Ej0�3� ZS�

�
dqg wkh uhvxow iroorzv

wulyldoo| iru 4 � �1 Iru 4 : � qrwh wkdw ZSS 	 f , Z^� ' Z^SZS�
ZSS

	 f dv
ZS� : f dqg Z^S ' #^S : f1

Sursrvlwlrq 7 Yr|
Y�|

: f1

Surri1 Z^� 	 f / f 	 �� Ej0�3� ZS� ' Yr|
Y�|

1
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G Htxloleulxp zlwk Wzr0Shulrg Qrplqdo Zdjh Vwdj0

jhulqj

Zh frqmhfwxuh d vroxwlrq iru wkh whupv ri wudgh dqg uhodwlyh frqvxpswlrq dv

^| ' Z^S
�
S|3� � S

W

|3�

�
n Z^^^|3� n Z^��| n Z�

^��|3�c

dqg

S| � SW| ' ZSK
�
K|3� � K

W

|3�

�
n ZSS

�
S|3� � S

W

|3�

�
nZS^^|3� n ZS��| n Z�

S��|3��

E| wkh vdph uhdvrqlqj dv lq dsshqgl{ F

S|n� � S
W

|n� ' S| � S
W

| n ZS��|� +57,

G14 Whupv ri Wudgh

Xvlqj wkh h{suhvvlrqv iru djjuhjdwh zdjhv/ surgxfw pdunhw htxloleulxp gh0
whuplqhv wkh whupv ri wudgh dv

^| '
#+�

e4n e#+�
2#�S

��
S|3� � S

W

|3�

�
n
�
S|32 � S

W

|32

��
n

#+�
e4n e#+�

�
2#�R � �

�
E.|32^|3� n.|32^| n.|3�^| n.|3�^|n��

n
#+�

e4n e#+�
E.|32r|3� n.|32r| n.|3�r| n.|3�r|n� � er|� c

zkhuh zh kdyh lqyrnhg wkh Hxohu htxdwlrq1 Xvlqj wkh h{suhvvlrq iru wkh
qrplqdo h{fkdqjh udwh dqg +57, zh duulyh dw

^| ' #^S
�
S|3� � SW|3�

�
n#^^ E.|32^|3� n.|32^| n.|3�^| n.|3�^|n��

n#^��| n #�^��|3�c

zkhuh

#^S '
e#+�

e4n e#+�
#�Sc

#^^ '
#+�

e4n e#+�

�
2#�R � �

�
c
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#^� ' � e#+�
e4n e#+�

EZr6 n ZrSZS�� c

#�^� ' � 2#+�
e4n e#+�

EZr6 n ZrSZS� n #�SZS�� �

Xvlqj rxu jxhvv wr �qg .|32^|3�/ .|32^|/ .|3�^|/ dqg .|3�^|n� zh hqg xs zlwk

^| '
�
#^S n �#^^Z^S n #^^Z^^Z^S

� �
S|3� � SW|3�

�
n
�
#^^ n 2#^^Z^^ n #^^Z

2
^^

�
^|3� n #^��|

n
�
#�^� � #^^

�
Z^� n Z^SZS� n Z^^Z^� � Z�

^� � Z^^Z
�
^�

��
�|3��

Khqfh/

Z^S ' #^S n �#^^Z^S n #^^Z^^Z^Sc

Z^^ ' #^^ n 2#^^Z^^ n #^^Z
2
^^c

Z^� ' #^�c

Z�
^� ' #�^� � #^^

�
Z^� n Z^SZS� n Z^^Z^� � Z�

^� � Z^^Z
�
^�

�
�

G15 Uhodwlyh Frqvxpswlrq

Jlyhq wkdw

+| � +W| ' E�� 4� ^|

' E�� 4�
�
Z^S

�
S|3� � S

W

|3�

�
n Z^^^|3� n Z^��| n Z�

^��|3�
�
c

zh kdyh

K| � KW| ' B3�
�
K|3� � KW|3�

�� ES| � SW| �

n E�� 4�
�
Z^S

�
S|3� � S

W

|3�

�
n Z^^^|3� n Z^��| n Z�

^��|3�
�
�

Lw iroorzv wkdw

.|

�
S|n� � SW|n�

�
' ZSK

�
B3�

�
K|3� � KW|3�

�� ES| � SW| �
�

nZSK E�� 4� dZ^S
�
S|3� � S

W

|3�

�
nZ^^^|3� n Z^��| n Z�

^��|3�o

nZSS ES| � SW| �

nZS^
�
Z^S

�
S|3� � S

W

|3�

�
n Z^^^|3� n Z^��| n Z�

^��|3�
�

nZ�
S��|�
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Xvlqj wkh Hxohu htxdwlrq |lhogv

E� n ZSK � ZSS� ES| � SW| � ' B3�ZSK
�
K|3� � KW|3�

�
n dZSK E�� 4�Z^S n ZS^Z^So

�
S|3� � SW|3�

�
n dZSK E�� 4�Z^^ n ZS^Z^^o ^|3�

n
�
ZSK E�� 4� Z^� n ZS^Z^� n Z�

S�

�
�|

n
�
ZSK E�� 4� Z�

^� n ZS^Z
�
^�

�
�|3��

Khqfh/

ZSK ' E� n ZSK � ZSS�
3� B3�ZSKc

ZSS ' E� n ZSK � ZSS�
3� dZSK E�� 4� Z^S n ZS^Z^So c

ZS^ ' E� n ZSK � ZSS�
3� dZSK E�� 4�Z^^ n ZS^Z^^o c

ZS� ' E� n ZSK � ZSS�
3� �ZSK E�� 4� Z^� n ZS^Z^� n Z�

S�

�
c

Z�
S� ' E� n ZSK � ZSS�

3� �ZSK E�� 4� Z�
^� n ZS^Z

�
^�

�
�

G16 Dqdo|wlfdo Fkdudfwhul}dwlrq ri wkh Vroxwlrq

Sursrvlwlrq 8 Z^^ 5 Efc ��1

Surri1 Z^^ lv ghwhuplqhg e| wkh iroorzlqj txdgudwlf #^^Z
2
^^n

�
2#^^ � �

�
Z^^n

#^^ ' f1 Lw lv hdvlo| vhhq wkdw #^^ '
#+�E2#�R3��

e4ne#+�
5 Efc �

e
�, Z^^ '

�32#^^3
s

�3e#^^

2#^^
5

Efc ��1

Sursrvlwlrq 9
YZ^^
Y4

	 f/ YZ^^
Y�

: f dqg
YZ^^
Y>

: f1

Surri1 Zulwlqj rxw wkh h{suhvvlrq iru #^^ zh jhw #^^ '
#+�E2#�R3��

e4ne#+�
'

�>

E�3�n>�de�ne4E�3��o
1 Lw lv vhhq wkdw

Y#^^
Y4

: fc
Y#^^
Y�

: f dqg
Y#^^
Y>

	 f dqg wkh

uhvxow iroorzv vwudljkwiruzdugo| dv _Z^^
_#^^

: f1

Sursrvlwlrq : Z^S : f�
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Surri1 Iurp wkh uhvwulfwlrq jryhuqlqj Z^S zh �qg

Z^S '
�
�� �#^^ � #^^Z^^

�
3�

#^S1 Wkh uhvxow iroorzv dv erwk wkh ghqrpl0
qdwru dqg wkh qxphudwru duh dozd|v srvlwlyh dv Z^^ 5 Efc ��/ #^^ 5 Efc �

e
� dqg

#^S '
#+�

4n#+�
#�S '

#+�
4n#+�

�
j

�
�n>#?�

: f1

Sursrvlwlrq ; ZSS V f li 4 W �1

Surri1 E| vxevwlwxwlrq zh �qg ZSS '
E�3B�E�34� �

�3BZ^^
Z^S

�3BE�34� �

�3BZ^^
Z^S

dqg lw iroorzv

gluhfwo| wkdw 4 : � , ZSS 	 f dqg 4 ' f , ZSS ' f1Zh fdq �qg YZSS
Y4

wr ehk
E�� 4� YZ^S

Y4
� Z^S

l
E��B� E�� BZ^^�nB E�� B� E�� 4� Z^S

YZ^^
Y4

� f iru 4 � �1

Vlqfh ZSS ' f li 4 ' � lw iroorzv wkdw ZSS : f li 4 5 Efc ���

Iru odwhu uhihuhqfh lw zloo eh xvhixo wr gh�qh wkh iroorzlqj frqvwdqwv

g� '
ZSK E�� 4� n ZS^
�� ZSK n ZSS

' B dZSK E�� 4� n ZS^o '
ZSS
Z^S

c

g2 '
�
2
� #^^ E� n Z^^�

�� #^^ E� n Z^^�
: fc

g� '

2#+�
e4ne#+�

#�S n #^^Z^S

�� #^^ E� n Z^^�
: f�

Ohppd < g�

Z^S
' �

2
1

Surri1 g�

Z^S
' �

Z^S

2#+�
e4ne#+�

#�Sn#^^Z^S

�3#^^E�nZ^^�
'

�
�� #^^ E� n Z^^�

�
3�

k
2#+�

e4ne#+�

#�S
Z^S

n #^^

l

'
�
�� #^^ E� n Z^^�

�
3�

�
�
2

e#+�
e4ne#+�

#�SE�3�#^^3#^^Z^^�
#�S

e#+�
e4ne#+�

n #^^

�
'

�
�� #^^ E� n Z^^�

�
3� ��

2

�
�� �#^^ � #^^Z^^

�
n #^^

�
'

�
�� #^^ E� n Z^^�

�
3� ��

2

�
�� #^^ E� n Z^^�

��
' �

2

Ohppd 43 � n Bg�g� : f1
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Surri1 Iurp ZSS ' g�Z^S lw lv vhhq wkdw 4 	 � , g� : f , �nBg�g� :

f vlqfh ZSS : f dqg Z^S : f1 Iru 4 ' � zh kdyh wkdw g� ' ZSS
Z^S

' f ,
�nBg�g� : f1 Iru 4 : � E, g� 	 f� zh vlpso| lqvhuw wkh h{suhvvlrqv iru N�

dqg N�= �n Bg�g� : f , B ZSS
Z^S

g� : �� , BZSS : �2 , � E�3B�E�34�
Z^S

�3BZ^^

�3BE�34�
Z^S

�3BZ^^

	

2
B
,

E� n B� E�� 4� Z^S
�3BZ^^

	 2
B
dqg wklv lv dozd|v ixo�oohg zkhq 4 : �1

Sursrvlwlrq 44

;?
=

ZS� : f li 4 : �
ZS� ' f li 4 ' �
ZS� 	 f li 4 � 4 	 �c 4 5 Efc ��

1

Surri1 Vxevwlwxwlqj wkh uhvwulfwlrq jryhuqlqj Z�
S� lqwr ZS� zh rewdlq

ZS� ' g�

�
Z^� n BZ�

^�

�
�

Xvlqj wkdw #�^� ' �
2
Z^� � 2#+�

e4ne#+�
#�SZS� zh �qg

Z�
^� ' g2Z^� �g�ZS��

Wklv lpsolhv wkdw zh fdq zulwh ZS� dv

E� n Bg�g��ZS� ' g� E� n Bg2� Z^�c

ru vxevwlwxwlqj lq iru Z^�

geZS� ' gDc

zkhuh/

ge ' � n Bg�g� �g� E� n Bg2�
#+�

4n #+�

�

j0
c

gD ' � #+�
4n #+�

g� E� n Bg2� �

Djdlq zh kdyh wkuhh fdvhv=
4 : � , g� 	 fc � n Bg�g� : f , ge : fcgD : f , ZS� : fc
4 ' � , g� ' f , ge : fcgD ' f , ZS� ' fc
4� 4 	 � , g� : f , ge : fcgD 	 f , ZS� 	 f/

zkhuh 4 lv gh�qhg vxfk wkdw ge : f li 4 �41 Qrwh wkdw ge $ � dv 4 $ �1
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Sursrvlwlrq 45 Z^� 	 f1

Surri1 Vdph dv iru sursrvlwlrq 61

Ohppd 46 Wkh whupv ri wudgh fdq eh zulwwhq dv ^| '
"S
�'f

Z��|3�c zkhuh/

Zf ' Z^�c Z
� ' Z�

^�nZ^^Z^�nZS�Z^S dqg Z�n� ' Z^^Z
�nZ^SZS� iru � ' �c 2c ���

Surri1 Iurp ^| ' E� n Z^^� ^|3��Z^^^|32nZ^��|n
�
Z�
^� � Z^� n Z^SZS�

�
�|3��

Z�
^��|32 wkh uhvxow iroorzv vwudljkwirzdugo| e| uhfxuvlyh vxevwlwxwlrq1

Sursrvlwlrq 47 Wkh whupv ri wudgh dgmxvwv judgxdoo| wr lwv orqj0uxq ydoxh

li 4 � �1

Surri1 4 : �= Zh nqrz wkdw ZS� : fc Z^� 	 f dqg Z�
^� ' g2Z^��g�ZS� 	

f1 Ixuwkhupruh/ wkh orqj0uxq ydoxh Z^SZS�
�3Z^^

lv vwulfwo| srvlwlyh1 Wkh edvlf

vwudwhj| ri wkh surri lv wr vkrz Z� 	 Z�n�c � ' fc �c 2c ����Iluvw/ ohw xv vkrz
wkdw Zf 	 Z�1 Wkh h{suhvvlrq iru Z� lv Z�

^� n Z^^Z^� n ZS�Z^S zklfk fdq eh

zulwwhq dv Eg2 n Z^^�Z^� n EZ^S �g��ZS�1 Vlqfh Eg2 n Z^^� 5 �
�
2
c �
�
dqg

Z^S �g� : f +e| Ohppd <, Z� kdv wr eh vwulfwo| juhdwhu wkdw Zf1 Qh{w/ zh
zloo vkrz wkdw Z� 	 Z�n� iru � ' �c 2c ���Li Z� 	 f/ wkhq Z�n� kdv wr eh odujhu
wkdq Z� dv Z�n� lv vrph iudfwlrq ri Z� EZ^^ 5 Efc ��� soxv Z^SZS� : f1 Li Z� : f
wkh uhvxow iroorzv iurp revhuylqj wkdw li Z�n� 	 Z� wkhq t| zrxog frqyhujh
wr }hurv dv Z�n� 	 Z� , Z�n2 	 Z�n� , Z�n� 	 Z�n2�����dqg zh nqrz t|
frqyhujhv wr Z^SZS�

�3Z^^
: f1 Qrwh wkdw Z� zrxog qhyhu h{fhhg wkh orqj0uxq ydoxh

dv wklv zrxog lpso| Z�n� zrxog eh juhdwhu wkdq wkh orqj0uxq ydoxh dv zhoo1
4 ' f= Zkhq wkh ghpdqg hodvwlflw| lv }hur zh kdyh ZS� ' fc Z^� 	 f

dqg Z�
^� ' g2Z^� 5 �

�
2
Z^�c f

�
1 Lw lv hdvlo| vhhq wkdw Z� ' Eg2 n Z^^�Z^� :

Z^� ' Zf1 Ixuwkhupruh/ Z�n� : Z� iru doo � ' �c 2c ��� dv Z�n� lv vrph iudfwlrq
Z^^ 5 Efc �� ri Z�1

Sursrvlwlrq 48 Li 4� 4 	 � wkh whupv ri wudgh dgmxvwv judgxdoo| wr lwv

orqj0uxq ydoxh dw ohdvw iurp wkh shulrg diwhu wkh vkrfn1

Surri1 Zlwk 4 5 d4c �� zh kdyh wkdw ZS� 	 fc Z^� 	 f dqg Z^SZS�
�3Z^^

	 f1

Ohwv vsolw wklv fdvh lqwr wzr vxefdvhv= Rqh +sodxvleoh,/ zkhuh wkh orqj0uxq
h�hfw lv odujhu +Z^� 	 Z^SZS�

�3Z^^
,/ dqg rqh/ zkhuh wkh orqj0uxq h�hfw lv vpdoohu

wkdq wkh lpsdfw h�hfw1
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Lq wkh �uvw vxefdvh Z^� 	 Z^SZS�
�3Z^^

	 f1 Iluvw qrwlfh wkdw Z�c � ' 2c �c ���

zrxog qhyhu h{fhhg wkh orqj0uxq ydoxh +Z^SZS�
�3Z^^

, li Z� 	 Z^SZS�
�3Z^^

dv wklv zrxog lp0

so| Z�n� dovr zrxog h{fhhg wkh orqj0uxq ydoxh frqwudglfwlqj wkdw t frqyhujhv
wr Z^SZS�

�3Z^^
1 Odvwo|/ qrwlfh wkdw li Z� 	 Z^SZS�

�3Z^^
wkhq Z� 	 Z�n� iru � ' �c 2c ���

kdv wr eh wkh fdvh dv wkh t zrxog rwkhuzlvh glyhujh iurp wkh orqj0uxq ydoxh1
Vlplodu dujxphqwv dsso| li Z� : Z^SZS�

�3Z^^
1

Lq wkh vhfrqg vxefdvh f : Z^� : Z^SZS�
�3Z^^

1 Iluvw qrwlfh wkdw Z�/ � '

2c �c ���zrxog qhyhu gls ehorz wkh orqj0uxq ydoxh +Z^SZS�
�3Z^^

, li Z� : Z^SZS�
�3Z^^

dv

wklv zrxog lpso| Z�n� zrxog eh ixuwkhu ehorz wkh orqj0uxq ydoxh frqwudglfw0
lqj wkdw t frqyhujhv wr lw1 Odvwo|/ qrwlfh wkdw li Z� : Z^SZS�

�3Z^^
wkhq Z� : Z�n�

iru � ' �c 2c ��� kdv wr eh wkh fdvh dv t zrxog rwkhuzlvh glyhujh iurp wkh
orqj0uxq ydoxh1 Vlplodu dujxphqwv dsso| li Z� 	 Z^SZS�

�3Z^^
1

Rqh lpsolfdwlrq ri wklv sursrvlwlrq lv wkdw zh fdqqrw uxoh rxw/ lq wkh
vxefdvh ri 4 	 � dqg d orqj0uxq h�hfw ri wkh whupv ri wudgh odujhu wkdq wkh
lpsdfw h�hfw/ wkdw diwhu wkh lqlwldo ghwhulrudwlrq lq wkh shulrg ri wkh vkrfn
wkh whupv ri wudgh ghwhulrudwhv ixuwkhu lq wkh shulrg diwhu dqg iurp wkhuh
judgxdoo| dgmxvwv wr lwv orqj0uxq ohyho1 Vlploduo|/ zh fdqqrw uxoh rxw/ lq wkh
rwkhu vxefdvh ri 4 	 � dqg d orqj0uxq h�hfw ri wkh whupv ri wudgh vpdoohu
+qxphulfdoo| odujhu, wkdq wkh lpsdfw h�hfw/ wkdw diwhu wkh lqlwldo ghwhulrudwlrq
ri wkh whupv ri wudgh/ wkh whupv ri wudgh dfwxdoo| lpsuryhv lq wkh shulrg diwhu
+uhodwlyh wr wkh lpsdfw ohyho, dqg iurp wkhq rq judgxdoo| ghwhulrudwhv wr lwv
orqj0uxq ohyho zklfk lv ehorz wkh lpsdfw ohyho1 Wkdw vdlg/ rxu qxphulfdo
h{huflvhv vkrzhg wkdw rqo| iru h{wuhph dqg lpsodxvleoh sdudphwhu ydoxhv
zrxog wkhvh fdvhv dulvh/ dv zhoo dv wkh orqj0uxq h�hfw ri wkh whupv ri wudgh
ehlqj vpdoohu wkdq wkh lpsdfw h�hfw +qxphulfdoo| odujhu, vhhphg wr eh kljko|
xqolnho|1

Sursrvlwlrq 49 Yr|
Y�|

: f1

Surri1 Vdph dv iru sursrvlwlrq 71

H Htxloleulxpzlwk Wkuhh0Shulrg QrplqdoZdjh Vwdj0

jhulqj

Zh frqmhfwxuh d vroxwlrq iru wkh whupv ri wudgh dqg uhodwlyh frqvxpswlrq dv

^| ' Z^S
�
S|3� � SW|3�

�
n Z�

^^^|3� n Z2
^^^|32

nZ^��| nnZ�
^��|3� n Z2

^��|32c
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dqg

S| � SW| ' ZSK
�
K|3� � KW|3�

�
n ZSS

�
S|3� � SW|3�

�
n Z�

S^^|3�

nZ2
S^^|32 n ZS��| n Z�

S��|3� n Z2
S��|32�

Dv xvxdo

S|n� � SW|n� ' S| � SW| n ZS��|�

H14 Whupv ri Wudgh

Surgxfw pdunhw htxloleulxp lpsolhv

^| '
�#+�

b4n b#+�
#�S

�[
�'�

�
S|3� � SW|3�

�

n
#+�

b4n b#+�

�
2#�R � �

� 2[
�'f

2[
�'f

.|3�n�^|32n�n�

n
#+�

b4n b#+�

2[
�'f

2[
�'f

.|3�n�r|32n�n� �
b#+�

b4n b#+�
r|�

Lqfrusrudwlqj wkh Hxohu htxdwlrq dqg wkh qrplqdo h{fkdqjh udwh htxdwlrq zh
jhw

^| ' #^S
�
S|3� � SW|3�

�
n #^^

2[
�'f

2[
�'f

.|3�n�^|32n�n�

n#^��| n #�^��|3� n #2^��|32c

zlwk

#^S '
b#+�

b4n b#+�
#�Sc

#^^ '
#+�

b4n b#+�

�
2#�R � �

�
c

#^� ' � b#+�
b4n b#+�

EZr6 n ZrSZS�� c

#�^� ' � S#+�
b4n b#+�

EZr6 n ZrSZS� n #�SZS�� c
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#2^� ' � �#+�
b4n b#+�

EZr6 n ZrSZS� n #�SZS�� �

Wdnlqj h{shfwdwlrqv dqg soxjjlqj edfn lq zh �qg wkdwq
�� #^^

k
� n 2Z�

^^ n
�
Z�
^^

�2
n Z2

^^

lr
^|

'
�
#^S n #^^

�
�Z^S n Z�

^^Z^S
�� �

S|3� � SW|3�
�

n#^^
�
2 n 2Z2

^^ n Z�
^^Z

2
^^

�
^|3�

n#^^^|32

n
q
#^� � #^^

k
�Z^� n 2Z�

^^Z^� n
�
Z�
^^

�2
Z^� n Z2

^^Z^�
lr

�|

ni#�^� � #^^d2Z
�
^� n �Z^SZS� n 2Z�

^^Z^� n 2Z^� n Z�
^^Z

�
^�

nZ�
^^Z^SZS� n

�
Z�
^^

�2
Z^� n Z2

^^Z^� � Z2
^� � Z�

^^Z
2
^�oj�|3�

ni#2^� � #^^dZ^� n 2Z^SZS� n Z�
^� n Z�

^^Z
�
^� n Z�

^^Z^SZS�

nZ�
^^Z^� n

�
Z�
^^

�2
Z^� n Z2

^^Z^� n Z2
^�oj�|32c

lpso|lqj

x ' �� #^^

k
� n 2Z�

^^ n
�
Z�
^^

�2
n Z2

^^

l
c

Z^S ' x3�
�
#^S n #^^

�
�Z^S n Z�

^^Z^S
��

c

Z�
^^ ' x3�#^^

�
2 n 2Z2

^^ n Z�
^^Z

2
^^

�
c

Z2
^^ ' x3�#^^c

Z^� ' x3�
q
#^� � #^^

k
�Z^� n 2Z�

^^Z^� n
�
Z�
^^

�2
Z^� n Z2

^^Z^�
lr

c

Z�
^� ' x3�i#�^� � #^^d�Z^SZS� n Z�

^^Z^SZS� n 2Z�
^^Z^�

n
�
Z�
^^

�2
Z^� n 2Z�

^� n Z�
^^Z

�
^�

n2Z^� n Z2
^^Z^� � Z2

^� � Z�
^^Z

2
^�ojc

Z2
^� ' x3�i#2^� � #^^d2Z^SZS� n Z�

^^Z^SZS� n Z�
^� n Z�

^^Z
�
^�

nZ�
^^Z^� n

�
Z�
^^

�2
Z^� n Z2

^^Z^� n Z2
^� n Z^�oj�



Sursdjdwlrq ri Qrplqdo Vkrfnv lq Rshq Hfrqrplhv 69

H15 Uhodwlyh Frqvxpswlrq

Jlyhq wkdw

+| � +W| ' E�� 4�
�
Z^S

�
S|3� � SW|3�

�
n Z�

^^^|3� n Z2
^^^|32

nZ^��| nnZ�
^��|3� n Z2

^��|32
�
c

zh kdyh iurp +53, wkdw

K| � KW| ' B3�
�
K|3� � KW|3�

�
n E�� 4�

�
Z^S

�
S|3� � SW|3�

�
nZ�

^^^|3� n Z2
^^^|32 n Z^��| n Z�

^��|3� n Z2
^��|32

�
� ES| � SW| � �

Ixuwkhupruh zh kdyh

.|

�
S|n� � SW|n�

�
' ZSK EK| � KW| � n ZSS ES| � SW| � n Z�

S^^|

nZ2
S^^|3� n Z�

S��| n Z2
S��|3�c

zklfk xvlqj rxu h{suhvvlrqv iru wkh whupv ri wudgh/ uhodwlyh frqvxpswlrq dqg
uhodwlyh erqgkroglqjv fdq eh zulwwhq dv

.|

�
S|n� � SW|n�

�
' ZSK

�
B3�

�
K|3� � KW|3�

�
n E�� 4�

�
Z^S

�
S|3� � SW|3�

�
n Z�

^^^|3�

nZ2
^^^|32 n Z^��| n Z�

^��|3� n Z2
^��|32

�� ES| � SW| �
�

nZSS ES| � SW| �

nZ�
S^

�
Z^S

�
S|3� � SW|3�

�
n Z�

^^^|3�

nZ2
^^^|32 n Z^��| nnZ�

^��|3� n Z2
^��|32

�
nZ2

S^^|3� n Z�
S��| n Z2

S��|3�c

dqg xvlqj wkh Hxohu htxdwlrq zh jhw

E� n ZSK � ZSS�
3� ES| � SW| �

' ZSK
�
B3�

�
K|3� � KW|3�

�
n E�� 4�

�
Z^S

�
S|3� � SW|3�

�
n Z�

^^^|3�

nZ2
^^^|32 n Z^��| nnZ�

^��|3� n Z2
^��|32

��
nZ�

S^

�
Z^S

�
S|3� � SW|3�

�
n Z�

^^^|3�

nZ2
^^^|32 n Z^��| nnZ�

^��|3� n Z2
^��|32

�
nZ2

S^^|3� n Z�
S��| n Z2

S��|3�c

lpso|lqj wkh iroorzlqj uhvwulfwlrqv pxvw krog

ZSK ' E� n ZSK � ZSS�
3� B3�ZSKc
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ZSS ' E� n ZSK � ZSS�
3� �ZSK E�� 4�Z^S n Z�

S^Z^S
�
c

Z�
S^ ' E� n ZSK � ZSS�

3� �ZSK E�� 4� Z�
^^ n Z�

S^Z
�
^^

�
c

Z2
S^ ' E� n ZSK � ZSS�

3� �ZSK E�� 4� Z2
^^ n Z�

S^Z
2
^^

�
c

ZS� ' E� n ZSK � ZSS�
3� �ZSK E�� 4� Z^� n Z�

S^Z^� n Z�
S�

�
c

Z�
S� ' E� n ZSK � ZSS�

3� �ZSK E�� 4� Z�
^� n Z�

S^Z
�
^� n Z2

S�

�
c

Z2
S� ' E� n ZSK � ZSS�

3� �ZSK E�� 4� Z2
^� n Z�

S^Z
2
^�

�
�

Uhihuhqfhv

Dqghuvhq/ W1P1/ 4<<<1 VwdjjhuhgZdjh Vhwwlqj dqg Rxwsxw Shuvlvwhqf|1
Plphr/ Xqlyhuvlw| ri Ddukxv1

Dqghuvhq/ W1P1 dqg Q1F1 Ehlhu/ 4<<<1 Qrqwudgdeohv dqg Shuvlvwhqw
Uhdo H{fkdqjh0Udwh H�hfwv ri Qrplqdo Vkrfnv1 Xqsxeolvkhg1

Dqghuvhq/ W1P1 dqg H1 Wrxohprqgh/ 4<<<1 Lpshuihfwo| Frpshwlwlyh
Oderxu Pdunhwv dqg wkh Surgxfwlylw| Sx}}oh1 Zrunlqj Sdshu 4<<<0:/
Xqlyhuvlw| ri Ddukxv1

Dvfdul/ J1/ 4<<;1 Rswlpl}lqj Djhqwv/ Vwdjjhuhg Zdjhv dqg Shuvlvwhqf|
lq wkh Uhdo H�hfwv ri Prqh| Vkrfnv1 Plphr/ Zduzlfn Xqlyhuvlw|1

Ehdxgu|/ S1 dqg P1E1 Ghyhuhx{/ 4<<81 Prqh| dqg wkh Uhdo H{fkdqjh
Udwh zlwk Vwlfn| Sulfhv dqg Lqfuhdvlqj Uhwxuqv1 Fduqhjlh0Urfkhvwhu
Frqihuhqfh Vhulhv rq Sxeolf Srolf| 76/ 8804341

Ehwwv/ F1 dqg P1E1 Ghyhuhx{/ 4<<<1 H{fkdqjh Udwh G|qdplfv lq d
Prgho ri Sulflqj wr Pdunhw1 Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv 7:/
89<08<;1

Fdpsehoo/ M1\1/ 4<<71 Lqvshfwlqj wkh Phfkdqlvp 0 Dq Dqdo|wlfdo Ds0
surdfk wr wkh Vwrfkdvwlf Jurzwk Prgho1 Mrxuqdo ri Prqhwdu| Hfr0
qrplfv 77/ 79608371
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Fdqryd/ I1 dqg J1 gh Qlfroö/ 4<<;1 Glg |rx Nqrz Wkdw Prqhwdu|
Glvwxuedqfhv Pdwwhu iru Exvlqhvv F|foh IoxfwxdwlrqvB Hylghqfh Iurp
wkh J0: Frxqwulhv1 FHSU Glvfxvvlrq Sdshu 535;1

Fkdul/ Y1Y1/ S1M1 Nhkrh dqg H1U1 PfJudwwdq/ 4<<91 Vwlfn| Sulfh Prg0
hov ri wkh Exvlqhvv F|foh= Fdq wkh Frqwudfw Pxowlsolhu Vroyh wkh Shu0
vlvwhqf| SureohpB QEHU Zrunlqj Sdshu 8;3<1

Fkdul/ Y1Y1/ S1M1 Nhkrh dqg H1U1 PfJudwwdq/ 4<<;1 Prqhwdu| Vkrfnv
dqg Uhdo H{fkdqjh Udwhv lq Vwlfn| Sulfh Prghov ri Lqwhuqdwlrqdo Exvl0
qhvv F|fohv1 Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv Vwd� Uhsruw 54:1

Frjoh|/ W1 dqg M1P1 Qdvrq/ 4<<81 Rxwsxw G|qdplfv lq Uhdo0Exvlqhvv0
F|foh Prghov1 Dphulfdq Hfrqrplf Uhylhz ;8/ 7<508441

Fruvhwwl/ J1 dqg S1 Shvhqwl/ 4<<;1 Zhoiduh dqg Pdfurhfrqrplf Lqwhu0
ghshqghqfh1 Plphr/ Sulqfhwrq Xqlyhuvlw|1

Hlfkhqedxp P1 dqg F1 Hydqv/ 4<<81 Vrph Hpslulfdo Hylghqfh rq wkh
H�hfwv ri Prqhwdu| Srolf| Vkrfnv rq H{fkdqjh Udwhv1 Txduwhuo| Mrxu0
qdo ri Hfrqrplfv 443/ <:80433<1

Ihhqvwud/ U1F1/ 4<;91 Ixqfwlrqdo Htxlydohqfh Ehwzhhq Oltxlglw| Frvwv
dqg wkh Xwlolw| ri Prqh|1 Mrxuqdo ri Prqhwdu| Hfrqrplfv 4:/ 5:405<41

Kdxuldxow/ M10R1 dqg I1 Sruwlhu/ 4<<61 Prqh|/ Qhz0Nh|qhvldq Pdfurh0
frqrplfv dqg wkh Exvlqhvv F|foh1 Hxurshdq Hfrqrplf Uhylhz 6:/ 48660
489;1

Nroopdqq/ U1/ 4<<:1 Wkh H{fkdqjh Udwh lq d G|qdplf0Rswlpl}lqj Fxu0
uhqw Dffrxqw Prgho zlwk Qrplqdo Uljlglwlhv= D Txdqwlwdwlyh Lqyhvwl0
jdwlrq1 LPI Zrunlqj Sdshu <:2:1

Nroopdqq/ U1/ 4<<;1 H{sodlqlqj Lqwhuqdwlrqdo Frpryhphqwv ri Rxwsxw
dqg Dvvhw Uhwxuqv= Wkh Uroh ri Prqh| dqg Qrplqdo Uljlglwlhv1 Plphr/
Xqlyhuvlw| ri Sdulv [LL1

Odqh/ S1U1/ 4<<<1 Wkh Qhz Rshq Pdfurhfrqrplfv= D Vxuyh|1 FHSU
Glvfxvvlrq Sdshu 54481

PdfGrqdog/ U1/ 4<<;1 Zkdw gr zh Uhdoo| Nqrz Derxw Uhdo H{fkdqjh
UdwhvB Zrunlqj Sdshu 5;/ Rhvwhuuhlfkhv Qdwlrqdoedqn1
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Pduvwrq/ U1F1/ 4<;81 Vwdelol}dwlrq Srolflhv lq Rshq Hfrqrplfv1 Lq=
U1Z1 Mrqhv dqg S1E1 Nhqhq +hgv,/ Kdqgerrn ri Lqwhuqdwlrqdo Hfr0
qrplfv yro1 LL1 Qruwk Kroodqg1

Revwihog P1 dqg N1 Urjr�/ 4<<81 H{fkdqjh Udwh G|qdplfv Uhgx{1
Mrxuqdo ri Srolwlfdo Hfrqrp| 436/ 95709931

Revwihog P1 dqg N1 Urjr�/ 4<<91 Irxqgdwlrqv ri Lqwhuqdwlrqdo Pdfurh0
frqrplfv1 Wkh PLW Suhvv1

Revwihog P1 dqg N1 Urjr�/ 4<<;1 Ulvn dqg H{fkdqjh Udwhv1 QEHU
Zrunlqj Sdshu 99<71

Urjhuv M1K1/ 4<<;1 Prqhwdu| Vkrfnv dqg Uhdo H{fkdqjh Udwhv1 Erdug
ri Jryhqruv ri wkh Ihghudo V|vwhp/ Lqwhuqdwlrqdo Ilqdqfh Glvfxvvlrq
Sdshuv 9451

Urjr�/ N1/ 4<<51 Wudghg Jrrgv/ Frqvxpswlrq Vprrwklqj dqg wkh Udq0
grpZdon Ehkdylru ri wkh Uhdo H{fkdqjh Udwh1 QEHUZrunlqj Sdshu
744<1

Urjr�/ N1/ 4<<81 Sxufkdvlqj Srzhu Sdulw| Sx}}oh/ Mrxuqdo ri Hfrqrplf
Olwhudwxuh [[[LY/ 97:099;1

Vshqfhu/ G1H1/ 4<<;1 Wkh Uhodwlyh Vwlfnlqhvv ri Zdjhv dqg Sulfhv1 Hfr0
qrplf Lqtxlu| [[[YL/ 453046:1

Vxwkhuodqg/ D1/ 4<<91 Ilqdqfldo Pdunhw Lqwhjudwlrq dqgPdfurhfrqrplf
Yrodwlolw|1 Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv <;/ 85408731

Wd|oru/ M1E1/ 4<<;1 Vwdjjhuhg Sulfh dqg Zdjh Vhwwlqj lq Pdfurhfr0
qrplfv1 QEHU Zrunlqj Sdshu 9:871

Wlooh/ F1/ 4<<<1 Wkh Uroh ri Frqvxpswlrq Vxevwlwxwdelolw| lq wkh Lqwhu0
qdwlrqdo Wudqvplvvlrq ri Vkrfnv1 Plphr/ Ihghudo Uhvhuyh Edqn ri Qhz
\run1
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