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1. INTRODUCTION

Governments in about a hundred and fifty countries around the world offer some kind of
old-age pension (social security) to their citizens. Most of these pension programs have
a substantial unfunded, pay-as-you-go (PAYG) component: the working young are taxed
and the proceeds are used to finance a transfer (pension) to the existing retired elderly
(defined benefit). Even though many of these programs have been around for nearly a
hundred years and routinely absorb 5-15% of G.D.P, the rationale for their very existence
continues to be hotly debated — see Blake (2006) for a detailed discussion.

Among academic economists, this debate starts with a classic, justly-venerated result
discussed originally by Aaron (1966) and Samuelson (1975). Consider a two-period over-
lapping generations model with neoclassical production (also known as the Diamond (1965)
model) where the young supply their labor inelastically, the old are retired, and there is no
population growth. Suppose there is a government that finances a fixed payment (bene-
fit/pension) to each old agent by collecting a lump-sum tax from each young agent. Aaron
(1966) and Samuelson (1975) showed that the introduction of such a pension system can
improve the stationary welfare of all' two-period lived agents if and only if the economy is
initially dynamically inefficient — the net return on capital is less than zero, the “biological
interest rate” (Samuelson, 1958). The actual result, as exposited by textbooks such as
Blanchard and Fischer (1989), is a bit more nuanced in that use is made of Samuelson’s
correspondence principle to require that the initial stationary state, the starting point of
the comparison, must be dynamically stable. At a stable steady state, a small increase in
the benefit level reduces private capital formation. Such crowding out of private capital
is justifiable on welfare grounds if and only if the economy was overaccumulating capital
(dynamically inefficient) to begin with.

The Aaron-Samuelson result provides a simple, potentially verifiable condition that
served to narrow the debate: a PAYG pension system is socially desirable if and only
if the net return on capital is negative. Later work by Abel, Mankiw, Summers and
Zeckhauser (1989), and more recently Barbie, Hagedorn, and Kaul (2004), suggested that
most developed economies, such as the U.S., are most likely dynamically efficient; by

implication, a PAYG system in such countries is not desirable at least from the standpoint

Tt is a standard result that introduction of a PAYG social security scheme bestow the first generation
old in the system with a "gift" which in turns has a positive welfare effect. These transitional gains have
to be weighted against the more permanent consequences of the scheme. In the following we follow the
literature and consider only the latter, i.e. the analysis is confined to steady-state effects.
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of simple lifecycle models.

This paper generalizes the environment studied by Samuelson (1975) and Blanchard
and Fischer (1989) in two ways: a) it allows for endogenous/elastic labor supply, and b) it
permits a distortionary tax on young labor income. We are then able to show the following:
under a fairly-mild restriction that the old be no less risk-averse than the young, the Aaron-
Samuelson result survives these generalizations. Aside from this, we provide a complete
analysis of the issue; in fact, all of the existing results in the literature are successfully
unified. Moreover, we are able to sift through the vast complexity of the comparative
statics exercises and provide a deeper understanding of all the forces at work.

The current paper is closest in spirit to pioneering work by Breyer and Straub (1993),
discussed in Blake (2006). Their primary focus is on the following issue. Suppose a com-
parison of the net return to capital with the net biological interest rate reveals that the
PAYG system in place is undesirable. Would abolition of such a system (and replacement
by a fully funded system) lead to an intergenerational Pareto improvement considering the
fact that the young alive would have paid into the system but would not get anything in
return? Breyer and Straub (1993) prove that a necessary condition for such improvement
is if, in the process, labor supply is distorted.

They go on to ask: are such “static distortions” to labor supply enough to justify a
transition to the fully funded system? It is here that their focus is aligned with ours as
their question may be re-interpreted as indirect interest in the Aaron-Samuelson result
for economies with endogenous labor supply. To answer this question, they focus only
on steady states and consider the steady-state welfare of a representative two-period lived
agent. Additionally, they study a PAYG system in which the contribution by the young
is in the form of a distortionary payroll tax on young labor income, and the benefit to
the pensioners is actuarially and intergenerationally fair: it is tied to one’s labor supply
(defined contributions). In this setting, they show that, in a dynamically efficient economy,
a sufficient condition for steady-state welfare to fall with the payroll tax rate is that private
capital does not increase with the payroll tax rate.

It is instructive to directly compare our work to Breyer and Straub (1993). We study a
PAYG system with a fixed common benefit level (defined benefits), i.e., the scheme is not
actuarially fair. This permits more direct comparison with the classic statements of the
Aaron-Samuelson result. We go further than them because we integrate insights regarding
stability of steady states from Nourry (2001). Specifically, we prove that if the initial

steady state is dynamically efficient and saddle-point stable, a sufficient condition for our
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version of the PAYG system to be welfare-undesirable is that the capital-labor ratio does
not increase with the benefit level. Breyer and Straub (1993) are largely silent on the
important issue: when does their sufficient condition hold? In comparison, we show that
if the old are no less risk-averse than the young, our sufficient condition holds under fairly
reasonable restrictions. The upshot is that we can definitively claim to have shown that the
Aaron-Samuelson result, under a mild condition, extends to economies with endogenous
labor supply, something that Breyer and Straub (1993) cannot.

The plan for the rest of the paper is as follows. Section 2 outlines the environment of the
model, a generalization of Diamond (1965) to endogenous labor supply. Section 3 describes
the perfect-foresight competitive equilibria and their comparative static properties; it also
derives a condition for saddle-path stability of a steady state. In Section 4, we derive our
main results, while Section 5 concludes. Proofs of all major results are to be found in the

appendices.

2. THE MODEL

We consider a textbook version of the overlapping-generations model with production due
to Diamond (1965), augmented to allow for endogenous labor supply. More specifically,
we study an economy consisting of an infinite sequence of two-period lived overlapping
generations, an initial old generation, and an infinitely-lived government. Let ¢ = 1,2, ...
index time. At each date t, a new generation comprised of a continuum of measure one of
identical members appears. Each agent is endowed with one unit of labor when young and
is retired when old. In addition, the initial old agents are endowed with K; > 0 units of
capital.

There is a single final good produced using a standard neoclassical production function
F(Ky, L) displaying constant returns, where K; denotes the capital input and L; denotes
the labor input at ¢. Let k; = K;/L; denote the capital-labor ratio (capital per young
agent). Then, output per young agent at time ¢ may be expressed as f(k;) where f(k;) =
F(K¢/L¢, 1) is the intensive production function. We assume that f' > 0 > f”, and that
the usual Inada conditions hold. The final good can either be consumed in the period it is
produced, or it can be stored to yield capital the following period. For reasons of analytical
tractability, capital is assumed to depreciate 100% between periods.

Let cf, (ch, 1) denote the consumption of the final good at date ¢ (date ¢ + 1) by a
representative young (old) agent born at t. Let L; denote the labor supply at date ¢ by a

young agent. All such agents have preferences representable by the time-separable utility
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function

(1) U(chy, chypr, L) = u (Cit) T (C§t+1) —d (L)

where u and v are strictly increasing and strictly concave in their arguments and d is
strictly increasing and strictly convex in its argument. We assume the standard limit
conditions (see Nourry, 2001, Assumption 1, for example) that would ultimately preclude
corner optima.

Young agents supply labor in competitive labor markets, earning a wage of w; at time

t, where
(2)  we =w(ke) = fke) = ke f' (ke)

and w'(k;) > 0. In addition, capital is traded in competitive capital markets, and earns a

gross real return of R4 between t and ¢ + 1, where
(3)  Rip1 = R(key1) = f'(keyr)

with R/ (kt+1) < 0.

The government runs a standard pay-as-you-go (PAYG) pension system in each period.
It levies an appropriate proportional income tax (7) on each young agent so as to finance a
lump-sum transfer of B > 0 to each of the current old. The government budget constraint
is
(4) Tttht = B
The benefit level is taken to be the policy variable (defined benefit scheme), and hence, the
tax rate is calculated from (4). Since population size does not grow, the net rate of return

on the PAYG scheme is zero.2

Each young agent, born at date ¢t > 1, chooses how much to consume in each period of

*Breyer and Straub (1993) consider three different formulations of the PAYG scheme: a) fixed contribu-
tion rate 7 but pensions are tied to past labor supply, b) time-varying contribution rate, and c) lump-sum
contributions and benefits.
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life and how much labor to supply when young, by maximizing U(ct,, ¢k, 41, Lt) subject to

(5) =0 —7)wly— S
(6) by = Rey1S + B

along with ¢}, >0, ¢b,,; >0 and L; € [0,1]; here S denotes saving. The initial old agents
face the following budget constraint: cog < R1ki1+ B. Thus, at date 1, the initial old agents
receive capital income Ri1k; in addition to their pension and they consume it all.

The optimization problem of young agents can be re-stated as

ma. u((1 — wily —S)) + v (Ria1S; + B) —d(Ly).
LtG[O,l},Ste(oﬁl—r)tht) (1= 7)wele — 5t) (Ri+15t ) (Ly)

The first order conditions to the agent’s problem, assuming interior solutions, are given by

(7) Tr=v()Q—-m)w—d ()=
(8) I's= —u/ () + Rt+1’l)/ () =0.

For future use, note

u" () (L= 7r)w)* =d" () <0
Crs=—u" (") (1 —7¢)we >0

)

(-

)
Igg =u” ( +Rt+1v ()<O
)

"

I'sp, = —u (1—Tt)wt>0.

The second order conditions to the agent’s problem are satisfied if I'r,;, < 0 (which is true)
and if D =T'ggl'pr — 'sp'pg is assumed to be positive. Assuming D > 0 is the same as

assuming the following:

Assumption Al
©) (" ()+ B ) (" () (1= r)w)? —d” ()) = (W () (1 = 70)w)” > 0

In Appendix A, we show that a young agent’s labor supply (partial equilibrium) can
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be written as

(10) Lt = L(Tt, B,wt, Rt+1)

where
(11) %S % <0, OLt <O 0Lt <0
aTt 83 8 8Rt+1
and where sign 8—LTt = — sign § —Lt Note that the standard condition from static models

that the substitution effect domlnates the income effect (v/(+) +u”(:)(1 — 7)w > 0) is a
sufficient condition that 8Lt < 0 and hence aLt > 0.
Similarly, in Appendlx A, we show that the optimal savings function is uniquely sum-

marized by

(12) St = S(Tt,B,wt,RH_l)

where

13) — =0,——= <0 0 =0

(13) 55035 <05, > DRy >

and where sign 8& = — sign 3 4 Moreover, as shown in Appendix A,
: dLy : dSt

14) sign = sign

(14) sig dRi+1 & ARy 1

3. EQUILIBRIA

Using the government budget constraint (implying that 74 = B/w;L;), we have that the

equilibrium employment level and capital stock can be written

(B,wt,Rt+1) = L(B/tht,B,’wt,Rt_H)
(B,wi, Rev1) = S(B/wiLt, B,wt, Riy1)

Henceforth, we assume (as is standard):

Assumption A2 i) % > 0, i.e., private saving is non-decreasing in its return®, and ii)

3 A sufficient condition for this is v (-)R? +v'(-) > 0.
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QJ
&

o =0, Le. employment is non-decreasing in the wage rate.

Q

98 o AL
Note that 8Rti1 > 0 implies that BRtL > 0.

Since the aggregate saving of the young at any date becomes the start-of-period capital

for the next date, we have
(17) Kiy1 = St

where S; is defined in eq. (12) above. Since each young agent supplies L; units of labor,

we have
(18) kip1Lip1 = Sy

Perfect foresight competitive equilibria are sequences {k;};°, that satisfy (18), given
the initial k&1 > 0, and (15), (16), (4), (2) and (3). Specifically, they are dynamic sequences
{k¢};2, that satisfy

(19) kip1 L(Byw (key1), R (key2)) = S(r, Bw (ky) , R (key1))

Steady state equilibria are time-invariant sequences, k, that satisfy (19). In general,
as discussed in Nourry (2001), Cazzavillan and Pintus (2004), and Nourry and Vendetti
(2006), conditions for the existence and uniqueness of a steady-state equilibrium in the
Diamond (1965) model with endogenous labor supply, are fairly involved and somewhat
unintuitive; more so, when B > 0. For our purposes, it suffices to assume that a steady-state
solution to (19) exists.

Also for future reference, note that a steady-state equilibrium, k, will be called dy-
namically efficient if R (k) > 1, dynamically inefficient if R (k) < 1, and the golden rule if
R(k)=1.

3.1. Stability analysis. As discussed by Blanchard and Fischer (1989), Samuelson’s
“correspondence principle” suggested a tight link between the stability properties of a
steady state and its comparative static properties. Since the ultimate goal of the paper is
to establish a particular comparative static property, we start off by studying the stability

properties of a steady state. To that end, we linearize (19) around a steady state to get

Lkir +k [Ewwk%ﬂrl + LpRikiva| = Swwike + SrRikei1,
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where the tilde over k denotes deviation from its steady state value, and where X; denotes
the derivative of the function X with respect to the variable j (and j # ¢t +n,n =0, 1,2).

Using wy, = —k Ry, and reorganizing the previous equation, we get
k LrRikyo + [(E —k Zkak) - §RR4 Ep1 + SukRyke = 0
and finally,
Kero+ Ay kisr + Aok = 0,

where

(E _ kfkak) — SrR
Al = —~ < 0, and
k LrR;

Ay = %UR > 0,
The sign conditions follow from (11), (14), and (13).
Lemma 1. A steady state, k, is saddle-point stable if
(20) [E + [ER .y Ew} kRy, — SpRy + SukRy| > 0
holds.

This extends the result in Nourry (2001) to the case with a tax-financed pension scheme
(defined benefits).

3.2. Comparative statics — equilibrium responses. In a steady-state equilibrium,

the aggregate capital stock is given by

(21) K (B) z§<3, w (I:{(B)> R (@)) ,
L(B) L(B)

and equilibrium aggregate employment by

(22) L(B)=L (B, w (I:((B)) R (@)) :
L(B) L(B)
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and k = K / L.

We now proceed to determine the properties of equilibrium optimal savings and labor
supply. Note these cannot be read off the individual responses — (11)-(?7?) discussed above
— since those had not taken the government budget constraint into account. Using (4), we
can re-write (7) and (8) in steady states as

A

. B .
/! _ _ I N/} —
(23) w (wL B S) [w E} d (L) 0
and
(24) ~/ (wL-B-5)+R-v'(RS+B) =0
Hence, totally differentiating (23)-(24) yields

2] +u' () [dw _Lipy ﬁdi} —d"()dL =0
L L 12
" () [Ldw + wdl — dB — dS] ++/ ()R + R" () [SdR + RdS + dB| = 0.

W () [Edw +wdl — dB — dﬂ [w _

Eventually, we will require knowledge of these equilibrium responses locally near B = 0.

To that end, evaluating these expressions for B = 0 yields

25) [ (Yw? —d" ()] dL + [~ (-)w] dS = [—u" (Ywl — o (-)} dw + [u (Yw + ' () %] B

(26) [—u" ()w] dL + [u” (-) + R%" ()] dS = u” (-) Ldw — [u” (-) + Rv" ()] dB + [—u' ()= R () §} dR

From here, the different equilibrium responses are easily computed using Cramer’s rule.
For example, the response of an increase in the wage rate (for fixed R and B = 0) on

equilibrium labor supply is given by

' (Jwl—u ()~ ()w

@ _ u" )E " () + o () R2
ow o () w2 —d" () —u" () w
—u" .)w u//(_) —i—?}”(-) R2

~

(
— | O wl O] [ () + " ()R + (0 ()’ wl
[w’ (Yw? —d” ()] [u" () + " () B = [w (Yw]*
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Notice that the second order condition for the individual optimization problem (evaluated

at B =71 = 0) ensures
[’LL” () w2 _ d/l ()] [U” () + ”UH () R2] _ [ul/ () ’(U]2 >0

implying, for example, that the denominator of g—fv above is positive, evaluated locally
around B = 0. Moreover note that g—ﬁ |B=0= % for r = w, R.

We collect these equilibrium responses in the following lemma.
Lemma 2. a) Define

(27) @y = 62:(()) lB=0; Pu CZ,L/;_()') |B=0

= sign [—v’ (-) — RSv" (-)]B =sign [—1+ @,

(28) @, <1 <= sign —
b)

05 ([ ()+ R ()] = Ro" () [u ()P + wR ()

) 3
) 55~ @ O = @ O () + o () R

O () + R ()] = R () () wd () ()
T WO =@ OO o (O B~ [ (el [ () w)

and
c)if R>1

oL W ()5 [ () +0" ()R] +v" ()u" (YwR (R 1)
2

O 9B T WO a0+ O R~ el ()

is of ambiguous sign.



UNFUNDED PENSIONS AND ENDOGENOUS LABOR SUPPLY 12

4. WELFARE EFFECTS OF PUBLIC PENSIONS

The government is assumed to be utilitarian. It determines the benefit level B by maximiz-
ing the individual lifetime utility in a steady state. The government’s objective function,

by use of (4), can be written as

il (BB 252 ) ew (r(E®) 2 s
U (B) = ( (E(B)>L(B) B K(B))Jr (R(E(B))K(B)JrB) d(L(B))

where the general equilibrium employment and capital stock are given by (22) and (21)

respectively. A marginal change in the benefit level brings about a change in agent welfare

by an amount:

i 7\ 0 (& 2 R\ oL R
U'(B)=14(") wa—L+w’<%>L <L>—1—8—K +v' (+) R’(%)K—L+R8—K+1 —d

0 0B

Using the first order conditions (7) and (8) as well as the government budget constraint

(4), the optimality condition can be written more compactly as

~

(1-R)+(R—1) w/(@)zﬁﬂ%m(@ oL

(31) U (B)=/() - o

)

where % is the general-equilibrium stationary value for the capital-labor ratio.

Broadly speaking, introducing a unfunded pension or raising the promised benefit level
infinitesimally has three effects: (i) savings-effect, (ii) capital-labor substitution effect, and
(iii) labor supply effect. The savings effect is the most standard and well-known (since
Aaron, 1966). If the initial equilibrium is characterized by R > 1 (dynamic efficiency),
it follows that an increase in benefits lowers utility since it shifts savings out of capital
(with gross return R) into the PAYG-pension with a gross return of 1. The capital-labor
substitution effect emerges because the composition of income according to its source, wages
or capital, matters — it matters because wage income is earned when young and capital
income when old. If R = 1, this composition does not matter. However, if R > 1, there is,
on the margin, a gain from shifting to wage from capital income since the former can be
invested with a return factor R > 1. In that case, if a benefit increase leads to an increase

in the capital-labor ratio (g—]]; > (), then such a benefit increase is welfare improving. The

(7)

oL

OB’
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opposite holds if 8k < 0. Finally, the labor supply effect arises because the labor supply
decision is distorted by the income tax — indeed employment is inefficiently low. In this
case, if a benefit increase raises employment, the effect on welfare is positive. It is readily
apparent from (31) that the issue of whether public pensions are desirable is not settled
simply by a comparison of R with the biological interest rate.

The upshot is that very little can be said definitively about the desirability of public
pensions.? Additional information on this issue is obtained by analyzing it near the golden

rule.

Proposition 1. When R = 1, i.e., the economy is initially at the golden rule, increasing
the size of public pensions is not welfare neutral because of the distortion to labor supply. If
a lump-sum tax is available, then at the golden rule, the optimal size of the public pension

is zero.

A version of this last result is also discussed in Blake (2006), chapter 4.
The strategy in the following is to consider the marginal value of introducing a small

public pension if there is none to begin with. It follows from (31), for B =7 = 0,

1—w (k)Lg—Z

It is immediate from (32) that if R > 1, a small increase in the size of the pension starting

(32) U'(0)=v'()(1-R)

from a size of zero is not welfare enhancing if it is the case that

ok
(33) o5 <0

holds. In other words, in a dynamically-efficient economy, a necessary condition for U’ (0) <
0 is that 1 — w’ <k> L afé > 0; a sufficient condition is that + < 0. Put differently, there
would be no welfare rationale for introducing a PAYG system in a dynamically-efficient

if 8k:

economy < 0, i.e., the pension system crowds out the equilibrium capital-labor ratio.

In the case of exogenous labor supply, L is fixed and OK/0B < 0 holds at a stable steady state (see
Blanchard and Fischer, 1989). Hence

sign U’ (B) = sign (R —1)

a restatement of the classic Aaron (1966) condition.
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Lemma 3. a)
6_//5 B §B _ EB
B Z — [S\wwk + S'\RR]C} + % [Ewwk + ERRk]

b) If k is saddle-point stable, i.e., (20) holds,

sign g—i = sign [§B - EB}

where Sp and Lp are computed from (29)-(30).

The upshot is that use of the stability condition allows us to state a sufficient condition
ruling out a welfare case for a public pension in terms of the direct savings and labor supply

responses to the public pension, i.e.,
(34) Sp—k Lg <0

The thrust of models with exogenous labor supply is that there is no case for public pensions
if private savings (capital) is crowded out (§ B < 0). With endogenous labor supply, that

is simply not enough since it is possible that labor supply decreases <E B < O) to such an

extent that the capital-labor ratio increases (g—g > O) even though the capital stock falls

(§ B < 0) . Hence, whether there is a case or not for public pensions is not straightforwardly
settled by the crowding out of savings (capital), as in the exogenous labor case. Matters
are further complicated because, as is clear from (30), the sign of L B is ambiguous.

The key question is how the income tax affects equilibrium savings and labor supply.

This is amply evident from the next result.

Proposition 2. For a dynamically-efficient economy, there is no welfare case for introduc-

ing a PAYG pension financed by a lump-sum tax.

The proof is in the appendix and proceeds by proving that under a lump-sum tax
financing scheme, S B < 0 and L B > 0 — reducing capital and raising labor supply, and
hence, the capital-labor ratio falls. Accordingly, from (33), there would be no welfare case
for a unfunded public pension in this case.

More generally, though, as is well known, an income tax releases both a substitution

and income effect, and if the former dominates (sufficient condition: u'(.) + u”(.)w > 0)
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)it follows that labor supply decreases with a tax increase, cf (11), and this goes in the
direction of increasing the capital-labor ratio. The distortion arising via the substitution

effect thus makes the welfare effect of the public pension more complicated.

Corollary 1. (Samuelson, 1975) For a dynamically-efficient economy, if labor supply is

perfectly inelastic, there is no welfare case for introducing a PAYG pension.

Since Sp < 0 holds, cf (29), it follows that Lg=0 (perfectly-inelastic labor supply)
ensures that the sufficient condition (34) holds; and this proves the corollary. This is
the well-known result (Aaron, 1966 and Samuelson, 1975) from models with exogenous
labor supply. By implication if the labor supply is “sufficiently” inelastic, the sufficient
condition (34) holds. Heuristically, it may be conjectured that the sufficient condition is
violated if, somehow, the substitution effect can be made sufficiently strong, i.e., Lp is

made sufficiently negative.

Lemma 4.
= = W' () [W()+ V"R -
LB = LB ‘lump sum tax T L [ D ] < LB ‘]ump sum tax
. WO ) 4
SB = SB |1u1np sum tax +L— < SB |Iump sum tax

D

As Lemma 4 shows, a larger «/(+) indeed implies a stronger substitution effect reducing
L. However, at the same time, Sp falls, making it harder to evaluate the overall effect on

(34). Using Lemma 4, we can write (34) as

SB - kLB - |:SB ’lump sum tax _kLB |lump sum tax

<0

[W" () (w — k) — kv"(-)R?] =0

J/

u'()f

D

VIA

0
where D > 0. It turns out that (34) holds under a mild condition on relative risk aversion.

Proposition 3. In a dynamically-efficient economy, there is no case for introducing a
PAYG pension scheme if ®, > ®, (as defined in (27), i.e., the Arrow-Pratt measure of

relative risk aversion for the old is no less than that of the young.
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The upshot of the above analysis is the following. For a dynamically-efficient neoclas-
sical economy, there is no welfare rationale for introducing a PAYG pension system if the
old are at least as risk averse as the young. Of course, both ®, and ®,, are, in general,
endogenous variables and hence, the result in Proposition 3 is to be understood as saying:
if the equilibrium under study displays the property that the (endogenous) Arrow-Pratt
measure of relative risk aversion for the old is no less than that of the young, then in a
dynamically-efficient neoclassical economy, there is no welfare rationale for introducing a
PAYG pension system. We close with a version of this result for the commonly-used CRRA

form of time-separable utility.

Corollary 2. Suppose U (¢1,c2) = ﬁc%fﬂ + Bﬁc;'y, oc>0,v>0,8>0. Then, in a
dynamically-efficient economy, there is no case for introducing a PAYG pension scheme if

¥ =>o0.

5. CONCLUDING REMARKS

It is a classical result that there is no welfare case for a PAYG pension scheme in a dy-
namically efficient economy. This result is based on models with exogenous labor supply.
Whether endogenous labor supply goes in the direction of supporting or weakening the
case for PAYG pension scheme is an open question in the literature. In this paper we
have shown that the generalization to the case with endogenous labor supply and pensions
financed by a linear income tax is not trivial. Asking whether there is a welfare gain from
introducing a PAYG pension we showed by use of the stability condition that this depends
on whether the capital-labor ratio increases or decreases. While savings unambiguously
decrease and thus goes in the direction of lowering the capital-labor ratio, labor supply and
hence employment may also decrease precisely because the tax is distortionary. Potentially
the labor supply response may be stronger than the savings response so as to violate the
sufficient condition for there to be no welfare case for a PAYG pension. We show, however,
for a standard utility specification used in the literature, the sufficient condition holds, that
is, even with endogenous labor supply there is no welfare case for a PAYG pension scheme.

Given the prevalence of PAYG pension schemes across countries, which in other re-
spects have chosen very different institutional social arrangements, it remains a puzzle to

understand and explain these schemes.
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Appendix

A. INDIVIDUAL SAVING AND LABOR SUPPLY
Using the first order conditions (7) and (8), it is easy to check that

Ipp=—u" ()1 -1 w’L—u' (Hw0

FLB =0
Trw=u" ()1 =7 wL+u' () (1-71) ; 0
FLR = O

sy =u" (-)wL <0
I'sp = Ry () <0
Fsp=—u"()(1-7)L>0
I'sg = R*" () +' () 0.
Note that the time index has been suppressed to simplify.

To figure out how optimal labor supply and saving responds to the tax rate and the

pension, we have from (7) and (8) that

[ Tss s ] [ ds ] B [ — TspdB— Tg,d T — Tgydw — Tgg dR

FLS FLL dL _FLB dB — FL.,-d T— I‘Lwdw— FLRdR

from where it follows

' I'ss —I'sp '
dL | Tes —Tip |  —TssTrp+Tislsp _ Trslsp <0
dB D D D

Iss —Isr ‘
diL _ | Tos —Lor | —Tgslrr +Trslsr < 0
dr D D =

Iss —Tsw '
dlL | Tes —Tow | —TPssTrw+TrsTsw < 0

>

dw D D
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I'ss —I'sr

ar s —Tir | Tpslsr
dR D D
where D =T'ssI'rr, — s T'rg > 0. Also,

<
=0

' —I'sp Tt
as _ s Tir _ “Usplrr +Tsitlep  —Tspl'ir <0
dB D D D
' —I'sr Tsi ‘

dS | “Vir Tir | —Tslrr+Tsilir
dr D D

—I'sw Tsp
dS | Tow Tir | —Teulrir +Tsilrw < 0
dw D D >

—I'sp T'si
das —Trr Trr | —Tgplip+TsitTir  —TsrlLrL <0
dR D D D >

First note that, since I'rg > 0, and I'r,;, < 0,

. dL . dS
sigh —— = sign —

dR dR

and each is positive if I'sg > 0. Also, since I'sg > 0 and I'fgI's, < 0, it follows that
I'z < 0 is a necessary condition for g—f > 0 and that 'z, < 0 requires that income effects

dominate substitution effects in individual labor supply.

1. % : Since D > 0, the sign of % is the same as the sign of (—I's;I'rr +Tsclzr)

which reduces to
—u" (JwL [U” () (A=) w)® —d" (-)} " () A= r)w] [-u" () A= 1) w’L = () w]
and further simplifies to
u (Yw [Ld" (1) + (1 —7)wd (-)] <O0.

2. é—f : Since D > 0, the sign of % is the same as the sign of —I'gsI'r.- + I'rsI's, which
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reduces to
— [u" () + Ry ()] [—u" ()1 -7) w2l — o () w] + [—u" ()1 —-1) w] [u” (+) wL]
and further reduces to

= w [u” (' () + R%" (u' () + R2Lw (1—7)u" ()" ()]

- w [u” (' () + R () () {1 La- Tgllgu” () H

3. % : The sign of % is the same as the sign of —I'g,,I'r1, + I'sI' 1 which reduces to
— [~ () (1 = 7)L] [u" ) ((Q-7r)w)?—d (L)]+[—u" (@ =7)w] [ ()1 =7 wL+u () (1—7)]
and further to
u’ () (1 =7) [wu' () (1 —7) —d"(-) L]
4. j—f} : The sign of j—ﬁ) is the same as the sign of —I'ssI'r, + I'sI's which reduces to
— (W () +R*" () (' ()1 = 1) 2wl +u () (1 —7)+(~u" () (L = 1) w) (—u” (-) (1 —7)L)
and further to

(1-71) [RQwLu" ()" () (1 —1)—d (") (R2v" () +u” ())] >0
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B. PRrROOF OF LEMMA 2
Using (25)-(26), we get

— [ (YwL 4+ ()] " ()w ‘

8_L B u” () L [u// () + " () R2]
ow A
W OwL A () [u” () + " () R+ (u( )? wL
A
(Y —d" () —ww»wL+wcn‘
@ B _u//()w u//()L
ow o )wQ d’ ( ) o () w
_u//()w U//(')-i- //()R2
_ WO wr—d O] [ () L] - [ (Y wL + ' ()] u" (Jw
A

where
A= [u// () w2 o d// ()] [u// () + U” () R2} o [u// () w]Q'

Notice that the second order condition for the individual optimization problem (evaluated
for B =1 =0) ensures A > 0.

The rate of return responses are as follows:

OLy v (Jw[=v' () = Ro" () 5]

OR A
98, _ [ ()R () S][u" ()w? —d" ()]
OR A

from where it is clear that

sign% = sign R sign [—v' (1) — Rv" (-) S].
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Finally, the benefit responses are as follows:

W (Ywtd ()F ' (Hw ‘
oL | —W" () + R [u" () +0" ()R]
OB A
_ [ Owtd () ] W () + 0" ()R — [ () w] [u” (1) + Rv" ()]
A
WO () (el ()4
os | —w'(w  —W'()+ R ()
OB A
[ Ow—d" (O] [ () + R O] + [w (O w ' () ] " ()]
A

The latter expressions are easily reduced to

oL v () LW () + 0" ()RY + 0" ()" (Y)wR[R —1]
0B A

and

s _ d" () [ (-) + Rv" (1)] — RV" () [u”" () w? + wRW (1) L] +wu’ (-) & [u” () + 0" (-) R?]
0B A

which are of ambiguous sign.

C. Proor or LEMMA 1
The characteristic polynomial is given by p(A\) = A2 + AA; 4+ Ag. Stability (saddlepoint)
requires one characteristic root to satisfy |A1| < 1 and the other, |\2| > 1. Evaluated for
A =1, we get
2~k LokRe| — SpRy|
p(l):1+A1—|—A0:1+" — =
k LRRk LR

which, after routine simplification yields,

1
k LrRy

p(1) [E+ [ER—k Ew} kRy — SrRy + SwkRy| .
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Notice p(—1) =1 — A; + Ag > 0. Then, saddle path stability requires p (1) < 0 or that

14+ A+ Ay = Ele [E + [ER .y Ew} kRy, — SpRy + kaRk] <0.

Since L r > 0 is assumed (see 14), saddle path stability requires
L+ |Lr =k Lo| kR — SrRy + SukRy| >0
hold.

D. PROOF OF LEMMA 3
Noting that k = K / E, it follows that

Ok _ kOK koL
OB KOB 10B
and

0K 0L

~ Ok
L a8 "aB

dB

Since K = S(B,w (k) , R (k)), we have

oK Ok
8—B = SB + [Sw’wk + SRRk] 8—B

and since L = L (B,w (k), R (k)), we have

oL - ~ ~ ok
8_B = LB + [ wak + LRRk 8_B
Then,
~ 0k OK 0L ok ~ - - ok
Lop =35 ~ "5 = 55+ [Swwn + SRl 55—k (Lo + | Luws + LnRe) 57
ok Sp—k Lp

oB - [Swwy + SrRE) + k Ewwk + ERRk} .
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From (20), we have
L+ |Lp—k Lu| kRe — Sphy + SukRy > 0.
Using wr = —k Ry, we can rewrite the previous condition as
L—SrRy—Swwy— Lrwg+kLywy, > 0= L—(SpRp, + Swwi)+ & [ZRRk 4 Dpwg| >0

the same as the denominator of g—g. It follows that at a saddle-point stable k,
sign [3—2} =sign [Sp — kLg]

E. PROOF OF PROPOSITION 2

If the pension is financed by a lump-sum tax levied on the young, the first order condition

to the individual optimization problem can be written as

u’(wt Et—B—§t> [wt]—d'(zt> =0

—U, <wt Et — B - §t> + Rt+11}, <Rt+1§t + B) =0.

Note that the first order conditions are evaluated in equilibrium making use of T' = B.

Hence, totally differentiating yields

u”(+) [ Ldw + wdL — dB — dS] wy + ' (-)dw — d"(-)dL = 0

—"() [ Ldw +wdL — dB — d§} + dRye1v'(-) + R () [§dR + RdS + dB} —0
Evaluating these expressions for B = 0 yields

[ (Yw? — d"()] dL + [~ (-w] dS = [—u"(.)wf} dw + [u(-)w] dB

[~ (-yw] d + [u(-) + R2"(-)] dS = " () Ldw — [u"(-) + Rv"(-)] dB + [—U'(-) - Rv"(-)§] dR.
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Then,
W (Hw —"(w ‘
dL o s 1 [w" () + Ro"()]  [u"() + " () R?]
ap " W (w? —d'()  —u(w
_u//( )w u//(.) + //( )R2

which may be simplified to yield

dL N u(Jwo” ()R (R —1) -~
aB " et = O 0 + o OR - W Oul [l
Similarly,
u( )w2 —d"() W' (w ‘
@ | e ~ () + Re" ()
4B "mp sum u//( ),w2 _ d//( ) —u" () w
_u//(')w u! () + v ( )R2
may be simplified to yield
as, o dOWO RO W OuRY)
aB " 0w — O + o OR — WOl W0l

Hence, under lump sum taxation we have

>0 < 0.
4B ’lump sum ) dB ’lump sum

F. Proor or LEMMA 4
Using (29)-(30), and the expressions derived in the proof of Proposition 2, we have
oL oL u'()f [w'() +0"()R?] L
8_B - 8_B |lump sum T < B_B |lump sum
a5 85 u'()7 W (w] 88
O_B - G_B ‘lump sum +T < 8_B ‘lump sum -

24
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G. PROOF OF PROPOSITION 3
For §B — k:EB < 0 to hold, where

u'()
D

§B - kZB - [S\B |lump sum tax _sz ’lump sum tax:| + [U”(‘) ('w — k) — ]{7’[}”(-)R2]

~~

<0

it is sufficient that
[W'(-) (w— k) — kv"()R?*] <0

hold. Using the definitions in (27), we have that

476) =)~k ORY] = wlen) | el o) = K]
(w—k) _ k@vﬁ] .
c1 Cc2

= u(c1) [CIDU
Using ¢; = (w — k)L and co = kRL, we have

[0 =K~ BOR] = wlen) |~ B
- “/%1) (D, — B,) < 0if B, < By
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