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Abstract
In this paper the relationship between the surface air temperatures in 28 European cities and
towns and the North Atlantic Oscillation (NAO) are modelled using the Vector Seasonal Shifting
Mean and Covariance Autoregressive model, extended to contain exogenous variables. The
model also incorporates season-specific spatial correlations that are functions of latitudinal,
longitudinal, and elevation differences of the various locations. The empirical results, based on
long monthly time series, agree with previous ones in the literature in that the NAO is found to
have its strongest effect on temperatures during winter months. The transition from the winter
to the summer is not monotonic, however. The strength of the error correlations of the model
between locations is inversely related to the distance between the locations, with a slower decay
in the east-west than north-south direction. Altitude differences also matter but only during
the winter half of the year.
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1 Introduction

The North Atlantic Oscillation (NAO) index is based on the surface sea-level air pressure

difference between the Subtropical (Azores) High and the Subpolar Low. There are differ-

ent definitions of the index, existing for different periods, see Jones, Jónsson and Wheeler

(1997). The NAO has a strong influence on the weather in Europe and North America,

in the winter in particular, which has made it an interesting object of study for climatol-

ogists. The positive phase of the NAO reflects below-normal heights and pressure across

the high latitudes of the North Atlantic and above-normal heights and pressure over the

central North Atlantic, the eastern United States and western Europe, see e.g. Hurrell

(1995, 2015), Osborn (2006) or Delworth, Zeng, Vecchi, Yang, Zhang and Zhang (2017)

for more details. Trigo, Osborn and Corte-Real (2002) described physical mechanisms

that affect temperature patterns related to the NAO.

The direct impact of the NAO on temperatures has been studied in several papers.

Delworth et al. (2017) simulated three climate models with and without an effect of the

NAO and found that the NAO did have an influence on (among other things) surface air

temperatures in Europe. These simulations were based on annual observations.

Hurrell and van Loon (1997), see also Hurrell (1996), estimated the relationship be-

tween the NAO and surface temperatures by regressing annual extended winter (December-

March) temperatures on the NAO. Osborn (2011) estimated similar regressions for monthly

temperature/NAO pairs (a separate regression for each month) using the NAO series

by Jones et al. (1997). He used the regression coefficients for in-sample predictions of

temperature anomalies for the winter months 2009/2010 with the purpose of showing

the influence of the NAO upon these anomalies. Iles and Hegerl (2017) used a grid of

monthly temperatures from 1900 to 2013 and ‘regressed the standardised time series of

the NAO index for a given season on the temperature time series for the same season for

each grid cell’. The results were interpreted as yielding ’a regression coefficient for each

grid cell showing the change in temperature per unit change in the NAO’. The statistical
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significance of the coefficient estimates from these regressions was discussed assuming the

errors were white noise.

A problem with these regressions is that the NAO is a stationary random variable

whereas the temperature series are nonstationary. In order for them to make sense, one

has to assume that the temperature/NAO pairs are independent or at least uncorrelated,

which seems not to be the case. While some of the aforementioned studies have considered

the effect of the NAO not only on temperatures but also other variables like precipitation,

our focus is solely on the effects of the NAO on surface air temperatures in Europe.

In order to properly examine the relationship between monthly temperatures and the

NAO, one has to acknowledge the fact that the temperature series are not white noise

and that they are even nonstationary. As already mentioned, the monthly NAO series is

stationary. Any dynamic linear regression of temperatures on the NAO index would then

be unbalanced, see Granger (1981) or Banerjee, Dolado, Galbraith and Hendry (1993,

Section 6.1).

This motivates a time series approach to the problem. Consequently, we introduce

an extension to the nonstationary Vector Seasonal Shifting Mean and Covariance Au-

toregressive (VSSMC-AR) model, see He, Kang, Silvennoinen and Teräsvirta (in press),

such that the model may contain (at least weakly) exogenous variables in the sense of

Engle, Hendry and Richard (1983). It is called the VSSMC-AR-X model. Furthermore,

unlike the other authors, we also pay attention to error variances and examine the tem-

perature series jointly instead of studying each series separately. This implies modelling

both the error variances and correlations and assuming that at least the former can be

time-varying. As the name indicates, the VSSMC-AR model is a multivariate model and

allows the temperature variables to be correlated with each other.

Since the NAO index is stationary, whereas the monthly temperatures are seasonal

and nonstationary, the NAO may only have a short-run effect on temperatures. For this

reason, the nonlinear and nonstationary VSSMC-AR-X model is an appropriate tool for
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studying the seasonal effects of the NAO on temperatures. The model is fitted to 26

monthly temperature series (the mean component is estimated for 28 series) that are

available for the whole period from 1823 for which there are monthly NAO series based

on real measurements.

The plan of the paper is as follows. The VSSMC-AR-X model is introduced in Sec-

tion 2. The log-likelihood function and its derivatives are presented in Section 3. Section 4

deals with testing linearity. The data for the application are discussed in Section 5, and

the empirical results in Section 6. Conclusions appear in Section 8. There is an online

appendix containing further details, including Tables and Figures, data sources, details

of evaluation tests and a simulation study.

2 The model

In this section we introduce the VSSMC-AR-X model. As already mentioned, it is a

multivariate model with a covariance structure that may be time-varying. We begin by

defining the mean equations and move on to considering the error covariance matrix that is

defined through a variance-correlation decomposition similar to that in Bollerslev (1990).

2.1 The mean equation

The mean equation of the VSSMC-AR-X model is defined as follows. Let yt be the N ×1

vector of endogenous variables and xt the exogenous variable. The model can easily be

generalised to contain a whole vector of exogenous variables, but with our application in

mind we assume only a scalar here. To fix notation, let s = 1, . . . , S denote the season

(in our application the month) and k = 0, 1, . . . , K − 1, be the period (in our case the

year) counter. The time index t is now conveniently expressed as t = Sk + s. Our model

will contain deterministic components, and because of this the time t = Sk+ s is rescaled

between zero and one, so the tth observation is indexed as uks = (Sk + s)/SK as in
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He et al. (in press). (For notational simplicity we assume that the time series consist

of K full periods, hence the denominator SK.) The N -vector of endogenous variables

at time Sk + s is denoted as ySk+s = (y1,Sk+s, . . . , yN,Sk+s)
′, and the exogenous variable

xSk+s. To maintain this notation for observations lagged by h seasons (months), i.e.,

t = Sk + s − h, we adopt the modulo based equivalent representation t = Sk̃ + sh,

where k̃ = ⌊(Sk + s − h − 1)/S⌋ for k = 0, 1, . . . , K − 1, and sh = s − h (mod S). The

residue system modulo S in this definition is the set {1, . . . , S}. The mean equation of

the VSSMC-AR-X model is defined as follows:

ySk+s =
S∑

j=1

{δj(ukj) + ϕj0xSk+j}D(j)
Sk+s +

p∑
h=1

{ΦhySk̃+sh
+

S∑
j=1

ϕjhxSk̃+jh
D

(j)
Sk+s}+ εSk+s

= δs(uks) + ϕs0xSk+s +

p∑
h=1

{ΦhySk̃+sh
+ ϕshxSk̃+sh

}+ εSk+s, (1)

where D
(j)
Sk+s is a seasonal dummy variable: D

(j)
Sk+s = 1 for j = s, zero otherwise, Φh is an

N ×N parameter matrix, and ϕjh, h = 0, 1, . . . , p; j = 1, . . . , S, are N ×1 parameter vec-

tors. The assumption that the lag length in ySk+s and xSk+s is the same is for notational

convenience only and need not hold in practice. Furthermore, εSk+s is the N×1 vector of

independent errors with EεSk+s = 0 and EεSk+sxSk+s = 0. The effect of xSk+s and its lags

on ySk+s in (1) is assumed nonlinear in that it varies with the season. This assumption

is made in view of the application, however, independence of this effect of the season is

a testable hypothesis. Furthermore, we assume that xSk+s is at least weakly exogenous

to the parameters in (1); see Engle et al. (1983) and Pretis (2021). This allows us to

condition on xSk+s without the need to model the whole system wSk+s = (y′
Sk+s, xSk+s)

′.

The deterministic time-varying intercept vector of the VSSMC-AR-X model for season

s equals δs(uks) = (δ1s(uks), . . . , δNs(uks))
′, where the sth time-varying coefficient δns(uks)

of equation n is defined as

δns(uks) = δns0 +

qns∑
i=1

δnsignsi(uks; γnsi, cnsi). (2)
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In (2), the transition function is either logistic

gnsi(uks; γnsi, cnsi) = (1 + exp{−γnsi(uks − cnsi)})−1

or exponential

gnsi(uks; γnsi, cnsi) = 1− exp{−γnsi(uks − cnsi)
2},

where γnsi > 0 for i = 1, . . . , qns, s = 1, . . . , S and n = 1, . . . , N .

2.2 Error variances and correlations

The error term εSk+s of the VSSMC-AR-X model is decomposed as εSk+s = Σ
1/2
Sk+sζSk+s,

where ζSk+s ∼ iid(0, IN), and

ΣSk+s = EεSk+sε
′
Sk+s =DSk+sPsDSk+s, (3)

see Bollerslev (1990). (It follows that {εSk+s} is a sequence of independent errors.) DSk+s

in (3) is a diagonal matrix of standard deviations and Ps is a positive definite correlation

matrix. The elements of DSk+s may vary both with s and k, whereas Ps only varies with

the season s. Specifically, DSk+s = diag(σ1s(uks), . . . , σNs(uks)), where

σ2
ns(uks) = σ2

ns0 +
rns∑
i=1

ωnsignsi(uks; γ
(v)
nsi, c

(v)
nsi) (4)

for n = 1, . . . , N . In (4),

gnsi(uks; γ
(v)
nsi, c

(v)
nsi) = (1 + exp{−γ

(v)
nsi(uks − c

(v)
nsi)})−1 (5)

or

gnsi(uks; γ
(v)
nsi, c

(v)
nsi) = 1− exp{−γ

(v)
nsi(uks − c

(v)
nsi)

2}. (6)
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In (5) and (6), γ
(v)
nsi > 0, i = 1, . . . , rns; s = 1, . . . , S. To guarantee positivity of each

element in (4), it is assumed that σ2
ns0 +

∑rns

i=1 ωnsignsi(r; γ
(v)
nsi, c

(v)
nsi) > 0 for ∀r ∈ [0, 1],

s and k.

As already indicated, the error correlation matrix Ps = [ρsij] is different from that in

He et al. (in press) in that it is not time-varying within seasons. This is because in He et al.

(in press) it was found that the correlations were time-varying in rather few instances.

Seasonal variation, however, was present in correlations, and this variation is accounted

for even here. In the application we are instead interested in the possibility that there

is remaining spatial correlation between the errors after the conditional mean describing

the influence of NAO on temperatures has been appropriately modelled and estimated.

We consider distances between the locations (cities and towns) and, in particular, want

to find out whether the longitudinal and latitudinal distances as well as differences in

elevation show in the correlations.

In order to do this, we divide the beeline distance in kilometres into two components

assuming that the beeline is the hypothenuse of an orthogonal triangle with the longitudi-

nal and latitudinal distances as catheti. The latitudinal (north-south direction) distance

is computed using Vincenty’s formula.1 The longitudinal (east-west direction) distance

is not unique because this distance is shorter the higher the latitude, resulting in two

distinct measures for each pair of locations. Instead, we compute the beeline distance

using Vincenty’s formula, and together with the latitudinal distance and the aforemen-

tioned orthogonality assumption, the approximate longitudinal distance is obtained. The

correlations ρij are defined by generalising the definition in Haslett and Raftery (1989):

ρsij =


αs exp{−(βNS

s dNS
ij + βEW

s dEW
ij + βH

s dHij )}, if i ̸= j

1, if i = j,

(7)

1The formula by Vincenty (1975) accounts for the curvature of the Earth’s ellipsoid shape, and is
regarded a more accurate measure across various latitude levels than methods that rely on a fixed radius.
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for s = 1, . . . , S, where βNS
s , βEW

s , βH
s ≥ 0, dNS

ij is the latitudinal distance (north-south

direction), dEW
ij is the longitudinal distance (east-west direction), dHij is the elevation

difference and 0 < αs ≤ 1 is what Haslett and Raftery (1989) called the nugget effect,

i.e., the spatial correlation between locations arbitrarily close to each other can be less

than one. A disadvantage of (7) is that the correlations cannot be negative, but it turns

out that in the present application there are relatively few negative residual correlations

and they are all close to zero.

Equation (7) bears some similarity to the concept of proximity in Caporin and Paruolo

(2015), see their equation (13). The main difference is that the purpose of these authors

was to reduce the number of parameters in the conditional covariance matrix, whereas

we estimate the constant error correlation matrix without restrictions by season and then

examine possible spatial links between these correlations.

The nonlinear least squares estimator of the seasonal parameter vector θ
(c)
s = (αs,

βNS
s , βEW

s , βH
s )′ equals

Q(c)
s = min

θ
(c)
s

N∑
i=2

i−1∑
j=1

(ρ̂sij − αs exp{−(βNS
s dNS

ij + βEW
s dEW

ij + βH
s dHij )})2,

where ρ̂sij is the estimated ρsij. The estimates are presented in Section 6.

3 Log-likelihood and score

The quasi log-likelihood function (SK observations) of the first N equations of the model

is a slight extension of the log-likelihood of the VSSMC-AR model in Supplementary

information for He et al. (in press). It is defined as follows:

LSK(δs,φ,ϕs|FSk̃+s1
) =

K−1∑
k=0

S∑
j=1

ℓ(εSk+j|θs;FSk̃+j1
)D

(j)
Sk+s, (8)
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where θs = (δ′s,φ
′,ϕs)

′, s = 1, . . . , S. The parameter vector δs = (δ′1s, . . . , δ
′
Ns)

′ with

δns = (δns0, δns1, γns1, cns1, . . . , δnsqns , γnsqns , cnsqns)
′, n = 1, . . . , N , contains the parameters

for season s, and φ = (φ′
1, . . . ,φ

′
N)

′ consists of the autoregressive parameters, where

φn = (φn1, . . . , φnp)
′, n = 1, . . . , N . Furthermore, ϕs = (ϕ′

s0,ϕ
′
s1, . . . ,ϕ

′
sp)

′ collects the

N -vectors ϕsh = (ϕ1sh, . . . , ϕNsh)
′, h = 0, 1, . . . , p, s = 1, . . . , S, in (1). In (8),

ℓ(εSk+s|δs,ϕ,φ;FSk̃+s1
) = κ− 1

2
ln|ΣSk+s|−

1

2
ε′Sk+sΣ

−1
Sk+sεSk+s,

where, from (1), the error term of the nth equation for season s reads

εn,Sk+s = yn,Sk+s − δns(uks)−φ′
nySk̃+s1

− ϕ′
nsxSk+s,

where ySk̃+s1
= (y′

Sk̃+s1
, . . . ,y′

Sk̃+sp
)′ is an Np-vector and xSk+s = (xSk+s, xSk̃+s1

, . . . ,

xSk̃+sp
)′ is (p+ 1)× 1.

Let en be the nth column of the N × N identity matrix and assume, for ease of

notation, that qns = 1 in (2). The first 2N main blocks of the score for observation Sk+s

are obtained from Supplementary information for He et al. (in press). They are

qSk+s(δns) = −dnse
′
nΣ

−1
Sk+sεSk+s,

where dns = −∂εn,Sk+s/∂δns = (1, gns1, δns1∂gns1/∂γns1, δns1∂gns1/∂cns1)
′ with ∂gns1/∂γns1 =

gns1(1− gns1)(uks−cns1) and ∂gns1/∂cns1 = −γns1gns1(1− gns1) when the transition func-

tion is logistic, and ∂gns1/∂γns1 = (1 − gns1)(uks − cns1)
2 and ∂gns1/∂cns1 = −2γns1(1 −

gns1)(uks − cns1) when it is exponential, and

qSk+s(φn) = −ySk̃+s1
e′nΣ

−1
Sk+sεSk+s (9)
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for n = 1, . . . , N . Analogously to (9), the remaining N blocks become

qSk+s(ϕn) = −xSk+se
′
nΣ

−1
Sk+sεSk+s

for n = 0, 1, . . . , N .

Elements of the variance component of the score are available in He, Kang, Teräsvirta

and Zhang (2019, Lemma 4) and are not repeated here. For simplicity, it was assumed

there that rns=1 in (4).

4 Testing linearity

Before fitting the VSSMC-AR-X model to the data, it is necessary to test linearity. From

the point of view of the application one has to know whether or not the temperature series

really are nonstationary. From the statistical point of view, testing is necessary because

the nth equation is not identified if the linearity hypothesis δns(uks) = δns0 in (2) holds

for any s = 1, . . . , S. The lack of identification is obvious in that this hypothesis is valid

either if δnsi = 0, i = 1, . . . , qns, in which case the two parameters in gnsi(uks; γnsi, cnsi)

are unidentified nuisance parameters, or if γnsi = 0, i = 1, . . . , qns, which implies that δnsi

and cnsi, i = 1, . . . , qns, are not identified.

Testing is carried out in stages as in He et al. (in press). First test the null hypothesis

against one transition, i.e., qns = 1 in (2). Do this separately for s = 1, . . . , S. If the

null hypothesis is rejected for at least one s, estimate the equation with one transition

for these seasons and test them against two. Proceed until the first non-rejection. The

test is based on approximating the alternative with a Taylor expansion around the null

hypothesis γnsi = 0, see Luukkonen, Saikkonen and Teräsvirta (1988). Details of the

choice of the functional form of the transition function, whether logistic or exponential,

can be found in Teräsvirta (1994).

After the parameters of the mean model have been estimated, constancy of error
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variances is tested against (4). This means testing the null hypothesis σ2
ns(uks) = σ2

ns0 in

(4). There is an identification problem similar to that in testing linearity. For details see

He et al. (in press), where this testing problem is discussed and an appropriate Lagrange

multiplier type test statistic provided.

5 The data

Figure 1: Map showing the locations of the 28 cities and towns from Arkhangelsk in the north
to Milan in the south.

There exist several indices of the NAO, depending on the locations where the pressure

is measured and how far back the index is constructed; see, for example, Hurrell and

van Loon (1997) or Osborn (2006). As our NAO index we use the difference between

the normalised sea level air pressure over Gibraltar and the same variable over Southwest

Iceland as defined in Jones et al. (1997). The monthly NAO is available from the year 1823.

Luterbacher, Schmutz, Gyalistras, Xoplaki and Wanner (1999) presented a reconstruction

of the monthly index all the way back to 1675, but we only use data based on direct
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observations.

The monthly NAO is stationary and follows an AR(3) process with all three roots away

from the unit circle.2 Since the temperatures are nonstationary, however, the NAO only

has a short-run effect on temperatures. For this reason, the VSSMC-AR-X model is an

appropriate tool for studying the seasonal effects of the NAO on temperatures. The time-

varying intercept handles the mean shift frequently found in temperature series, whilst

lags of ySk+s, and the exogenous NAO variable xSk+s, possibly with a lag, characterise

short-run movements in the series. The monthly NAO series from 1823 to 2015 is depicted

in Figure 2.

−6

−3

0

3

6

1850 1900 1950 2000

NAO

Figure 2: Monthly NAO time series, 1823–1915

The data set contains monthly temperature series of 28 cities or towns. They have

been selected such that each series begins before the year 1823, where the monthly NAO

series starts. In estimating the model, the observations before 1823 have been omitted.

Geographic locations of these places are shown in Figure 1 and coordinates and elevation

in Table 1.

For the two cities with an asterisk (Paris and Trondheim), a mean equation and error

variances are estimated, but they are not included in the multivariate model because the

most recent observations are missing. The ragged edge problem, Wallis (1986), is solved

by discarding the observations from 2016 onwards and adding one year to the Copenhagen

2Mills (2004) and Rudnick and Davis (2003), see also Privalsky and Yushkov (2018), found that the
annual NAO index is stationary.
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Station Latitude Longitude Elevation Years

Arkhangelsk 64.50N 40.73E 27 1813-2019
Bergen 60.40N 5.30E 44 1816-2019
Berlin 52.52N 13.405E 34 1756-2015
Brno-Turany 49.20N 16.62E 237 1772-2015
Budapest 47.49N 19.05E 102 1780-2015
Copenhagen 55.68N 12.05E 9 1798-2014
De Bilt 52.17N 5.57E 15 1750-2017
Geneva 46.25N 6.13E 416 1753-2019
Hohenpeissenberg 47.80N 11.0E 780 1781-2015
Innsbruck 47.27N 11.38E 574 1777-2016
Karlsruhe 49.01N 8.40E 115 1779-2015
Kazan 55.60N 49.28E 116 1812-2018
Klagenfurt 46.65N 14.33E 476 1813-2019
Kremsmünster 48.05N 14.13E 384 1767-2016
Kyiv 50.40N 30.57E 167 1812-2019
Milan 45.47N 9.18E 120 1763-2012
Munich 48.13N 11.57E 520 1781-2015
*Paris 48.86N 2.35E 34 1757-2000
Regensburg 49.02N 12.08E 338 1773-2015
St Petersburg 59.97N 30.30E 6 1752-2018
Stockholm 59.33N 18.07E 15 1756-2015
Stuttgart 48.78N 9.18E 245 1792-2015
*Trondheim 63.43N 10.39E 115 1761-1981
Uppsala 59.86N 17.65E 15 1756-2017
Vienna 48.20N 16.37E 170 1775-2016
Vilnius 54.68N 25.28E 124 1777-2015
Warsaw 52.23N 21.02E 93 1779-2015
Wroclaw 51.10N 16.88E 121 1792-2018

Table 1: Location of stations and time span for the 28 long monthly average temperature series
from Arkhangelsk to Wroclaw. The latitude and longitude coordinates are in decimal
format; elevation is in meters. Paris and Trondheim (∗) are not included in the multi-
variate modelling.

series and three to the Milan series to bring them up to 2015. Details of the data sources

are provided in Appendix.
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6 Estimation results

6.1 The mean equations

We begin with tests of linearity in the mean equation. A summary of results for tests

mentioned in Section 4 can be found in Table A1 in Appendix. It is seen that linearity

is mostly strongly rejected for months from November till March, February excepted

(the February anomaly). The results for February are in line with the ones for long

European temperature series found in He et al. (in press) and He, Kang, Teräsvirta and

Zhang (2021). Rejections are less strong for the months from April till October, except

for August. More details can be found in Appendix. Results on testing one transition

against two do not lead to any p-values less than 0.05, which we interpret such that none

of the estimated equations contains months requiring more than one logistic transition.

The station with least rejections is the northernmost one, Arkhangelsk, which lies by the

Arctic Ocean. It appears that the sea has affected the climate such that only the spring

months have displayed any significant warming during the observation period.

The mean equations are estimated one by one as is usual in vector regression models. It

should be mentioned that in this application, as in He et al. (2021, in press), the coefficient

matrices Φh, h = 1, . . . , p, are diagonal matrices as the feedback from one location to

another can be excluded. This simplifies the parametric structure of the model. To give

a flavour of the results, Figure 3 contains the estimated monthly temperature shifts or

trends in Klagenfurt. They are stronger in the winter than in the summer; note, however,

the rather weak shift in February. The strongest shift occurs in January (∼ 4.5◦C). The

corresponding shift in the summer months begins rather late, which has also been noted

in previous results for southern cities; see, for example, Milan in He et al. (in press), and

also here (unreported). October has a negative, albeit rather minor, shift.3

3It is seen from Figure 3 that for the autumn and winter months (Nov-Jan), the shift is described by a
linear trend. This is because during the observation period, the transition function is about linear. There
is little information available about where the first derivative of the logistic function is turning positive
and where it approaches zero again. This lack of information makes estimation of the function difficult

13



Figure 3: Changes in the mean temperatures over time by month, 1823–2015, Klagenfurt. Rows
represent seasons. Top row: Winter (Dec-Feb), second row: Spring (Mar-May), third
row: Summer (Jun-Aug), bottom row: Autumn (Sep-Nov). Red line: the mean, dark
shaded area: 50% confidence band, light shaded area: 95% confidence band

14



Figure 4: Map of seasonal averages of regression coefficients of the NAO index in the estimated
VSSMC-AR-X model. Top left panel (Dec-Feb), top right panel (Mar-May), bottom
left panel (Jun-Aug), bottom right panel (Sep-Nov).

The influence of the NAO on temperatures, our main concern in this study, is measured

through the regression coefficient of xSk+s. A summary of the results can be found in

Figure 4 where the regression estimates are averaged over seasons. The effect of the NAO

decreases when moving from the north to the south. This decrease is not monotonic,

however. In the winter the highest values appear in the 51N–53N belt (De Bilt, Berlin,

Wroclaw). Differences between locations are smaller in the summer than in the winter.

As may be expected, the effect of the NAO diminishes when one moves from the west to

the east and can ultimately become negligible in the summer. The spring and autumn

values are quite close to each other.

More details can be found in Figures 5–7. (The information in them is available in

numerical form in Table A2.) Figure 5 contains the northernmost locations. Their NAO

coefficient estimates over the year have either a clear peak in January or a somewhat

smoother winter shape (Bergen, Uppsala, Stockholm and Copenhagen). Many locations

and leads to numerical problems, hence the use of a linear trend as an approximation.
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Figure 5: Estimated effect of the NAO for the stations in the north and east, with 50% and 95%
confidence bounds.

display a local spike in May. Bergen on the Atlantic coast is the only city for which the

mean in the summer (June, July, August) lies below zero such that at the same time

the 95% confidence band does not cover this value. For Kyiv in the east, a significant

positive effect is only recorded from December to April. The original time series for

Arkhangelsk fluctuates strongly and, as a result, there is more uncertainty in its NAO

coefficient estimates than is the case for all the other cities.

Figure 6 consists of plots for western and Central European locations. The peak in

January is now quite distinct. Many cities also display the aforementioned local peak in

16



Figure 6: Estimated effect of the NAO for the stations in western and central Europe, with 50%
and 95% confidence bounds.

May and a trough in October. Unlike the north, the NAO effect is mostly positive even

in the summer. Finally, Figure 7 contains two cities in the south (Geneva and Milan)

and Klagenfurt in the southeast for which the winter NAO effect is less strong than it

is in the north, but the NAO coefficient estimate is still significant, if only barely, in the

summer. Budapest, located to the east of these three, displays a similar pattern. Finally

Kazan, much further in the east, has a pattern similar to the other four in the winter, but

between April and October its NAO effect is no longer significant. The range of the NAO

coefficient estimates over the year for these cities except Kazan is about 0.4, whereas it

17



Figure 7: Estimated effect of the NAO for the stations in the south (Geneva and Milan), south-
east (Klagenfurt), east (Budapest), and Kazan furthest away in the east, with 50%
and 95% confidence bounds.

can be much higher in the north (at least 0.9 for St Petersburg, Uppsala, Vilnius and

Wroclaw).

6.2 Variance equations and correlations

In order to model the error variances, constancy of errors of TV-GARCH equations defined

in (4) is tested first. The results appear in Table A3 in Appendix. For a large majority

and months, constancy is not rejected. The only notable exception is December. We

have no plausible explanation for this outcome. When constancy is rejected, a logistic

transition function is deemed sufficient.

As discussed in He et al. (in press), the error variances and correlations are estimated

jointly. In order to save space, we only report variance results for the set ‘North’ (the

illustrations of the other regions can be found in Appendix, Figures A1–A3). From Fig-

ure 8 it is seen that most shifts occur before 1900 and are downward shifts. Such shifts are

particularly pronounced in December, see Appendix. Generally, the estimated variances,

constant over time or not, are larger in the winter than in the summer. This is due to the

fact that there is more variation in the original series in colder than in warmer months,
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Figure 8: Estimated standard deviations (square roots of (4)) for the locations in the ‘North’.
Note the vertical axis has slightly different scale in the winter months (top row).
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and the mean model is not able to fully capture it. A similar outcome was also found in

He et al. (in press). It is seen that Arkhangelsk with cold winters is in a class of its own, in

particular during the extended winter Nov-Mar. For this city, there is plenty of variation

in temperatures that the model does not account for, even if the seasonal pattern of the

error variances remains constant over time.

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
α 0.954

(0.005)
0.981
(0.004)

0.978
(0.003)

0.959
(0.003)

0.969
(0.003)

0.970
(0.003)

0.969
(0.003)

0.957
(0.003)

0.942
(0.003)

0.955
(0.003)

0.973
(0.005)

0.974
(0.006)

βNS 0.549
(0.032)

0.527
(0.028)

0.509
(0.026)

0.470
(0.025)

0.431
(0.022)

0.574
(0.028)

0.552
(0.028)

0.558
(0.028)

0.404
(0.023)

0.341
(0.019)

0.518
(0.028)

0.707
(0.038)

βEW 0.296
(0.016)

0.296
(0.014)

0.351
(0.016)

0.416
(0.018)

0.376
(0.016)

0.429
(0.018)

0.415
(0.019)

0.397
(0.018)

0.374
(0.018)

0.302
(0.014)

0.348
(0.017)

0.340
(0.017)

βH 0.023
(0.003)

0.022
(0.003)

0.006
(0.002)

0.006
(0.002)

0.028
(0.004)

0.027
(0.004)

Table 2: Estimated parameters in the spatial correlation equation.

The correlations are modelled as in (7), where the basic unit of measurement for dis-

tances is 1000 kilometres and for absolute elevation differences 100 metres. The estimated

longitudinal and latitudinal distance effects on correlations appear in Table 2. The esti-

mates are rather precise, but since the correlations are error correlations, the relationship

between the distance and the correlation is not very strong in either of the three direc-

tions. Throughout the year, the correlations decay faster in the east-west direction than in

the north-south one (β̂NS > β̂EW ). The fastest decline in correlations in the north-south

direction occurs in the winter, the most conspicuous one being in December. The longi-

tudinal component remains more steady over the year but does seem somewhat stronger,

albeit still weak in the summer (Jun-Aug) than elsewhere. The elevation differences only

play a role in the winter: obviously the low-lying locations close to the sea contribute to

this outcome. For the period from April to September, no effect was found.

Figure 9 illustrates the results for the first month of the winter (December) and the

first month of the summer (June). The left-hand panels show the latitudinal component

α̂ exp{−β̂NSdNS
ij } and the right-hand panels the longitudinal ones α̂ exp{−β̂EWdEW

ij }. It

is seen that the estimated error correlations are spread out widely over the distance-

correlation plane, which shows that the estimated spatial relationships are, as expected
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(as the correlations are error correlations), not very strong, but they do exist and have

been successfully quantified.
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Figure 9: Estimated correlations and sample correlations against distance (in thousands of kilo-
meters) in the north-south direction (left) and east-west direction (right), for the first
winter month December (top row) and the first summer month June (bottom row).

7 Model evaluation

After estimation, the estimated model has to be evaluated. This is done by subjecting the

model to misspecification tests. We test the null hypothesis of no error autocorrelation

equation by equation. The results appear in Table A4. They show that for all equations,

the errors are free from autocorrelation. The independence of errors is tested against

ARCH(1). We also test the null hypothesis that the NAO does not additively affect the
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variances, using the absolute value |xSk+s| as the NAO variable. These tests are carried

out by month, and the results in Table A6 do not bear any evidence of ARCH, whereas

from Table A5 it is seen that there is some evidence on the NAO impacting the error

variances, principally in December. In addition, the tests for determining the number

of transitions, both in means and variances, can be viewed as misspecification tests. As

already seen, the former support one transition for the seasonal mean. The situation

for variances is more mixed in that in a large number of cases, the null hypothesis of a

constant error variance is not rejected, see Table A3 for the results.

8 Conclusions

In this paper we quantify the effect of the NAO on temperatures measured at 28 cities

and towns in Europe. The locations have been chosen such that the monthly temperature

series for them are available for the whole period up until 2015 for which the monthly

measurements for the NAO have been available. In modelling the relationship between

the temperatures and the NAO we take the dynamic properties of the series into account.

In particular, with our VSSMC-AR-X model we are able to handle the situation in which

a number of nonstationary series are jointly modelled using a stationary regressor.

As several authors have noted, the effect is stronger in the winter than in the summer,

but the decay from January to June is not monotonic, nor is the increase from summer

to winter. By varying the NAO input it is possible to ask questions about what would

have happened if its values had been different from what they actually were. Doing so,

however, does require a strong exogeneity assumption (no feedback from the temperature

series to the NAO index).

Finally, we study the possibility that there is spatial correlation in the residuals that

the estimated VSSMC-AR-X model has not been able to capture. We find that distances

between the locations do have an effect, albeit not a strong one, on these correlations.

This is the case for three directions: north-south, east-west, and elevations. We have
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not so far applied our approach, adapted from Haslett and Raftery (1989), to any other

multivariate time series models, but the potential is there.
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Appendix

Tables

Station Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
Arkhangelsk ∗∗ ∗∗ ∗∗∗ ∗ ∗∗
Bergen ∗∗ ∗∗ ∗∗∗ ∗∗ ∗ ∗ ∗∗ ∗∗∗ ∗∗∗ ∗∗∗
Berlin ∗∗∗ ∗∗ ∗∗∗ ∗ ∗∗ ∗∗∗ ∗∗∗
Brno-Turany ∗∗∗ ∗∗ ∗∗∗ ∗∗∗ ∗∗∗ ∗ ∗∗∗ ∗∗∗
Budapest ∗∗∗ ∗∗ ∗∗ ∗∗ ∗∗∗ ∗∗ ∗∗∗ ∗∗ ∗∗∗ ∗
Copenhagen ∗∗∗ ∗∗∗ ∗∗∗ ∗∗∗ ∗ ∗∗ ∗∗∗ ∗ ∗∗ ∗∗∗ ∗∗
De Bilt ∗∗∗ ∗∗ ∗∗ ∗ ∗∗∗ ∗∗∗ ∗∗∗ ∗∗∗
Geneva ∗∗∗ ∗ ∗∗∗ ∗ ∗ ∗ ∗∗∗ ∗ ∗∗∗ ∗∗ ∗∗∗
Hohenpeissenberg ∗∗∗ ∗∗∗ ∗ ∗∗ ∗∗ ∗∗ ∗∗∗ ∗∗ ∗∗∗ ∗∗∗
Innsbruck ∗∗∗ ∗∗∗ ∗ ∗∗∗ ∗∗∗ ∗∗∗ ∗∗∗ ∗ ∗∗∗ ∗∗∗
Karlsruhe ∗∗∗ ∗∗∗ ∗∗ ∗ ∗∗ ∗∗∗ ∗∗∗ ∗∗ ∗∗∗ ∗∗∗ ∗∗∗
Kazan ∗∗∗ ∗ ∗∗∗ ∗∗∗ ∗∗ ∗ ∗ ∗∗ ∗∗∗ ∗ ∗ ∗∗∗
Klagenfurt ∗∗∗ ∗ ∗∗∗ ∗∗ ∗ ∗∗∗ ∗ ∗∗ ∗
Kremsmünster ∗∗∗ ∗ ∗∗ ∗∗ ∗∗ ∗∗∗ ∗∗ ∗∗∗ ∗∗∗ ∗∗∗
Kyiv ∗∗ ∗ ∗∗∗ ∗∗∗ ∗ ∗ ∗∗ ∗∗∗ ∗∗ ∗∗∗
Milan ∗∗∗ ∗ ∗ ∗∗ ∗ ∗∗ ∗∗∗ ∗∗ ∗∗∗ ∗∗∗ ∗∗∗
Munich ∗∗∗ ∗∗∗ ∗∗∗ ∗∗ ∗∗∗ ∗∗∗ ∗∗∗ ∗∗∗ ∗∗∗ ∗∗∗
Paris ∗∗∗ ∗∗ ∗∗ ∗ ∗∗∗ ∗∗∗
Regensburg ∗∗∗ ∗∗∗ ∗∗ ∗ ∗∗ ∗∗∗ ∗∗∗ ∗∗∗ ∗∗∗
Stockholm ∗∗∗ ∗∗∗ ∗∗ ∗∗ ∗∗ ∗ ∗∗∗
St Petersburg ∗∗ ∗ ∗∗∗ ∗∗∗ ∗∗∗ ∗∗ ∗ ∗ ∗ ∗∗∗ ∗∗∗
Stuttgart ∗∗∗ ∗∗∗ ∗∗ ∗ ∗ ∗∗ ∗∗∗ ∗∗∗ ∗∗∗ ∗∗ ∗∗∗
Trondheim ∗ ∗∗ ∗∗ ∗ ∗ ∗ ∗∗∗ ∗
Uppsala ∗ ∗∗∗ ∗∗∗ ∗∗ ∗∗∗ ∗∗ ∗∗ ∗∗∗ ∗
Vienna ∗∗∗ ∗ ∗∗ ∗∗∗ ∗∗ ∗∗∗ ∗∗ ∗∗∗ ∗∗∗ ∗∗∗
Vilnius ∗∗ ∗∗ ∗∗∗ ∗ ∗∗∗ ∗∗∗ ∗∗∗
Warsaw ∗∗ ∗ ∗∗ ∗ ∗∗∗ ∗∗ ∗∗∗ ∗∗∗ ∗∗
Wroclaw ∗∗ ∗ ∗∗∗ ∗∗ ∗ ∗∗ ∗∗ ∗∗∗ ∗∗

Table A1: Results of the linearity test. The first-, second- and third-order Taylor approxima-
tion based tests used. The p-value significance reported is the lowest of the three.
Notation: (∗) 0.01 < p < 0.05, (∗∗) 0.001 < p < 0.01, (∗∗∗) p < 0.001.
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Station Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
Arkhangelsk
Bergen ∗ ∗
Berlin ∗ ∗ ∗
Brno-Turany ∗ ∗ ∗∗
Budapest ∗ ∗∗
Copenhagen ∗∗ ∗ ∗∗
De Bilt ∗ ∗∗
Geneva ∗ ∗∗
Hohenpeissenberg ∗∗
Innsbruck ∗ ∗ ∗ ∗∗
Karlsruhe ∗ ∗∗
Kazan ∗∗∗ ∗∗∗ ∗∗∗
Klagenfurt ∗ ∗∗
Kremsmünster ∗ ∗∗ ∗∗
Kyiv ∗ ∗∗∗
Milan ∗ ∗∗
Munich ∗ ∗ ∗∗ ∗∗∗ ∗∗
Paris ∗
Regensburg ∗ ∗∗∗ ∗ ∗∗∗ ∗∗
Stockholm ∗ ∗
St Petersburg
Stuttgart ∗∗
Trondheim ∗
Uppsala ∗∗ ∗
Vienna ∗∗ ∗ ∗ ∗∗∗
Vilnius ∗ ∗∗
Warsaw ∗ ∗∗
Wroclaw ∗ ∗ ∗ ∗

Table A3: Results of the constancy of error variance test. The first-, second- and third-order
Taylor approximation based tests used. The p-value significance reported is the lowest
of the three. Notation: (*) 0.01 < p < 0.05, (**) 0.001 < p < 0.01, (***) p < 0.001.
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Figure A1: Estimated standard deviations (4) for the locations in the ‘East’. Note the vertical
axis has slightly different scale in the winter months (top row).
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Figure A2: Estimated standard deviations (4) for the locations in the ‘South-West’. Note the
vertical axis has slightly different scale in the winter months (top row).
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Figure A3: Estimated standard deviations (4) for the locations in the ‘South-East’. Note the
vertical axis has slightly different scale in the winter months (top row).
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Data sources

The data is for the monthly surface air temperatures 28 locations in Europe. The locations
have been selected such that the observations are available from 1823 until 2015. The data
has been sourced from KNMI Climate Explorer (climexp.knmi.nl/start.cgi), a site oper-
ated, administered, and maintained by the World Meteorological Organization (WMO), and
from Historical Instrumental Climatological Surface Time Series of the Greater Alpine Region
(HISTALP; zamg.ac.at/histalp). The series from the latter end in 2015. The occasional
missing observations have been approximated by Kalman filter, see He et al. (2021, Section 3)
for more details. See also He et al. (in press, Section 5) and Hillebrand and Proietti (2017,
Appendix A). The NAO data is retrieved from the Climatic Research Unit of University of East
Anglia (crudata.uea.ac.uk/cru/data/nao), see Jones et al. (1997).

Evaluation tests

Test of no error autocorrelation

Test of no error autocorrelation is carried out equation by equation. Let µn,Sk+s represent
the nth mean equation with parameter vector θn containing the parameters in the seasonal
intercepts defined in (2), the NAO coefficients ϕns0, . . . , ϕnsp, s = 1, . . . , S, and the coefficients
of the necessary lags of yn,Sk+s (in the application Φh, h = 1, . . . , p, were assumed diagonal).
Let εn,Sk̃+s1

= (εn,Sk̃+s1
, . . . , εn,Sk̃+sq

)′. The test is carried out in stages as follows. First the
standard test:

1. Compute the residual sum of squares SSR0 from the null model.

2. Regress ε̂n,Sk+s on ∂µn,Sk+s/∂θn and ε̂n,Sk̃+s1
and compute the residual sum of squares

SSR1.

3. Calculate the test statistic S(ac) = T (SSR0 − SSR1)/SSR0 = TR2.

Robust version of the test for the nth equation is performed in two sets of regressions as follows:

1. Regress the residuals ε̂n,Sk̃+s1
on ∂µn,Sk+s/∂θ and save the residuals wn,Sk+s.

2. Regress 1 on ε̂n,Sk+swn,Sk+s and and compute the residual sum of squares SSR.

3. Calculate the test statistic S(ac)
R = T − SSR = TR2

Both S(ac) and S(ac)
R are asymptotically χ2(q)-distributed under H0.

Test of no additive NAO effect on volatility

For simplicity, we detail the test in the case where the variance equation contains a single
transition only (generalising this to allow for further transitions is straightforward). The variance

equation for series n is then σ2n,Sk+s = σ2ns + ωnsgns(uks; γ
(v)
ns , c

(v)
ns ) + ψ′

nsxSk+s, where xSk+s is
a function of positive valued, current and/or past NAO. The null hypothesis is ψns = 0. For
example, testing whether current and previous month NAO variation (measured as a square of
NAO) has an impact on temperature volatility, we would set xSk+s = (NAO2

Sk+s, NAO
2
Sk̃+s1

)′,

ψns = (ψns, ψns1)
′, and then H0 is ψns = ψns1 = 0. Let θ

(v)
ns contain the variance equation

parameters that prevail under the null for series n, season s. The derivative of σ2n,Sk+s with
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Lag length 1 2 3 4 5
Station
Arkhangelsk 0.80 0.57 0.64 0.68 0.72
Bergen 0.62 0.50 0.48 0.11 0.10
Berlin 0.85 0.87 0.94 0.58 0.61
Brno 0.78 0.89 0.95 0.97 0.98
Budapest 0.92 0.99 0.99 0.99 1.00
Copenhagen 0.56 0.69 0.69 0.19 0.18
De Bilt 0.75 0.88 0.91 0.91 0.94
Geneva 0.84 0.80 0.79 0.74 0.78
Hohenpeissenberg 0.99 0.99 1.00 1.00 1.00
Innsbruck 0.78 0.92 0.82 0.79 0.83
Karlsruhe 0.84 0.95 0.98 0.99 1.00
Kazan 0.88 0.96 0.96 0.96 0.98
Klagenfurt 0.96 0.99 0.94 0.96 0.98
Kremsmünster 0.99 0.99 0.99 1.00 1.00
Kyiv 0.90 0.98 0.98 0.99 1.00
Milan 0.95 0.68 0.73 0.75 0.79
Munich 0.91 0.97 0.99 1.00 1.00
Paris 0.89 0.98 1.00 0.99 1.00
Regensburg 0.96 0.99 1.00 1.00 1.00
Stockholm 0.81 0.87 0.88 0.88 0.91
St Petersburg 0.62 0.69 0.71 0.75 0.79
Stuttgart 1.00 0.98 0.99 1.00 1.00
Trondheim 0.90 0.97 0.29 0.21 0.20
Uppsala 0.70 0.77 0.83 0.88 0.92
Vienna 0.80 0.93 0.97 0.97 0.98
Vilnius 0.81 0.93 0.95 0.98 0.99
Warsaw 0.85 0.96 0.98 0.99 1.00
Wroclaw 0.81 0.86 0.93 0.92 0.95

Table A4: p-values of the robust Lagrange multiplier test of no error autocorrelation for lag
lengths from one to five

respect to θ
(v)
ns depends on the selected transition function, (5) or (6), and can be easily adapted

from the ones presented for the mean equation in Section 3. The standard test is performed in
the following steps (one series and one season at a time):

1. Compute SSR0 =
∑K−1

k=0 (ζ2n,Sk+s − 1)2.

2. Regress ζ̂2n,Sk+s − 1 on (1/σ̂2n,Sk+s)∂σ
2
n,Sk+s/∂θ

(v)
ns and (1/σ̂2n,Sk+s)xSk+s. Compute the

residual sum of squares SSR1.

3. Calculate the test statistic S(x) = T (SSR0 − SSR1)/SSR1 = TR2.

The robust version of the test is carried out as follows:

1. Regress (1/σ̂2n,Sk+s)xSk+s on (1/σ̂2n,Sk+s)∂σ
2
n,Sk+s/∂θ

(v)
ns and save the residuals. If xSk+s

has more than one variable, repeat this for each of them separately, to obtain a set of
residuals wn,Sk+s.

2. Regress 1 on (ζ̂2n,Sk+s − 1)wn,Sk+s. Compute the residual sum of squares SSR.

3. Calculate the test statistic S(x)
R = T − SSR = TR2.
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Station Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
Arkhangelsk
Bergen
Berlin ∗ ∗
Brno-Turany
Budapest ∗ ∗ ∗
Copenhagen ∗ ∗
De Bilt ∗ ∗ ∗ ∗∗
Geneva
Hohenpeissenberg ∗ ∗ ∗∗∗
Innsbruck ∗ ∗ ∗∗
Karlsruhe ∗ ∗ ∗ ∗
Kazan
Klagenfurt ∗ ∗ ∗
Kremsmuenster ∗ ∗
Kyiv
Milan ∗∗
Munich ∗ ∗
Paris ∗ ∗ ∗ ∗
Regensburg ∗ ∗
Stockholm ∗∗
St Petersburg
Stuttgart ∗
Trondheim ∗
Uppsala ∗∗
Vienna
Vilnius
Warsaw
Wroclaw ∗∗

Table A5: Results of test (robust) for |NAO|s in the variance equation. The p-value significance
reported is the lowest of the three. Notation: (*) 0.01 < p < 0.05, (**) 0.001 < p <
0.01, (***) p < 0.001.

Both S(x) and S(x)
R are asymptotically χ2-distributed, with degrees of freedom determined by

the number of variables in xSk+s in the test (in the above example, df = 2).

Test of no ARCH

This evaluation test considers potential ARCH effects in the variance equation for a particular
series n and one season s at a time. Here, the time-varying variance is multiplicative σ2Sk+sf ,
where the function f equals one under the null of no ARCH effects, whereas it includes a

linear combination of past squared residuals under the alternative. Let θ
(v)
ns contain the variance

equation parameters for series n, season s, under the null. The standard test is carried out in
following steps:

1. Compute SSR0 =
∑K−1

k=0 (ζ2n,Sk+s − 1)2.

2. Regress ζ̂2n,Sk+s−1 on (1/σ̂2n,Sk+s)∂σ
2
n,Sk+s/∂θ

(v)
ns and ζ̂2

n,Sk̃+s1
, . . . , ζ̂2

n,Sk̃+sq
. Compute the

residual sum of squares SSR1

3. Calculate the test statistic S(arch) = T (SSR0 − SSR1)/SSR1 = TR2.
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Station Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
Arkhangelsk ∗∗
Bergen ∗ ∗
Berlin ∗
Brno-Turany
Budapest
Copenhagen ∗ ∗ ∗
De Bilt
Geneva
Hohenpeissenberg
Innsbruck
Karlsruhe
Kazan ∗
Klagenfurt ∗
Kremsmünster ∗∗
Kyiv ∗
Milan
Munich
Paris ∗ ∗ ∗
Regensburg
Stockholm
St Petersburg
Stuttgart
Trondheim ∗ ∗∗
Uppsala
Vienna ∗∗
Vilnius ∗
Warsaw
Wroclaw

Table A6: Results of test (robust) of no ARCH(1). The p-value significance reported is the
lowest of the three. Notation: (*) 0.01 < p < 0.05, (**) 0.001 < p < 0.01, (***)
p < 0.001.

The robust version of the test goes as follows:

1. Regress ζ̂2
n,Sk̃+s1

, . . . , ζ̂2
n,Sk̃+sq

, one at a time, on (1/σ̂2n,Sk+s)∂σ
2
n,Sk+s/∂θ

(v)
ns and save the

collection of q residuals into wn,Sk+s.

2. Regress 1 on (ζ̂2n,Sk+s − 1)wn,Sk+s. Compute the residual sum of squares SSR.

3. Calculate S(arch)
R = T − SSR = TR2.

Both S(arch) and S(arch)
R are asymptotically χ2(q)-distributed under H0.
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Simulation

A small simulation study is conducted to investigate the precision of the estimates in the vari-
ance equation. We consider a situation where σ2 = 1 and ω = 3. This effectively doubles
the standard deviation while the transition takes place. As another experiment, the standard
deviation quadruples (ω = 15). The location is set to the midpoint of the sample, c = 0.5.
When using the logistic transition (5), we set the transition to be ‘slow’, ‘medium’ or ‘fast’
with γ = 10, 25, 500, respectively. When using the exponential transition (6), γ = 0.25, and
call this shape a ‘smile’. To invert the direction of the exponential transition, we subtract the
exponential function in (6) from one, to create a ‘frown’ shape. The transition functions are
pictured at the top of Table A7. We use sample size 200 to match the application in this paper,
as well as a larger sample of 500. The simulations are based on 2000 replications. The resulting
means and standard deviations of the parameter estimates are presented in Table A7. Based
on the parameter estimates for each replication, we also compute the estimated variances. The
distribution of the estimated standard deviations (the square roots of the estimated variances)
at each point in time are plotted in Figure A4 for the case ω = 3 and in Figure A5 for the case
ω = 15. In these figures, the solid lines are the averages, the shaded ranges are the 50% and
95% ranges. The dashed lines are the ‘true’ standard deviation as set in the simulation.
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T true value slow medium fast smile frown
γ = 10 γ = 25 γ = 500 γ = 25 γ = 25

200 σ2 1 mean 0.909 0.958 0.995 0.893 0.921
sd 0.368 0.211 0.140 0.317 0.298

ω 3 mean 3.393 3.238 3.052 3.359 3.318
sd 1.404 0.987 0.575 1.020 0.867

γ mean 20.378 54.503 695.496 35.220 32.025
sd 25.024 61.613 199.393 32.971 25.022

c 0.5 mean 0.508 0.512 0.506 0.500 0.499
sd 0.132 0.072 0.020 0.034 0.034

500 σ2 1 mean 0.949 0.984 0.993 0.966 0.969
sd 0.246 0.119 0.089 0.194 0.172

ω 3 mean 3.202 3.054 3.024 3.127 3.107
sd 0.872 0.471 0.382 0.527 0.513

γ mean 13.343 39.421 657.434 27.718 27.004
sd 10.781 34.243 223.276 13.908 9.657

c 0.5 mean 0.508 0.502 0.502 0.500 0.500
sd 0.081 0.034 0.010 0.019 0.020

200 σ2 1 mean 0.937 0.977 0.995 0.914 0.957
sd 0.473 0.191 0.139 0.400 0.323

ω 15 mean 15.716 15.259 15.105 15.523 15.454
sd 4.243 2.714 2.289 3.047 3.215

γ mean 12.193 33.536 667.310 27.859 26.240
sd 7.345 34.138 244.397 13.411 6.711

c 0.5 mean 0.506 0.504 0.503 0.500 0.500
sd 0.080 0.037 0.008 0.014 0.017

500 σ2 1 mean 0.963 0.993 0.997 0.976 0.988
sd 0.334 0.120 0.087 0.251 0.188

ω 15 mean 15.360 15.110 15.061 15.241 15.162
sd 2.451 1.621 1.331 1.839 1.844

γ mean 10.687 27.197 568.684 25.678 25.446
sd 3.066 8.805 192.740 6.890 3.606

c 0.5 mean 0.504 0.501 0.501 0.500 0.500
sd 0.048 0.021 0.004 0.008 0.010

Table A7: Distribution mean and standard deviation of estimates of parameters of the variance
equation with a single transition, 2000 replications. Slow, medium and fast use the
logistic transition, smile and frown use the exponential one.
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T = 200

T = 500

Figure A4: Simulation standard deviation estimates, distribution over time. Variance equation
parameterised as σ2 = 1, ω = 3, c = 0.5, γ = 10, 25, 500 (slow, medium, fast), and
γ = 25 (smile, frown). The dashed orange line is the true standard deviation, the
shaded areas are the 50% and 95% ranges around the average estimates (solid blue
line). 2000 replications.
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T = 200

T = 500

Figure A5: Simulation standard deviation estimates, distribution over time. Variance equation
parameterised as σ2 = 1, ω = 15, c = 0.5, γ = 10, 25, 500 (slow, medium, fast), and
γ = 25 (smile, frown). The dashed orange line is the true standard deviation, the
shaded areas are the 50% and 95% ranges around the average estimates (solid blue
line). 2000 replications.
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