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In econometrics, most null hypotheses are composite, dividing the parameters
into parameters of interest and nuisance parameters. Typicaly, acomposite hypothesis can be
tested using two or more testing procedures. Competing testing procedures are commonly
compared using size-corrected powers. What is often overlooked is that the size-corrected
critical value of atest can be sensitive to the set of admissible values of the nuisance
parameters, and hence its size-corrected power. As aresult, different choices for the
admissible set can produce different conclusions about which test is best. This fact complicates
the interpretation of Monte Carlo power studies because in many cases there is no natural
definition of the set of admissible values. We find this fact to be crucial when choosing a
Lagrange Multiplier test in the case of alogit model. A theoretical explanation for this effect is
developed using large parameter asymptotics.
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1. INTRODUCTION

In logit models, the hypotheses tested usually only involve a subset of the
parameters, in particular, one or more slope coefficients, the others being nuisance parameters.
Typically, such acomposite hypothesis can be tested using two or more testing procedures.
Competing testing procedures are commonly compared using size-corrected powers. What is
often overlooked is that the size-corrected critical value of atest can be sensitive to the set of
admissible values of the nuisance parameters, and hence its size-corrected power. In Monte
Carlo studies designed to compare size-corrected powers, this set is chosen by the
experimenter. Different choices can produce different conclusions about which test is best.
Thus, the choice for the set of admissible values of the nuisance parameters can play akey role
in size-corrected power comparisons. This fact complicates the interpretation of experimental
power studies because in many cases there is no natural definition of the set of admissible
values.

This paper illustrates the influence of the admissible set using variants of the
Lagrange Multiplier (LM) test. The variants of the LM test differ in the estimator of the
information matrix. One variant is based on the expectation of the Hessian matrix, a second on
the Hessian matrix and a third on the outer product (OP) matrix of the score vectors. The
three estimators produce three variants of the LM test: the expected Hessian LM test, the
observed Hessian LM test and the OP LM test. Dagenais and Dufour (1991) show that the
expected Hessian and OP LM tests enjoy certain invariance properties to reparameterization,
while the observed Hessian does not. For this reason we only consider these two variants of
the LM test. Although the tests are asymptotically equivalent (Amemiya (1985)), Monte Carlo
evidence suggests that the performance of the tests can be very different in finite samples. The
OP LM test has been reported to have poor size performance in logit and probit models, see
Davidson and MacKinnon (1984). For other tests using the outer product of the score vectors,
see, for example Chesher and Spady (1991), Davidson and MacKinnon (1983, 1985, 1992),
Godfrey, McAleer and McKenzie (1988) and Orme (1990).

In this paper, large parameter asymptotics is used to show that the size of the
OP LM test is strongly influenced by the nuisance parameters. The large parameter asymptotic
distribution is derived from a sequence of test statistics indexed by the values of the



parameters, assuming the sample size is fixed. The purpose is to obtain the limiting distribution
of such a sequence as the values of the parameters increase in absolute value. The critical
value obtained from this limiting distribution is alower bound on the size-corrected critical
value of the LM statistics. For the OP LM test these critical values are many orders of
magnitude larger than that of the Hessian LM test and the asymptotic critical value from the
chi-square distribution.

For the logit model, Davidson and MacKinnon (1984) concluded that despite
the poor size performance of the OP LM test, the size-corrected power of the OP LM test is
good compared to the expected Hessian LM test. We find, however, that this conclusionisa
result of the treatment of the set of admissible values of the nuisance parameters; in particular,
the set contains only one point (Savin and Wiirtz (1996)). This treatment of the set of
admissible values of the nuisance parameters is not uncommon in Monte Carlo experiments
with tests of composite hypotheses. In effect, the null hypothesisis more restricted than
claimed, and hence the tests are actually size-corrected. A similar point is emphasized, along
with other examples, in Campbell and Dufour (1995), Dufour (1994) and Dufour and Torres
(1995). Our Monte Carlo simulations demonstrate that the OP LM test can have about the
same power as the Hessian LM test if the set of admissible values of the nuisance parameters
issmall. If the set is enlarged, then the Hessian LM test has better size-corrected power. The
poor power performance of the OP LM test is partly due to its poor size-performance, but not
entirely. Hence, when choosing aLM test in logit models, the expected Hessian LM test is
recommended.

The organization of the paper is the following. The model and the expected
Hessian and OP LM tests are presented in Section 2. The size properties of the LM tests are
investigated in Section 3. In Section 4 the large parameter asymptotic distributions are
derived. The implications for the size-corrected powers are analyzed in Section 5 and Section

6 concludes the paper.

2. HESSIAN AND OP LM TESTS

In this section we describe the Hessian and OP LM test statistics for a binary
logit model. The binary logit model is defined by
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P(Yi:]-) = F(B/Xi) = B

1+e

where {Y} isasequence of independent binary random variables taking thevalue 1 or O,  is
ak-vector of parameters and x; is the i’ th k-vector of regressors from a matrix of regressors X
with n observations. The hypothesisis assumed to be composite, restricting only a subset of

the parameters. Partition the parameter vector  into 3, and 3, such that 3, isthe k; vector of

restricted parameters and the k,-vector 3, the remaining parameters. The null hypothesisis

(1) Hy = {B=(B,B,) | B,eBI<R", P,cB\ R}

and the aternative hypothesis

(2) H, = {B=(B..B,) | ByeB,'R" B,eB\ <R,

where Bloisabounded subset digoint with BlA. The null hypothesis does not restrict the

parameters 3, and, hence, [, are nuisance parameters.
The LM test statistics use the score vector and a covariance matrix. Let S be

the score vector and V the covariance matrix. Then the LM test statistic is

LM =S(B)" V(B) S(B),

where both Sand V are evaluated at parameter values satisfying the null hypothesis. Two
versions of the LM test statistics are obtained by using different consistent estimators of the
covariance matrix. One version, the expected Hessian LM test is calculated using the inverse

of the expected information matrix
-1

(3) Vex(B) - Z;F(B/Xi)(l_F(B/Xi))XiXi/

Note, in alogit model the Hessian matrix equals the expected Hessian matrix. The other
version, the OP LM test, is calculated using the inverse of the outer product of the score

Vectors



(4) Voe(B) = [Zl:(yi—F(B’Xi))ZXiXi/)

The score vector, used in both versions of the LM test, is given by

() S(B) = Zl:(yi—F(B’Xi))Xi

The two versions are denoted LM, and LM, for the expected Hessian LM test and the OP
LM test, respectively.

3. SIZES OF THE TESTS

Using first-order asymptotics, the two versions of the LM tests have the same
limiting chi-square distribution when Hj is true and the same limiting non-central chi-square
distribution under sequences of local aternatives. Asaresult, the asymptotic critical values
are the same for the two tests, and they have the same local power. In finite samples, however,
the tests are not pivotal: their finite sample distributions depend on the true values of the
parameters under the null hypothesis and, in particular, the values of the nuisance parameters.
Before considering the power of the tests in section 5, we investigate the size properties.

In our Monte Carlo experiments we find, that the actual size of the OP LM test
can differ substantially from the nominal size, which is consistent with the findings of other
investigators. These results hold in both simple and more complicated logit and probit models.
Therefore, to illustrate the effects of the nuisance parameters, it suffices to consider asimple
binary logit mode.

In asimple logit model with asope 3, and an intercept 3,, consider atest of
the null hypothesis that the slope is zero. The values of the corresponding regressor x were
generated using the perfect normal N(0, 1): x, = ®(i/(n+1)), i =1,2,...,n, where @ isthe
standard normal cdf. The Monte Carlo sample size is 5000. To calculate the Hessian and OP
LM satistics, only the constrained ML estimate of 3, subject to the constraint 3, =0 is
needed. The ML estimate is, however, not finite for some samples. In other words, the ML
estimator is not defined for certain pointsin the sample space; see Albert and Anderson

(1984), or, for abrief discussion, Amemiya (1985). We call these sample points “bad” points.



For the constrained ML estimator of 3, there are only two bad points; oneisy = (0,0,...,0)’
and the other isy = (1,1,...,1)". For finite n, these bad points have positive probability of
occurring. If abad point occurs, it is deleted and not replaced. Hence, the estimate of the
rejection probability at the parameter point (B,, B,) is R/G where R is the number of rgections
in the G non-deleted sampl es.

Using the 0.95 quantile of the chi-square one distribution as the critical value,
Figure 1 shows the empirical rejection probabilities of the tests when H, is true for values of
the nuisance parameter, that is, the intercept f3,, which range from -6 to 6. For the Hessian
LM test with n = 100, the empirical rejection probability is about 0.05 for al values of the
intercept. On the other hand, the empirical rejection probability of the OP LM test is sensitive
to the value of the intercept. For n = 100, the empirical rejection probability is roughly 0.05
when the absolute value of 3, isless than 2 and then increases as the absolute value of {3,
increases. For example, the empirical rejection probability is about 0.20 when the absolute
value of 3, is3. For n= 200, the empirical rejection probability is roughly about 0.05 when
the absolute value of 3, isless than 3 and then increases as the absolute value of 3, increases.
Hence, the distribution of the OP LM test shifts to the right as the value of the nuisance
parameter increases.

Recall that the type | error or the size of atest of acomposite null hypothesisis
defined as the supremum of the rejection probabilities under the null hypothesis, see Hogg and
Craig (1978, p. 239) and Lehmann (1959, p. 61):

o = Sup m(P),

BeH,

where 1t(p) isthe probability of the test rgecting at the true 3, that is, the power function. To

find a size-corrected critical value for, say, a 0.05 significant level, select the critical value such
that the maximum rejection probability taken over al feH, is0.05. In the smple logit modd,
B, = 0. Define the set of admissible values of the nuisance parameter, denoted by By, to be 3,
€ By = [-Bomac Baimad Where B, ..., isapositive number. Hence, H, = {(3.,B,) | B =0, B, € [-
Bormac Pamad I s€€ (1),

The choice of admissible values of the nuisance parameter has a substantial
influence on the size-corrected critical value. Figure 2 shows the 0.05 size-corrected critical
values for both the Hessian and OP LM test for different choices of the set of admissible



values of [3,. For the Hessian LM test, the asymptotic critical value is approximately the size-
corrected critical value for all choicesfor B,,,,. N the case of the OP LM test, however, the
size-corrected critical value increases sharply as B, increases. For example, with n=100
observations it approaches 17.9 as the absolute value of 3, approaches 3 and 80 as [3,,
approaches 6. For n=200, the size-corrected critical value is 158, which is much larger than in
the n=100 case. This counterintuitive effect is explained below by large parameter
asymptotics.

The size-corrected critical value of the OP LM test increases sharply as the set
of admissible values of the nuisance parametersis enlarged. This implies that the distribution
of the test statistic is very different for large values of the nuisance parameters compared to
small values. Moreover, the distributions for large values of the nuisance parameters are
dominating in the sense that the size-corrected critical values are picked from these
distributions. This suggests that a general proof of the size-distortion of the OP LM test can
be found by analysing a sequence of distributions indexed by nuisance parametersincreasing in

value. This technique is denoted large parameter asymptotics.
4. LARGE PARAMETER ASYMPTOTICS

We now use large parameter asymptotics to prove that the size-corrected
critical values of the OP LM test are substantially different from the critical values obtained
from the conventional asymptotics. In the conventional asymptotics the limit is taken with
respect to the sample size whereas in large parameter asymptotics the limit is taken with
respect to an index of the parameters. In other words, we find the limit of a sequence of test
statistics indexed by the parameters. The index of the parameters is constructed by selecting a
ray in the parameter space. Since we are interested in investigating the size properties,

attention is restricted to rays satisfying the null hypothesis, namely,
©6) a(r) = (o, ra), r=0, a,eBleR, a,cR'
With this specification, r can naturally be used as the scalar index on the sequence of test

statistics. To insure that the LM statistics depends on the value of the nuisance parameters,

make the following assumption



ASSUMPTION 1. a,x,, # O for all i.

For the tests in the logit model considered in Section 3, «; = 0 and «, can be any non-zero
value since the nuisance parameter space is one-dimensional.

The Monte Carlo experiments showed that the distributions of the LM test
statistics for large values of the nuisance parameters determined the size-corrected critical
values. Moreover, in the Monte Carlo experiments bad points were deleted implying that the
distribution over the sample space is renormed. For large values of the nuisance parameters,
the sampling distribution in the renormed sample space concentrates on n sample points; see
the proof to the proposition. The large parameter limiting distribution of the LM test statistics

in the renormed sample space is given in the following proposition.

PROPOSITION: Make assumption 1. Assume that bad points are deleted from the sample
space. In testing Hy = { (B1,B,) | B, =0, B, € R}, the large parameter limiting distributions of
the LM statistics along the ray (6) are

1 . n (Xj_g)z .
(7) P(LM=a) = =(#J) where J={ j | a = — , J=1,2,...,n} and
n n-1 52
1 . (Xj_;)z .
(8) P(LMg,=b) = =(#J) where J={ j | b = , J=1,2,...,n}
n 2 n-1, =»
S, + (xj -X)
n

where #J is the cardinality of the set J, and x and s, are the sample mean and standard

deviation of the regressor.

Proof: See the appendix.

The critical value obtained from the large parameter limiting distribution in the
Proposition is a good approximation to the size-corrected critical value of the OP LM test
when 3,, ..« iSlarge. For our problem, alarge value of B,,,. 1S6. From Table 1 we see that
for this value of the intercept the percentage of bad pointsis 77.9%. Figure 2 displaysthe
size-corrected critical values of the 0.05 size OP LM test when n = 100 and n = 200 for values

of B1,me from O to 6. The horizontal lines represent the 0.95 quantile of the large parameter
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limiting distribution found by substitution of the regressor values directly into formula (8).
These values are 80.0 for n =100 and 161 for n = 200. They are close to the empirical size-
corrected critical values.

The large parameter limiting distributions can be further explored by assuming
that x,,...,X,, is arandom sample from a normal distribution. In this case, the large parameter
limiting distribution of the Hessian LM test is given by

© M., L - Fan-),
n

where F(1,n-1) isthe F distribution with 1 and n-1 degrees of freedom. For n = 100, the 0.95
quantile of the large parameter limiting distribution is 3.98, which is close to the critical value
in our Monte Carlo experiment, namely, 4.10. Notice that for n large, F(1,n-1) is
approximately equal to the x*(1), which is the distribution of the Hessian LM test statistic
obtained from conventional asymptotics.

In the case of the OP LM test, the large parameter limiting distribution does
not mimic the x%(1) distribution. The large parameter limiting distribution of the OP LM test
can be expressed as

I‘MOP
(10) n ~ F(1,n-1).
n2-(n-1)LMg,

Using this distribution, the 0.95 quantile is 80.4 for n = 100 and 160 for n = 200. These are
very close to 80 and 158, respectively, which are the critical values obtained in our Monte
Carlo experiments. Conversely, the 0.95 quantile from the (1) is 3.84 which corresponds to
the 0.16 quantile of the LM, distribution (10). Hence, using the asymptotic critical value
implies a size distortion of the OP LM test equal to 84 percent. The effect of the sample sizen
can be seen both in (8) and (10). A larger n shifts the distribution of the OP LM test to the
left, exactly the result found in the Monte Carlo simulations.

The Proposition isvalid for alogit model with 2 parameters. To obtain a
general result with k parameters, the large parameter asymptotics is derived for the full sample
space, that is, by not renorming the sample space by deleting bad points. The large parameter

asymptotic distribution for the full sample space is given in the following theorem.



THEOREM. Make assumption 1. In testing H:{(Bl,ﬁz)mleBc]R{kl, BzeRkZ} , the large
parameter asymptotic distributions of the LM statistics along the ray (6) are

Fo (t) = {g’ :; I =2 witha - VXWX 'WX) 'Wx 1 and

with b = VXW /(X WWX) WX 1,

g
= O
==
— —
\ARWAN

b
> b

C.
where v = (1,1,..,1,1),,", W is a (nxn) diagonal matrix with (i,i)’th element —,
r.

/
—0qXjp - /
i I~ i i :
e“’ if apx, <0

The large parameter limiting distributions are LM, - Hg, and LM, - H,, with cdfs

Fex and Fo, where a and b are replaced by Lim a and Lim b, respectively.

-0 -0

Proof. See the appendix.

The distributions of both LM tests are degenerate at a single point in the
sample space. The values of the test statistics in the limit depend on the weight matrix W
which is the only quantity depending on r. Each element i in the weight matrix W converges to
0 at arate determined by the choice of «.,, that is, the ray in the parameter space.

The Theorem is useful to find alower bound on the size-corrected critical
values. The size-corrected critical values of the LM tests cannot be smaller than the limit
valuesa and b’ for the Hessian and OP LM tests, respectively, if these tests are to have asize
less than one. The reason is that the limit values are derived for parameter values which satisfy
the null hypothesis by construction of the parameter ray. For example, since the probability is
1 for the LM, to be equal to @ in the limit, the size of the LM, test is 1 if the size-corrected
critical value is chosen below a'. Hence, the Theorem provides lower bounds on the size-
corrected critical values of the LM test statistics.

A number of interesting specia cases can be derived from the Theorem.

Typicaly, an intercept isincluded in the model where the intercept is a nuisance parameter. By



selecting aray in the parameter space in the direction of the intercept, it can be seen that al
the terms in the weight matrix converge with the same speed, that is, r, = r;, i,j=1,2,..,n.
Hence, by pulling the r terms outside, the LM, test equals a constant divided by r;, which
implies that the limit value a equals 0. For the LM, test, however, all ther, terms cancel and
what is |eft is a constant, whose value is straight forward to calculate. In particular, if the null
hypothesisis 3, = O, then all the ¢’ s are the same and they cancel. The remaining part is

b* = VIX(X'X)X"].
The term in the bracket is an orthogonal projection of 1 onto the plane spanned by X. Since
the intercept isincluded, 1 isin the plane spanned by X and, thus, b" = v'v = n. The conclusion
isthat the size-corrected critical value for the LM, test is bounded below by 0, that is, no
restriction, whereas the size-corrected critical value of the LM, test is bounded below by n,
the sample size. Hence, alarger sample size increases the size-corrected critical value, which
exactly mimics the result from the Monte Carlo experiments. It also demonstrates in general
that the size-corrected critical value of the LM, test is substantially larger than the critical
value provided by the chi-square distribution.

5. POWERS OF THE TESTS

To judge the performance of the two LM tests, the size-corrected powers are
compared. In Section 3, the size properties of the tests were analysed and the OP LM test
shown to have large size distortions using the asymptotic chi-square critical value. This,
however, does not imply that the LM OP test is inferior to the Hessian LM test in terms of
power. To make afair comparison, the size-corrected powers are used. We will show that
even with this adjustment the LM OP test has inferior power which partly is aresult of its
poor size performance.

For the same simple binary logit model asin section 3, we compare the powers
of the 0.05 size-corrected LM tests for three values of 3, that is, three different sets of
admissible values of the intercept. Our results show that the power comparison is strongly
influenced by the value of B, Thefirst vaueis,,., = 2. For sample size n = 100, the
size-corrected critical value is4.10 for the Hessian LM test and 5.17 for the OP LM test.

Figure 3 shows the empirical powerswhen 3, = 0. The empirical powers are essentiadly the

10



same for the Hessian and OP LM tests.

The second valueis B, = 3. For this case, the size-corrected critical valueis
4.10 for the Hessian LM test and 17.9 for the OP LM test. Figures 4 and 5 show the empirical
powers when 3,= 0, and 3, respectively. In these figures, the empirical powers of the size-
corrected OP LM tests are substantially smaller than those of the Hessian LM tests. Also
notice that in Figure 5 the OP LM test has empirical power 0.05 when 3, = 0. Thisis because
the B, = 3 ison the boundary of the set of admissible values for 3, and the rejection probability
isincreasingin 3,

It ismisleading to interpret the lower power of the OP LM test in Figure 4 as
due to size distortion. The test has the correct size by construction. What Figure 4 showsis
that the rejection probability is less than the size when 3, = 0. By contrast, the test has
rejection probability equal to itssizein Figure 5. Even in this case, the power of the OP LM
test is substantially less than the power of the Hessian LM test.

In the present setting, there is no natural definition of the admissible set for f3,,
except possibly the entire real line; the latter isthe admissible set used in ML estimation. If this
definition is used, then the power comparison is even more dramatic. Figure 6 shows the size-
corrected powers of the Hessian and OP LM tests when f3,, ... 1S6, ,= 0 and n=100. In
this case, the power function of the OP LM test isahorizonta straight line at O; that is, the
OP LM test never rejects H,,.

Part of the reason for the inferiority of the OP LM test isits poor size
performance. Under the null hypothesis, the distributions of the OP LM tests shift to the right
for larger values of the nuisance parameters. Therefore, if the true value of the nuisance
parameter is small, then the true distribution is far to the left of the distribution from which the
critical value is selected, namely, a distribution for which the value of the nuisance parameter
is large. Even though the true distribution shifts to the right as the parameter of interest
increases in value, the critical value is so far out in the tail to begin with that the power only
increases dightly, and certainly much less than for the Hessian LM test. Hence, it is not
surprising that atest statistic which has very different distributions for different parameter
values satisfying the null hypothesis also has poor power performance and, as in the extreme
case of Figure 6, no power at all.

In Monte Carlo experiments, a useful criterion of empirical relevanceisthe

11



probability that the ML estimate blows-up. In Table 1 we report the percentage of bad points
for selected positive values of 3, when 3, =0 and n = 100. The results show that the
percentage of bad pointsis 0.007 for 3,= 3 and increases as the absolute value of 3, increases.
Since bad points are uncommon in practice (the ML estimate typically does not blow-up in
applications), the results in Table 1 suggest to us that ,= 3 is a plausible empiricaly relevant

value when the null is true.

6. CONCLUSION

It iswell known for nonlinear models that the power function depends on the
value of the nuisance parameters. What is often overlooked is that the size-corrected critical
value of atest may depend on the set of admissible values of the nuisance parameters. In this
paper, we show that this dependence can affect the conclusions of Monte Carlo experiments
designed to compare the size-corrected power of competing tests. In particular, for asimple
logit model, where the nuisance parameter is the intercept, the expected Hessian and OP LM
tests have about the same size-corrected power when the range of admissible values for the
intercept is sufficiently narrow; as the range increases so does the superiority of the expected
Hessian LM test.

The OP LM test suffers from serious size distortion when using the
conventional asymptotic critical value. This has been observed in Monte Carlo experiments for
many tests based on the outer product information matrix. Large parameter asymptotics
permits us to obtain an analytical result on the size-distortion of the OP LM test. In fact, in a
general logit model with an intercept, the size-corrected critical value of the OP LM test is
closdly related to the sample size, and it is many order of magnitude larger than the
conventional critical value. The main difference between conventional asymptotics and large
parameter asymptoticsis that the latter is derived using the nuisance parameters and for a
fixed sample size.

The arguments for and against a particular admissible set of nuisance
parameters are typically based on an appeal to empirical relevance. These arguments often
tend to rely implicitly on a prior distribution for the nuisance parameters. An example of thisis

the argument that {3,,.., = 3 isnot empirically relevant because 3,= 3 is“very unlikely” and

12



produces rare events. It sufficesto say that a prior on the nuisance parametersis not
compatible with the classical analysisin this paper. But even with a prior, the results would
not change quditatively if the prior has the whole set of admissible values as support.

It isworth stressing that the admissible set refers to the possible, not the likely,
values of the parameters. In thisregard, it is instructive to consider the Challenger Space
Shuttle data (Presidential Commission on the Space Shuttle Challenger Accident (1986)).
This data includes the number of occurrences of distress (O-ring failures) and the launch
temperature of the 23 space shuittle flights before the explosion of the Challenger space
shuttle. Applying the logit model to this data, the estimated intercept is about 5. When the null
of no temperature effect is true, the probability of distressis essentially one. Since the
Challenger datais arguably one of the most analysed data sets in the last decade, the argument
that for this data set that 3, = 5 is not empirically relevant is not credible. Of course, the
alternative also matters. In the case of the space shuttle, the temperature effect may not be
zero.

For many models, there is no natural definition for the admissible set of values
for the nuisance parameters. Consequently, different experimenters may use different
definitions of the admissible set. As our resultsillustrate, different definitions can lead to
different conclusions about which test is best. Hence, the conclusions of experimental power
studies may be more problematical than they appear. Our recommendation isto conduct a
power study using different admissible sets. If different sets produce different results, then the

reader can draw his or her own conclusions.
APPENDIX

A. Proof of Proposition
Without loss of generality consider y =y =(0,1,1..,1)’. In the reduced and
renormalized sample space the probability of y is denoted Q(y)

_ P(y) _ a _ a2
QW) = 1-P(bad points)  (1+a)" - (1+a") | e

For o, >0, r -~ « impliesa~ 0. Using L’ Hospital’srule, Q(y) -~ 1/n. A similar result can be

obtained when «, is negative.
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Next we calculate the value of the LM statistics at the sample points y®© ,
i=1,2,...,n. Without loss of generality again supposey = y® =(0,1,1..,1)’. The constrained ML

estimate is BZ:F’l(Zyi/n) or F(B,)=(n-1)/n . By substituting into (5), the score
i=1

VECtor is

S({O’Bz}) _ [Z (v; _(_!):(BZ))Xi) -

The expected Hessian covariance matrix (3) is

1 -X

2! V(X)__lel h

Ve 0B:) - 1V(x) X Y

The OP covariance matrix (4) can be written as

1 LN
v (0,f,) - = non h
= = where
op M2 _
Dl n 1X 15 —(V(x)+x)+n 1 X
n n n
D - —V(x) n-1- 2.n- 1 2 n- 12x1§ _ lV(x)+n_1(x—xl)2
n? n? n? n n?

Because the second element of the score vector is zero, only the (1,1) element of the
covariance matrix is used to calculate the value of the LM test statistic. The other n-1 values
of the large parameter limiting distribution of the LM test can be obtained by replacing x; with
x; for the corresponding sample y®. This completes the proof.

B. Proof of Theorem
First the convergence in distribution is established. Let the discrete random
variables LM, and LM, have probability mass functions P, and Py, respectively. Then

Pex(LMg =h) =P(y € A),

14



wherey isasample point, A ={ y : LMg,(y) = h} and P the probability mass function over

the sample space. The probability mass function over the sample space is given by

n

P(y) = [T FB%)"Q-F@'x)"

i=1

The limit distribution of P along the ray

a(r) = (e, ra,), r=0, ocleBcStkl, 062€§Rk2
degenerates to a single sample point y* given by

y© = (YY) Wherey,” = I(Box,,>0) and | isthe indicator function,
snce

Lim F(e(r)’x) = Lim Fapx, +ro,x,) = Lim F(rayx,) = I(eyx.,>0)
r

[—oco [—oco — 00

by assumption 1. Then the limit cdf of the Hessan LM test, F, ,and OPLM test, F,, , are:

~Joifa<a ... . .
F (3 {1ifa>a* with a = Lim LM, (y ")
and

_Joifb<br oL .
F.(0) {1ifb>b* with b* = Lim LMgy(y )

The cdf has to converge to the limiting cdf at every continuity point of the
limiting cdf (Amemiya 1985). The limiting cdf only has one discontinuity point namely at a.
Using the limit of the probability mass function over the sample space, it is seen that for all
sample points except y* the probability convergesto zero asr goes to infinity.

Next, the limit valuesa and b™ are derived. For that purpose, the LM statistics
are approximated. The LM statistics depends on the parameter values 3 only through F, the
logistic distribution function. Therefore, the convergence properties of the expected

information matrix will depend crucialy on the behaviour of

F(a/x.)(1-F(a'x))
and the convergence properties of the score vector and OP information matrix will depend on

(vi —F(a'x)).

15



The convergence rate of thesetermsasr - « is defined as areal positive function of r, g(r),
which bounds aterm away from 0 and « when multiplied to the term. Hence, g(r) must satisfy

the following condition

0 < |Lim g(n[F(e(n)x)A-F(a()))]| <M, Me..

The convergence rate
q(r) - &'

is next shown to satisfy the condition.

First, consider F(a(r)’x)(1-F(a(r)’x.)) . The limit of F(a(r)'x;) is

Lim F(a(r)’x) = Lim F(rayx,) = 1(cpx,,>0)

- | ]

where | isthe indicator function. Therefore, two cases arise depending on the sign of o, 'X,.

Consider the case where «,'x, > 0. Then Lim F(a(r)’x;) = Llimplying that

-0

Lim F(a(r)’x)(1-F(a(r)’x))g(r) = Lim (1-F(a(r)’x,))g(r).

Now, verify that the expression for g(r) given in the Theorem indeed satisfies

the conditions for convergence. Rewrite (1-F(a(r)'x))g(r) as
1- 1 er\“gxiz\ _ 1 er\“gxiz\ _ 1
/ / / / / / / /
1+e ~(o3Xig TreXip) 1+e ®gXjp +T0X5o e rleyX, | +e X +1(0Xip ~ [0 )

The first term in the denominator goes to zero asr goesto infinity. Since a,'x,, > O, ther part

of the second term in the denominator canceals. Hence,

1 ’0‘/1Xi1

Lim =€ ,

/ / /
e X +1(0Xip = [0 ])

/
r-co oy +

e

which is a non-zero constant.

Consider the second case where %, < 0. Then Lim (1-F(a(r)’x;)) = 1

implying that
Lim F(o(r)’x.)(1-F(a(r)’x.))g(r) = Lim F(a(r)’x,)g(r).

- r—-o
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As above, verify that the expression for g(r) given in the Theorem indeed

satisfies the conditions for convergence. Rewrite F(e(r)'x;)g(r) as

/
1 e rlax,| _ 1
/ / / / / /
1+e ~(o3Xig TreXip) e oy +e —aqXig ~T(@aXip + Ay )

The first term in the denominator goes to zero asr goesto infinity. Since a,'x,, < O, ther part
of the second term in the denominator cancels. Hence,
1 W,

Lim =€ ,

/ / /
e —aqXig ~T(aXip + Ay )

/
r-co oy +

e

which is a non-zero constant.

The convergence of (y, -F(e(r)'x.)) can be found in a similar manner as for

F(a(r)’x.)(1-F(a(r)’x.)) . Again, consider two cases. First, suppose a,'x, > 0. Theny; = 1.

From above,

im F(e(r)%)(1-F(a()x))a(r) = Lim (1-F(a(r)’x))a(n),

L
and, hence, (y; -F(«(r)'x;)) withy;” = 1 has the same limit as F(a(r)'x,)(1-F(ae(r)'x.)) for a,%;,

> 0. Inthe second case where o,'%;, < 0, the limits are also the same apart from the sign.

When «,'x, < 0, y; = 0. From above,

im F(a(r)x)(1-F(a(r)’x))g(r) = Lim F(a(r)’x)g(r) = -|Lim -F(a(r)’x)g(r)|,

L
- oo oo
and, hence, the last expression is the negative of the limit of (y, -F(e(r)'x)) withy,” = 0 for
o,'Xi, < 0.

Using the above result, the score and covariance matrices can be approximated.
For convenience, define

_ / _ /
®9Xjq ®9Xjq

. / - /
e if ax, >0 e if ax, >0
c, =1 & d = , e and r, =e
X: X: -
e“l i1 %9Xig if X <0

/
rlecyXis|

if apx, <O -e

C. d.
and form two diagonal matrices W and W,, with (i,i)’th element — and —, respectively. Then
r r.

17



the score vector and covariance matrices can be approximated by

d.
S(e(n) = ).

n
i=1

X, = WX",

n

Ve, (a(r)) = [Z %xixi/] = (X'WX)*and

i-1 I

-1
n 2

d”
Vop(a(n)) = Z ='2XiXi = (X /WdeX)—l,

i=1 r;

wherev = (1,..,1),,,- Since WW, = WW, W, can be replaced with W when writing the LM
statistics.

18
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Tablel
Percent of Bad Points

Percent of Bad Points

I ntercept Percent
B
0.0 0.000
2.0 0.000
3.0 0.007
35 0.053

6.0 0.779
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FIGURE 1. ) Reection probabilities for two-sided symmetric LM test with the 0.05
asymptotic critical value and [3, equal to O.
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FIGURE 2. ) Size-corrected critical values for 0.05 two-sided symmetric Hessian and
OP LM tests with 3, equal to O.
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