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Pxowlfrlqwhjudwlrq lq Vwrfn0Iorz Prghov

Wrp HqjvwhgW

Ghsduwphqw ri Ilqdqfh
Ddukxv Vfkrro ri Exvlqhvv/ GN0;543 Ddukxv Y/ Ghqpdun

Qlhov Kdoguxs
Ghsduwphqw ri Hfrqrplfv

Xqlyhuvlw| ri Ddukxv/ GN0;333 Ddukxv F/ Ghqpdun

46 Rfwrehu/ 4<<:

Devwudfw1 Pxowlfrlqwhjudwlrq/ lq wkh vhqvh ri Judqjhu dqg Ohh +4<<3,/
iuhtxhqwo| rffxuv lq prghov ri vwrfn0 rz dgmxvwphqw dqg lpsolhv frlqwhjudwlrq
dprqjvw L+5, yduldeohv dqg wkhlu gl�huhqfhv +sro|qrpldo frlqwhjudwlrq,1 Wkh
sxusrvh ri wklv duwlfoh lv wzr0irog1 Iluvw/ zh ghprqvwudwh wkdw edvhg rq d
pxowlfrlqwhjudwhg yhfwru dxwruhjuhvvlrq +YDU, wzr htxlydohqw huuru fruuhfwlrq
prgho +HFP, uhsuhvhqwdwlrqv fdq eh ghulyhg> wkh �uvw lv h{suhvvhg lq whupv
ri dgmxvwphqwv lq wkh  rzv ri wkh yduldeohv +wkh vwdqgdug L+5, HFP,/ dqg wkh
vhfrqg lv h{suhvvhg lq whupv ri dgmxvwphqwv lq erwk wkh vwrfnv dqg wkh  rzv1
Vhfrqgo|/ zh dsso| L+5, hvwlpdwlrq dqg whvwlqj surfhgxuhv iru pxowlfrlqwhjudwhg
wlph vhulhv wr dqdo|}h gdwd iru XV krxvlqj frqvwuxfwlrq1 Zh �qg wkdw vwrfnv
ri krxvlqj xqlwv vwduwhg dqg frpsohwhg h{klelw sro|qrpldo frlqwhjudwlrq +dqg
khqfh wkh  rzv duh pxowlfrlqwhjudwhg, dqg wkh dvvrfldwhg HFP*v duh hvwlpdwhg1
Ohh +4<<5/ 4<<9, dovr irxqg pxowlfrlqwhjudwlrq lq wklv gdwd vhw exw zlwkrxw
h{solflwo| h{sorlwlqj wkh L+5, surshuw|1

Nh|zrugv= Frlqwhjudwlrq/ pxowlfrlqwhjudwlrq/ L+5, surfhvvhv/ krxvlqj frqvwuxfwlrq1
MHO Frghv= F45/ F46/ F55/ F65/ F841

41 Lqwurgxfwlrq

Judqjhu dqg Ohh +4<;</ 4<<3, kdyh gh�qhg wkh qrwlrq ri pxowlfrlqwhjudwlrq dprqjvw
hfrqrplf yduldeohv lqwhjudwhg ri rughu rqh= Li wkh fxpxodwlrq ri frlqwhjudwlrq +htxl0
oleulxp, huuruv frlqwhjudwh zlwk wkh ruljlqdo yduldeohv wkh vhulhv duh vdlg wr eh pxo0
wlfrlqwhjudwhg1 Wkh skhqrphqrq lv prvw olnho| wr rffxu lq prghov ghvfulelqj wkh

�Erwk dxwkruv duh d!oldwhg zlwk Fhqwuh iru Qrq0Olqhdu Prghoolqj lq Hfrqrplfv dw wkh Xqlyhuvlw|
ri Ddukxv1 Sduw ri wklv zrun zdv fduulhg rxw zkloh wkh vhfrqg dxwkru zdv ylvlwlqj wkh Hxurshdq
Xqlyhuvlw| Lqvwlwxwh lq Ioruhqfh gxulqj wkh vsulqj/ 4<<:1 Zh dssuhfldwh khosixo frpphqwv iurp
Vûuhq Mrkdqvhq dqg zh wkdqn Wdh0Kz| Ohh iru surylglqj xv zlwk wkh XV krxvlqj frqvwuxfwlrq gdwd
vhw1

4
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g|qdplf lqwhudfwlrqv ehwzhhq vwrfn dqg  rz yduldeohv1 Pxowlfrlqwhjudwlrq lpsolhv
wkdw lq wkh elyduldwh L+4, prgho/ iru h{dpsoh/ wkhuh fdq h{lvw pruh wkdq mxvw d vlqjoh
frlqwhjudwlrq yhfwru1 Pruh jhqhudoo|/ wkh qxpehu ri frlqwhjudwlqj uhodwlrqv dqg wkh
qxpehu ri frpprq vwrfkdvwlf wuhqgv zloo qrw dgg xs wr wkh glphqvlrq ri wkh v|vwhp
zklfk lv wkh fdvh lq wkh xvxdo frlqwhjudwhg L+4, prgho1 Lq d uhfhqw sdshu Hqjvwhg dqg
Mrkdqvhq +4<<:, vkrz wkdw zkhq yduldeohv duh pxowlfrlqwhjudwhg wkh uhtxluhphqwv iru
wkh v|vwhp wr eh dq L+4, v|vwhp zloo idlo> lq idfw/ dq L+4, vshfl�fdwlrq zloo eh plvvshf0
l�hg hyhq wkrxjk wkh pdlq lqwhuhvw olhv lq wkh dqdo|vlv ri wkh L+4, vhulhv1 Lqvwhdg wkh
v|vwhp vkrxog eh irupxodwhg dv dq L+5, prgho zkhuh pxowlfrlqwhjudwlrq fdq eh vkrzq
wr uhvxow lq frlqwhjudwlrq dprqjvw jhqhudwhg L+5, yduldeohv dqg wkhlu �uvw gl�huhqfhv
+sro|qrpldo frlqwhjudwlrq,41 Rwkhuv kdyh ehhq dzduh ri wkh olqn ehwzhhq pxowlfrlq0
whjudwlrq dqg sro|qrpldo frlqwhjudwlrq/ vhh lqwhu dold Hqjoh dqg \rr +4<<4,/ dqg Ohh
+4<<5,/ exw wr wkh ehvw ri rxu nqrzohgjh wkhuh kdyh ehhq qr hpslulfdo frqwulexwlrqv
wr wkh pxowlfrlqwhjudwlrq olwhudwxuh zklfk wdnhv h{solflwo| dffrxqw ri wkh L+5, surshuw|
lq hvwlpdwlrq dqg k|srwkhvlv whvwlqj1 Lq wklv sdshu zh surylgh dq h{dpsoh ri krz
vxfk dq dqdo|vlv fdq eh xqghuwdnhq1

Zh dovr zdqw wr vkrz krz pxowlfrlqwhjudwhg yduldeohv iurp d jhqhudo yhfwru dx0
wruhjuhvvlrq +YDU, fdq eh jlyhq wzr htxlydohqw huuru fruuhfwlrq prgho +HFP, uhsuh0
vhqwdwlrqv1 Wkh �uvw uhsuhvhqwdwlrq lv d gluhfw frqvhtxhqfh ri wkh L+5, irupxodwlrq ri
wkh prgho dqg iroorzv Mrkdqvhq*v +4<<5, yhuvlrq ri Judqjhu*v uhsuhvhqwdwlrq wkhruhp
iru L+5, yduldeohv1 Lw ghvfulehv krz wkh  rz yduldeohv dgmxvw lq uhvsrqvh wr glvhtxl0
oleulxp huuruv ehwzhhq wkh vwrfnv dqg wkh  rzv dv zhoo dv ehwzhhq wkh  rz yduldeohv
wkhpvhoyhv1 Wkh vhfrqg HFP uhsuhvhqwdwlrq ghvfulehv dgmxvwphqwv lq erwk wkh vwrfn
dqg wkh  rz yduldeohv lq uhvsrqvh wr wkh htxloleulxp huuruv1 Dowkrxjk htxlydohqw/
wkh wzr glvwlqfw zd|v ri zulwlqj wkh HFP surylgh gl�huhqw lqvljkwv ri wkh frpsoh{
g|qdplfv fkdudfwhul}lqj pxowlfrlqwhjudwhg v|vwhpv1

Wkh sodq ri wkh sdshu lv wkh iroorzlqj1 Lq vhfwlrq 5 zh eulh | vxppdul}h vrph
nqrzq uhvxowv iru wkh uhodwlrqvkls ehwzhhq rswlpxp frqwuro prghov dqg huuru fruuhf0
wlrq prghov1 Zh dovr ghprqvwudwh krz pxowlfrlqwhjudwlqj uhodwlrqvklsv fdq eh jlyhq
dq L+5, irupxodwlrq1 Wkh qh{w vhfwlrq ghvfulehv wkh uhodwlrqvkls ehwzhhq pxowlfrlq0
whjudwlrq dqg frlqwhjudwhg L+5, YDU prghov dqg wkh vhfwlrq dovr vhuyhv wr gh�qh wkh
qrwdwlrq wr eh xvhg vxevhtxhqwo| lq vhfwlrq 7 zkhuh zh vkrz krz wkh wzr gl�huhqw
HFP uhsuhvhqwdwlrqv iru pxowlfrlqwhjudwhg wlph vhulhv fdq eh rewdlqhg1 Lq vhfwlrq
8 zh ghprqvwudwh wkh L+5, dqdo|vlv rq wkh XV krxvlqj frqvwuxfwlrq gdwd vhw 4<9;=40
4<<7=45 zklfk kdv suhylrxvo| ehhq h{dplqhg e| Ohh +4<<9, +dqg Ohh +4<<5, iru d

4Lq wkh olwhudwxuh wkh qrwlrqv ri *pxowlfrlqwhjudwlrq* dqg *sro|qrpldo frlqwhjudwlrq* duh iuhtxhqwo|
xvhg dv v|qrq|pv1 Krzhyhu/ zh xvh *pxowlfrlqwhjudwlrq* lq wkh sduwlfxodu vhqvh ri Judqjhu dqg
Ohh/ dqg khqfh wklv qrwlrq dssolhv wr v|vwhpv zkhuh wkh edvlf yduldeohv duh uhdoo| L+4, exw fdq eh
wudqviruphg wr dq L+5, v|vwhp1 Rq wkh rwkhu kdqg/ *sro|qrpldo frlqwhjudwlrq* uhihuv wr frlqwhjudwhg
prghov zkhuh wkh edvlf yduldeohv duh L+5, dqg wkh ohyhov dqg wkh �uvw gl�huhqfhg yduldeohv frlqwhjudwh1
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vkruwhu gdwd shulrg, exw zlwkrxw h{sorlwlqj wkh L+5, surshuw|1 Wklv gdwd vhw lv irxqg
wr qlfho| fkdudfwhul}h d pxowlfrlqwhjudwlqj uhodwlrqvkls dprqjvw wkh yduldeohv dqg zh
fdofxodwh wkh dvvrfldwhg HFPv1 Wkh �qdo vhfwlrq frqfoxghv1

51 Rswlpxp frqwuro HFP*v dqg wkh ghilqlwlrq ri vwrfn yduldeohv

Judqjhu dqg Ohh +4<<3, kdyh vkrzq krz wkh HFP iru pxowlfrlqwhjudwhg wlph vhulhv
fdq eh ghulyhg dv wkh vroxwlrq wr d sduwlfxodu frqwuro sureohp51 Lq d voljkwo| pruh
jhqhudo frqwh{w Ohh +4<<9, dgguhvvhv wkh lq�qlwh krul}rq olqhdu txdgudwlf dgmxvwphqw
frvw prgho

u| ' (|

"[
�'f

B�dE%|n� � +|n��
2 n b�E'|n� � V+|n��

2 n b2E%|n� � %|n�3��
2o +4,

zkhuh/ dvvxplqj d }hur lqlwldo frqglwlrq/ '| ' '|3� n E%| � +|� '
S|

�'fE%� � +��� Wkh
yduldeoh %| lv iuhtxhqwo| uhihuuhg wr dv wkh frqwuro yduldeoh zkhuhdv +| lv wkh wdujhw
vhulhv rqh lv dwwhpswlqj wr wudfn e| fkrlfh ri %|� Wkh edvlf L+4,  rz yduldeohv duh %|

dqg +| zkloh '| lv wkh L+4, vwrfn yduldeoh zklfk phdvxuhv wkh fxpxodwhg glvfuhsdqflhv
ehwzhhq wkh frqwuro dqg wkh wdujhw vhulhv1 B lv wkh glvfrxqw udwh dqg b�c b2 duh frvw
sdudphwhuv1 Qrwh wkdw %| � +| dqg '| � V+| duh frlqwhjudwlqj uhodwlrqv dqg khqfh duh
L+3,1 Ohh +4<<9, vkrzv krz wkh plqlpl}dwlrq ri wkh orvv ixqfwlrq +4, ohdgv wr d vwrfn
dgmxvwphqw prgho zklfk hvvhqwldoo| lv ri wkh irup=

{'| ' kn qE'|3� � V+|3�� n �E%|3� � +|3�� n >E+| � +|3�� +5,

zkhuh qc �c dqg > duh frpsolfdwhg qrq0olqhdu ixqfwlrqv ri Bc b�c dqg b2� Wklv w|sh ri
prghov lv idploldu iurp wkh frqwuro hqjlqhhulqj olwhudwxuh dqg ehorqjv wr wkh jhqhudo
fodvv ri ihhgedfn frqwuroohuv zlwk sursruwlrqdo/ lqwhjudo/ dqg ghulydwlyh fruuhfwlrqv/
vhh Nzdnhuqddn dqg Vlydq +4<:5, dqg Skloolsv +4<87,1 Lw dovr lqwurgxfhv wkh lghd
ri dq lqyhqwru| dffhohudwru phfkdqlvp/ vhh Phw}ohu +4<74, dqg Krow hw do1 +4<93,1
Qrwlfh wkdw wkh HFP +5, lv gh�qhg lq whupv ri dgmxvwphqwv lq wkh vwrfn yduldeoh '|�

Wkh dgmxvwphqw uxoh ghulyhg lq Judqjhu dqg Ohh +4<<3, lv edvhg rq d rqh shulrg
ghflvlrq sureohp dqg fruuhvsrqgv wr dq HFP iru wkh  rz yduldeohv/ h1j1

{%| ' hkn hqE'|3� � hV+|3�� n h�E%|3� � +|3�� n h>E+|3� � +|32�� +6,

Wkh ghflvlrq uxohv +5, dqg +6, surylgh wkh prwlydwlrq iru wkh suhvhqw sdshu1 Wkh
lghd lv wkdw iurp dq rswlpl}dwlrq srlqw ri ylhz lw lv uhdvrqdeoh wr frqvlghu dgmxvwphqw
phfkdqlvpv iru erwk wkh vwrfn dqg wkh  rz yduldeohv lq wklv fodvv ri prghov1 Dv
vxfk/ +5, dqg +6, prwlydwh wkh gl�huhqw HFP phfkdqlvpv wkdw fdq eh ghulyhg zlwklq

5Khqgu| dqg yrq Xqjhuq0Vwhuqehuj +4<;4, uhsruw vlplodu uhvxowv exw zlwkrxw xvlqj wkh qrwlrq ri
frlqwhjudwlrq ehfdxvh wklv frqfhsw zdv qrw ghyhorshg xqwlo wkh zrun ri Judqjhu +4<;6,1
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d jhqhudo iudphzrun iru pxowlfrlqwhjudwhg YDU prghov1 Zh zdqw wr vkrz krz wkh
wzr vruwv ri uhsuhvhqwdwlrqv duh lqghhg htxlydohqw dqg khqfh zloo fdswxuh wkh edvlf
ihdwxuhv ri wkh deryh dgmxvwphqw phfkdqlvpv61

Wkhuh duh pdq| h{dpsohv ri vwrfn0 rzprghov wkdw fdq eh frqvlghuhg dv sduwlfxodu
fdvhv ri wkh deryh ghflvlrq uxohv1 Judqjhu dqg Ohh +4<;</ 4<<3, dgguhvv wkh fdvh
zkhuh %| dqg +| duh surgxfwlrq dqg vdohv ri vrph frpprglw|/ dqg {'| ' %| � +| lv
wkh fkdqjh ri lqyhqwrulhv1 Wkh Khqgu| dqg yrq Xqjhuq0Vwhuqehuj +4<;4, vwxg| ri wkh
frqvxpswlrq ixqfwlrq ehorqjv wr wkh vdph fodvv ri prghov1

Frqvlghu dovr wkh iroorzlqj elyduldwh h{dpsoh zklfk kdv ehhq dqdo|}hg e| Ohh
+4<<5, lq d EXOOHWLQ duwlfoh dqg lq Ohh +4<<9, iru dq h{whqghg vdpsoh shulrg= Zh
irfxv rq krxvlqj pdunhw gdwd dqg ohw %| dqg +| eh wkh  rzv ri krxvlqj xqlwv vwduwhg
dqg frpsohwhg/ uhvshfwlyho|1 Iru wkh fxuuhqw shulrg wkh lqfuhphqw lq wkh vwrfn ri
krxvlqj xqlwv xqghu frqvwuxfwlrq lv jlyhq e| %| � +| dqg wkh hqwluh vwrfn +dvvxplqj d
}hur lqlwldo vwrfn, lv '| �

S|
�'�E%��+��� Dovr lq wklv fdvh wkh srwhqwldoo| frlqwhjudwlqj

uhodwlrqv duh ehwzhhq wkh yduldeohv %| dqg +| +zlwk dq reylrxv frlqwhjudwlrq yhfwru
jlyhq e| E�c����/ dqg ehwzhhq wkh yduldeohv '| dqg +| +ru srvvleo| %|,� Krzhyhu/ wkh
lghqwlw| gh�qlqj wkh lqfuhphqw lq wkh vwrfn ri krxvlqj xqlwv xqghu frqvwuxfwlrq {'|

qhhgv qrw dozd|v eh jlyhq vlpso| dv %| � +|�

�Lw frxog eh ^wkdw` vrph exloglqj frpsdqlhv jr edqnuxsw dqg vrph vwduwv
duh wkhuhiruh qrw frpsohwhg/ dqg lw frxog dovr eh gxh wr uhfruglqj huuruv1
Wkh srvvlelolw| wkdw gzhoolqjv glvdsshdu e| ghprolwlrq/ �uh ru frqyhuvlrq
wr rwkhu xvhv zrxog dovr d�hfw wkh lghqwlw|�/ +Ohh/ 4<<5/ s1 756,1

Wkh shufhqwdjh ri qhyhu frpsohwhg vwduwv lv qdwxudoo| dq xqnqrzq �jxuh1 Ohh
vroyhv wklv sureohp e| xvlqj d vprrwklqj hvwlpdwru dqg iru XV gdwd kh �qgv wkdw
dssur{lpdwho| 5 ( ri doo krxvlqj xqlwv vwduwhg duh qhyhu frpsohwhg dqg khqfh wkh
dssursuldwh vwrfn yduldeoh lv uhgh�qhg dv '| �

S|
�'�E�bH%� � +���

Wkh L+5, uhsuhvhqwdwlrq ri wkh prgho vxjjhvwv d gl�huhqw zd| ri hvwlpdwlqj wklv
sdudphwhu1 Wkh lghd lv wr frqvlghu wkh jhqhudwhg L+5, yduldeohv t| '

S|
�'� +�cf| 'S|

�'� %�/ dqg wkh L+4, yduldeohv {t| ' +|/ {f| ' %| +xsshu fdvh ohwwhuv uhsuhvhqw wkh
fxpxodwhg vhulhv, dqg wkh dvvrfldwhg uhodwlrq

t| ' Vff| n V�{t| n V2{f| n �| +7,

zklfk lv srwhqwldoo| d pxowlfrlqwhjudwlqj +sro|qrpldoo| frlqwhjudwlqj, uhodwlrq7 zkhq
�| � ,Ef�� Wkh sdudphwhu Vf lv wkh hvwlpdwhg shufhqwdjh ri vwduwv wkdw duh hyhqwxdoo|

6Wkh ghflvlrq uxohv +5, dqg +6, hqwdlo fhuwdlq sdudphwhu uhvwulfwlrqv iru wkh xqghuo|lqj rswlpl}lqj
prgho wr eh ydolg1 Lw lv eh|rqg wkh sxusrvh ri wkh suhvhqw sdshu wr dgguhvv wklv sduwlfxodu lvvxh exw
phuho| zh zdqw wr hpskdvl}h krz wkh edvlf frqwuro phfkdqlvpv zloo dulvh lq d pxowlfrlqwhjudwhg
9$5 prgho1

7Revhuyh wkdw lq +7, wkh fxpxodwhg yduldeohv [w dqg \w duh doorzhg wr frlqwhjudwh zlwk erwk ri
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frpsohwhg1 Qrwh wkdw zkhq Vf ' �c +7, vlpsol�hv wr'| ' f|�t| ' �EV�+|nV2%|n�|��
Lq wkh suhvhqw frqwh{w/ jlyhq wkdw wkh prgho lv d vdwlvidfwru| ghvfulswlrq ri wkh gdwd/ Vf
fdq eh hvwlpdwhg dw wkh vxshu0vxshu frqvlvwhqw udwh/ �REA

32� zkhuh A lv wkh vdpsoh
vl}h dqg khqfh/ iurp dq hvwlpdwlrq srlqw ri ylhz/ wkhuh duh yhu| jrrg vwdwlvwlfdo
uhdvrqv iru irupxodwlqj wkh prgho lq whupv ri dq L+5, prgho1 Revhuyh wkdw vlqfh
wkh jhqhudwhg L+5, vhulhv t|c dqg f| jhqhudoo| zloo kdyh d olqhdu wuhqg lw pd| dovr eh
qhfhvvdu| wr doorz iru ghwhuplqlvwlf frpsrqhqwv lq +7,1

Dqrwkhu h{dpsoh zkhuh wkh L+5, uhsuhvhqwdwlrq lv xvhixo lq hvwlpdwlqj xqnqrzq
sdudphwhuv gh�qlqj wkh vwrfn yduldeohv lv wkh olih f|foh k|srwkhvlv ri frqvxpswlrq1
Dffruglqj wr wklv prgho frqvxpswlrq frlqwhjudwhv zlwk lqfrph dqg zhdowk zkhuh
wkh odwwhu/ e| gh�qlwlrq/ htxdov dffxpxodwhg vdylqjv/ l1h1 wkh dffxpxodwhg gl�huhqfh
ehwzhhq lqfrph dqg frqvxpswlrq1 Khqfh/ wkhuh lv pxowlfrlqwhjudwlrq ehwzhhq frq0
vxpswlrq dqg lqfrph1 Krzhyhu/ lq rughu wr �qg dq dssursuldwh phdvxuh ri vdylqjv/
lw lv iuhtxhqwo| qhfhvvdu| lq wklv w|sh ri prghov wr hvwlpdwh wkh uhodwlrqvkls ehwzhhq
lqfrph +ghfrpsrvhg lqwr oderxu dqg fdslwdo lqfrph, dqg wkh ydoxh ri qrq0gxudeohv
frqvxpswlrq dqg vhuylfh  rzv/ vhh h1j1 Fdpsehoo +4<;:/ vhfwlrq 7, iru ghwdlov1 Dq
�REA

32� frqvlvwhqw hvwlpdwh ri wklv uhodwlrqvkls fdq eh rewdlqhg xvlqj wkh ,E2� frlq0
whjudwlrq dqdo|vlv1 Lq frqwudvw/ Fdpsehoo +4<;:, hvwlpdwhv wklv uhodwlrqvkls lq d
vwdqgdug L+4, dqdo|vlv dqg khqfh rqo| rewdlqv dq �REA

3�� frqvlvwhqw hvwlpdwh1

61 Pxowlfrlqwhjudwlrq dqg L+5, frlqwhjudwlrq

Wkh frlqwhjudwhg YDU prgho iru L+4, prghov fdq eh zulwwhq lq wkh zhoo0nqrzq yhfwru
huuru fruuhfwlrq prgho +YHFP , irup/ vhh Mrkdqvhq +4<<4,/

{ | ' � |3� n
&3�[
�'�

K�{ |3� n 0| +8,

zkhuh  | lv d R glphqvlrqdo yhfwru L+4, wlph vhulhv +khuh dvvxphg wr frqvlvw ri  rz
yduldeohv, dqg � lv d pdwul{ ghwhuplqlqj wkh frlqwhjudwlrq udqn ri wkh YDU1 0| lv d
vhtxhqfh ri ����_� }hur phdq huuruv zlwk qrq vlqjxodu fryduldqfh pdwul{l� Li udqn� 'o

wkh  | vhulhv kdv o frlqwhjudwlqj uhodwlrqv dqg R � o frpprq vwrfkdvwlf L+4, wuhqgv
gulylqj wkh v|vwhp1 Lq wklv fdvh wkh pdwul{ � fdq eh ghfrpsrvhg dv � ' kq� zkhuh
k dqg q duh erwk R � o pdwulfhv1 Wkh frlqwhjudwlqj uhodwlrqv duh jlyhq e| q� |

dqg wkh dvvrfldwhg dgmxvwphqw frh!flhqwv vxppdul}hg lq k� Hqjvwhg dqg Mrkdqvhq
+4<<:, vkrz wkdw li  | lv pxowlfrlqwhjudwhg vxfk wkdw wkh fxpxodwhg htxloleulxp huuruvS|

�'� q
� � frlqwhjudwh zlwk  |c wkhq wkh uhsuhvhqwdwlrq +8, lv lqydolg1 Lq idfw/ wkh +orqj0

uxq, fryduldqfh pdwul{ gh�qhg iru wkh frlqwhjudwlrq uhodwlrqv dqg wkh gl�huhqfhg

wkh yduldeohv {w dqg |w= Vwulfwo| vshdnlqj rqo| rqh ri vhulhv {w ru |w lv qhhghg iru wkh frlqwhjudwlrq
surshuw| wr krog/ frpsduh wkh dgmxvwphqw prghov +5, dqg +6,1 Krzhyhu/ dv zh vkdoo vhh lw iroorzv dv
d qdwxudo rxwsxw iurp wkh vwdwlvwlfdo dqdo|vlv wkdw wkh vshfl�fdwlrq +7, lv xvhixo zkhq wkh yduldeohv
duh frqvlghuhg iurp d v|vwhpv dssurdfk xvlqj wkh Mrkdqvhq PO surfhgxuh1
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yduldeohv zloo eh vlqjxodu lq wklv fdvh exw dowhuqdwlyho| wkh prgho fdq eh irupxodwhg
dv d YDU iru frlqwhjudwhg L+5, yduldeohv1 Li zh/ dv zh glg lq vhfwlrq 5/ ohw xsshu fdvh
ohwwhuv ghqrwh fxpxodwhg +orzhu fdvh, vhulhv wkhqj| �

S|
�'�  � iroorzv d R glphqvlrqdo

YDU iru L+5, yduldeohv zlwk wkh YHFP uhsuhvhqwdwlrq

{2j| ' �j|3� � K{j|3� n
&32[
�'�

[�{
2j|3� n D| +9,

zkhuh K ' W�
S&3�

�'� K� dqg D| lv dq huuru kdylqj qrq0vlqjxodu fryduldqfh pdwul{1 Wkh
L+5, YDU lv lqwurgxfhg lq Mrkdqvhq +4<<5/ 4<<8, dqg kh vkrzv wkdw wkh sdudphwhuv
vdwlvi|

� ' kq�c zlwk kcq R� oc o 	 R +:,

k�

z
Kq

z
' 1#�c zlwk 1c# ER� o�� rc r 	 ER� o� +;,

zkhuh kz ghqrwhv wkh ruwkrjrqdo frpsohphqw ri k dqg khqfh kdv glphqvlrq R�ER�o�
dqg vdwlv�hv k�

z
k ' f� Sduxror +4<<9, ghqrwhv wkh qxpehuv oc rc dqg R � o � r wkh

lqwhjudwlrq lqghfhv ri wkh L+5, YDUprgho= o uhodwlrqv frlqwhjudwh wr L+3, ohyho/ srvvleo|
e| lqfoxglqj wkh �uvw gl�huhqfhv ri j|c r uhodwlrqv duh L+4, dqg frqvwlwxwh wkh L+4,
frpprq vwrfkdvwlf wuhqgv/ dqg �qdoo|/ R� o � r uhodwlrqv duh L+5, zklfk zh uhihu wr
dv wkh L+5, frpprq wuhqgv1 Dvvrfldwhg zlwk wkhvh wkuhh fdvhv lw lv srvvleoh wr �qg
pxwxdoo| ruwkrjrqdo pdwulfhv Eqcq�cq2� zkhuh hdfk frpsrqhqw lqglylgxdoo| surylghv
d edvlv iru wkh L+3,/ L+4,/ dqg L+5, gluhfwlrqv/ uhvshfwlyho|1

Wkh R gl�huhqw uhodwlrqv fdq dovr eh zulwwhq dv

o G q�j| � Bq�2{j| � ,Ef� +<,

r G q��j| � ,E�� +43,

R� o � r G q�2j| � ,E2�� +44,

Qrwh wkdw wkh L+3, uhodwlrqv fdq eh h{suhvvhg lq whupv ri olqhdu frpelqdwlrqv ehwzhhq
wkh ohyhov ri q�j| +zklfk jhqhudoo| duh L+4,, dqg wkh gl�huhqfhg L+5, wuhqgv q�2{j|

+zklfk duh dovr L+4,,/ dqg khqfh lqfoxgh wkh sro|qrpldoo| frlqwhjudwlqj uhodwlrqv1 Wkh
pdwul{ B kdv glphqvlrq o � ER � o � r� dqg kdv wkh ruwkrjrqdo frpsohphqw Bz ri
glphqvlrq o � Eo � ER � o � r�� vdwlvi|lqj B�

z
B ' f� Pruh suhflvho| B lv gh�qhg dv

B 'k�Kq2 zkhuh k ' kEk�
k�3� dqg q2 lv gh�qhg lq d vlplodu zd|81

Qrw doo wkh L+3, uhodwlrqv lq +<, qhhg wr eh sro|qrpldoo| frlqwhjudwlqj1 Wkh olqhdu
frpelqdwlrqv zkhuh wkh gl�huhqfhg yduldeohv duh qrw qhhghg wr |lhog vwdwlrqdulw|
duh jlyhq e| B�

z
q�j|� Rq wkh rwkhu kdqg/ wkh uhodwlrqv zklfk vxuho| uhtxluh wkh

8Qrwh wkdw S� @ kk
3 @ kk

3 ghqrwhv wkh surmhfwlrq rqwr wkh vsdfh vsdqqhg e| wkh froxpqv ri
k=
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gl�huhqfhg yduldeohv duh wkh sro|qrpldoo| frlqwhjudwlqj uhodwlrqv dqg duh jlyhq e|
B�q�j| � B�Bq�2{j|� Wkhvh duh wkh wuxho| pxowlfrlqwhjudwlqj uhodwlrqv1 Khqfh wkh o

L+3, uhodwlrqv fdq eh sduwlwlrqhg lqwr R � o � r pxowlfrlqwhjudwlqj uhodwlrqv dqg wkh
uhpdlqlqj o�ER�o�r� frlqwhjudwlqj uhodwlrqv1 Ri frxuvh wklv vhsdudwlrq uhtxluhv wkdw
o : R� o� r� Lq sudfwlfdo vlwxdwlrqv zlwk pxowlfrlqwhjudwlrq lw vhhpv ohvv olnho| wkdw
wkh gluhfwo| vwdwlrqdu| frlqwhjudwlqj uhodwlrqv B�

z
q�j| zloo eh suhvhqw1 Wklv zrxog

lpso| wkdw wkh gl�huhqfhg olqhdu frpelqdwlrqv B�
z
q� | eh L+��,1 Khqfh zh eholhyh

wkdw lw lv prvw frpprq wkdw o ' R � o � r zkhq wkh irfxv lv rq pxowlfrlqwhjudwlrq
lq wkh vhqvh ri Judqjhu dqg Ohh1 Ilqdoo|/ lw vkrxog eh phqwlrqhg wkdw wkh L+4, wuhqgv
q��j| zloo eh vwdwlrqdu| lq �uvw gl�huhqfhv/ l1h1 {q��j| ' q�� | � ,Ef��

Revhuyh wkdw iru elyduldwh v|vwhpv fhuwdlq vlpsol�fdwlrqv zloo dulvh1 Lq sduwlfxodu/
li wkh vhulhv duh pxowlfrlqwhjudwhg wkhq Eoc rc R � o � r� ' E�c fc �� dqg khqfh qr ,E��
wuhqgv fdq eh suhvhqw1

71 Huuru fruuhfwlrq uhsuhvhqwdwlrq ri pxowlfrlqwhjudwhg yduldeohv

Wkh YHFP iru jhqhudo L+5, v|vwhpv +9, fdq eh jlyhq wkh iroorzlqj dowhuqdwlyh uhsuh0
vhqwdwlrq gxh wr Sduxror dqg Udkehn +4<<9,=

{2j| ' kEq�j|3�� Bq�2{j|3��� El�c l2�Eqcq��
�{j|3�n

&32[
�'�

[�{
2j|3� nD|c +45,

zkhuh l� ' Kq dqg l2 ' Kq� duh dgmxvwphqw sdudphwhuv1 Wklv zd| ri zulwlqj wkh
YHFP lv shukdsv pruh lqwxlwlyh frpsduhg wr +9, vlqfh doo wkh frlqwhjudwlrq srvvlelo0
lwlhv +<,0+44, duh glvsod|hg udwkhu vwudljkwiruzdugo|1 Wkh uhsuhvhqwdwlrq +45, irupv
wkh edvlv iru wkh YHFP irupxodwhg lq whupv ri wkh ruljlqdo L+4,  rz yduldeohv  | G

Wkhruhp 41 Huuru fruuhfwlrq prgho uhsuhvhqwdwlrq iru wkh  rz yduldeohv1
Ohw  | eh d R0glphqvlrqdo yhfwru surfhvv ri  rz yduldeohv lqwhjudwhg ri rughu rqh
dqg pxowlfrlqwhjudwhg vxfk wkdw o � R � o � r : f dqg vxfk wkdw j| '

S|
�'�  �

lv dq dxwruhjuhvvlyh surfhvv jlyhq e| +45,1 Wkhq { | fdq eh jlyhq wkh iroorzlqj
uhsuhvhqwdwlrq=

{ | ' 1� dB
�"|3� � B�Bq�2 |3�o n 12 dB

�

z
"|3�o +46,

�l�{"|3� � l2q�

� |3� n[Eu�{ | n D|

zkhuh 1� ' kB dqg 12 ' kBz duh dgmxvwphqw sdudphwhuv ri glphqvlrqv R�ER�o�r�
dqg R� Eo� ER� o� r��/ uhvshfwlyho|/ dqg "| '

S|
�'� q

� � lv wkh vwrfn ri fxpxodwhg

L+3, huuruv1 Ixuwkhupruh [Eu� '
S&32

�'� [�u
��

Surri1 Frqvlghu wkh HFP uhsuhvhqwdwlrq +45, dqg lq sodfh ri k xvh wkh lghqwlw|
k ' kE�B n �Bz� zkhuh �B ' BEB�B�3�B� ghqrwhv wkh ruwkrjrqdo surmhfwlrq pdwul{
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rq wkh vsdfh vsdqqhg e| B� �Bz lv gh�qhg lq d vlplodu idvklrq1 Wkh uhsuhvhqwdwlrq
qrz iroorzv vwudljkwiruzdugo| e| froohfwlqj whupv dqg qrwlqj wkdw  | ' {j| dqg
j| '

S|
�'�  � dqg e| xvlqj wkh gh�qlwlrq ri wkh vwrfn yduldeohv "|�

Lq +46, 1� dgmxvwv iru wkh R� o�r pxowlfrlqwhjudwlqj uhodwlrqv zklfk duh jlyhq e|
dB�"|3� � B�Bq�2 |3�o dqg fruuhvsrqg wr wkh *lqwhjudo* frqwuro phfkdqlvpv1 12 dgmxvwv
iru wkh uhpdlqlqj o � ER� o � r� frlqwhjudwlqj uhodwlrqv dprqjvw wkh vwrfn yduldeohv
exw wkhvh uhodwlrqv gr qrw kdyh wkh surshuw| wkdw wkh| pxowlfrlqwhjudwh1 l� dqg l2
dgmxvw iru wkh *sursruwlrqdo* huuru fruuhfwlrq whupv jlyhq e| {"| dqg q�

� |� Ilqdoo|
wkh *ghulydwlyh* frqwuro phfkdqlvpv duh jlyhq e| [Eu�{ |� Qrwh wkdw/ ljqrulqj wkh
huuru whup/ wkh  rz HFP jlyhq lq +6, fdq eh rewdlqhg dv d vshfldo fdvh ri +46,1

Wkh vhfrqg HFP uhsuhvhqwdwlrq iru pxowlfrlqwhjudwhg wlph vhulhv fdq eh vwdwhg dv
iroorzv=

Wkhruhp 51 Huuru fruuhfwlrq prgho uhsuhvhqwdwlrq iru wkh vwrfn yduldeohv1
Ohw  | eh d R0glphqvlrqdo yhfwru surfhvv ri  rz yduldeohv lqwhjudwhg ri rughu rqh dqg
pxowlfrlqwhjudwhg vxfk wkdw o � R � o � r : f dqg vxfk wkdw j| '

S|
�'�  � lv dq

dxwruhjuhvvlyh surfhvv jlyhq e| +45,1 Wkhq wkh surfhvv {h | ' E{"�

|cq
�

� |c{ 
�

|q2�
�

zkhuh "| '
S|

�'� q
� � fdq eh jlyhq wkh iroorzlqj uhsuhvhqwdwlrq=

{h | ' h1� dB�"|3� � B�Bq�2 |3�o n h12 dB�z"|3�o +47,

nhl�{"|3� n hl2q�� |3�n�[Eu�q2{q�2 |3�

ni[Eu�{2h | n hD|

zkhuh wkh sdudphwhuv dqg v|perov duh gh�qhg lq wkh iroorzlqj zd|= � ' Eqcq
�
cq2�

�ch1� ' �1�c
h12 ' �12c

hl� ' E
o � �l��c
hl2 ' E
r � �l2�c 
o ' EWocfcf�

�
c 
r '

Efc Wrcf�
�
c i[Eu� ' �[Eu��3�#zE��c dqg hD| ' �D|� Wkh glphqvlrqv ri wkh *�*

sdudphwhuv duh wkh vdph dv wkh sdudphwhuv zlwkrxw wkh *�*1

Surri1 Zh dgrsw wkh vdph whfkqltxh dv lq Phoodqghu hw do1 +4<<5, dqg gh�qh
wkh pdwulfhv

� '

3EC q�

q��
q�2

4FD c #Eu� '

3EC {o

{r

WR3o3r

4FD c #zEu� '

3EC Wo
Wr

{R3o3r

4FD �

Revhuyh wkdw �3� ' Eq
�

cq
�

�cq
�

2� dqg #Eu�#zEu� '{R�

Zh zdqw wr wudqvirup wkh yduldeohv lq +45, vxfk wkdw huuru fruuhfwlrq dgmxvwphqwv
duh gh�qhg lq whupv ri q�j|cq

�

�j|c dqg q�2{j|/ zklfk duh doo L+4,/ f1i1 +<,0+44,1 Htq1
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+45, fdq eh zulwwhq dv iroorzv=

{#Eu�#zEu��j| ' �k dWcfc�Bo#zEu��j|3� +48,

��El
�
c l2cf�{#zEu��j|3�

n�[Eu�{�3�#Eu�#zEu��j|3� n�D|�

Qrz/ gh�qlqj h | ' Ej�

|qcj
�

|q�c{j
�

|q2�
� dqg uhzulwlqj +48, |lhogv

{h | ' �k dWcfc�Bo h |3� +49,

n
q
#zE����El

�
c l2cf� n�[Eu��3�#E��

r
{h |3�

n�[Eu��3�#zE��{
2h |3� n�D|�

Dowhuqdwlyho|/ e| ohwwlqj 
o ' EWocfcf�
� dqg 
r ' Efc Wrcf�

� dqg froohfwlqj whupv zh
rewdlq

{h | ' �k dWcfc�Bo h |3� +4:,

n
q
E
o ��l�� c E
r ��l2� c

�
�[Eu�q2

�r
{h |3�

n�[Eu��3�#zE��{
2h |3� n�D|�

Zlwk wkh gh�qlwlrqv ri v|perov jlyhq lq wkh Wkhruhp dqg e| xvlqj wkh lghqwlw|
k ' kE�B n�Bz�c olnh lq wkh surri ri Wkhruhp 4/ wkh uhsuhvhqwdwlrq +47, uhvxowv1

Wkh lqwhuhvwlqj wklqj wr qrwh derxw Wkhruhp 5 frpsduhg wr Wkhruhp 4 lv wkdw
dowkrxjk wkh vdph htxloleulxp uhodwlrqv dsshdu lq wkh HFP/ wkh prgho lv irupxodwhg lq
whupv ri vwrfn dqg  rz yduldeohv udwkhu wkdq lq whupv ri wkh ruljlqdo  rz yduldeohv  |1
Exw ri frxuvh wkh dgmxvwphqw frh!flhqwv zloo eh gl�huhqw1 Wkh vwrfn yduldeohv lq wkh
uhsuhvhqwdwlrq +47, duh jlyhq e| wkh yduldeohv "| '

S|
�'� q

� � dqg "W

| '
S|

�'� q
�

� �

zkhuhdv wkh  rz yduldeohv hqwhu wkurxjk wkh gl�huhqfhg L+5, wuhqgv/ q�2 |� Qrwh/
krzhyhu/ wkdw wkh vwrfn yduldeohv "W

| rqo| hqwhu wkurxjk wkhlu ghulydwlyhv/ wkh  rz
frxqwhusduwv {"W

| � Wkh HFP jlyhq lq +5, fdq eh rewdlqhg dv d vshfldo fdvh ri +47,1
Ri frxuvh wkh deryh uhsuhvhqwdwlrqv fdq eh h{whqghg wr wkh fdvh zkhuh ghwhu0

plqlvwlfv duh lqfoxghg lq wkh prghov1 Krzhyhu/ vlqfh wklv frpsolfdwhv wkh dqdo|vlv
frqvlghudeo| zlwkrxw jdlqlqj pxfk dgglwlrqdo lqvljkw lw lv h{foxghg lq wkh suhvhqw
h{srvlwlrq1 Wkh zd| wkdw ghwhuplqlvwlfv d�hfw wkh uhsuhvhqwdwlrq ri wkh L+5, YDU dqg
wkh vwdwlvwlfdo dqdo|vlv lv glvfxvvhg lq Sduxror +4<<9, dqg Mûujhqvhq hw do1 +4<<9,1

81 Dq dssolfdwlrq wr XV krxvlqj frqvwuxfwlrq gdwd

Lq wklv vhfwlrq zh xvh L+5, whfkqltxhv wr dqdo|}h pxowlfrlqwhjudwlrq lq wkh XV krxvlqj
gdwd vhw suhylrxvo| h{dplqhg e| Ohh +4<<5/ 4<<9,1 Wkh vhulhv duh iurp Flwledvh dqg
duh= qhz sulydwho| rzqhg krxvlqj xqlwv vwduwhg/ %| ' M78-/ dqg qhz sulydwho|
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rzqhg krxvlqj xqlwv frpsohwhg/ +| ' M�� 1 Gdwd duh prqwko| vhdvrqdoo| dgmxvwhg
dqg fryhuv wkh shulrg 4<9;=404<<7=451 Lq �jxuh 4 %| dqg +| duh glvsod|hg1 Xqlw urrw
whvwv +qrw uhsruwhg, vwurqjo| lqglfdwh wkh suhvhqfh ri d vlqjoh xqlw urrw lq erwk vhulhv1
Vlqfh wkh L+5, dqdo|vlv lv edvhg rq wkh fxpxodwhg vhulhvf| '

S|
�'� %� dqg t| '

S|
�'� +�

wkh judskv ri wkhvh wlph vhulhv duh glvsod|hg dv zhoo lq �jxuh 41 Qrwh wkdw dvvxplqj
%| dqg +| wr eh L+4,/ f| dqg t| zloo eh L+5, e| wkhlu frqvwuxfwlrq dqg zloo phdvxuh wkh
vwrfnv ri vwduwhg dqg frpsohwhg krxvlqj xqlwv/ uhvshfwlyho|1

Wklv lv d elyduldwh h{dpsoh dqg qdwxudoo| wklv vlpsol�hv wkh dqdo|vlv vrphzkdw1
Li %| dqg +| duh pxowlfrlqwhjudwhg wkh wkhru| suhglfwv wkdw r ' f +qr LE�� frpprq
wuhqgv,/ o ' �c +rqh pxowlfrlqwhjudwlqj uhodwlrq,/ dqg R� o� r ' � +d vlqjoh frpprq
L+5, wuhqg,1

Iljxuh 4 derxw khuh

8141 Whvwlqj iru pxowlfrlqwhjudwlrq1 Ohh +4<<5/ 4<<9, gh�qhg wkh vwrfn ri
krxvlqj xqlwv xqghu frqvwuxfwlrq dv '| '

S|
�'�E�bH%� � +�� ' �bHf| � t| dqg kh

irxqg vwurqj vxssruw iru '| ehlqj L+4, dqg frlqwhjudwlqj zlwk +|c wkdw lv %|c +| duh
pxowlfrlqwhjudwhg1 Krzhyhu/ vlqfh '| lv d frqvwuxfwhg yduldeoh d sulrul klv dqdo|vlv
glg qrw h{solflwo| lqyroyh L+5, yduldeohv/ f1i1 wkh glvfxvvlrq lq vhfwlrq 51 Khuh zh
dgrsw wkh L+5, dqdo|vlv erwk e| vlqjoh htxdwlrq whvwv dqg e| whvwv edvhg rq wkh YDU1

Vlqjoh htxdwlrq whvwv1 Wkh vlqjoh htxdwlrq surfhgxuh kdv uhfhqwo| ehhq vxj0
jhvwhg e| Hqjvwhg hw do1 +4<<:, dv dq h{whqvlrq ri wkh Hqjoh dqg Judqjhu +4<;:,
wzr0vwhs surfhgxuh wr wkh fdvh zlwk L+5, yduldeohv/ vhh dovr Kdoguxs +4<<7,1 Wkh lghd
lv lq wkh �uvw vwhs wr frqgxfw wkh uhjuhvvlrq

t| ' eVff| n eV�{t| n eBf n eB�|n e�| +4;,

dqg lq wkh vhfrqg vwhs wr whvw wkh lqwhjudwlrq rughu ri e�|� Iru lqvwdqfh/ dq dxjphqwhg
Glfnh| Ixoohu whvw +ru Skloolsv +4<;:, ~�whvw, fdq eh frqgxfwhg1 Jlyhq wkdw +|
dqg %| frlqwhjudwh wr L+3, ohyho wkh fulwlfdo ydoxhv iru wkh DGI whvw iru wkh qxoo ri
qr pxowlfrlqwhjudwlrq duh uhsruwhg lq Hqjvwhg hw do1 +4<<:, iru wkh fdvh zkhuh dq
lqwhufhsw soxv d wuhqg duh lqfoxghg lq wkh �uvw vwhs uhjuhvvlrq dv lq +4;,1 Iru 6� ' �
L+4, uhjuhvvru dqg 62 ' � L+5, uhjuhvvru wkh dv|pswrwlf 4( fulwlfdo ydoxh lv jlyhq e|
071:61 Qrwh wkdw wkh uhdvrq iru lqfoxglqj d wuhqg uhjuhvvru lq +4;, lv wr dffrxqw iru
wkh idfw wkdw wkh jhqhudwhg vhulhv f| dqg t| duh olnho| wr guliw zkhq %| dqg +| kdyh
d qrq0}hur phdq1 Wkh DGI whvw jlyhv d whvw ydoxh ri 071;5 zkhq 6 odjv duh lqfoxghg
lq wkh dx{loldu| GI uhjuhvvlrq91 Khqfh wkhuh lv udwkhu vwurqj hylghqfh lq idyrxu ri
pxowlfrlqwhjudwlrq1

9Wkh vlqjoh htxdwlrq dqdo|vhv zhuh frqgxfwhg e| xvlqj SfJlyh <13/ vhh Khqgu| dqg Grruqln
+4<<9,1
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Wkh hvwlpdwhg frlqwhjudwlqj uhodwlrq +dsduw iurp ghwhuplqlvwlfv, lv jlyhq e|

t| ' �be.f| � H��D�{t|c +4<,

vr wkh hvwlpdwh ri Vfc wkh shufhqwdjh ri krxvlqj frqvwxfwlrq vwduwv wkdw duh hyhqwxdoo|
frpsohwhg/ lv jlyhq e| <71:(1

Dowhuqdwlyho|/ vlqfh frlqwhjudwlrq kdv douhdg| ehhq irxqg lw lv dovr srvvleoh wr
hvwlpdwh Vf iurp d pruh frpsoh{ g|qdplf uhjuhvvlrq lqfoxglqj odjv ri {t| dqg {f|�

Wkh lpsolhg *vwdwlf* orqj uxq vroxwlrq +vhh Khqgu| dqg Grruqln/ 4<<9/ s1 567,/ iurp
d prgho lqfoxglqj 7 odjv ri {t| dqg {f| uhdgv=

t| ' �be.f| � D�DH�{t| � 2�SD�{f| +53,

dqg khqfh lw lv vhhq wkdw wkh hvwlpdwh ri Vf kdsshqv wr eh lghqwlfdo wr wkh hvwlpdwh
edvhg rq wkh uhjuhvvlrq +4<,1

Whvwv edvhg rq wkh L+5, YDU1 Vlqjoh htxdwlrq dqdo|vlv lv qrw wkh prvw hi0
�flhqw zd| ri hvwlpdwlqj Vf� Wkh L+5, YDU prgho iru wkh yduldeohv t| dqg f| lv dq
dowhuqdwlyh dqg pruh frpsuhkhqvlyh ehqfkpdun iru dqdo|}lqj wkh pxowlfrlqwhjudwlqj
surshuwlhv ri wkh gdwd1 Wkh vwdwlvwlfdo dqdo|vlv iru wkh L+5, prgho lq YDU v|vwhpv lv
glvfxvvhg lq Mrkdqvhq +4<<8/ 4<<:,1 Wkh edvlf prgho zh frqvlghu lv ri wkh irup +9,
exw zh dovr zdqw wr doorz iru dq lqwhufhsw dqg d ghwhuplqlvwlf wuhqg lq wkh prgho1
Krzhyhu/ vlqfh zh gr qrw zdqw wkh prgho wr jhqhudwh txdgudwlf wuhqgv zh uhvwulfw wkh
wuhqg wr olh lq wkh frlqwhjudwlrq vsdfh1 Hvvhqwldoo| wklv fruuhvsrqgv wr d pxowlfrlqwh0
judwlqj uhodwlrq zlwk d wuhqg vlplodu wr +4;,1 Wkh vwdwlvwlfdo dqdo|vlv iru wklv vlwxdwlrq
lv glvfxvvhg lq Mûujhqvhq hw do1 +4<<9,1 Lq wkh vxevhtxhqw dqdo|vlv wklv uhvwulfwlrq kdv
ehhq lpsrvhg lq wkh hvwlpdwlrq:1

Lq rughu wr ghwhuplqh wkh lqwhjudwlrq lqghfhv dq L+5, YDU prgho zlwk 45 odjv dqg
d wuhqg uhvwulfwhg wr olh lq wkh frlqwhjudwlrq vsdfh zdv hvwlpdwhg iru wkh yduldeohv
t| dqg f|� Lq wdeoh 4 ydulrxv xqlyduldwh dqg pxowlyduldwh gldjqrvwlfv ri wkh YDU duh
uhsruwhg1 Dv vhhq wkhuh duh jhqhudoo| qr sureohpv derxw dxwrfruuhodwlrq exw gxh wr
khwhurvfhgdvwlflw| dqg h{fhvv nxuwrvlv wkhuh duh sureohpv zlwk wkh qrupdolw| whvwv1
D srvvleoh uhphg| ri wklv sureohp lv wr orj wudqvirup wkh yduldeohv1 Krzhyhu/ wklv lv
qrw vwulfwo| shuplwwhg zkhq wkh irfxv lv rq wkh vwrfn0 rz uhodwlrqv1 Vlqfh Jrq}dor
+4<<7, kdv irxqg wkdw wkh Mrkdqvhq PO surfhgxuh lv udwkhu urexvw wr glvfuhsdqflhv
iurp wkh prgho dvvxpswlrqv gxh wr khwhurvfhgdvwlflw| zh ljqruh wklv sureohp1 Lq
�jxuh 5 wkh urrwv ri wkh frpsdqlrq pdwul{ ri wkh YDU+45, duh glvsod|hg iru wkh fdvh
zkhuh qr L+5, wuhqgv duh doorzhg iru lq wkh hvwlpdwlrq1 Dv vhhq wkhuh lv hylghqfh ri dw

:Doo L+5, YDU frpsxwdwlrqv kdyh ehhq fdofxodwhg iurp wkh wkh L+5, h{whqvlrq ri wkh FDWV lq
UDWV surjudpph1 Wkh surjudpph lv zulwwhq e| Fodud P1 Mûujhqvhq dqg lv grzqordgdeoh iurp
kwws=22zzz1hvwlpd1frp2surfv2l5lqgh{1kwp1
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Wdeoh 41 Plvvshfl�fdwlrq whvwv ri wkh YDU+45,1

Pxowlyduldwh whvwv=
Uhvlgxdo dxwrfruuhodwlrq OP+4, �2Ee� ' 2�.b
Uhvlgxdo dxwrfruuhodwlrq OP+7, �2Ee� ' .���
Qrupdolw| OP �2Ee� ' �b���WWW

Xqlyduldwh whvwv= {t| {f|

DUFK+45, 8186WWW 66166WWW

Mdutxh0Ehud/ Qrupdolw| 45189WWW :14<WWW

Vnhzqhvv 17: 0146
H{fhvv nxuwrvlv 61<4 619<
-2 1<8 1<4
Qrwh= +-,/ +--,/ dqg +---, ghqrwh vljql�fdqfh dw 4/8/ dqg 43 ( ohyhov/

uhvshfwlyho|1

ohdvw wzr xqlw urrwv lq wkh gdwd1 Irupdo whvwlqj iru wkh qxpehu ri xqlw urrwv dqg wkh
lqwhjudwlrq lqghfhv fdq eh edvhg rq wkh 7ocr wudfh vwdwlvwlfv glvfxvvhg e| Mrkdqvhq
+4<<8/ 4<<:,1 Wkh uhvxowv duh uhsruwhg lq wdeoh 51 Wklv wdeoh vkrxog eh uhdg iurp
wkh xsshu ohiw fruqhu +wkh prvw uhvwulfwhg prgho/ o ' fc R� o � r ' 2, wr wkh uljkw/
dqg grzq/ xqwlo wkh �uvw k|srwkhvlv wkdw fdqqrw eh uhmhfwhg lv lghqwl�hg1 Wkdw lv/ wkh
k|srwkhvhv vkrxog eh whvwhg vxffhvvlyho| ohvv dqg ohvv uhvwulfwhg1

Iljxuh 5 derxw khuh

Dv vhhq wkh �uvw k|srwkhvlv wkdw fdqqrw eh uhmhfwhg fruuhvsrqgv wr wkh k|srwkhvlv
zkhuh o ' � dqg R�o�r ' �� Khqfh wkh whvwv lqglfdwh wkdw wkhuh lv rqh frpprq L+5,
wuhqg lq wkh gdwd dqg rqh sro|qrpldoo| frlqwhjudwlqj +ru pxowlfrlqwhjudwlqj, uhodwlrq1
Qrwh wkdw r ' f/ vr wkhuh duh qr L+4, wuhqgv lq wkh prgho1

Wkh huuru fruuhfwlrq prghov1 Wkh HFP*v suhvhqwhg lq wkhruhpv 4 dqg 5
ehfrph vrphzkdw vlpsol�hg lq wkh suhvhqw vlwxdwlrq zkhq wkhuh duh qr L+4, wuhqgv
dqg o ' R� o�r1 Lq wklv fdvh wkh L+3, uhodwlrq lv dovr wkh pxowlfrlqwhjudwlqj uhodwlrq1
Wkh hvwlpdwhv ri wkh prgho sdudphwhuv duh wdexodwhg lq wdeoh 61 Qrwh wkdw vlqfheBz ' f dqg eq� ' f pdq| ri wkh huuru fruuhfwlrq whupv zloo ydqlvk1

Dv vhhq wkh hvwlpdwhg vwrfn ri krxvlqj xqlwv xqghu frqvwuxfwlrq lv jlyhq e| '| '
�q�Et|cf|� '

S|
�'�E�b.2%� � +��� Wklv lv rqo| voljkwo| gl�huhqw iurp Ohh*v +4<<5,

hvwlpdwh wkdw 5( ri krxvlqj vwduwv zhuh qhyhu frpsohwhg1 Lq �jxuh 6 wzr gl�huhqw
phdvxuhv ri wkh vwrfn yduldeoh duh glvsod|hg dqg lw lv dssduhqw wkdw wkh hvwlpdwhg
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Wdeoh 51 Mrlqw whvwv ri wkh lqwhjudwlrq lqghfhv1
XV Krxvlqj gdwd vhw/ 4<9;=404<<7=451

R� o o 7ocr 'o

5 3 :91<3WWW 651:5W 55188W

7:193 67169 58176

4 4 461<3 7153
4<1;: 4517<

R� o � r 5 4 3
Qrwh= +-,/ +--,/ dqg +---, ghqrwh vljql�fdqfh

dw 4/8/ dqg 43 ( ohyhov/ uhvshfwlyho|1 Qxpehuv lq

lwdolfv duh <8 shu fhqw txdqwlohv/ +Mûujhqvhq hw do1

+4<<9,/ wdeoh 7,1 o dqg R� o � r duh wkh qxpehu ri

L+3, dqg L+5, frpsrqhqwv1

Wdeoh 61 Sdudphwhu hvwlpdwhv ri wkh L+5, YDU iru o ' �c r ' fc
dqg R� o � r ' ��

Pxowlfrlqwhjudwlqj uhodwlrq eq� ' E�c��b.2�c eB ' ��bfH/ EeBz ' f�

L+5, wuhqg eq�2 ' E�c ��f2b�

��pdwul{ f� ' Eeqc eq2�
�

Pxowlfrlqwhjudwlqj sdudphwhuv eB eq�2 ' E��bfHc e�f22�
Dgmxvwphqw frh!flhqwv ek� ' E��f2Sc �f�e�

Jdppd pdwul{ eK '

#
��.2 ���DH
��2f. ��fSe

$
Ghulyhg hvwlpdwruv
Iorz HFP Vwrfn HFPe1�eB ' ekeBeB ' ek eh1�eB ' f�e1�eB ' f� ek '

#
��fDb
�ffb

$
e12 ' ekeBz ' f

eh12 ' f�e12 ' fel� ' eKeq '

#
�2.f
��f.e

$ ehl� '
##

�
f

$
� f�el�

$
'

#
�SD.
���be

$
el2 ' eKeq� ' f

ehl2 ' �f�el2 ' f
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vwrfn yduldeoh udwkhu wkdq wkh gl�huhqfh '| ' f| � t| vhhpv wr ehkdyh pruh olnh
wkh ruljlqdo  rz yduldeohv %| dqg +|� Wkh yduldeoh '| ' f| � t| whqgv wr guliw dzd|
frpsduhg wr wkh  rz vhulhv1 Wklv guliw fdswxuhv wkh fxpxodwlrq ri vwduwv wkdw duh
qhyhu frpsohwhg1 Lw lv olnho| wkdw wkh guliw fdq eh sduwldoo| fruuhfwhg iru e| doorzlqj
d wuhqg lq wkh frlqwhjudwlrq vsdfh dv zh kdyh grqh lq wkh suhvhqw vwxg|/ krzhyhu/ wklv
zloo rqo| fdswxuh sduw ri wkh glvfuhsdqf| vlqfh wkh hvwlpdwh ri Vf lv vwloo vwulfwo| ohvv
wkdq rqh;1

Iljxuh 6 derxw khuh

Wkh pxowlfrlqwhjudwlqj uhodwlrq fdq eh zulwwhq dv iroorzv +dsduw iurp wkh ghwhu0
plqlvwlf frpsrqhqwv,/ frpsduh +<,=

eq�Et|cf|�
�
� eB eq�2E{t|c{f|�

� ' t| � �b.2f| n ��bfH{t| n e�f22{f| +54,

dqg wkh L+5, wuhqg lv jlyhq e|

q�2Et|cf|�
� ' t| n ��f2bf|� +55,

Qrwh wkdw wkh L+5, wuhqg lv forvh wr ehlqj wkh vxp +dyhudjh, ri wkh wzr vhulhv vlqfh Vf
lv qrw wrr idu dzd| iurp xqlw|1

Wkh  rz HFP fdq eh zulwwhq dv iroorzv=

{

#
+|
%|

$
'

#
��f2S
�f�e

$
E'|3� � ��bfH+|3� � e�f22%|3�� +56,

n

#
��2.f
�f.e

$
E{'|3�� n odjv ri ~{+|c{%|c �n frqvwdqwn wuhqg1

Zlwk uhvshfw wr wkh vwrfn dgmxvwphqw HFP wklv fdq eh zulwwhq=

{

#
'|

q�2Et|c f|�
�

$
'

#
��fDb
�ffb

$
E'|3� � ��bfH+|3� � e�f22%|3�� +57,

n

#
�SD.
���be

$
E{'|3�� n odjv ri ~{+|c{%|c �n frqvwdqwn wuhqg1

Ri frxuvh/ iurp dq hfrqrplf shuvshfwlyh wkh �uvw urz lq wkh vwrfn HFP lv prvw
lqwhuhvwlqj1 Iru erwk HFP*v lw lv vhhq wkdw wkh dgmxvwphqw frh!flhqwv kdyh wkh
fruuhfw vljqv exw dgmxvwphqw dovr vhhpv wr eh h{wuhpho| vorz zklfk uh hfwv kljk
frvwv ri dgmxvwphqw1

;Qrwzlwkvwdqglqj/ lw vkrxog eh phqwlrqhg wkdw d OU whvw iru wkh k|srwkhvlv wkdw �3 @ +4>�4,
fdqqrw eh uhmhfwhg1 Wkh whvw ydoxh lv 4169 zklfk vkrxog eh frpsduhg zlwk wkh "5+4, glvwulexwlrq>
wkh s0ydoxh lv 1571 Lw lv olnho| wkdw wkh wuhqg lq wkh frlqwhjudwlrq vsdfh jlyhv ulvh wr wklv uhvxow1
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91 Frqfoxglqj frpphqwv

Lq wklv sdshu zh kdyh ghprqvwudwhg krz wzr vhsdudwh/ wkrxjk htxlydohqw/ huuru fru0
uhfwlrq prgho uhsuhvhqwdwlrqv fdq eh jlyhq wr wlph vhulhv wkdw duh pxowlfrlqwhjudwhg
lq wkh vhqvh ri Judqjhu dqg Ohh +4<;</ 4<<3,1 Wkh L+4, prgho lv qrw dghtxdwh iru
ghvfulelqj pxowlfrlqwhjudwhg wlph vhulhv/ vr pxfk ri wkh dqdo|vlv kdv irfxvhg rq wkh
L+5, prgho dqg krz wklv fdq eh uhsdudphwul}hg wr ghvfuleh wkh sduwlfxodu ihdwxuhv ri
pxowlfrlqwhjudwhg wlph vhulhv1 Wkurxjk dq hpslulfdo dssolfdwlrq ri XV krxvlqj frq0
vwuxfwlrq gdwd zh dovr ghprqvwudwhg krz wkh L+5, dqdo|vlv fdq eh xvhixo lq sudfwlfh
dv d wrro iru dqdo|}lqj pxowlfrlqwhjudwhg wlph vhulhv hyhq wkrxjk wkh edvlf hfrqrplf
yduldeohv duh uhdoo| L+4,1 Wr wkh ehvw ri rxu nqrzohgjh wklv surylghv wkh �uvw hpslulfdo
h{dpsoh ri h{solflwo| dgrswlqj L+5, surfhgxuhv wr pxowlfrlqwhjudwhg wlph vhulhv lq wkh
Judqjhu0Ohh phdqlqj ri wkh frqfhsw1 Zkdw uhpdlqv lv wr frqvlghu pxowlfrlqwhjudwlrq
lq pruh dgydqfhg prghov zkhuh d srwhqwldoo| odujhu lqirupdwlrq vhw lv xvhg wr gh0
vfuleh wkh vwrfn exloglqj dqg  rz ghflvlrqv ri wkh krxvlqj pdunhw1 Dw ohdvw wkh L+5,
surfhgxuhv vhhp wr zrun zhoo iru vpdoo vw|ol}hg prghov1

Uhihuhqfhv

^4` Fdpsehoo/ M1 \1/ +4<;:,1 Grhv vdylqj dqwlflsdwh ghfolqlqj oderxu lqfrph B Dq
dowhuqdwlyh whvw ri wkh shupdqhqw lqfrph k|srwkhvlv1 Hfrqrphwulfd/ 88/ 457<0
45:61

^5` Hqjoh/ U1 I1/ dqg F1Z1M1 Judqjhu/ +4<;:,1 Fr0lqwhjudwlrq dqg huuru fruuhfwlrq=
Uhsuhvhqwdwlrq/ hvwlpdwlrq dqg whvwlqj1 Hfrqrphwulfd 88/ 5/ 58405:91

^6` Hqjoh/ U1 I1 dqg E1 V1 \rr/ +4<<4,1 Frlqwhjudwhg hfrqrplf wlph vhulhv= D vxuyh|
zlwk qhz uhvxowv1 Lq F1Z1M1 Judqjhu/ dqg U1 I1 Hqjoh +Hgv1,1 Orqj0uxq hfrqrplf

uhodwlrqv1 Uhdglqjv lq frlqwhjudwlrq1 R{irug= R{irug Xqlyhuvlw| Suhvv1

^7` Hqjvwhg/ W1/ dqg V1 Mrkdqvhq/ +4<<:,1 Judqjhu*v uhsuhvhqwdwlrq wkhruhp dqg
pxowlfrlqwhjudwlrq1 HXL zrunlqj sdshu/ HFR Qr1 <:248/ Hxurshdq Xqlyhuvlw|
Lqvwlwxwh/ Ioruhqfh1

^8` Hqjvwhg/ W1/ M1 Jrq}dor/ dqg Q1 Kdoguxs/ +4<<:,1 Whvwlqj iru pxowlfrlqwhjudwlrq1
Hfrqrplfv Ohwwhuv/ iruwkfrplqj1

^9` Jrq}dor/ M1 +4<<7,1 Ilyh dowhuqdwlyh phwkrgv ri hvwlpdwlqj orqj0uxq htxloleulxp
uhodwlrqvklsv1 Mrxuqdo ri Hfrqrphwulfv/ 93/ 53605661

^:` Judqjhu/ F1 Z1 M1/ +4<;6,1 Frlqwhjudwhg yduldeohv dqg huuru fruuhfwlrq prghov1
Glvfxvvlrq sdshu/ Xqlyhuvlw| ri Fdoliruqld/ Vdq Glhjr1
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^;` Judqjhu/ F1 Z1 M1/ dqg W1 Ohh/ +4<;<,1 Lqyhvwljdwlrq ri surgxfwlrq/ vdohv dqg
lqyhqwru| uhodwlrqv xvlqj pxowlfrlqwhjudwlrq dqg qrq0v|pphwulf huuru fruuhfwlrq
prghov1 Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 7 +vxssohphqw,/ V4780V48<1

^<` Judqjhu/ F1Z1 M1/ dqg W1 Ohh/ +4<<3,1 Pxowlfrlqwhjudwlrq1 LqDgydqfhv lq Hfrqr0

phwulfv1/ Yro1 ;/ hg1 e| J1 I1 Ukrghv dqg W1 E1 Irpe|/ Juhhqzlfk/ FW= MDL
Suhvv/ :40 ;71

^43` Kdoguxs/ Q1/ +4<<7,1 Wkh dv|pswrwlfv ri vlqjoh0htxdwlrq frlqwhjudwlrq uhjuhvvlrqv
zlwk L+4, dqg L+5, yduldeohv1 Mrxuqdo ri Hfrqrphwulfv/ 96/ 4860;41

^44` Khqgu|/ G1 I1 dqg M1 D1 Grruqln/ +4<<9,1 Hpslulfdo Hfrqrphwulf Prghoolqj=

Xvlqj SfJlyh <13 iru Zlqgrzv1 Lqwhuqdwlrqdo Wkrpvrq Exvlqhvv Suhvv

^45` Khqgu|/ G1 I1 dqg W1 yrq0Xqjhuq Vwhuqehuj/ +4<;4,1 Oltxlglw| dqg lq dwlrq
h�hfwv ri frqvxphu h{shqglwxuh1 Lq D1 V1 Ghdwrq +hg1,/ Hvvd|v lq wkh wkhru| dqg

phdvxuhphqw ri frqvxphuv* ehkdylrxu1 Fdpeulgjh Xqlyhuvlw| Suhvv1

^46` Krow/ F1F1/ I1 Prgljoldql/ M1 I1 Pxwk/ dqg K1 Vlprq/ +4<93,1 Sodqqlqj surgxfwlrq
lqyhqwrulhv/ dqg zrun irufh1 Suhqwlfh Kdoo/ Hqjohzrrg Fol�v1

^47` Mrkdqvhq/ V1/ +4<<4,1 Hvwlpdwlrq dqg k|srwkhvlv whvwlqj ri frlqwhjudwlrq yhfwruv
lq Jdxvvldq yhfwru dxwruhjuhvvlyh prghov1 Hfrqrphwulfd/ 8</ 4884048;31

^48` Mrkdqvhq/ V1/ +4<<5,1 D uhsuhvhqwdwlrq ri yhfwru dxwrujuhvvlyh surfhvvhv lqwh0
judwhg ri rughu 51 Hfrqrphwulf Wkhru|/ ;/ 4;;05351

^49` Mrkdqvhq/ V1/ +4<<8,1 D vwdwlvwlfdo dqdo|vlv ri frlqwhjudwlrq iru L+5, yduldeohv1
Hfrqrphwulf Wkhru|/ 44/ 5808<1

^4:` Mrkdqvhq/ V1/ +4<<:,1 D olnholkrrg dqdo|vlv ri wkh L+5, prgho1 Vfdqglqdyldq Mrxu0

qdo ri Vwdwlvwlfv/ iruwkfrplqj1

^4;` Mûujhqvhq/ F1/ K1 F1 Nrqjvwhg/ dqg D1 Udkehn/ +4<<9,1 Wuhqg0vwdwlrqdulw| lq
wkh L+5, frlqwhjudwlrq prgho1 Glvfxvvlrq sdshu <9045/ Lqvwlwxwh ri Hfrqrplfv/
Xqlyhuvlw| ri Frshqkdjhq1

^4<` Nzdnhuqddn/ K1/ dqg U1 Vlydq/ +4<:5,1 Olqhdu rswlpdo frqwuro v|vwhpv1 Zloh|/
Qhz \run1

^53` Ohh/ W10K1/ +4<<5,1 Vwrfn0 rz uhodwlrqvklsv lq krxvlqj frqvwuxfwlrq1 R{irug Exo0

ohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/ 87/ 74<07631
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^54` Ohh/ W�K1/ +4<<9,1 Vwrfn dgmxvwphqw iru pxowlfrlqwhjudwhg vhulhv1 Hpslulfdo Hfr0

qrplfv/ 54/ 966096<1

^55` Phoodqghu/ H1 D1 Yuhglq/ dqg D1 Zduqh/ +4<<5,1 Vwrfkdvwlf wuhqgv dqg hfrqrplf
 xfwxdwlrqv lq d vpdoo rshq hfrqrp|1 Mrxuqdo ri Dssolhg Hfrqrphwulfv/ :/ 69<0
6<71

^56` Phw}ohu/ O1D1/ +4<74,1 Wkh qdwxuh dqg vwdelolw| ri lqyhqwru| f|fohv1 Uhylhz ri

Hfrqrplfv dqg Vwdwlvwlfv/ 56/ 446045<1

^57` Sduxror/ S1/ +4<<9,1 Rq wkh ghwhuplqdwlrq ri lqwhjudwlrq lqglfhv lq L+5, v|vwhpv1
Mrxuqdo ri Hfrqrphwulfv/ :5/ 64606891

^58` Sduxror/ S1/ dqg D1 Udkehn/ +4<<9,1 Zhdn h{rjhqhlw| lq L+5, v|vwhpv1 Zrunlqj
sdshu1

^59` Skloolsv/ D1 Z1/ +4<87,1 Vwdelol}dwlrq srolf| lq wkh forvhg hfrqrp|1 Wkh Hfrqrplf

Mrxuqdo/ 97/ 5<306561
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Iljxuh 4= Krxvlqj frqvwuxfwlrq gdwd vhw iru XV/ 4<9;=404<<7=45/ vhdvrqdoo| dgmxvwhg1
Qhz sulydwho| rzqhg krxvlqj xqlwv vwduwhg/ %|c dqg frpsohwhg/ +|1 Wkh fruuhvsrqglqj
vwrfn vhulhv kdyh ehhq jhqhudwhg dv f| '

S|
�'� %�/ dqg t| '

S|
�'� +��
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The eigenvalues of the companion matrix
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Iljxuh 6= Wzr gl�huhqw phdvxuhv ri lqyhqwrulhv/ '| ' f| � t| dqg '| ' �b.2f| � t|

dqg wkh dvvrfldwhg  rz yduldeohv %| dqg +|�
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