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Htxloleulxp Elqglqj Djuhhphqwv
xqghu Glyhuvh Ehkdylrudo Dvvxpswlrqv

H�urv|ql Gldpdqwrxgl
Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Ddukxv�

Iheuxdu| 5334

Devwudfw

Wklv sdshu h{whqgv wkh zrun ri Ud| dqg Yrkud +4<<:,1 Lw dvfhuwdlqv zklfk sdu0
wlwlrqv ri sod|huv zloo hphujh dqg zkdw dfwlrqv zloo wkhvh sod|huv fkrrvh xqghu hdfk
sduwlwlrq/ zkhq wkh| fdq vljq elqglqj djuhhphqwv dqg wkhlu dfwlrqv kdyh h{whuqdo0
lwlhv1 Wkh hpskdvlv/ krzhyhu/ lv sodfhg rq vlwxdwlrqv zlwk pxowlsoh rxwfrphv dqg
krz djhqwv ehkdyh lq wkh suhvhqfh ri vxfk pxowlsolflw|1 Lq sduwlfxodu/ d ghyldwlqj
frdolwlrq frqvlghuv doo wkh olnho| rxwfrphv wkdw pd| suhydlo xsrq lwv ghyldwlrq/ dqg
vhohfwv +li srvvleoh, d vxevhw ri wkhp/ dyrlglqj wkxv dq h{fhvvlyho| frq�ghqw eh0
kdylru/ zklfk lv wkh fdvh xqghu Ud| dqg Yrkud*v qrwlrq1 Wkuhh dxjphqwdwlrqv ri
wkhlu vroxwlrq frqfhsw duh gh�qhg/ fdswxulqj wkuhh glvwlqfw ehkdylrudo dvvxpswlrqv1
Wkhlu h!flhqf| dqg uhodwlrq wr hdfk rwkhu duh glvfxvvhg1 Nh|zrugv= frdolwlrq vwuxf0
wxuh/ elqglqj djuhhphqw/ vwdelolw|1 Mrxuqdo ri Hfrqrplf Olwhudwxuh Fodvvl�fdwlrq

Qxpehuv= F:3/ F:41

4 Lqwurgxfwlrq

Wklv sdshu vwxglhv vlwxdwlrqv zlwk h{whuqdolwlhv +dv fdswxuhg e| qrupdo irup jdphv, zkhuh

djhqwv fdq qhjrwldwh ryhu wkhlu frxuvh ri dfwlrqv1 Li dq| jurxs ri djhqwv +frdolwlrq, uhdfkhv

dq djuhhphqw ryhu wkh vwudwhjlhv lwv phpehuv zloo dgrsw/ wkh djuhhphqw lv elqglqj1 Rxu

dqdo|vlv dvfhuwdlqv wkh htxloleulxp frdolwlrq vwuxfwxuhv dqg wkh htxloleulxp djuhhphqwv

wkdw zloo eh vljqhg e| hdfk frdolwlrq lq wkh vwuxfwxuh1 D frdolwlrq vwuxfwxuh ghvfulehv krz

wkh hqwluh vhw ri djhqwv sduwlwlrq wkhpvhoyhv> e| vwxg|lqj frdolwlrq vwuxfwxuhv/ wkhuhiruh/

zh h{solflwo| wdnh lqwr dffrxqw hyhu| djhqw*v ehkdylru/ zklfk lv ri sduwlfxodu lpsruwdqfh

zkhq h{whuqdolwlhv duh suhvhqw1

Wkh edvlf txhvwlrq zh dgguhvv lv qrw qhz1 D yhu| lpsruwdqw dqg lq xhqwldo zrun rq

elqglqj djuhhphqwv lv wkdw ri Ud| dqg Yrkud +4<<:, dqg zh zrxog uhihu wkh uhdghu wr

wkhlu zrun iru d pruh ghwdlohg h{srvlwlrq ri dqg prwlydwlrq wr wkh jhqhudo wrslf ri elqglqj

�Pdlolqj Dgguhvv = Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Ddukxv/ Exloglqj 683/ GN0;333 Ddukxv F1/

Ghqpdun1 H0pdlo = id|hChfrq1dx1gn1 L zlvk wr wkdqn Olfxq [xh/ Mrvhsk Juhhqehuj dqg wkh sduwlflsdqwv
ri SHW 5333 iru yhu| xvhixo frpphqwv1 Wkh sdshu kdv ehhq suhylrxvo| flufxodwhg xqghu wkh wlwoh Elqglqj
Djuhhphqwv1
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djuhhphqwv1 Dffruglqj wr wkhlu dqdo|vlv d frdolwlrq vwuxfwxuh dqg dq djuhhphqw duh lq

htxloleulxp li wkh vwuxfwxuh lv lppxqh wr ghyldwlrqv1 D frdolwlrq zloo ghyldwh +zlwkgudz

iurp wkh qhjrwldwlqj wdeoh, li rqh vshfl�f sduwlwlrq +wr zklfk lw ehorqjv, dqg rqh vshfl�f

htxloleulxp elqglqj djuhhphqw dvvrfldwhg zlwk wkh sduwlwlrq pdnh lwv phpehuv ehwwhu r�1

Dowkrxjk wkh sduwlwlrq wkh frdolwlrq frqvlghuv ghyldwlqj wr lv yldeoh 0wkh frpsohphqwdu|

djhqwv gr qrw remhfw wr lw/0 lw lv qrw qhfhvvdulo| wkh rqo| yldeoh sduwlwlrq wr hphujh xsrq

wkh frdolwlrqdo ghyldwlrq/ dqg hyhq pruh gdulqjo|/ lw pd| qrw eh wkh prvw olnho| rqh1 Dqg

hyhq li wkh sduwlwlrq grhv hphujh/ wkh frqwhpsodwhg elqglqj djuhhphqw/ dowkrxjk fuhgleoh/

pd| qrw eh wkh rqh wr suhydlo li wkh sduwlwlrq lv dvvrfldwhg zlwk pruh wkdq rqh elqglqj

djuhhphqwv1

Lq wklv sdshu/ zh h{whqg wkh dxwkruv* zrun e| r�hulqj d udqjh ri vroxwlrqv zlwk glyhuvh

ehkdylrudo dvvxpswlrqv1 Zh pdlqwdlq wkh vxssrvlwlrq wkdw d frdolwlrq vwuxfwxuh dqg dq

djuhhphqw duh lq htxloleulxp li wkh vwuxfwxuh lv lppxqh wr ghyldwlrqv1 Zh doorz/ krzhyhu/

wkh ghyldwlqj frdolwlrq wr eh ihduixo ru krshixo ri zkdw pd| hqvxh iurp lwv ghsduwxuh/ erwk

lq whup ri wkh frdolwlrq vwuxfwxuhv olnho| wr hphujh dqg wkh djuhhphqwv hdfk vwuxfwxuh pd|

dgrsw/ ghshqglqj rq wkh lqvwlwxwlrqdo dvvxpswlrqv jryhuqlqj wkh ghyldwlrq dv zhoo dv wkh

djhqwv* ehkdylrudo suhglvsrvlwlrq1 Lq idfw/ wkh prwlydwlrq iru wklv zrun lv ehvw fdswxuhg

e| wkh zrugv ri Ud| dqg Yrkud +4<<:,=

�Rxu gh�qlwlrq ri zkdw d frdolwlrq fdq lqgxfh lv edvhg rq dq rswlplvwlf ylhz ri

zkdw wudqvsluhv diwhu wkh lqlwldo ghyldwlrq1 D ohdglqj shushwudwru qhhg rqo| �qg

vrph htxloleulxp elqglqj djuhhphqw lq vrph frdolwlrq vwuxfwxuh lqgxfhg e| wkh dfw

ri lwv ghyldwlrq1 111 Fohduo|/ wkhuh duh dowhuqdwlyhv wr rswlplvp1 111 Wkxv yhuvlrqv ri

rxu gh�qlwlrq duh fhuwdlqo| srvvleoh wkdw lqfrusrudwh lqfuhdvlqj ghjuhhv ri shvvlplvp/

fxoplqdwlqj lq wkh uhtxluhphqw wkdw d ohdglqj shushwudwru pxvw eh ehwwhu r� lq hyhu|

htxloleulxp elqglqj djuhhphqw ri hyhu| frdolwlrq vwuxfwxuh lqgxfhg e| lw1 Krzhyhu/

wklv shvvlplvwlf yhuvlrq kdv d vhulrxv gudzedfn1 Lq pdq| lqwhuhvwlqj fdvhv zkhuh

wudqvihuv ri xwlolw| duh srvvleoh zlwklq d frdolwlrq/ d frdolwlrq pd| kdyh d fkrlfh

ehwzhhq vhyhudo htxloleuld vxfk wkdw lwv frpsohphqw lv lqgl�huhqw ehwzhhq doo ri

wkhp1 Lw zrxog wkhq eh xquhdvrqdeoh wr dvvxph wkdw phpehuv ri frdolwlrq vkrxog

eh vr shvvlplvwlf dv wr irfxv rq wkh ohdvw ghvludeoh ri wkhvh htxloleuld iru wkhp1 111

Rq wkh rwkhu kdqg/ d ghjuhh ri rswlplvp wkdw ljqruhv wkh srvvleoh pxowlsolflw| ri

uhvsrqvhv e| sod|huv h{whuqdo wr d frdolwlrq +lq wkh vhqvh ri vlpso| dqwlflsdwlqj wkh

frdolwlrq vwuxfwxuh wkdw lv ehvw iru wkh ohdglqj shushwudwru, lv dovr rshq wr fulwlflvp1

D vdwlvidfwru| gh�qlwlrq edvhg rq shvvlplvp zloo/ wkhuhiruh kdyh wr wuhdw wkhvh wzr

vhwv ri lvvxhv gl�huhqwo|1 �

5 Wkh prgho

Zh surylgh wkuhh dxjphqwdwlrqv wr wkh ruljlqdo vroxwlrq frqfhsw e| Ud| dqg Yrkud +4<<:,

ghslfwlqj wkuhh gl�huhqw ehkdylrudo dvvxpswlrqv/ qdpho| rswlplvp/ shvvlplvp dqg frq0
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vhuydwlvp1

Uhfdoo wkh qhjrwldwlrq surfhvv dgrswhg e| Ud| dqg Yrkud +4<<:, dqg frqvlghu d vwudwh0

jlf irup jdph1 Wkh judqg frdolwlrq/ �c frqwhpsodwhv wkh Sduhwr rswlpdo4 rxwfrphv/ dqg

li lw uhdfkhv dq djuhhphqw wkhq lwv phpehuv vljq d frqwudfw1 Li qrw/ wkhq lw lv vr gxh

wr vrph frdolwlrq eholhylqj wkdw lw fdq gr ehwwhu e| ghyldwlqj1 Rqfh d frdolwlrq 7 � �

euhdnv dzd|/ qr pruh frppxqlfdwlrq ru frrshudwlrq wdnhv sodfh zlwk wkh uhvw ri wkh sod|0

huv/ �q71 Wkh frdolwlrq frqwhpsodwhv zklfk vwudwhjlhv lwv phpehuv vkrxog vhohfw dqg li dq

djuhhphqw lv uhdfkhg lw lv elqglqj1 Qrwh wkdw wkh djuhhphqw dprqj wkh phpehuv ri 7 pd|

eh uhdfkhg ehiruh wkh| dfwxdoo| ghsduw iurp �c wkxv xsrq wkhlu ghsduwxuh wkh| �nqrz�

zkdw vwudwhj| wkh| duh jrlqj wr sod|1 Zkhwkhu wkh djuhhphqw lv uhdfkhg ehiruh ru diwhu

wkh ghyldwlrq lv prghohg h{solflwo| e| wkh gl�huhqw vfkhphv zh sursrvh1 Lq dq| hyhqw/ qr

phujhuv duh doorzhg lq wkh qhjrwldwlrq surfhvv= rqfh d jurxs ri sod|huv irupv frdolwlrq 7

e| ghyldwlqj iurp wkh judqg frdolwlrq wkh| fdq rqo| vsolw ixuwkhu dsduw lqwr vxevhwv ri 71

E| uhvwulfwlqj srvvleoh ghyldwlrqv wr rqo| vxevhwv zh hvvhqwldoo| olplw wkh dssolfdelolw| ri

wkh wkhru| wr prghov ghvfulelqj vxfk suhglfdphqwv1 Zh dfnqrzohgjh/ dorqj zlwk Ud| dqg

Yrkud +4<<:,/ wkdw dowkrxjk lw lv d frpprq vlwxdwlrq iru wkrvh wkdw ohdyh wkh qhjrwldwlqj

wdeoh wr eh h{foxghg iurp ixuwkhu frqwdfw/ lw lv fhuwdlqo| qrw dozd|v wkh fdvh1 Qhyhuwkh0

ohvv/ lq shuplwwlqj rqo| �qhu frdolwlrq vwuxfwxuhv wr hyroyh rxw ri glvdjuhhphqwv zh fdq

hdvlo| dfklhyh frqvlvwhqf|/ lq wkh vhqvh wkdw d ghyldwlqj frdolwlrq/ zkloh frqwhpsodwlqj lwv

ghyldwlrq/ frxqwv rqo| rq fuhgleoh rxwfrphv1 Wklv lv wkh fdvh vlqfh zh fdq dqdo|}h d jdph

uhfxuvlyho| e| vwduwlqj iurp d wrwdoo| glvlqwhjudwhg frdolwlrq vwuxfwxuh dqg wkhq surfhhg wr

frduvhu dqg frduvhu frdolwlrq vwuxfwxuhv1 Lq wklv pdqqhu/ dq| ghyldwlqj frdolwlrq ghsduwv

e| frxqwlqj rqo| rq olnho| dqg qrw dq| ihdvleoh hyhqwv1 Zh uhwxuq wr wklv srlqw lq wkh odvw

vhfwlrq ri wkh sdshu dqg glvfxvv krz wkh prgho fdq eh prgl�hg wr dffrpprgdwh phujhuv1

Wkh yhu| dvvxpswlrq ri odfn ri frqwdfw dfurvv frdolwlrqv rqfh wkh| irup vxjjhvwv wkdw

dq| sod| ehwzhhq wkhp lv qrqfrrshudwlyh1 Wkxv/ zh iroorz wkh vdph dssurdfk zlwk erwk

Ud| dqg Yrkud +4<<:, dqg ]kdr +4<<9,/ lq dvvxplqj d Qdvk0olnh sod| ehwzhhq frdolwlrqv/

zkhuh hyhu| phpehu 7 ri wkh sduwlwlrq sod|v d ehvw uhvsrqvh vwudwhj| yhfwru 0qr rwkhu

vwudwhj| yhfwru fdq vwulfwo| lpsuryh doo wkh frdolwlrq phpehuv0 jlyhq d fhuwdlq vwudwhj|

yhfwru e| �q71

Dowkrxjk djuhhphqwv duh elqglqj/ wkhlu vljqlqj lv yroxqwdu|1 Wkxv/ iru dq djuhhphqw

wr eh uhdfkhg e| d frdolwlrq lw vkrxog dvvljq wr hyhu| vxefrdolwlrq dw ohdvw dv pxfk dv

wkdw vxefrdolwlrq fdq dwwdlq rq lwv rzq e| ghyldwlqj51 Hdfk frdolwlrq*v jxdudqwhh ydulhv

dffruglqj wr wkh ehkdylrudo dvvxpswlrq lpsrvhg rq wkh sod|huv/ dqg ixuwkhu vshfl�fv rq

wkh lvvxh duh vwlsxodwhg lq wkh iroorzlqj vhfwlrqv wkdw surylgh wkh irupdo gh�qlwlrqv ri wkh

4Dq rxwfrph lv frqvlghuhg wr eh Sduhwr rswlpdo li wkhuh grhv qrw h{lvw dqrwkhu rxwfrph wkdw vwulfwo|
lpsuryhv hyhu| sod|hu1

5Wkh gl�huhqfh +dw ohdvw lq wklv zrun, ehwzhhq d ghyldwlqj frdolwlrq dqg d fkhdwlqj frdolwlrq lv wkdw
wkh odwwhu suhvxphv wkdw hyhu|wklqj hovh +sduwlwlrqv dqg vwudwhjlhv, vwd|v sxw/ zkhuhdv wkh iruphu h{shfwv
wkdw hyhu|rqh hovh zloo ihqg iru wkhpvhoyhv/ e| dgmxvwlqj wkhlu ehkdylru wr vrph htxloleulxp uhvsrqvh1
Vlqfh fkhdwlqj fdq eh h{foxghg yld wkh elqglqj djuhhphqwv zh fdq frqfhqwudwh rq zkdw vxefrdolwlrqv fdq
jxdudqwhh jlyhq wkdw rwkhuv zloo rswlpl}h wkhlu fkrlfhv1
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gl�huhqw fdvhv1

514 Suholplqdulhv

Frqvlghu d jdph lq qrupdo irup C ' E�c if�j�M� c i��j�M�� zkhuh � ' i�c ���c ?j lv wkh

�qlwh vhw ri sod|huv/ f� lv wkh vwudwhj| vhw ri sod|hu � dqg �� G
T

�M�
f� $ U lv wkh sd|r�

ixqfwlrq ri sod|hu ��

� D frdolwlrq 7 lv d qrqhpsw| vxevhw ri �� Iru dq| 7 � �6 ohw f7 ghqrwh
T

�M7 f�

dqg %7 � i%�j�M7 5 f7 eh d vwudwhj| yhfwru iru frdolwlrq 7� Vlploduo|/ iru dq|

% 5 f� dqg 7 � � ohw �7E%� � i��E%�j�M7 eh wkh sd|r� yhfwru ri frdolwlrq 7�

� D frdolwlrq vwuxfwxuh lv d sduwlwlrq ri �c � vxfk wkdw � ' i��c �2c ���c �&j/
V&

�'� �� '

� dqg iru doo � 9' �c ��
W
�� ' >� Ohw S eh wkh froohfwlrq ri doo frdolwlrq vwuxfwxuhv

dqg S7 ' i� 5 S m 7 5 �c 7 � �j eh wkh froohfwlrq ri doo frdolwlrq vwuxfwxuhv wkdw

frqwdlq frdolwlrq 7� Vlploduo|/ �7 ghqrwhv wkdw 7 5 � 1

� Jlyhq d sduwlwlrq �c wkh vhw UE� � ghqrwhv doo frdolwlrq vwuxfwxuhv wkdw duh uh�qh0

phqwv ri � > wkdw lv/ li � � 5 UE� � wkhq iru hyhu| frdolwlrq A 5 � � wkhuh h{lvwv d

frdolwlrq 7 5 � vxfk wkdw A � 77� Vlploduo|/ d frdolwlrq vwuxfwxuh � lv frduvhu wkdq

d frdolwlrq vwuxfwxuh � � li � � 5 UE� �� Odvwo|/ d frdolwlrq vwuxfwxuh � lv d frduvhvw

frdolwlrq vwuxfwxuh uhodwlyh wr vrph vhw ri frdolwlrq vwuxfwxuhv S � � S li C� � 5 S �

vxfk wkdw � 9' � � dqg � 5 UE� ���

� D vwudwhj| sur�oh % 5 f� vdwlv�hv wkh ehvw uhvsrqvh surshuw| uhodwlyh wr d sduwlwlrq

� li iru hyhu| frdolwlrq 7 5 � wkhuh grhv qrw h{lvw d vwudwhj| yhfwru +7 5 f7 vxfk

wkdw ��E+7c %�.7� : ��E%� iru hyhu| � 5 7� Ohw qE� � eh wkh vhw ri vxfk vwudwhj|

sur�ohv1

� Ohw � 5 Sc A 5 � dqg 7 + A� Li 7 ghsduwv iurp sduwlwlrq �c wkhq 7*v ghyldwlrq

fdq rqo| eulqj derxw S7E� � ' UE� � _ S7 froohfwlrq ri sduwlwlrqv1 Li 7 5 � wkhq

S7E� � � >� Ohw �E7(� � ' i+ 5 f� m + 5
V

�7M�7E� � qE�7�j eh wkh froohfwlrq ri doo

wkh ihdvleoh rxwfrphv vdwlvi|lqj wkh ehvw uhvsrqvh surshuw| wkdw fdq dulvh rqfh 7

irupv iurp zlwklq d frdolwlrq vwuxfwxuh � 1 Li 7 5 � wkhq �E7(� � ' >�

� D sursrvdo lv ghqrwhg e| d sdlu E�c 5� zkhuh � 5 S dqg 5 5 qE� �� Ohw j ' iE�c 5� m

zkhuh E�c 5� lv d fuhgleoh sursrvdo/ � 5 Sc dqg 5 5 qE� �j� Fuhglelolw| zloo eh

gh�qhg lq odwhu vhfwlrqv dffruglqj wr wkh gl�huhqw ehkdylrudo dvvxpswlrqv/ zklfk

zloo dsshdu dv vxshuvfulswv rq j1

6
� ghqrwhv zhhn lqfoxvlrq1

7
Qrwh wkdw S 5 U+S ,=
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� Ohw Smj � S eh wkh froohfwlrq ri doo fuhgleoh sduwlwlrqv/ l1h1/ sduwlwlrqv dvvrfldwhg

zlwk d fuhgleoh sursrvdo1 Wkdw lv/

Smj ' i� 5 S m <E'c 5� 5 j dqg ' ' �j�

Ohw SmWj eh wkh froohfwlrq ri frduvhvw sduwlwlrqv lq Smj� Vlploduo|/ ohw fmj � f� eh

wkh froohfwlrq ri doo fuhgleoh vwudwhj| sur�ohv/ l1h1/ vwudwhj| sur�ohv dvvrfldwhg zlwk

d fuhgleoh sursrvdo1 Wkdw lv/

fmj ' i% 5 f� m <E'c 5� 5 j dqg % ' 5j�

Ohw fmWj eh wkh froohfwlrq ri vwudwhj| sur�ohv dvvrfldwhg zlwk d fuhgleoh sduwlwlrq lq

SmWj�

� Wkhq S7E� �mj ' S7E� �_Smj lv wkh vhw ri doo fuhgleoh sduwlwlrqv wkdw fdq dulvh diwhu

7*v irupdwlrq iurp zlwklq d sduwlwlrq � 1 Dqg S7E� �mWj � S7E� �mj lv wkh vhw ri

doo sodxvleoh +ehvlghv fuhgleoh, sduwlwlrqv wkdw duh olnho| wr dulvh diwhu 7*v irupdwlrq

iurp zlwklq d sduwlwlrq �� Lq frqvwudlqlqj 7 wr frqvlghu rqo| S7E� �mWj dv wkh uhvxow

+lq whupv ri sduwlwlrqv, ri lwv ghyldwlrq iurp � zh hvvhqwldoo| hqdeoh lw wr ihdu +ru

krsh iru, wkh �qh{w� �qhu fuhgleoh sursrvdo+v,1 Wkhuhiruh/ dyrlglqj dq xquhdvrqdeoh

ihdu +ru krsh, wkdw frpsohphqwdu| frdolwlrqv pd| vsolw xs ixuwkhu lqwr �qhu rqhv1

� Vlploduo|/ �E7(� �mj ' �E7(� � _ fmj lv wkh vhw ri doo fuhgleoh rxwfrphv +douhdg|

vdwlvi|lqj wkh ehvw uhvsrqvh surshuw|, wkdw fdq dulvh rqfh 7 irupv iurp zlwklq d

sduwlwlrq � 1 Dqg �E7(� �mWj � �E7(� �mj lv wkh vhw ri doo fuhgleoh rxwfrphv dvvrfl0

dwhg zlwk dq| sduwlwlrq lq S7E� �mWjc dqg wkhuhiruh wkh vhw ri doo sodxvleoh +ehvlghv

fuhgleoh, rxwfrphv wkdw duh olnho| wr dulvh diwhu 7*v irupdwlrq iurp zlwklq d sduwlwlrq

��

� Ilqdoo|/ ohw P ' iE�c 5� 5 j m � 5 SmWjj eh wkh vhw ri elqglqj djuhhphqwv1 Wkh

ehkdylrudo dvvxpswlrqv zloo eh ghqrwhg lq odwhu vhfwlrqv e| vxshuvfulswv rq P�

Lw lv hylghqw wkdw rqfh d frdolwlrq 7 ghyldwhv iurp sduwlwlrq � lw lv qrw dozd|v wkh fdvh

wkdw wkhuh h{lvwv d xqltxh sodxvleoh +frduvhvw dprqj wkh fuhgleoh, sduwlwlrq +wr zklfk lw

ehorqjv, olnho| wr dulvh> lw fdq eh wkh fdvh wkdw mS7E� �mWjm 9' �� Pruhryhu/ lw lv qrw dozd|v

wkh fdvh wkdw rqo| rqh vwudwhj| sur�oh lv vxssruwhg e| vxfk frdolwlrq vwuxfwxuh+v,/ wkdw lv/

lw fdq eh wkh fdvh wkdw m�E7(� �mWjm 9' �1 Lq wkh fdvh ri hpswlqhvv ri wkh wzr/ 7*v irupdwlrq

lv qrw fuhgleoh1 Wkh pxowlsolflw| ri sodxvleoh rxwfrphv/ erwk lq whupv ri sduwlwlrqlqj

dqg ri vwudwhj| sur�ohv zduudqwv ehkdylrudo dvvxpswlrqv wr looxplqdwh dqg v|vwhpdwl}h

sod|huv* fkrlfhv1

6 Rswlplvwlf Dssurdfk

Wkh rswlplvwlf dssurdfk dvvxphv wkdw wkh ghyldwlqj frdolwlrq kdv djuhhg xsrq d vwudwhj|

yhfwru ehiruh lwv ghsduwxuh dqg fdq/ wkhuhiruh/ ohdyh wkh qhjrwldwlqj wdeoh zkloh dqqrxqflqj

8



lwv ghflvlrq1 Wkxv/ dq rswlplvwlf frdolwlrq surfhhgv zlwk wkh ghyldwlrq li wkh iroorzlqj

frqvlghudwlrqv jxdudqwhh dq lpsuryhphqw rq wkh sd|r� ri hyhu| rqh ri lwv phpehuv1

Wkh frdolwlrq frqvlghuv doo sodxvleoh sursrvdov zlwk frdolwlrq vwuxfwxuhv frqwdlqlqj lw1

E| sodxvleoh zh uhihu wr fuhgleoh sursrvdov zkrvh sduwlwlrq lv +l, ihdvleoh/ l1h1/ frqirupv

zlwk wkh qhvwhgqhvv dvvxpswlrq dqg +ll, olnho| lq wkh vhqvh wkdw lw lv wkh frduvhvw dprqj

wkh fuhgleoh/ dqg wkxv prvw olnho| wr suhydlo/ dprqj doo wkh fuhgleoh rqhv1 Wkhq/ lw frq0

vlghuv doo vwudwhj| sur�ohv dvvrfldwhg zlwk wkh sodxvleoh sursrvdov uhvwulfwhg wr wkh djuhhg

vwudwhj| yhfwru1 Hdfk frdolwlrq phpehu ihduv wkdw wkh zruvw +iru klpvhoi dorqh, sodxvleoh

vwudwhj| sur�oh zloo dulvh dqg frqfhlyhv vxfk d sd|r� dv wkh +lqglylgxdo, jxdudqwhh ri wkh

ghyldwlrq xqghu frqvlghudwlrq1 Li wkh jxdudqwhh ri hyhu| phpehu lv juhdwhu wkdq wkhlu

sd|r� fxuuhqwo| rq wkh qhjrwldwlqj wdeoh/ wkhq wkh frdolwlrq surfhhgv zlwk wkh ghyldwlrq1

Wkh rswlplvp lv uh hfwhg lq wkh fkrlfh dqg vxevhtxhqw ghfodudwlrq ri wkh vwudwhj|

yhfwru1 Hvvhqwldoo|/ wkh ghyldwlqj frdolwlrq eholhyhv wkdw lw fdq vhohfw wkh +hqwluh, ehvw uh0

vsrqvh vwudwhj| sur�oh wr wkh h{whqg wkdw wkh frpsohphqwdu| frdolwlrqv duh qrw lqgl�huhqw

dprqj vrph ri wkhlu rzq ehvw uhvsrqvh vwudwhj| yhfwruv81

Rswlplvwlf Fuhgleoh Sursrvdo Wkh vhw ri rswlplvwlf fuhgleoh sursrvdov/ jJ/ lv gh�qhg

dv iroorzv=

� Jlyhq wkdw d sursrvdo E�c 5� lv xqghu frqvlghudwlrq/ dq rswlplvwlf fuhgleoh ghyldwlrq

e| d frdolwlrq 7 � �czkhuh 7 + 7� dqg 7� 5 �c yld vwudwhj| yhfwru %7 lv ghqrwhg

e| wkh sdlu E7c %7(� �� Pruhryhu/ %7 5 f7 vxfk wkdw E%7c %�.7� 5 �E7(� �mWjJ
91

� Ohw }JE7c %7(� � ' i}J� E7c %7(� �j�M7 ghqrwh wkh rswlplvwlf jxdudqwhh ri frdolwlrq 7

iruplqj iurp zlwklq sduwlwlrq � dqg ghfodulqj %7� Lq sduwlfxodu/ iru vrph � 5 7c

}J� E7c %7(� � ' 4�?
+M�E7(� ��W

j
J

i��E+� m +7 ' %7j

� D sursrvdo E�c 5� lv rswlplvwlfdoo| fuhgleoh/ l1h1/ E�c 5� 5 jJ li wkhuh grhv qrw h{lvw

dq rswlplvwlf fuhgleoh ghyldwlrq E7c %7(� � vxfk wkdw }J
�
E7c %7(� � : ��E5� iru hyhu|

� 5 7:�

Wkh deryh vroxwlrq frqfhsw lv ohvv rswlplvwlf wkhq wkdw ri Ud| dqg Yrkud +4<<:,1 Lq0

ghhg/ wkh ghyldwlqj frdolwlrq lv ehkdylqj fdxwlrxvo| e| ihdulqj wkh zruvw sodxvleoh vlwxd0

wlrq wkdw pd| vwdelol}h diwhu lwv ghsduwxuh dqg lwv vwudwhj| ghfodudwlrq1 Wklv fdxwlrxvqhvv

8Lw fdq eh fdvh wkdw pruh wkdq rqh vwudwhj| sur�ohv lq E+V>S ,m��r lqoyroyh frdolwlrq V sod|lqj wkh vdph

vwdwhj| vwudwhj| yhfwru/ dqg rqo| phpehuv ri QqV sod| gl�huhqw vwudwhjlhv1 Lq vxfk d fdvh wkh ghyldwlqj

frdolwlrq V grhv qrw lpsrvh d vwudwhj| sur�oh exw lpsrvhv d uhvwulfwlrq wr wkrvh vwudwhj| sur�ohv dvvrfldwhg

zlwk V*v fkrvhq vwudwhj| yhfwru1
9Wkh idfw wkdw +{V > {QqV, 5 E+V>S ,m�

�r
lpsolhv wkdw <TV 5 SV+S ,m�

�r
dvvrfldwhg zlwk +{V > {QqV,=

:Qrwh wkdw e| xvlqj V*v vwudwhj| yhfwru lqvwhdg ri dq hqwluh vwudwhj| sur�oh wr ghwhuplqh wkh jxdudqwhh

ri hdfk phpehu ri V> zh pdlqwdlq dq hyhq vwurqjhu frqvhuydwlyh dwwlwxgh vlqfh qrw doo frdolwlrq phpehuv

ihdu wkh zruvw iurp wkh vdph vwudwhj| sur�oh1 Lq wkh hyhqw E+V>S ,m��r uhvwulfwhg wr {V frqwdlqv pruh

wkdq rqh vwudwhj| sur�ohv/ phpehuv ri V gr qrw kdyh wr frruglqdwh wkhlu ihduv/ lqvwhdg hdfk rqh fdq ihdu

wkh zruvw sd|r� yhfwru iru klp wr frph derxw1

9



lv fdswxuhg e| wkh jxdudqwhh ixqfwlrq1 Frqvlvwhqf| lv hpehgghg lq wkh grpdlq ri wkh

jxdudqwhh ixqfwlrq qdpho|/ wkh +uhvwulfwhg wr %r, vxevhw ri �E7(� �mW
jJ

zklfk vhohfwv wkh

sodxvleoh iurp wkh vhw ri ihdvleoh dqg fuhgleoh vwudwhj| sur�ohv1 Pruhryhu/ wkh fuhglelolw|

ri 7 lwvhoi/ dv zhoo dv doo wkh sduwlwlrqv wkdw pd| frph derxw lv vfuhhqhg e| frqfhqwudwlqj

rqo| rq fuhgleoh sduwlwlrqv1

Gxh wr wkh qhvwhgqhvv dvvxpswlrq/ wkh sduwlwlrq lqyroylqj wkh vlqjohwrqv lv dozd|v

fuhgleoh/ dqg lw vxssruwv doo wkh Qdvk htxloleuld1 Wkhuhiruh/ dv orqj dv d jdph dgplwv d

Qdvk htxloleulxp lq sxuh vwudwhjlhv lw dovr dgplwv d elqglqj djuhhphqw1

Wkh iroorzlqj h{dpsoh looxvwudwhv krz wkh rswlplvwlf dssurdfk gl�huv iurp Ud| dqg

Yrkud *v +4<<:, qrwlrq1

u � -
L bc 2 fc f �c 2
( fc f Dc D fc S

Qrwlfh wkdw wkh deryh jdph dgplwv wzr Qdvk htxloleuld +lq sxuh vwudwhjlhv,/ qdpho|/

Lu dqg L-1 Pruhryhu/ vwudwhj| sur�ohv Luc (� dqg (- duh wkh rqo| Sduhwr rswlpdo

rqhv1 Lw lv hdv| wr vhh wkdw erwk Lu dqg (� duh rswlplvwlf elqglqj djuhhphqwv zkloh

(- lv qrw/ vlqfh }J
�
Ei�jc L ( i�c 2j� ' � wkhuhiruh sod|hu 4 fdqqrw eorfn Lu ru (� exw

kh eorfnv (-1 Vlploduo|/ }J
2
Ei2jc u( i�c 2j� ' }J

2
Ei2jc -( i�c 2j� ' 2c wkxv sod|hu 5 fdqqrw

eorfn dq| ri wkh Sduhwr rswlpdo rxwfrphv1 Wkh Ud| dqg Yrkud +4<<:, dssurdfk uxohv

rxw (� +ehvlghv (-, rq wkh jurxqgv wkdw sod|hu 4 fdq ghyldwh dqg eulqj derxw Luc

h�hfwlyho| glfwdwlqj sod|hu 5*v vwudwhj| Eu� dqg ljqrulqj wkh srvvlelolw| wkdw/ rqfh dsduw/

sod|hu 5 pd| dfwxdoo| fkrrvh -�

7 Shvvlplvwlf Dssurdfk

Wkh dqwlsrgh ri wkh rswlplvwlf dssurdfk lv lqwurgxfhg e| wkh shvvlplvwlf rqh1 Lq wklv

fdvh/ wkh ghyldwlqj frdolwlrq grhv qrw kdyh wkh rssruwxqlw| wr djuhh xsrq d vwudwhj|

yhfwru ehiruh lwv ghsduwxuh dqg wkhuhiruh dqqrxqfh lw1 Lqvwhdg/ lw rqo| ghsduwv iurp wkh

qhjrwldwlqj wdeoh ihdulqj wkh zruvw dprqj wkh sodxvleoh rxwfrphv1

Shvvlplvwlf Fuhgleoh Sursrvdo Wkh vhw ri shvvlplvwlf fuhgleoh sursrvdov/ jR/ lv gh�qhg

dv iroorzv=

� Jlyhq wkdw d sursrvdo E�c 5� lv xqghu frqvlghudwlrq/ d shvvlplvwlf fuhgleoh ghyldwlrq

e| d frdolwlrq 7 � � vxfk wkdw 7 + 7�c 7� 5 � lv ghqrwhg e| E7(� �/ zkhuh 7

ehorqjv wr dw ohdvw rqh sodxvleoh sduwlwlrq '/ wkdw lv/ 7 5 '/ ' 5 S7E� �mWjR�

� Ohw }RE7(� � ' i}R� E7(� �j�M7 ghqrwh wkh shvvlplvwlf jxdudqwhh ri frdolwlrq 7 rqfh

iruphg� Lq sduwlfxodu/ iru vrph � 5 7c

}R� E7(� � ' 4�?
+M�E7(� ��W

jR

i��E+�j

:



� D sursrvdo E�c 5� lv shvvlplvwlfdoo| fuhgleoh/ l1h1/ E�c 5� 5 jR li wkhuh grhv qrw h{lvw d

shvvlplvwlf fuhgleoh ghyldwlrq E7(� � vxfk wkdw }R� E7(� � : ��E5� iru hyhu| � 5 7�

Lq wkh vdph zd| dv lq wkh rswlplvwlf dssurdfk/ frqvlvwhqf| lv fdswxuhg e| irfxvlqj

rqo| rq wkh sodxvleoh rxwfrphv udwkhu wkdq rq doo wkh ihdvleoh rqhv1 Shvvlplvp lv dvvxphg

qrw rqo| wkurxjk wkh jxdudqwhh ixqfwlrq exw dovr iurp lwv grpdlq wkdw lqfoxghv doo wkh

sodxvleoh rxwfrphv1

Wkh iroorzlqj h{dpsoh looxvwudwhv krz gl�huhqw rxwfrphv pd| hphujh iurp wkh shv0

vlplvwlf dqg rswlplvwlf wuhdwphqwv1 Wkh lqwhuhvwlqj hohphqw lq wkh iroorzlqj jdph lv wkdw

rswlplvwlf sod|huv idlo wr uhdfk dqg vljq dq djuhhphqw dqg uhyhuw/ hvvhqwldoo|/ wr qrq0

frrshudwlyh sod|/ zkhuhdv shvvlplvwlf sod|huv ehkdyh pruh �frrshudwlyho|� dqg djuhh wr

sod|lqj rqh ri wkh Sduhwr rswlpdo rxwfrphv1 Vlploduo| wr wkh suhylrxv h{dpsoh/ wkhuh duh

pruh wkdq rqh ehvw uhvsrqvh vwudwhj| sur�ohv vxssruwhg e| hyhu| frdolwlrq vwuxfwxuh1

u -
L Dc �c � fc fc f
� 2c 2c �f �c Dc �
( fc fc f fc fc f

�

u -
L fc fc f fc fc f
� �fc 2c 2 �c fc f
( 2c �fc 2 fc fc f

�

u -
L fc fc f fc fc f
� fc fc f fc fc f
( �c �c D �c fc f

�

Wkh jdph dgplwv wkuhh Qdvk htxloleuld/ Lu�c �-� dqg (u�c zkhuh hdfk sod|hu

pd| jhw D ru �1 Zlwk wkh shvvlplvwlf dssurdfk hdfk vlqjohwrq*v jxdudqwhh lv �/ zkhuhdv/

zlwk wkh rswlplvwlf dssurdfk hdfk sod|hu fdq fkrrvh d vwudwhj| dqg wkhuhiruh jxdudqwhh

8;� Prylqj xs rqh vwhs wr wkh qh{w frduvhu frdolwlrq vwuxfwxuh/ zh h{dplqh wkh sduwlwlrqv

ri wkh irup ii�c �ji&jj1 Wkh shvvlplvwlf dssurdfk grhv qrw h{foxgh dq| ehvw uhvsrqvh

vwudwhj| sur�ohv zkloh wkh rswlplvwlf rqh uxohv wkhp doo rxw1

Odvwo|/ zh pryh rqh pruh vwhs dqg lqyhvwljdwh wkh judqg frdolwlrq1 Wr gr wkdw zh �uvw

kdyh wr uhh{dplqh wkh jxdudqwhhv ri wkh lqglylgxdov/ zklfk xqghu wkh shvvlplvwlf dssurdfk

gr qrw fkdqjh1 Lq sduwlfxodu/ frqvlghulqj sod|hu 4/ zh revhuyh wkdw Eii2c �ji�jjc(u�� lv

d shvvlplvwlf fuhgleoh sursrvdo dqg wkxv/ (u� 5 �Ei�j( ii�c 2c �jj�mWjR � Pruhryhu/ (u�

dvvljqv wkh zruvw sd|r� wr sod|hu 4 dprqj wkh shvvlplvwlf fuhgleoh sursrvdov dvvrfl0

dwhg zlwk sduwlwlrq ii2c �ji�jj ^wkdw lv/ Eii2c �ji�jjc Lu��c Eii2c �ji�jjc�-�� dqg

Eii2c �ji�jjc�u��o�

Dffruglqj wr wkh rswlplvwlf dssurdfk/ wkh lqglylgxdov* jxdudqwhhv uhpdlq wkh vdph/

doehlw/ iru yhu| gl�huhqw uhdvrqv1 Uhfdoo wkdw qr sursrvdo dvvrfldwhg zlwk frdolwlrq vwuxf0

wxuhv ri wkh irup ii�c �jc i&jj lv rswlplvwlfdoo| fuhgleoh1 Wkxv/ wkh rqo| sduwlwlrq wkdw lv

olnho| wr dulvh zkhq d vlqjohwrq ghyldwhv iurp wkh judqg frdolwlrq lv ii�ji2ji�jj<�

;Iru h{dpsoh/ sod|hu 4*v jxdudqwhhv zkhq ghyldwlqj iurp vrph sdlu duh j
s

4
+i4j> ii4> 5ji6jj, @

j
s

4
+i4j> ii4> 6ji5jj, @ 4 iru wkh shvvlplvwlf fdvh dqg j

r

4
+i4j> X > ii4> 5ji6jj, @ jr

4
+i4j> X > ii4> 6ji5jj, @

8 iru wkh rswlplvwlf fdvh1
<Wkh jxdudqwhhv ri sod|hu 4 zkhq ghsduwlqj iurp wkh judqg frdolwlrq duh j

s

4
+i4j> i4> 5> 6j, @ 4 iru wkh

shvvlplvwlf fdvh dqg jr
4
+i4j> X > ii4> 5> 6jj, @ 8 iru wkh rswlplvwlf fdvh1

;



Zh vwloo kdyh wr h{dplqh wkh jxdudqwhhv ri wkh sdluv xqghu wkh shvvlplvwlf dssurdfk43

ehiruh zh surfhhg wr lqyhvwljdwlqj wkh judqg frdolwlrq1 Lw lv hdv| wr vhh/ iru h{dpsoh/ iru

sod|hu 4 wkdw }R
�
Ei�c 2j( i�c 2c �j� ' }R

�
Ei�c �j( i�c 2c �j� ' � dv zhoo/ vlqfh Eii�c 2ji�jjc�-��

dqg Eii�c �ji2jjc�-�� duh shvvlplvwlf fuhgleoh sursrvdov +dprqj rwkhuv,1

Qrz zh fdq h{dplqh zklfk +li dq|, ri wkh wkuhh Sduhwr rswlpdo rxwfrphv dvvrfldwhg

zlwk wkh judqg frdolwlrq E�u�c �u�c (u�� duh elqglqj djuhhphqwv1 Dffruglqj wr wkh

shvvlplvwlf dssurdfk doo ri wkhp duh shvvlplvwlf elqglqj djuhhphqwv vlqfh vlqjoh sod|huv

ru sdluv fdq jxdudqwhh rqo| 4 shu shuvrq/ wkxv qr rqh kdv dq lqfhqwlyh wr euhdn dzd| iurp

wkh judqg frdolwlrq1

Dffruglqj wr wkh rswlplvwlf dssurdfk qr elqglqj djuhhphqw zloo eh vljqhg e| wkh judqg

frdolwlrq/ vlqfh doo Sduhwr rswlpdo rxwfrphv duh eorfnhg e| vlqjohwrqv zkrvh jxdudqwhhv

duh htxdo wr 8441

8 Frqvhuydwlyh Dssurdfk

Xqgrxewhgo|/ wkh shvvlplvwlf shuvshfwlyh ehlqj vr dqwlwkhwlf wr wkh rswlplvwlf rqh/ ljqruhv

dq| srzhu wkh ghyldwlqj frdolwlrq pd| srvvhvv/ lq wkh vhqvh wkdw lw pd| kdyh wkh rssru0

wxqlw| wr fkrrvh dprqj d vhw ri dowhuqdwlyhv/ zlwkrxw glfwdwlqj rwkhuv fkrlfhv1 Lq wklv

vhfwlrq zh lqwurgxfh wkh frqvhuydwlyh dssurdfk lq dq h�ruw wr uhfwli| h{dfwo| wklv dvshfw

ri wkh shvvlplvwlf rqh1

Wr looxvwudwh wkh ghyldwlqj frdolwlrq*v srzhu frqvlghu d vfhqdulr zkhuh vrph sursrvdo

lv rq wkh qhjrwldwlqj wdeoh dqg vxssrvh wkdw vrph frdolwlrq frqwhpsodwhv ghyldwlqj iurp

lw1 Lq vxfk dq hyhqw/ lw lv srvvleoh wkdw rqh ri wkh +sodxvleoh, sduwlwlrqv wkh ghyldwlqj

frdolwlrq pd| eulqj derxw vxssruwv wzr +sodxvleoh, ehvw uhvsrqvh vwudwhj| sur�ohv zkhuh

wkh frpsohphqwdu| frdolwlrqv sod| wkh h{dfw vdph vwudwhj| yhfwruv1 Wkhq/ hvvhqwldoo|/ wkh

ghyldwlqj frdolwlrq kdv d fkrlfh ryhu wkhvh wzr vwudwhj| sur�ohv1 Qrwh wkdw dowkrxjk erwk

sur�ohv dwwulexwh 70Sduhwr h!flhqw rxwfrphv wr 7c lw fdq eh wkh fdvh wkdw rqo| rqh ri

wkh wzr vwulfwo| grplqdwhv wkh ruljlqdo sursrvdo xqghu frqvlghudwlrq1 Dffruglqj wr wkh

shvvlplvwlf dssurdfk/ 7 zloo qrw surfhhg zlwk wkh ghyldwlrq ihdulqj wkh zruvw/ zklfk lq

wklv suhglfdphqw fdq rqo| rffxu li 7 lqgxfhv lw1

Wkh frqvhuydwlyh dssurdfk lv dq dpdojdp ri wkh suhylrxv rqhv/ surylglqj wkxv/ d pruh

whqdeoh dqdo|vlv ri d frdolwlrq*v frqmhfwxuhv1 Lq wklv wuhdwphqw d ghyldwlqj frdolwlrq ihduv

wkh zruvw/ exw qrw lwv rzq dfwlrqv1 Zkhq ghsduwlqj lw grhv qrw dqqrxqfh d vwudwhj|/

exw sulru wr lwv ghsduwxuh lwv phpehuv fdq djuhh rq frqwlqjhqf| sodqv dqg frpplw wr d

idyrudeoh vwudwhj| yhfwru iru hyhu| hyhqwxdolw| wkdw lv olnho| wr dulvh iurp wkh frpsohphq0

43Wklv jdph grhv qrw dgplw dq rswlplvwlf fuhgleoh ghyldwlrq lqyroylqj d sdlu1
44Pruh vshfl�fdoo|/ +ii4> 5> 6jj>POD, dqg +ii4> 5> 6jj> GOE, duh qrw rswlplvwlf elqglqj djuhhphqwv

vlqfh wkhuh h{lvwv dq rswlplvwlf fuhgleoh ghyldwlrq +i4j> X > ii4> 5> 6jj, vxfk wkdw jr
4
+i4j> X > ii4> 5> 6jj, @

8 A 5 @ x4+POD, @ x4+GOE,= Pruhryhu/ +ii4> 5> 6jj>POE, lv qrw dq rswlplvwlf elqglqj djuhhphqw

vlqfh wkhuh h{lvwv dq rswlplvwlf fuhgleoh ghyldwlrq +i5j> U> ii4> 5> 6jj, vxfk wkdw jr
5
+i5j> U> ii4> 5> 6jj, @

8 A 5 @ x5+PUD,=
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wdu| vhw ri sod|huv/ surylghg +wkurxjk fuhglelolw|, wkdw qr vxefrdolwlrqv lqwhqg wr ixuwkhu

ghyldwh1

Frqvhuydwlyh Fuhgleoh Sursrvdo Wkh vhw ri frqvhuydwlyh fuhgleoh sursrvdov/ jS/ lv

gh�qhg dv iroorzv=

� Jlyhq wkdw d sursrvdo E�c 5� lv xqghu frqvlghudwlrq/ d vwudwhjlf sodq �7 � �E7(� �mWjS

vshfl�hv d frxuvh ri dfwlrq e| frdolwlrq 7 +dw ohdvw, iru hyhu| sodxvleoh ehkdylru e|

�q71 Wkdw lv/ ;% 5 �E7(� �mWjS <+ 5 �7 vxfk wkdw %�.7 ' +�.7�

� D frqvhuydwlyh fuhgleoh ghyldwlrq e| d frdolwlrq 7 � � zkhuh 7 + 7�c 7� 5 �c yld

vwudwhjlf sodq �7 lv ghqrwhg e| wkh sdlu E7c�7(� �/ zkhuh �7 � �E7(� �mWjS�

� Ohw }SE7c�7(� � ' i}S� E7c�7(� �j�M7 ghqrwh wkh frqvhuydwlyh jxdudqwhh ri frdolwlrq

7 fkrrvlqj �7� Lq sduwlfxodu/ iru vrph � 5 7c

}S� E7c�7(� � ' 4�?
+M�7

i��E+�j

� D sursrvdo E�c 5� lv frqvhuydwlyho| fuhgleoh/ l1h1/ E�c 5� 5 jS li wkhuh grhv qrw h{lvw

d frqvhuydwlyh fuhgleoh ghyldwlrq E7c�7(� � vxfk wkdw }S� E7(�7� : ��E5� iru hyhu|

� 5 7�

Wkh ixvlrq ri wkh �uvw wzr wuhdwphqwv lv fdswxuhg e| wkh frqfhsw ri vwudwhjlf sodq1

D vwudwhjlf sodq hqgrzv d ghyldwlqj frdolwlrq zlwk wkh srzhu wr fkrrvh lwv rzq dfwlrqv

zlwkrxw glfwdwlqj wkh dfwlrq ri lwv frpsohphqwv1 Pruh suhflvho|/ wkh ghyldwlqj frdolwlrq

kdv qr frqwuro ryhu zklfk/ dprqj wkh sodxvleoh sduwlwlrqv zloo hphujh/ ru zklfk vwudwhj|

yhfwru/ dprqj wkh sodxvleoh rqhv/ wkh frpsohphqwdu| frdolwlrqv zloo vhohfw/ exw lw fdq

rswlpl}h lwv rzq uhvsrqvh +vwudwhj| yhfwru,/ li vxfk d fkrlfh h{lvwv1

Uhfdoolqj wkh vlwxdwlrq ghvfulehg lq wkh ehjlqqlqj ri wklv vhfwlrq/ 7 fdq h{foxgh iurp

�7 wkh vwudwhj| sur�oh wkdw lqyroyhv 7 sod|lqj d �qrw vr ehqh�fldo� vwudwhj| yhfwru/ frp0

sduhg wr wkh sursrvdo rq wkh qhjrwldwlqj wdeoh1 Qrwlfh wkdw �7 vshfl�hv dw ohdvw rqh

uhvsrqvh iurp 7 wr hyhu| sodxvleoh rffxuuhqfh e| wkh frpsohphqwdu| frdolwlrqv1 Wkxv/

zkhq wkh jxdudqwhh ri wkh frdolwlrq lv hvwlpdwhg/ lw h{shfwv wkh zruvw +dprqj wkh sodxvl0

eoh, iurp hyhu|rqh hovh1

Wkh iroorzlqj h{dpsoh/ gxh wr Hlq| dqg Shohj +4<<8,/ looxvwudwhv krz wkh shvvlplvwlf

dssurdfk pd| vxssruw frxqwhu lqwxlwlyh rxwfrphv1

u -
L �c 2c f fc fc f
( 2c fc � 2c fc �

�

u -
L �c 2c f fc �c 2
( fc fc f fc �c 2

�

Qrwlfh wkdw doo rxwfrphv duh Sduhwr rswlpdo/ dqg wkh jdph dgplwv wkuhh Qdvk htxl0

oleuld/ qEii�ji2ji�jj� ' iLu�c(-�cL-�j� Dffruglqj wr erwk wkh shvvlplvwlf dqg
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frqvhuydwlyh wuhdwphqwv wkh vlqjohwrqv* jxdudqwhhv duh f451 Frqvhtxhqwo|/ zkhq zh lq0

yhvwljdwh sursrvdov ri wkh irup Eii�c �ji&jjc %� zkhuh % 5 qEii�c �ji&jj� doo ri wkhp duh

shvvlplvwlfdoo| dqg frqvhuydwlyho| fuhgleoh1

Ilqdoo|/ zh pryh rqh vwhs xs wr wkh lqyhvwljdwlrq ri wkh judqg frdolwlrq dqg wkh Sduhwr

rswlpdo rxwfrphv1 Iluvwo|/ zh kdyh wr ghwhuplqh wkh jxdudqwhhv ri wkh sdluv1 Iru h{dpsoh/

frqvlghu wkh sdlu i�c 2j dqg qrwh wkdw qEii�c 2ji�jj� ' iLu�cLu�cL-�j�

Dffruglqj wr wkh shvvlplvwlf dssurdfk sod|huv* jxdudqwhhv/ e| iruplqj frdolwlrq i�c 2jc

duh Efc 2�46� Wkhuhiruh/ i�c 2j fdqqrw eorfn dq|wklqj dydlodeoh wr wkh judqg frdolwlrq/ hv0

vhqwldoo| gxh wr 4*v orz jxdudqwhh/ lqfoxglqj rxwfrphv olnh L-� wkdw dwwulexwh f wr hyhu|

rqh1

Krzhyhu/ �*v ihduv duh xqvxevwdqwldwhg dqg wkh frqvhuydwlyh dssurdfk fdswxuhv h{dfwo|

wkdw1 Wkh fkrlfh ehwzhhq Lu� dqg L-� ghshqgv frpsohwho| xsrq wkh frdolwlrq i�c 2j

lwvhoi1 Lq rwkhu zrugv/ i�c 2j sulru wr wkhlu irupdwlrq dqg ghsduwxuh iurp i�c 2c �j fdq

vljq dq djuhhphqw zkhuh wkh| frpplw wr sod| Lu zkhwkhu sod|hu 6 sod|v � ru � diwhu

wkhlu ghsduwxuh1 Wklv hohphqw ri frpplwphqw lv fdswxuhg e| wkh frqfhsw ri vwudwhjlf

sodqv1 Lq sduwlfxodu/ sod|huv � dqg 2 fdq fkrrvh ehwzhhq wkuhh vwudwhjlf sodqv/ qdpho|

�W
t�c2� ' iLu�cLu�jc � �

t�c2� ' iLu�cL-�j dqg � ��
t�c2� ' iLu�cLu�cL-�j47� Wkxv/

e| fkrrvlqj �W
t�c2�c i�c 2j zloo eorfn doo Sduhwr rswlpdo rxwfrphv wkdw dvvljq wr � dqg 2

dq|wklqj ohvv wkdq � dqg 2 uhvshfwlyho|1 Gxh wr wkh v|pphwu| ri wkh jdph wkh rwkhu wzr

sdluv/ i�c �j dqg i2c �j fdq eorfn/ lq d vlplodu pdqqhu/ wkh uhvw ri wkh Sduhwr rswlpdo

rxwfrphv1

Qrwlfh wkdw/ lq wkh devhqfh ri d elqglqj djuhhphqw/ sod|hu 2 zrxog dfwxdoo| kdyh dq

lqfhqwlyh wr fkhdw rq vwudwhjlf sodq �W
t�c2� diwhu wkh ghyldwlrq/ dqg sod| - lq wkh hyhqw

sod|hu � fkrrvhv �� Krzhyhu/ vxfk d plvkds lv dyhuwhg wkurxjk wkh elqglqj dvshfw ri wkh

djuhhphqw1

Lq frqfoxvlrq/ dffruglqj wr wkh shvvlplvwlf dssurdfk doo rxwfrphv duh vxssruwhg e|

elqglqj djuhhphqwv vljqhg e| wkh judqg frdolwlrq1 Zkhuhdv/ dffruglqj wr wkh frqvhuydwlyh

dssurdfk wkh elqglqj djuhhphqwv duh=

Eii�c 2ji�jjc Lu�� Eii�c �ji2jjc Lu�� Eii�ji2c �jjc L-��
Eii�c 2ji�jjc Lu�� Eii�c �ji2jjc (u�� Eii�ji2c �jjc (-��
Eii�c 2ji�jjc L-�� Eii�c �ji2jjc (-�� Eii�ji2c �jjc (-��

Lw lv lqwhuhvwlqj wr revhuyh wkdw wkh rswlplvwlf dssurdfk vxssruwv d vxevhw ri wkh frq0

vhuydwlyh elqglqj djuhhphqwv1 Iru h{dpsoh/ iru sod|hu �/ }J
�
Ei�jc(( ii�c 2ji�jj� ' 2c

45Wkdw lv/ j
s

l +ilj> iil> mjinjj, @ 3= Vlploduo|/ jfl +ilj> Filj> iil> mjinjj, @ 3/ zkhuh Filj @
iXOD>GUD>XUEj=

46Wkdw lv/ js+i4> 5j> i4> 5> 6j, @ +3> 5,> gxh wr XUE iru sod|hu 4 dqg gxh wr XOD dqg XOE iru sod|hu
5=

47Dffruglqj wr F33
i4>5j sod|huv 4 dqg 5 hvvhqwldoo| gr qrw uhdfk dq djuhhphqw sulru wr wkhlu ghsduwxuh/

wkxv wkh| dqwlflsdwh hyhu|wklqj1 Wkhlu jxdudqwhhv dffruglqj wr F�
i4>5j duh jf+i4> 5j> F�

i4>5j> ii4> 5> 6jj, @

+6> 5,> zkhuhdv dffruglqj wr F3
i4>5j dqg F 33

i4>5j wkh jxdudqwhhv duh jf+i4> 5j> F3
i4>5j> ii4> 5> 6jj, @

jf+i4> 5j> F33
i4>5j> ii4> 5> 6jj, @ +3> 5,=
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ohdglqj wr d vpdoohu +frpsduhg wr wkh suhylrxv wzr dssurdfkhv, vhw ri rswlplvwlf fuhgl0

eoh sursrvdov/ zkhuh wkh frdolwlrq vwuxfwxuh lv ri wkh irupii�c �ji&jj� Wkdw lv/ sursrvdo

Eii�c 2ji�jjc L-�� lv qrw rswlplvwlfdoo| fuhgleoh/ vlqfh lw lv eorfnhg e| sod|hu �� Dffrug0

lqjo|/ wkh jxdudqwhhv ri wkh sdluv duh pdlqwdlqhg dw kljk ohyhov/ l1h1/ }JEi�c 2jc Lu( ii�c 2c �jj� '

E�c 2�c wkxv/ eorfnlqj doo wkh Sduhwr rswlpdo rxwfrphv dydlodeoh wr wkh judqg frdolwlrq1 Wkh

rswlplvwlf elqglqj djuhhphqwv duh=

Eii�c 2ji�jjc Lu�� Eii�c �ji2jjc (u�� Eii�ji2c �jjc L-��
Eii�c 2ji�jjc Lu�� Eii�c �ji2jjc (-�� Eii�ji2c �jjc (-��

�

9 Surshuwlhv

Wkh iroorzlqj h{dpsoh iurp Ud| dqg Yrkud +4<<:, lv xvhg e| wkh dxwkruv wr vkrz krz

lqh!flhqw uhvxowv fdq suhydlo1 Lq idfw/ wkh vdph +lqh!flhqw, elqglqj djuhhphqw lv vxs0

sruwhg e| doo wkuhh ri rxu dxjphqwdwlrqv dv zhoo/ kljkoljkwlqj wkhuhiruh/ wkh shuvlvwhqfh ri

lqh!flhqf| lq wkh suhvhqfh ri elqglqj djuhhphqwv1 Vshfl�fdoo|/ wkh frduvhvw htxloleulxp48

elqglqj djuhhphqw lv vxssruwhg e| wkh frdolwlrq vwuxfwxuh ri wkh irup ii�c �jc i&jjc dqg

dvvljqv wr sod|hu & sd|r� ��. dqg wr hdfk � dqg � sd|r� 2�.� Qrwh wkdw lw lv Sduhwr grpl0

qdwhg e| sd|r� yhfwru E2�bc 2�bc ��b�� Vlqfh wkhuh grhv qrw h{lvw d Sduhwr rswlpdo rxwfrph

wkdw dvvljqv wr hyhu| sod|hu dw ohdvw ��.c hyhu| vlqjohwrq fdq uho| rq sduwlwlrq ii�c �jc i&jj

dqg dlp iru wkh ��.� Revhuyh wkdw vlqjohwrq i&j grhv qrw kdyh wr ihdu/ xsrq ghyldwlrq/

sduwlwlrq ii�jc i�jc i&jjc vlqfh sdlu i�c �j zloo qrw vsolw ixuwkhu dsduw149

K� K2 K�
@� 2�Sc 2�Sc 2�S ��2c 2�2c ��2 ��.c ��.c ��.
@2 2�2c ��2c ��2 2�.c 2�.c ��. ���c 2��c e��
@� ��.c ��.c ��. 2��c ���c e�� 2�Sc 2�Sc e�S

S�

K� K2 K�
@� ��2c ��2c 2�2 ��.c 2�.c 2�. e��c 2��c ���
@2 2�.c ��.c 2�. ���c ���c ��� ��Sc 2�Sc ��S
@� 2��c e��c ��� 2�Sc ��Sc ��S 2�bc 2�bc ��b

S2
K� K2 K�

@� ��.c ��.c ��. e��c ���c 2�� e�Sc 2�Sc 2�S
@2 ���c e��c 2�� ��Sc ��Sc 2�S ��bc 2�bc 2�b
@� 2�Sc e�Sc 2�S 2�bc ��bc 2�b ���c ���c ���

S2

D frqmhfwxuh/ dulvlqj iurp wkh h{dpsohv suhvhqwhg vr idu/ lv krz wkh wkuhh vroxwlrq

frqfhswv sursrvhg lq wklv sdshu uhodwh wr hdfk rwkhu1 Wkh +shukdsv lqwxlwlyh, vshfxodwlrq

wkdw wkh wkuhh vroxwlrqv vkrxog eh qhvwhg/ wkdw lv/ li d sursrvdo lv rswlplvwlfdoo| fuhgleoh/

wkhq lw lv dovr frqvhuydwlyho| dqg shvvlplvwlfdoo| fuhgleoh/ dqg li lw lv frqvhuydwlyho| fuhgleoh

wkhq lw lv shvvlplvwlfdoo| fuhgleoh dv zhoo/ krogv rqo| lq fhuwdlq fdvhv dv dvvhuwhg e| Wkhruhp

41 Lq jhqhudo/ wkh frqmhfwxuh grhv qrw krog/ dqg wkh h{dpsoh suhvhqwhg lq vhfwlrq 7 wr

48E| htxloleulxp lq wklv fdvh zh uhihu wr wkh Ud| dqg Yrkud +4<<:, qrwlrq dv zhoo dv wr wkh wkuhh
dxjphqwdwlrqv zh sursrvh1

49Xqghu sduwlwlrq iil> mj> injj sod|huv l dqg m jhw 5=: hdfk/ zkhuhdv li wkh| vsolw ixuwkhu dsduw wkhlu

sd|r� lv 5=9=
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looxvwudwh wkh gl�huhqfh ehwzhhq wkh rswlplvwlf dqg shvvlplvwlf dssurdfk fdq vhuyh dv d

frxqwhu h{dpsoh/ zkhuh wkh rswlplvwlf elqglqj djuhhphqw lv qrw d shvvlplvwlf rqh1

Wkhruhp 4 Frqvlghu d qrupdo irup jdph C wkdw dgplwv d Qdvk htxloleulxp lq sxuh

vwudwhjlhv1 Dq rswlplvwlf fuhgleoh sursrvdo E�c 5� lv shvvlplvwlfdoo| dqg frqvhuydwlyho| fuhg0

leoh li doo frdolwlrq vwuxfwxuhv ' 5 -E� �c vxfk wkdw ' 9' � dqg qE'� 9' >c duh dvvrfldwhg

zlwk vrph rswlplvwlf fuhgleoh sursrvdo1 Vlploduo|/ d frqvhuydwlyh fuhgleoh sursrvdo E�c 5�

lv shvvlplvwlfdoo| fuhgleoh li doo frdolwlrq vwuxfwxuhv ' 5 -E� �c vxfk wkdw ' 9' � dqg

qE'� 9' >c duh dvvrfldwhg zlwk vrph frqvhuydwlyho| fuhgleoh sursrvdo1

Surri1 Zh zloo suryh wkh wkhruhp e| lqgxfwlrq rq wkh vl}h ri d frdolwlrq vwuxfwxuh1

Ohw � , ghqrwh d frdolwlrq vwuxfwxuh � 5 S ri vl}h ,/ l1h1/
�
�� ,
�
� ' ,�

Qrwlfh wkdw iru dq| %W 5 qE� ?�/ E�?c %W� lv dq rswlplvwlf/ frqvhuydwlyh dqg shvvlplvwlf

fuhgleoh sursrvdo1 Ohw wkh qh{w frduvhu sduwlwlrq wkdw dgplwv d ehvw uhvsrqvh vwudwhj|

sur�oh eh ri vl}h ?�&c zkhuh � � & 	 ?�Wkdw lv/ frqvlghu �?3& 5 S vxfk wkdw qE�?3&� 9' >

zkloh qE� ,� ' > iru doo , vxfk wkdw ? � & 	 , 	 ?c dqg iru doo � 5 � vxfk wkdw i�j *5

�?3&� Wkhq/ iru dq| vxfk �?3& dqg � zh kdyh/ gluhfwo| iurp wkh gh�qlwlrq ri wkh ydulrxv

jxdudqwhhv/

}J� Ei�jc %
W
t��(�

?3&� � }S� Ei�jc �t��(�
?3&� � }R� Ei�j(�

?3&�

iru hyhu| %W 5 qE�?�c dqg iru hyhu| �t���

Revhuyh wkdw li d vlqjohwrq kdv pruh wkdq rqh vwudwhjlf sodqv wkh| doo wulyldoo| ohdg wr

wkh vdph jxdudqwhh/ l1h1/ }S� Ei�jc �t��(�
?3&� ' }S� 5 U iru hyhu| �t�� � �Ei�j(� ?3&�mWjS '

qE�?��

Qrz frqvlghu +W 5 qE� ?3&�� Sursrvdo E�?3&c +W� lv rswlplvwlfdoo| fuhgleoh li iru dq|

i�j *5 �?3& zh kdyh ��E+
W� � }J� Ei�jc %

W
t��(�

?3&� iru hyhu| %W 5 qE� ?�c exw wkhq ��E+
W� �

}S� Ei�jc �t��(�
?3&� iru hyhu| �t��c zklfk lpsolhv wkdw E� ?3�c +W� lv frqvhuydwlyho| fuhgleoh

dqg odvwo| ��E+
W� � }R� Ei�j(�

?3&� zklfk lpsolhv wkdw E� ?3�c +W� lv shvvlplvwlfdoo| fuhgleoh1

Qrwlfh wkdw qr frdolwlrq odujhu wkdq wkh vlqjohwrqv frxog fuhgleo| ghyldwh vlqfh wkh rqo|

+rswlplvwlf/ frqvhuydwlyh/ dqg shvvlplvwlf, fuhgleoh sduwlwlrq wkdw fdq dulvh lv �?� Lw lv hdv|

wr vhh wkdw li E�?3&c +W� lv qrw rswlplvwlfdoo| fuhgleoh exw lv qhyhuwkhohvv frqvhuydwlyho|

fuhgleoh/ wkhq/ lw zloo dovr eh shvvlplvwlfdoo| fuhgleoh1

Qh{w frqvlghu vrph rswlplvwlf fuhgleoh sursrvdo E�6c +6� dqg dvvxph wkdw iru hyhu|

' 5 -E�6�c ' 9' �6 li E'c %� 5 jJ wkhq E'c %� 5 jS _ jR� Wkhq/ zh kdyh S7E�
6�mWjJ '

S7E�
6�mWjR ' S7E�

6�mWjR ' S7E�
6�mWj dqg khqfh/ �E7(�6�mWjJ ' �E7(�6�mWjS ' �E7(�6�mWjR '

�E7(�6�mWj iru dq| frdolwlrq 7 vxfk wkdw 7 + Ac A 5 �6� Vlqfh E�6c +6� lv rswlplvwlfdoo|

fuhgleoh C rswlplvwlf fuhgleoh ghyldwlrq E7c %7(�
6� vxfk wkdw }J� E7c %7(�

6� : ��E+
6�

iru hyhu| � 5 71 Wkdw lv/ qr 7 vxfk wkdw 7 + Ac A 5 �6 fdq �qg %7 vxfk wkdw

E%7c %�.7� 5 �E7(�6�mWjc wkdw lpsuryhv doo lwv phpehuv frpsduhg wr +6� Exw wkhq/ qr 7

vxfk wkdw 7 + Ac A 5 �6fdq �qg �7 � �E7(�6�mWj wkdw lpsuryhv doo lwv phpehuv hlwkhu/

l1h1/ C frqvhuydwlyh fuhgleoh ghyldwlrq E7c�7(�
6� vxfk wkdw }S� E7c�7(�

6� : ��E+
6� iru
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hyhu| � 5 71 Odvwo|/ reylrxvo|/ wkh hqwluh �E7(�6�mWj fdqqrw lpsuryh doo ri 7*v phpehuv/

l1h1/ C shvvlplvwlf fuhgleoh ghyldwlrq E7(�6� vxfk wkdw }R� E7(�
6� : ��E+

6� iru hyhu| � 5 7

1 Wkhuhiruh/ E�6c +6� lv frqvhuydwlyho| dqg shvvlplvwlfdoo| fuhgleoh dv zhoo1 Lw lv hdv|

wr vhh wkdw li E�6c +6� lv qrw rswlplvwlfdoo| fuhgleoh exw lv qhyhuwkhohvv frqvhuydwlyho|

fuhgleoh/ wkhq/ lw zloo dovr eh shvvlplvwlfdoo| fuhgleoh1

Uhwxuqlqj wr rxu sursrvlwlrq/ vlqfh hyhu| ' 5 -E� �c ' 9' �c qE'� 9' >c lv dvvrfldwhg

zlwk vrph rswlplvwlf fuhgleoh sursrvdo/ wkhq doo wkhvh sursrvdov duh dovr frqvhuydwlyho| dqg

shvvlplvwlfdoo| fuhgleoh/ dqg wkxv/ E�c 5� lv dovr shvvlplvwlfdoo| dqg frqvhuydwlyho| fuhgleoh1

Vlploduo|/ li hyhu| ' 5 -E� � lv dvvrfldwhg zlwk vrph frqvhuydwlyh fuhgleoh sursrvdo/ wkhq

doo wkhvh sursrvdov duh dovr shvvlplvwlfdoo| fuhgleoh/ dqg wkxv/ E�c 5� lv dovr shvvlplvwlfdoo|

fuhgleoh1

Dqrwkhu frqmhfwxuh dulvlqj iurp wkh h{dpsoh suhvhqwhg lq wklv vhfwlrq lv zkhwkhu wkh

wkuhh vroxwlrq frqfhswv gl�hu iurp hdfk rwkhu zkhq hdfk frdolwlrq vwuxfwxuh dgplwv dw prvw

rqh ehvw uhvsrqvh vwudwhj| sur�oh1 Lqghhg/ wkh wkuhh vroxwlrqv pd| gl�hu iurp hdfk rwkhu

hyhq lq vxfk d fdvh1 Wr looxvwudwh krz wklv fdq rffxu frqvlghu wkh fdvh zkhuh vrph frdolwlrq

7 ghsduwv iurp sursrvdo E�c 5�� Lwv ghyldwlrq fdq lqgxfh/ vd|/ wzr frduvhvw rswlplvwlf/

shvvlplvwlf/ dqg frqvhuydwlyh fuhgleoh sduwlwlrqv/ l1h1/ S7E� �mWjJ ' S7E� �mWjR ' S7E� �mWjS '

i'c T jc hdfk dvvrfldwhg zlwk d glvwlqfw rswlplvwlf/ shvvlplvwlf/ dqg frqvhuydwlyh fuhgleoh

vwudwhj| sur�oh/ l1h1/ �E7(� �mWjJ ' �E7(� �mWjR ' �E7(� �mWjS ' i^c �j vxfk wkdw ^7 9' �71

Lq wkh rswlplvwlf fdvh wkh ghyldwlqj frdolwlrq zloo ihdu wkh ohdvw kdupixo ri wkh wzr/ vlqfh lw

lv hvvhqwldoo| fkrrvlqj wkurxjk wkh dqqrxqfhphqw ri ^7 ru �7� Zkhuhdv lq wkh shvvlplvwlf

fdvh/ wkh ghyldwlqj frdolwlrq ihduv erwk ^ dqg �� Lq wkh frqvhuydwlyh fdvh li ^�.7 ' ��.7

wkhq wkh ghyldwlqj frdolwlrq fdq fkrrvh ehwzhhq ^ dqg � e| h{foxglqj wkh xqghvluhg rqh

iurp lwv vwudwhjlf sodq +uhgxflqj wr wkh rswlplvwlf fdvh,/ zkhuhdv li ^�.7 9' ��.7 wkhq 7

zloo ihdu erwk +uhgxflqj wr wkh shvvlplvwlf fdvh,1

: Glvfxvvlrq

Dv zh eulh | wrxfkhg xsrq lq hduolhu sduwv ri wkh sdshu/ wkh prvw vhulrxv fdyhdw ri rxu

dssurdfk lq jhqhudo lv wkdw zh doorz wkh hphujhqfh ri rqo| �qhu frdolwlrq vwuxfwxuhv rxw

ri wkh eorfnlqj ri vrph sduwlwlrq1 Wkh ehqh�wv ri grlqj vr duh rq d frqfhswxdo ohyho wkdw

zh hdvlo| dfklhyh frqvlvwhqf|/ zkloh rq d whfkqlfdo ohyho h{lvwhqfh lv lpphgldwh +dv orqj

dv d jdph dgplwv Qdvk Htxloleuld lq sxuh vwudwhjlhv,1

Rqfh phujhuv duh doorzhg/ d ghyldwlqj frdolwlrq kdv wr frqvlghu sduwlwlrqv +shukdsv,

frduvhu wkdq wkh rqh lw lv ghsduwlqj iurp1 Lq vxfk dq hyhqw vroylqj d jdph uhfxuvlyho| grhv

qrw dwwulexwh frqvlvwhqf| dq|pruh dqg wkh rqo| dqvzhu zrxog eh wkh xvh ri d vroxwlrq

frqfhsw lq wkh vslulw ri wkh vwdeoh vhw e| yrq Qhxpdqq dqg Prujhqvwhuq +4<77,1 Wkh

vwdeoh vhw lv gh�qhg e| vdwlvi|lqj wzr ixqgdphqwdo surshuwlhv= doo rxwfrphv lqfoxghg

lq wkh vroxwlrq fdqqrw frqwudglfw hdfk rwkhu +lqwhuqdo vwdelolw|,/ zkloh hyhu| rxwfrph

h{foxghg iurp wkh vroxwlrq lv grqh vr ehfdxvh ri +dw ohdvw, rqh rxwfrph lq wkh vroxwlrq
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grplqdwlqj lw +h{whuqdo vwdelolw|,1 Vxfk d wuhdwphqw dwwulexwhv shuihfw frqvlvwhqf|/ |hw

dv ruljlqdoo| gh�qhg/ lw pd| qrw dozd|v h{lvw1 Pruh vrsklvwlfdwh grplqdqfh uhodwlrqv/

krzhyhu/ fdq uhfwli| wkh sureohp/ dv vkrzq lq Juhhqehuj +4<<3,/ zkr h{whqghg wkh phulwv

ri wkh vwdeoh vhw e| lqfrusrudwlqj lw lq d pruh jhqhudo dqg xqli|lqj iudphzrun1 Juhhqehuj

lghqwl�hv odujh vhwv ri vlwxdwlrqv dqg ydulrxv grplqdqfh uhodwlrqv +qrw qhfhvvdulo| elqdu|,

zkhuh h{lvwhqfh lv vdwlv�hg dqg wkh yhu| dsshdolqj ihdwxuhv eurxjkw derxw e| lqwhuqdo dqg

h{whuqdo vwdelolw| fdq eh hqmr|hg1 Dq lqwhuhvwlqj h{whqvlrq ri wkh suhvhqw zrun dv zhoo dv

ri wkdw e| Ud| dqg Yrkud +4<<:, frxog wkhuhiruh uhod{ wkh qhvwhgqhvv dvvxpswlrq zkloh

suhvhuylqj frqvlvwhqf|1

; Uhihuhqfhv

41 Ehuqkhlp/ G1/ Shohj/ E1 dqg Zklqvwrq/ P1 +4<;:,1 �Frdolwlrq0Surri Qdvk

Htxloleuld� Mrxuqdo ri Hfrqrplf Wkhru| 75/ 40451

51 Hlq|/ H1/ dqg Shohj/ E1 +4<<8,1 �Frdolwlrq0Surri Frppxqlfdwlrq Htxloleuld�

Vrfldo Fkrlfh/ Zhoiduh/ dqg Hwklfv/ +Z1 D1 Exuqhww/ K1 Prxolq/ P1 Vdohv/ dqg Q1

M1 Vfkr�hog/ Hgv1,1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

61 Juhhqehuj/ M1 +4<<3,1 Wkh Wkhru| ri Vrfldo Vlwxdwlrqv= Dq Dowhuqdwlyh Jdph0

Wkhruhwlf Dssurdfk1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

71 Ud|/ G1 dqg Yrkud/ U1 +4<<:,1 �Htxloleulxp Elqglqj Djuhhphqwv/� Mrxuqdo ri

Hfrqrplf Wkhru| :6/ 630:;1

81 Ud|/ G1 dqg Yrkud/ U1 +4<<<,1 �D Wkhru| ri Hqgrjhqrxv Frdolwlrq Vwuxfwxuhv/�

Jdphv dqg Hfrqrplf Ehkdylru 59/ 5;906691

91 yrq Qhxpdqq/ M1 dqg Prujhqvwhuq/ R1 +4<77,1 Wkhru| ri Jdphv dqg Hfr0

qrplf Ehkdylru1 Sulqfhwrq Xqlyhuvlw| Suhvv1

:1 ]kdr/ M1 +4<<5,1 �Wkh K|eulg Vroxwlrqv ri dq �0Shuvrq Jdph/� Jdphv dqg Hfr0

qrplf Ehkdylru 7/ 47804931
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