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Abstract.
This paper extends the existing literature on linear quadratic adjustment cost (LQAC)
models under rational expectations to the inferential issues arising when: (i) agents
optimise with respect to a vector of endogenous variables; (ii) the behavioural
equations stemming from the agent’s optimisation problem are specified as ‘exact’
rational expectations models; (iii) the stochastic processes involved are integrated of
order one. We discuss estimation both in a ‘limited-information’ and in a ‘full-
information’ framework. In the first case we show that consistent estimation of the
structural parameters may be achieved by focusing on the open-form solution to the
model, and implementing existing procedures. In the second case, by focusing on the
unique and stable forward-looking solution to the model, we propose a likelihood-
based inferential procedure in time domain. The key assumption is that agents form
expectations through a cointegrated vector autoregression (CVAR) system

representing the joint data generation process for both the endogenous and exogenous
variables.
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acknowledged. | would like to thank Niels Haldrup, Paolo Paruolo and Soren Johansen for helpful comments and



suggestions. All views expressed are my own and | am solely responsible for al errors.
1. Introduction.

Considerable attention has been recently devoted to the econometric analysis
of intertemporal behaviour under adjustment costs and uncertainty. The standard tool
representative of this kind of models is the linear quadratic adjustment cost model
(LQAC) under rationa expectations. The model stems from intertempora optimising
behaviour of agents subject to quadratic adjustment costs. In particular, agents are
assumed to minimise the expected discounted present value of an infinite period
quadratic cost function, conditional on the information currently available. The
objective function generally measures both the cost of being away from a desired
target depending on a set of exogenous (forcing) variables, and the cost of adjustment.
Even though quadratic costs are unlikely to apply in redity, intertempora LQAC
models are widely used for empirical research due to their capability to yield linear
behavioural rules approximating sluggish dynamics observed in economic
phenomena. General properties, solutions, stability requirements and estimation issues
when agents choose a single variable in discrete time may be found, inter alia, in
Kennan (1979), Sargent (1979), Hansen and Sargent (1980, 1982). Representation and
estimation when the forcing variables of the system are generated by integrated
processes are respectively discussed in Nickell (1985), Dolado et al. (1991), Gregory
et al. (1993), West (1995), and Engsted and Haldrup (1994, 1996a, 1996b).

The anaysis of LQAC models can be extended to situations where the
intertemporal optimisation involves a vector of variables rather than a scalar, as in
Hansen and Sargent (1981). Extending the representation and inference in this
direction it is in general possible to derive structural dynamic models characterising
the interrelated adjustment of many economic phenomena. The implementation of
multi-equation linear quadratic adjustment cost models, henceforth MLQAC, may be
found in Lucas (1967), Treadway (1971), Eichembaum (1984), Nickell (1984),
Weissemberger (1986)". However, so far no attention has explicitly devoted to the
inferential issues arising in MLQAC models when the variables being modelled are
generated by integrated processes. The purpose of the present paper isto fill this gap.

We assume that the dynamic behaviour of economic agents stems from the
minimisation of the expected discounted value of a quadratic objective function,
which incorporates a stochastic multivariate equilibrium target. The cost function

measures both the cost of being away from the desired target, and the cost of



adjustment, conditional on the available information. The multivariate target is
specified as a structural system of equations linking the desired values of the vector of
the endogenous variables to the expected evolution of a set of exogenous variables.
Following Hansen and Sargent (1991), the model is specified as an ‘exact’ rational
expectations model.

Firstly we discuss the solutions to the agent's optimisation problem
characterising the MLQAC model. We show that the open-form solution reads as a
system of interrelated Euler equations, while the unique and stable (quasi)closed-form
solution can be derived by suitably restricting the parameters of the objective function
and reads as the forward-looking behavioural rule of the agent. Secondly we dealt
with inferential issues. It is well known that estimation of econometric models
involving rational expectations can be carried out either in a ‘limited-information’
context through the ‘errors-in-variables method’, or in a ‘full-information’ context,
through the ‘substitution method’, see e.g. Wickens (1982). We consider both
approaches.

As regards limited-information methods, we focus on the open-form solution
to the MLQAC model. By generalising the procedures set out in Dolado et al. (1991)
and Gregory et al. (1993), the only information exploited is the order of integration of
the variables. We show that estimation can be carried out by a two-step procedure
involving instrumental variables and existing procedures. Specifically, in the first-step
the mode fits into the framework described by Park and Phillips (1989), Phillips and
Hansen (1991) and Phillips (1995), while in the second-step the model can be easily
fitted into the framework described by Cumby et al. (1983).

As regards full-information methods, we focus on the forward-looking
solution to the MLQAC model and set out a likelihood-based inferential procedure in
time domain. By implementing and adapting the ideas in Baillie (1989) and Johansen
and Swensen (1994), the key assumption is that agents form expectations by means of
a cointegrated vector autoregressve (CVAR) system with Gaussian errors,
representing the joint data generation process of both the endogenous and exogenous
variables. Using the CVAR to compute the expectations, we derive a dynamic system
in the predetermined variables incorporating all the cross-equations non-linear
constraints implied by the rational expectations hypothesis. We show that issues such
as identification, estimation and testing of the rational expectations restrictions, can be
dealt with by means of the associated likelihood function. Actually, due to the



cointegrating nature of the model, the inferential procedure is divided into two steps,
where in the first step the parameters involved are the ones attached to the long-run
equilibrium target pursued by the agent, while in the second step the ones involved
regard the short-run dynamics of the model.

The plan of the paper is the following. In section 2 we introduce the agent’s
optimisation problem characterising the MLQAC model, and discuss its solutions and
properties. Section 3 briefly deals with estimation issues in a ‘limited-information’
context, through the ‘errors-in-variables method. Attention is devoted on the open
form-solution to the model, and the only information exploited is the order of
integration of the process generating the variables. Section 4 focuses on the unique
and stable forward-looking solution to the MLQAC model. The purpose is to propose
a‘full-information’ likelihood-based inferential procedure in time domain. Subsection
4.1 introduces the expectations generating system as a CVAR model with Gaussian
errors for the observable variables. Using the CVAR to compute the expectations
appearing in the structural model, in subsection 4.2 we derive a dynamic mode! in the
predetermined variables, incorporating all the cross-equations non-linear constraints
implied by the rational expectations hypothesis. Section 5 deals with identification
and FIML estimation issues of such model. The analysis is based on a two-step
procedure outlined in subsections 5.1 and 5.2. Section 6 completes the analysis by
testing the rational expectations restrictions implied by the MLQAC moddl.
Likelihood-ratio tests are proposed as the ‘natural’ solution to the problem. Section 7
contains some concluding remarks, while the technical details of the discussion may
be found in the Appendix A and B.

2. The MLQAC model and its representations.

We consider a stylised intertempora linear quadratic model in which an
economic agent is faced with the task of taking a sequence of decisions at each time
period t under uncertainty. The underlying probability space is (X, A, P), where P is
the probability measure of the agent. All the stochastic processes involved in the
discussion are defined on (X, A, P), are denoted by the symbol {.} and are assumed to
have finite second-order moments. Decisions imply the simultaneous choices of m
observable endogenous variables, denoted by {y;}, and such choices depend on the

values assumed by q observable exogenous (forcing) variables, generated by the (q” 1)



process { X} . Agents do not control {x;} but their intertemporal plans depend on the
expected values of {x;}. The agent's information set is given by the sigma-field F, F .
J Fd A, and ERE{%F } is the expectations operator conditional on F . We assume
that E{%F } is defined for every process of the model and that F=s(y', V1", - X¢'s
Xpoq'senr)-

The optimal sequence {y;} is chosen to minimise the expected value of the
guadratic objective-function:

min{yt} E, J.;‘zodj{(ytﬂ B y:+S)IQl(yt+s - y:+s)+ Dyt+le2Dyt+s }}

(2.1)

where D is the difference operator, Dy; =( Y, - VYi.1), d is the (scalar) agent’s discount
factor, O<d<1, Q, and Q, are (m" m) matrices and y;* denotes the (m” 1) equilibrium
target pursued by the agent. Qq and Q, are restricted to be positive definite and
symmetric, while the evolution of y,* is related to x; by the system of equations:

i~ = G Xijt-1 + G
2.2)

where X1 IS the expected value of x; made at time t-1: xy.1= E{x*F 4}, Gis a
matrix of structural parameters of dimensions (m” @), and G is a (m” 1) vector of
constants.

Problem (2.1) satisfies the Certainty Equivalence Theorem (see, for example,
Caines, 1988) and the first-order necessary conditions consist of a set of Euler
equations and associated transversality conditions. The Euler equations read:

d B Dywy - Dy - Q (v - y* ) = 0Oy
(2.3)

that is a second-order matrix difference equation where Q=Q5'Q,. System (2.3)

represents the open-form solution to the MLQAC model and Q is positive definite and

in general non symmetric. The economic interpretation of the coefficients in Q will be



discussed in the examples below. The set of transversality conditions associated to
(2.3) may be expressed in the form (see Appendix A):

lim T®¥ dr Et [DYt+T + Q (Yt+T - Yt+T*)] = Om’l
(2.4)

and since these are necessary for the convergence of the infinite sum in (2.1), (2.4)
ensures the existence of the solution to the economic agent’s problem. As we show in
the Appendix A, the (quasi)closed-form solution to (2.1) that satisfies (2.3) and (2.4)
isgiven by therule:

Yi :Lyt-1+é¥. (d L)j(lm -d L)(Im - L)GEtXt+j+(|m - L)Gb

i=0

(2.5)

where |, is the (m” m) identity matrix, and L is the stable and unique solution to the

matrix equation:

d L2 - [(d+1)|m + Q L + Im = Onm
(2.6)

Notice that (2.6) represents the link between the parameters of (2.3) and the
parameters of the forward-looking solution to the intertemporal MLQAC model (2.5).
Following Hansen and Sargent (1991), both (2.3) and (2.5) can be interpreted as
‘exact’ rational expectations models, in that there are no expectations in (2.3) and
(2.5) involving stochastic processes unobservable to the econometrician®. Notice that

(2.5) can also be formulated in the error-correction format (see Appendix A):

Dy, =(L - 1)V - &)+ & @L)'(1, - L)GEDx,, +(1, - L)G

j=0

2.7)

which should not be interpreted as a standard error-correction model where



adjustment is entirely the result of discrepancies from equilibrium in the past. To
provethis, let uswrite (2.7) as:

¥
O

(yt - GXt):L (yt-l - G(t-l)_ L GDXt ta (d L)j(lm - L)GEtDXt+j

=1

(2.8)

so that it is evident that the disequilibrium is both the result of a feed-forward
mechanism due to expectations about unknown future variables, and feed-back effects
through lagged disequilibrium and changes in the exogenous variables. Below we
report two clarifying examples in order to shed some light on the features of the
model.

Example 1. When m=1 we have a scalar LQAC model. That is, y, is a scaar, Q; =
c>0, Q, = d>0, and system (2.3) collapses to an Euler equation of the form:

d B Dy - Dy - davy - %) = 0
(ed)

where g=(c/d)>0 measures the relative importance of disequilibrium and adjustment

costs. The stochastic target isy;* = gxy.q + @ and x; isa (q” 1) vector of exogenous

variables. System (2.7) collapses to:

(d1 ) E,gDx. + (1- 1)gq

Qo

DYt :(I B 1)[Yt-1 -g Xt-1]+(1' I )

j=0

(e2)

where now | is the stable root satisfying the characteristic equation:
d 2 (d+1+qg)l +1=0. Estimation issues of (e.1l)-(e.2) in the presence of integrated
processes may be found in Dolado et al. (1991), Gregory et al. (1993) and Engsted
and Haldrup (1994, 1996a, 1996b). Note that (e.1) and (e.2) and their variants have
been extensively used in empirical research®.



Example 2. When m=2 we have a two-dimensional MLQAC, that is: y; = (Y11, Yot )’ »
and

éd;; dpo u

S Clzu QZ_gj Ifformstanceq 2, % = (Xqp Xy )' @NCE:
12

Q1=¢

gclz sz u

Y= & 1t 0 egll Oz U 5 e901
g Xut-1
Ya* @ e921 920 egoz u

System (2.3) now reads:

d E; Dypie1 - Dyge - A Yoo - Vi ) - O Yor - Yo* ) = O
(e.39)

d E; Dypie1 - Dygr - O Yor = Yor™ ) - Qoa( Yar - Ya* ) = O
(e:3b)

where Q=Q; Ql €1 QiU

. The computation of the elements in Q shows that
e%l quu

these are measures of the relative importance of disequilibrium, adjustment and cross-
adjustment costs. Asregards (2.5) or (2.7) it is sufficient to notice that the coefficients

dll I
32 |

multivariate framework.

in L=3 12“ must be interpreted as ‘partial-adjustment’ parameters in a

Systems (2.3) and (2.5) (or (2.7)) form the basis form estimation techniques of
the MLQAC model. While in (2.3) expectations involve the future one-period
endogenous variables, in (2.7) expectations involve the future infinite values of the
forcing variables. It is well known that estimation of econometric model involving
rational expectations can be carried out either in a ‘limited-information’ context
through the ‘errors-in-variables method’, or in a ‘full-information’ context, through
the ‘substitution method’, see e.g. Wickens (1982). ‘ Limited-information’ methods do
not require a detailed specification of the mechanism by which agents form
expectations. Expectations are indeed replaced by the realised (observed) values of



the variables creating measurement errors. Estimation does not generally achieve full
efficiency. On the other hand, ‘full-information’ methods require the specification of
the mechanism by which agents form expectations. The joint estimation of the
structural model and the mechanism generating expectations, while exploiting the
cross-equation constraints imposed by the rational expectations restrictions, forms the
basis of the fully asymptotic efficient method. These methods are traditionally
considered computationally burdensome”.

In the present paper we consider both approaches under the assumption that
the variables of the MLQAC model are I(1). In section 3 we show that ‘limited-
information’ methods can be easily applied to system (2.3) by implementing existing
procedures. In sections 4, 5 and 6 we devote attention to the forward-looking system
(2.5) and by specifying the expectations generating mechanism we propose a ‘full-
information’ likelihood-based procedure in time domain.

3. Estimation in a ‘limited-information’ framework.

We examine whether an estimation procedure can be found which makes use
of the second-order matrix difference equation (2.3), disregarding the specification on
the mechanism by which agents forecast future values of the variables. We only
assume that {y,} is 1(1), and {x;} is [(1) and not cointegrated. Let us consider the
following orthogona decomposition:

X=EeXe + ]+ ? Ed t+1=0y 1
(3.19)
Dyi+1=Et D¥pe1 + higg i EiNts1=0p 1
(3.1b)

where {j , F{} and {h,, F{} are respectively martingale difference sequences on (X,
A, P) and can be interpreted as ‘rational expectations errors. By using (3.1), the
expected values in (2.3) can be substituted by the observed values, yielding the
estimating system of equations:

Dyy = d Dyy - QU ¥y - G x*) + u
(3.2



V') Oy - Itiseasy to show that in (3.2) the error term u is such that:

E{u, | Fa? Om 1
(3.39)
E{u, | Fed= O 1
(3.3b)

If we further assume that the agent’s ‘rational expectations errors are correlated, i.e.
S,n= E(v{h)L 0y . then {ug} is an autocorrelated process of order one’. The
structural parameters of interest are (G, d, Q) and possibly the coefficients of the
matrix S,= E(uu;' ). Since in many empirical studies it is common finding that the
estimate of the discount factor appears to be rather imprecise, we impose an over-
identification restriction on (3.2), by prefixing d °. In order to ensure consistency
between the order of integration of the variables and the structure of (3.2) we need the
hypothesis:

{ - G x*)} ° {eg is 10
(3.4)

which implies that the stochastic processes {y;} and {x;} are cointegrated, with
cointegration matrix G, and constant G..

One of the purposes of the present paper is to show that consistent estimation
of (G, Q, ) in this ‘limited-information’ context can be achieved by a two-step
procedure where G is estimated separately from (Q, S;,). Indeed note that under the

assumptions above, the partial system:

Yo = G x o+ G + ey
(3.5)

(3.6)

10



where the e;;, 1=1,2, are all stationary 1(0) processes, is such that {e;}, e=(eq’, €5’)’,
satisfies a multivariate invariance principle, see e.g. Park and Phillips (1989). Thus
(3.5)-(3.6) fits into the theoretical framework described in Park and Phillips (1989)
and Phillips and Hansen (1990), so that a ‘first-step’ and super-consistent estimate of
G can be achieved by OLS or 1V’. Clearly, when dealing with IV we assume that an
I(1) process {w;} of dimension (h" 1), h3q, is available, such that Dw, = e5;, and {e;},
e=(e1t, €y, €3’)’, 1S 1(0) 8, The main consequences of the super-consistency result is
that G can be replaced in (3.2) by its estimator, G, as if Gwere the true value of G

and {(y- éxt)} can be treated as an 1(0) process. Therefore the ‘ second-step’
System:

Dyi = d Dywr - QC ¥ - éXt) + Vot
(3.7)

where V= - QG, is a model involving only 1(0) variables where the only quantities to

be estimated in (3.7) under (3.3) are the adjustment matrix Q and the covariance

matrix S,=E(usu,' ). Note that the substitution of G by G only affects the asymptotics
in (3.7) through terms of 0,(T-).

Actually, due to the correlation between the regressors and the error term, the
asymptotic distribution of the OLS as well as of the IV estimator of Gin (3.5)-(3.6) is
affected by the presence of a ‘second-order’ bias reflecting on inference in finite
samples. A procedure to eliminate this bias without fully specifying the process
generating {e;} is suggested in Phillips and Hansen (1990) and Phillips (1995). The
ideais to modify the OLS and IV estimators of G* for the effects of simultaneity and
seria correlation by means of a consistent and non parametric estimate of the ‘long-

run’ covariance matrix associated to (3.5)-(3.6). Thisis given by the expression:
W= limgy ElT-l(éIet )(éIet)'J

and its non-parametric estimation is discussed with details in Phillips (1995). The
‘fully-modified” least squares (FM-OLS) and the ‘fully-modified’ instrumental

11



variables (FM-1V) estimators of G achieve the same asymptotic efficiency of systems
maximum likelihood, which on the contrary require a detailed specification of the
process generating {e;} . Testing general hypothesis on G can be carried out by means
of Wald test statistics formed with the FM-OLS or FM-IV estimators, and these
statistics are asymptotically distributed as c?.

As regards the ‘second-step’ estimation of (Q, S,) in (3.7), it is in general
possible to handle the correlation between the error term and the regressors by
exploiting the orthogonality condition (3.3b) and implementing the principles of the
generalised method of moments (GMM), set out in Hansen (1982). It is quite clear
that in (3.7) GMM estimation of (Q, S;,) through the orthogonality condition (3.3b)
specialises in IV or GIV, where observable instruments are drawn from F ;. Two
issues should be mentioned here. First, a straightforward application of 1V or GIV
does not take into account the serial correlation of {u,}, implying lack of efficiency in
inference. The problem can be relaxed by applying the procedures set up in Cumby et
al. (1983) and Hayashi and Sims (1983). These are instrumental variables methods
taking into account the possible serial correlation of {u}°, and achieving efficiency
within a class of GMM estimators exploiting the orthogonality condition (3.3b).
Furthermore, though these methods have been proposed for single-equation rational
expectations models, they can be easly generalised to the multi-equational
framework. Note also that consistent and semi-positive definite estimation of S, can
be achieved by applying the formula in Newey and West (1987). Second, it is not
actually clear whether the estimate of (Q, S,) is indeed consistent. This is because
when applying instrumental variables methods, the cross-moment matrix of
instruments and regressors in (3.7) cannot be established to be non-singular without
explicitly solving the model, see e.g. Binder and Pesaran (1995, subsection 3.1) *°.

4. Estimation in a ‘full-information’ framework: a VAR approach.

The purpose of this section and the ones below is to propose a ‘full-
information’ likelihood-based inferential procedure in time domain for the MLQAC
model introduced in section 2. Specifically, we focus on the exact model (2.5), that is
on the agent’s forward-looking behavioural rule so that the structural parameters of
interest are (G G, d, L). In order to apply full-information methods, we need to
specify the system used by agents to compute ‘model-based’ expectations. This is

12



given by a cointegrated vector autoregressve model (CVAR) introduced in sub-
section 4.1 below. Then maximum likelihood methods can be applied taking account
of the cross-equations restrictions linking the coefficients of the agent’s decision rule
to those of the CVAR expectations generating system, as outlined in sub-section 4.2

and section 5.

4.1 Expectations generating mechanism.
Grouping both the endogenous and exogenous variables in the vector z=(y;',
x;)' of dimensions (p” 1), p=(m+q), we assume that the process generating {z} is

given by the Gaussian VAR(K):

2= Cziq +. + Gz +m+ g 5 t=1..T ; {e}~idN (Oy 1, So
(4.1)

where k is supposed to be known, z,4,..., Z; are fixed, C,,..., C, are matrices of

éS Sex U
dimensions (p” p), mE(M’, my)” isa (p” 1) constant and Se:ése’ “* 4. Note that
& exy e (

by not imposing the proper exclusion restrictionson C;, i=1,2, ..., k, in C;= gylg,
Sx1U
_€& U : . -
C=a." ( wealow for Granger causality of {y;} with respect of {x;}. The condition
Exk U

Seq* Oy m prevents {x} to be strictly exogenous in (4.1). From (4.1) it is possible to

derive the error-correction representation of the VAR:

Dz = Pz, + PDz, +.. + PDziyy + m + g
(4.2

where P:(Cl +..+ Ck - Ip) and Pi: - (CI +..+ Ck)’ i:2,...,k.
The fundamental hypothesis of the present paper is that the process {z} is

CI(1,2). It isthus well known that whether in (4.2):

P=ap’ : rank(a.” Yb) = (p-r)
(4.3)

13



where a and b are (p” r) matrices of full column rank, O<r<p, a. and b. are the
p” (p- r) orthogonal complement of a and b, and Y =(l, - P,-...- P}). Ther columns
of b are the cointegrating vectors of the system in the sense of Engle and Granger
(1987), and the constant term m may be decomposed into two parts, ak, where
k,=(a’a)'a’'mis of dimensions (r" 1), which contributed to the intercept in the
cointegrating equations, and a.k,, where k,=(a.’a.)*a.’mis of (p-r)"1 which
determines a linear trend.

The econometric analysis of the model (4.2)-(4.3) has been extensively
treated, inter alia, in Johansen (1991) and Johansen and Juselius (1990). It can be
proved that, properly normalised, the distribution of the maximum likelihood (ML) of
b converges at the rate T towards a mixed Gaussian distribution, while the ML
estimators of the parameters in (a, P, ..., Py, So converge at a rate T*4, and the
asymptotic distribution is a multivariate Gaussian. Also the ML estimator of mis
consistent, but its asymptotic distribution proves to be more complex with respect to
the Gaussian, see e.g. Johansen (1995, chap. 13, Theorem 13.6). For the purposes of
our analysis it is important to point out that that since the asymptotic covariance
matrix of the estimator of b and of (a, P, ..., P\, mSy) isblock diagonal, inference
may be carried out separately, as in a two-stage procedure where in the second step

the model to be estimated is the stationary error-correction system:

Dz, = aB’z; + PoDz g +... + P\ Dzpyyq + M+ g , {e}~idN (05 1, S
(4.9

where B denotes the first-step ML estimate of b and can be treated as a known

quantity. We shall return on the subject in the next sections.

4.2 The solution for the expectations and the structural model.

Expectations in the ‘exact’ model (2.5) involve the future infinite values of the forcing
variables as unobservable predetermined variables at time t. Adapting the ideas in
Baillie (1989) and Johansen and Swensen (1994), the purpose in this section is to use

(4.1)-(4.3) to compute these unobservable expectations as function of observable

14



predetermined variables at time t. It is then possible to generate a structural model
incorporating all the restrictions implied by the rational expectation hypothesis, as
well as the parameters of interest (G, G, d, L).

Firstly, it is easy to show that using z;, (2.5) can be written as:

Qo

=1

—
1

(4.5)
where the (p” m) matrices M4, Mg, M _;and M are defined as follows:

My'= [0y ML (I~ L) (I~ L) G]
Mo'=[ Iy M (I~ dL) (I~ L) G]
M.y'=[L MOy ]

M=(p- L) G

To provethis, note that

¥ j1 .. _ & j1
& (dL )™ EM 'z = & (AL ) [Opy iy MAL (1= L) (I~ L) G] Egz

=1 j=1

—

(dL) (1= dL) (I~ L) GExaj;

1

Qo

]

&0
MO’Zt:['Im M(Im' dL)(Im' L)G]SX Ez'yt+(|m' dL)(Im' L)GEtXt;

, 110
Mz =[L 'V|0m'q]gxt 15: L Yr1.

Using iterated conditional expectations in an expression similar to (4.5) at time t+1,

multiplying by (d L) and subtracting from (4.5) yields the alternative relation:

(M- dL Mg") Eguyq + Mg- db M )z + M 74 +(l,, -dL)M = 0.4
(4.6)

15



where the infinite term summation has been eliminated.
Secondly, computing E{z,, | F;} from (4.1)"" and pre-multiplying by (M,’-
dLMg’), we get:

(My’- dL Mg') Eiziey = (My'- dL Mg') Cyz +. + (M- dL Mq') G Ziyy g + (M-
dL My") m

and given that z* 0, ; as. for all t, substituting into (4.6) yields the following set of
constraints on the parameters of the VAR (4.1):

(M- dL Mg') G+ (Mg™- dL M 1") =0y
(M- dL Mg) Co+ M " =0y

My dL Mg) Gi=0yp i3, .. k

My - dL Mg)m+ (I,,- dL)M =0,

Since (Cl +...+ Ck- Ip) = P, Pi =- (CI +...+ Ck)’ i:2,...k, and
-(My’- dLMg’) + (Mg’- dLM )+ M ") =[(Iy- dL)(Ip - L) M-(I, - d
L)(Ipn- L) G]

My~ dLMg) =[dL MOy o]

by straightforward algebraic manipulations, the restrictions above can aso be
expressed as implicit conditions on the parameters of the model (4.2)-(4.3):

[dL MOyglab =[ (Ip- dL)(Ip- L) My - d L)1y - L) G

4.7)

[ d L MOy q ] P= [ -L MOy q ]
(4.8)

[ d L MOyq 1 P= Oy . i3, Kk
49 [ d L Myyy ] m = -(p - d), - L) G
(4.10)
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The (m” m) matrix (I, - d L)(I,, - L) is non-singular and (4.7) can be decomposed
into (see e.g. Johansen and Juselius, 1990):

[l M -G ] T spb) ; r3 m
(4.11)
and
[dL MOyqla= - (Ih- dL)(Iy- L) [ 1y M- G] b(bb)?
(4.12)

where (4.12) is obtained from (4.7) by postmultiplying by the full rank matrix b(b’b)
1

It is thus evident that the restrictions on the CVAR (4.2)-(4.3) implied by the
rational expectation hypothesis can be separated into constraints on the long-run,
given by (4.11), and constraints on the short-run dynamics given by (4.8)-(4.10) and
(4.12). Partitioning (a, P, ..., P|) conformably with z,, (4.12) and (4.8)-(4.10) can be
also expressed respectively as:

QD
1
D

& (dL)*(1y - dL)(1y - L)wd
u

e ay a

(4.133)
&1, ™m0, U
P2 = é q G
é P X2 a

(4.13b)
Pi = ng' pﬁ ; i=3, : k

éP xi U

(4.13c)
_ € (dL)*(Iy-dL)(I, - L)GU
m = e u
é m, a

(4.19)

where w=[1,, M Glb(b' b)™is a full rank matrix of dimensions (m"r), and the sub-
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matricesina=ga
@

convenient to refer to (4.13)-(4.14) compactly as

U € iU . : : : :
YpandPi=a_"y, i=2,..k, are of suitable dimensions. It is however
x U ™ xiu

®

X = ay)
(4.15)

where x=(vec(a)’, vec(P,)’, .., vec(P,)’, m)’ is of dimensions (n 1),
n=p(r+p(k- 1)+1), y=(&’, d, vec(L)’, vec(a,)’, vec(P,)’, ..., vec(P)’, m’)’ is of
dimensions (5" 1), s=(m+1+m?+q(r+p(k- 1)+1)), (s<n), and g: R*®® R" is a function
with continuous partial derivatives.

Substituting (4.13)-(4.14) into (4.2), the resulting equations are:

Dy; = - (dL) ™ (Ip - dL )1 - L)Wb'Zq+d ™ "Dypg- (AL ) H(1p - dL)(1y - L)G +

et (4.163)
Dx, = ay, bz; + Ppby, + ..+ PuDryy + m + gy
(4.16b)

where b is restricted as in (4.11). System (4.16) is highly non-linear, involves only
predetermined observable variables and incorporates al the parametric restrictions
implied by the intertemporal MLQAC model. From (4.16b) it is furthermore evident
that it allows for Granger-causality of { Dy} with respect to { Dx} .

5. Identification and estimation of the structural parameters.

System (4.16) is the estimable structural form associated to the forward-
looking solution to the MLQAC model provided the condition ensuring local
identification of (G G, d, L) are satisfied. If such parameters are (at least) locally
identified, the maximisation of the log-likelihood function of (4.16) provides FIML
estimates. However, since (4.11) and (4.13)-(4.14) separate respectively into
restrictions on the long-run, and restrictions on the short-run parameters of the CVAR
(4.2)-(4.3), identification and estimation issues can be dealt with by a two-step
procedure. Indeed in the first-step super-consistent and fully efficient estimation of G
can be achieved into the framework of (4.2)-(4.3), by suitably identifying the structure
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of the cointegration space. Part of the information needed is provided by (4.11)
according to which the cointegration space must contain at least the long-run

equilibrium target pursued by the economic agent. In the second step the suitably
identified b can be replaced in (4.16) by its ML restricted estimate, b, while w can be
replaced by W=|1,,  G|b(B' )22 As proved in Phillips(1991) and Johansen (1991),
these substitution only affect the asymptotics in (4.16) through terms of op(T'l).
Provided that the restrictions ensuring local identification of (G, d, L) are aso
satisfied, consistent and efficient estimation can be achieved by maximising
numerically the associated log-likelihood function. Note that in contrast to the slightly
different approaches set out in Engsted and Haldrup (1994, 1996a) and Ripatti (1997)
with respect to the case m=1, our procedure allows { Dy;} to Granger-cause the forcing
variables { Dx;}, and { Dx;} not to be weakly exogenous with respect to the long-run
parameters. In other words, the forcing variables are not restricted to be strongly-

exogenous. The technical details of the procedure are sketched in the subsections
below.

5.1 First step.

Without imposing some a priori restrictions, the cointegrating vectors in (4.2)-(4.3)
are only identified up to a non-singular linear transformation, since for any non-
singular (r" r) matrix K, aK’ and bK give the same value of P and (a, b) and (aK’-
1 bK) are observationally equivalent. A necessary condition for identification of b is
that a number f, where f 3 r2, of a priori restrictions (included normalisation) are
imposed on its columns'®. Let us focus on (4.11). Whether r=m, that is the
cointegration rank of the CVAR equals the number of long-run equilibrium targets
pursued by agents, (4.11) is satisfied by restricting b as:

o

I
Ll
Q 3
Q-0

(5.18)

In this case the (m” 1) process {b’z}°{(y; - Gx)} is 1(0) and reproduces, a part from
the constant, the long-run equilibrium target (2.2) of the MLQAC model. The quantity
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w in (4.13a) becomes: w:[lmMG]b(b'b)'lzlm, and provided relevant economic

theory does not predict homogeneity and/or cross-equation restrictionson G, b is just-
identified (f = rz2=m?).
In the more genera case, r 3 m, (4.11) can be satisfied by restricting b as:

ael 0
b = " M b,T
Lo Mg

(5.1b)

with b, ap” (r - m) matrix to be suitably identified". Now the cointegration space
contains not only the structural parameters of (2.2) (a part from the constant), but also
(r - m) “additional’ long-run relationships via b,. In general we have no ‘theory-lead’
information to identify b, because relevant economic theory concerns the
determination of the equilibrium target pursued by agents, and typically does not
explain whether and how the forcing variables cointegrate. Nevertheless, in many
cases it is not difficult to formulate ‘reasonable’ hypotheses about the structure of b,
Consider, for instance, the situations where the vector of the forcing variables x;
contains short-term and long-term interest rates which are well known to move

together in the long-run.

Example 3. Let us consider z=(yi, Yo X1t Xop)', With m=2 and q=2. The
(unrestricted) equilibrium target of the MLQAC is given by system (e.3) of example
2. Itis clear that if the cointegration rank of the CVAR system for z, is r=2=m, then
(5.1a) becomes:

b’:él 0 -9y -9pu
g) 1 -9 ‘gzzg

and if the parameters (9,5, G, %y, ) @€ not restricted, b is exactly identified.
Relevant economic theory about the determination of y,* could suggest, however,
constraints on (g5, G, Gy, Op)- FOr instance, the constraint: g,,=g,, would introduce
one testable over-identification restriction on b. Let us now consider the case r=3.

The ‘additional’ cointegration relationship could involve, for instance, only the
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forcing variables of the system, via

X3t = FipXot
so that (5.1b) would read:
€l 0 -9, -9,0
b :g) 1 -9y '9223
00 1 -fy

with bo’= (0, O, 1, -f ,,). Observe that now one additional restriction on each of the

first two rows of b ” is required in order to achieve just identification, for example,

0;=1, and g =0y,

The estimation of the cointegrating relations in the context of (4.2)-(4.3) under
the constraint (5.1) may be found in Johansen (1995, chap 5 and 7) and Pesaran and
Shin (1994). When the cointegration rank of the system is consistent with (4.11) and
the possible over-identifying restrictions on G predicted by relevant economic theory
are not rejected by the data, it is then possible to consider the second step of the
analysis.

5.2 Second step.

| r
We focus on the 1(0) system (4.16), where b is replaced by ﬁzg ré M bog, b, is

(%]

supposed to be suitably identified, and w is replaced by W=|1,, M GlbB(BD)™.
L . n %Im O

Clearly, if in (4.11) r=m, then w=I_ and b will be replaced by b:g G The
"~ (%]

purpose now is to discuss the identification of (G, d, L), and explore, if the case,
whether it is possible to propose a FIML procedure. Observe that whenever (d, L) are

identified, the ML estimate of the matrix Q in (3.7) can be derived from (2.6),
yieding: Q=- (1, - dL)(1, - L)L,
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For b and w fixed as above, we denote by logL(y ) the Gaussian log-likelihood
function of (4.16) concentrated with respect to S.. Following Rothemberg (1971,

Theorem 1), under the usual ‘regularity conditions’, y will be localy identifiable if

& logL(y) MlogL(y)©o

and only if the (s"s) information matrix: R(y)= Eg Ty v =iS non-
)
singular™®.  From (4.15) we can write:
TlogL(y ) _ TlogL(x) Tg(y )
iy ix' iy’
(5.2)
@9 (T'n) (n"s)
eﬂgl(Y) K flo.(y)u
u
with ( ) =Xy )— ﬂyl o ﬂyMs 3 the (n"s) Jacobian matrix of g(¥, and
&7, ) 19, ()
8 iy, iy s H
q(x)= w the score of the concentrated |og-likelihood function of (4.4). Using

(5.2) it isthen possible to show that:

R(Y) = ﬂg(y)%R(x) ﬂg(;l/)

(5.3)

&log L(x) ‘ﬂlog L(x) 0.

where R(X)= Eg =is (n" n) and non-singular. The structure of the
2

information matrix in (5.3) suggests that the local identificability of y depends on the
rank of the Jacobian matrix, Jy), so that the number of restrictions required to
identify y is given by the rank deficiency of Jy ). The computation of Jy) and the
determination of its rank is dealt with in the Appendix B, leading to the following
proposition:

Proposition 1.
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(@ Ifin(3.1) k3 2, then rank(J(y ))=s and the parametersiny are locally identified;
(b) if in (3.1) k=1, then rank(J(y ))=(s- 1) and one identification restriction is required
on(d,L);

Proof: see Appendix B.

From part (b) of the proposition it follows that whether the order of the VAR
(4.1) is k=1, the ‘natural’ solution to achieve identification in MLQAC models is to
pre-fix d to a plausible economic value'®. This results encompass the one in Gregory
et al. (1993), where identification issues are discussed with respect to the
assumptions: (i) m=1; (ii) the process generating {X;} is assumed to be strictly
exogenous with respect to {y,} .

Explicit derivation of the first-order necessary conditions to the FIML
estimation of y may be obtained by maximising the likelihood function of (4.16). We
first write (4.16) compactly as

Dz = P(y) u + & {e}~iidN (51, S

(5.4)

where

P(y)zgdL Y Iy - )0y - W [d 1,80 K 055 (dl)2 (1, - ), - L)Q,g
&

v U=
ax Px2 K ka m< g
?‘3' z,, U
e u
§th_1 u
e'm U
e u
€Dz, .10
€ u
el ¢

and the wvector y is supposed to be of dimenson (s* 1), with
s*=(m+1+m2+q(r+p(k- 1)) if k 3 2, and s*=(s- 1) with d prefixed if k=1. The
estimation of models similar to (5.4) is deat with in Sargan (1972) and Wallis (1980
pp. 64). The associated |og-likelihood function can be written as:

log Ly, So) = cost - (T/2)log ¥8&s (U2)tr{ S [DZ - U P(y)][DZ -
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UP(y)1}

with DZ’ = [Dz;M... MDz¢], and U ’= [u; M... Mu]. Concentrating logL(y, Sp) with
respect to S, the first-order conditions for y read:

oL ) - i sy pzu- Py u U EW )y g iz o
Ty Ty

(5.5)

where S(y) =T [DZ- UP(y)’]’ [DZ- UP(y)’],and (TP(y) /Ty ) is defined asin
Dwyer (1967, pp. 608). Experience in solving FIML problems such as (5.5) through a
variety of numerical optimisation procedures may be found, inter alia, in Sargan and
Sylwestrowicz (1976) and Hendry (1995, Appendix A5).

6. Testing the rational expectations hypothesis.

The purpose in this section is to test restrictions implied by the rationa
expectations hypothesis subsumed in the intertemporal MLQAC model. That is, the
purpose is to test the set of constraints on the CVAR (4.2)-(4.3), derived in sub-
section 4.2 by computing the unknown expectations in the multivariate forward-
looking model (2.5). It is proved in Johansen (1991, Appendix C) that stacking the
parameters of (4.2)-(4.3) in the vector z=(vec(b)’, p’)’, where p contains the
parameters not relating to the cointegration space, the likelihood ratio (LR) test
statistic Q for asimple hypothesis on z can be approximated by:

€ p-p u'édy 0pU€é p-p U

-

&rec(b) - vec(b)f] & 0y &vec(d)- vec(b)y

» TV (f) - p)’ qllTﬂz (f) - p)

2logQ»T

6.1)
+ TV vec(b) - vec(b))” (Tt ) T2 vec(b) - vec(b))

where t is a positive constant and g, =(UT)[TogL(2)/TpTp’],

01,=(UT)[TFlogL (2)/Mpfivec(b)’], O =(UT)[TPlogL (2)/fvec(b)Tp’],
0,,=(UT)[TFlogL (z)/fivec(b)fivec(b)’ ]. The LR test statistic decomposes into a test
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statistics for vec(b), and an independent test statistics for p, and vice versa. This
means that in accordance with the estimation procedure of section 5, the rational
expectations restrictions (4.11) and (4.13)-(4.14) can be tested separately, according
to the following steps:

A) check whether r 3 m, i.e. if the number of long-run equilibrium relationships

subsumed in the CVAR is consistent with the number of equilibrium targets pursued

by agents;

B) if r 3 m test the possible ‘theory-lead’” over-identification long-run restrictions on

b;

C) if r 2 m and the possible over-identification restrictions on b are not rejected, test
the restrictions (4.13)-(4.14), i.e. the ‘smooth hypothesis on the short-run
dynamics (4.15).

Observe that steps A and B refer to the consistency between the long-run
features of the observed time series and the economic structure of the equilibrium
targets pursued by agents. The determination of the number of long-run equilibrium
relationships in the context of (4.2)-(4.3) is discussed, inter alia, in Johansen (1991),
while a general approach to testing linear and possible non-linear over-identification
restrictions on b in the context of (4.2)-(4.3) is dealt with in Pesaran and Shin (1994).
It is there shown that the LR test statistics for these restrictions is distributed as a c?
with degrees of freedom given by the number of over-identification restrictions.

Finally, step C refers to the restrictions implied by the intertemporal MLQAC
model on the structure of the adjustment dynamics of the mechanism generating
expectations. However, for the sake of simplicity in the following we shall disregard
the restrictions on the constant term given by (4.14). This is because the asymptotic
distribution of the ML estimator of mis not Gaussian and inference proves to be
complex’. Accordingly, henceforth attention will be devoted only to (4.13), i.e. to the
rational expectations restrictions involving (a, P, ..., P). Partitioning the vectors x
and y defined in section 4 as x=(x,’, X,”)’ andy =(y.’, y.’)’, with x,=mand y ,=(G/’,
m’)’ both of dimension (p” 1), the smooth hypothesis (4.15) can be decomposed as:
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(6.2)
with g;: R*P® R"P and g,: R°® RP, and where the sub-hypothesis:

Xi= (Y1)
(6.3)

represents a compact description of the constraints in (4.10). Note that the FIML
estimation of x, can be easily achieved from the Gaussian likelihood function of the

multivariate regression model (4.4), concentrated with respect to x,=m

logL(x:, So) = cost - (T/2)log¥Be (U2)tr{Sy* 8 (- &)(e - €)1

t=1

(6.4)

where the bar denotes average. On the other hand, the FIML estimation of y, can be
obtained from the restricted model (4.16) (or equivalently (5.4)) by following the
maximising procedure set out in subsection 5.2; the only difference needed is the
concentration of the associated log-likelihood function with respect to the constant

term:

logL(y 1, Sg) = cost - (T/2)log¥BY2
- (1/2) tr{ Se

15_‘1[(4 -2)- P ) - D]z - 2)- Py DU - D]} (6.5)

A LR test statistic for (6.3) is then two times the difference between the unrestricted
log-likelihood (6.4) and the restricted log-likelihood (6.5). Under the null hypothesis
that the rational expectations restrictions (6.3) are true, the asymptotic distribution of
the test statistics will be c¢® with degrees of freedom equal to the number of
restrictions being tested (n- s*). Alternatively one could test (6.3) by Wald-type tests
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asin Revankar (1980).

7. Conclusions.

In this paper attention has been devoted to the class of LQAC models under
rational expectations. We have dealt with the inferential issues arising under the
following assumption: (i) agents choose a set of endogenous variables, leading to the
class of MLQAC models; (ii) the structural equations stemming from the agent’s
optimisation problem are specified as ‘exact’ rational expectations models; (iii) the
process generating the observable variables of the system is I(1). Both ‘limited-
information’ and *full-information’ methods have been proposed.

Asregards the ‘limited-information’ framework, by focusing on the open-form
solution to the agent’s optimisation problem, we have show that the estimation of the
structural parameters of the MLQAC model can be carried out by simply
implementing existing procedures. Specifically, we have shown that under suitable
assumptions on the order of integration of the variables, estimation can be set out by a
two-step procedure. In the first-step the model can be specified such that it fits into
the framework described by Phillips and Hansen (1990), and the parameters involved
regard the long-run equilibrium target pursued by agents. In the second-step the short-
run adjustment parameters of the model can be estimated by instrumental variables,
implementing existing procedures on rational expectations econometric models.
However, due to the ‘limited-information’ context, the cross-moment matrix of
instruments and regressors can not be established to be non-singular when applying
instrumental variables methods. The ‘relevance-condition’ has to treated as a
maintained hypothesis and thus it is not actually clear whether in the second-step the
parameters associated to the short-run dynamics of the model can be estimated
consistently.

As regards ‘full-information’ methods, point (iii) has been modelled by
assuming that the I(1) ‘stochastic environment’ faced by agents was described by a
CVAR system for joint the endogenous and exogenous variables. Focusing on the
forward-looking solution to the agent’ s optimisation problem, and using the CVAR to
compute the unknown expectations, we have proposed a likelihood-based inferential
procedure in time domain. After discussing the conditions ensuring local
identification of the structural parameters of interest, a two-step FIML procedure has
been adopted. Indeed, due to the cointegrating nature of the model, the parameters
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associated to the long-run target of the model can be estimated super-consistently and
efficiently, separately from the parameters associated to the dynamic adjustment. The
short-run dynamics in turn can be estimated consistently and efficiently in a separate
framework. The choice to divide the inferential procedure into two-steps has been
adopted for the sake of simplicity: it is clear, however, that the likelihood function of
the MLQAC model should be maximised in just one-step. The restrictions implied by
the rational expectations hypothesis, except the ones involving the constant term of
the CVAR, can be tested by likelihood-ratio statistics involving only c2 tables. The
proposed procedure easily accommodates situations where also the forcing variables
are subject to long-run equilibrium restrictions, does not require the assumption of
strict exogeneity and allows for Granger causality of the endogenous variables with

respect to the forcing ones.

Appendix A.
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In this appendix we discuss the solutions to the MLQAC model. By applying the
Certainty Equivalence Theorem, we can first regard problem (2.1) as a deterministic
one. After differentiating the objective function with respect to y,,;, it is possible to
replace all future random variables by their (conditional) expectations. For j=0 we

obtain system (2.3) in the text. The set of necessary transversality conditions are:

lim T®Y¥ dr Ey Dyter = O 1

(A1)

but using (2.3) and the law of iterated conditional expectations, it is possible to
express (A.1) as (2.4) in the text. The aim now is to derive the closed-form solution
that satisfies both (2.3) and (2.4). Discussion follows the route of Nickell (1984,
Appendix, section I), see also Corollary 1 in Binder and Pesaran, (1995, p.159). Let us

write system (2.3) using the backward operator B as:

{ d I,Bt - G + IBEy, = - Q Ey*
(A.2)

where BEy; = Eyie1, EVi = Vi Eyi*= yi*, and G=[(d+1) |, + Q]. Observe that the
matrix G has eigenvalues (1+d+d,) i=1,2, ..., m. To prove this, by the Schur
decomposition (see Magnus, 1988, Chapter 1), Q=HDH™, where D is an upper
triangular matrix whose diagonal elements (d,) i=1,2, ..., m are the eigenvalues of Q. It

is now evident that

G = [(d+D)1,;+Q] = H [(d+1)I,+D] H*

where [(d+1)I,+D] is an upper triangular matrix with diagona elements (1+d+d,)

i=1,2,..., m. Now let us decompose the left hand side of (A.2) as:

A (I, d2 v BY) (1, - d¥2 V B)
(A.3)

with A and V (m” m) matrices. Comparing the coefficients of (A.2) and (A.3) implies:
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A+AVZ=G
AV =dvz|,
and eliminating A yields the matrix equation for V:

davz = vz o - Gv. + d2 1, = Oyn
(A.9)
The eigenvalues, |, of a generic solution V to (A.4), satisfy the determinantal
equation (see Gantmacher, 1959, Chapter 8, Theorem 4):

det{gv2 1. 12 - G, + d2 1} = 0
(A.5)

whose degree is 2m. Observe that | ,= 0 can not be a solution to (A.5). Moreover the
structure of the matrices in the equation (A.5) implies that if the generic eigenvaluel |,
isaroot, then so is| 1, and it is ruled out the possibility of roots on the unit circle.

Indeed by the Schur decomposition:

det{dv2l | 2- G| +dv2l } = det{dv2 | 2- [(d+1)l+D] | ,+ 2l }

Y
=0 @3- @+d+d)l, +d")=0.
i=1

and each scalar equation d¥?2 - (1+d+d;)l , +d"?=0, i=1,2, ..., m, is such that one
roots falls inside the unit circle and the other root falls outside the unit circle.
Accordingly all m pairs of roots to (A.5) will be such that one roots falls inside the
unit circle, and the other root falls outside the unit circle and there exists a unique and
stable matrix solving (A.4) and this will be referred to as L*. Using (A.3) and
substituting V with L*, system (A.2) now reads as:

‘A (I~ d2 L*BY) (I, - d¥2 L*B) Ey; = - QEy*
(A.6)
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Asin the static (non stochastic) long-run equilibrium y, = y;* = y*, it follows:

-A (I d2L*) (1, - d¥2L*)y* =-Qy* b (I,- d¥2L*) (I,- d¥2L*)=A-
1Q (A7)

and from (A.6) we can write:

(I, - d¥2 L*B)y, = (I,- d¥2 L*BY)1 AIQ Ey*
(A.8)

¥ .
Considering the expansion: (I,- d2 L*B-1)1 =& (d¥?L *)' B! and using (A.7) we

j=0

obtain:

Qo

ye - dV2 LT oy = (dl/ZL*)j (Im i dl/zl-*xlm i d-l/ZL*)Et y:“'l'
0

]

(A.9)

Finaly, using (2.2), defining the matrix L= d¥2 L* and substituting, (A.9) reads as
(2.5) in the text, while (2.6) is obtained from (A.4) by the position V=L*=dV2 L.
From (2.5) it is now possible to derive the error-correction representation (2.7). This
can be accomplished by the following algorithm: (1) use the expression:

¥ . ¥ . ¥ i1 . i
a(dL) (1, -dL)=&(dL) - &(dL )™ ; (2) add the quantity (-, ;) to both sides;
j=0 j=0 j=0

(3) add the quantity *(I,- L)GX, to theright hand side; (4) rearrange the terms.

Appendix B.
The purpose in this section is to prove the Proposition 1 in sub-section 5.2. This is

accomplished by deriving the structure of the Jacobian matrix Jy) = M and

studying its column-rank  properties.  Observe that M:‘"—XI:
0% Ty
f(vec(a)', vec(P ), ...m)'

1(G/,d,vec(L),...,vec(P . )’ ,m")'

, S0 that the Jacobian exhibits the block structure:
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Ay )=

divec(a) /1G], [veca)fd],-, [fvec(@)fivec(L)], o K [Tvecta)im],. . w
gﬂvec(Pz)/ﬂGb']pz,m [fvec(P ,)Md] ., [Tvec(P,)/fvec(L)] = 2 & [ﬂveC(Pz)/ﬂrrg(']pz,qH
: M M M M M ﬂ
1G], (1] [mttvec(L) ], e K [mim], g

DD D> (D:

Applying the vec operator to both sides of (4.13)-(4.14), it is possible to compute the
derivativesin J(y ). It is easy to recognise that:

@ A A A 0 0 .. 00
D A 0 0 A 0 .. 0f
Jy)=66 0 0 0 0 A .. OU
g\ll M M M M MO I\/Uu
€, A, A, 0 0 0 0 Al

(B.2)

so that J(y ) will be of full column-rank if the two block-matrices:

éA Ay Aju
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are of full-column rank, and A, and A~ are linearly independent. We first focus on L*.
By the symbol K we denote the commutation matrix of order m as defined in
Magnus, 1988, Chapter 3. The algebra we use here and the properties of the
commutation matrices are described in Magnus, 1988, p. 35. Since
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have full column-rank, it is possible to recognise that L* has full column-rank

q(p(k- 1)+1). Second, let us focus on the sub-matrix L. In this case:
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It is evident that A; and A, are of full column-rank. We now establish the rank of A,
and A,. These are of full column rank m2. To prove thisit is sufficient to show that the

(M2 m2) marix [(L*AL™)-dl .]is of ful columnrank. By the Schur

decomposition (see Magnus, 1988, Chapter 1): L =PG™P, where G is an upper
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triangular matrix whose diagonal elements: {I ,, | ,, ..., |} are the eigenvalues of

L1, therefore:
(LTALY)Y=(PAP™)GTAGYH)(PTAP")
CdlingF=(PAP™):
(L*ALY™)-dI |- FlGrAG™)-dI ,|F?
Also [(G'1 AG™)-dl , Jisan upper triangular matrix and it will have rank m? if
I 4,2 d for i,j=1,2,..m?
As the eigenvalues of L are in modules less than 1 (see Appendix A), it follows that

the eigenvalues of Lt will be in modules greater than 1, and their product can not be

equal to d. Thus det[(L'lA LY)-d |m2]10 and A, is of full column rank m?, that

meansthat L has column-rank 1+m?+qr. Findly,

o Am_af ()i, - doa, - LGHIGE_
g~ € u—
e

1&° Tm/1G' Q
é‘ (dL )-1(Im - dL)(Im - L)l;'
é 0;
e Oq'm 0]

S0 A, is linearly independent from A.. Summarising: rank(J(y ))=m+1+m? +q(r +
p(k-1)+1) = s which proves part (a) of Proposition 1. When k=1 in (4.1), then
x=(vec(a)’, m)’, y=(G’, d, vec(L)’, vec(a,)’, m’)’ and s=(m+1+m?+qr+q). In this

case J(y ) collapsesto

A, A, A, OU

Ay) = A 0 Al

e
OUZl>



and since Alzﬂv%ga) (pr" 1) belongs to the space spanned by AZ:%
vec(m ,
ﬂ—() (p mz),

r’mz,andA:ﬂ—m " 1) belongs to the space spanned by A,=
(pr’ m%) i (P 1) g space sp Y Aq flvec(L )

then rank(J(y ))=(s- 1). It is therefore evident that at least one identification restriction
isrequired on (d, L). This proves part (b) of Proposition 1 and compl etes the proof.
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Note

! The models in Lucas (1967) and Treadway (1971) are in continuous time, while the ones in Eichembaum (1984),
Nickell (1984), Weissemberger (1986) and Binder and Pesaran (1995) are in discrete time.

2 Following exactly the definition in Hansen and Sargent (1991, pp.45): ‘... models in which there is an exact
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linear relation across forecasts of future values of one set of variables and current and past values of some other
set of variables. They key requirement is that all of the variables entering this relation must be observed by the
econometrician’. Actuadly, it is common practice in the literature on LQAC model, to specify disturbance
processes reflecting the phenomenon that in forecasting the future, private agents use larger information sets than
the econometrician can consider because of data limitations, see, inter alia,. Gregory et al. (1993) and Engsted and
Haldrup (1994). Anyway, as pointed out in Hansen and Sargent (1991, pp.46), this interpretation of error terms can
be accommodated within the class of ‘exact’ rational expectations models.

Inthe money-demand framework, see e.g. Cuthbertson and Taylor (1987, 1990), Dutkovsky and Foote (1988),
Muscatelli (1988, 1989), Domowitz and Hakkio (1990), Bagliano and Favero (1992), and Engsted and
Haldrup(1996). See aso footnote 4. In models of price adjustment, see e.g. Rotemberg (1982), and Price (1992).
In the demand for labour see e.g. Sargent (1978), Nickell (1984, 1987), and Engsted and Haldrup (1994). In the
consumer-demand theory see Weissemberger (1986) and the references therein.

4 Notice that a remarkable comparison of limited and full information estimation methods of rational expectations
models for money demand may be found in Ripatti (1997).

® |t is indeed easy to show that E(uu, ' )=0, ,when k®2. Actually it can be also proved that {u;} has the
structure of amultivariate MA(1) process.

© We shall return on this subject in the sections below where identification of the parameters of the MLQAC model
is discussed with details.

’ Note that in the present context (3.5)-(3.6) can not be interpreted as a conditional multivariate regression model
of y; given Xy.

8 Since the variablesinvolved are 1(1), the ‘relevance’ condition required by 1V estimation holds irrespective of the
properties of (1) instruments, see e.g. Phillips and Hansen (1990, pp. 104).

®The procedure set up by Hayashi and Sims is based on the additional assumption of conditional homoscedasticity
of the error term with respect to the set of instruments.

10 gee Phillips (1989) for the inferential consequences arising in models where the cross-moment matrix of
instruments and regressors is singular. It is there stated, pp. 224, that: “... In such models, where two-step
procedures and instrumental variables are routinely used, partial identification occurs because of instruments
failures. That is, the instruments fail to satisfy what might be called the relevance condition. This condition
requires that the asymptotic correlation matrix between the instruments and the regressors be of full rank. If the
instruments fail, then the model is only partly identified and conventional asymptotics break down.”

M1t is sufficient to write equation (4.1) with respect to time (t+1) and take the terms on the right-hand side.

12 Asit will be shown in sub-section 5.1, whenever in (4.12) r=m, then w=I,,,, and no substitution for w is actually
required.

13 general discussion about identification in cointegration analysis may be found in Pesaran and Shin (1994),
Johansen (1995, chap. 5 and 7) and Boswijk (1996).

1% Now identification of the cointegration space requires at least (r-m) restrictions on each row of G, and at least r
restrictions (included normalisation) on each column of b, Observe that following the argument in Dengsoe et al.
(1995), it is clear that when r>m, the process {x;} can not be weakly exogenous with respect to b in (4.2)-(4.3).

15 We are implicitly assuming that y isa‘regular point’ of R(y ), see e.g. Rothemberg (1971).

18 For instance Gregory et al. (1993) point out that the intertemporal discount factor should generaly fal in the
range 0.96-0.99. Note that part (b) of the proposition also provides a rationale for the choice adopted in section 3,
where d has been pre-fixed on a priori grounds. Anyway, d is actually locally identified, it is not possible, in the
‘limited-information’ framework depicted in section 3, to test the over-identification restriction implied by this
choice.

7 See sub-section 4.1.
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