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Abstract

We let heterogeneous firms face decisions on a number of comple-
mentary activities in a monopolistically-competitive industry. The en-
dogenous level of competition and selection regarding entry and exit
of firms introduces a wedge between monotone comparative statics
(MCS) at the firm level and MCS for the industry composition. The
latter phenomenon is defined as first-order stochastic dominance shifts
in the equilibrium distributions of all activities across active firms.
We provide sufficient conditions for MCS at both levels of analysis
and show that we may have either type of MCS without the other. It
is therefore possible that firm-level complementarities manifest them-
selves more clearly at the industry level than at the firm level during
comparative statics. This turns out to be the case for a large num-
ber of models and shocks considered in the recent trade literature for
which we provide strong, novel, and testable predictions.
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1 Introduction

More than two decades ago, Milgrom and Roberts (1990a) argued that strat-
egy and structure in modern manufacturing firms reflect widespread com-
plementarities among many diverse activities undertaken by firms. Drawing
on Topkis (1978), they emphasised how such complementarities make firms’
decisions exhibit monotone comparative statics (MCS). That is, the optimal
levels of the activities are monotonic in parameters of the profit maximisa-
tion problem that influence the set of available activities or the attractiveness
of these activities, all else equal. Since this seminal contribution, the mono-
tonicity theorems developed by Topkis (1978), Milgrom and Shannon (1994),
and Athey (2002) have been central in comparative statics of firms. One rea-
son is their virtue of focusing on the properties of the optimisation problem
that are essential for obtaining MCS and doing away with superfluous as-
sumptions. For instance, these monotonicity theorems allow activities to be
discrete choice variables and the profit function to be nonconcave, nondiffer-
entiable, and discontinuous. When applying these monotonicity theorems,
one typically assumes that the competitive environment is exogenous.! While
being a natural starting point, such an analysis is not entirely satisfactory
when studying exogenous shocks that affect all firms in an industry. In this
case, firms are not only directly affected by the exogenous changes but also
indirectly affected through changes in the competitive environment.

In this paper, we apply the monotonicity theorems of Topkis (1978) and
Milgrom and Shannon (1994) to analyse the responses of firms and industries
to exogenous industry-wide shocks. Changes in the competitive environment
are shown to be crucial for the comparative statics. Building on Hopenhayn
(1992) and Melitz (2003), we put forward a model of monopolistic compe-
tition in which heterogeneous firms each make a decision on a number of
activities. An activity refers to any variable at the discretion of the firm.
Firms endogenously enter and exit the industry. The demand level of the
industry inversely reflects the intensity of competition and changes to ensure
a zero expected value of entry. While in fact endogenous in the aggregate,
individual firms perceive the demand level as exogenous. Importantly, the
activities faced by firms are complementary with: (i) each other; (ii) firm
productivity; (iii) the demand level; and (iv) the exogenous industry-wide

1See e.g. Milgrom and Roberts (1990a, 1995), Milgrom et al. (1991), Holmstrom and
Milgrom (1994), Athey and Schmutzler (1995), Topkis (1995), and Milgrom and Roberts
(1996).



parameters that we vary. Our focus lies on the implications of these comple-
mentarities which have previously been microfounded in a variety of ways.?
An advantage of this approach is that the resulting model allows for quite
general functional forms for the distribution of firm productivity and demand
structures such as the additive, quadratic, and translog.

Since Melitz (2003), models with monopolistic competition and hetero-
geneous firms have become all the rage in international trade. The present
paper provides a unifying framework for a vast number of these trade mod-
els. This framework is sufficiently general to encompass, at least symmetric-
market versions of, well known contributions such as Melitz (2003), Antras
and Helpman (2004), Helpman et al. (2004), Melitz and Ottaviano (2008),
Arkolakis (2010), Helpman and Itskhoki (2010), Helpman et al. (2010), Bernard
et al. (2011), Bustos (2011), Davis and Harrigan (2011), Caliendo and Rossi-
Hansberg (2012), Amiti and Davis (2012), Arkolakis et al. (2012), Antras
et al. (2014), Forslid et al. (2014), and Mayer et al. (2014). Despite large dif-
ferences in focus (spanning vertical integration, FDI, markups, advertising,
screening of workers, multiproduct firms, technology upgrading, efficiency
wages, firm hierarchy, C'O; emissions, and various types of international
trade), these nested trade models share some important traits and a similar
mathematical structure. By focusing on these common traits—including the
assumptions on complementarities—and employing monotonicity theorems,
we contribute by deriving strong, novel, and testable MCS predictions.

At the firm level, we investigate how the decisions of individual firms re-
spond to exogenous increases in industry-wide parameters of the profit max-
imisation problem. Examples could be a decrease in the cost of undertaking
(higher levels of) a given activity or the advent of a new activity that becomes
available to all firms. These parameter changes do not only have a nonneg-
ative direct effect (given the demand level) on the equilibrium decisions of
individual firms as in standard models but also an indirect effect operating
through induced changes in the demand level. Only when the indirect effect
is nonnegative and thus aligned with the direct effect, we can be sure that
the firm-level comparative statics are monotone. As a first result we provide
sufficient conditions for MCS at the firm level by restricting the nature of
the exogenous changes such that the demand level increases. The indirect

2Topkis (1995) and Mrazova and Neary (2013) consider conditions for complementar-
ities to arise and provide examples. The models of Bustos (2011) and Amiti and Davis
(2012) are very illustrative in relation to the assumed complementarities.



effect is, however, generally ambiguous and, as a consequence, so are the com-
parative statics at the firm level. This result illustrates how an endogenous
competitive environment refines the comparative statics obtained in Milgrom
and Roberts (1990a, 1995), Milgrom et al. (1991), Holmstrom and Milgrom
(1994), Athey and Schmutzler (1995), and Topkis (1995). While MCS at
the firm level are in fact also possible when the competitive environment is
endogenous, the induced change in competition is decisive. We show that it
is often straightforward to determine the direction of change in competition.

Our main finding is that firm-level complementarities may manifest them-
selves more clearly in the comparative statics for the industry composition
than at the firm level. To see this possibility, which is particularly relevant for
the nested models of international trade, let us first define MCS for the indus-
try composition. By this, we mean that exogenous increases in industry-wide
parameters of the profit maximisation problem lead to first-order stochastic
dominance (FSD) shifts in the equilibrium distribution of any activity across
firms. This implies that the share of active firms undertaking at least a given
level of any activity increases and so does the average level of any activ-
ity. The main finding involves MCS for the industry composition when the
comparative statics at the firm level are ambiguous. This possibility occurs
when log-productivity is distributed across firms with nonincreasing hazard
rate while the exogenous industry-wide shock enhances competition. This
finding, for which the intuition is provided below, is important because: (i)
trade models often analyse (trade) shocks that enhance competition; (ii) the
common assumption of Pareto-distributed productivities implies that log-
productivity is distributed with constant hazard rate.® Testing the nested
trade models at the industry level is therefore a promising empirical strat-
egy. For instance, we show that trade liberalisation leads to FSD shifts in
the firm-size distribution in a large subset of the nested trade models.*

A related main finding is that firm-level complementarities manifest them-
selves equally clearly in the comparative statics for the industry composition
and at the firm level when log-productivity is distributed with increasing
hazard rate. This holds true when productivity is log-normally or Frechet
distributed. In this case, MCS appear at both the firm level and for the

3Much of the work after Melitz (2003) has applied the Pareto distribution for both
reasons of tractability and also its empirical support provided by, among others, Axtell
(2001), Luttmer (2007), and more indirectly by Eaton et al. (2011).

4This prediction holds even though some firms choose to become smaller after the
trade liberalisation and its induced enhancement of competition.



industry composition when competition is dampened, while our results are
ambiguous at both levels of analysis when competition is enhanced. From
an aggregation standpoint, this finding seems a priori more intuitive than
the opposite case with a nonincreasing hazard rate of log-productivity. To
summarise our industry-level findings: the interaction between the hazard
rate of log-productivity and the induced effect on competition is decisive for
the comparative statics. Because of important selection effects via entry and
exit of firms, MCS at the firm level are neither necessary nor sufficient for
MCS for the industry composition. The paper further shows that a Pareto
distribution of firm productivity assures MCS for the industry composition
regardless of the induced effect on competition. This is due to a special
knife-edge property.

Our results relate to the ongoing discussion about the actual distribu-
tion of firm productivity. Recently, Combes et al. (2012) and Head et al.
(2014) have provided evidence in favour of the log-normal. Both groups of
researchers show that a log-normal distribution of firm productivity provides
a better description of their data than a Pareto distribution. Our theoreti-
cal results can be exploited empirically to further gauge the performance of,
for instance, these two distributions. Let us provide an example. Using the
model of Arkolakis et al. (2012), we show that an increase in market size
makes all firms decrease their relative markup (an activity) over marginal
cost. The distribution of markups across firms is however entirely unaffected
as is the average markup if and only if productivity is Pareto distributed.
The reason for this knife-edge outcome is a precisely offsetting selection ef-
fect through exit of low-productivity firms charging low markups. If instead
productivity is log-normally distributed, the distribution of markups across
firms shifts to the left in line with the pro-competitive effect at the firm level.
Now, the selection effect is dominated by the pro-competitive effect at the
firm level. Finally, if log-productivity is distributed with decreasing hazard
rate, then we see MCS for the industry composition, wherefore the average
markup increases due to a dominating selection effect.

Previously, Bernard et al. (2003) and Arkolakis et al. (2012) have also
noted the discrepancy between firm- and industry-level effects of trade lib-
eralisation on firm markups. These authors also use models with heteroge-
neous firms and endogenous selection. Yet, to the best of our knowledge,
the present paper is the first to provide a general and thorough analysis of
how firm-level complementarities can imply MCS for the industry composi-
tion despite ambiguities in firm-level responses. Further, we contribute by



illustrating how the industry-level implications depend on the distribution
of firm productivity and departures from the common assumption of Pareto-
distributed productivities. The paper perhaps closest to ours is the paper
by Mrazova and Neary (2013). These two authors emphasise the role of su-
permodularity (complementarity) in shaping the sorting pattern of firms in a
given equilibrium. Our approach differs by not only focusing on a given equi-
librium but rather conducting comparative statics across equilibria. Costinot
(2009) examines the role of log-supermodularity in generating comparative
advantage. In the working-paper version, Costinot (2007) considers applica-
tions to specific heterogeneous firms setups. Here, comparative statics with
respect to the productivity dispersion are conducted, whereas we consider
comparative statics with respect to parameters directly affecting the max-
imisation problem of the firms. Finally, our paper relates to the studies of
games with strategic complementarities or substitutes in industrial organi-
sation where monotonicity theorems have also been applied; see for instance
Topkis (1979), Jeremy et al. (1985), Milgrom and Roberts (1990b), Vives
(1990), and Amir (2005). In contrast to these studies, which also allow for
indirect effects through changes in the competitive environment, we rely on
the simplified interaction among firms resulting from monopolistic competi-
tion. The key role of the demand level in our study also means that our study
shares certain traits with the analysis of aggregative games in Acemoglu and
Jensen (2013). Let us emphasise that, although the present paper has very
close ties to the international-trade literature, nothing in the formulation of
our framework limits the relevance or application of our results to trade-
related issues.

The remainder of the paper is organised as follows. Section 2 develops our
model and presents our central assumption of complementarities. Section 3
derives sufficient conditions for MCS at both the firm and the industry levels
of analysis. Section 4 presents a concrete application of both our model
and our results. Section 5 offers some concluding remarks. Appendix A
briefly reviews the central mathematical results from Topkis (1978, 1995)
and Milgrom and Shannon (1994) that we draw upon in our analysis as
these may be unfamiliar to some readers.



2 Model

After paying a sunk entry cost of f. units of the numéraire, atomistic firms
enter an industry characterised by monopolistic competition. Upon entry, a
firm realises its productivity level, 8 € [0y, 00) where 6y > 0. Individual firms
are fully characterised by their productivity level, #, which is a realisation of
the continuous random variable © with c.d.f. F(©).> We let F(O) be strictly
increasing on its entire support on which it is C'. Firms with strictly higher
0 are assumed to be able to earn strictly higher profits.

After realising its productivity level, a firm has to choose whether to
start producing or to exit the industry. If a firm chooses to produce, it has
to make a decision, © = (z1,...,x,), where z; denotes the chosen level of
activity 7. An activity can refer to any variable at the discretion of the firm.
The level of an activity can be either discrete or continuous. We let z € X
where X C R"™ is the set of all conceivable, but not necessarily available,
decisions. The set X is assumed to be a lattice which, loosely speaking, means
that undertaking a higher level of any activity may require, but importantly
cannot prevent, undertaking a higher level of another activity. Restricting
attention to lattices will allow complementarities between the n activities
in x to take effect. The profitability of the decisions in X is influenced by
a vector of exogenous industry-wide parameters, 5 € B, with B C R™.
Further, the actual choice set of all firms is restricted to a set of available
decisions, S C X, with S being a sublattice of X. Our comparative statics
will focus on changes in (3, S) which determines the attractiveness (all else
equal) and availability of activities.

The Melitz (2003) model of international trade conforms to our setup and
provides an example of activities, parameters, and choice sets. In this case,
the decision, x, could comprise the export status and the amount of labour
to employ, while 8 would contain the (negative) fixed and variable costs of
exporting. A move from autarky to costly trade is an example of increasing
the choice set of firms, S. Section 3.5 will later exploit this example to
illustrate our results.

5In Section 3.8, we extend the model to allow for multidimensional firm heterogeneity.
# could in principle represent any firm characteristic that conforms to our assumptions.



2.1 The Demand Level

Firm profits depend on a single, common, and endogenous aggregate statistic
which captures the (inverse) level of competition in the industry. We will
refer to this variable, A € R, as the demand level and let firm profits be
strictly increasing and continuous in A. In line with monopolistic competition
among atomistic firms, individual firms perceive A as exogenous.’ To get a
sense of what A could be, consider a model where the consumers’ preferences
are additively separable across varieties of a differentiated good. In this
case, the inverse marginal utility of income enters the profit function through
the demand function as a demand shifter and constitutes the demand level.
Details will be provided in Section 3.7. A can potentially also comprise other
endogenous variables such as factor prices as long as all endogenous variables
outside the control of the firm can be combined into the single demand level
A. That firm profits depend on just a single demand level is important to bear
in mind. This implies that, while our model encompasses the model of Melitz
(2003), it does not encompass the generalisation to asymmetric countries in
Melitz and Redding (2014). This is because the profits of exporters depend
on different demand levels (one for each export destination) when countries
are asymmetric in Melitz and Redding (2014).” However, country asymmetry
does not necessarily pose problems. Two cases in point are the models by
Antras and Helpman (2004) and Antras et al. (2014) which are encompassed
by the model below.

2.2 Profits, Complementarities, and the Optimal Decision

Profits, 7, of a firm with productivity 6 depend on the decision, =, the demand
level, A, and the industry parameters, 5. We assume throughout that A and
0 only enter the profit function through their product, Af. This assumption is
very often satisfied in models of heterogeneous firms and discussed thoroughly
in both Section 3.7, which shows that the assumption does not depend on
CES preferences, and Appendix D. Formally,

7w =m(x; A0, B), (1)

6This setup also encompasses the case of perfect competition. To see this, let all firms
share the same 6, let f. = 0, and let A be the endogenous price level. For our industry-level
analysis to be interesting, firm heterogeneity is however central.

"Results about MCS for the industry composition can also be obtained in models where
firm profits depend on different demand levels. The analysis is available upon request.



where the semicolon separates choice variables from arguments that are per-
ceived as exogenous by the firms. The following assumption summarises the
three key complementarities in our model.

Assumption 1. For all (A0, ), the profit function, w(x; A0, [5), is super-
modular in x on X and exhibits increasing differences in (x, A0) and (z, f)
on X xR, and X X B, respectively.

Supermodularity in x implies that the n activities are complementary.
Milgrom and Roberts (1990a) argue that strategy and structure in modern
manufacturing firms reflect widespread complementarities among many di-
verse activities in e.g. marketing, manufacturing, engineering, design, and
organisation. In such a context, an increase in the choice set, S, can e.g.
capture the advent of a new marketing technique that becomes available to
all firms. The implied effect on the level of competition in our model is
captured by an endogenous change in A. Topkis (1995) also considers the
conditions for complementarities to arise and provides examples. Further, an
extensive body of recent research within international trade relies heavily on
complementary activities. Parts of this literature are surveyed in Section 9 in
Melitz and Redding (2014). For illustrative examples, see for instance Bus-
tos (2011), where technology upgrading and exporting are complementary
activities, and Amiti and Davis (2012) where offshoring and exporting are
complementary activities. The assumption of increasing differences implies
that productivity, the demand level, and the elements of g are all comple-
mentary to the n activities.®

Proper ordering of activity levels and parameters is crucial for profits
to satisfy Assumption 1.° Even after proper ordering, Assumption 1 may
not apply to all conceivable activities that firms face. However, if one can
express the decision of firms in a form where the corresponding profit function
satisfies our assumptions, then our results can be applied to the activities
that constitute that decision.'® Consequently, we do not necessarily require

8Note that B only contains those parameters that comply with Assumption 1. As
other parameters are kept constant throughout, we simply abstract from these.

°If a function is supermodular in (21, 2), then it is not supermodular in (—x1,22).
If a function has increasing differences in (1,22, 3), then it does not have increasing
differences in (x1,x2, —f).

OFor example, in the model of Helpman et al. (2004), exporting and FDI are not
complementary. Once we recognise that exporting and FDI are not two different activities,
but rather two different choices for a single activity concerning foreign market access, this



that all possible activities faced by firms are complementary. Lastly, note
that profits in (1) do not have to represent a certain payoff to firms. In
case of uncertainty after a firm has realised its productivity level and made
its decision, (1) could be interpreted as expected profits; see e.g. Athey and
Schmutzler (1995).

Faced with the profit function (1), a firm makes its optimal decision, x*,
under the constraint that x € S, while taking 6, A, and 3 as given. Formally
we have that

x* (A0, 3,S) = arg I?Ezagcﬂ(x; A0, ).

Lemma 1. The optimal decision, x*(A0, 3,S), is nondecreasing in (A0, 3, S).

Lemma 1 follows readily from Theorem 1 in Appendix A and is simply the
manifestation of the three key complementarities of Assumption 1. Impor-
tantly, these comparative statics are partial in nature since the endogeneity
of A is ignored which will prove to be important. The profits obtained under
the optimal decision are defined as

(A0, 5, 5) = max(z; A9, §).

2.3 Entry

Firm profits upon entry are bounded below by zero because the firm exits the
industry and forfeits the sunk cost of entry when 7* happens to be negative.
Expected profits upon entry are thus given by

[1(4, 8, 5) = / max{0, 7 (A6, 8, S)} dF(),

and are assumed to be finite. It is well known that this may require some
restrictions on the distribution of productivities; see Melitz (2003). We as-
sume unrestricted entry and an unbounded pool of potential entrants. In
equilibrium, the expected profits upon entry must therefore be equal to the
cost of entry,

11(A, 8,5) = f.. (2)

model can be analysed within the present framework. Further, Milgrom et al. (1991)
discuss how to obtain a supermodular profit function in a specific case with a core group
of complementary activities and a group of additional activities.

10



Given the existence of an equilibrium value of A that satisfies (2), uniqueness
is ensured by profits being strictly increasing in A. Existence is ensured by
continuity and by assuming that firms cannot earn strictly positive profits
as demand vanishes (lim 44,0 7* < 0) and that the demand level can become
sufficiently high for firms to be able to recoup the entry cost (limag oo 7* >
fe)- Then (2) pins down the endogenous demand level as a function of 3, S,
and f..

2.4 Industry Composition

We denote the c.d.f. of the equilibrium distribution of activity ¢ across ac-
tive firms by H;(x;; 5,S5), i = 1,...,n. These distributions are the focus of
our industry-level analysis in Sections 3.2 and 3.3. To characterise these dis-
tributions, consider the cross-section of firms in a given equilibrium where
(A, B,9) is given. Since firms with strictly higher 6 are able to earn strictly
higher profits, the self-selection or sorting of firms into being active or exiting
obeys the rule that all firms with productivities above a certain threshold are
active and all firms with productivities below exit. Denoting this threshold
by 6,, we have that

0,(A,3,S) =inf{d: 7"(A0,3,5) > 0}.

We focus on the case with endogenous exit by assuming that the lowest pro-
ductivity firms are not able to produce profitably. That is, 6,(A, 8,5) > 6.
The underlying reason could e.g. be the presence of some fixed costs of pro-
duction or the presence of a choke price. The next step is to characterise the
sorting of active firms into the activities based on productivity. By Lemma
1, the complementarities of our model imply that, in a given equilibrium,
higher productivity firms choose weakly higher levels of all activities which
echoes one of the main points made by Mrazova and Neary (2013). Let 0,
be the lowest level of productivity at which a firm undertakes at least level
x; of activity ¢. Bounding this threshold from below by 6, it is given by

0;(x;; A, B,S) = max{0,,inf{6 : z;(A0,3,5) > x;}}. (3)

On the basis of the above sorting pattern, we now characterise the equilib-
rium distributions of activities and the industry composition. In the follow-
ing, we focus on a particular level, x;, of activity ¢, which could be any level of
any of the n activities. Applying the law of large numbers, let s, = 1— F'(,)

11



be the share of firms that are active and let s; = 1 — F'(6;) denote the share
of firms undertaking at least level x; of activity i. Note that s, > s;. Using
these shares, the c.d.f. of the equilibrium distribution of each activity i can
be expressed as

si(zi; A(B, 5), B, 5)
sa(A(B,5),8,5)

The industry composition refers jointly to these n distributions.

Hi(%’i;ﬂas) =1- (4)

3 Comparative Statics

We now investigate the equilibrium responses of individual firms and of the
industry composition to increases in the industry-wide parameters (53,S5).
Consistent with Lemma 1, both increases in # and increases in S provide
firms with an incentive to increase their levels of all activities, all else equal.
Increases in # do so by increasing the attractiveness of undertaking higher lev-
els of the activities, while increases in S do so by shifting upwards the choice
set of available decisions.!! Importantly, these incentives can be brought
about in two distinct ways. By increasing [, the attractiveness of higher
levels of activities increases both if profits associated with higher levels in-
crease and if profits associated with lower levels decrease. Analogously, S
is shifted upwards both if higher levels of activities become available and if
lower levels become unavailable. While these two types of increases in 5 and
S are not mutually exclusive, their distinct effects on firm profits will prove
to be crucial for the comparative statics.

Definition 1. An increase in (3,S5) is competition enhancing if expected
profits upon entry, 11, increase given the demand level. If expected profits
upon entry decrease given the demand level, the increase in (3,S) is compe-
tititon dampening.

The two terms competition-enhancing increases and competition-dampening
increases in (3, 5) simply refer to the equilibrium effect on the demand level,
A. To see this, note that A responds to offset the direct effect of the change

11§ can e.g. increase by allowing higher levels of existing activities. This obviously
includes the case of allowing levels higher than zero of a given activity, i.e., introducing new
complementary activities by changing S from S’ to S” such that S’ ¢ S” and S’ <, S”.

12



in (8,5) on II. On the one hand, if IT tends to increase given A, as a conse-
quence of increasing (3, .5), A falls in order to satisfy (2). Firms perceive this
decrease in A as enhanced competition. On the other hand, if II tends to fall
given A, the result is an increase in A and hence a dampening of competition
from the firms’ point of view. As profits depend on a single demand level,
it is often straightforward to determine whether a change in (5,S) is com-
petition enhancing or competition dampening. For example, reducing the
costs of existing activities (increasing ) or introducing a new activity into
S (increasing S) corresponds to a competition-enhancing increase in (3, 5).
This is because the profits of all firms are at least weakly increasing in this
exogenous variation given A. Such an argument explains why trade liberali-
sations in Melitz (2003) through decreases in either the fixed or variable costs
of international trade (or a move away from autarky through an introduction
of exporting) are competition enhancing. Consequently, the exact nature of
the increase in (8, S) determines the direction of change in A.

3.1 Firm Level

Starting at the firm level, let us define the equilibrium decision of a firm
conditional on being active as

#(0,5,5) = 2 (A(8, 90, 3, S). (5)

From the RHS of (5), it is clear that changes in (5, 5) have a direct effect
on firm decisions for a given demand level but, since the whole industry is
affected, such changes also have an indirect effect through changes in the
demand level. This dichotomy allows us to decompose the total effect on
Z* from changing (5',5") to (8", 5”) where either § or S could remain un-
changed. Note that

Ai,* — \JJ*(A/Q, /8//7 S//) . CL’*(A/Q, /8/’ S/) _l_ JZ*(AHQ,ﬁ”, S//) . I*(A,976N, S//)’

J/ /

VvV TV
Direct effect Indirect effect

where A" = A(f',5") and A” = A(B",S"). It follows from Lemma 1 that
an increase in (f,S) always has a nonnegative direct effect on the equi-
librium decision, *. The increase in (3, S) provides firms an incentive to
increase their levels of at least one activity. The inherent complementarities
among activities ensure that this is manifested in an increase in z*, all else
equal. Whereas the direct effect of an increase in (5, S5) on Z* is unambigu-
ously nonnegative irrespective of how (3, S) increases, recall that the sign of

13



the indirect effect critically depends on whether competition is enhanced or
dampened. By Lemma 1, the sign of the indirect effect is equivalent to the
sign of the change in A. Thus, the indirect effect is aligned with the direct
effect when competition is dampened but opposed to the direct effect when
competition is enhanced. The following proposition summarises.'?

Proposition 1. The total effect on the equilibrium decision, T*, is nonneg-
ative for all firms if the increase in (B, S) is competition dampening. If the
increase in (B3, 5) is competition enhancing, the total effect on the equilibrium
decision s ambiguous.

The feedback from the endogenous demand level implies that the deci-
sions of individual firms do not generally exhibit MCS in (3, 5) in spite of
the complementarities imposed by Assumption 1. The reason is that our as-
sumption of complementarities is partial in nature and by no means ensures
MCS at the firm level once the endogeneity of A is recognised. Importantly,
the details of the increase in (3, S) thus matter which contrasts the case
where the competitive environment is exogenous. New or better opportu-
nities that become available to all firms can make a given firm scale down
existing activities even when these existing activities are complementary to
the activities affected. Thus, for some firms, such opportunities may turn out
to be a threat detrimental to many dimensions of the firms’ operations. This
result still holds when F' is degenerate such that all firms share the same 6
and make the same decision, £*, although one qualification must be given. In
this case, an increase in S will unambiguously increase 7*.!3 The total effect
of an increase in [ remains ambiguous when firms are homogeneous. A good
example, which fits into our framework and this discussion, is the Krugman
(1979) model. As shown by Zhelobodko et al. (2012), the total output of
firms (an activity) may either increase or decrease following an increase in

12Note that the results in Proposition 1 are conditional on a firm being active. Hence,
Proposition 1 does not rely on the assumption that 6, > 6. Nor does it rely on the
assumption of profits only depending on A and 6 through A# or the complementarity
between x and 6. However, these assumptions play important roles for our industry-level
analysis.

13To see this, first note that if the initial #* becomes unavailable, then only higher de-
cisions are available. Second, if the initial £* remains available, we know, by the definition
of the strong set order (<,) in Section A, that lower decisions available ex post were also
available ex ante. It follows that such decisions do not constitute an equilibrium after S
has increased.
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market size () depending on how the so-called relative love of variety varies
with consumption.

One can obviously also use the approach above to derive some unambigu-
ous results. The comparative statics are for instance monotone when the
attractiveness of higher levels of an activity increases ([ increases) because
lower levels of this activity are taxed (and the tax revenue is not redistributed
among firms in the industry). To see this, note that this increase in f in-
duces an increase in A since the tax decreases the profits of all firms given A.
Furthermore, it is often the case that some firms are not directly affected by
an increase in (4, .5) implying that the effect on the decision of these firms is
straightforward to determine. One case in point is trade liberalisation in the
many models following Melitz (2003) where the least productive active firms
do not select into trading activities because of various fixed costs. In such a
case, the least productive active firms lower their decision, T*, as competition
enhances. We provide an example of this in Section 3.5.

3.2 Industry Level: a First Glance

We now move on to investigating how the industry composition responds to
changes in (3, 5). Apart from the effects highlighted in our firm-level analysis
above, selection effects through changes in 6, are central for our industry-
level analysis. These arise since some marginal firms may leave the industry
or become active producers as a result of the change in (5, 5).

Our notion of monotone comparative statics (MCS) for the industry com-
position is formalised as follows.

Definition 2. The industry composition exhibits MCS when increases in
(8,S) induce first-order stochastic dominance (FSD) shifts in the equilibrium
distributions of all activities. That is, H;(x;; 8,S) is nonincreasing for all
levels, x;, of all activities, 1 =1,... n.

MCS for the industry composition thus mean that the equilibrium distri-
butions of the n activities unambiguously shift towards higher values (such
that the share of active firms that undertake at least any positive level of any
activity increases). Consequently, the average level of any activity increases.
Recall that an FSD shift in the equilibrium distribution of an activity implies
F'SD shifts in all firm-level variables that are monotonically increasing in this
activity.'

4We thank an anonymous referee for pointing this out.
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In order to build intuition for our industry-level results below, consider

an increase in § and assume now for simplicity that H; is differentiable in a
scalar 3. Then we can express the total effect of increasing 3 on H; as'®
1 dH;  10s; n 1 0s, 1 0s; 1 0s,\ dA

1—H; d3 s 08 s, 9B s;0A s, 0A ) dB’

~
Direct effects Indirect effects

(6)

Given the assumption of endogenous exit (6, > 6y), the equilibrium distribu-
tions, H;, are both affected by the levels of the activities undertaken by firms
conditional on being active (level effect) and by the endogenous selection of
which firms are active (selection effect). In (6), the level effect is represented
by the effects on the share of firms undertaking at least level x; of activity ¢,
s;, while the selection effect is represented by the effects on the share of firms
that are active, s,. Each of these effects has a direct component, which is the
effect for a given A, and an indirect component, which is the effect through
a change in A. The total level effect corresponds to the firm-level responses
analysed in Section 3.1.

The decomposition for the general case, which is covered by Propositions
2-4, is presented in Appendix C. In the general case, we do not assume
differentiability of H; with respect to a scalar [, and the decomposition is
valid for changes in S as well. Anyway, (6) is more elegant and sufficient
to illustrate how the total selection effect introduces a possible discrepancy
between the firm-level comparative statics (the total level effect) and the
comparative statics for the industry composition. Absent a selection effect,
the comparative statics for the industry composition follow directly from
the firm-level comparative statics. In this case, the industry composition
exhibits MCS (in general) if and only if the total effect on Z* is nonnegative
for all firms. However, the trade literature almost exclusively focuses on the
arguably more interesting and appealing case where some firms endogenously
shut down or enter after a change in 6,. As we shall see, MCS at the firm level
are neither necessary nor sufficient for MCS for the industry composition in
this situation.

3.3 Sufficient Conditions for MCS for the Industry Composition

In order to derive sufficient conditions for MCS for the industry composi-
tion, start by considering the direct level and selection effects on H;. In the

15We thank J. Peter Neary for suggesting the representation (6) to us.
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simplified case of differentiability, these correspond to the first and second
term on the RHS of (6), respectively. For the more general case, consult
Appendix C. Since an increase in (3, 5) tends to increase the levels of the
activities chosen by individual firms (for a given A), it tends to increase s;.'
The direct level effect on H; is therefore nonpositive which works in favour
of MCS for the industry composition. For the direct selection effect to be
nonpositive as well, we simply need the direct effect on s, to be nonpositive.
Intuitively, the marginal active firms have low productivities and therefore
undertake relatively low levels of the activities conditional on being active.
An increase in the share of active firms therefore works against MCS for the
industry composition. Whether the direct effect of an increase in (5, 5) on s,
is indeed nonpositive needs to be checked when using our approach. For now
it suffices to point out that this pivotal condition may constrain the nature
of the increase in (3, .5). The condition will be thoroughly discussed after we
have presented Proposition 2 which together with Proposition 3 depend on
this pivotal condition.

Next, consider the two indirect effects on H;, i.e., the indirect level and se-
lection effects. These effects correspond to the entire last term on the RHS of
(6). An increase in A tends to make all firms weakly increase their levels of ac-
tivity . This makes the indirect level effect on H; nonpositive.!” At the same
time, an increase in A will allow some previously inactive low-productivity
firms to produce profitably. The indirect selection effect is therefore non-
negative. These two indirect effects are reversed when A decreases but are
obviously still opposing. Therefore, in order to ensure that the sum of these
two indirect effects on H; is nonpositive regardless of the possibly unknown
direction of change in A, we must require that the indirect level and selection
effects are exactly offsetting. This is the case if a change in A induces the
same percentage of changes in s, and s;. It is obvious that the total indirect
effect in (6) is zero in this case. The following proposition, which is proven
in Appendix C, makes it clear that this requires a Pareto distribution, F'(©),
or firm productivities.

Proposition 2. Increases in (3,S) induce MCS for the industry composition

16To see this formally, note that by Lemma 1, #* is nondecreasing in (46, 3,S). Thus
it follows from (3) that 6; is nonincreasing in (3, S) given A. Therefore, s; =1 — F(6;) is
nondecreasing in (8, S) given A.

171t follows from Lemma 1 and (3) that 6; is nonincreasing in A given (3, S). Therefore,
s; is nondecreasing in A given (5, 5).
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if the direct effect on s, is nonpositive and if log-productivity is distributed
with constant hazard rate. The latter condition s equivalent with productivity
being Pareto distributed.

This key result depends on two important conditions which will now be
discussed. We start by discussing the condition that F(©) is Pareto. A
constant hazard rate of log-productivity implies by definition that the density
at any level of log-productivity is constant relative to the probability mass
above it. This means that the percentage changes (induced by a change in
A) in the share of active firms and the share of firms undertaking at least a
given level of activity ¢ are equal if the changes in the log-thresholds log 6,
and log6; are equal. But this is implied by profits depending on A and ¢
only through Af. As a consequence, the indirect level and selection effects
exactly cancel out. Under nonpositive direct level and selection effects, this
gives us MCS for the industry composition. While the Pareto distribution is
often used in models of international trade due to other attractive features,
Proposition 2 points out a novel knife-edge property with strong implications
for industry-level comparative statics.

Proposition 2 is moreover conditional on a nonpositive direct effect on
Sq. The intuition for the need of this pivotal condition, which assures a
nonpositive direct selection effect and MCS for the industry composition
given that F'(O) is Pareto, was provided earlier. The condition implies that
the direct effect of increases in (3,5) on the profits of the least productive
active firms must be nonpositive such that 6, is nondecreasing in (3, .S) given
A. It is important to note that, under this condition, increases in (3, S) can
still be both competition enhancing and competition dampening. On the one
hand, the condition is clearly satisfied when the direct effect on the profits
of all firms is nonpositive. On the other hand, the condition is satisfied
when the direct effect of an increase in (f,5) on the profits of the least
productive active firms is zero while the direct effect on the profits of all
other firms is nonnegative and positive for some. Importantly, this latter
scenario is very often seen in models of international trade, such as those
listed in the introduction, since the least productive active firms are very
often not directly affected by the comparative statics considered. One case
in point is competition enhancing trade liberalisations in models where the
least productive firms do not select into trading activities because of various
fixed costs these firms cannot overcome. We will provide a few examples of
this pivotal condition, which is easily checked for by simple inspection of the
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profit function, at later stages in this paper.

As argued in the beginning of Section 3, it is often straightforward to de-
termine whether a change in (3, 5) is competition enhancing or competition
dampening. Hence, it can now be argued that both the exact nature of the
increase in (3, S) and often also the selection into various activities (like e.g.
exporting) jointly determine the direction of change in A and whether the
direct effect on s, is nonpositive as needed. Furthermore, once we consider
increases in (3,.5) that we know are either competition enhancing or com-
petition dampening, we no longer need to be on the knife edge where the
indirect level and selection effects on H; exactly balance. This leads us to
the following proposition which is also proven in Appendix C.*®

Proposition 3. Competition-enhancing increases in (,S) induce MCS for
the industry composition if the direct effect on s, is nonpositive and if the
distribution of log-productivity has a nonincreasing hazard rate. Competition-
dampening increases in (3, S) induce MCS for the industry composition if the
direct effect on s, is nonpositive and if the distribution of log-productivity has
a nondecreasing hazard rate.

To understand the intuition behind Proposition 3, remember that A in-
duces the indirect level and selection effects through its effects on 6; and 6,, re-
spectively. Relative to the case with constant hazard rate of log-productivity
(i.e., the knife-edge case where the two indirect effects balance), a nonin-
creasing hazard rate puts more relative probability density at log6, relative
to log#; since 0, < 6;. Consequently, the indirect selection effect domi-
nates the indirect level effect. This works in favour of MCS for the industry
composition when A falls. Conversely, a nondecreasing hazard rate of log-
productivity means that the indirect level effect dominates, which works in
favour of MCS for the industry composition when A increases. Relating to
the case of differentiability in (6), the hazard-rate conditions of Proposition
3 ensure that (slig‘z - i%) and % share the same sign, wherefore the in-
direct effects are nonpositive in total. Taking stock of this section’s insights,
we see that Proposition 2 is useful since it reveals sufficient conditions under
which MCS for the industry composition can be obtained in the vast number

8Distributions with monotone hazard rates include, among others, the Gumbel, the
exponential, the Weibull, the gamma, and the normal. The normal and Gumbel distribu-
tions exhibit monotone increasing hazard rates. Recall that log-productivity is distributed
Gumbel when productivity is Frechet distributed as in Eaton and Kortum (2002) and
Bernard et al. (2003).
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of trade models that fit into our framework. Proposition 3 shows that the
same results can often be obtained under other distributional assumptions
than just the Pareto. Note that one does not need to solve a full general
equilibrium model to get to the results above.

3.4 Firm-Level versus Industry-Level Results

Having described the comparative statics both at the firm level and for the
industry composition, we summarise our findings in Table 1. The illustrated
effect on H; is conditional on a nonpositive direct effect on s,. The hazard
rate of the distribution of log-productivity is denoted by Ajg -

Comparative Statics for an Increase in (3, 5)

Effect on . Effect on H;
cis Effect on & dAjog 0 dAogg dAjog 0
competition Tlogd >0 dlogd — 0 1oz 0 <0
Dampened | Increasing FSD FSD ?
Enhanced ? ? FSD FSD

Table 1: Summary of firm- and industry-level comparative statics.

These results point out a clear discrepancy between the conditions that
ensure MCS at the firm level and those that ensure MCS for the industry
composition. At the firm level, MCS hinge upon the particular shock con-
sidered, i.e., whether competition is enhanced or dampened. Under Pareto-
distributed productivities, the industry composition exhibits MCS regardless
of the effects on competition (provided the direct effect on s, is nonpos-
itive). Thus, firm-level complementarities may manifest themselves much
more clearly in the comparative statics for the industry composition than at
the firm level. This possibility occurs when the increase in (3, 5) enhances
competition as is often the case. Tests of firm-level complementarities con-
ducted at the industry level may therefore be a promising empirical strategy
for testing the nested trade models with Pareto-distributed productivities.
More generally, we see that the interaction between the shock type and the
properties of Aj,g ¢ is decisive at the industry level when the direct effect on s,
is nonpositive. If log-productivity is distributed with decreasing hazard rate,
we are ensured MCS for the industry composition when firm-level responses
are ambiguous (competition is enhanced). Under the same circumstances,
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we see ambiguous shifts in the industry composition when the firm-level re-
sponses are unambiguous (competition is dampened). Nontrivial selection
effects hence imply that MCS at the firm level are neither necessary nor
sufficient for MCS for the industry composition. It is entirely possible that
firm-level responses to an exogenous shock to the industry are ambiguous and
depend on the characteristics of the firms and activities in question while the
industry composition unambiguously shifts towards higher levels of all activ-
ities. Notice from columns 2 and 3 in Table 1 that MCS for the industry
composition and MCS at the firm level arise in the same case (competition
is dampened) when productivity is distributed, e.g., log-normally or Frechet,
since this implies an increasing hazard rate of log-productivity.!* From an
aggregation standpoint, this seems more appealing than the case with a non-
increasing Ajog9, but determining the relevant case is of course an empirical
question.

3.5 Trade Liberalisation and the Firm-Size Distribution

To illustrate our firm- and industry-level results, consider as an example from
international trade a two-country Melitz (2003) model. We let the activities
of the firms be export status, given by the indicator 1., for exporting, and
total labour input for variable production, [. If we require that the resulting
output is optimally distributed across markets in case of exporting, then we
obtain the profit function

(1 Lep; A0, B) = (1 4 Leg )7 157 (A0)°7 — 1 — f — Loy fuu,

where o > 1 is the elasticity of substitution, 7 > 1 is an iceberg trade cost, f
is a fixed cost of production, and f,, is a fixed cost of exporting. Assumption
1 is satisfied if we let z = (I, 1.,), X = Ry x{0,1}, and 8 = (—7, — fez). Since
the model conforms to our setup, we can apply our propositions to analyse
the effects of a reduction in 7.2° A reduction in 7 is clearly competition

19This again requires the direct effect on s, to be nonpositive. Note that, when pro-
ductivity is distributed log-normally or Frechet, we also see ambiguous responses at both
levels of analysis when competition is enhanced.

20We could also consider an opening to trade and incremental liberalisations of trade
through a reduction in fe,. Opening to trade implies introducing a new activity (export-
ing) by moving from S’ = Ry x {0} to S” = Ry x {0,1} which constitutes an increase in
S. However, these two types of trade liberalisation have effects similar to the liberalisation
through 7. Note that both types of trade liberalisation are competition enhancing.
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enhancing since it weakly increases the profits of all firms given the demand
level. Starting with the firm level, this implies that the direct and indirect
effects on x are opposing. All exporters nevertheless increase their use of
labour while (ex-post) nonexporters reduce their use of labour. While the
positive direct effect dominates the negative indirect effect on the use of
labour for exporters, nonexporters are only affected by the negative indirect
effect.?!

Log—normal
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Figure 1: Equilibrium distribution of labour input before (dotted) and after (solid)
a trade liberalisation depending on the productivity distribution.

Moving on to the industry level, note that the trade liberalisation has
no direct effects on the profits of the least productive firms which do not
export by assumption. This is assured through assumptions on the size of
exogenous parameters that govern the cost of international trade. That is,
the direct effect on s, is nonpositive, and in fact zero. Thus, we know that
if productivity is Pareto distributed, then the trade liberalisation induces a
F'SD shift in the firm-size distribution.?? However, this FSD shift in the firm-

21 This shows that the direction of firm-level responses may vary across firms for a given
activity. To see that responses can vary across activities within a given firm, one can split
total labour for variable production into that used for production to the domestic market
and the export market. Upon a decrease in 7, exporters decrease and increase their use of
labour for production to the domestic and the export market, respectively.

22This holds whether we use either total labour input for variable production or firm
revenue as the measure of firm size when the trade liberalisation appears through a decrease
in fe,. The reason being that, in Melitz (2003), firm revenue is monotonically increasing
in labour demand for variable production. The resulting increase in average revenue in
turn implies that the number of active firms decreases.
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size distribution does certainly not happen if productivity is log-normally
or Frechet distributed since this means that log-productivity is distributed
with strictly increasing hazard rate.?® Figure 1 illustrates these points and
also shows that the share of exporting firms increases (an FSD shift in the
distribution of the exporting activity) under both distributional assumptions
in this particular example. This can be seen from the downwards shift in the
horisontal segments in Figure 1, located at the share of active firms which
do not export.

So far we have showed that, in the Melitz (2003) model, trade liberalisa-
tions induce F'SD shifts in the firm-size distribution as long as the distribution
of log-productivities has nonincreasing hazard rate. Many subsequent exten-
sions of the Melitz (2003) model expand the choice set of firms in a way such
that the resulting model still features complementarities between labour in-
put and the rest of the activities. Since the Pareto assumption is adopted
in most of these studies, our results imply that trade liberalisations inducing
FSD shifts in the firm-size distribution is an overarching prediction, which
holds in models such as Helpman et al. (2004), Antras and Helpman (2004),
Arkolakis (2010), and Bustos (2011).>* This prediction can thus be used to
evaluate a whole strand of the recent heterogeneous-firms trade literature.
If the prediction of FSD shifts in the firm-size distribution following trade
liberalisations (or decreases in the costs of complementary activities) is not
supported by data, one remedy could be to abandon the Pareto assumption
in favour of a log-normal of Frechet assumption. As argued above, these
distributions do not give rise to FSD shifts in the firm-size distribution pro-
vided that not all firms undertake the particular activities the attractiveness
of which increase.

The distinct implications of productivity being either Pareto or log-normally
distributed are interesting in the light of the on-going discussion about the
distribution of firm productivities. Much of the work following Melitz (2003)
has applied the Pareto distribution for its tractability and empirical sup-
port.?> More recently however, Combes et al. (2012) and Head et al. (2014)

23See the analysis in Appendix C where the direct level and selection effects are zero
for a sufficiently low level of labour input while the total indirect effect is strictly positive.

24Further, the prediction holds for Helpman and Itskhoki (2010), Helpman et al. (2010),
Davis and Harrigan (2011), and Egger and Koch (2013) if one considers the distribution
of expenditure on labour input instead of that of labour input itself.

Z5Gee e.g. Axtell (2001), Luttmer (2007), and the more indirect evidence in Eaton et al.
(2011).
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have provided evidence in favour of the log-normal distribution. They argue
that the log-normal distribution provides a much better description of their
French and Chinese data relative to the Pareto distribution.?®:2” These con-
trasting views concerning the right distributional assumption are noteworthy
given the very different implications for comparative statics at the industry
level pointed out above. We believe that our predictions for the firm-size
distribution can be exploited to gauge the empirical performance of these
two distributions which, in the present context, and in contrast to many
other studies, are equally tractable because of our different mathematical
approach.

3.6 Comparative Statics without Direct Effects

Some parameter changes have no direct effects on either firms’ decisions or
their choice to exit. While this could be true for some elements of 3, it is
obviously the case for the sunk entry cost, f., which we will use to illustrate
the implications. First off, the firm-level comparative statics are determined
solely by the indirect effect on z*. By (2), it is clear that an increase in f,
must be competition dampening (A increases strictly) and thus increases the
equilibrium decisions of all firms. At the industry level, things may be differ-
ent. Since an increase in f, does not have direct level or selection effects, only
the indirect effects matter at the industry level. We can therefore conclude
that the equilibrium distributions of the activities are completely unaffected
by the increase in f. if productivity is Pareto distributed. Further, if Aigg0
is nondecreasing such that the indirect level effect dominates the indirect
selection effect, then the equilibrium distributions of activities shift toward
higher values when f, increases. However, if Aoz is nonincreasing such that
the indirect selection effect dominates, then all of these distributions shift to-
wards lower values regardless of the unambiguous increase in the equilibrium
decisions of all firms. Based on (11) in Appendix C, it can also be argued that
these distributional shifts to either the right or left are nontrivial when Ajog0
is, respectively, strictly increasing or strictly decreasing. As these findings

Z6Head et al. (2014) also argue that one has to be careful in defending the Pareto due
to its performance in its right tail. In their paper, the left part of the tail is decisive for
welfare changes due to selection effects which are also crucial for comparative statics in
our model. These authors also mention the work of Eeckhout (2004) which shows that the
log-normal and the Pareto distributions differ the most to the left.

27See also Ijiri and Simon (1974).
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are obviously also valid for the example in the previous section, it follows
that an increase in the entry barrier, f,., leads to a strict decrease in the
number of active firms when F(©) is Frechet or log-normal. This intuitive
finding does not necessarily hold when log-productivity is distributed with
nonincreasing hazard rate.

3.7 Preference Structures with A0

Next, let us discuss preference structures where the Af assumption may
hold. Although CES preferences may be most commonly used—at least in
models of international trade—we note that profits depending on # and A
only through A€ can arise under various other preference structures than
CES.

First off, with a slight reinterpretation of 6 as perceived quality, we
show that multiplicative separability (Af) can arise under relatively gen-
eral additively separable preferences. Let consumers have preferences U =
[ 0ju(c;)dj with j indexing varieties of a differentiated good, while ¢; and
6; are the quantity consumed and the quality of variety j, respectively.?®
With identical consumers maximising utility subject to the budget constraint,
[ pjc;dj = I, where p; is the price of variety j and I is income, the inverse
demand function reads p; = Af;u'(c;), with A being the inverse marginal
utility of income. The revenue of a firm reads r(¢;) = A0;u'(q;/L)q;, where
g; is total output and L is market size (the number of consumers). With this
revenue function, the profit function is bound to depend on # and A only
through their product, A6.

Second, Arkolakis et al. (2012) consider markups under a general formula-
tion of demand that encompasses three important groups of utility functions:
additively separable (but non-CES), quadratic (as in Ottaviano et al., 2002;
Melitz and Ottaviano, 2008), and translog. In a symmetric country version
of their model, the profits of a firm in country 7 selling in market j can be
written as

7rij<l'; AH, ﬂ) — L(H/Tij)e_l(l’ . 1):L,—e€d(log;:c-&-log7-ij—log(A0))7 (7)

where ¢ < 1 is a parameter of the demand system, L is again the market size,
7;; is an iceberg trade cost, and firms decide on their relative markup denoted

Z8In this case, 0; represents perceived quality in the sense that it scales up marginal
utility, v/(¢;), or marginal willingness to pay, for a given level of consumption.
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by x = pb/7;;, where p is the price. Further, d is a decreasing function, and
our demand level, A, is the choke price in this case, i.e., setting a markup
such that p > A results in zero demand and hence zero profit.?? Since the
6! in front of the profit function neither affects the decision on activities
nor the choice to exit, we can ignore this factor for all purposes except the
free-entry condition. But this means that, for all relevant purposes, the profit
function depends on 6 and A only through Af. Let X = [1,00).? Note that
(7) exhibits the single crossing property in (x, L) and (z, Af). Thus, we can
apply our results with 3 = L.3' L does not affect the optimal decision, z*,
directly wherefore an increase in market size only has a negative indirect
effect. To see this, note that for a given choke price (demand level) all firms
can earn weakly higher profits the higher L is. Hence, a larger market ends
up with a lower choke price, which makes all firms reduce their markups.
This is the pro-competitive effect discussed by Arkolakis et al. (2012) and
shown empirically by Bellone et al. (2014).

Next, consider the industry composition. The direct effect on s, is non-
positive under an increase in L since this increase does not directly affect
the optimal profits of the least productive active firms which let x = 1 and
earn zero profits. Thus, we can conclude that when productivities are Pareto
distributed, an increase in L implies that the equilibrium distribution of
markups and the average markup are completely unaffected by the increase
in market size despite the pro-competitive effects at the firm level.?? If in-
stead productivities are log-normally distributed, such that log-productivity
is distributed with strictly increasing hazard rate, the equilibrium distribu-
tion of markups exhibits a nontrivial shift towards lower values in line with
the pro-competitive effects at the firm level.3® Finally, if the distribution of

29This follows from the assumed properties of the function d; see Arkolakis et al. (2012)
for details.

30No firm would want to choose a price lower than its marginal cost wherefore x > 1.

31 As (7) is trivially supermodular in z, increasing differences in (z, Af) and (z, 3) is a
sufficient condition for the partial comparative statics in Lemma 1. The single crossing
property is both necessary and sufficient; see Appendix B.

32This knife-edge balance between the indirect level and selection effects appears in
Bernard et al. (2003) and Arkolakis et al. (2012). One of our contributions is to analyse
the outcome once we leave this knife edge and relate industry-level comparative statics to
the distributional assumptions, i.e., to derive distributional comparative statics (Jensen,
2014).

33This relates to a remark made by Arkolakis et al. (2012). However, as our criterion
is first-order stochastic dominance instead of monotone likelihood ratio dominance, our
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log-productivity has a strictly decreasing hazard rate, then the equilibrium
distribution of markups exhibits a nontrivial shift towards higher values. In
this case, sufficiently many low-productivity firms are driven out of business
by the drop in A to ensure higher markups on average when market size
increases. Equivalent results, which accentuate the importance of formal
aggregation, can be derived within a closed-economy Melitz and Ottaviano
(2008) model.

Notice that these theoretical results concerning the average markup may
potentially explain the somewhat inconclusive existing empirical evidence on
the relation between market size and markups; see e.g. Badinger (2007) and
Chen et al. (2009). Our results show that the anti-competitive outcomes of
an increase in market size sometimes found in these studies may be related
to the substantial differences in the distribution of productivities across in-
dustries; see Rossi-Hansberg and Wright (2007). This relates to the model
of Zhelobodko et al. (2012) in which anti-competitive outcomes may result
from the characteristics of consumer preferences rather than collusion.

3.8 Multidimensional Firm Heterogeneity

Although a pattern of firm sorting based solely on productivity is convenient
for characterising an equilibrium, it has some undesirable features. First, the
strict relationship between productivity and the level of any activity seems
unrealistic. This is especially evident when the number of activities is large.
Second, this very relationship introduces a gap between the range of available
decisions in S and the range of decisions observed in equilibrium.?* Given
the wide variety of firm decisions seen in reality, such a limitation on the
observable decisions is undesirable.

Therefore, let us consider introducing a vector of firm-specific character-
istics other than productivity, v € R¥, which is a realisation of the random
variable I', which is distributed independently from 6 with c.d.f. G. Firms
are now characterised by the pair of characteristics (6,v) which are realised
simultaneously upon entry. The distinction between productivity and other

condition of a decreasing/nondecreasing hazard rate of the distribution of log-productivity
is different from theirs (log-concavity/convexity of this distribution).

34For example, if we have two binary activities, then we can have four possible decisions,
S = {(0,0),(1,0),(0,1),(1,1)}. However, if 2’ = (1,0) is the optimal decision for one
firm, then 2’/ = (0, 1) cannot be the optimal decision for some other firm since this would
contradict Lemma 1.

27



firm characteristics, v, is made since the assumptions we have made with
respect to 6 are not imposed on 7. Allowing for additional sources of firm
heterogeneity through ~ alleviates the two issues mentioned above. While
the strict sorting pattern based on productivity holds for a given realisation
of v, it does not necessarily hold across firms with different characteristics,
~. If we consider all firms at once, this can break the strict relationship
between the level of a given activity and productivity and thereby increase
the number of observable decisions. For examples where multidimensional
firm heterogeneity has this purpose, see Eaton et al. (2011), Amiti and Davis
(2012), and Hallak and Sivadasan (2013). An implicit assumption in the
result below is that the direct effect on s, is nonpositive for all v such that
the total direct selection effect (across gammas) remains nonpositive.

Proposition 4. For any distribution G, Propositions 1 and 2 still hold when
including multidimensional firm heterogeneity through ~. Proposition 8 also
continues to hold for any distribution G if 0, is independent of .

That Proposition 4 does not require conditions on the distribution G is
comforting to the extent that many potential sources of firm heterogeneity
are not easily observable. The proposition is proven in Appendix E.?3

4 An Application

The present section shows how our firm- and industry-level results can be
applied to combine and extend existing models in a way that gives rise to
new insights.3¢

4.1 Trade Liberalisation and Vertical Integration

Bache and Laugesen (2014) show how our results can be used to extend and
modify existing models to generate new insights. Specifically, they show that

35Tt also follows from Appendix E that F and G being independent is unnecessary. It
suffices that the needed restrictions on the marginal distribution of 6 hold for all «. Hence,
the shape and scale parameters of a Pareto distribution of § could potentially depend on
implying that the entire distribution of productivities could look different that the Pareto.

36Qur results can also be applied to a number of other models from the trade literature
covering a broad range of topics which we do not treat here. Among these are Helpman
et al. (2004), Arkolakis (2010), Amiti and Davis (2012), Bustos (2011), and Caliendo and
Rossi-Hansberg (2012).
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with a slight simplification of the basic setup of Antras and Helpman (2004),
the two activities faced by firms in this model—offshoring and vertical in-
tegration of intermediaote-input production—are complementary. This is
achieved by focusing on the special case where the cost of contractual breach
is not affected by offshoring and assuming that fixed costs are linear in the
activities. To see how the activities become complementary, note that off-
shoring implies a reduction of variable costs while vertical integration scales
up variable profits (for the relevant firms) due to an improvement of incen-
tives in the producer-supplier relationship. When offshoring does not affect
the improvement in the producer-supplier relationship provided by vertical
integration, these two activities are complementary in variable profits since
scaling up variable profits is worth more when the marginal cost is lower (vari-
able profits are larger to begin with). Assuming that fixed costs are linear
(or submodular) in the activities simply ensures that this complementarity
in variable profits manifests itself unambiguously in total profits.

Having established this basic complementarity, the model is extended to
include within-industry firm heterogeneity with respect t headquarter inten-
sity (as well as productivity) and exporting of final goods as an additional
activity. Importantly, exporting is complementary to both offshoring and
vertical integration.?” With the results of the present paper in hand, the
complementarities inherent in the model imply that these extensions pose
no problem for deriving clear comparative statics for the industry compo-
sition following liberalisations of either final- or intermediate-goods trade.
An interesting implication of the model is that both types of trade liber-
alisation increase the share of firms that vertically integrate. This is a di-
rect contradiction of Antras and Helpman (2004) who find that liberalising
intermediate-goods trade leads to a reduction in the share of firms that ver-
tically integrate. The divergence in results is a consequence of the desire of
Antras and Helpman (2004) to generate a rich sorting pattern, i.e., observe all
combinations of offshoring and vertical integration, based on heterogeneity in
productivity alone. This means that they have to make sure that offshoring
and vertical integration are not complementary, c.f. Section 3.8, which re-
quires a very specific fixed-cost structure. Bache and Laugesen (2014) show
how new insights arise by using headquarter intensity as an additional source

37 Access to another market via exporting increases the production volume, thereby im-
plying that both a lower marginal cost (offshoring) and scaling up variable profits (vertical
integration) are more attractive.
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of firm-level heterogeneity to obtain a rich sorting pattern and by letting the
complementarity between offshoring and vertical integration play out. Fur-
ther, when these two activities are complementary, the model can easily be
extended to include other activities that are complementary to the exist-
ing, while maintaining clear comparative statics as exemplified by adding
exporting to the model. Finally, as a bonus, the sorting pattern generated
by letting firms be heterogeneous with respect to both headquarter intensity
and productivity is broadly in line with recent empirical evidence presented
by Corcos et al. (2013).

5 Concluding Remarks

One main finding is that firm-level complementarities may manifest them-
selves much more clearly in the industry composition than in the behaviour
of individual firms. Despite the ambiguities at the firm level, we show that
one may very well observe that the equilibrium distributions of the activ-
ities unambiguously shift towards higher values. Key to this result, which
is particularly relevant for international trade and related fields of study,
is the observation that these distributions depend not only on the activity
levels undertaken by firms conditional on being active but also on the selec-
tion of active firms. These results are important for several reasons. First,
they provide general insights on the implications of firm-level complementar-
ities in models of monopolistic competition; a workhorse market structure in
many strands of the economics literature. Second, our results provide strong,
novel, and testable predictions—especially at the industry level—for a large
number of recent trade models. We believe that it will be both useful and
interesting to confront these predictions with data. On the one hand, such
empirical investigations can shed light on the appropriateness of commonly-
used functional form assumptions. On the other hand, this approach is likely
to complement firm-level and structural estimations. We leave this task for
future research. Third, we provide a flexible tool for modelling explanations
of shifts in the industry composition based on complementarities at the firm
level. Our analysis clearly shows how incentives to undertake one activity at
the firm level may induce unambiguous shifts in the equilibrium distributions
of this and other activities at the industry level. Fourth and finally, we have
illustrated another context in which monotonicity theorems are a powerful
mathematical tool for conducting economic analysis.
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A Mathematical Appendix

Let X CR™ and T' C R™ be partially ordered sets with the component-wise
order.®® For two vectors, 2/, 2" € R", we let 2’ V 2" denote the component-
wise maximum and 2’ A 2” denote the component-wise minimum.?® The set
X is a lattice if for all 2/,2” € X, 2/ va” € X and 2/ A 2” € X. The set
S C X is a sublattice of X if S is a lattice itself. For two sets, S, S” C R",
we say that S” is higher than S’ and write S" <, S” if for all ' € S and all
e S Vv €S and 2’ Nx” € S, If a set becomes higher, then we say
that the set is increasing.

Let X be a lattice. The function h : X xT'— R is supermodular in = on
X foreacht € T if for all 2/,2" € X and t € T,

h(x't) + h(2",t) < h(x' A2" t) + h(2' v 2" t). (8)

Supermodularity of h in x implies that the return from increasing several
elements of = together is larger than the combined return from increasing
the elements separately.** This follows from the fact that a higher value
of one subset of the elements in x increases the value of increasing other
subsets of elements. Supermodularity thus implies that the elements of the
vector « are (Edgeworth) complements. If h is smooth, supermodularity is
equivalent with 9%h/0x;0x; > 0 for all i, j where i # j. By (8), it follows
that any function A is trivially supermodular in z when z is a single real
variable. The function h(z,t) has increasing differences in (z,t) if for 2’ < 2",
h(z",t)—h(2’',t) is monotone nondecreasing in ¢. Increasing differences mean
that increasing ¢ raises the return from increasing x and vice versa. If h is
smooth, increasing differences are equivalent with 9*h/dx;0t; > 0 for all 4, j.
The following monotonicity theorem is due to Topkis (1978).

Theorem 1. Let X C R" be a lattice, T C R™ be a partially ordered set,
S be a sublattice of X, and h : X x T — R. If h(x,t) is supermodular in x
on X for each t € T and has increasing differences in (z,t) on X x T, then
arg max,es h(x,t) is monotone nondecreasing in (t,5).

BFor 2/ = (z),...,2)) € R" and 2" = (2f,...,2)) € R, o/ < 2" if 2} < ¥ for
t=1,...,nand 2’ < 2" if 2’ <2” and 2’/ # 2".

BThat is, 2 VvV 2”7 = (max{z},z!},...,max{z!,2!}) and 2/ A 2’/ =
(min{z), 27}, ..., min{al, z}).

1070 see this, rewrite (8) into [h(a',t) — h(z' A 2”,t)] + [h(z",t) — h(z' A 2",t)] <
h(z' v’ t) — h(z' A" t).
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If the set of maximisers only contains one element, this unique maximiser
is nondecreasing in (¢,S5). In the remainder of this paper, we restrict at-
tention to cases where the set of maximisers is a nonempty and complete
sublattice.*! This implies that the set of maximisers has greatest and least
elements, and Theorem 1 implies that these greatest and least elements are
nondecreasing functions of (¢,5). We follow the convention of focusing on
the greatest element in the set of maximisers, effectively treating this max-
imiser as unique.*> The monotone comparative statics result of Theorem 1
could also be obtained under the weaker assumption that h is quasisuper-
modular in z and exhibits the single crossing property in (z,t).*3 However,
the properties supermodularity and increasing differences more accurately
represent the standard notion of complementarity, are well-known, and are
easy to characterise for smooth functions. Therefore we use these assump-
tions throughout the main part of the paper while keeping in mind that all
our results will also hold under quasisupermodularity and the single crossing

property.

B Quasisupermodularity and Single Crossing

Let X be a lattice and T be a partially ordered set. The real-valued function
h(zx,t) is quasisupermodular in x on X if for all o', 2" € X, h(z/,t) > h(z' A
2 t) implies h(2' V2" t) > h(x”,t) and h(z',t) > h(2’ Ax”,t) implies h(z' Vv
x”,t) > h(z",t). Hence, if an increase in a subset of the elements of z raises
h at a given level of the remaining elements, exactly the same increase in
the same subset of the elements of x will increase A when the remaining
elements also increase. In the language of Milgrom and Shannon (1994),
quasisupermodularity expresses a weak kind of complementarity between the
elements of x. The function h(z,t) satisfies the single crossing property in
(x,t) if for 2" > 2" and t" > ¢/, h(z",t") > h(a2’,t') implies that h(z",t") >
h(z',t") and h(z”,t') > h(2',t') implies that h(z”,t") > h(z',t"). Hence,
if an increase in x raises h when t is low, exactly the same increase in x
will raise h when t is high. One can verify by the relevant definitions that
any supermodular function is also quasisupermodular and any function with

41 General sufficient conditions for this are found in Milgrom and Shannon (1994).

42We share this approach with Bagwell and Ramey (1994) and Holmstrom and Milgrom
(1994). All results also hold when one focuses on e.g. the least element.

43See Appendix B for formal definitions and a theorem.
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increasing differences in (z,t) also satisfies the single crossing property in
(x,t). Let S C X. The following monotonicity theorem is due to Milgrom
and Shannon (1994).

Theorem 2. argmax,cs h(z,t) is monotone nondecreasing in (t,S) if and
only if h 1s quasisupermodular in x on X for each t € T and satisfies the
single crossing property in (z,t) on X x T.

C Proof of Propositions 2 and 3

Denote by AH; the change in H; induced by an increase in (3, .S) from (', .5")
to (5”,5”). Using t' = (f',S5") and t" = (p”,5”) as shorthand notation,
this change can be decomposed into the two level and two selection effects
mentioned in Section 3.2.

SZ(ZIZ'“ A/, t/) Sl(ZE“ A/, t//) S; (IE“ A/, t”) Sl(l’l, A/, t//)

Al = Csa(A1) sl A1) s (ALY sa( A1)
~~ ~
Direct level effect Direct selection effect
si(wg AL ") s A" 1) sl AV YY) si(a AT YY) ©)
Sa(A/, t”) Sa(A/, t”) o 8a<A/, 2f//) Sa(A”, t") J’
Indirect Tervel effect Indirect se?(;:tion effect

where A" = A(f',S") and A” = A(B",5"). The total level effect is due to
changes in the levels of activity ¢« undertaken by firms conditional on being
active. In (9), this is represented by changes in the share of firms undertak-
ing at least a given level of activity ¢, s;. The total selection effect is due to
changes in the range of active firms which is represented by changes in the
share of active firms, s,. Each of these two total effects has a direct compo-
nent induced by changes in (3,5) for a given A and an indirect component
induced by changes in A.
Note that a nonpositive (total) indirect effect in (9) is equivalent to

si(zi; At < si(xy; A7 ")
Sa(A/,t”) — Sa(A”,t”)

(10)

6
When F is C!, we have that 1 — F(0) = e 4% %% where )y denotes the
hazard rate of the distribution of ¢. Using this observation, (10) can be
expressed as

_ 9i<zi;A//1B,,75,,
< g “0i(z;3A7,8",8)

ea(A”,ﬁ”,SN)

67 0q (A 5,57 Ao (u) du

) Ao (u) du
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Note that when the profit function depends on A and 6 only through A, the
changes in log #; and log 6, induced by a change in A are equal. A change of
integrand gives us

e etasn o Moo du = S Moo )
where Ajog¢ is the hazard rate of the distribution of log-productivity. Now,
since #; > 0, and since the changes induced by a change in A in log#; and
log 0, are equal and nonnegative if competition is enhanced, the condition
(11) is fulfilled if the hazard rate of log-productivity is nonincreasing. On the
other hand, since the changes induced by a change in A in log6; and log¥,
are equal and nonpositive if competition is dampened, the condition (11) is
fulfilled if the hazard rate of log-productivity is nondecreasing. It also follows
that, if the hazard rate of log-productivity is constant, the condition (11)
is satisfied both when competition is enhanced and when it is dampened.
Finally, the distribution of log# having constant hazard rate is equivalent
with 6 being Pareto distributed.**

D The Dependence of Profits on A and ¢

Consider the assumption that profits depend on 6 and A only through their
product, Af. First, we emphasise that some degree of separability—where we
focus on multiplicative separability—between 6 and A in profits is necessary
in order to make the two indirect effects on H; balance and thereby achieve
MCS for the industry composition regardless of the change in competition.
To see this, note that the requirement for the indirect effects on H; to balance
can be expressed as*®

ea(A//7B//7S//) ei(mi;A//”B/,,S//)
/ Ao(u) du = / Ao (1) du, (12)
0(1(14’7/3”,5”) ei(xi;A,,/H//7S,,)

where )y is the hazard rate of the distribution of productivity. This gives us a
functional relationship between the distribution (hazard rate) of productivity
and the way the decision on activities and the choice to exit depends on A

“ogd being distributed with constant hazard rate, Ajog¢, implies that Fiogg(log8) =
1 — e Mwogollog =108 00) " where Fj,, o denotes the c.d.f. of logf. Rearranging gives F(f) =
1 — (6y/0)Mese. Thus F () is given by the Pareto distribution.

45See Appendix C.
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and 0. To get a sense of this relationship, consider a change of variable in
(12) such that the new integrand, ¢ = ¢(#), is distributed with constant
hazard rate, \,.* It follows that

(p“(A//”B//7S//) (pi(ﬂ?i;AH,ﬂ”,S”)
/ A (u) du = / A (1) du, (13)
wa(A",B",5") wi(zi; ALY ,S")

where ¢, = ¢(6,) and ¢; = ¢(6;). For (13) to hold true, we must have that
the changes in ¢, and ; are of the exact same size. This condition readily
gives you that the decision on the activities and the choice to exit depend
on ¢ and A only through ¢ + Z(A, 3,S) where Z is an arbitrary function
which is nondecreasing in A. This is very closely connected to profits only
depending on ¢ and A through ¢ + Z(A, 3,.5). Thus, to make sure that the
total indirect effect of an increase in (3,.5) on H; is zero, additive separability
of (transformations of) productivity and the demand level is central. Now,
if profits only depend on 6 and A through A6, this can also be expressed as
profits only depending on 6 and A through log 6 + log A. Using () = log 6
and Z(A, 3,S) = log A, the condition (12) is satisfied if log# is distributed
with constant hazard rate, i.e., if 6 is Pareto distributed.

E Proof of Proposition 4

It is obvious that Proposition 1 is unaffected by the introduction of multi-
dimensional firm heterogeneity. Next, note that with multidimensional firm
heterogeneity, as introduced in Section 3.8, we can express

J si(zi, v A(B, S), B,5) dG(v)
J sa(v; A(B, S), 8,8)dG(y)

where 6; and 6, now (possibly) depend on 7, wherefore s; and s, do so as
well. Start by noting that the total direct selection effect remains nonpositive
(see main text). This is also the case for the total direct level effect since
the direct level effect for a given v is nonpositive. Repeating the steps in
Appendix C, the condition for a nonpositive (total) indirect effect on H;
becomes

log 0a (v:A” ,8",5") | log 0, (z;,7;A”,8",8")
- u) du — A u) du
/wae flogf)a(v:A’,B”,S”) tog 6/(14) dG(’)/) < w;e flog@i(zz‘mA’,ﬁ”,S”) tog 0(1) (]_C,Y(f)/)7

(14)

16 Letting () = —log(1 — F(0))/\, ensures this.
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where we have defined the weights w, = s,(7; A", 8”,5")/ [ sa(v; A", 8", 5") dG(7)
and w; = s;(wi,v; A, 8", 5")/) [ si(xi,v; A, 87,5")dG(y) which both inte-
grate to one. When the hazard rate of log-productivity is constant, it is
obvious that this condition is still satisfied both when competition is en-
hanced and when it is dampened since the changes in log6; and log6, are
still equal. Hence, Proposition 2 still holds.

When 6, is independent of v, the condition (14) simplifies to

log 6a (A" ,6",5') | log (g, v; A" 8,8
_ o(u)du - (s Alog 0 (u) du
¢ ogoacar g sy Nogolw)du [ o hogo,(ai s 51" Mos dG (),

and Proposition 3 holds for the same reasons it did without multidimensional
firm heterogeneity.
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1 Introduction

More than two decades ago, Milgrom and Roberts (1990a) argued that strat-
egy and structure in modern manufacturing firms reflect widespread com-
plementarities among many diverse activities undertaken by firms. Drawing
on Topkis (1978), they emphasised how such complementarities make firms’
decisions exhibit monotone comparative statics (MCS). That is, the optimal
levels of the activities are monotonic in parameters of the profit maximisa-
tion problem that influence the set of available activities or the attractiveness
of these activities, all else equal. Since this seminal contribution, the mono-
tonicity theorems developed by Topkis (1978), Milgrom and Shannon (1994),
and Athey (2002) have been central in comparative statics of firms. One rea-
son is their virtue of focusing on the properties of the optimisation problem
that are essential for obtaining MCS and doing away with superfluous as-
sumptions. For instance, these monotonicity theorems allow activities to be
discrete choice variables and the profit function to be nonconcave, nondiffer-
entiable, and discontinuous. When applying these monotonicity theorems,
one typically assumes that the competitive environment is exogenous.! While
being a natural starting point, such analysis is not entirely satisfactory when
studying exogenous shocks that affect all firms in an industry. In this case,
firms are not only directly affected by the exogenous changes but also indi-
rectly affected through changes in the competitive environment.

In this paper, we apply the monotonicity theorems of Topkis (1978) and
Milgrom and Shannon (1994) to analyse the responses of firms and industries
to exogenous industry-wide shocks. Changes in the competitive environment
are shown to be crucial for the comparative statics. Building on Hopenhayn
(1992) and Melitz (2003), we put forward a model of monopolistic compe-
tition in which heterogeneous firms each make a decision on a number of
activities.?2 An activity refers to any variable at the discretion of the firm.
Firms endogenously enter and exit the industry. The demand level of the

!See e.g. Milgrom and Roberts (1990a, 1995), Milgrom et al. (1991), Holmstrom and
Milgrom (1994), and Athey and Schmutzler (1995).

2Qur analysis therefore takes a very different direction than the studies of games with
strategic complementarities or substitutes in industrial organisation where monotonicity
theorems have also been applied; see for instance Topkis (1979), Jeremy et al. (1985),
Milgrom and Roberts (1990b), Vives (1990), and Amir (2005).



industry inversely reflects the intensity of competition and changes to ensure
a zero expected value of entry. While in fact endogenous in the aggregate,
individual firms perceive the demand level as exogenous. Importantly, the
activities faced by firms are complementary with: (i) each other; (ii) firm
productivity; (iii) the demand level; and (iv) the exogenous industry-wide
parameters that we vary. Our focus lies on the implications of these comple-
mentarities which have previously been microfounded in a variety of ways.?
An advantage of this approach is that the resulting model allows for quite
general functional forms for the distribution of firm productivity and demand
structures such as the additive, quadratic, and translog.

Since Melitz (2003), models with monopolistic competition and hetero-
geneous firms have become all the rage in international trade. The present
paper provides a unifying framework for a vast number of these trade mod-
els. This framework is sufficiently general to encompass, at least symmetric-
market versions of, well known contributions such as Melitz (2003), Antras
and Helpman (2004), Helpman et al. (2004), Melitz and Ottaviano (2008),
Arkolakis (2010), Helpman and Itskhoki (2010), Helpman et al. (2010), Arko-
lakis and Muendler (2011), Bernard et al. (2011), Bustos (2011), Davis
and Harrigan (2011), Caliendo and Rossi-Hansberg (2012), Amiti and Davis
(2012), Arkolakis et al. (2012), Kasahara and Lapham (2013), and Mayer
et al. (2014). Despite clear differences in focus, these nested trade models
share some important traits. By focusing on these common traits—including
the assumptions on complementarities—and employing monotonicity theo-
rems, we contribute by deriving strong, novel, and testable MCS predictions.

At the firm level, we investigate how the decisions of individual firms
respond to exogenous increases in industry-wide parameters of the profit
maximisation problem.* These parameter changes do not only have a non-
negative direct effect (given the demand level) on the equilibrium decisions of
individual firms but also an indirect effect operating through induced changes
in the demand level. Only when the indirect effect is nonnegative and thus
aligned with the direct effect, can we be sure that the firm-level comparative
statics are monotone. As a first result we provide sufficient conditions for
MCS at the firm level by restricting the nature of the exogenous changes such

3Topkis (1995) and Mrazova and Neary (2013) consider conditions for complementar-
ities to arise and provide examples. The models of Bustos (2011) and Amiti and Davis
(2012) are very illustrative in relation to the assumed complementarities.

4Examples could be a decrease in the cost of undertaking (higher levels of) a given
activity or the advent of a new activity that becomes available to all firms.



that the demand level increases. The indirect effect is, however, generally
ambiguous and, as a consequence, so are the comparative statics at the firm
level. This result illustrates how an endogenous competitive environment re-
fines the comparative statics obtained in Milgrom and Roberts (1990a, 1995),
Milgrom et al. (1991), Holmstrom and Milgrom (1994), Athey and Schmut-
zler (1995), and Topkis (1995). While MCS at the firm level are in fact
also possible when the competitive environment is endogenous, the induced
change in competition is decisive. We show that it is often straightforward
to determine the direction of change in competition.

Our main finding is that firm-level complementarities often manifest them-
selves more clearly in the comparative statics for the industry composition
than at the firm level. To see this possibility, let us first define MCS for
the industry composition. By this, we mean that exogenous increases in
industry-wide parameters of the profit maximisation problem lead to first-
order stochastic dominance (FSD) shifts in the equilibrium distribution of
any activity across firms. This implies that the share of active firms under-
taking at least a given level of any activity increases and so does the average
level of any activity. The main finding involves MCS for the industry com-
position when the comparative statics at the firm level are ambiguous. This
possibility occurs when log-productivity is distributed across firms with non-
increasing hazard rate while the exogenous industry-wide shock enhances
competition. This finding, for which the intuition is provided below, is im-
portant because: (i) trade models often analyse (trade) shocks that enhance
competition; (ii) the common assumption of Pareto-distributed productivi-
ties implies that log-productivity is distributed with constant hazard rate.’
Testing the nested trade models at the industry level is therefore a promising
empirical strategy. For instance, we show that trade liberalisation leads to
F'SD shifts in the firm-size distribution in a large subset of the nested trade
models.®

A related main finding is that firm-level complementarities manifest them-
selves equally clearly in the comparative statics for the industry composition
and at the firm level when log-productivity is distributed with increasing
hazard rate. This holds true when productivity is log-normally distributed.

®Much of the work after Melitz (2003) has applied the Pareto distribution for both
reasons of tractability and also its empirical support provided by, among others, Axtell
(2001), Luttmer (2007), and more indirectly by Eaton et al. (2011).

6This prediction holds even though some firms choose to become smaller after the
trade liberalisation and its induced enhancement of competition.



In this case, MCS appear at both the firm level and for the industry composi-
tion when competition is dampened, while our results are ambiguous at both
levels of analysis when competition is enhanced. From an aggregation stand-
point, this finding seems a priori more intuitive than the opposite case with
a nonincreasing hazard rate of log-productivity. To summarise our industry-
level findings: the interaction between the hazard rate of log-productivity
and the induced effect on competition is decisive for the comparative statics.
Because of important selection effects via entry and exit of firms, MCS at
the firm level are neither necessary nor sufficient for MCS for the industry
composition. The paper further shows that a Pareto distribution of firm pro-
ductivity assures MCS for the industry composition regardless of the induced
effect on competition. This is due to a special knife-edge property.

Our results relate to the ongoing discussion about the actual distribution
of firm productivity. Recently, Combes et al. (2012) and Head et al. (forth-
coming) have provided evidence in favour of the log-normal. Both groups of
researchers show that a log-normal distribution of firm productivity provides
a better description of their data than a Pareto distribution. Our theoreti-
cal results can be exploited empirically to further gauge the performance of,
for instance, these two distributions. Let us provide an example. Using the
model of Arkolakis et al. (2012), we show that an increase in market size
makes all firms decrease their relative markup (an activity) over marginal
cost. The distribution of markups across firms is however entirely unaffected
as is the average markup if and only if productivity is Pareto distributed.
The reason for this knife-edge outcome is a precisely offsetting selection effect
through exit of low-productivity firms. If instead productivity is log-normally
distributed, the distribution of markups across firms shifts to the left in line
with the pro-competitive effect at the firm level. Now, the selection effect
is dominated by the pro-competitive effect at the firm level. Finally, if log-
productivity is distributed with decreasing hazard rate, then we see MCS for
the industry composition, wherefore the average markup increases due to a
dominating selection effect.

Previously, Bernard et al. (2003) and Arkolakis et al. (2012) have also
noted the discrepancy between firm- and industry-level effects of trade liber-
alisation on firm markups. These authors also use models with heterogeneous
firms and endogenous selection. Yet, to the best of our knowledge, the present
paper is the first to provide a general and thorough analysis of how firm-level
complementarities can imply MCS for the industry composition despite am-
biguities in firm-level responses. Further, we contribute by illustrating how



the industry-level implications depend on the distribution of firm produc-
tivity and departures from the common assumption of Pareto-distributed
productivities. The paper perhaps closest to our is the paper by Mrazova
and Neary (2013). These two authors emphasise the role of supermodularity
(complementarity) in shaping the sorting pattern of firms in a given equilib-
rium. Our approach differs by not only focusing on a given equilibrium but
rather conducting comparative statics across equilibria. Costinot (2009) ex-
amines the role of log-supermodularity in generating comparative advantage.
In the working-paper version, Costinot (2007) considers applications to spe-
cific heterogeneous firms setups. Here, comparative statics with respect to
the productivity dispersion are conducted, whereas we consider comparative
statics with respect to parameters directly affecting the maximisation prob-
lem of the firms. Let us emphasise that, although the present paper has close
ties to the international-trade literature, nothing in the formulation of our
framework limits the relevance or application of our results to trade-related
issues.

The remainder of the paper is organised as follows. Section 2 briefly
reviews the central mathematical results from Topkis (1978, 1995) and Mil-
grom and Shannon (1994) that we draw upon in our analysis as these may be
unfamiliar to some readers. Section 3 develops our model and presents our
central assumption of complementarities. Section 4 derives sufficient condi-
tions for MCS at both the firm and the industry levels of analysis. Section
5 presents a concrete application of both our model and our results. Finally,
Section 6 offers some concluding remarks.

2 Mathematical Preface

Let X C R™ and 7" C R™ be partially ordered sets with the component-wise
order.” For two vectors, ', 2" € R", we let 2’/ V2" denote the component-wise
maximum and 2’ A 2" denote the component-wise minimum.® The set X is a
lattice if for all ', 2" € X, 2’ Va2’ € X and 2’ Az” € X. Theset S C X is a
sublattice of X if S is a lattice itself. For two sets, S’, S” C R", we say that
S” is higher than S’ and write S’ <, S” if for all 2/ € S’ and all 2" € S”,

7 ! / / n " 1/ 1 n / [/ / 1

For o/ = (2},...,2}) € R® and 2" = (2f,...,2))) € R*, o’ < 2" if 2} < zf for
i=1,..,nand 2’ <z”if 2’ < 2" and 2’ # 2”.

8That is, 2’ V 2” = (max{x}],z{},...,max{x},2!}) and 2 A 2" =
(min{z), 27}, ..., min{al, z}).



Vva”" e S"and ' Ax” € §'. If a set becomes higher, then we say that the
set is increasing.

Let X be a lattice. The function h : X xT'— R is supermodular in z on
X foreacht e Tifforall 2/, 2" € X and t € T,

h(z',t) + h(z",t) < h(z' A2 t) + h(z" V2" t). (1)

Supermodularity of A in x implies that the return from increasing several
elements of x together is larger than the combined return from increasing
the elements separately.” This follows from the fact that a higher value
of one subset of the elements in z increases the value of increasing other
subsets of elements. Supermodularity thus implies that the elements of the
vector = are (Edgeworth) complements. If h is smooth, supermodularity is
equivalent with 9%h/dz;0x; > 0 for all i, j where i # j. By (1), it follows
that any function A is trivially supermodular in z when z is a single real
variable. The function h(z,t) has increasing differences in (z, t) if for 2’ < 2",
h(z",t)—h(2’,t) is monotone nondecreasing in t. Increasing differences mean
that increasing ¢ raises the return from increasing x and vice versa. If h is
smooth, increasing differences are equivalent with 9*h/dx;0t; > 0 for all 4, j.
The following monotonicity theorem is due to Topkis (1978).

Theorem 1. Let X C R” be a lattice, T C R™ be a partially ordered set,
S be a sublattice of X, and h: X x T — R. If h(x,t) is supermodular in x
on X for each t € T and has increasing differences in (x,t) on X x T, then
arg max,egs h(x,t) is monotone nondecreasing in (t,S).

If the set of maximisers only contains one element, this unique maximiser
is nondecreasing in (¢,S5). In the remainder of this paper, we restrict at-
tention to cases where the set of maximisers is a nonempty and complete
sublattice.!® This implies that the set of maximisers has greatest and least
elements, and Theorem 1 implies that these greatest and least elements are
nondecreasing functions of (¢,5). We follow the convention of focusing on
the greatest element in the set of maximisers, effectively treating this max-
imiser as unique.'! The monotone comparative statics result of Theorem 1

°To see this, rewrite (1) into [h(2,t) — h(z' A 2”,t)] + [h(z",t) — h(2' A 2",t)] <
h(z' v a’ t) — h(z' A" t).

10General sufficient conditions for this are found in Milgrom and Shannon (1994).

1'We share this approach with Bagwell and Ramey (1994) and Holmstrom and Milgrom
(1994). All results also hold when one focuses on e.g. the least element.



could also be obtained under the weaker assumption that h is quasisuper-
modular in z and exhibits the single crossing property in (z,¢).'? However,
the properties supermodularity and increasing differences more accurately
represent the standard notion of complementarity, are well-known, and are
easy to characterise for smooth functions. Therefore we use these assump-
tions throughout the main part of the paper while keeping in mind that all
our results will also hold under quasisupermodularity and the single crossing

property.

3 Model

After paying a sunk entry cost of f. units of the numéraire, atomistic firms
enter an industry characterised by monopolistic competition. Upon entry, a
firm realises its productivity level, 6 € [0y, c0) where 0y > 0. Individual firms
are fully characterised by their productivity level, #, which is a realisation of
the continuous random variable © with c.d.f. F(0).* We let F(©) have full
support on which it is C'. Firms with strictly higher 6 are assumed to be
able to earn strictly higher profits.

After realising its productivity level, a firm has to choose whether to
start producing or to exit the industry. If a firm chooses to produce, it has
to make a decision, z = (z1,...,x,), where z; denotes the chosen level of
activity 7. An activity refers to any variable at the discretion of the firm.
The level of an activity can be either discrete or continuous. We let z € X
where X C R"™ is the set of all conceivable, but not necessarily available,
decisions. The set X is assumed to be a lattice which, loosely speaking, means
that undertaking a higher level of any activity may require, but importantly,
cannot prevent undertaking a higher level of another activity. Restricting
attention to lattices will allow complementarities between the n activities
in x to take effect. The profitability of the decisions in X is influenced by
a vector of exogenous industry-wide parameters, § € B, with B C R™.
Further, the actual choice set of all firms is restricted to a set of available
decisions, S C X, with S being a sublattice of X. Our comparative statics
will focus on changes in (5, S) which determines the attractiveness (all else
equal) and availability of activities.

12Gee Appendix A for formal definitions and a theorem.
13In Section 4.8, we extend the model to allow for multidimensional firm heterogeneity.
# could in principle represent any firm characteristic that conforms to our assumptions.



The Melitz (2003) model of international trade conforms to our setup and
provides an example of activities, parameters, and choice sets. In this case,
the decision, x, could comprise the export status and the amount of labour
to employ, while 5 would contain the (negative) fixed and variable costs of
exporting. A move from autarky to costly trade is an example of varying the
choice set of firms.!*

3.1 The Demand Level

Firm profits depend on a common and endogenous aggregate statistic which
captures the (inverse) level of competition in the industry. We will refer to
this variable, A € R, , as the demand level and let firm profits be strictly
increasing in A. In line with monopolistic competition among atomistic firms,
individual firms perceive A as exogenous.'® To get a sense of what A could be,
consider a model where the consumers’ preferences are additively separable
across varieties of a differentiated good. In this case, the inverse marginal
utility of income enters the profit function through the demand function as
a demand shifter and constitutes the demand level.'® A can also comprise
endogenous variables such as factor prices as long as all endogenous variables
outside the control of the firm can be combined into the single variable A.

3.2 Profits, Complementarities, and the Optimal Decision

Profits, 7, of a firm with productivity 6 depend on the decision, =, the demand
level, A, and the industry parameters, 5. We assume throughout that A and
0 only enter the profit function through their product, Af. This assumption is
very often satisfied in models of heterogeneous firms and discussed thoroughly
in Section 4.7 and Appendix C. Formally,

m=7(x; A0, ), (2)

where the semicolon separates choice variables from arguments that are per-
ceived as exogenous by the firms. The following assumption summarises the
three key complementarities in our model.

MFor further details, see Section 4.5 where this model is used to illustrate our results.

15This setup also encompasses the case of perfect competition. To see this, let all firms
share the same 6, let f. = 0, and let A be the endogenous price level. For our industry-level
analysis to be interesting, firm heterogeneity is however central.

6For details, see Section 4.7.



Assumption 1. For all (A0, ), the profit function, w(x; A0, ), is super-
modular in x on X and exhibits increasing differences in (x, A0) and (z,f)
on X xR, and X X B, respectively.

Supermodularity in z implies that the n activities are complementary.
Milgrom and Roberts (1990a) argue that strategy and structure in modern
manufacturing firms reflect widespread complementarities among many di-
verse activities in e.g. marketing, manufacturing, engineering, design, and
organisation. In such a context, an increase in the choice set, S, can e.g. cap-
ture the advent of a new marketing technique that becomes available to all
firms. The implied effect on the level of competition in our model is captured
by an endogenous change in A. Topkis (1995) also considers the conditions
for complementarities to arise and provides examples. Further, an extensive
body of recent research within international trade relies heavily on comple-
mentary activities.'” The assumption of increasing differences implies that
productivity, the demand level, and the elements of g are all complementary
to the n activities.!® Thus, even though 6, A, and 3 play very different roles
in our model, they influence firms’ decisions in similar ways.

Proper ordering of activity levels and parameters is crucial for profits
to satisfy Assumption 1.!% Even after proper ordering, Assumption 1 may
not apply to all conceivable activities that firms face. However, if one can
express the decision of firms in a form where the corresponding profit function
satisfies our assumptions, then our results can be applied to the activities that
constitute that decision.?’ Consequently, we do not necessarily require that
all possible activities faced by firms are complementary. Lastly, note that
profits in (2) do not have to represent a certain payoff to firms. In case
of uncertainty after a firm has realised its productivity level and made its

17For illustrative examples, see for instance Bustos (2011) and Amiti and Davis (2012).

8Note that 8 only contains those parameters that comply with Assumption 1. As
other parameters are kept constant throughout, we simply abstract from these.

9Tf a function is supermodular in (xq,2), then it is not supermodular in (—xy,x2).
If a function has increasing differences in (1,22, 3), then it does not have increasing
differences in (z1,z2, —f).

20For example, in the model of Helpman et al. (2004), exporting and FDI are not
complementary. Once we recognise that exporting and FDI are not two different activities,
but rather two different choices for a single activity concerning foreign market access, this
model can be analysed within the present framework. Further, Milgrom et al. (1991)
discuss how to obtain a supermodular profit function in a specific case with a core group
of complementary activities and a group of additional activities.

10



decision, (2) could be interpreted as expected profits.?!

Faced with the profit function (2), a firm makes its optimal decision, x*,
under the constraint that = € S, while taking 0, A, and 3 as given. Formally
we have that

x*(A0,3,S) = arg I;leagiﬂ'(l’; A0, B).

Lemma 1. The optimal decision, z*(A0, 3,5), is nondecreasing in (A6, 5, S).

Lemma 1 follows readily from Theorem 1 and is simply the manifestation
of the three key complementarities of Assumption 1. Importantly, these
comparative statics are partial in nature since the endogeneity of A is ignored
which will prove to be important. The profits obtained under the optimal
decision are defined as

(A0, 3,9) = I;leagiﬂ(l‘; A0, ).

3.3 Entry

Firm profits upon entry are bounded below by zero because the firm exits the
industry and forfeits the sunk cost of entry when 7* happens to be negative.
Expected profits upon entry are thus given by

II(A, 8,9) = /maX{O,ﬂ*(AQ,B, S)}dF(0),

and are assumed to be finite. It is well known that this may require some
restrictions on the distribution of productivities; see Melitz (2003). We as-
sume unrestricted entry and an unbounded pool of potential entrants. In
equilibrium, the expected profits upon entry must therefore be equal to the
cost of entry,

[I(A, 5,5) = [e. (3)

Given the existence of an equilibrium value of A that satisfies (3), uniqueness
is ensured by profits being strictly increasing in A. Existence is ensured by
assuming that firms cannot earn strictly positive profits as demand vanishes
(lim 4,0 7* < 0) and that the demand level can become sufficiently high for
firms to be able to recoup the entry cost (limag_oo 7™ > fe). Then (3) pins
down the endogenous demand level as a function of 3, S, and f..

21Gee e.g. Athey and Schmutzler (1995).
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3.4 Industry Composition

We denote the c.d.f. of the equilibrium distribution of activity ¢ across ac-
tive firms by H;(x;; 5,S5), @ = 1,...,n. These distributions are the focus of
our industry-level analysis in Sections 4.2 and 4.3. To characterise these dis-
tributions, consider the cross-section of firms in a given equilibrium where
(A, B,95) is given. Since firms with strictly higher 6 are able to earn strictly
higher profits, the self-selection or sorting of firms into being active or exiting
obeys the rule that all firms with productivities above a certain threshold are
active and all firms with productivities below exit. Denoting this threshold
by 6,, we have that

0.(A,B,S)=inf{f: 7" (A0, 5,5) > 0}.

We focus on the case with endogenous exit by assuming that the lowest
productivity firms are not able to produce profitably. That is, 6,(A, 3,5) >
0p.22 The next step is to characterise the sorting of active firms into the
activities based on productivity. By Lemma 1, the complementarities of our
model imply that, in a given equilibrium, higher productivity firms choose
weakly higher levels of all activities which echoes one of the main points made
by Mrazova and Neary (2013). Let 6; be the lowest level of productivity at
which a firm undertakes at least level x; of activity <. Bounding this threshold
from below by 6,, it is given by

O;(xi; A, 5,S) = max{l,,inf{0 : 27 (A0, ,S) > x;}}. (4)

On the basis of the above sorting pattern, we now characterise the equilib-
rium distributions of activities and the industry composition. In the follow-
ing, we focus on a particular level, x;, of activity ¢, which could be any level of
any of the n activities. Applying the law of large numbers, let s, = 1 — F(6,)
be the share of firms that are active and let s; = 1 — F'(6;) denote the share
of firms undertaking at least level z; of activity . Note that s, > s;. Using
these shares, the c.d.f. of the equilibrium distribution of each activity ¢ can
be expressed as

_ s A, 5), 8, 9)
SG(A(ﬁv S),ﬁ,S) '

The industry composition refers jointly to these n distributions.

22The underlying reason could e.g. be the presence of some fixed costs of production
or the presence of a choke price.
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4 Comparative Statics

We now investigate the equilibrium responses of individual firms and of the
industry composition to increases in the industry-wide parameters (53,S).
Consistent with Lemma 1, both increases in # and increases in S provide
firms with an incentive to increase their levels of all activities, all else equal.
Increases in 3 do so by increasing the attractiveness of undertaking higher
levels of the activities, while increases in S do so by shifting upwards the
choice set of available decisions. Importantly, these incentives can be brought
about in two distinct ways. By increasing (3, the attractiveness of higher
levels of activities is increased both if profits associated with higher levels
increase and if profits associated with lower levels decrease. Analogously, S
is shifted upwards both if higher levels of activities become available and if
lower levels become unavailable. While these two types of increases in [ and
S are not mutually exclusive, their distinct effects on firm profits will prove
to be crucial for the comparative statics.

Definition 1. An increase in (3,S5) is competition enhancing if expected
profits upon entry, 11, increase given the demand level. If expected profits
upon enltry decrease given the demand level, the increase in (3,S) is compe-
titton dampening.

The two terms competition-enhancing increases and competition-dampening
increases in (3, .S) simply refer to the equilibrium effect on the demand level,
A. To see this, note that A responds to offset the direct effect of the change
in (,S5) on II. On the one hand, if IT tends to increase given A, as a conse-
quence of increasing (3, .5), A falls in order to satisfy (3). Firms perceive this
decrease in A as enhanced competition. On the other hand, if II tends to fall
given A, the result is an increase in A and hence a dampening of competition
from the firms’ point of view. It is straightforward to determine whether a
change in (3, S) is competition enhancing or competition dampening in many
cases. For example, reducing the costs of existing activities or introducing a
new activity corresponds to competition-enhancing increases in (3, .5).

4.1 Firm Level

Starting at the firm level, let us define the equilibrium decision of a firm
conditional on being active as

(0, 8,5) = z*(A(S, 9)0, 5, 5). (6)
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From the RHS of (6), it is clear that changes in (53, S) have a direct effect
on firm decisions for a given demand level but, since the whole industry is
affected, such changes also have an indirect effect through changes in the
demand level. This dichotomy allows us to decompose the total effect on
Z* from changing (5',5") to (8", S”) where either § or S could remain un-
changed. Note that

A.i'* — :L'*(A/Q, /B//’ S//) _ x*(A/Q) /B/’ Sll+§*(A//9’6//’ S//) _ x*(A/ejﬂ//’ S//)’

i

Vv Vv
Direct effect Indirect effect

where A" = A(p',S") and A” = A(p”,S”). It follows from Lemma 1 that an
increase in (f,.S5) always has a nonnegative direct effect on the equilibrium
decision, *. The increase in (3, 5) provides firms an incentive to increase
their levels of at least one activity. The inherent complementarities among
activities ensure that this is manifested in an increase in z*, all else equal.
Whereas the direct effect of an increase in (5,5) on * is unambiguously
nonnegative irrespective of how (3, .5) increases, the sign of the indirect effect
critically depends on whether competition is enhanced or dampened. By
Lemma 1, the sign of the indirect effect is equivalent to the sign of the
change in A. Thus, the indirect effect is aligned with the direct effect when
competition is dampened but opposed to the direct effect when competition
is enhanced. The following proposition summarises.??

Proposition 1. The total effect on the equilibrium decision, T*, is nonneg-
ative for all firms if the increase in (§,S) is competition dampening. If the
increase in (B3, 5) is competition enhancing, the total effect on the equilibrium
decision s ambiguous.

The feedback from the endogenous demand level implies that the decisions
of individual firms do not generally exhibit monotone comparative statics
(MCS) in (5, 5) in spite of the complementarities imposed by Assumption 1.
The reason is that our assumption of complementarities is partial in nature
and by no means ensures MCS at the firm level once the endogeneity of A
is recognised. Importantly, the details of the increase in (3, 5) thus matter

23Note that the results in Proposition 1 are conditional on a firm being active. Hence,
Proposition 1 does not rely on the assumption that 8, > 63. Nor does it rely on the
assumption of profits only depending on A and 6 through A# or the complementarity
between x and 6. However, these assumptions play important roles for our industry-level
analysis.
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which contrasts the case where the competitive environment is exogenous.
This result still holds when F' is degenerate such that all firms share the same
6 and make the same decision, 2*, although one qualification must be given.
In this case, an increase in S will unambiguously increase 7*.>* The total
effect of an increase in 3 remains ambiguous when firms are homogeneous.
A good example, which fits into our framework and this discussion, is the
Krugman (1979) model. As shown by Zhelobodko et al. (2012), the total
output of firms (an activity) may either increase or decrease following an
increase in market size () depending on how the so-called relative love of
variety varies with consumption.

Our firm-level results highlight that analysing complementary activities
in industry or general equilibrium refines the comparative statics obtained in
some earlier studies. In their analyses of complementary activities, Milgrom
and Roberts (1990a, 1995), Milgrom et al. (1991), Holmstrom and Milgrom
(1994), Athey and Schmutzler (1995), and Topkis (1995) assume that all
variables that affect profits, but are outside the control of the firm, are ex-
ogenous. However, when one considers changes in (3, .S) that affect all firms
in an industry, precluding the adjustments of competitors from influencing
the choices of a given firm is not fully satisfying.

4.2 Industry Level: a First Glance

We now move on to investigating how the industry composition responds to
changes in (3, S). Apart from the effects highlighted in our firm-level analysis
above, selection effects through changes in 6, are central for our industry-
level analysis. These arise since some marginal firms may leave the industry
or become active producers as a result of the change in (f3,.5).

Our notion of monotone comparative statics (MCS) for the industry com-
position is formalised as follows.

Definition 2. The industry composition exhibits MCS when increases in
(8,5) induce first-order stochastic dominance (FSD) shifts in the equilibrium
distributions of all activities. That is, H;(x;; 8,S) is nonincreasing for all
levels, x;, of all activities, 1 =1,... n.

24To see this, first note that if the initial 2* becomes unavailable, then only higher de-
cisions are available. Second, if the initial * remains available, we know, by the definition
of the strong set order (<) in Section 2, that lower decisions available ex post were also
available ex ante. It follows that such decisions do not constitute an equilibrium after S
has increased.
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MCS for the industry composition thus mean that the equilibrium distri-
butions of the n activities unambiguously shift towards higher values (such
that the share of active firms that undertake at least any level of any activity
increases). Consequently, the average level of any activity increases.

In order to build intuition for our industry-level results below, consider
an increase in § and assume now for simplicity that H; is differentiable in a
scalar 3. Then we can express the total effect of increasing 3 on H; as®®

1 dH;  10s; 10s, (1 ds; 1 &sa) dA ™)

I—H, 45 505 5,08 \s0A s,04) 5

Vv Ve
Direct effects Indirect effects

Given the assumption of endogenous exit (6, > 6y), the equilibrium distribu-
tions, H;, are both affected by the levels of the activities undertaken by firms
conditional on being active (level effect) and by the endogenous selection of
which firms are active (selection effect). In (7), the level effect is represented
by the effects on s;, while the selection effect is represented by the effects on
Sq. Each of these effects has a direct component, which is the effect for a
given A, and an indirect component, which is the effect through a change in
A. The total level effect corresponds to the firm-level responses analysed in
Section 4.1.

The decomposition for the general case, which is covered by Propositions
2-4, is presented in Appendix B. In the general case, we do not assume
differentiability of H; with respect to a scalar [, and the decomposition is
valid for changes in S as well. However, (7) is more elegant and sufficient
to illustrate how the total selection effect introduces a possible discrepancy
between the firm-level comparative statics (the total level effect) and the
comparative statics for the industry composition. Absent a selection effect,
the comparative statics for the industry composition follow directly from
the firm-level comparative statics.?® However, the trade literature almost
exclusively focuses on the arguably more interesting and appealing case where
some firms endogenously shut down or enter after a change in ,. As we shall
see, MCS at the firm level are neither necessary nor sufficient for MCS for
the industry composition in this situation.

25We thank an anonymous referee on an earlier draft for suggesting this representation.
26In this case, the industry composition exhibits MCS (in general) if and only if the
total effect on Z* is nonnegative for all firms.
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4.3 Sufficient Conditions for MCS for the Industry Composition

In order to derive sufficient conditions for MCS for the industry composi-
tion, start by considering the direct level and selection effects on H;. In the
simplified case of differentiability, these correspond to the first and second
term on the RHS of (7), respectively.?” Since an increase in (3, 5) tends to
increase the levels of the activities chosen by individual firms (for a given A),
it tends to increase the share of firms that undertake at least a given level of
activity 4, s;.2 The direct level effect on H; is therefore nonpositive which
works in favour of MCS for the industry composition. Next, for the direct
selection effect to be nonpositive as well, we need the direct effect on the
share of active firms, s,, to be nonpositive. Intuitively, the marginal active
firms have low productivities and therefore undertake relatively low levels of
the activities conditional on being active. An increase in the share of active
firms therefore works against MCS for the industry composition. To ensure
that the direct selection effect of an increase in (3,S5) works in the right
direction, we impose the following assumption which applies henceforth.

Assumption 2. The direct selection effect of an increase in (5, S) is non-
positive.

Assumption 2 implies that the direct effect of increases in (3,.5) on the
profits of the least productive active firms must be nonpositive such that
0, is nondecreasing in (3,S5) given A. Under this assumption, increases in
(B, S) can still be both competition enhancing and competition dampening.?®
Assumption 2 is often satisfied in models of international trade, such as those
listed in the introduction, since the least productive active firms are very
often not directly affected by the comparative statics considered (mainly
trade liberalisations).

Second, consider the two indirect effects on H;, i.e., the indirect level
and selection effects. These effects correspond to the entire last term on
the RHS of (7). An increase in A tends to make all firms weakly increase

2"For the more general case, consult Appendix B.

28To see this formally, note that by Lemma 1, x* is nondecreasing in (46, 3,S). Thus
it follows from (4) that 6; is nonincreasing in (5, S) given A. Therefore, s; =1 — F(6;) is
nondecreasing in (5, S) given A.

290n the one hand, Assumption 2 is clearly satisfied when the direct effect on the
profits of all firms is nonpositive. On the other hand, Assumption 2 is satisfied when the
direct effect on the profits of the least productive active firms is zero while the effect on
the profits of all other firms is nonnegative and positive for some.
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their levels of activity 7. This makes the indirect level effect on H; nonposi-
tive.3® At the same time, an increase in A will allow some previously inactive
low-productivity firms to produce profitably. The indirect selection effect is
therefore nonnegative. These two indirect effects are reversed when A de-
creases but are obviously still opposing. Therefore, in order to ensure that
the sum of these two indirect effects on H; is nonpositive regardless of the
possibly unknown direction of change in A, we must require that the indirect
level and selection effects are exactly offsetting. This is the case if a change
in A induces the same percentage of changes in s, and s;. It is obvious that
the total indirect effect in (7) is zero in this case. The following proposition,
which is proven in Appendix B, describes the required condition.

Proposition 2. Increases in (3,S) induce MCS for the industry composition
if log-productivity is distributed with constant hazard rate. This condition is
equivalent with productivity being Pareto distributed.

A constant hazard rate of log-productivity implies by definition that the
density at any level of log-productivity is constant relative to the probability
mass above it. This means that the percentage changes (induced by a change
in A) in the share of active firms and the share of firms undertaking at
least a given level of activity ¢ are equal if the changes in the log-thresholds
log 6, and log#; are equal. But this is implied by profits depending on A
and 6 only through Af. As a consequence, the indirect level and selection
effects exactly cancel out. Since we have ensured nonpositive direct level
and selection effects, this gives us MCS for the industry composition. The
Pareto distribution is often used in models of international trade due to other
attractive features. Proposition 2 points out a novel knife-edge property with
strong implications for industry-level comparative statics.

Once we consider increases in (3, 5) that we know are either competition
enhancing or competition dampening, we no longer need to be on the knife
edge where the indirect level and selection effects on H; exactly balance. This
leads us to the following proposition which is also proven in Appendix B.3!

30Tt follows from Lemma 1 and (4) that 6; is nonincreasing in A given (53, S). Therefore,
s; is nondecreasing in A given (3, S).

31 Distributions with monotone hazard rates include, among others, the Gumbel, the
exponential, the Weibull, the gamma, and the normal. The Frechet distribution used by
Eaton and Kortum (2002) and Bernard et al. (2003) has a nonmonotone hazard rate.
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Proposition 3. Competition-enhancing increases in (5,S) induce MCS for
the industry composition if the distribution of log-productivity has a non-
increasing hazard rate. Competition-dampening increases in (3,S) induce
MCS for the industry composition if the distribution of log-productivity has
a nondecreasing hazard rate.

To understand the intuition behind Proposition 3, remember that A in-
duces the indirect level and selection effects through its effects on 6; and 6, re-
spectively. Relative to the case with constant hazard rate of log-productivity
(i.e., the knife-edge case where the two indirect effects balance), a nonincreas-
ing hazard rate puts more probability density at log 8, relative to log6; since
0, < 0;. Consequently, the indirect selection effect dominates the indirect
level effect. This works in favour of MCS for the industry composition when
A falls. Conversely, a nondecreasing hazard rate of log-productivity means
that the indirect level effect dominates, which works in favour of MCS for
the industry composition when A increases. Relating to the case of differ-
entiability in (7), the conditions of Proposition 3 ensure that (Siigf; - i%‘f&l)
and % share the same sign, wherefore the indirect effects are nonpositive in
total.

As mentioned above, it is often straightforward to figure out whether
an increase in ((,S5) enhances or dampens competition. Take for instance
the introduction of a new activity meaning changes from S’ to S” such that
S"c §” and S" <, 5”. Since all of the decisions available under S’ are also
available under S”, such an introduction is competition enhancing. The same
can be said about reductions in trade costs in many models of international
trade. Such trade liberalisations can be represented by an increase in 5 and
have a nonnegative direct effect on the profits of all firms, wherefore they
are competition enhancing.?? Taking stock of these insights, we see that
Proposition 2 is useful since it reveals conditions under which MCS for the
industry composition can be obtained in the trade models that fit into our
framework. Proposition 3 shows that many of the comparative static results
of these models can be obtained under other distributional assumptions than
the Pareto distribution.

32This is illustrated in Section 4.5 below.
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4.4 Firm-Level versus Industry-Level Results

Having described the comparative statics both at the firm level and for the
industry composition, we summarise our findings in Table 1. The hazard
rate of the distribution of log-productivity is denoted by Aigg -

Comparative Statics for an Increase in (f3,.5)

Effect on oy Effect on H;

L EﬂeCt on x d)\logQ d/\loge . dAlogG
competition Tlogd >0 dlogd — 0 Tlogd <0
Dampened | Increasing FSD FSD ?

Enhanced ? ? FSD FSD

Table 1: Summary of firm- and industry-level comparative statics.

These results point out a clear discrepancy between the conditions that
ensure MCS at the firm level and those that ensure MCS for the industry
composition. At the firm level, MCS hinge upon the particular shock con-
sidered, i.e., whether competition is enhanced or dampened. Under Pareto-
distributed productivities, the industry composition exhibits MCS regardless
of the effects on competition (provided that Assumption 2 holds). Thus, firm-
level complementarities may manifest themselves much more clearly in the
comparative statics for the industry composition than at the firm level. Tests
of firm-level complementarities conducted at the industry level may there-
fore be a promising empirical strategy for testing the nested trade models
with Pareto-distributed productivities. More generally, we see that the in-
teraction between the shock type and the properties of Ajgp is decisive at
the industry level. If log-productivity is distributed with decreasing haz-
ard rate, we are ensured MCS for the industry composition when firm-level
responses are ambiguous (competition is enhanced). Under the same cir-
cumstances, we see ambiguous shifts in the industry composition when the
firm-level responses are unambiguous (competition is dampened). Nontrivial
selection effects hence imply that MCS at the firm level are neither necessary
nor sufficient for MCS for the industry composition. It is entirely possible
that firm-level responses to an exogenous shock to the industry are ambigu-
ous and depend on the characteristics of the firms and activities in question
while the industry composition unambiguously shifts towards higher levels
of all activities.

Notice from column 2 and 3 in Table 1 that MCS for the industry com-
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position and MCS at the firm level arise in the same case (competition is
dampened) when productivity is distributed, e.g., log-normally, since this
implies an increasing hazard rate of log-productivity.®® From an aggregation
standpoint, this seems more appealing than the case with a nonincreasing
Alog 0, but determining the relevant case is of course an empirical question.

4.5 Trade Liberalisation and the Firm-Size Distribution

To illustrate our firm- and industry-level results, consider as an example from
international trade a two-country Melitz (2003) model. We let the activities
of the firms be export status, given by the indicator 1., for exporting, and
total labour input for variable production, [. If we require that the resulting
output is optimally distributed across markets in case of exporting, then we
obtain the profit function

’/T(la ]lex; A@,ﬁ) = (1 + ]lele_U)%laTil(Ae)oTil - l - f - ]lexfexa

where o > 1 is the elasticity of substitution, 7 > 1 is an iceberg trade cost, f
is a fixed cost of production, and f,., is a fixed cost of exporting. Assumption
1 is satisfied if we let = (I, 1.,), X = Ry x {0,1}, and 8 = (=7, — fez)-
Since the model conforms to our setup, we can apply our propositions to
analyse the effects of a reduction in 7.>* A reduction in 7 is competition
enhancing since it weakly increases the profits of all firms given the demand
level. Starting with the firm level, this implies that the direct and indirect
effects on x are opposing. All exporters nevertheless increase their use of
labour while (ex-post) nonexporters reduce their use of labour. While the
positive direct effect dominates the negative indirect effect on the use of
labour for exporters, nonexporters are only affected by the negative indirect
effect.?

33Note that, when productivity is distributed log-normally, we also see ambiguous re-
sponses at both levels of analysis when competition is enhanced.

34We could also consider an opening to trade and incremental liberalisations of trade
through a reduction in f.,. Opening to trade implies introducing a new activity (export-
ing) by moving from S’ = Ry x {0} to S” = Ry x {0,1} which constitutes an increase in
S. However, these two types of trade liberalisation have effects similar to the liberalisation
through 7.

35This shows that the direction of firm-level responses may vary across firms for a given
activity. To see that responses can vary across activities within a given firm, one can split
total labour for variable production into that used for production to the domestic market
and the export market. Upon a decrease in 7, exporters decrease and increase their use of
labour for production to the domestic and the export market, respectively.
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Figure 1: Equilibrium distribution of labour input before (dotted) and after (solid)
a trade liberalisation depending on the productivity distribution.

Moving on to the industry level, note that the trade liberalisation has
no direct effects on the profits of the least productive firms which do not
export by assumption.®® That is, Assumption 2 holds, and we can invoke
Proposition 2 and 3. Thus, we know that if productivity is Pareto distributed,
then the trade liberalisation induces a FSD shift in the firm-size distribution.
This is however not true if productivity is log-normally distributed since
this means that log-productivity is distributed with increasing hazard rate.
Figure 1 illustrates these points and also shows that the share of exporting
firms increases (an FSD shift in the distribution of the exporting activity)
under both distributional assumptions in this particular example. This can
be seen from the downwards shift in the horisontal segments in Figure 1,
located at the share of active firms which do not export.

So far we have showed that, in the Melitz (2003) model, trade liberalisa-
tions induce FSD shifts in the firms-size distribution as long as the distribu-
tion of log-productivities has nonincreasing hazard rate. Many subsequent
extensions of the Melitz (2003) model expand the choice set of firms in a
way such that the resulting model still features complementarities between
labour input and the rest of the activities. Since the Pareto assumption is
adopted in all these studies, our results imply that trade liberalisations in-
ducing FSD shifts in the firm-size distribution is an overarching prediction,

36This is assured through assumptions on the size of exogenous parameters that govern
the cost of international trade.
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which holds in models such as Helpman et al. (2004), Antras and Helpman
(2004), Arkolakis (2010), and Bustos (2011).3” This prediction can thus be
used to evaluate a whole strand of the recent heterogeneous-firms trade lit-
erature. If the prediction of F'SD shifts in the firm-size distribution following
trade liberalisations is not supported by data, one remedy could be to aban-
don the Pareto assumption in favour of the log-normal distribution which,
as discussed above, does not (necessarily) give rise to this prediction.

The distinct implications of productivity being either Pareto or log-normally
distributed are interesting in light of the on-going discussion about the distri-
bution of firm productivities. Much of the work following Melitz (2003) has
applied the Pareto distribution for its tractability and empirical support.3®
More recently however, Combes et al. (2012) and Head et al. (forthcoming)
have provided evidence in favour of the log-normal distribution. They argue
that the log-normal distribution provides a much better description of their
French and Chinese data relative to the Pareto distribution.®® These con-
trasting views concerning the right distributional assumption are noteworthy
given the very different implications for comparative statics at the industry
level pointed out above. We believe that our predictions for the firm-size
distribution can be exploited to gauge the empirical performance of these
two distributions which, in the present context, are equally tractable.

4.6 Comparative Statics without Direct Effects

Some parameter changes have no direct effects on either firms’ decisions or
their choice to exit. While this could be true for some elements of 3, it is
obviously the case for the sunk entry cost, f., which we will use to illustrate
the implications. First off, the firm-level comparative statics are determined
solely by the indirect effect on z*. By (3), it is clear that an increase in f,
must be competition dampening and thus increases the equilibrium decisions

3TFurther, the prediction holds for Helpman and Itskhoki (2010), Helpman et al. (2010),
Davis and Harrigan (2011), and Egger and Koch (2013) if one considers the distribution
of expenditure on labour input instead of that of labour input itself.

38Gee e.g. Axtell (2001), Luttmer (2007), and the more indirect evidence in Eaton et al.
(2011).

39Head et al. (forthcoming) also argue that one has to be careful in defending the Pareto
due to its performance in its right tail. In their paper, the left part of the tail is decisive
for welfare changes due to selection effects which are also crucial for comparative statics
in our model. These authors also mention the work of Eeckhout (2004) which shows that
the log-normal and the Pareto distributions differ the most to the left.
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of all firms. At the industry level, things may be different. Since an increase
in f. does not have direct level or selection effects, only the indirect effects
matter at the industry level. We can therefore conclude that the equilibrium
distributions of the activities are completely unaffected by the increase in f,
if productivity is Pareto distributed. Further, if A\j,z¢ is nondecreasing such
that the indirect level effect dominates the indirect selection effect, then
the equilibrium distributions of activities shift toward higher values when f,
increases. However, if A\j,g¢ is nonincreasing such that the indirect selection
effect dominates, then all of these distributions shift towards lower values
regardless of the unambiguous increase in the equilibrium decisions of all
firms.

4.7 Preference Structures with A9

Next, let us discuss preference structures where the A8 assumption may hold.
Although CES preferences may be most commonly used—at least in models
of international trade—we note that profits depending on § and A only trough
A0 can arise under various other preference structures than CES.

First off, with a slight reinterpretation of 6 as perceived quality, we
show that multiplicative separability (Af) can arise under relatively gen-
eral additively separable preferences. Let consumers have preferences U =
[ 0ju(c;)dj with j indexing varieties of a differentiated good, while ¢; and
f; are the quantity consumed and the quality of variety j, respectively.’
With identical consumers maximising utility subject to the budget constraint,
[ pjc;dj = I, where p; is the price of variety j and [ is income, the inverse
demand function reads p; = A6;u'(c;), with A being the inverse marginal
utility of income. The revenue of a firm reads r(¢;) = A0;u'(q;/L)q;, where
g; is total output and L is market size (the number of consumers). With this
revenue function, the profit function is bound to depend on # and A only
through their product, A6.

Second, Arkolakis et al. (2012) consider markups under a general formula-
tion of demand that encompasses three important groups of utility functions:
additively separable (but non-CES), quadratic (as in Ottaviano et al., 2002;
Melitz and Ottaviano, 2008), and translog. In a symmetric country version
of their model, the profits of a firm in country ¢ selling in market j can be

*0In this case, 0, represents perceived quality in the sense that it scales up marginal
utility, u/(c;), or marginal willingness to pay, for a given level of consumption.
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written as
Wij(w; A@, 5) _ L(@/Tij)e—l(x . 1) —eed(logaz:—&-lognj—log(AG))7 (8)

where € < 1 is a parameter of the demand system, L is again the market size,
7;; s an iceberg trade cost, and firms decide on their relative markup denoted
by x = pf/7;;, where p is the price. Further, d is a decreasing function, and
our demand level, A, is the choke price in this case, i.e., setting a markup
such that p > A results in zero demand and hence zero profit.*! Since the
0<=! in front of the profit function neither affects the decision on activities
nor the choice to exit, we can ignore this factor for all purposes except the
free-entry condition. But this means that, for all relevant purposes, the profit
function depends on 6 and A only through Af. Let X = [1,00).*> Note that
(8) exhibits the single crossing property in (z, L) and (z, Af). Thus, we can
apply our results with 3 = L.** L does not affect the optimal decision, z*,
directly wherefore an increase in market size only has a negative indirect
effect. To see this, note that for a given choke price (demand level) all firms
can earn weakly higher profits the higher L is. Hence, a larger market ends
up with a lower choke price, which makes all firms reduce their markups.
This is the pro-competitive effect discussed by Arkolakis et al. (2012).
Next, consider the industry composition. Assumption 2 is satisfied for an
increase in L since this increase does not directly affect the optimal profits
of the least productive active firms which let x = 1 and earn zero profits.
Thus, we can conclude that when productivities are Pareto distributed, an
increase in L implies that the equilibrium distribution of markups and the
average markup are completely unaffected by the increase in market size de-
spite the pro-competitive effects at the firm level.** If instead productivities
are log-normally distributed, such that log-productivity is distributed with
increasing hazard rate, the equilibrium distribution of markups exhibits a

41 This follows from the assumed properties of the function d; see Arkolakis et al. (2012)
for details.

42No firm would want to choose a price lower than its marginal cost wherefore x > 1.

13 As (8) is trivially supermodular in z, increasing differences in (x, A9) and (x, 3) is a
sufficient condition for the partial comparative statics in Lemma 1. The single crossing
property is both necessary and sufficient; see Appendix A.

44This knife-edge balance between the indirect level and selection effects appears in
Bernard et al. (2003) and Arkolakis et al. (2012). One of our contributions is to analyse
the outcome once we leave this knife edge and relate industry-level comparative statics to
the distributional assumptions.
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nontrivial shift towards lower values in line with the pro-competitive effects
at the firm level. Finally, if the distribution of log-productivities has a de-
creasing hazard rate, then the equilibrium distribution of markups exhibits
a nontrivial shift towards higher values. In this case, sufficiently many low-
productivity firms are driven out of business by the drop in A to ensure
higher markups on average when market size increases.

Notice that these theoretical results concerning the average markup may
potentially explain the somewhat inconclusive existing empirical evidence on
the relation between market size and markups; see e.g. Badinger (2007) and
Chen et al. (2009). Our results show that the anti-competitive outcomes of
an increase in market size sometimes found in these studies may be related
to differences in the distribution of productivities across industries. This
relates to the model of Zhelobodko et al. (2012) in which anti-competitive
outcomes may result from the characteristics of consumer preferences rather
than collusion.

4.8 Multidimensional Firm Heterogeneity

Although a pattern of firm sorting based solely on productivity is convenient
for characterising an equilibrium, it has some undesirable features. First, the
strict relationship between productivity and the level of any activity seems
unrealistic. This is especially evident when the number of activities is large.
Second, this very relationship introduces a gap between the range of available
decisions in S and the range of decisions observed in equilibrium.*> Given
the wide variety of firm decisions seen in reality, such a limitation on the
observable decisions is undesirable.

Therefore, let us consider introducing a vector of firm-specific character-
istics other than productivity, v € R¥, which is a realisation of the random
variable I', which is distributed independently from 6 with c.d.f. G. Firms
are now characterised by the pair of characteristics (0, ~) which are realised
simultaneously upon entry.*® Allowing for additional sources of firm hetero-
geneity through ~y alleviates the two issues mentioned above. While the strict

45For example, if we have two binary activities, then we can have four possible decisions,
S = {(0,0),(1,0),(0,1),(1,1)}. However, if 2’ = (1,0) is the optimal decision for one
firm, then 2/ = (0, 1) cannot be the optimal decision for some other firm since this would
contradict Lemma 1.

46The distinction between productivity and other firm characteristics, 7, is made since
the assumptions we have made with respect to € are not imposed on ~.
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sorting pattern based on productivity holds for a given realisation of ~, it
does not necessarily hold across firms with different characteristics, 7. If we
consider all firms at once, this can break the strict relationship between the
level of a given activity and productivity and thereby increase the number of
observable decisions.*”

Proposition 4. For any distribution G, Proposition 1 and 2 still hold when
including multidimensional firm heterogeneity through . Proposition 3 also
continues to hold for any distribution G if 0, is independent of .

That Proposition 4 does not require conditions on the distribution G is
comforting to the extent that many potential sources of firm heterogeneity
are not easily observable. The proposition is proven in Appendix D.

5 An Application

The present section shows how our firm- and industry-level results can be
applied to combine and extend existing models in a way that gives rise to
new insights.*®

5.1 Trade Liberalisation and Vertical Integration

Bache and Laugesen (2013) show how our results can be used to extend
and modify existing models to generate new insights. Specifically, they show
that with a slight simplification of the basic setup of Antras and Helpman
(2004), the two activities faced by firms in this model—offshoring and verti-
cal integration of intermediate-input production—are complementary. This
is achieved by focusing on the special case where the cost of contractual
breach is not affected by offshoring and assuming that fixed costs are lin-
ear in the activities. To see how the activities become complementary, note
that offshoring implies a reduction of variable costs while vertical integra-
tion scales up variable profits (for the relevant firms) due to an improvement
of incentives in the producer-supplier relationship. When offshoring does

4TFor examples where multidimensional firm heterogeneity has this purpose, see Eaton
et al. (2011), Amiti and Davis (2012), and Kasahara and Lapham (2013).

48Qur results can also be applied to a number of other models from the trade literature
covering a broad range of topics which we do not treat here. Among these are Helpman
et al. (2004), Arkolakis (2010), Amiti and Davis (2012), Bustos (2011), Caliendo and
Rossi-Hansberg (2012), and Kasahara and Lapham (2013).
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not affect the improvement in the producer-supplier relationship provided
by vertical integration, these two activities are complementary in variable
profits since scaling up variable profits is worth more when the marginal
cost is lower (variable profits are larger to begin with). Assuming that fixed
costs are linear (or submodular) in the activities simply ensures that this
complementarity in variable profits manifests itself unambiguously in total
profits.

Having established this basic complementarity, the model is extended to
include within-industry firm heterogeneity with respect to headquarter inten-
sity (as well as productivity) and exporting of final goods as an additional
activity. Importantly, exporting is complementary to both offshoring and
vertical integration.*® With the results of the present paper in hand, the
complementarities inherent in the model imply that these extensions pose
no problem for deriving clear comparative statics for the industry compo-
sition following liberalisations of either final- or intermediate-goods trade.
An interesting implication of the model is that both types of trade liber-
alisation increase the share of firms that vertically integrate. This is a di-
rect contradiction of Antras and Helpman (2004) who find that liberalising
intermediate-goods trade leads to a reduction in the share of firms that ver-
tically integrate. The divergence in results is a consequence of the desire of
Antras and Helpman (2004) to generate a rich sorting pattern, i.e., observe all
combinations of offshoring and vertical integration, based on heterogeneity in
productivity alone. This means that they have to make sure that offshoring
and vertical integration are not complementary, c.f. Section 4.8, which re-
quires a very specific fixed-cost structure. Bache and Laugesen (2013) show
how new insights arise by using headquarter intensity as an additional source
of firm-level heterogeneity to obtain a rich sorting pattern and by letting the
complementarity between offshoring and vertical integration play out. Fur-
ther, when these two activities are complementary, the model can easily be
extended to include other activities that are complementary to the exist-
ing, while maintaining clear comparative statics as exemplified by adding
exporting to the model. Finally, as a bonus, the sorting pattern generated
by letting firms be heterogeneous with respect to both headquarter intensity
and productivity is broadly in line with recent empirical evidence presented

49 Access to another market via exporting increases the production volume, thereby im-
plying that both a lower marginal cost (offshoring) and scaling up variable profits (vertical
integration) are more attractive.
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by Corcos et al. (2013).

6 Concluding Remarks

If one considers a given firm in isolation, complementarities like the ones we
analyse imply monotone comparative statics in the parameters of the firm’s
profit maximisation problem. This has been known at least since Milgrom
and Roberts (1990a). However, when placing firms in a context of monop-
olistic competition, this may no longer be the case due to indirect effects
through changes in the demand level. New or better opportunities that be-
come available to all firms can make a given firm scale down existing activities
even when these existing activities are complementary to the activities af-
fected. Thus, for some firms, such opportunities may turn out to be a threat
detrimental to many dimensions of the firms’ operations.

One main finding is that firm-level complementarities may manifest them-
selves much more clearly in the industry composition than in the behaviour
of individual firms. Despite the ambiguities at the firm level, we show that
one may very well observe that the equilibrium distributions of the activ-
ities unambiguously shift towards higher values. Key to this result is the
observation that these distributions depend not only on the activity levels
undertaken by firms conditional on being active but also on the selection of
active firms.

These results are important for several reasons. First, they provide gen-
eral insights on the implications of firm-level complementarities in models
of monopolistic competition; a workhorse market structure in many strands
of the economics literature. Second, our results provide strong, novel, and
testable predictions—especially at the industry level—for a large number of
recent trade models. We believe that it will be both useful and interesting to
confront these predictions with data. On the one hand, such empirical inves-
tigations can shed light on the appropriateness of commonly-used functional
form assumptions. On the other hand, this approach is likely to complement
firm-level and structural estimations. We leave this task for future research.
Third, we provide a flexible tool for modelling explanations of shifts in the
industry composition based on complementarities at the firm level. Our anal-
ysis clearly shows how incentives to undertake one activity at the firm level
may induce unambiguous shifts in the equilibrium distributions of this and
other activities at the industry level. Fourth and finally, we have illustrated
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another context in which monotonicity theorems are a powerful mathematical
tool for conducting economic analysis.

A Quasisupermodularity and Single Crossing

Let X be a lattice and T be a partially ordered set. The real-valued function
h(zx,t) is quasisupermodular in x on X if for all 2/, 2" € X, h(z/,t) > h(z' A
2" t) implies h(2’' V2", t) > h(z”,t) and h(z',t) > h(2’ A2”,t) implies h(z’ Vv
x”,t) > h(z”,t). Hence, if an increase in a subset of the elements of x raises
h at a given level of the remaining elements, exactly the same increase in
the same subset of the elements of = will increase A when the remaining
elements also increase. In the language of Milgrom and Shannon (1994),
quasisupermodularity expresses a weak kind of complementarity between the
elements of x. The function h(z,t) satisfies the single crossing property in
(x,t) if for 2" > 2’ and ¢ > t/, h(2",t') > h(2',t') implies that h(z",t") >
h(z',t") and h(z”,t') > h(2’,t') implies that h(x”,t") > h(a’,t"). Hence,
if an increase in x raises h when t is low, exactly the same increase in x
will raise h when ¢ is high. One can verify by the relevant definitions that
any supermodular function is also quasisupermodular and any function with
increasing differences in (x,t) also satisfies the single crossing property in
(x,t). Let S C X. The following monotonicity theorem is due to Milgrom
and Shannon (1994).

Theorem 2. argmax,cg h(z,t) is monotone nondecreasing in (t,S) if and
only if h is quasisupermodular in x on X for each t € T and satisfies the
single crossing property in (z,t) on X x T.

B Proof of Propositions 2 and 3

Denote by AH; the change in H; induced by an increase in (3, S) from (5’, 5")
to (5”,5"). Using t' = (#/,5") and t" = (p”,5”) as shorthand notation,
this change can be decomposed into the two level and two selection effects
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mentioned in Section 4.2.

81(37“ A,, t/) _ Sl(l’z, A,, t”) S; (l'“ A/, t”) _ Sl(iL’Z, A,, t”)
Sq(A"H) Sq (A" 1) Sq (A1) Sq (A ")

J/ [ J/

AH; =

Direct lg;el effect Direct sel:ction effect
si(xy; ALY si(ay A7) si(wp AV ) si(g At (9)
Sa(A/7 t") SQ(A’, t") SQ(A', t") Sa(A", t") )

J/

TV NV
Indirect level effect Indirect selection effect

where A" = A(F',5") and A” = A(B",5”). The total level effect is due to
changes in the levels of activity ¢ undertaken by firms conditional on being
active. In (9), this is represented by changes in the share of firms undertak-
ing at least a given level of activity i, s;. The total selection effect is due to
changes in the range of active firms which is represented by changes in the
share of active firms, s,. Each of these two total effects has a direct compo-
nent induced by changes in (5, 5) for a given A and an indirect component
induced by changes in A.
Note that a nonpositive (total) indirect effect in (9) is equivalent to

si(xy; A7) < si(xi; A" 1)
Sa(A’,t”) — S(l(A”,t")

(10)

6
When F is C!, we have that 1 — F(0) = e 49 %% where )y denotes the
hazard rate of the distribution of §. Using this observation, (10) can be
expressed as

_ ei(zl‘§A//1ﬁ”,S”
< 6 Gi(IﬁA/ﬁ”vS”)

0a.(A",5",5")

6_ 04, (A’,B,8') )‘9(u) du

) Ag(u) du

Note that when the profit function depends on A and 6 only through A, the
changes in log #; and log 6, induced by a change in A are equal. A change of
integrand gives us

o flloogg;:((‘f/’féﬁ/’/éi/)/) Atog 0 (1) du <e ﬁfj@?&;ﬁ ,[f/ 75/ )) Mog (%) du7 (11)
where Agp is the hazard rate of the distribution of log-productivity. Now,
since #; > 0, and since the changes induced by a change in A in log#; and
log 6, are equal and nonnegative if competition is enhanced, the condition
(11) is fulfilled if the hazard rate of log-productivity is nonincreasing. On the
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other hand, since the changes induced by a change in A in log; and log 6,
are equal and nonpositive if competition is dampened, the condition (11) is
fulfilled if the hazard rate of log-productivity is nondecreasing. Finally, it
follows that, if the hazard rate of log-productivity is constant, the condition
(11) is satisfied both when competition is enhanced and when it is dampened.
Finally, the distribution of log# having constant hazard rate is equivalent
with 6 being Pareto distributed.

C The Dependence of Profits on A and ¢

Consider the assumption that profits depend on 6 and A only through their
product, Af. First, we emphasise that some degree of separability—where we
focus on multiplicative separability—between 6 and A in profits is necessary
in order to make the two indirect effects on H; balance and thereby achieve
MCS for the industry composition regardless of the change in competition.
To see this, note that the requirement for the indirect effects on H; to balance
can be expressed as®!

9@(14”,5"75//) ei(xi;A//,IB”,SN)
/ Ao(u) du = / Ao(u) du, (12)
ea(A/’5//7S//) Gi(x/[,;A/7ﬁll7S//)

where )y is the hazard rate of the distribution of productivity. This gives us a
functional relationship between the distribution (hazard rate) of productivity
and the way the decision on activities and the choice to exit depends on A
and 0. To get a sense of this relationship, consider a change of variable in
(12) such that the new integrand, ¢ = ¢(#), is distributed with constant
hazard rate, \,. It follows that

(pa(A//,ﬁ//7S//) <pi(2,1,7;;14//75//7‘5'//)
/ Ap(u) du = / Ao (u) du, (13)
wa(A,B",5") pi(zi; ARS8

where ¢, = p(0,) and p; = p(6;). For (13) to hold true, we must have that
the changes in ¢, and ; are of the exact same size. This condition readily

0log 6 being distributed with constant hazard rate, Aog g, implies that Fogg(log8) =
1 — e~ Mogollogf=logbo) where Fi,,q denotes the c.d.f. of logf. Rearranging gives F () =
1 — (6y/0)Mese. Thus F () is given by the Pareto distribution.

51See Appendix B.

»2Letting p() = —log(1 — F())/\, ensures this.
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gives you that the decision on the activities and the choice to exit depends
on ¢ and A only through ¢ + Z(A,3,S) where Z is an arbitrary function
which is nondecreasing in A. This is very closely connected to profits only
depending on ¢ and A through ¢ + Z(A, 3,S). Thus, to make sure that the
total indirect effect of an increase in (3,.5) on H; is zero, additive separability
of (transformations of) productivity and the demand level is central. Now,
if profits only depend on 6§ and A through A6, this can also be expressed as
profits only depending on 6 and A through log 6 + log A. Using ¢(6) = log 6
and Z(A, ,5) = log A, the condition (12) is satisfied if log 6 is distributed
with constant hazard rate, i.e., if 6 is Pareto distributed.

D Proof of Proposition 4

It is obvious that Proposition 1 is unaffected by the introduction of multi-
dimensional firm heterogeneity. Considering Proposition 2 and 3, note that
with multidimensional firm heterogeneity, as introduced in Section 4.8, we
can express

J si(@i, 71 A(B, 5), B, 5) dG(v)

[ sa(vi A8, 5), 8,8)dG(7)
where 6; and 6, now (possibly) depend on 7, wherefore s; and s, do so as
well. Repeating the steps in Appendix B, the condition for at nonpositive
(total) indirect effect on H; becomes

/ Wee Digtae i an Auos () du dG(v) < / wie St e sy Mo () dG(y),
(14)
where we have defined the weights w, = s.(7; 4', 87, 5")/ [ sa(A’, 8", 5") dG(7)
and w; = s;(x;,7; A, B",5")] [ si(wi; A', 87, 5") dG(7y) which both integrate
to one. When the hazard rate of log-productivity is constant, it is obvious
that this condition is still satisfied both when competition is enhanced and
when it is dampened since the changes in log#; and log#f, are still equal.

Hence, Proposition 2 still holds.
When 6, is independent of v, the condition (14) simplifies to

log 0a (A" ,6",5") | log 0, (z;,7;A",8",5")
- u) du — ) Alog o (u) du
e flogG(L(A/,ﬂ”A,S”) loge( ) S w;e flogei(wi,'y;A/,,ﬁ”,S”) og ( ) dG(/}/),

and Proposition 3 holds for the same reasons it did without multidimensional
firm heterogeneity.
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