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Abstract

Real-world industries are composed from heterogeneous firms and sub-
stantial intra-industry reallocations take place, i.e. high productivity firms
squeeze out low productivity firms. Previous tax-tool comparisons have
not included these central forces of industry structure. This paper exam-
ines a general equilibrium monopolistic competition model with hetero-
geneous firms and intra-industry reallocations. We show that the welfare
superiority of ad valorem over unit taxes under imperfect competition is
not only preserved but amplified. The additional difference between the
tools arises because unit taxes distort relative prices, which in turn reduces
average industry productivity through reallocations (the survival and in-
creased market share of lower productivity firms). Importantly, numerical
solutions of the model reveal that the relative welfare loss from using the
unit tax increases dramatically in the degree of firm heterogeneity.
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1 Introduction

Is an ad valorem tax preferable to an equal-yield unit tax? It is well-known
that the choice is irrelevant for competitive markets, since here the two tax in-
struments are equivalent. For the more realistic case of imperfect competition,
a sizable literature, starting with Wicksell (1896), has shown that ad valorem
taxes are welfare superior to equal-yield unit taxes; see e.g. Suits and Musgrave
(1953), Delipalla and Keen (1992) or Keen (1998) for a review of the literature.1

A central contribution to this literature is Anderson et al. (2001), who examine
the cases of oligopoly with entry/exit and find – in line with previous literature
– that an ad valorem tax is preferable when firms are either homogenous or com-
pete in quantities. However, Anderson et al. (2001) also find for the Bertrand
case – as did more recently Wang and Zhao (2009) for the Cournot case with
high degrees of product differentiation – that unit taxes may welfare dominate
ad valorem taxes when firms are sufficiently heterogenous. These findings, of
reverse welfare rankings, by them self call for further tax tool comparisons in
other settings with heterogeneous firms.

More importantly and central to the present paper, strong empirical evi-
dence suggests, that in addition to the mere existence of firm heterogeneity, i.e.
persistent size and productivity differences among the firms of an industry, such
firm heterogeneity is a key driver of intra-industry reallocations. Heterogene-
ity in say firm-level productivity can, paired with firm-level uncertainty, not
only explain the empirically relevant simultaneous entry and exit into sectors,
but it can also explain the sizable intra-industry reallocations observed in mod-
ern economies. Resources and activity are continuously shifted from exiting or
shrinking firms to new and expanding ones (see e.g. Dunne et al., 1989).

These central stylized facts of industrial economics have been reconciled
with theory in a path-breaking modeling approach, pioneered by Hopenhayn
(1992), that examines stationary long-run equilibria (providing the equivalent
of a steady state equilibrium for an inherently dynamic system) allowing for
firm heterogeneity, uncertainty, and intra-industry reallocations. This class of
models can capture the structural characteristics of an industry, such as the size
and distribution of firms, and how they react to the parameters of the model,
but has – to the best of our knowledge – not previously been applied to the tax
tool analysis in public economics.

The present paper fills this gap. We provide a general equilibrium Hopen-
hayn (1992)-type model combined with Dixit-Stiglitz (1977)-type monopolistic
competition. To be explicit, the seminal Hopenhayn (1992) paper is cast in a
homogeneous products market structure with price-taking firms. By employing
Dixit-Stiglitz (1977) monopolistic competition, we include product differentia-
tion, CES preferences and mark-up pricing. Moreover, while Hopenhayn (1992)

1The ranking of the two tax tools under imperfect competition can also be inverted, for
example in the presence of externalities (e.g. Pirttilä, 2002), in the case of monopsony (e.g.
Hamilton, 1999), or when departing from the equal-yield criterion (e.g. Dröge and Schörder,
2009) and welfare equivalence can be reestablished for a monopoly sector embedded in a
general equilibrium model with 100% profit taxation (e.g. Blackorby and Murty, 2007).
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models continuous productivity shocks throughout a firms lifetime, we only in-
clude pre-entry uncertainty about firm productivity. Thus in effect, the model
used here is a closed economy version of what has become the new workhorse
model of international trade: Melitz (2003). In these models one can capture all
the resulting intra-industry reallocations resulting from changes in the parame-
ters of the model. Under standard assumptions this framework remains highly
tractable, such that we are able to conduct a comprehensive analysis of the
welfare effects of ad valorem and unit taxes; although, the introduction of unit
taxes reduces tractability somewhat. The increased complexity when including
a unit tax derives from a distortion of relative market prices and thus market
shares. However, exactly these distortions drive our new finding on the interac-
tion between taxes and industry structure. The industry average productivity
effects from intra-industry reallocations caused by the application of different
tax tools have not previously been identified in the tax literature.

We find that the usual welfare dominance of ad valorem taxes over unit
taxes ensues in this setting of heterogeneity and intra-industry reallocations,
albeit for novel and interesting reasons. Earlier, Schröder (2004) has confirmed
the traditional ranking in a Dixit-Stiglitz (1977)-type monopolistic competition
setting (with homogeneous firms and without intra-industry reallocations). In
Schröder (2004), the larger tax over-shift from the unit tax drives the result.
We show that with heterogeneity and reallocations the welfare superiority of
ad valorem taxes to an equal-yield unit tax is no longer solely driven by the
larger tax over-shift of the unit tax, but also from the distortion of relative
costs and thus a distorted price and industry structure induced by the unit
tax instrument. We find that the unit tax reduces average productivity – and
thus welfare – compared to an equal-yield ad valorem tax, because it boosts
the relative market share of lower productivity firms and permits relatively less
productive firms to survive in the industry. Thus, unit taxes push the resources
of the economy to less efficient producers. These findings command important
new policy implications: Numerical solutions of our model suggest that the
relative welfare gain from using the ad valorem tax instrument increases in the
degree of firm heterogeneity. Moreover, this effect is important in size: when
firms are sufficiently heterogenous the effect of distorted relative prices is an
order of magnitude larger than the effect from the larger tax over-shift.

Apart from being the first paper to conduct the ad valorem versus unit
tax comparison in a Hopenhayn (1992)-type model with firm heterogeneity and
intra-industry reallocation, the present work is embedded in several strands of
recent literature. The aforementioned Schröder (2004) provides the same tax-
tool comparison, but remains within the standard Dixit-Stiglitz setting with
homogeneous firms, and ignoring intra-industry reallocations and establishes
the traditional tax tool ranking. Doi and Futagami (2004), develop a general
equilibrium model with variety preferences (but not CES preferences) and study
the ability of unit taxes to optimize the number of firms in equilibrium; a com-
parison to ad valorem taxes is not conducted and firms are homogeneous in
their setting. A recent comparison of ad valorem and unit taxes is provided in a
macro-type general equilibrium model by Torregrosa (2008). But here firms are
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homogeneous and the paper departs from the equal yield criterion in order to
focus on tax reform issues. Finally, the above mentioned papers by Anderson et
al. (2001) and Wang and Zhao (2009) include heterogeneous firms and identify
situations with the inverse welfare ranking of the two tax tools. Anderson et
al. (2001) find the inverse ranking for a long-run (free entry/exit) Bertrand
oligopoly with heterogeneous firms; while Wang and Zhao (2009) find – in the
presence of substantial firm heterogeneity and product differentiation – the in-
verse ranking also for the Cournot case. Apart from applying a different mode of
competition from the present Dixit-Stiglitz mode, none of these works capture
the intra-industry reallocations and general equilibrium effects provided in the
present paper.

The rest of the paper is organized as follows. Section 2 describes the general
equilibrium monopolistic competition model with heterogenous firms including
unit and ad valorem taxes. In this section we also derive the results on industry
structure (reallocation) and average productivity. Section 3 ranks equal-yield
ad valorem and unit taxes. Section 4 contains numerical solutions of the model
to provide insights on the quantitative importance of firm heterogeneity and
intra-industry reallocation effects. Section 5 concludes. An appendix provides
additional technical detail.

2 The model

We consider a special version of the seminal Hopenhayn (1992) model, where
we include Dixit-Stiglitz (1977) monopolistic competition and pre-entry uncer-
tainty about firm-specific marginal productivity. This is in effect a closed econ-
omy version of the popular intra-industry trade model of Melitz (2003). In this
setting we derive and compare the effects of obtaining an exogenous tax revenue
(T̂ ) through either an ad valorem tax or a unit tax. We assume that tax rev-
enue is used for public employment, but all results hold under the alternative
assumption of lump-sum redistribution of tax revenues to households.

Households

The representative household supplies inelastic L units of labour. Preferences
of the representative household over a set of goods/varieties (Ω) are given by
the CES aggregate

U =

[∫
ω∈Ω

q (ω)
σ−1
σ dω

] σ
σ−1

, (1)

where q (ω) is consumption of variety ω and σ > 1 is the elasticity of substitution
between any goods. Demand for each variety accordingly takes the form

q (ω) =

(
p (ω)

P

)−σ
E

P
, (2)
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where E denotes aggregate expenditures, p (ω) the price of variety ω and P the
price index of one unit of the composite good defined by

P =

[∫
ω∈Ω

p (ω)
1−σ

dω

] 1
1−σ

. (3)

Firms

Monopolistic firms have constant but heterogenous marginal costs, and each
firm produces only one variety, such that – as is custom in monopolistic com-
petition models – firms and varieties are synonymous. Firms face sunk costs
of developing a new variety, FE > 0.2 Each new variety is subsequently to its
development randomly associated with a variety specific marginal productiv-
ity (φ (ω)) and thus marginal costs that do not change over time. Production
exhibits increasing returns, since firms face fixed costs of production, F > 0.
Moreover, firms are subject to both a unit (t ≥ 0) and an ad valorem tax
(τ ≥ 0). Due to symmetry in preferences, a firm is fully characterized by its
individual marginal productivity and the firm/variety identity ω is suppressed
in the following.

Using the demand relation (2) and normalizing the wage to unity, we can
write profits as

π (φ) =

(
p (φ)

P

)−σ
E

P

(
p (φ)

1 + τ
− 1

φ
− t

)
− F ,

where p (φ) is the price of the firm. Optimal pricing implies

p (φ) =
σ

σ − 1
(1 + τ)

(
1

φ
+ t

)
. (4)

Following the literature, we leave aside the analysis of complicated firm-
level adjustment processes, and instead we focus on steady state equilibria. The
intertemporal discount rate is assumed to be zero and the present values of firms
are kept finite by assuming that firms die with constant probability δ > 0.3 Free
entry ensures that firms enter until expected lifetime profits equal the costs of
developing a new variety.

Industry structure

Inserting the optimal price (4) into the flow profit expression, we have

π (φ) = B (1 + τ)
−σ

(
1

φ
+ t

)1−σ

− F , (5)

2The costs consist of employing FE units of labour. However, as we set the wage w to be
the numeraire (w ≡ 1), the costs equal FE .

3By setting δ = 1, we would obtain a static model with the same qualitative properties as
those of the steady states of the dynamic model presented here.
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where B ≡ 1
σ−1

(
σ

σ−1

)−σ

Pσ−1E. Flow profits increase in marginal produc-

tivity φ, fall in tax rates and due to the fixed costs of production only firms
with sufficiently high productivity choose to produce in equilibrium. The least
productive firm that actually starts production must have a productivity level,
φ∗, such that it exactly breaks even:

π (φ∗) = 0 ⇔ B (1 + τ)
−σ

(
1

φ∗ + t

)1−σ

= F . (6)

In the following we denote by φ∗ the exit threshold. Firms that entered the
industry but received a productivity below φ∗ will exit the industry (choosing
not to start production) while those firms with higher productivity will produce
and stay in the industry. Using the exit threshold relation (6) flow profits (5)
can be written as

π (φ) = F

( 1
φ + t
1
φ∗ + t

)1−σ

− 1


Free entry and exit ensures that firms enter the industry until the expected value
of the stream of profits equals entry costs. Put differently, the expected value
of the lottery of drawing a variety specific productivity must match the cost,
FE , of participating in the lottery. It is hence the uncertainty of not knowing
ones exact productivity prior to entering the industry that matters. Let G (φ)
denote the cumulative distribution function from which random productivity is
drawn, where G is defined on [0,∞] with infinite support and no mass points
and let g (φ) = G′ (φ) , then the free entry condition reads

∫ ∞

φ∗

π (φ)

δ
g (φ) dφ = FE ⇔

∫ ∞

φ∗

( 1
φ + t
1
φ∗ + t

)1−σ

− 1

 g (φ) dφ =
δFE

F
. (7)

The following results can be stated:

Lemma 1 The free entry condition (7) uniquely determines the exit threshold,
φ∗ (t, δFE

F , σ
)

Proof. It follows from (7) that

∂
∫∞
φ∗

[(
1
φ+t
1

φ∗ +t

)1−σ

− 1

]
g (φ) dφ

∂φ∗ = − (σ − 1)

1
φ∗

1
φ∗

1
φ∗ + t

∫ ∞

φ∗

( 1
φ + t
1
φ∗ + t

)1−σ
 g (φ) dφ < 0 ,

implying that the left-hand side of (7) is continuous and decreasing. Moreover,

note that limφ∗→∞
∫∞
φ∗

[(
1
φ+t
1

φ∗ +t

)1−σ

− 1

]
g (φ) dφ = 0 and that
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limφ∗→0

∫∞
φ∗

[(
1
φ+t
1

φ∗ +t

)1−σ

− 1

]
g (φ) dφ = ∞. Hence there is a unique solution

to (7)

While the principles of the above results are standard findings in the Hopen-
hayn (1992)-based literature, e.g. Melitz (2003), the distinct effects of the two
tax tools, τ and t, have not previously been identified. In particular, from the
free entry conditions (7) we can establish that the unit tax has an impact on
the exit threshold, while the ad valorem tax does not. We have that

Proposition 1 A unit tax distorts the industry structure whereas an ad valorem
tax is neutral on the industry structure. In particular, a higher unit tax reduces
the exit threshold and thereby allows less productive firms to survive.

Proof. From the free entry condition (7), it follows that

dφ∗

dt
= −

∫∞
φ∗

[(
1
φ + t

)−σ
φ−φ∗

φ

]
g (φ) dφ

∫∞
φ∗

[(
1
φ + t

)1−σ
1
φ∗

]
g (φ) dφ

< 0 and
dφ∗

dτ
= 0 .

Proposition 1 states that a unit tax allows less productive firms to survive
whereas this does not apply to the ad valorem tax. This survival of less pro-
ductive firms occurs as the unit tax is homogenous across firms and therefore
reduces the dispersion in relative prices, cf.

p (φ)

p (φ′)
=

σ
σ−1 (1 + τ)

(
1
φ + t

)
σ

σ−1 (1 + τ)
(

1
φ′ + t

) =
φ′

φ

1 + φt

1 + φ′t
.

Less dispersion in relative prices in turn implies less dispersion in market shares
and relative profits. Hence, the unit tax shifts profits from high productivity
firms towards low productivity firms and this allows less productive firms to
survive.

Next, consider average productivity defined as production weighted average
productivity

φ̄ ≡
∫∞
φ∗ φq (φ)µ (φ) dφ∫∞
φ∗ q (φ)µ (φ) dφ

=

∫∞
φ∗ φ

(
1
φ + t

)−σ

g (φ) dφ∫∞
φ∗

(
1
φ + t

)−σ

g (φ) dφ
, (8)

where µ (φ) = g(φ)
1−G(φ∗) is the density of marginal productivities among active

firms. We can state:
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Proposition 2 A unit tax reduces average productivity and an ad valorem tax
has no effect on average productivity.

Proof. See the appendix.

The unit tax reduces average productivity because it shifts market shares
and thus production from high productivity firms towards low productivity firms
among a given population of active firms, ∂φ̄

∂t < 0 (cf. the proof of Proposition
2 in the appendix). In addition, a unit tax also allows less productive firms to

survive which further reduces average productivity, ∂φ̄
∂φ∗

dφ∗

dt < 0 (cf. the proof

of Proposition 2 in the appendix). However, an ad valorem tax does not distort
relative prices and is therefore neutral on industry structure and has no effect
on average productivity.

Aggregation

The market clearing condition is that total sales at market prices (including
taxes) must equal total expenditure/income. In this setting with an intertem-
poral discount rate of zero, there are no returns to savings (investments in sunk
costs) and since aggregate profits are driven to zero by the free entry condition,
total income equals labour income which due to the normalization of the wage
rate simply equals the exogenous labour supply, i.e. E = L. The aggregated
(total) sales at market prices are:

M

∫ ∞

φ∗
q (φ) p (φ)µ (φ) dφ ,

where M denotes the endogenous mass of firms. Using (2) and (4), the market
clearing condition reads

M =
L

σF

1

(1 + τ)

1(
1
φ∗ + t

)σ−1 ∫∞
φ∗

(
1
φ + t

)1−σ

µ (φ) dφ
. (9)

Using optimal prices (4) and the mass of firms (9) we can write the price index
(3) as

P =
σ

σ − 1

(
L

σF

) 1
1−σ

(1 + τ)
σ

σ−1

(
1

φ∗ + t

)
.

Using (2), (4) and (9), aggregate tax revenue is given by

T = M

∫ ∞

φ∗
q (φ)

[
t+

τ

1 + τ
p (φ)

]
µ (φ) dφ

= L

σ − 1

σ

t

1 + τ

∫∞
φ∗

(
1
φ + t

)−σ

µ (φ) dφ∫∞
φ∗

(
1
φ + t

)1−σ

µ (φ) dφ
+

τ

1 + τ

 . (10)
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Finally, welfare from private consumption (recall that aggregated industry prof-
its are competed to zero by entry/exit) is given by

U =
E

P
=

σ − 1

σ
L

(
L

σF

) 1
σ−1

(1 + τ)
− σ

σ−1

(
1

φ∗ + t

)−1

(11)

3 Welfare comparison of equal-yield unit and ad
valorem taxes

Financing the exogenous tax revenue constraint T̂ by an ad valorem tax requires,
cf. the aggregate tax revenue relation (10), that

T̂ = L
τ

1 + τ
⇔ τ =

T̂
L

1− T̂
L

. (12)

Similarly, the required unit tax is defined by

T̂ = L

σ − 1

σ
t

∫∞
φ∗

(
t,

δFE
F ,σ

) ( 1
φ + t

)−σ

µ (φ) dφ∫∞
φ∗

(
t,

δFE
F ,σ

) ( 1
φ + t

)1−σ

µ (φ) dφ

 (13)

⇒ t = t

(
T̂

L
, σ, φ∗

(
t,
δFE

F
, σ

))
= t

(
T̂

L
, σ,

δFE

F

)
. (14)

Letting U t (Uτ ) denote welfare when financing the revenue constraint through
a unit tax (an ad valorem tax), our central relative welfare expression becomes

Uτ

U t
=

(
1− T̂

L

) σ
σ−1

φ∗ (0, δFE

F , σ
)

(
1

φ∗
(
t
(

T̂
L ,σ,

δFE
F

)
,
δFE
F ,σ

) + t
(

T̂
L , σ,

δFE

F

))−1 .

By Uτ

Ut we can establish the ranking of the two tax tools. Due to the price
distortion stemming from the unit tax, this expression for relative welfare is
cumbersome to analyze directly. However, we can establish our main result
by considering the social planner solution. It turns out that the market equi-
librium with an ad valorem tax coincides with the social planner solution and
accordingly a universal welfare ranking can be established.

Proposition 3 The ad valorem tax instrument is more efficient in raising tax
revenue than the unit tax instrument, i.e. Uτ

Ut > 1.

Proof. We show in the appendix that the market equilibrium with the ad
valorem tax coincides with the social planner solution. This is not the case for
the unit tax and thus establishes Proposition 3.
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Proposition 3 states the main result of the paper. Ad valorem taxes are
more efficient in raising tax revenue than unit taxes in a monopolistic com-
petition setting with constant elasticities of demand, heterogenous firms and
intra-industry reallocations. This extends previous findings made in imperfect
competition settings. In particular, this result complements existing literature
that has derived the same ranking with homogenous firms (in various cases of
imperfect competition including monopolistic competition with constant elas-
ticities of demand) by extending to the case of heterogeneous firms. Moreover,
driven by intra-industry reallocations, our finding also establishes that previous
cases of an inverse welfare ranking made with cost heterogeneity (e.g. Anderson
et al., 2001; Wang and Zhao, 2009) do not occur in the present framework of
a Hopenhayn (1992)-type model. There are two sources that contribute to the
welfare ranking established here. First, there is a larger tax over-shift for the
unit tax, i.e. the previous finding of Schröder (2004) made in the homogenous
firms monopolistic competition case. Second and a novel result for the tax tool
ranking in the presence of firm heterogeneity, the unit tax distorts relative prices
and thereby the industry structure which in turn reduces average productivity,
cf. Proposition 2. In a setting with homogenous firms only the first source
is present. Yet, in the empirically relevant setting of firm heterogeneity and
intra-industry reallocations the second effect will take place.

4 The degree of firm heterogeneity

This section sheds light on the relative magnitude of the two sources of welfare
gains from applying an ad valorem tax in stead of a unit tax identified above.
We do so by computing relative welfare for various degrees of firm heterogeneity
including the case of firms being homogenous. When firms are homogenous, we
find (see the appendix for derivation)

Uτ

U t
=

(
1− T̂

L

) σ
σ−1

1− T̂
L

σ
σ−1

> 1 for T̂ > 0 . (15)

In order to compute relative welfare when firms are heterogenous, we have
to assume a given distribution of marginal productivities. We follow the trade
literature (see e.g. Helpman et al., 2004, and Chaney, 2007) by assuming that
productivities are drawn from a Pareto distribution with location parameter
φ0 > 0 and shape parameter k > σ − 1, i.e. the density function is given by4

g (φ) =

{
kφk

0φ
−k−1 φ ≥ φ0

0 otherwise

The Pareto distribution has two advantages. First, it approximates the dis-
tribution of firms found in empirical work (see e.g. Simon and Bonini, 1958,
and more recently Axtell, 2001, and Luttmer, 2007). Second, it permits us to

4The restriction of k > σ − 1 ensures finite expected flow profits.
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derive closed form solutions for the ad valorem tax, while we have to refer to
simulation results for the unit tax, and hence relative welfare. Figure 1 shows
relative welfare for the parameter values L = 1, F = 0.2, FE = 0.1 δ = 0.1,
σ = 3, T

L = 0.2 and various levels of k to trace the effect of firm heterogeneity.5

, Uτ

Ut

0.100 0.125 0.150 0.175 0.200 0.225 0.250 0.275 0.300 0.325 0.350 0.375 0.400

1.050

1.075

1.100

1.125

1.150

1.175

1.200

Relative welfare

Std. of log productivity

Figure 1: Relative welfare and firm heterogeneity

Figure 1 discloses that the welfare advantage of the ad valorem tax over the
unit tax established in Proposition 3 increases in the degree of firm heterogene-
ity and that the overall welfare gain from using the ad valorem tax relative to
the unit tax is quantitatively important. In fact the percentage-wise welfare
gain from replacing unit with ad valorem taxes will for high degrees of firm het-
erogeneity exceed the welfare advantage of the homogeneous firms case (solely
driven by differences in tax overshift) more than 10-fold.6 Hence, the distortions
of relative prices which impact on industry structure and average productivity
must be taken into account when conducting the welfare ranking of tax instru-
ments. This channel will matter for welfare ranking results in realistic imperfect
competition settings, where firms are heterogeneous (differ in costs), products
are differentiated, entry and exit occur and intra-industry reallocations take
place.

5See the appendix for further details on the numerical computations.
6The homogeneous firms welfare ratio of the two tax tools is for the above numerical values

Uτ

Ut = 1.022.
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5 Conclusion

The old question of ad valorem versus unit taxation has been revisited in a
monopolistic competition model with heterogenous firms and intra-industry re-
allocations. This class of models is a step closer towards empirically relevant
modes of competition and industry dynamics. The common finding of an ad
valorem tax being welfare superior to an equal-yield unit tax is confirmed. The
inclusion of firm heterogeneity, uncertainty and reallocations, identified a new
contributor to this welfare ranking, namely our finding that the unit tax distorts
relative prices and thereby the industry structure. The numerical solutions to
the model suggest that this channel is quantitative important if firms are fairly
heterogeneous. In fact, for the particular solutions presented this new channel
dwarfs the previously established channel of tax over-shift under monopolistic
competition (Schröder, 2004) when firms become sufficiently heterogenous.

According to the theory of second best, the rankings of generally distor-
tionary tax instruments in settings of imperfect competition must depend on
the interaction among the various imperfections. Therefore, no universal rank-
ing of unit and ad valorem taxes under imperfect competition can be expected.
Anderson et. al. (2001) exactly provide an example where the unit tax is the
preferable tax instrument, which demonstrates that the ranking depends on the
specific assumptions of the imperfect competition model. In the present frame-
work a crucial assumption is that of CES preferences, since these preferences
imply that the market equilibrium in the absence of a unit tax is first best.
For other preferences this first best property of the market equilibrium with
no unit taxes does not hold and thus the unit tax may become the preferable
instrument in such situations. An important area for future research is thus the
study of more flexible imperfect competition models in order to derive testable
implications that can determine the welfare ranking of unit and ad valorem
taxes.

Establishing a novel channel by which the design of tax tools matters for
welfare outcomes commands potentially important policy implications. On the
one hand, with firm heterogeneity and intra-industry reallocations unit taxes are
more costly than previously thought because they affect the resulting industry
structure and allow less efficient firms to survive in the industry. On the other
hand, in those sectors where we observe the frequent use of unit taxes (e.g.
tobacco, fuel), one could suspect a low degree of firm heterogeneity and thus a
limited welfare cost from employing the unit tax tool.
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A Appendix

Social planner solution

The social planner maximizes utility (1) subject to using T̂ units of the exoge-
nous labour endowment on public employment. The social planner faces the
same stochastic innovation process and exogenous death rate of firms/varieties
as the market does. The social planner will only let high productivity varieties
be produced as low productivity varieties are too expensive in terms of labour
devoted to fixed costs of production. Let M̂ and φ̂∗ denote the mass of varieties
and the exit threshold in the social planner optimum. The problem of the social
planner can therefore be written

max
q(φ),φ̂∗,M̂

U = M̂
σ

σ−1

[∫ ∞

φ̂∗
q (φ)

σ−1
σ

g (φ)

1−G (φ̂∗)
dφ

] σ
σ−1

s.t. L− T̂ = M̂

(
F +

δFE

1−G (φ̂∗)
+

∫ ∞

φ̂∗

q (φ)

φ

g (φ)

1−G (φ̂∗)
dφ

)
.

In optimum marginal rates of substitution will equal the corresponding marginal
rates of transformation. Exploiting this condition for the marginal variety, we
have

q (φ)
− 1

σ

q (φ̂∗)
− 1

σ

=
φ̂∗

φ
⇒ q (φ) = q (φ̂∗)

(
φ̂∗

φ

)−σ

. (A.1)

Inserting (A.1) and subsequently the labour constraint into the objective, we
can rewrite the social planner problem as

max
φ̂∗,q(φ̂∗)

U =
(
L− T̂

) σ
σ−1

q (φ̂∗) (φ̂∗)
−σ

[
F (1−G (φ∗)) + δFE∫∞

φ̂∗ φσ−1g (φ) dφ
+ q (φ̂∗) (φ̂∗)

−σ

]− σ
σ−1

.

The optimality conditions read

dU

dq (φ̂∗)
=

U

q (φ̂∗)

 F (1−G(φ∗))+δFE∫ ∞
φ̂∗ φσ−1g(φ)dφ

− 1
σ−1q (φ̂

∗) (φ̂∗)
−σ

F (1−G(φ∗))+δFE∫∞
φ̂∗ φσ−1g(φ)dφ

+ q (φ̂∗) (φ̂∗)
−σ

 = 0

dU

dφ̂∗ = − U

φ̂∗

σ − σ

σ − 1

σq (φ̂∗) (φ̂∗)
−σ

+ Fg(φ∗)φ̂∗∫ ∞
φ̂∗ φσ−1g(φ)dφ

− F (1−G(φ∗))+δFE∫ ∞
φ̂∗ φσ−1g(φ)dφ

(φ̂∗)σ−1g(φ̂∗)φ̂∗∫ ∞
φ̂∗ φσ−1g(φ)dφ

F (1−G(φ∗))+δFE∫ ∞
φ̂∗ φσ−1g(φ)dφ

+ q (φ̂∗) (φ̂∗)
−σ

 = 0 .

Insert that dU
dq(φ̂∗) = 0 ⇒ q (φ̂∗) = (F (1−G(φ∗))+δFE)(σ−1)(φ̂∗)σ∫∞

φ̂∗ φσ−1g(φ)dφ
into dU

dφ̂∗ = 0 to

obtain that ∫ ∞

φ̂∗

(
φ

φ̂∗

)σ−1

g (φ) dφ− (1−G (φ∗)) =
δFE

F
.

By direct comparison with the exit threshold of the market equilibrium (7), it
follows that φ̂∗ = φ∗ (0, δFE

F , σ
)
. We next show that consumption/production of

13



each variety and the mass of varieties in the social planner solution coincide with
those of the market equilibrium with no unit tax. From the demand functions
(2), optimal prices (4) and by setting the unit tax equal to zero it follows that

q (φ)

q (φ∗)
=

(
p(φ)
P

)−σ
E
P(

p(φ∗)
P

)−σ
E
P

=

(
1
φ + t
1
φ∗ + t

)−σ

=

(
φ∗

φ

)−σ

,

implying that relative demand of each variety is the same in the market equilib-
rium as in the social planner solution, cf. (A.1). Turning to the level of demand,
we have for the social planner solution that

q (φ̂∗) =
(F (1−G (φ∗)) + δFE) (σ − 1) (φ̂∗)

σ∫∞
φ̂∗ φσ−1g (φ) dφ

. (A.2)

Using that π (φ∗) = q (φ∗)
(

p(φ∗)
1+τ − 1

φ∗φ − t
)
− F = 0, the pricing equation (4)

and setting t = 0, we find for the market equilibrium that

q (φ∗) =
F(

p(φ∗)
1+τ − 1

φ∗

) = (σ − 1)Fφ∗ = (σ − 1)F (φ∗)
σ
(φ∗)

1−σ
.

Setting t = 0 in the free entry condition determining the exit threshold (7), we
find that

(φ∗)
1−σ

=
δFE

F + [1−G (φ∗)]∫∞
φ∗ φσ−1g (φ) dφ

and substituting this into the expression for q (φ∗), we find that

q (φ∗) = (σ − 1)F (φ∗)
σ

δFE

F + [1−G (φ∗)]∫∞
φ∗ φσ−1g (φ) dφ

. (A.3)

As φ∗ = φ̂∗, it follows from (A.2) and (A.3) that the level of demand is the same
in the market equilibrium as for the social planner equilibrium. Finally, we need
to show that the mass of varieties coincides. However, this follows directly from
the full employment condition.

Proof of Proposition 2

From Proposition 1 we know that an ad valorem tax has no effect on the exit
threshold (φ∗) and therefore no effect on average productivity, cf. (8). Propo-
sition 2 states that a unit tax reduces average productivity:

dφ̄

dt
=

∂φ̄

∂t︸︷︷︸
−

+
∂φ̄

∂φ∗︸︷︷︸
+

dφ∗

dt︸︷︷︸
−

< 0 .
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Proof. Note that dφ∗

dt < 0 cf. Proposition 1, and

∂φ̄

∂φ∗ = φ̄g (φ∗)

(
1

φ∗ + t

)−σ

 −1∫∞
φ∗

φ
φ∗

(
1
φ + t

)−σ

g (φ) dφ
+

1∫∞
φ∗

(
1
φ + t

)−σ

g (φ) dφ

 > 0

and

∂φ̄

∂t
= −σφ̄


∫∞
φ∗ φ

(
1
φ + t

)−σ−1

g (φ) dφ∫∞
φ∗ φ

(
1
φ + t

)−σ

g (φ) dφ
−

∫∞
φ∗

(
1
φ + t

)−σ−1

g (φ) dφ∫∞
φ∗

(
1
φ + t

)−σ

g (φ) dφ


=

−σ
∫∞
φ∗

(
1
φ + t

)−σ−1

g (φ) dφ∫∞
φ∗

(
1
φ + t

)−σ

g (φ) dφ
×

∫ ∞

φ∗
φ

(
1
φ + t

)−σ−1

g (φ)∫∞
φ∗

(
1
φ + t

)−σ−1

g (φ) dφ
dφ−

∫ ∞

φ∗
φ

(
1
φ + t

)−σ

g (φ)∫∞
φ∗

(
1
φ + t

)−σ

g (φ) dφ
dφ

 < 0 ,

where the sign is determined by the difference in average productivity computed

with different weights, as
∫∞
φ∗

( 1
φ+t)

−σ−1
g(φ)∫∞

φ∗( 1
φ+t)

−σ−1
g(φ)dφ

dφ =
∫∞
φ∗

( 1
φ+t)

−σ
g(φ)∫ ∞

φ∗( 1
φ+t)

−σ
g(φ)dφ

dφ =

1. Since
( 1

φ+t)
−σ−1

g(φ)∫ ∞
φ∗( 1

φ+t)
−σ−1

g(φ)dφ
≶ ( 1

φ+t)
−σ

g(φ)∫ ∞
φ∗( 1

φ+t)
−σ

g(φ)dφ
for φ ≶

[ ∫ ∞
φ∗( 1

φ+t)
−σ

g(φ)dφ∫ ∞
φ∗( 1

φ+t)
−σ−1

g(φ)dφ
− t

]−1

,

it follows that ∂φ̄
∂t < 0.

Homogenous firms

Assume that all firms share the same marginal productivity φ. From the profit
expression (5) it follows that

π (φ) =
1

σ − 1

(
σ

σ − 1

)−σ

Pσ−1E (1 + τ)
−σ

(
1

φ
+ t

)1−σ

− F .

The price index becomes P = M
1

1−σ σ
σ−1 (1 + τ)

(
1
φ + t

)
and as E = L, we have

from setting expected net profits equal to zero (free entry)

π (φ)

δ
= FE ⇔ M =

L

(1 + τ)σ (δFE + F )
.

Total tax revenue equals

T = Mq (φ)

[
t+

τ

1 + τ
p (φ)

]
= L

tσ−1
σ + τ

(
1
φ + t

)
(1 + τ)

(
1
φ + t

)
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and utility equals

U =
L

P
=

σ − 1

σ

L
(

L
σ(δFE+F )

) 1
σ−1

(1 + τ)
σ

σ−1

(
1
φ + t

) .

Collecting tax revenue T̂ through a unit tax requires t =
T̂
L

σ
σ−1

1− T̂
L

σ
σ−1

1
φ implying

U t = σ−1
σ

(
1− T̂

L
σ

σ−1

)
L
(

L
σ(δFE+F )

) 1
σ−1

φ. Collecting the tax revenue through

an ad valorem tax requires τ =
T̂
L

1− T̂
L

which in turn implies Uτ = σ−1
σ

(
1− T̂

L

) σ
σ−1

L
(

L
σ(δFE+F )

) 1
σ−1

φ.

Relative welfare thus equals

Uτ

U t
=

(
1− T̂

L

) σ
σ−1

1− T̂
L

σ
σ−1

> 1 for T̂ > 0 .

Numerical solutions

The following algorithm solves the model and computes welfare when the ex-
ogenous tax revenue is collected through a unit tax

1. Fix all exogenous variables: T̂
L , σ, δ, F, FE , g (φ) , τ = 0

2. For given t determine φ∗ (t, δFE

F , σ
)
from (7)

3. Calculate
T |τ=0

L from (13) given φ∗ (t, δFE

F , σ
)
and t

4. Iterate on t until
∣∣∣ T |τ=0

L − T̂
L

∣∣∣ < ε

5. Next, calculate welfare from (11) using φ∗ (t, δFE

F , σ
)
and t obtained in

step 2 through 4.

The following algorithm solves the model and computes welfare when the ex-
ogenous tax revenue is collected through an ad valorem tax.

1. Fix all exogenous variables: T̂
L , σ, δ, F, FE , g (φ) , t = 0

2. Determine φ∗ (0, δFE

F , σ
)
from (7) and τ =

T̂
L

1− T̂
L

according to (12)

3. Next, calculate welfare from (11) using φ∗ (0, δFE

F , σ
)
and τ from step 2.
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