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Devwudfw

D g|qdplf prgho ri djulfxowxudo krxvhkrog ehkdylrxu lq ohvv ghyhorshg frxq0
wulhv lq wkh suhvhqfh ri fuhglw frqvwudlqwv dqg lqfrph xqfhuwdlqw| lv ghyhorshg1
Wkh surgxfwlrq vlgh ri wkh prgho wdnhv lqwr dffrxqw wkh luuhyhuvleoh dqg lq0
glylvleoh qdwxuh ri qrq0vwdwlrqdu| djulfxowxudo lqyhvwphqw rswlrqv/ wkhuhe|
frpelqlqj wkh vwdqgdug lqwhuwhpsrudo frqvxpswlrq prgho zlwk ihdwxuhv iurp
wkh uhdo rswlrq sulflqj olwhudwxuh1 Wkh prgho iudphzrun uhsuhvhqwv dq lqwhu0
hvwlqj g|qdplf dowhuqdwlyh wr wkh vwdwlf krxvhkrog prghov lq wkh olwhudwxuh1
Lw lv vkrzq wkdw wkh prgho fdq eh vroyhg e| xvh ri g|qdplf surjudpplqj
urxwlqhv/ dqg qxphulfdo uhvxowv duh rewdlqhg iru d ydulhw| ri sdudphwhu ydoxhv1
Vhyhudo lqwhuhvwlqj uhvxowv hphujh= Iluvw/ wkh frqvxpswlrq srolf| ixqfwlrqv
ri wkh djulfxowxudo krxvhkrog fdq ehfrph kljko| qrq0olqhdu/ ylrodwlqj wkh
vwdqgdug uhvxow wkdw lqfuhdvhg zhdowk lpsolhv lqfuhdvhg frqvxpswlrq1 Wklv
kdv lpsolfdwlrqv iru hpslulfdo hvwlpdwlrq1 Vhfrqgo|/ lqfuhdvlqj xqfhuwdlqw|
grhv qrw lq jhqhudo uhgxfh wkh dyhudjh surshqvlw| wr frqvxph/ ru lqfuhdvh wkh
surshqvlw| wr vdyh1 Wklugo|/ lqfuhdvhg yduldwlrq ri lqfrph rqo| wr d olplwhg
h{whqw fduulhv wkurxjk wr yduldwlrq lq frqvxpswlrq1 Irxuwko|/ wkh h�hfwv ri
vkrfnv wr lqfrph ghshqg fuxfldoo| rq wkh wlplqj ri vkrfnv1 Dqg �qdoo|/ uh0
gxflqj xqfhuwdlqw| grhv qrw uhgxfh sryhuw| vljql�fdqwo|/ zkhuhdv djulfxowxudo
h{whqvlrq vhuylfhv dqg fdvk wudqvihuv duh pruh olnho| wr gr vr1

Nh|zrugv= djulfxowxuh/ krxvhkrog prgho/ fuhglw frqvwudlqwv/ xqfhuwdlqw|/
luuhyhuvlelolw|/ lqglylvlelolw|/ g|qdplf surjudpplqj1

MHO= T45/ R45/ R46/ G4/ G</ F941

Dfnqrzohgjhphqwv= Wkh dxwkruv zlvk wr wkdqn Elujlw Jurgdo/ Ilqq
Khoohv/ Udvpxv K1 Mdfrevhq/ dqg Mdpvkhhg Vkrulvk iru frqvwuxfwlyh fulwl0
flvp dqg xvhixo vxjjhvwlrqv1 Ilqdqfldo vxssruw iurp wkh Gdqlvk Frxqflo iru
Ghyhorsphqw Uhvhdufk dqg wkh Gdqlvk Djulfxowxudo dqg Yhwhulqdu| Uhvhdufk
Frxqflo lv judwhixoo| dfnqrzohgjhg1



4 Lqwurgxfwlrq

Wkh suhvhqw sdshu surylghv d wkhruhwlfdo iudphzrun iru prghoolqj wkh lq0
whuwhpsrudo ehkdylrxu ri wkh djulfxowxudo krxvhkrog lq wkh suhvhqfh ri fuhglw
frqvwudlqwv dqg lqfrph xqfhuwdlqw|1 Lq sduwlfxodu/ wkh luuhyhuvleoh dqg lq0
glylvleoh qdwxuh ri qrq0vwdwlrqdu| djulfxowxudo lqyhvwphqw rswlrqv lv wdnhq
lqwr dffrxqw1 Suhylrxvo|/ wkh wkhruhwlfdo olwhudwxuh kdv wuhdwhg wkh lvvxh ri
frqvxpswlrq vprrwklqj xqghu fuhglw frqvwudlqwv dqg lqfrph xqfhuwdlqw| vhs0
dudwho| iurp wkh lqyhvwphqw lvvxh1 Krzhyhu/ wkhuh lv hpslulfdo hylghqfh ri
dq lqwhudfwlrq ehwzhhq wkhvh1

Wr slfn rxw mxvw rqh h{dpsoh= Gdwd iurp d krxvhkrog vxuyh| lq Qlfdudjxd
lq 4<<9/ fryhulqj dssur{lpdwho| 4833 djulfxowxudo krxvhkrogv/ vxssruw wkh
zlgho| khog eholhi wkdw shdvdqwv lq ohvv ghyhorshg frxqwulhv duh vhyhuho| uh0
vwulfwhg lq wkhlu dffhvv wr fuhglw14 Dprqj wkh vxuyh|hg krxvhkrogv/ rqo|
43( uhsruwhg wkdw wkh| kdg dffhvv wr fuhglw1 Zlwk uhvshfw wr vdylqjv/ 7<(
ri wkh krxvhkrogv zhuh irxqg wr kdyh d srvlwlyh vwrfn ri grphvwlf dqlpdov/
zklfk duh wr d odujh h{whqw xvhg dv d vxevwlwxwh iru �qdqfldo vdylqjv15 Rxw
ri wkhvh krxvhkrogv/ 73( vrog dqlpdov gxulqj 4<<9/ dqg �lqyhvwphqw rwkhu
wkdq odqg sxufkdvh� zdv dgydqfhg dv wkh xqghuo|lqj uhdvrq e| 75( ri wkh
krxvhkrogv/ zkhuhdv 5<( ri wkh vdohv zhuh iru frqvxpswlrq sxusrvhv1 Ixu0
wkhupruh/ 89( shu fhqw ri wkh krxvhkrogv zlwk grphvwlf dqlpdov uhsruwhg d
srvlwlyh dffxpxodwlrq udwh ri dqlpdov gxulqj wkh |hduv 4<<30<91

Wkhvh �jxuhv fohduo| lqglfdwh wkdw zkhq iduphuv duh fuhglw frqvwudlqhg/
erwk lqyhvwphqw dqg frqvxpswlrq prwlyhv ehfrph lpsruwdqw ghwhuplqdqwv
ri vdylqj ehkdylrxu1 Vdylqjv duh xvhg erwk wr �qdqfh lqyhvwphqwv dqg wr
vprrwk frqvxpswlrq1 Wkh odfn ri fuhglw iru frqvxpswlrq vprrwklqj sxusrvhv
lv sduwlfxoduo| lpsruwdqw/ frqvlghulqj wkh riwhq kljko| xqfhuwdlq djulfxowxudo
lqfrph dqg wkh odfn ri pdunhwv iru ulvn1 Wkh vhyhuhqhvv ri plvvlqj ordqv
iru lqyhvwphqwv lv dpsol�hg wkurxjk wkh riwhq lqglylvleoh dqg luuhyhuvleoh
qdwxuh ri djulfxowxudo lqyhvwphqwv1 H{dpsohv lqfoxgh wkh lqyhvwphqw lq d
zhoo/ zklfk lv fohduo| erwk lqglylvleoh dqg luuhyhuvleoh/ zkhuhdv wkh sxufkdvh
ri rwkhu idup htxlsphqw lv shukdsv rqo| luuhyhuvleoh wr d fhuwdlq ghjuhh/
exw reylrxvo| vwloo lqglylvleoh1 Hgxfdwlrq dqg wudlqlqj duh |hw rwkhu rswlrqv
zklfk fdq eh wkrxjkw ri dv lqyhvwphqwv zklfk duh erwk ixoo| luuhyhuvleoh dqg/
wr vrph h{whqw/ lqglylvleoh1

Zkhq fuhglw pdunhwv idlo/ wkh vhsdudelolw| ehwzhhq surgxfwlrq dqg frq0
vxpswlrq ghflvlrqv euhdnv grzq1 Wklv kdv orqj ehhq uhfrjqlvhg lq wkh olw0
hudwxuh dqg kdv fdxvhg wkh hphujhqfh ri �djulfxowxudo krxvhkrog prghov�/

4Lqirupdwlrq derxw wkh vxuyh| fdq eh irxqg lq Gdylv/ Fduohwwr/ dqg Vlo +4<<:,1
5Wklv lv hvshfldoo| wkh fdvh dprqj wkh srruhu krxvhkrogv/ zklfk rqo| ghulyh yhu| olplwhg

fxuuhqw lqfrph iurp grphvwlf dqlpdov gxh wr lqh!flhqw euhhglqj phwkrgv1
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vhh h1j1 Vlqjk/ Vtxluh/ dqg Vwudxvv +4<;9, ru Vdgrxohw dqg gh Mdqyu| +4<<8,1
Krzhyhu/ prvw ri wkhvh prghov duh vwdwlf prghov ri olplwhg ydoxh iru xqghu0
vwdqglqj wkh surfhvv ri ghyhorsphqw/ zklfk lv lqghhg dq lpsruwdqw remhfwlyh
ri ghyhorsphqw hfrqrplfv1

Rq wkh rwkhu kdqg/ vwdqgdug lqwhuwhpsrudo frqvxpswlrq prghov zlwk
h{rjhqrxv lqfrph dqg fuhglw frqvwudlqwv/ dv dqdo|vhg e| h1j1 Ghdwrq +4<<4,/
wkrxjk g|qdplf dqg shukdsv vxlwdeoh iru wkh fdvh zkhuh zdjh oderxu lv
wkh sulpdu| vrxufh ri lqfrph/ duh qrw sduwlfxoduo| uhohydqw iru dqdo|vlqj
uxudo krxvhkrogv zkhuh lqfrph iurp idup surgxfwlrq frqwulexwhv vljql�fdqwo|
wr wrwdo krxvhkrog lqfrph1 Wklv uhtxluhv d prgho zklfk lqfrusrudwhv erwk
surgxfwlrq dqg frqvxpswlrq ehkdylrxu1

Uhfhqw lqyhvwphqw wkhru|/ vhh h1j1 Gl{lw dqg Slqg|fn +4<<7,/ kdv hpskd0
vlvhg wkh rswlrq qdwxuh ri lqyhvwphqwv dulvlqj iurp luuhyhuvlelolw|/ lqglylvlelo0
lw|/ dqg xqfhuwdlqw|/ wrjhwkhu zlwk ohhzd| lq wkh wlplqj ri lqyhvwphqwv1 Wklv
sdshu h{whqgv wkh vwdqgdug lqwhuwhpsrudo frqvxpswlrq prgho zlwk ihdwxuhv
iurp wklv olwhudwxuh wr surylgh d g|qdplf dowhuqdwlyh wr wkh h{lvwlqj vwdwlf
krxvhkrog prghov1

Wzr suhylrxv vwxglhv/ Urvhq}zhlj dqg Zroslq +4<<6, dqg Idifkdpsv dqg
Shqghu +4<<:,/ kdyh dwwhpswhg wr dqdo|vh wkh lpsolfdwlrqv ri lqglylvleoh dqg
luuhyhuvleoh lqyhvwphqwv iru krxvhkrog ehkdylrxu zkhq fuhglw frqvwudlqwv duh
suhvhqw1 Krzhyhu/ wkh prghov xvhg duh qrw h{solflwo| g|qdplf lq wkh vhqvh
wkdw wkh lqyhvwphqw ghflvlrq lv d �rqfh dqg iru doo� ghflvlrq zlwk wkh frvw dqg
wkh txdolw| ri wkh lqyhvwphqw ehlqj lqghshqghqw ri wlph/ wkhuhe| holplqdwlqj
wkh rswlrq ydoxh dvshfw1 Ixuwkhupruh/ erwk sdshuv duh dlphg dw hpslulfdo
hvwlpdwlrqv dqg wkhuhiruh sd| ohvv dwwhqwlrq wr wkh wkhruhwlfdo phfkdqlvpv dw
zrun lq wkh prghov1 Wkxv/ wkh prgho lq wklv sdshu lv d wkhruhwlfdo h{whqvlrq
ri wkhvh prghov wr d ixoo| g|qdplf vhw0xs e| lqfrusrudwlqj d wuxh ydoxh ri
zdlwlqj dqg doorzlqj iru uhshdwhg lqyhvwphqwv1

Pruh vshfl�fdoo|/ wkh prgho lq wklv sdshu lqfrusrudwhv wkh iroorzlqj ihd0
wxuhv= Iluvw/ iduphuv lq ohvv ghyhorshg frxqwulhv duh lplwdwruv udwkhu wkdq
lqqrydwruv1 Wklv lv fdswxuhg e| dq h{rjhqrxv surfhvv ri whfkqrorj| jurzwk1
Vhfrqgo|/ wr fdslwdolvh rq h{lvwlqj whfkqltxhv/ wkh iduphu kdv wr lqyhvw lq
htxlsphqw dqg2ru hgxfdwlrq1 Wkhvh lqyhvwphqwv duh erwk lqglylvleoh dqg lu0
uhyhuvleoh/ dqg wkh| pxvw eh uhfxuuhg hyhu| wlph wkh iduphu zlvkhv wr lqfuhdvh
klv vwdwh ri whfkqrorj|1 Wklugo|/ wkh iduphu lv fuhglw frqvwudlqhg/ lpso|lqj
wkdw surgxfwlrq dqg frqvxpswlrq ghflvlrqv pxvw eh dqdo|vhg vlpxowdqhrxvo|1
Lq rughu wr lqyhvw/ wkh iduphu pxvw vdyh dqg wkhuhe| jlyh xs ru srvwsrqh frq0
vxpswlrq1 Ilqdoo|/ lqfrph lv xqfhuwdlq dqg ulvn vkdulqj ghylfhv duh devhqw/
wkhuhe| fuhdwlqj d prwlyh iru suhfdxwlrqdu| vdylqj1

Lw lv vkrzq wkdw wkh prgho fdq eh vroyhg e| xvh ri g|qdplf surjudp0
plqj urxwlqhv/ dqg qxphulfdo uhvxowv duh rewdlqhg iru d ydulhw| ri sdudphwhu
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fkrlfhv1 Vhyhudo lqwhuhvwlqj uhvxowv hphujh1 Iluvw/ wkh srolf| ixqfwlrqv ri
wkh djulfxowxudo krxvhkrog fdq ehfrph kljko| qrq0olqhdu/ ylrodwlqj wkh vwdq0
gdug uhvxow wkdw lqfuhdvhg zhdowk lpsolhv lqfuhdvhg frqvxpswlrq1 Wklv kdv
lpsruwdqw lpsolfdwlrqv iru hpslulfdo hvwlpdwlrq1 Vhfrqgo|/ lqfuhdvlqj xq0
fhuwdlqw| grhv qrw lq jhqhudo uhgxfh wkh dyhudjh surshqvlw| wr frqvxph/ ru
lqfuhdvh wkh surshqvlw| wr vdyh/ dqg lw pljkw fdxvh lqfuhdvhg lqyhvwphqw df0
wlylw|1 Wklugo|/ lqfuhdvhg yduldwlrq ri lqfrph rqo| wr d olplwhg h{whqw fduulhv
wkurxjk wr yduldwlrq lq frqvxpswlrq1 Irxuwko|/ wkh h�hfwv ri vkrfnv wr lq0
frph ghshqg fuxfldoo| rq wkh wlplqj ri vkrfnv1 Ilqdoo|/ uhgxflqj xqfhuwdlqw|
grhv qrw uhgxfh sryhuw| vljql�fdqwo|/ zkhuhdv djulfxowxudo h{whqvlrq vhuylfhv
dqg fdvk wudqvihuv duh pruh olnho| wr gr vr1

Lq Vhfwlrq 5/ d ghwhuplqlvwlf yhuvlrq ri wkh prgho lv suhvhqwhg1 Wkh uh0
vxowv ri wkh qxphulfdo vlpxodwlrqv duh suhvhqwhg dqg lqwhusuhwhg lq Vhfwlrq
61 Vhfwlrq 7 lqwurgxfhv xqfhuwdlqw| lqwr wkh prgho/ dqg wkh qxphulfdo vlp0
xodwlrqv iru wkh vwrfkdvwlf yhuvlrq ri wkh prgho duh frqwdlqhg lq Vhfwlrq 81
Vhfwlrq 9 frqwdlqv d glvfxvvlrq ri wkh prgho dqg lwv surshuwlhv/ dqg frpsduhv
lw wr uhodwhg prghov lq wkh olwhudwxuh1 Wklv vhfwlrq dovr frqwdlqv gluhfwlrqv
iru ixwxuh uhvhdufk1 Ilqdoo|/ Vhfwlrq : frqfoxghv wkh sdshu1 Wkh Dsshqgl{
frqwdlqv surriv ri wkh sursrvlwlrqv lq wkh sdshu1

5 Wkh Ghwhuplqlvwlf Prgho

Wklv vhfwlrq suhvhqwv wkh ghwhuplqlvwlf yhuvlrq ri wkh krxvhkrog prgho1 Wkh
frqvxpswlrq vlgh ri wkh prgho uhvhpeohv yhu| forvho| wkh vwdqgdug vhw0xs
iurp wkh g|qdplf frqvxpswlrq prghov zlwk ex�hu0vwrfn vdylqj/ vhh h1j1
Ploohu +4<:7,/ Phqghovrq dqg Dplkxg +4<;5,/ ]hoghv +4<;<,/ Ghdwrq +4<<4,/
dqg Fduuroo +4<<:,1 Krzhyhu/ wkh vwdqgdug frqvxpswlrq prgho lv lq wklv
sdshu h{whqghg zlwk d surgxfwlrq vlgh lqvsluhg e| wkh rswlpdo0vwrsslqj olw0
hudwxuh/ vhh h1j1 Gl{lw dqg Slqg|fn +4<<7,1

Vshfl�fdoo|/ wkh iduphu pd{lplvhv lq�qlwh krul}rq xwlolw| jlyhq e| wkh
iroorzlqj wlph vhsdudeoh xwlolw| ixqfwlrq=

L '

"[
|'f

E� n B�
3|
� ES|n��

zkhuh B : f lv wkh vxemhfwlyh udwh ri glvfrxqw1 Wkurxjkrxw wkh sdshu/ lw zloo
eh dvvxphg wkdw wkh fxuuhqw0shulrg xwlolw| ixqfwlrq/ �/ lv jlyhq e|=

� ES|n�� '

;?=
�

�3#
S
�3#

|n� c # : f a # 9' �

*L} ES|n�� c # ' �
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Iru # � �/ lw lv dvvxphg wkdw � Ef� ' *�4S|<f � ES|� ' �4 dqg �� Ef� '

*�4S|<f �
� ES|� ' n41

Surgxfwlrq e| wkh iduphu lq shulrg | ghshqgv vroho| rq klv fxuuhqw ohyho ri
lqvwdoohg whfkqrorj|/ X|1 Wr vlpsoli|/ lw zloo eh dvvxphg wkdw wkh surgxfwlrq
ixqfwlrq h{klelwv frqvwdqw uhwxuqv wr vfdoh lq X|=

+| ' 8 EX|� ' +X|

zkhuh + lv vrph srvlwlyh frqvwdqw1 Wkh iduphu kdv wkh rswlrq wr lqfuhdvh klv
ohyho ri whfkqrorj| e| lqyhvwlqj lq wkh fxuuhqw ohyho ri h{rjhqrxv whfkqrorj|
lq wkh hfrqrp|/ w|/ zklfk jurzv dw wkh udwh ri k : f=

w| ' E� n k�
|
wf

Wkh wlplqj ri wkh sureohp lv wkh iroorzlqj= Wkh iduphu hqwhuv shulrg |

zlwk d jlyhq ohyho ri zhdowk +ru fdvk, dqg zlwk lqvwdoohg whfkqrorj| X|3�1
Zhdowk lv wkhq glylghg ehwzhhq frqvxpswlrq/ lqyhvwphqw/ dqg vdylqjv1 Wkh
lqyhvwphqw ghflvlrq lv d glvfuhwh fkrlfh ehwzhhq lqyhvwlqj lq wkh fxuuhqwo|
dydlodeoh ohyho ri wkh h{rjhqrxv whfkqrorj|/ w|3�/ dqg uhiudlqlqj iurp lqyhvwlqj
dowrjhwkhu1 Lq fdvh wkh odwwhu lv fkrvhq/ wkh ohyho ri lqvwdoohg whfkqrorj|
uhpdlqv xqfkdqjhg/ l1h1 X| ' X|3�1 Krzhyhu/ li dq lqyhvwphqw lv xqghuwdnhq/
wkhq X| ' w|3�1 Wkh frvw ri lqyhvwphqw lv jlyhq e|=

/ EX|cX|3�� '

�
/�w|3� n /2 Ew|3� �X|3�� �s X| ' w|3�
f �s X| ' X|3�

zkhuh /� duh /2 duh qrq0qhjdwlyh frqvwdqwv1 D srvlwlyh ydoxh ri /� lpsolhv
wkdw wkh lqyhvwphqw frqwdlqv dq lqglylvleoh hohphqw/ zkhuhdv d srvlwlyh ydoxh
ri /2 lpsolhv wkh h{lvwhqfh ri dq dgrswlrq frvw zklfk lv lqfuhdvlqj lq wkh vl}h
ri wkh whfkqrorj| fkdqjh1 Lqfrph/ +|/ lv uhdolvhg dw wkh hqg ri shulrg | dqg
wrjhwkhu zlwk vdylqjv/ r|/ dqg wkh h{rjhqrxv udwh ri lqwhuhvw/ o/ lw ghwhuplqhv
wkh dprxqw ri zhdowk/ E� n o� r|n+X|/ wr eh fduulhg lqwr wkh iroorzlqj shulrg1
Wkh wlplqj ri hyhqwv lv vxppdulvhg lq Iljxuh 41

Wkh fuhglw frqvwudlqw lpsolhv wkdw vdylqjv pxvw eh qrq0qhjdwlyh lq doo
shulrgv=

r| � f c | � f

Ixuwkhupruh/ lw lv dvvxphg wkurxjkrxw wkdw B � o : k1 Wkh whfkqlfdo
lpsruwdqfh ri wkhvh dvvxpswlrqv zloo ehfrph fohduhu lq wkh iroorzlqj vhfwlrqv1
Krzhyhu/ wkh dvvxpswlrq ri d uhodwlyho| lpsdwlhqw djhqw/ B � o/ lv d idluo|
vwdqgdug dvvxpswlrq lq wkh olwhudwxuh dqg fdq eh irxqg lq Ghdwrq +4<<3,/
Ghdwrq +4<<4,/ Fduuroo +4<<:,/ dqg Idifkdpsv dqg Shqghu +4<<:,1

Wkh deryh vhw0xs lv irupdolvhg/ dqg surshuwlhv ri wkh prgho dqg wkh vr0
oxwlrq dssurdfk duh dqdo|vhg lq wkh iroorzlqj vxevhfwlrqv1 Wkh qxphulfdo
vlpxodwlrqv ri wkh prgho duh suhvhqwhg lq Vhfwlrq 61
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t t+1Period t

State: Choice:

(1+r)st-1 + yt-1

�t-1

�t-1

st

ct

(1+r)st + yt

�t

�t

�t

yt

State:

Iljxuh 4= Wlplqj ri hyhqwv

514 Wkh Rswlplvdwlrq Sureohp

Wr vlpsoli| qrwdwlrq/ lw lv lqvwuxfwlyh wr gh�qh d yhfwru ri yduldeohv= 5| '

Er|cX|c w|� iru | � f1 Wkh rswlplvdwlrq sureohp ri wkh iduphu fdq wkhq eh
vwdwhg irupdoo| dv d vhtxhqfh sureohp=

t�T
t5|n��

"

|'f

"[
|'f

E� n B�
3|
� E5|c 5|n�� +4,

t| 5|n� 5 K E5|� c | ' fc �c 2c ���

5f 5 ]

zkhuh ] lv vrph vxevhw ri U�
n wr eh fkdudfwhulvhg odwhu16 Vlqfh S|n� '

E� n o� r| n +X| � r|n� � / EX|n�cX|�/ fxuuhqw0shulrg xwlolw| wdnhv wkh irup=

� E5|c 5|n�� ';?=
�

�3#
EE� n o� r| n +X| � r|n� � / EX|n�cX|��

�3#
c # : f a # 9' �

*L} EE� n o� r| n +X| � r|n� � / EX|n�cX|�� c # ' �

+5,

Wkh fruuhvsrqghqfh/ K G ]$ ]/ ghvfulelqj wkh ihdvleoh vhw lv jlyhq e|=

K E5|� '

;?=5|n� 5 ] G

X|n� 5 iX|c w|j

r|n� n / EX|n�cX|� � E� n o� r| n +X|

w|n� ' E� n k� w|

<@> +6,

Wkh frqvwdqwo| jurzlqj whfkqrorj| fuhdwhv dq xqerxqghgqhvv ri wkh sure0
ohp lq +4,0+6, zklfk frpsolfdwhv wkh dqdo|vlv1 Lq rughu wr eh deoh wr fkdu0
dfwhulvh wkh vroxwlrq wr wkh sureohp pruh vshfl�fdoo| dqg wr dsso| g|qdplf
surjudpplqj whfkqltxhv/ lw lv lqvwuxfwlyh wr �uvw lpsrvh d qrupdolvdwlrq rq
wkh sureohp1

6
U
o

. zloo eh wdnhq wr eh wkh vxevsdfh ri Uo frqwdlqlqj doo qrq0qhjdwlyh yhfwruv ri vl}h o1

8



515 Wkh Qrupdolvhg Sureohp

Wkh sureohp lq +4,0+6, lv qrupdolvhg e| frqvlghulqj E� n k�
3|
5| lqvwhdg ri

5|1 Wklv lpsolhv wkdw wkh qrupdolvhg vwdwh ri h{rjhqrxv whfkqrorj| ehfrphv
frqvwdqw/ �w| ' E� n k�

3|
w| ' wf1 Lw fdq wkhuhiruh eh wuhdwhg dv d sdudphwhu/

ohdylqj rqo| wzr yduldeohv= �r| dqg �X|1
Wkxv/ gh�qh �5| ' E�r|c �X|� iru | � f1 Wkh vhtxhqfh sureohp lq +4,0+6, fdq

wkhq eh uhzulwwhq lq whupv ri �5|=

t�T
t�5|n��

"

|'f

"[
|'f

q|�� E�5|c �5|n�� +7,

t| �5|n� 5 �K E�5|� c | ' fc �c 2c �������

�5f 5 �]

zkhuh �] � U
2

n1 Wkh sdudphwhu q lv gh�qhg dv=

q '
E� n k�

E�3#�

� n B
	 � +8,

zkhuh wkh lqhtxdolw| iroorzv iurp wkh dvvxpswlrqv wkdw # : f dqg B � k1
Wkh uhgh�qhg fxuuhqw0shulrg xwlolw|/ ��/ lv jlyhq e|=

�� E�5|c �5|n�� ';AA?AA=
E�nk�

E�3#�

�3#

k
E�no��r|n+ �X|

�nk
� �r|n� � �/E �X|n�c �X|�

l�3#
c # : f a # 9' �

*L}
k
E�no��r|n+ �X|

�nk
� �r|n� � �/E�X|n�c �X|�

l
c # ' �

+9,

zkhuh wkh h{suhvvlrq lq vtxduh eudfnhwv lv �S|n�1 Wkh fruuhvsrqghqfh �K lv
gh�qhg dv=

�K E�5|� '

+
�5|n� 5 �] G

�X|n� 5

q
E� n k�

3� �X|c E� n k�
3�

wf

r
�r|n� �

E�no��r|n+ �X|

�nk
� �/E �X|n�c �X|�

,
+:,

Ilqdoo|/ wkh frvw ri lqyhvwphqw/ �// ehfrphv=

�/E �X|n�c �X|� ' E� n k�
3�
k
/�wf n /2Ewf � �X|�

l
+;,

li �X|n� ' E� n k�
3�
wf/ dqg }hur rwkhuzlvh1

9



Qrz/ frqvlghu wkh vhw �]1 Lq wkh prvw jhqhudo fdvh/ �] lv mxvw U2
n1 Dqg

vlqfh wkh qrupdolvhg sureohp lq +7,0+;, lv zhoo gh�qhg iru doo �5f 5 U
2
n/ d

xqltxh vxsuhpxp ixqfwlrq ��W G U2
n $ U h{lvwv17

Krzhyhu/ d vhtxhqfh sureohp ri wkh deryh w|sh grhv w|slfdoo| qrw doorz
iru dq dqdo|wlfdo vroxwlrq1 Wkhuhiruh/ g|qdplf surjudpplqj whfkqltxhv dqg
qxphulfdo vroxwlrq phwkrgv pxvw eh dssolhg li d vroxwlrq wr wkh sureohp lv
wr eh ixuwkhu fkdudfwhulvhg1 Iru wklv sxusrvh/ �] pxvw eh uhvwulfwhg wr vrph
frpsdfw vhw lq U2

n1 Wkh iroorzlqj Sursrvlwlrq vkrzv wkdw vxfk d uhvwulfwlrq
lv ihdvleoh zlwkrxw ylrodwlqj wkh ruljlqdo irupxodwlrq ri wkh sureohp1

Sursrvlwlrq 4 �r| � 4@ 
�
�r|3�c E� n k�

3�
E/� n /2� wf

�
iru doo | � �1

Surri1 Vhh Dsshqgl{1

Sursrvlwlrq 4 lpsolhv wkdw jlyhq dq lqlwldo ohyho ri +qrupdolvhg, vdylqjv
zklfk h{fhhgv wkh pd{lpxp +qrupdolvhg, frvw ri lqyhvwphqw/ lw zloo qhyhu
eh rswlpdo wr fkrrvh d kljkhu ohyho ri +qrupdolvhg, vdylqjv lq wkh ixwxuh1
Wkh surri ri Sursrvlwlrq 4 uholhv rq wkh dvvxpswlrq wkdw B � o : k/ dqg lw
lpsolhv wkdw iru dq| fkrlfh ri �r6@% � E� n k�

3�
E/� n /2� wf/ d vhw �] fdq eh

frqvwuxfwhg dv=

�] '

�
E�rc �X� 5 U2

n G
�X 5

�
fc E� n k�

3�
wf
�

�r 5 dfc �r6@%o

�
+<,

vxfk wkdw iru dq| �5 5 �]/ wkh udqjh ri wkh fruuhvsrqghqfh �K fdq eh uhvwulfwhg
wr wkh frpsdfw vhw �] zlwkrxw orvv ri jhqhudolw|1

516 Wkh G|qdplf Surjudpplqj Dssurdfk

Wr vroyh wkh sureohp e| xvh ri qxphulfdo phwkrgv/ lw lv xvhixo wr zrun zlwk d
irupxodwlrq ri wkh sureohp lq whupv ri g|qdplf surjudpplqj1 Wkxv/ frqvlghu
wkh iroorzlqj ixqfwlrqdo htxdwlrq=

�� E�5� ' t�T
�5�M�KE�5�

d�� E�5c �5�� n q�� E�5��o @,, �5 5 �] +43,

7Wklv iroorzv iurp wkh idfw wkdw= l, �� +�}w, lv qrq0hpsw| iru doo �}w 5 U
5
.
> ll, 3 ? � ? 4> dqg

lll, fxuuhqw0shulrg xwlolw|/ �x/ lv erxqghg iurp ehorz e| 3 zkhq � ? 4/ dqg erxqghg iurp

deryh e| 3 zkhq � A 41 Iru wkh fdvh ri � @ 4/ lw lv hdv| wr vkrz wkdw=
S
4

w@3
�
w�x +�fw.4, �S

4

w@3
�w�x +nw�f4, iru vrph srvlwlyh frqvwdqw n dqg �f4 @ +4 .�,

�4
+4 . u, �v3.+4 . �,

�5
|�31

Wklv lpsolhv wkdw
S
4

w@3
�w�x +�fw.4, � +4� �,

�4
orj +�f4, . � +4� �,

�5
orj +n,/ zklfk vhuyhv

dv dq xsshu erxqg iru wkh ydoxh ixqfwlrq zkhq � @ 41

:



zkhuh �� E�5c �5�� dqg �K E�5� duh jlyhq e| +9, dqg +:,/ uhvshfwlyho|/ dqg �] lv jlyhq
e| +<,1 Gh�qh wkh pdsslqj A G �T $ �T e|=

EA ��� E�5� ' t�T
�5�M�KE�5�

d�� E�5c �5�� n q�� E�5��o +44,

zkhuh �T lv vrph vsdfh ri ixqfwlrqv1 Wkxv/ wkh pdsslqj A dvvrfldwhv zlwk
hdfk ixqfwlrq �� 5 �T wkh ixqfwlrq A �� 5 �T 1

Wkh lghd xqghuo|lqj wkh vroxwlrq phwkrg lv wr vwduw zlwk dq lqlwldo jxhvv rq
d ydoxh ixqfwlrq/ ��f G �]$ U/ dqg vxevwlwxwh lw lqwr wkh uljkw0kdqg vlgh ri +44,1
Wkh pd{lplvdwlrq wkhq |lhogv d qhz ydoxh ixqfwlrq/ ��� ' A ��f/ zklfk djdlq
fdq eh vxevwlwxwhg lqwr wkh uljkw0kdqg vlgh ri +44,1 Xqghu fhuwdlq frqglwlrqv/
vxfk vxffhvvlyh lwhudwlrqv zloo hyhqwxdoo| ohdg wr dw ohdvw dq dssur{lpdwlrq
ri wkh wuxh ydoxh ixqfwlrq/ ��W1 Wkh iroorzlqj Sursrvlwlrq vwdwhv xqghu zklfk
frqglwlrqv wklv zloo dfwxdoo| eh wkh fdvh zkhq # 	 �1

Sursrvlwlrq 5 Ohw # 	 �1 Lq dgglwlrq/ ohw �] eh jlyhq e| +<, zlwk �r6@% �

E� n k�
3�

E/� n /2� wf/ dqg ohw �� G �] $ U dqg �K G �] $ U eh jlyhq e| +9,

dqg +:,/ uhvshfwlyho|1 Wkh pdsslqj A gh�qhg lq +44, lv wkhq d frqwudfwlrq

pdsslqj/ wdnlqj wkh vsdfh ri erxqghg ixqfwlrqv �� G �]$ U/ zlwk wkh vxs

qrup/ lqwr lwvhoi= A G �E�]� $ �E�]�1 Ixuwkhupruh/ A kdv d xqltxh �{hg

srlqw/ ��� 5 �E�]�/ zklfk lv lghqwlfdo wr wkh xqltxh vroxwlrq/ ��W/ ri wkh vhtxhqfh

sureohp lq +7,0+;,1 Ilqdoo|/ iru doo ��f 5 �E�]�=

nA ?��f � ���n � q? n��f � ���n c ? ' fc �c 2c ��� +45,

Surri1 Vhh Dsshqgl{1

Sursrvlwlrq 5 lpsolhv wkdw vwduwlqj zlwk dq| lqlwldo jxhvv rq d ydoxh ixqf0
wlrq lq wkh vsdfh ri erxqghg ixqfwlrqv rq �]/ vxffhvvlyh lwhudwlrqv rq wkh
ixqfwlrqdo htxdwlrq +44, zloo |lhog hvwlpdwhv zklfk frph forvhu dqg forvhu wr
wkh wuxh ydoxh ixqfwlrq/ ���/ zklfk vdwlv�hv +43,1

Wkh idfw wkdw wkh ihdvleoh fruuhvsrqghqfh �K lv qrw orzhu khplfrqwlqxrxv
dw doo srlqwv lpsolhv wkdw vwdqgdug uhvxowv/ vxfk dv wkrvh irxqg lq Vwrnh| dqg
Oxfdv +4<;<, zkhuh wkh pdsslqj A wdnhv wkh vsdfh ri erxqghg/ frqwlqxrxv
ixqfwlrqv lqwr lwvhoi/ fdqqrw eh dssolhg1 Wkh ydoxh ixqfwlrq zloo lq jhqhudo eh
glvfrqwlqxrxv dw vrph srlqwv zkhq # 	 �1 Wkxv/ Sursrvlwlrq 5 h{whqgv wkh
vwdqgdug frqwudfwlrq surshuw| wr wkh fdvh ri phuho| erxqghg ydoxh ixqfwlrqv1

Wr suryh d vlplodu surshuw| iru wkh fdvh ri # � �/ lw lv qhfhvvdu| wr
ghdo zlwk wkh sureohp wkdw wkh ydoxh ixqfwlrq zloo whqg wr plqxv lq�qlw| dv
vdylqjv/ �r/ dqg whfkqrorj|/ �X/ whqg wr }hur1 Wklv zloo ylrodwh wkh surshuwlhv ri
wkh pdsslqj/ dsduw iurp ehlqj lpsrvvleoh wr kdqgoh qxphulfdoo|1 Whfkqlfdoo|/

;



wklv fdq eh ghdow zlwk e| lqwurgxflqj d orzhu erxqg rq hlwkhu vdylqjv ru
whfkqrorj|1 Wkxv/ gh�qh �]K e|=

�]K'

+
E�rc �X� 5 U2

n G
�X 5

k
�X6�?c E� n k�

3�
wf

l
�r 5 d�r6�?c �r6@%o

,
+46,

zkhuh �r6�? � f dqg �X6�? � f1 Li �r6�? ' �X6�? ' f/ wkhq �]K dqg �] frlqflgh18

Ixuwkhupruh/ wkh fruuhvsrqghqfh �K pxvw eh prgl�hg dffruglqjo|=

�KK E�5|� ' +47,+
�5|n� 5 �]K G

�X|n� '
q
4@ 

q
�X6�?c E� n k�

3� �X|

r
c E� n k�

3�
wf

r
�r|n� �

E�no��r|n+ �X|

�nk
� �/E �X|n�c �X|�

,

Wkhq lw lv vwudljkwiruzdug wr suryh dq dqdorjxh wr Sursrvlwlrq 5 zkhuh wkh
pdsslqj A fdq eh vkrzq wr rshudwh rq wkh vsdfh ri erxqghg dqg frqwlqxrxv
ixqfwlrqv=

Sursrvlwlrq 6 Ohw # � �1 Lq dgglwlrq/ ohw �] eh jlyhq e| �]K lq +46, zlwk

�r6@% � E� n k�
3�

E/� n /2� wf dqg hlwkhu= l, �X6�? : f> ru ll, �r6�? : f1

Ixuwkhupruh/ ohw �� G �] $ U dqg �K G �] $ U eh jlyhq e| +9, dqg +47,/

uhvshfwlyho|1 Wkh pdsslqj A gh�qhg e| +44, lv wkhq d frqwudfwlrq pdsslqj/

wdnlqj wkh vsdfh ri erxqghg/ frqwlqxrxv ixqfwlrqv �� G �]$ U/ zlwk wkh vxs

qrup/ lqwr lwvhoi= A G �E�]� $ �E�]�1 Ixuwkhupruh/ A kdv d xqltxh �{hg

srlqw/ ��� 5 �E�]�/ zklfk lv lghqwlfdo wr wkh xqltxh vroxwlrq/ ��W/ ri wkh vhtxhqfh

sureohp lq +7,0+;, zlwk +:, uhsodfhg e| +47,1 Ilqdoo|/ iru doo ��f 5 �E�]�=

nA ?��f � ���n � q? n��f � ���n c ? ' fc �c 2c ��� +48,

Surri1 Vhh Dsshqgl{1

Uhpdun 7 < q 5 Efc �� a # 5 Efc �� vxfk wkdw wkh ydoxh ixqfwlrq lv frqwlqx0

rxv dqg wkh frqwudfwlrq surshuwlhv ri Sursrvlwlrq 6 dsso|1

Wkh lqwxlwlrq xqghuo|lqj Sursrvlwlrq 6 dqg Uhpdun 7 lv wkdw wkh frvw
ri iruhjrqh frqvxpswlrq ehfrphv uhodwlyho| kljk frpsduhg wr ixwxuh xwlolw|
zkhq q lv vpdoo dqg2ru # lv kljk1 Lq wklv fdvh/ wkh djhqw zloo qhyhu fkrrvh wr
lqyhvw li wklv lpsolhv }hur fxuuhqw frqvxpswlrq/ dqg wkh surri ri Sursrvlwlrq
6 fdq wkhq eh dssolhg wr vkrz wkdw wkh ydoxh ixqfwlrq lv frqwlqxrxv1

8Zkhq �vplq A 3/ Sursrvlwlrq 4 lv prgl�hg vxfk wkdw �vw �

pd{i�vw�4> +4 .�,
�4

+$4 . $5, �3 . �vplqj iru doo w � 41

<



Zkdw duh wkh lpsolfdwlrqv ri l, dqg ll, lq Sursrvlwlrq 6B Iluvw/ lpsrvlqj
d orzhu erxqg rq qrupdolvhg whfkqrorj| lpsolhv wkdw dv wkh glvwdqfh ehwzhhq
lqvwdoohg dqg h{rjhqrxv whfkqrorj| ehfrphv odujh/ zkhuh �odujh� ghshqgv rq
wkh ydoxh ri �X6�? fkrvhq/ lqvwdoohg whfkqrorj| vwduwv wr jurz dw wkh vdph udwh
dv h{rjhqrxv whfkqrorj|1 Vhfrqgo|/ dvvxplqj d orzhu erxqg rq �r lpsolhv d
orzhu +dqg jurzlqj, erxqg rq r1 Wkh djhqw lv uhtxluhg wr krog d plqlpxp
dprxqw ri vdylqjv hdfk shulrg/ dqg wkh vl}h ri wklv dprxqw lv jlyhq e| �r6�?1
Wkdw lv/ wkh djhqw lv uhvwulfwhg iurp vshqglqj doo klv lqfrph rq frqvxpswlrq
dqg lqyhvwphqwv1 Vlqfh �r6�? fdq eh fkrvhq duelwudulo| vpdoo/ wklv uhvwulfwlrq
vhhpv ohvv dw rggv zlwk wkh ruljlqdo irupxodwlrq wkdq dvvxplqj wkh h{lvwhqfh
ri d orzhu erxqg rq qrupdolvhg whfkqrorj|1 Krzhyhu/ lw wxuqv rxw wkdw wkh
iruphu uhvwulfwlrq lv wkh prvw qdwxudo wr lpsohphqw lq wkh qxphulfdo vlpxod0
wlrqv/ dv zloo ehfrph hylghqw lq Vhfwlrq 61

Zkdw lv wkh uhodwlrqvkls ehwzhhq wkh vroxwlrq wr wkh vhtxhqfh sureohp
rq �] dqg �]KB

9 Frqvlghu krz wkh ydoxh ixqfwlrq ehkdyhv dv wkh orzhu erxqgv
rq vdylqjv dqg whfkqrorj| whqg wr }hur/ l1h1 dv �]K lv h{whqghg wr �]1 Vlqfh wkh
ydoxh ixqfwlrq pxvw eh qrq0ghfuhdvlqj lq erwk �r dqg �X/ lw zloo eh vpdoohu dw
wkh h{wud srlqwv lqfoxghg lq wkh vwdwh vsdfh/ dqg ghfuhdvlqj wrzdugv plqxv
lq�qlw| dv �]K lv lqfuhdvhg wr �]1 E| dvvxpswlrq/ lw zloo wdnh rq wkh ydoxh plqxv
lq�qlw| dw �r ' �X ' f vlqfh wkh rqo| ihdvleoh vwudwhj| khuh lv wr frqvxph }hur
iru doo ixwxuh shulrgv1 Krzhyhu/ dv �X6�? lv ghfuhdvhg/ wkh ydoxh ixqfwlrq
zloo dovr fkdqjh dw lqwhulru srlqwv lq wkh vwdwh vsdfh/ qdpho| dw wkrvh srlqwv
zkhuh ixwxuh g|qdplfv zloo wdnh wkh djhqw wr wkh orzhu erxqgdu| ri �X/ l1h1
srlqwv zkhuh wkh djhqw lv �fdxjkw� lq d sryhuw| wuds1 Lqfuhdvlqj wkh orzhu
erxqg rq �X zloo whqg wr lqfuhdvh wkh ydoxh ixqfwlrq dw wkhvh srlqwv/ vlqfh
wkh frqvhtxhqfhv ri d ghfuhdvlqj vhtxhqfh ri �X ehfrph ohvv vhyhuh1 Dv �r6�?

lv ghfuhdvhg/ lw zloo whqg wr lqfuhdvh wkh ydoxh ixqfwlrq dw doo lqwhulru srlqwv/
vlqfh d vpdoohu ydoxh ri �r6�? fruuhvsrqgv wr hqodujlqj wkh rswlrqv dydlodeoh
wr wkh djhqw dw doo srlqwv/ dqg wklv zloo fhuwdlqo| qrw pdnh klp zruvh r�1
Wkxv/ lpsrvlqj d orzhu erxqg rq vdylqjv whqgv wr d�hfw wkh ydoxh ixqfwlrq
pruh eurdgo|/ zkhuhdv d orzhu erxqg rq whfkqrorj| zloo rqo| d�hfw ydoxhv dw
wkrvh vwdwhv ehorqjlqj wr wkh sryhuw| wuds1

517 Fkdudfwhulvdwlrq ri wkh Vroxwlrq

Wkh lqyhvwphqw ghflvlrq ri wkh prgho fdq eh lqwhusuhwhg dv d uhshdwhg rswlpdo0
vwrsslqj sureohp/ zkhuh �vwrsslqj� fruuhvsrqgv wr �fkdqjlqj whfkqrorj|�1

9Uhphpehu wkdw wkh vhtxhqfh sureohp lv dozd|v zhoo gh�qhg rq erwk �] dqg �]e iru doo

� A 3/ dqg wkdw wkh vroxwlrq wr wkh vhtxhqfh sureohp zloo dozd|v vdwlvi| wkh fruuhvsrqglqj

ixqfwlrqdo htxdwlrqv1

43



Wkh gl�huhqfh ehwzhhq wklv sureohp dqg vwdqgdug rswlpdo0vwrsslqj sureohpv
lv wkdw wkh vwrsslqj sureohp lq wklv prgho lv d uhshdwhg ghflvlrq sureohp1
Wkh rswlrq wr lqyhvw lv qrw �nloohg� zkhq dq lqyhvwphqw lv xqghuwdnhq/ exw
lv lpphgldwho| uhsodfhg e| d qhz rswlrq1 Ixuwkhupruh/ wkh vwrsslqj sure0
ohp lv dq lqwhjudo sduw ri d pruh jhqhudo xwlolw| pd{lplvdwlrq sureohp dqg
fdq wkhuhiruh qrw eh vroyhg vhsdudwho|1 Krzhyhu/ wkh idfw wkdw wkh sureohp
uhvhpeohv dq rswlpdo0vwrsslqj sureohp fdq +lq vrph fdvhv, vwloo eh xvhg wr
fkdudfwhulvh wkh vroxwlrq d sulrul> d fkdudfwhulvdwlrq zklfk lq wxuq fdq eh
xvhg wr vshhg xs wkh vxevhtxhqw qxphulfdo vlpxodwlrqv1 Iru wklv sxusrvh/ lw
lv lqvwuxfwlyh wr gh�qh qrupdolvhg �fdvk rq kdqg� dw wkh ehjlqqlqj ri shulrg
|n � e|=

�%| ' E� n o� �r| n + �X|

Wkh ydoxh ixqfwlrq fdq wkhq dowhuqdwlyho| eh h{suhvvhg zlwk �% dqg �X dv dujx0
phqwv= ��E�%c �X�1 Qrz/ ohw ��r|JRE�%c �X� ghqrwh wkh rswlpdo ydoxh rewdlqhg iurp
lqyhvwlqj lq qhz whfkqrorj| lq wkh fxuuhqw shulrg1 Vlploduo|/ ohw ��SJ?|E�%c �X�
ghqrwh wkh rswlpdo ydoxh ri frqwlqxlqj zlwk wkh lqvwdoohg whfkqrorj|1 Wkhq
iru wkh fdvh ri /2 ' f/ wkh iroorzlqj uhvxow fdq eh hvwdeolvkhg=

Sursrvlwlrq 8 Ohw /2 ' f1 Jlyhq vrph ihdvleoh �% � /�wf n E� n k� �r6�?
/

hlwkhu=

41 ��SJ?|E�%c �X� : ��r|JRE�%c �X� iru doo �X 5 d �X6�?c E� n k�
3�
wfo> ru

51 ��SJ?|E�%c �X� 	 ��r|JRE�%c �X� iru doo �X 5 d �X6�?c E� n k�
3�
wfo> ru

61 < �X� 5 d �X6�?c E� n k�
3�

wfo vxfk wkdw= l, ��SJ?|E�%c �X�� ' ��r|JRE�%c �X��>

ll, ��SJ?|E�%c �X� : ��r|JRE�%c �X� iru dq| �X 5 E �X
�

c E� n k�
3�
wfo> dqg lll,

��SJ?|E�%c �X� 	 ��r|JRE�%c �X� iru dq| �X 5 d �X6�?c �X
�

�1

zkhuh �X6�? � f dqg �r6�? � f1

Surri1 Vhh Dsshqgl{1

Sursrvlwlrq 8 vd|v wkdw iru wkrvh fdvk ohyhov zkhuh erwk frqwlqxlqj zlwk
wkh lqvwdoohg whfkqrorj| dqg lqyhvwlqj lq qhz whfkqrorj| pljkw eh rswlpdo/
ghshqglqj rq wkh ohyho ri �X/ wkhuh zloo eh d vlqjoh srlqw/ zklfk zloo eh uhihuuhg
wr dv wkh �vwrsslqj srlqw�/ zkhuh wkh ydoxh ri frqwlqxlqj h{dfwo| pdwfkhv
wkh ydoxh ri lqyhvwlqj1 Dw kljkhu ohyhov ri whfkqrorj|/ frqwlqxlqj zloo eh
vwulfwo| suhihuuhg/ zkhuhdv lqyhvwlqj lv vwulfwo| suhihuuhg dw orzhu ohyhov1 Wkh
Sursrvlwlrq kdv vhyhudo lqwhuhvwlqj lpsolfdwlrqv1
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Iluvw/ jlyhq �%/ li wkh vwrsslqj srlqw/ �X�/ fdq eh orfdolvhg/ wkh rswlpdo
lqyhvwphqw ghflvlrqv iru doo uhpdlqlqj ohyhov ri lqvwdoohg whfkqrorj| iroorz
gluhfwo|1

Vhfrqgo|/ jlyhq �%/ wkh frqvxpswlrq fkrlfhv zloo eh lqghshqghqw ri �X iru
doo �X � �X�1 Dw wkhvh vwdwhv/ wkh djhqw zloo hqwhu wkh iroorzlqj shulrg zlwk
wkh kljkhvw srvvleoh whfkqrorj|/ dqg vlqfh lqyhvwphqw frvw lv lqghshqghqw ri
wkh ohyho ri lqvwdoohg whfkqrorj|/ klv fxuuhqw fdvk kroglqjv qhw ri lqyhvwphqw
frvw zloo dovr eh lqghshqghqw ri �X1 Wkxv/ klv rswlpdo frqvxpswlrq fkrlfhv
lq wkh fxuuhqw dqg wkh iroorzlqj shulrgv pxvw eh lghqwlfdo iru doo �X � �X�1

Wklugo|/ lw iroorzv gluhfwo| iurp wkh vhfrqg lpsolfdwlrq wkdw/ jlyhq �%/ wkh
ydoxh ixqfwlrq pxvw eh frqvwdqw iru doo �X � �X�1 Wrjhwkhu zlwk wkh wzr �uvw
lpsolfdwlrqv/ wklv uhvxow fdq eh xvhg wr vshhg xs wkh qxphulfdo dojrulwkp
frqvlghudeo|/ dv ghvfulehg lq Vhfwlrq 61

Wkxv/ wkh srolf| fruuhvsrqghqfh iru lqyhvwphqw zloo eh vlqjoh0ydoxhg rq
�]/ h{fhsw srvvleo| rq d vhw ri phdvxuh }hur1 Iru hdfk ydoxh ri �%/ wkhuh zloo
eh dw prvw d vlqjoh srlqw zkhuh erwk lqyhvwlqj dqg qrw lqyhvwlqj pljkw eh
rswlpdo1 Krzhyhu/ vlqfh wkh qxphulfdo vroxwlrqv zloo eh uhvwulfwhg wr d julg
ri whfkqrorj| ohyhov +dqg fdvk ohyhov,/ lw lv xqolnho| wkdw wkh| zloo frph xs
zlwk dq| vxfk srlqwv1 Lq fdvh wkh| gr/ lw lv pruh olnho| gxh wr qxphulfdo
lpsuhflvlrq wkdq ehfdxvh dq h{dfw vwrsslqj srlqw kdv ehhq orfdolvhg1

Wkh srolf| fruuhvsrqghqfh iru vdylqj +frqvxpswlrq, lv ri frxuvh qrq0
vlqjoh ydoxhg dw wkh vdph vhw ri srlqwv/ exw lw pljkw lq dgglwlrq eh qrq0
vlqjoh ydoxhg dw d odujhu vhw1 Wklv lv wkh fdvh zkhq wkhuh h{lvw gl�huhqw/ exw
htxdoo| rswlpdo/ ixwxuh lqyhvwphqw sdwwhuqv1 Krzhyhu/ dv iru wkh lqyhvwphqw
fruuhvsrqghqfh/ wkh qxphulfdo surfhgxuhv duh qrw olnho| wr ghwhfw wklv1

Wkh idfw wkdw srolf| ixqfwlrqv gr qrw jhqhudoo| h{lvw suhfoxghv wkh xvh
ri dqdo|wlfdo phwkrgv iru vroylqj wkh sureohp/ dqg lw uhvwulfwv wkh udqjh ri
ihdvleoh qxphulfdo whfkqltxhv1 Wkxv/ pruh wudglwlrqdo ydoxh ixqfwlrq lwhudwlrq
pxvw eh uholhg rq1 Wkh dssurdfk xvhg lq Ghdwrq +4<<4,/ zkhuh lwhudwlrqv duh
xqghuwdnhq lq whupv ri dq lqgluhfw srolf| ixqfwlrq/ fdqqrw eh dssolhg lq
wkh fxuuhqw vhw0xs vlqfh srolf| ixqfwlrqv gr qrw jhqhudoo| h{lvw1 Krzhyhu/
vlqfh wkh qxphulfdo vroxwlrqv zloo lq doo olnholkrrg |lhog vlqjoh0ydoxhg srolf|
fruuhvsrqghqfhv/ wkh| zloo eh uhihuuhg wr dv srolf| ixqfwlrqv lq zkdw iroorzv1

Ehiruh wxuqlqj wr d ghvfulswlrq ri wkh qxphulfdo whfkqltxhv/ frqvlghu wkh
lpsolfdwlrqv ri wkh �uvw rughu frqglwlrqv ri wkh sureohp1 Lq hdfk shulrg/
pdujlqdo xwlolw| ri frqvxpswlrq pxvw vdwlvi|=

��� E�S|� ' 4@ 

�
���
�

�%|3�

� n k
� �r6�? � �/E�X|c �X|3��

�
c q

� n o

� n k
��� E�S|n��

�
+49,

Wkdw lv/ hlwkhu qr vdylqjv lq h{fhvv ri �r6�? duh fduulhg iruzdug/ lq zklfk
fdvh frqvxpswlrq htxdov fdvk qhw ri lqyhvwphqw frvw/ ru srvlwlyh vdylqjv duh
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fduulhg iruzdug/ lq zklfk fdvh wkh vwdqgdug Hxohu surshuw| krogv1 Wkxv/ vlqfh
q E� n o� E� n k�

3�
	 �/ wkh hyroxwlrq ri pdujlqdo xwlolw| ri frqvxpswlrq +dqg

wkhuhe| frqvxpswlrq, fdq eh ghvfulehg e| d vprrwko| lqfuhdvlqj +ghfuhdvlqj,
surfhvv zklfk lv uhvhw zkhqhyhu vdylqjv duh eurxjkw wr }hur1

6 Qxphulfdo Vlpxodwlrqv

Gxh wr wkh frqwudfwlrq pdsslqj surshuwlhv ri wkh rswlplvdwlrq sureohp/ dv
vwdwhg lq Sursrvlwlrq 5 dqg 6/ lw fdq eh vroyhg e| xvh ri qxphulfdo phwk0
rgv1: Fkrrvlqj d uhohydqw vhw ri vwduwlqj ydoxhv iru �r/ wkh vhw �] lv jlyhq e|
+<, ru +46,1 Vxsso|lqj dq lqlwldo/ erxqghg ixqfwlrq/ ��f/ lqwr wkh ixqfwlrqdo
htxdwlrq +44,/ wkh pd{lplvdwlrq zloo |lhog ��� dv dq lpsuryhg jxhvv rq ���

+' ��W,1 Surfhhglqj zlwk vxfk lwhudwlrqv/ wkh hvwlpdwh ri ��� lpsuryhv dqg
frqyhujhv wrzdugv ���1 Wkh lwhudwlyh surfhgxuh lv vwrsshg zkhq vrph frqyhu0
jhqfh fulwhulrq lv �uvw vdwlv�hg1 Dv d uhvxow/ wkh ydoxh ixqfwlrq �� E�5� dqg wkh
fruuhvsrqglqj srolf| ixqfwlrqv= �S E�5�/ �r E�5�/ dqg �X E�5� duh rewdlqhg1

Vhyhudo surfhgxuhv iru vroylqj wkhvh nlqgv ri sureohpv h{lvw1 Krzhyhu/ wkh
qrq0vprrwkqhvv dqg wkh srwhqwldo glvfrqwlqxlw| ri wkh ydoxh ixqfwlrq olplw
wkh udqjh ri dssursuldwh phwkrgv1 Wkhvh lvvxhv zloo eh glvfxvvhg pruh ixoo|
lq Vhfwlrq 817/ exw dv d frqvhtxhqfh ri wklv frpsoh{lw|/ d vlpsoh glvfuhwh julg
ydoxh lwhudwlrq surfhgxuh lv dssolhg lq wklv sdshu1

614 Ghwhuplqlvwlf Dojrulwkp

Dv phqwlrqhg lq Vhfwlrq 517/ wkh qrupdolvhg ydoxh ixqfwlrq fdq eh h{suhvvhg
dv d ixqfwlrq ri wkh fxuuhqw lqvwdoohg whfkqrorj| ohyho/ �X/ dqg fdvk rq kdqg/
�%1 Qrz/ d glvfuhwh julg ryhu �% lv fuhdwhg e| ohwwlqj �%6@% ' �r6@% E� n o� n

+ E� n k�
3�

wf dqg fkrrvlqj ?% htxdoo| vsdfhg julg srlqwv1; Iru whfkqrorj|/

:Wkh qrupdolvdwlrq rq �w lv qrw qhfhvvdu| iru rewdlqlqj d qxphulfdo dssur{lpdwlrq wr

wkh vroxwlrq ri wkh lq�qlwh krul}rq sureohp ghvfulehg deryh1 Rqh frxog wuxqfdwh wlph dqg

vroyh d �qlwh wlph krul}rq sureohp lqyroylqj wkuhh yduldeohv/ �w/ �w/ dqg vw +ru {w,1 Wkh

qxpehu ri shulrgv/ krzhyhu/ kdv wr eh idluo| odujh +vhyhudo kxqguhgv,/ dqg ehfdxvh wkh

wudqvlwlrq ixqfwlrqv duh frpsoh{/ wkh pd{lplvdwlrq vwhs zloo eh vorz1 Khqfh dq dojrulwkp

xvlqj wklv dssurdfk zloo qrw zrun idvw rq hdfk wlph vwhs1 Dqg wkh odujh qxpehu ri shulrgv

qhhghg iru d jrrg dssur{lpdwlrq lv olnho| wr eh odujhu wkdq wkh fruuhvsrqglqj qxpehu ri

lwhudwlrqv lq wkh lq�qlwh krul}rq dssurdfk ghvfulehg lq wkh iroorzlqj1
;Qrwh wkdw fkrrvlqj �{pd{ @ �vpd{ +4 . u, . | +4 .�,

�4
�3 |lhogv julg srlqwv zkhuh wkh

lpsolflw ydoxh ri �v h{fhhgv �vpd{1 Lq sudfwlfh/ wkhvh srlqwv duh luuhohydqw vlqfh wkh| zloo

qhyhu eh fkrvhq iurp julg srlqwv vdwlvi|lqj �v � �vpd{/ dqg wkh| fdq wkhuhiruh eh glvfdughg

h{0srvw1 Dowhuqdwlyho|/ lw lv vwudljkwiruzdug wr vkrz dq dqdorjxh wr Sursrvlwlrq 4 vd|lqj

wkdw �{w � pd{
q
�{w�4> +4 .�,

�4
�3 ^+4 . u, +$4 . $5, . |`

r
iru doo w � 4/ dqg wklv gluhfwo|
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�X/ lw vhhpv qdwxudo wr fkrrvh wkh julg dv E� n k�
3�

wf/ E� n k�
32
wf/ hwf1/

vlqfh rqo| sulru wr wkh �uvw lqyhvwphqw fdq lqvwdoohg whfkqrorj| wdnh rq ydoxhv
rxwvlgh wklv julg1 Ixuwkhupruh/ vlqfh wkh qxpehu ri julg srlqwv pxvw eh �qlwh/
lw dxwrpdwlfdoo| lpsolhv d orzhu erxqg rq �X/ wkhuhe| vdwlvi|lqj dvvxpswlrq l,
lq Sursrvlwlrq 61 Wkxv/ d glvfuhwh julg vhw/ �]} ' �]}w � �]}%/ zlwk glphqvlrqv
?w � ?% fdq eh gh�qhg dv=

�]} '

;?=E�%c �X� 5 U2
n G

�% 5
q
�%6@%

?%
c 2�%

6@%

?%
c ���c �%6@%

r
' �]}%

�X 5

q
wf

E�nk�
?w
c wf

E�nk�
?w3�

c ���c wf

E�nk�
�

r
' �]}w

<@>
Dw hdfk julg srlqw/ �5} ' E�%}c �X}�/ lq hyhu| lwhudwlrq/ wkh dojrulwkp vroyhv

wkh iroorzlqj rswlplvdwlrq sureohp=

��?n� E�5}� ' 4@ 
�
��r|JR?n� E�5}� c ��

SJ?|
?n� E�5}�

�
zkhuh ��SJ?|?n� lv wkh rswlpdo ydoxh ri frqwlqxlqj zlwk wkh lqvwdoohg whfkqrorj|
jlyhq e|=

��SJ?|?n� E�5}� ' 4@ 
�%�}M

�KSJ?|} E�5}�

�
�� E�S�� n q��?

�
�5�}
��

@,, �5} 5 �]} +4:,

zlwk �X�

} jlyhq e|=

�X�

} ' 4@ 
q
E� n k�

3� �X}c E� n k�
3?w wf

r
dqg �S�=

�S� '
�%}

E� n k�
�

�%�} � + �X�

}

E� n o�

zkhuhdv �KSJ?|
} lv gh�qhg dv=

�KSJ?|
} E�5}� '

�
�%�} 5

�]}% G + �X
�

} � �%�} �
E� n o� �%}

� n k
n + �X�

}

�
hqvxulqj wkdw �S� � f dqg �r� � f1

Vlploduo|/ ��r|JR?n� lv wkh rswlpdo ydoxh ri fkdqjlqj whfkqrorj| jlyhq e|=

��
r|JR

?n� E�5}� ' 4@ 
�%�}M

�K
r|JR
} E�5}�

�
�� E�S�� n q��?

�
�5�}
��

+4;,

mxvwl�hv wkh lpsrvlwlrq ri dq xsshu erxqg rq �{1
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iru doo �5} zlwk �Kr|JR
} E�5}� 9' >1 Lq wklv fdvh/ �X�

} ' E� n k�
3�

wf dqg=

�S� '
�%} � /�wf � /2Ewf � �X}�

� n k
�

�%�} � + �X�

}

� n o

zkhuhdv �Kr|JR
} lv gh�qhg e|=

�Kr|JR
} E�5}� '+

�%�} 5
�]}% G + �X

�

} � �%�} �
E� n o� E�%} � /�wf � /2Ewf � �X}��

� n k
n + �X�

}

,

Lq wkh fdvh ri /2 ' f/ xvh ri Sursrvlwlrq 8 fdq eh pdgh wr vshhg xs wkh
pd{lplvdwlrq vwhs1 Lq hdfk lwhudwlrq/ wkh pd{lplvdwlrq lv shuiruphg �uvw iru
wkh kljkhvw srvvleoh ohyho ri lqvwdoohg whfkqrorj|/ E� n k�

3�
wf/ vwduwlqj dw wkh

orzhvw srvvleoh ohyho ri fdvk rq kdqg dqg surfhhglqj xszdugv lq fdvk wr �%6@%1
Dw hdfk julg srlqw/ +4:, dqg +4;, duh vroyhg1 Wkh dojrulwkp wkhq surfhhgv wr
wkh qh{w whfkqrorj| ohyho/ E� n k�

32
wf/ dqg shuirupv wkh vdph fdofxodwlrqv

� zlwk rqh lpsruwdqw h{fhswlrq= Dw wklv dqg orzhu whfkqrorj| ohyhov lq wkh
dojrulwkp/ lw lv fkhfnhg dw hdfk fdvk ohyho odujhu wkdq wkh lqyhvwphqw frvw
zkhwkhu lw lv rswlpdo wr lqyhvw dw wkh suhfhglqj kljkhu whfkqrorj| ohyho zlwk
lghqwlfdo �%1 Li wklv lv wkh fdvh/ Sursrvlwlrq 8 lpsolhv wkdw lw pxvw dovr eh
rswlpdo dw wkh fxuuhqw vwdwh/ dqg wkdw wkh rswlpdo frqvxpswlrq ohyhov pxvw
eh lghqwlfdo1 Wkhuhiruh/ wkh pd{lplvdwlrq vwhs lv vnlsshg iru wkhvh srlqwv>
wkh rswlpdo fkrlfhv iru wkh kljkhu whfkqrorj| ohyho dqg vdph fdvk ohyho duh
vlpso| frslhg1 Wklv lpsolhv wkdw iru prvw ri wkh vwdwhv zkhuh lqyhvwphqw lv
rswlpdo/ pd{lplvdwlrq fdq eh dyrlghg1 Wklv uhgxfhv wkh frpsxwdwlrq wlph
e| 830:3(1

Wkurxjk hdfk lwhudwlrq vwhs/ wkh ydoxh ixqfwlrqv frqyhujh gxh wr wkh
frqwudfwlrq pdsslqj surshuwlhv ri wkh sureohp1 Wkh lwhudwlrq surfhgxuh lv
vwrsshg zkhq d phdvxuh ri wkh fkdqjh iurp �v? E�5��� wr �v?n� E�5��� lv ehorz
vrph suh0vshfl�hg frqyhujhqfh fulwhulrq/ 01 Wkh phdvxuh fkrvhq/ [/ lv wkh
dyhudjh/ uhodwlyh/ vtxduhg ghyldwlrq ryhu doo julg srlqwv=

[ '
�

?w?%

?w[
�'�

?%[
�'�

E��?n� E�5���� ��? E�5����
2

m��? E�5���m
+4<,

Wkhuh duh wkuhh prwlydwlrqv iru wklv fkrlfh1 Iluvw/ wr kdyh d vlqjoh fulwhulrq
iru wkh hqwluh julg vhw1 Vhfrqgo|/ ehfdxvh wkh vroxwlrq pd| eh glvfrqwlqxrxv/
wkh ydoxh ixqfwlrqpd| dw wkhvh srlqwv fkdqjh d orw iurp lwhudwlrq wr lwhudwlrq/
lq sduwlfxodu lq wkh ehjlqqlqj1 Vlqfh lw lv qhhghg wr ghwhuplqh wkh srlqw ri
glvfrqwlqxlw| txlwh suhflvho|/ pruh zhljkw lv sxw rq dyrlglqj odujh fkdqjhv
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wkdq plqru rqhv1 Khqfh wkh vtxduhg ghyldwlrqv1 Ilqdoo|/ wkh phdvxuh vkrxog
eh lqghshqghqw ri wkh h{dfw ohyho ri wkh ydoxh ixqfwlrq dqg wkhuhiruh wkh
vtxduhg ghyldwlrqv duh vfdohg e| m�v? E�5���m1

Zlwk d ydoxh ixqfwlrq hvwlpdwh lq wkh udqjh ri f wr �D/ vhwwlqj 0 � f�ffff�

lpsolhv wkdw wkh lwhudwlrqv duh vwrsshg zkhq wkh dyhudjh devroxwh fkdqjh lv
ohvv wkdq f�f�D1

Wkh julg dssur{lpdwlrq lpsolhv wkdw frqvxpswlrq lv lq hdfk vwdwh uh0
vwulfwhg wr d olplwhg vhw ri ydoxhv1 Wkh frduvhqhvv ri wklv vhw ghshqgv rq
wkh frduvhqhvv ri wkh julg lq fdvk rq kdqg1 Wkxv/ frqvxpswlrq fdqqrw eh
rswlplvhg iuhho| dqg khqfh wkh ydoxh ixqfwlrq hvwlpdwh zloo lqhylwdeo| eh dq
xqghuhvwlpdwh ri wkh wuxh ydoxh ixqfwlrq1 Ixuwkhupruh/ gxh wr wkh glvfuhwh0
qhvv ri wkh ihdvleoh frqvxpswlrq vhw/ qrq0rswlpdo/ qrq0vprrwk hyroxwlrq lq
frqvxpswlrq srolf| lv olnho| wr dsshdu lq wkh qxphulfdo uhvxowv lq wkh fdvhv
zkhuh rswlpdo frqvxpswlrq ohyhov kdyh d pdjqlwxgh vlplodu wr wkh plqlpxp
glvwdqfh ehwzhhq srvvleoh frqvxpswlrq ohyhov1

Jlyhq wkh rewdlqhg ydoxh dqg srolf| ixqfwlrqv/ wlph vhulhv vlpxodwlrqv
fdq eh surgxfhg e| slfnlqj lqlwldo vwdwhv ri lqwhuhvw1

Wkh surjudp wkdw vroyhv wkh rswlplvdwlrq sureohp dqg surgxfhv wlph
vhulhv vlpxodwlrqv ri rswlpdo frqvxpswlrq/ whfkqrorj|/ dqg vdylqj ohyhov lv
zulwwhq xvlqj Eruodqg*v Wxuer Sdvfdo1 Wkh surjudp lv uxq dv d frqwuro dssol0
fdwlrq lq Eruodqg*v Ghoskl 61 Ghshqglqj rq sdudphwhuv dqg julg frduvhqhvv/
wkh uhvxowv ri wkh ghwhuplqlvwlf sureohp fdq eh rewdlqhg lq d ihz plqxwhv rq
d SF ri w|sh Shqwlxp LLL zlwk d :330PK} surfhvvru dqg 589 Pe UDP1

615 Vlpxodwlrq Uhvxowv

Wkh sdudphwhuv lq wkh ghwhuplqlvwlf prgho duh= #/ k/ o/ B/ /�/ /2/ +/ dqg
wf1 Krzhyhu/ vlqfh lw lv yluwxdoo| lpsrvvleoh wr suhvhqw uhvxowv iru pruh
wkdq d vpdoo qxpehu ri wkh ghulyhg sdudphwhu frpelqdwlrqv/ d qrq0qhjoljleoh
dprxqw ri glvfuhwlrq lv xqdyrlgdeoh lq wkh surfhvv ri vhohfwlqj wkh vlpxodwlrqv
wr uxq dqg wkh uhvxowv wr suhvhqw1 Wkh wdvn lv wr slfn rxw d ihz lqwhuhvwlqj
dqg2ru uhsuhvhqwdwlyh ydoxhv ri wkh sdudphwhuv1 Ixuwkhupruh/ ghflvlrqv pxvw
eh pdgh uhjduglqj wkh prgh ri suhvhqwdwlrq vxfk wkdw wkh phfkdqlvpv dqg
wkh uhvxowv ri wkh prgho duh prvw fohduo| uhyhdohg1

Wdeoh L
Ehqfkpdun Sdudphwhu Ydoxhv lq Ghwhuplqlvwlf Prgho

# k o B /� /2 + wf
f�D f�f� f�fD f�f. 2 f � �
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Iljxuh 5= Ydoxh ixqfwlrq

Wkh ehqfkpdun ydoxhv ri wkh sdudphwhuv wr eh xvhg lq wkh vlpxodwlrqv ri
wkh ghwhuplqlvwlf prgho duh olvwhg lq Wdeoh L1 Ghyldwlrqv iurp wkhvh ydoxhv
zloo eh h{solflwo| vshfl�hg zkhq frqvlghuhg1 Ixuwkhupruh/ �jxuhv zloo eh
suhvhqwhg lq whupv ri qrupdolvhg yduldeohv/ xqohvv rwkhuzlvh vwdwhg1

Wr looxvwudwh vrph ri wkh sudfwlfdo sureohpv lqyroyhg lq wkh qxphulfdo
lwhudwlrqv rq wkh ydoxh ixqfwlrq/ Iljxuh 5 frqwdlqv wkh uhvxowlqj ydoxh ixqfwlrq
iurp dq lwhudwlrq xvlqj wkh ehqfkpdun sdudphwhu ydoxhv1 Iljxuh 6 suhvhqwv
wkh vdph ydoxh ixqfwlrq iru d vpdoohu udqjh ri fdvk ydoxhv1

Lw vkrxog eh dssduhqw iurp wkhvh Iljxuhv wkdw wkh ydoxh ixqfwlrq grhv qrw
glvsod| dq| ri wkh �vwdqgdug� surshuwlhv ri frqwlqxlw|/ frqfdylw|/ dqg gl�hu0
hqwldelolw|1 Wkh odujhvw glvfrqwlqxlwlhv duh irxqg iru vpdoo ohyhov ri lqvwdoohg
whfkqrorj| dorqj wkh olqh zkhuh fdvk rq kdqg lv mxvw vx!flhqw wr fryhu wkh
frvw ri dq lqyhvwphqw/ l1h1 dw �% ' 21 Dv �% uhdfkhv 2 iurp ehorz/ wkh djhqw
uhfhlyhv dq h{wud rswlrq/ qdpho| wkh rswlrq wr lqyhvw lq wkh fxuuhqw shulrg1<

Iru vpdoo ohyhov ri lqvwdoohg whfkqrorj|/ xvlqj wklv rswlrq vwulfwo| grplqdwhv
dq| rwkhu ihdvleoh vwudwhj|/ hyhq wkrxjk lw uhtxluhv }hur frqvxpswlrq lq wkh
fxuuhqw shulrg1 Wkhuhiruh/ wkh ydoxh ixqfwlrq �mxpsv� dw wkhvh srlqwv1 Dw
kljkhu ohyhov ri lqvwdoohg whfkqrorj|/ wkh djhqw suhihuv wr srvwsrqh wkh lq0
yhvwphqw rqh ru pruh shulrgv dqg wr xvh klv fxuuhqw whfkqrorj| wr hqmr|
uhdvrqdeoh ohyhov ri frqvxpswlrq xqwlo wkhq1

Wkh glvfrqwlqxlwlhv dw �% ' 2 �vsloo edfn� dqg |lhog rwkhu glvfrqwlqxlwlhv
dw orzhu fdvk ohyhov1 Pruh suhflvho|/ glvfrqwlqxlwlhv fdq eh orfdwhg dw frpel0
qdwlrqv ri �% dqg �X zkhuh iruhjrlqj frqvxpswlrq iru wzr ru pruh shulrgv zloo
suhflvho| hqdeoh wkh djhqw wr xqghuwdnh dq lqyhvwphqw dw wkh hqg ri wkhvh

<Pruh irupdoo|/ wkh ihdvleoh vhw lv qrw orzhu khplfrqwlqxrxv dw �{ @ 51
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Iljxuh 6= Ydoxh ixqfwlrq

shulrgv1 Hyhqwxdoo|/ wkhvh glvfrqwlqxlwlhv zloo glh rxw dv wkh frvw ri iruhjrqh
frqvxpswlrq vwduwv wr h{fhhg wkh jdlqv iurp d +ohvv glvwdqw, ixwxuh lqyhvw0
phqw1 Wkh uhvxowlqj vkdsh ri wkh ydoxh ixqfwlrq uhvhpeohv wkdw ri d �zlqglqj
vwdlufdvh�1

Wkxv/ wkh glvfrqwlqxlwlhv duh fdxvhg e| wkh dvvxpswlrqv ri lqglylvleoh lq0
yhvwphqwv dqg fuhglw frqvwudlqwv/ wrjhwkhu zlwk wkh glvfuhwh qdwxuh ri wlph
lq wkh prgho1 Wkhlu pdjqlwxghv ghshqg rq wkh sdudphwhuv ghwhuplqlqj wkh
frvw ri lqyhvwphqw/ l1h1 /� dqg /2/ dqg wkh uhodwlyh lpsruwdqfh ri fxuuhqw
dqg ixwxuh frqvxpswlrq/ l1h1 # dqg B1 Dv vwdwhg lq Sursrvlwlrq 6 dqg Uh0
pdun 7/ wkhuh h{lvw ydoxhv ri wkh sdudphwhuv dw zklfk wkh glvfrqwlqxlwlhv
glvdsshdu1 Wkrxjk frqwlqxrxv lq wkhvh fdvhv/ wkh ydoxh ixqfwlrq zloo vwloo eh
kljko| qrq0vprrwk/ lpso|lqj wkdw lwhudwlrq phwkrgv uho|lqj rq sdudphwulf
dssur{lpdwlrqv ri wkh ydoxh ixqfwlrq duh yluwxdoo| lpsrvvleoh wr dsso|1

Iurp dq hfrqrplf srlqw ri ylhz/ wkh srolf| ixqfwlrqv iru frqvxpswlrq/
vdylqj/ dqg lqyhvwphqw duh pruh lqwhuhvwlqj1 Dv iru wkh ydoxh ixqfwlrq/ wkhvh
frxog eh ylvxdolvhg lq wkuhh glphqvlrqv1 Krzhyhu/ vlqfh wkh| wxuq rxw wr eh
hyhq ohvv vprrwk wkdq wkh ydoxh ixqfwlrq/ lw lv pruh lqvwuxfwlyh wr xvh frqwrxu
sorwv1

Iljxuh 7 suhvhqwv frqvxpswlrq ixqfwlrqv iru irxu gl�huhqw ohyhov ri lq0
vwdoohg whfkqrorj|1 Wkh lpsuhflvlrq dulvlqj iurp wkh julg dssur{lpdwlrq lv
uh hfwhg lq wkh vpdoo xszdug vwhsv ri wkh ixqfwlrqv1 Wkh frqvxpswlrq ixqf0
wlrq iru �X ' f�e fohduo| looxvwudwhv wkh glvfrqwlqxlw| ri wkh ydoxh ixqfwlrq dw
�% ' 2/ zkhuh frqvxpswlrq vxgghqo| gursv wr }hur1

Zkloh wkh glvfrqwlqxlwlhv ri wkh ydoxh ixqfwlrq glvdsshduhg dw kljkhu ohyhov
ri whfkqrorj| dqg fdvk rq kdqg/ wklv lv qrw wkh fdvh iru wkh srolf| ixqfwlrq1
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Iljxuh 7= Frqvxpswlrq

Lqvwhdg/ d kljko| �vdzwrrwkhg� sdwwhuq hphujhv1 Frqvlghu/ h1j1/ wkh fdvh ri
�X ' f�Db1 Lq wklv fdvh/ wkhuh lv d glvfrqwlqxlw| dw �% : 21 Wkh lqwxlwlrq lv
wkdw wkh uhodwlyh frvw ri }hur frqvxpswlrq lv wrr kljk dw �X ' f�Db1 Wkxv/
wkh djhqw suhihuv wr srvwsrqh wkh lqyhvwphqw dw �% ' 2 1 Krzhyhu/ dv �% lv
ixuwkhu lqfuhdvhg/ lw zloo hyhqwxdoo| uhdfk d ohyho zkhuh wkh ydoxh ri vwrsslqj
htxdov wkh ydoxh ri frqwlqxdwlrq1 Wklv lv wkh rswlpdo0vwrsslqj qdwxuh ri
wkh sureohp1 Exw wkrxjk lqyhvwlqj wklv shulrg ehfrphv rswlpdo/ lw vwloo
lpsolhv orzhu fxuuhqw frqvxpswlrq lq rughu wr �qdqfh wkh lqyhvwphqw1 Wkh
uhpdlqlqj glvfrqwlqxlwlhv lq Iljxuh 7 fdq eh h{sodlqhg lq d vlplodu zd|= Dv
fdvk lqfuhdvhv/ lw ehfrphv rswlpdo wr ghfuhdvh wkh uhpdlqlqj wlph wr dq
lqyhvwphqw/ hyhq wkrxjk wklv lpsolhv orzhu frqvxpswlrq lq wkh uhpdlqlqj
shulrgv ehiruh wkh lqyhvwphqw1

Xs wr d fhuwdlq ohyho ri fdvk/ �%W/ hyhu|wklqj lv frqvxphg/ �S ' E� n k�
3�

�%1
Wklv ohyho ghshqgv rq lqvwdoohg whfkqrorj| dqg lv dozd|v orzhu wkdq wkh ohyho
ri lqfrph qh{w shulrg1 Lw wkxv uh hfwv wkh frqvxpswlrq vprrwklqj prwlyh ri
wkh djhqw1

Wkh fdvh ri �X ' f�SH lv frqvlghuhg pruh ixoo| lq Iljxuh 81 Lw iroorzv
iurp wkh Iljxuh wkdw lqyhvwlqj ehfrphv rswlpdo durxqg �% ' 2�e/ wkrxjk wklv
lpsolhv orzhu fxuuhqw frqvxpswlrq1 Dv fdvk lv ixuwkhu lqfuhdvhg wr d ohyho
durxqg ��H/ wkh lqyhvwphqw fhdvhv wr eh rswlpdo1 Dw |hw kljkhu ohyhov ri
fdvk/ lqyhvwlqj lv rqfh pruh wkh rswlpdo vwudwhj|1 H{sodlqlqj wkhvh fkdqjhv
lq vwudwhj| lv qrw vwudljkwiruzdug1 Wkh| uh hfw wkh uhodwlyh h�hfwlyhqhvv ri
vdylqjv dqg lqyhvwphqwv dv phdqv ri fuhdwlqj dqg uhglvwulexwlqj lqfrph ryhu
wlph/ wdnlqj lqwr dffrxqw wkdw wkh lqyhvwphqw ghflvlrq wrgd| lv rqo| sduw ri
d odujhu lqyhvwphqw sodq1
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Iljxuh 8= Frqvxpswlrq dqg lqyhvwphqw/ �X ' f�SH

Lw vkrxog eh vwuhvvhg wkdw Iljxuh 8 suhvhqwv d udwkhu vshfldo fdvh> d ohyho
ri lqvwdoohg whfkqrorj| zkhuh lqyhvwlqj lq qhz whfkqrorj| lv mxvw derxw wr
ehfrph zruwkzkloh1 Iru prvw ydoxhv ri lqvwdoohg whfkqrorj|/ wkhuh zloo eh d
vlqjoh rswlpdo vwrsslqj srlqw1

Fohduo|/ li wkh lqlwldo ohyhov ri fdvk dqg lqvwdoohg whfkqrorj| duh wrr orz/
wkh djhqw pljkw qrw �qg lw zruwkzkloh wr vdyh iru d ixwxuh lqyhvwphqw1 Wkh
frvw lq whupv ri iruhjrqh frqvxpswlrq lv wrr odujh/ dqg wkh djhqw lqvwhdg
pd{lplvhv xwlolw| zlwk uhvshfw wr frqvxpswlrq jlyhq d ixwxuh frqvwdqw vwuhdp
ri qrq0qrupdolvhg lqfrph1 Gxh wr lpsdwlhqfh/ wkh rswlpdo vwudwhj| zloo wkhq
eh wr uxq grzq dq| lqlwldo dvvhwv/ dqg wkhq htxdolvh frqvxpswlrq wr lqfrph
lq doo ixwxuh shulrgv143 Wkxv/ wkh sryhuw| wuds lv lq vrph vhqvh �yroxqwdu|�>
wkh djhqw �fkrrvhv� qrw wr vdyh iru ixwxuh lqyhvwphqwv1

Wkh sryhuw| wuds lv wkhuhiruh ri wkh vdph qdwxuh dv wkh rqh lq Jdoru dqg
]hlud +4<<6,/ zkhuh srru lqglylgxdov fdqqrw ryhufrph wkh wkuhvkrog qhhghg
iru lqyhvwphqw/ exw gl�huhqw iurp wkh w|sh lq Eduur dqg Vdod0L0Pduwlq +4<<8,/
zklfk lv gxh wr vfdoh surshuwlhv ri wkh surgxfwlrq ixqfwlrq1

Iljxuh 9 suhvhqwv wkh fdvh ri # ' ��D1 Wkh slfwxuh lv yluwxdoo| wkh vdph
dv ehiruh1 Krzhyhu/ wzr dvshfwv ghvhuyh frpphqwv1 Iluvw/ iru wkh orzhvw
whfkqrorj| ohyho/ wkh suhvhqfh ri d sryhuw| wuds lv ylvleoh1 Dw d fdvk ohyho
durxqg ���/ frqvxpswlrq gursv gudpdwlfdoo|/ uh hfwlqj wkdw dq djhqw lq wklv
vwdwh �qgv lw zruwkzkloh wr hvfdsh wkh sryhuw| wuds e| vdylqj iru d ixwxuh
lqyhvwphqw1 Vhfrqgo|/ frqvxpswlrq ixqfwlrqv/ wkrxjk vwloo vdzwrrwkhg/ ds0

43Lq wkh qxphulfdo vlpxodwlrqv/ krzhyhu/ dv qrupdolvhg whfkqrorj| uhdfkhv wkh orzhu

erxqg/ qrq0qrupdolvhg lqfrph vwduwv wr jurz dw wkh udwh ri �/ lpso|lqj d vlplodu jurzwk

udwh ri qrq0qrupdolvhg frqvxpswlrq1
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Iljxuh 9= Frqvxpswlrq/ # ' ��D

shdu � dwwhu� wkdq lq wkh fdvh ri # ' f�D/ uh hfwlqj wkh orzhu lqwhuwhpsrudo
hodvwlflw| ri vxevwlwxwlrq/ �*#1 Wkxv/ d vprrwkhu hyroxwlrq ri frqvxpswlrq lv
revhuyhg dw # ' ��D/ hyhq wkrxjk d kljkhu # dovr zrunv wr ghfuhdvh q1

Iljxuh : suhvhqwv vlpxodwlrqv ri frqvxpswlrq/ vdylqjv/ fdvk rq kdqg/ dqg
lqvwdoohg whfkqrorj|1 Lw dsshduv wkdw erwk frqvxpswlrq dqg vdylqjv iroorz
d yhu| f|folfdo sdwwhuq zkhuh kljk frqvxpswlrq lv hqmr|hg dw wkh ehjlqqlqj
ri d f|foh/ zkhuhdv vdylqjv dffhohudwh wrzdugv wkh hqg ri d f|foh1 Wkhvh
f|folfdo vkdshv uh hfw wkh frxqwhuydlolqj irufhv ri wkh dffxpxodwlrq prwlyh
dqg lpsdwlhqfh1 Wkhvh prwlyhv lqwhudfw wr surgxfh d f|folfdo sdwwhuq zkhuh
prvw ri wkh vdylqj iru dq lqyhvwphqw lv xqghuwdnhq lq wkh shulrgv lpphgldwho|
ehiruh wkh lqyhvwphqw1

Lw lv vwudljkwiruzdug wr fkhfn wkdw dq djhqw vwduwlqj zlwk �r ' f dqg
�X ' E� n k�

3�
wf zloo lqyhvw dw d ixwxuh srlqw lq wlph1 Wklv lpsolhv wkdw

dq| djhqw wkdw �qgv lw rswlpdo wr lqyhvw rqfh zloo uhshdw lqyhvwlqj dw ixwxuh
srlqwv lq wlph1 Hyhqwxdoo|/ vxfk �wkuliw|� djhqwv zloo hqwhu d ghwhuplqlvwlf
lqyhvwphqw f|foh1 Wr vhh wklv/ uhphpehu wkdw dv orqj dv wkh djhqw fduulhv
srvlwlyh vdylqjv/ +49, lpsolhv wkdw �S +dqg S, pxvw eh ghfolqlqj ryhu wlph1
Wkxv/ lq rughu wr lqfuhdvh frqvxpswlrq dv whfkqrorj| lqfuhdvhv/ wkh djhqw
pxvw uxq grzq dvvhwv zkhq dq lqyhvwphqw lv xqghuwdnhq/ wkhuhe| uhvhwwlqj
wkh Hxohu surshuw| ri frqvxpswlrq sdwkv1 Wklv lpsolhv wkdw wkh qrupdolvhg
rswlplvdwlrq sureohp ehfrphv lghqwlfdo diwhu hdfk qhz lqyhvwphqw1 Wkxv/
d vwdeoh +ru devruelqj, f|foh hphujhv lq wkh vlpxodwlrqv> d f|foh zklfk fdq
eh frqvlghuhg dv wkh vwhdg| vwdwh g|qdplfv ri wkh prgho1 Ri frxuvh/ wkh
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Iljxuh := Vlpxodwlrqv ri whfkqrorj|/ fdvk/ frqvxpswlrq/ dqg vdylqjv

surshuwlhv ri wkhvh f|fohv zloo ghshqg fuxfldoo| rq wkh lqyroyhg sdudphwhuv1
Wdeoh LL suhvhqwv fkdudfwhulvwlfv ri wkh f|fohv iru ydu|lqj ydoxhv ri #=

Wdeoh LL
Vhqvlwlylw| ri Shulrg Ohqjwk dqg Frqvxpswlrq zlwk uhvshfw wr #

# f�D f�bD ��fD ��D

7R �e �e �D �D

7S f�Hf f�H� f�H2 f�H2
Qrwh= U hpdlq lqj sdudphwhu yd oxhv dv lq Wdeoh L1 7R dqg 7S dv gh�qhg lq wh{w1

zkhuh 7R lv wkh lqyhvwphqw shulrg ohqjwk/ dqg 7S lv dyhudjh frqvxpswlrq
rxw ri lqfrph/ gh�qhg dv=

7S '
�

?

[ �S

�+
'

�

?

[ S

+
+53,

zkhuh wkh vxppdwlrq lv ryhu wkh qxpehu ri vlpxodwhg shulrgv/ ?144 Lw lv vhhq
wkdw wkh ohqjwk ri wkh lqyhvwphqw f|foh lqfuhdvhv dv # lqfuhdvhv1 Wklv lv gxh
wr wkh orzhu lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq1 Wkh frvw ri iruhjrqh
frqvxpswlrq lq wkh fxuuhqw f|foh lv wrr kljk/ fdxvlqj wkh djhqw wr fkrrvh d
orqjhu shulrg ehwzhhq lqyhvwphqwv1

Iljxuh ; frpsduhv vdylqjv dqg frqvxpswlrq iru # ' f�D dqg # ' ��D1 Dv
phqwlrqhg deryh/ wkh frqvxpswlrq sur�oh lv reylrxvo| vprrwkhu zlwk kljkhu

44Lq wkh ghwhuplqlvwlf prgho/ lw lv lq sulqflsoh vx!flhqw wr vxp ryhu d vlqjoh vwhdg| vwdwh

f|foh1
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Iljxuh ;= Vlpxodwlrqv ri frqvxpswlrq dqg vdylqjv/ # ' f�D dqg # ' ��D

#/ l1h1 vdylqjv duh lqlwldoo| kljkhu dqg gr qrw dffhohudwh dv pxfk dv zlwk
# ' f�D1

Ydu|lqj wkh sdudphwhu ydoxhv lq wkh frvw ixqfwlrq grhv qrw surgxfh dq|
vxusulvlqj uhvxowv/ fi1 Wdeoh LLL1 Orzhulqj wkh �{hg frvw ri lqyhvwphqw/ /�/
gudvwlfdoo| uhgxfhv wkh wlph shulrg ehwzhhq lqyhvwphqwv1 Krzhyhu/ dgglqj d
srvlwlyh yduldeoh frvw/ /2/ kdv rqo| d plqru h�hfw rq wkh dyhudjh ohqjwk1

Wdeoh LLL
Dyhudjh Ohqjwk ri F|foh

E/�c /2� E�c �� E2cf� E2c ��

7R H�be ���b. �e�.D
Qrwh= 7R dv gh�qhg lq wh{w1

7 Wkh Vwrfkdvwlf Prgho

Wklv vhfwlrq suhvhqwv d vwrfkdvwlf yhuvlrq ri wkh prgho iurp wkh suhylrxv
vhfwlrqv1 Xqfhuwdlqw| lv lqwurgxfhg wkurxjk wkh lqfrph ixqfwlrq jlyhq e|=

+| ' 6|X|

ru xvlqj qrupdolvhg yduldeohv=

�+| ' 6|
�X|
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zkhuh 6| lv dq l1l1g1 frqwlqxrxv/ vwrfkdvwlf yduldeoh zlwk frpsdfw vxssruw
P ' d6c6o/ zkhuh 6 � f/ 6 	4/ . E6� ' >/ dqg T E6� ' j21 Wkh iduphu
lv dvvxphg wr pd{lplvh h{shfwhg xwlolw|1

Xqfhuwdlqw| frxog eh lqwurgxfhg lq d qxpehu ri rwkhu zd|v/ h1j1 wkurxjk
wkh jurzwk surfhvv ri whfkqrorj| dqg2ru wkh uhwxuq wr vdylqjv1 Krzhyhu/ wkh
suhvhqw w|sh ri xqfhuwdlqw| lv vx!flhqwo| vlpsoh wr doorz prvw ri wkh dqdo|w0
lfdo uhvxowv iurp wkh suhylrxv vhfwlrqv wr jr wkurxjk zlwkrxw pdmru fkdqjhv1
Dqg vwloo/ wkh xqfhuwdlqw| lqwurgxfhv wkh suhfdxwlrqdu| vdylqj prwlyh1

Wkh ixqfwlrqdo htxdwlrq xqghu xqfhuwdlqw| ehfrphv=

�� E�5c6� ' 4@ 
�5�M�KE�5c6�

�
�� E�5c �5�c6� n q

] 6

6

�� E�5�c6�� _8 E6��

�
+54,

zkhuh �5 ' E�rc �X�/ dqg 8 lv wkh glvwulexwlrq ixqfwlrq ri 61 Ixuwkhupruh/ �� lv
gh�qhg e|=

�� E�5c �5�c6� ';AA?AA=
E�nk�

E�3#�

�3#

k
E�no��rn6�X

�nk
� �r� � �/E �X�c �X�

l�3#
c # : f a # 9' �

*L}
k
E�no��rn6�X

�nk
� �r� � �/E �X�c �X�

l
c # ' �

+55,

zkhuh wkh h{suhvvlrq lq vtxduh eudfnhwv lv �S|n�1 q dqg �/E �X�c �X� duh gh�qhg dv
lq wkh ghwhuplqlvwlf fdvh1 Wkh fruuhvsrqghqfh �K G �]�P$ �] lv qrz gh�qhg
e|=

�K E�5c6� '

;?=�5� 5 �] G
�X� 5

q
E� n k�

3� �Xc E� n k�
3�

wf

r
�r� � E� n k�

3�
k
E� n o� �rn6�X

l
� �/E �X�c �X�

<@> +56,

zkhuh �] � U
2
n1

45 Dv lq wkh ghwhuplqlvwlf fdvh/ lw lv srvvleoh wr uhvwulfw
dwwhqwlrq wr d frpsdfw vhw=

Sursrvlwlrq 9 < �r��}� 	4 vxfk wkdw li �rf � �r6@%
zkhuh �r6@% � �r��}�/ wkhq

�r| � �r6@%
iru doo | : f1

Surri1 Vhh Dsshqgl{1

Sursrvlwlrq 9 vd|v wkdw zkhq +qrupdolvhg, vdylqjv duh vx!flhqwo| odujh/
wkh djhqw zloo fkrrvh wr ghfuhdvh vdylqjv qh{w shulrg/ lqghshqghqw ri wkh

45D vhtxhqfh sureohp dqdorjrxv wr wkh rqh lq wkh ghwhuplqlvwlf fdvh fdq eh irupxodwhg/

exw lv rplwwhg1 Djdlq/ wkh ydoxh ixqfwlrq �y� zloo eh zhoo gh�qhg iru doo +�}3>p3, 5 U
5
.�P/

vlqfh �x dqg �� vdwlvi| wkh qhhghg phdvxudelolw| uhtxluhphqwv1
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fxuuhqw lqfrph uhdolvdwlrq/ l1h1 kh zloo fkrrvh frqvxpswlrq dqg lqyhvwphqw
h{shqglwxuhv lq h{fhvv ri lqfrph dqg lqwhuhvw hduqhg1 Wkh uhdvrq lv wkdw
zkhq vdylqjv duh vx!flhqwo| odujh/ wkh| ehfrph wkh vlqjoh ghwhuplqdqw ri
frqvxpswlrq1 Ixwxuh lqyhvwphqw frvw dqg lqfrph uhdolvdwlrqv kdyh qhjoljl0
eoh lq xhqfh rq ixwxuh frqvxpswlrq/ dqg khqfh xqfhuwdlqw| lv ri olwwoh lp0
sruwdqfh1 Gxh wr uhodwlyh lpsdwlhqfh/ lw zloo dozd|v eh rswlpdo wr ghfuhdvh
wkh ohyho ri vdylqjv lq vxfk d vlwxdwlrq1

Pruh irupdoo|/ Sursrvlwlrq 9 lpsolhv wkdw iru dq| fkrlfh ri �r6@% deryh
�r��}�/ d frpsdfw vhw �] fdq eh gh�qhg e| +<, vxfk wkdw iru dq| �5 5 �]/ wkh udqjh
ri wkh fruuhvsrqghqfh K fdq eh uhvwulfwhg wr �] zlwkrxw orvv ri jhqhudolw|1

Gh�qh wkh pdsslqj A G �T $ �T e|=

EA ��� E�5c6� ' 4@ 
�5�M�KE�5c6�

�
�� E�5c �5�c6� n q

] 6

6

�� E�5�c6�� _8 E6��

�
+57,

zkhuh �T lv vrph vsdfh ri ixqfwlrqv1 Wkhq wkh iroorzlqj uhvxow fdq eh hvwde0
olvkhg=

Sursrvlwlrq : Ohw # 	 �/ dqg ohw �[ ' �] �P zkhuh �] lv jlyhq e| +<, zlwk

�r6@%
vdwlvi|lqj Sursrvlwlrq 91 Lq dgglwlrq/ ohw �� G �] � �] � P $ U dqg

�K G �] � P$ �] eh jlyhq e| +55, dqg +56,/ uhvshfwlyho|1 Wkh pdsslqj A

gh�qhg e| +57, lv wkhq d frqwudfwlrq pdsslqj/ wdnlqj wkh vsdfh ri erxqghg

ixqfwlrqv �� G �[$ U/ zlwk wkh vxs qrup/ lqwr lwvhoi= A G �E�[� $ �E�[�1

Ixuwkhupruh/ A kdv d xqltxh �{hg srlqw/ �� 5 �E�[�/ zklfk fruuhvsrqgv wr

wkh xqltxh vroxwlrq ri wkh fruuhvsrqglqj vhtxhqfh sureohp1 Ilqdoo|/ iru doo

��f 5 �E�[�=

nA?��f � ��n � q? n��f � ��n c ? ' fc �c 2c ��� +58,

Surri1 Vhh Dsshqgl{1

Zkhq # � �/ wkh vwdwh vsdfh pxvw eh uhgh�qhg dv lq wkh ghwhuplqlvwlf
fdvh1 Wkxv/ �] pxvw qrz eh jlyhq e| �]K lq +46,1 Ixuwkhupruh/ wkh ihdvleoh
fruuhvsrqghqfh pxvw eh uhvwulfwhg wr rshudwh rq wklv vhw=

�KK E�5c6� ' +59,+
�5� 5 �]K G

�X� 5

q
4@ 

q
�X6�?c E� n k�

3� �X
r
c E� n k�

3�
wf

r
�r� �

E�no��rn6�X

�nk
� �/E �X�c �X�

,

Wkhq wkh iroorzlqj uhvxow fdq eh hvwdeolvkhg=
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Sursrvlwlrq ; Ohw # � �/ dqg ohw �[ ' �] �P zkhuh �] lv jlyhq e| �]K lq

+46, zlwk �r6@%
vdwlvi|lqj Sursrvlwlrq 9 dqg hlwkhu= l, �X6�? : f dqg 6 : f>

ru ll, �r6�? : f1 Lq dgglwlrq/ ohw �� G �] � �] �P $ U dqg �K G �] �P$ �] eh

jlyhq e| +55, dqg +59,/ uhvshfwlyho|1 Wkh pdsslqj A gh�qhg e| +57, lv wkhq

d frqwudfwlrq pdsslqj/ wdnlqj wkh vsdfh ri erxqghg/ frqwlqxrxv ixqfwlrqv

�� G �[$ Uc zlwk wkh vxs qrup/ lqwr lwvhoi= A G �E�[�$ �E�[�1 Ixuwkhupruh/ A

kdv d xqltxh �{hg srlqw/ �� 5 �E�[�/ zklfk fruuhvsrqgv wr wkh xqltxh vroxwlrq

ri wkh fruuhvsrqglqj vhtxhqfh sureohp1 Ilqdoo|/ iru doo ��f 5 �E�[�=

nA?��f � ��n � q?
n��f � ��n c ? ' fc �c 2c ��� +5:,

Surri1 Vhh Dsshqgl{1

714 Fkdudfwhulvdwlrq ri wkh Vroxwlrq

Dv lq wkh ghwhuplqlvwlf fdvh/ wkh ydoxh ixqfwlrq fdq eh h{suhvvhg vroho| dv d
ixqfwlrq ri lqvwdoohg whfkqrorj|/ �X/ dqg fdvk rq kdqg/ �%1 Dqg lq wkh fdvh ri
/2 ' f/ d uhvxow vlplodu wr wkh rqh lq Sursrvlwlrq 8 krogv=

Sursrvlwlrq < Ohw /2 ' f1 Jlyhq vrph ihdvleoh �% � /�wf n E� n k� �r6�?
/

hlwkhu=

41 ��SJ?|E�%c �X� : ��r|JRE�%c �X� iru doo �X 5 d �X6�?c E� n k�
3�
wfo> ru

51 ��SJ?|E�%c �X� 	 ��r|JRE�%c �X� iru doo �X 5 d �X6�?c E� n k�
3�
wfo> ru

61 < �X� 5 d �X6�?c E� n k�
3�

wfo vxfk wkdw= l, ��SJ?|E�%c �X�� ' ��r|JRE�%c �X��>

ll, ��SJ?|E�%c �X� : ��r|JRE�%c �X� iru dq| �X 5 E �X
�

c E� n k�
3�
wfo> dqg lll,

��SJ?|E�%c �X� 	 ��r|JRE�%c �X� iru dq| �X 5 d �X6�?c �X
�

�1

zkhuh �X6�? � f dqg �r6�? � f1

Surri1 Vhh Dsshqgl{1

Wkh lpsolfdwlrqv iru srolf| ixqfwlrqv dqg ydoxh ixqfwlrqv duh vlplodu wr
wkrvh ri wkh ghwhuplqlvwlf fdvh dqg fdq djdlq eh xvhg wr vshhg xs wkh qx0
phulfdo vroxwlrqv1

Wkh hyroxwlrq ri pdujlqdo xwlolw| ri frqvxpswlrq fdq lq wkh vwrfkdvwlf
fdvh eh ghvfulehg e|=

��� E�S|� ' 4@ 
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Djdlq/ hlwkhu qr vdylqjv lq h{fhvv ri �r6�? duh fduulhg iruzdug/ lq zklfk fdvh
frqvxpswlrq htxdov fdvk qhw ri lqyhvwphqw frvw/ ru srvlwlyh vdylqjv duh fdu0
ulhg iruzdug/ lq zklfk fdvh wkh vwdqgdug Hxohu ru pduwlqjdoh surshuw| krogv1
Wkxv/ wkh hyroxwlrq ri pdujlqdo xwlolw| ri frqvxpswlrq/ dqg wkhuhe| frq0
vxpswlrq/ fdq eh ghvfulehg e| d pduwlqjdoh surfhvv zklfk orvhv lwv phpru|
zkhqhyhu vdylqjv duh eurxjkw wr }hur1

8 Qxphulfdo Vlpxodwlrqv

Sursrvlwlrq : dqg ; lpso| wkdw wkh qxphulfdo lwhudwlrqv fdq eh xqghuwdnhq
rq wkh frpsdfw vhw �] �P zlwk �] jlyhq e| +<, ru +46, iru vrph �r6@% vdw0
lvi|lqj Sursrvlwlrq 91 Krzhyhu/ �r6@% pljkw kdyh wr eh yhu| odujh wr vdwlvi|
Sursrvlwlrq 9/ d sureohp wkdw zloo eh dgguhvvhg lq Vhfwlrq 815 ehorz1 Iluvw/
d pruh ghwdlohg ghvfulswlrq ri wkh vwrfkdvwlf dojrulwkp zloo eh suhvhqwhg1

814 Vwrfkdvwlf Dojrulwkp

Ohw �]} ' �]}% � �]}w eh d ?% � ?w julg gh�qhg dv lq wkh ghwhuplqlvwlf fdvh1
Wkdw lv/ iru d jlyhq ydoxh ri �%6@%=46

�]} '

;?=E�%c �X� 5 U2
n G

�% 5
q
�%6@%
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c 2�%
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c ���c �%6@%
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' �]}%

�X 5

q
wf

E�nk�?w
c wf

E�nk�?w3�
c ���c wf

E�nk��

r
' �]}w

<@>
Vwrfkdvwlf lqfrph lv lqwurgxfhg lqwr wkh prgho wkurxjk wkh yduldeoh 6|/

zklfk lv jlyhq d wuxqfdwhg qrupdo glvwulexwlrq zlwk phdq htxdo wr rqh/ vwdq0
gdug ghyldwlrq j 5 dfc f��o/ dqg wuxqfdwhg dw wkuhh vwdqgdug ghyldwlrqv iurp
wkh phdq1 Wkh uhvwulfwlrqv rq j hqvxuh wkdw 6 : f1

Jlyhq wkh glvwulexwlrq ri 6|/ qrupdolvhg lqfrph/ 6|
�X|/ lv dssur{lpdwhg

iru hdfk ydoxh ri �X lq wkh julg �]}w1 Wklv lv grqh e| frqvwuxfwlqj ?w yhfwruv=
(E�+ m �Xc jc }%� iru �X 5 �]}w1 Hdfk yhfwru jlyhv wkh frqfhqwudwhg suredelolwlhv
ri d julg ri lqfrph uhdolvdwlrqv1 Wkh frqfhqwudwhg suredelolw| lv rewdlqhg e|
lqwhjudwlqj ryhu wkh ghqvlw| duhd rq erwk vlghv ri wkh julg srlqw1 Wkh glv0
wdqfh ehwzhhq wkh lqfrph uhdolvdwlrqv lq wkh julg fruuhvsrqgv wr wkh glvwdqfh
ehwzhhq julg srlqwv lq wkh julg ryhu fdvk/ �]}%1 Dqg vlqfh lqfrph uhdolvdwlrqv
kdyh ehhq uhvwulfwhg wr dq lqwhuydo ri zlgwk 2 � �j �X/ wkh qxpehu ri hohphqwv

46Dv lq wkh ghwhuplqlvwlf fdvh/ lw lv vwudljkwiruzdug wr suryh wkdw dq xsshu erxqg rq �{

h{lvwv1
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lq hdfk yhfwru/ (E�+ m �Xc jc }%�/ lv jlyhq e|=

?+ ' 2 � �?|i}ih

#
�j �X

}%

$
n � +5;,

zkhuh }% ' �%6@%*?% lv wkh glvwdqfh ehwzhhq julg srlqwv lq wkh fdvk julg/ �]}%1
Dw hdfk julg srlqw/ �5} 5 �]}/ lq hyhu| lwhudwlrq/ wkh vwrfkdvwlf dojrulwkp

vroyhv=

��?n� E�5}� ' 4@ 
�
��r|JR?n� E�5}� c ��

SJ?|
?n� E�5}�

�
zkhuh ��SJ?|?n� lv wkh rswlpdo +h{shfwhg, ydoxh ri frqwlqxlqj zlwk wkh lqvwdoohg
whfkqrorj|/ dqg ��

r|JR

?n� lv wkh rswlpdo +h{shfwhg, ydoxh ri fkdqjlqj whfkqrorj|1
��SJ?|?n� lv frpsxwhg lq wkh iroorzlqj zd|= Lqvwdoohg whfkqrorj| qh{w shulrg

lv jlyhq e|= �X� ' 4@ iE� n k�
3� �Xc E� n k�

3?w wfc j1 Rswlplvdwlrq fdq wkhq
eh xqghuwdnhq e| �qglqj wkh rswlpdo ohyho ri h{shfwhg fdvk rq kdqg qh{w
shulrg/ �%�e/ vlqfh wkh glvwulexwlrq ri fdvk rq kdqg qh{w shulrg iroorzv iurp �%�e
dqg wkh glvwulexwlrq ri lqfrph/ (E�+ m �Xc jc }%�1

Pruh irupdoo|/ jlyhq �X�/ ohw �%�,J� eh wkh orzhvw srvvleoh fdvk vwdwh qh{w
shulrg gh�qhg e|=

�%�,J� ' �?|i}ih
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n �

$
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dqg ohw wkh ihdvleoh vhw ri fkrlfhv iru h{shfwhg fdvk rq kdqg qh{w shulrg eh
jlyhq e|=
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zkhq frqwlqxdwlrq kdv ehhq fkrvhq1 Wkhq iru doo �5} 5 �]}/ ��
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?n� lv jlyhq e|=
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zkhuh wkh suredelolw| RE�%�,J� n � � }% m �5}c �X
�c �%�e� ryhu �%� lv lpsolhg e| wkh

fkrlfh ri h{shfwhg fdvk/ �%�e/ dqg lv jlyhq e| wkh E� n ��|� hohphqw ri wkh
fruuhvsrqglqj suredelolw| yhfwru ri lqfrph=
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Wkh �plq�0rshudwru lq +5<, lv lqfoxghg wr hqvxuh wkdw wkh ydoxh ixqfwlrq lv
qrw hydoxdwhg rxwvlgh wkh julg1 Lq fdvh wkh fkrlfh ri �%�e lpsolhv wkdw srvlwlyh
suredelolwlhv duh dvvljqhg wr ydoxhv ri �%� deryh �%6@%/ wkh suredelolw| lv frq0
fhqwudwhg rq �%6@% lqvwhdg1 Ilqdoo|/ vdylqjv dqg frqvxpswlrq fdq eh ghulyhg
dv uhvlgxdov= �r� ' E� n o�

3�
E�%�e �

�X�� dqg �S� ' E� n k�
3�

�%} � �r
�

1
Wkh ydoxh ri fkdqjlqj whfkqrorj|/ ��r|JR?n�/ lv rewdlqhg dv iroorzv= Ohw

�xr|JR
} E�5}�

eh wkh ihdvleoh vhw ri fkrlfhv iru h{shfwhg fdvk rq kdqg qh{w shulrg/ �%�e/ zkhq
vwrsslqj kdv ehhq fkrvhq=

�xr|JR
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Wkhq iru doo �5} 5 �]} zkhuh �xr|JR
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zkhuh �X� ' E� n k�

3�
wf/ dqg �%�,J� dqg RE�%�,J� n � � }% m �5}c �X

�c �%�e� duh dv
gh�qhg deryh1 Vdylqjv dqg frqvxpswlrq fdq lq wklv fdvh eh ghulyhg dv= �r� '
E� n o�

3�
E�%�e�E� n k�

3�
wf� dqg �S� ' E� n k�

3�
E�%}�/�wf�/2Ewf� �X}����r�1

Sursrvlwlrq < fdq eh xvhg wr vshhg xs wkh dojrulwkp zkhq /2 ' f1 Wkh
lwhudwlrqv frqyhujh gxh wr wkh frqwudfwlrq surshuw| dqg zloo eh vwrsshg zkhq
wkh frqyhujhqfh phdvxuh lq +4<, ehfrphv ohvv wkdq vrph suh0vshfl�hg ohyho1

Gxh wr wkh fdofxodwlrq ri h{shfwdwlrqv/ wkh dojrulwkp zrunv vrphzkdw
vorzhu wkdq lq wkh ghwhuplqlvwlf fdvh1 Wlph vhulhv vlpxodwlrqv fdq eh sur0
gxfhg iurp wkh rewdlqhg srolf| ixqfwlrqv e| xvh ri d udqgrp qxpehu jhqhu0
dwru wr vlpxodwh wkh vkrfnv wr lqfrph1

815 Wuxqfdwlrq Sureohpv

Dv phqwlrqhg deryh/ wkh ydoxhv ri �r6@%/ dqg wkxv �%6@%/ dw zklfk Sursrvlwlrq
9 dssolhv pljkw eh wrr odujh wr eh ri dq| sudfwlfdo uhohydqfh1 Krzhyhu/
Sursrvlwlrq 9 vlpso| jlyhv vx!flhqw ydoxhv ri +qrupdolvhg, vdylqjv dw zklfk
dq lqfuhdvh lq vdylqjv zloo qhyhu wdnh sodfh1 Wkh dfwxdo ohyho ri �r zkhuh wklv
vwduwv wr eh wkh fdvh lv olnho| wr eh vrphzkdw vpdoohu1

Wkxv/ d wuxqfdwlrq ri wkh fdvk julg lv fkrvhq1 Lq jhqhudo/ vxfk wuxqfdwlrqv
pd| d�hfw wkh vroxwlrq/ lq sduwlfxodu forvh wr wkh wuxqfdwlrq olplw1 W|slfdo
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uhvxowv duh vxe0hvwlpdwlrqv ri wkh ydoxh ixqfwlrq dqg lqdffxudwh hvwlpdwhv
ri wkh rswlpdo srolflhv1 Krzhyhu/ dv orqj dv wkh suredelolwlhv ri lqfrph
uhdolvdwlrqv lpso|lqj rswlpdo srolf| fkrlfhv rxwvlgh wkh wuxqfdwlrq olplw duh
vpdoo/ wkh wuxqfdwlrq zloo qrw vljql�fdqwo| d�hfw wkh uhvxowv zhoo zlwklq wkh
olplw1

Dowhuqdwlyho|/ wkh wuxqfdwlrq srlqw frxog eh vhw forvh wr wkh pd{lpxp
ohyho ri vdylqjv lpsolhg e| Sursrvlwlrq 9/ dqg d yhu| frduvh julg frxog wkhq
eh xvhg lq wkrvh uhjlrqv zkhuh fdvk rq kdqg lv pxfk kljkhu wkdq lqyhvwphqw
frvw1 \hw dqrwkhu dssurdfk zrxog eh wr dssur{lpdwh wkh ydoxh ixqfwlrq dqg
wkh srolf| ixqfwlrqv lq vwdwhv rxwvlgh d olplwhg vwdwh vsdfh e| xvlqj vlpsoh
ixqfwlrqdo dssur{lpdwlrqv1 Erwk ri wkhvh dssurdfkhv zloo lpso| lqfuhdvhg
frpsxwdwlrq wlph dv wkh| lqfuhdvh wkh frpsoh{lw| ri wkh pd{lplvdwlrq vwhs1
Wr jhw dq lghd ri wkh srwhqwldo jdlq ri lpsohphqwlqj rqh ri wkhvh dssurdfkhv/
wkh rswlplvdwlrq sureohp zdv vroyhg wzlfh/ zlwk wkh wuxqfdwlrq ehlqj �yh
lq wkh �uvw uxq dqg vl{ lq wkh vhfrqg1 Lq erwk fdvhv/ wkh sdudphwhu ydoxhv
iurp Wdeoh L zhuh xvhg/ wrjhwkhu zlwk j ' f��1 Hydoxdwlqj wkh rxwfrph
ri wkhvh rswlplvdwlrqv/ lw zdv irxqg wkdw wkh lqfuhdvh lq wkh ydoxh ixqfwlrq
rewdlqhg e| lqfuhdvlqj wkh wuxqfdwlrq ohyho zdv qrzkhuh deryh f��I/ hyhq dw
srlqwv forvh wr wkh wuxqfdwlrq olplw1 Olnhzlvh/ wkh srolf| ixqfwlrq zdv kdugo|
d�hfwhg dw doo= Rqo| lq kljk whfkqrorj| vwdwhv yhu| forvh wr wkh wuxqfdwlrq
olplw +%�� : e�D, glg frqvxpswlrq ghfuhdvh e| pruh wkdq �I/ dqg qhyhu e|
pruh wkdq �fI1 Dqg dgglwlrqdo lqfuhdvhv lq wkh wuxqfdwlrq olplw zloo kdyh
d ghfuhdvlqj h�hfw rq wkh hvwlpdwlrqv1 Jlyhq wkhvh yhu| olplwhg h�hfwv/ lw
zdv fkrvhq wr dsso| wkh vlpsoh wuxqfdwlrq dssurdfk1 Krzhyhu/ d kljkhu #
lpsolhv d kljkhu suhfdxwlrqdu| vdylqj prwlyh dqg khqfh wkh wuxqfdwlrq olplw
lv lqfuhdvhg zlwk #/ fi1 Wdeoh LY1

Wdeoh LY
Wuxqfdwlrq Srlqwv

# f�D f�bD ��fD ��D

�%6@% S . H H

816 Vlpxodwlrq Uhvxowv

Wkh vdph vhw ri ehqfkpdun sdudphwhu ydoxhv lv xvhg lq wkh vwrfkdvwlf vlpx0
odwlrqv/ wrjhwkhu zlwk > ' �1

Iljxuh < suhvhqwv frqvxpswlrq ixqfwlrqv iru wkh fdvh ri j ' f��1 Frp0
sduhg wr wkh ghwhuplqlvwlf fdvh/ wkh slfwxuh lv ohvv vdzwrrwkhg1 Vslnhv lq wkh
frqvxpswlrq ixqfwlrqv duh rqo| revhuyhg zkhq wkh ohyho ri lqvwdoohg whfkqro0
rj| lv forvh wr/ ru orzhu wkdq/ wkh ohyho zkhuh uhlqyhvwphqwv duh xqghuwdnhq1
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Iljxuh <= Frqvxpswlrq/ # ' f�D dqg j ' f��

Iljxuh 43= Frqvxpswlrq/ # ' f�D dqg j ' f��

Qr vslnhv duh irxqg dw wkh kljkhu ohyhov ri lqvwdoohg whfkqrorj|/ zkhuh wkh
wlph wr lqyhvwphqw lv orqjhu1

Lqfuhdvlqj wkh yduldqfh reylrxvo| glplqlvkhv wkh qxpehu ri vslnhv/ fi1
Iljxuh 431 Xqfhuwdlqw| vhhpv wr vwdelolvh frqvxpswlrq1 Lq fdvh ri orz ru qr
xqfhuwdlqw|/ wkh djhqw lv pruh fdsdeoh ri sodqqlqj klv ixwxuh lqyhvwphqwv1
Wklv lpsolhv wkdw kh pljkw uhvsrqg wr/ vd|/ d srvlwlyh vkrfn e| ghfuhdvlqj
frqvxpswlrq vlqfh wklv zloo ghfuhdvh wkh wlph wr wkh qh{w lqyhvwphqw1 Zkhq
xqfhuwdlqw| lv kljk/ kh zloo qrw eh deoh wr sodq zlwk wkh vdph fhuwdlqw|/ wkxv
fdxvlqj klp wr rsw iru d vwdeoh frqvxpswlrq sdwwhuq lqvwhdg1

Wkh vdzwrrwkhg slfwxuh fdq dovr eh sduwo| holplqdwhg e| lqfuhdvlqj #

lqvwhdg ri j1 Wklv lv ylvxdolvhg lq Iljxuh 441 Krzhyhu/ wkh uhdvrq lv qrz d
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Iljxuh 44= Frqvxpswlrq/ # ' ��D dqg j ' f��

gl�huhqw rqh1 Zkhq wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq lv orz/ # lv
kljk/ wkh djhqw suhihuv d vwdeoh frqvxpswlrq sdwwhuq1 Hyhq wkrxjk wkh vpdoo
yduldqfh lq lqfrph doorzv klp wr dgmxvw klv lqyhvwphqw dqg frqvxpswlrq
sodqv lq uhvsrqvh wr vkrfnv/ kh lv qrw zloolqj wr gr vr dqg w|slfdoo| uhdfwv e|
dgmxvwlqj klv vdylqjv lqvwhdg1 Wklv lv dovr uh hfwhg lq wkh uhodwlyh  dwqhvv ri
wkh frqvxpswlrq ixqfwlrq frpsduhg wr wkh fdvh ri # ' f�D1 Dv dq h{dpsoh/
frqvlghu wkh fdvh ri �X ' f�.e lq Iljxuh 441 Wkh frqvxpswlrq ixqfwlrq lv
yluwxdoo| krul}rqwdo ehwzhhq �% ' f�D dqg �% ' ��S1 Zlwk kljk #/ vdylqjv whqg
wr eh pruh yrodwloh/ zkhuhdv frqvxpswlrq zloo eh pruh yrodwloh dw orz #1

E| ixuwkhu lqfuhdvlqj wkh yduldqfh lq wkh fdvh ri # ' ��D/ wkh frqvxps0
wlrq ixqfwlrqv lq Iljxuh 45 duh rewdlqhg1 Qrz/ yluwxdoo| qr vslnhv duh ohiw1
Wkxv/ d frpelqdwlrq ri kljko| yduldeoh lqfrph dqg d orz lqwhuwhpsrudo hodv0
wlflw| ri vxevwlwxwlrq doprvw frpsohwho| uhpryhv wkh vdzwrrwkhg sdwwhuq ri
frqvxpswlrq1

Iru erwk # ' f�D dqg # ' ��D/ lqfuhdvlqj xqfhuwdlqw| grhv qrw vhhp wr
lq xhqfh wkh srolf| ixqfwlrqv gudpdwlfdoo|/ hvshfldoo| qrw iru uhodwlyho| kljk
ohyhov ri lqvwdoohg whfkqrorj|1 Wkxv/ lq dffrugdqfh zlwk wkh olwhudwxuh/ wkh
suhfdxwlrqdu| prwlyh iru vdylqj dsshduv wr eh vpdoo1 Rqh uhdvrq ehklqg
wklv uhvxow pljkw eh wkdw wkh dprxqw vdyhg iru lqyhvwphqw vhuyhv d gxdo uroh
dv erwk ex�hu0vwrfn vdylqj dqg lqyhvwphqw vdylqj1 Wkxv/ wkh qhhg wr krog
suhfdxwlrqdu| edodqfhv lq h{fhvv ri vdylqjv iru lqyhvwphqwv lv vpdoo147

47Wklv pljkw dovr eh xvhg wr h{sodlq wkh vpdoo uroh ri suhfdxwlrqdu| vdylqj lq zhdowk

dffxpxodwlrq irxqg e| Oxvdugl +4<<;, lq XV gdwd1 Li djhqwv duh fuhglw frqvwudlqhg dqg vdyh

wr �qdqfh lqglylvleoh frqvxpswlrq gxudeohv/ wkh vdylqjv pd| vhuyh d suhfxdwlrqdu| sxusrvh

dv zhoo1 Djhqwv gr qrw krog dgglwlrqdo suhfdxwlrqdu| edodqfhv/ exw lqvwhdg srvwsrqh wkh

sxufkdvh ri gxudeoh jrrgv lq fdvh ri qhjdwlyh lqfrph vkrfnv1
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Iljxuh 45= Frqvxpswlrq/ # ' ��D dqg j ' f��

Zkhq frpsdulqj Iljxuhv < dqg 43 zlwk 44 dqg 45/ lw lv dovr hylghqw
wkdw dq djhqw zlwk d kljkhu ydoxh ri # frqvxphv ohvv ri wkh dyhudjh lqfrph
dw kljk ohyhov ri whfkqrorj| dqg pruh ri wkh dyhudjh lqfrph dw orz ohyhov
ri whfkqrorj|1 Wklv lv djdlq gxh wr wkh orzhu lqwhuwhpsrudo hodvwlflw| ri
vxevwlwxwlrq1 Lw fdxvhv wkh djhqw wr vdyh uhodwlyho| pruh zkhq lqfrph lv
kljk/ l1h1 zkhq whfkqrorj| lv kljk/ dqg uhodwlyho| ohvv zkhq lqfrph lv orz/
l1h1 zkhq whfkqrorj| lv orz1 Wkh h�hfw lv prvw surqrxqfhg dw �X ' f�e/
zkhuh frqvxpswlrq lv pruh wkdq wzlfh dv kljk iru # ' ��D dv iru # ' f�D1 Lq
wkhvh vwdwhv/ whfkqrorj| lv xqxvxdoo| orz iru dq djhqw vwloo rswlqj iru d ixwxuh
lqyhvwphqw1 Qrupdoo|/ wkhuh zrxog kdyh ehhq d fkdqfh wr uh0lqyhvw ehiruh
whfkqrorj| kdg ghwhulrudwhg wr wklv ohyho1 Khqfh vxfk dq djhqw lv rq d vorz
dqg xqfhuwdlq frxuvh edfn wrzdugv dq lpsuryhg whfkqrorj|1 Xqfhuwdlqw| dqg
wkh suhihuhqfh iru d frqvwdqw frqvxpswlrq ohyho ryhu wlph lpso| wkdw dq djhqw
zlwk d kljkhu # grhv qrw irufh klpvhoi iruzdug dv pxfk dv dq djhqw zlwk d
orzhu #1

Rqh frpprq fkdudfwhulvwlf ri wkh suhvhqwhg srolf| ixqfwlrqv lv wkhlu uho0
dwlyh  dwqhvv/ zklfk lpsolhv wkdw frqvxpswlrq grhv qrw uhvsrqg pxfk wr
lqfrph vkrfnv1 Dv phqwlrqhg deryh/ wkh  dwqhvv ghshqgv erwk rq wkh hodv0
wlflw| ri lqwhuwhpsrudo vxevwlwxwlrq dqg wkh xqfhuwdlqw| ri lqfrph1 Ixuwkhu0
pruh/ wkh rswlrq wr lqyhvw pdnhv fxuuhqw frqvxpswlrq ohvv dwwudfwlyh/ dqg
fdxvhv d orzhu pdujlqdo surshqvlw| wr frqvxph wkdq lq prghov zlwkrxw wkh
lqyhvwphqw rswlrq/ vhh h1j1 Ghdwrq +4<<4,1

Krzhyhu/ iru orz ohyhov ri whfkqrorj|/ wkh frqvxpswlrq ixqfwlrqv ehfrph
pruh vdzwrrwkhg dv fdvk kroglqjv lqfuhdvh wr durxqg wkh frvw ri lqyhvwphqw1
Dw wkhvh ohyhov ri whfkqrorj|/ frqvxpswlrq uhvsrqgv erwk srvlwlyho| dqg qhj0
dwlyho| wr yduldwlrqv lq lqfrph1 Wkxv/ wkh uhdfwlrq wr lqfrph vkrfnv lq whupv
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Iljxuh 46= Frqvxpswlrq/ # ' f�D dqg j ' f��

ri frqvxpswlrq dqg vdylqjv zloo ghshqg fuxfldoo| rq wkh wlplqj ri vkrfnv1 Lq
wkh ehjlqqlqj ri d f|foh/ rqo| qhjdwlyh vkrfnv zloo d�hfw frqvxpswlrq1 Odwhu
lq wkh f|foh/ wkh djhqw zloo uhdfw wr vkrfnv e| dgmxvwlqj vdylqjv1 Kh lv qrz
rq wkh  dw sduw ri wkh srolf| ixqfwlrqv1 Wrzdugv wkh hqg ri d f|foh/ wkh djhqw
lv djdlq olnho| wr dgmxvw klv frqvxpswlrq lq uhvsrqvh wr d vkrfn1

Dv lq wkh ghwhuplqlvwlf fdvh/ d ohyho ri fdvk rq kdqg h{lvwv vxfk wkdw
xs wr wklv ohyho hyhu|wklqj lv frqvxphg1 Krzhyhu/ frpsdulqj Iljxuh 7 dqg
Iljxuh 43/ lw lv vhhq wkdw iru �X ' f�b2 wklv ohyho ri fdvk lv kljkhvw lq wkh
ghwhuplqlvwlf fdvh1 Wklv lv wr eh h{shfwhg gxh wr wkh suhfdxwlrqdu| prwlyh
lq wkh vwrfkdvwlf fdvh1 Krzhyhu/ iru orzhu ohyhov ri whfkqrorj|/ wkh slfwxuh
lv uhyhuvhg1 Wkh ohyho ri fdvk dw zklfk hyhu|wklqj lv frqvxphg lv kljkhvw
lq wkh vwrfkdvwlf fdvh1 Wklv vhhplqjo| frxqwhu0lqwxlwlyh uhvxow lv h{sodlqhg
e| wkh lqyhvwphqw prwlyh1 Lq wkh vwrfkdvwlf fdvh/ wkh delolw| wr sodq ixwxuh
lqyhvwphqwv lv olplwhg/ dqg khqfh wkh lqyhvwphqw prwlyh pdwwhuv ohvv dw orz
ohyhov ri fdvk/ ohdylqj rqo| wkh suhfdxwlrqdu| prwlyh1 Lq wkh ghwhuplqlvwlf
fdvh/ ixwxuh lqyhvwphqw gdwhv duh nqrzq dqg fdxvh wkh djhqw wr iruhjr fxuuhqw
frqvxpswlrq lq idyrxu ri idvwhu lqyhvwphqwv dqg kljkhu ixwxuh frqvxpswlrq1

Iljxuh 46 lv lqfoxghg wr |lhog d pruh frpsohwh slfwxuh ri wkh frqvxpswlrq
ixqfwlrqv iru wkh fdvh ri # ' f�D dqg j ' f��1 Dv fdvk rq kdqg lqfuhdvhv/
frqvxpswlrq dw orzhu ohyhov ri whfkqrorj| �fdwfkhv xs� dqg whqgv wr �ryhu0
vkrrw� frqvxpswlrq dw kljkhu ohyhov ri whfkqrorj|/ hyhq wkrxjk fdvk lv xvhg
sduwo| wr �qdqfh dq lqyhvwphqw lq wkh suhvhqw shulrg zkhq fxuuhqw whfkqro0
rj| lv orz1 Wkh ryhuvkrrwlqj lv gxh wr wkh idfw wkdw wkh h{shfwhg krul}rq wr
wkh qh{w lqyhvwphqw lv wkhq orqjhu dw orz ohyhov ri fxuuhqw whfkqrorj|1

Wkh fdwfklqj xs h�hfw lv dovr ylvleoh zkhq frpsdulqj �X ' f�.2 zlwk �X '

f�b. lq Iljxuh 461 Zkhuhdv wkh frqvxpswlrq ixqfwlrq iru �X ' f�b. h{klelwv
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Iljxuh 47= Sryhuw| wuds +wkh ohjhqg uhsruwv frqvxpswlrq uhodwlyh wr h{shfwhg
lqfrph qh{w shulrg lqfoxglqj lqwhuhvw rq vdylqjv,/ # ' f�bD dqg j ' f��

wkh vwdqgdug frqfdyh vkdsh/ zhoo nqrzq iurp wkh prgho lq Ghdwrq +4<<4,/
wkh fruuhvsrqglqj ixqfwlrq iru �X ' f�.2 kdv d vwulfwo| frqyh{ sduw durxqg
�% ' 21 Wklv uh hfwv krz wkh lpsruwdqfh dwwdfkhg wr d ixwxuh lqyhvwphqw lv
vkliwhg wrzdugv fxuuhqw frqvxpswlrq dv wkh �qdqflqj ri wkh lqyhvwphqw kdv
ehhq vhfxuhg1

Lq wkh deryh frqvxpswlrq ixqfwlrqv/ whfkqrorj| ohyhov duh wrr kljk iru wkh
sryhuw| wuds wr dsshdu1 Iljxuh 47 looxvwudwhv wkh sryhuw| wuds ri d vwrfkdvwlf
sureohp1 Wkh sryhuw| wuds frqvlvwv ri vwdwhv zkhuh wkh djhqw grhv qrw �qg
lw zruwkzkloh wr vdyh iru d ixwxuh lqyhvwphqw1 Lw lv looxvwudwhg lq wkh Iljxuh
e| wkrvh vwdwhv zkhuh wkh shdvdqw �qgv lw rswlpdo wr frqvxph pruh wkdq
klv h{shfwhg lqfrph iru wkh qh{w shulrg/ lqfoxglqj lqwhuhvw rq vdylqjv1 Iurp
vxfk vwdwhv/ wkh djhqw sodqv yroxqwdulo| wr uxq grzq klv vdylqjv dqg qhyhu
lqyhvw1 Qrwh wkdw wkh djhqw fdq eh eurxjkw lqwr wkh sryhuw| wuds e| rqh ru
pruh qhjdwlyh vkrfnv wr lqfrph dqg olnhzlvh eh oliwhg rxw ri wkh wuds e| rqh
ru pruh srvlwlyh vkrfnv1 Wklv lv/ krzhyhu/ rqo| olnho| wr kdsshq iru vwdwhv
udwkhu forvh wr wkh ulp ri wkh gdun duhd lq Iljxuh 47/ zkhuh frqvxpswlrq
lv forvh wr h{shfwhg lqfrph qh{w shulrg1 Vhqvlwlylw| dqdo|vhv uhyhdohg wkdw
wkhuh zdv yluwxdoo| qr sryhuw| wuds iru orz ydoxhv ri #/ h1j1 # ' f�D/ exw wkh
wuds lqfuhdvhg vwurqjo| zlwk lqfuhdvhv lq #/ uh hfwlqj wkdw dv wkh frh!flhqw ri
lqwhuwhpsrudo vxevwlwxwlrq ghfuhdvhv/ wkh zloolqjqhvv wr iruhjr frqvxpswlrq
qrz lq idyrxu ri ixwxuh jdlqv ghfuhdvhv1 Lqfuhdvlqj wkh ohyho ri xqfhuwdlqw|
kdg rqo| d pdujlqdo h�hfw rq wkh vl}h ri wkh sryhuw| wuds/ exw lw gh�qlwho|
lqfuhdvhv wkh suredelolw| ri ehlqj oliwhg lq dqg rxw ri wkh sryhuw| wuds1
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Iljxuh 48= Frqvxpswlrq dqg lqyhvwphqw/ # ' ��D/ j ' f��/ dqg �X ' f�SH

Qrwh wkdw dq djhqw vwdqglqj dw wkh ulp ri wkh sryhuw| wuds h{shfwv wkh
vdph ohyho ri fdvk lq wkh qh{w shulrg1 Vlqfh klv whfkqrorj| kdv dw wkh vdph
wlph ghfolqhg/ kh grhv qrw h{shfw wr hvfdsh wkh wuds1 Lq Iljxuh 47 kh zloo
h{shfw wr hqwhu wkh gdun duhd1 Krzhyhu/ e| frqvxplqj ohvv wkdq wkh olih
f|foh prwlyh zrxog glfwdwh klp lq d prgho zlwkrxw vdylqjv/ kh nhhsv klv
lqyhvwphqw rswlrq dolyh lq fdvh ri d srvlwlyh lqfrph vkrfn1 Wkxv/ wkh phuh
fkdqfh/ wkrxjk lw pljkw eh vpdoo/ ri kljk lqfrph uhdolvdwlrqv dqg ixwxuh
lqyhvwphqwv kdv d srvlwlyh h�hfw rq vdylqjv1 Wklv lv dovr wuxh iru djhqwv uljkw
rxwvlgh wkh gdun duhd ri Iljxuh 471

Dv lq wkh ghwhuplqlvwlf fdvh/ wkhuh pd| h{lvw vxfk �zlqgrzv�/ fi1 Iljxuh
48/ zkhuh lw lv pruh idyrxudeoh iru dq djhqw wr srvwsrqh lqyhvwphqw dqg
lqvwhdg hqmr| d udwkhu odujh frqvxpswlrq ohyho qrz dqg lq wkh qhduhvw ixwxuh1
Lq idfw/ dq djhqw zlwklq wkh zlqgrz ri Iljxuh 48 zlwk �% � 2 h{shfwv wr lqyhvw
zlwklq rqh ru wzr shulrgv1 Dv vwuhvvhg lq wkh glvfxvvlrq ri wkh ghwhuplqlvwlf
fdvh/ wkh uhvxow lv rqo| suhvhqw iru d vpdoo vxevhw ri wkh vwdwh vsdfh/ dqg lw
uh hfwv wkdw wkh ghflvlrq zkhwkhu wr lqyhvw qrz/ l1h1 wr vwrs/ ru wr zdlw/ l1h1
wr frqwlqxh wr krog wkh rswlrq/ lv d yhu| wljkw rqh dw wkhvh srlqwv1

Wkh lpsolfdwlrqv ri xqfhuwdlqw| lq wklv prgho fdq eh dqdo|vhg lq dw ohdvw
wzr zd|v1 Iluvw/ rewdlqhg srolf| ixqfwlrqv iru frqvxpswlrq/ vdylqj/ dqg lq0
yhvwphqw fdq eh frpsduhg iru gl�huhqw sdudphwhu ydoxhv/ dv zdv grqh deryh1
Vhfrqgo|/ vlpxodwlrqv fdq eh frpsduhg xqghu gl�huhqw nlqgv ri xqfhuwdlqw|
e| xvlqj hlwkhu vlqjoh vlpxodwlrqv ru vrph dyhudjh dfurvv djhqwv ru shulrgv1

Hyhq wkrxjk srolf| ixqfwlrqv pljkw eh lghqwlfdo iru gl�huhqw ohyhov ri
xqfhuwdlqw|/ vlpxodwlrqv duh olnho| wr ohdg wr gl�huhqw uhdolvhg ehkdylrxu1
Djhqwv idfh vkrfnv ri gl�huhqw pdjqlwxgh dqg zloo wkhuhiruh hqg xs wdnlqj
gl�huhqw urxwhv lq wkh vwdwh vsdfh1 Wklv pljkw lq xhqfh uhdolvhg dyhudjh
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Iljxuh 49= Vlpxodwlrqv ri �+/ �S/ dqg �r/ # ' f�D dqg j ' f��

Iljxuh 4:= Vlpxodwlrqv ri �+/ �S/ dqg �r/ # ' ��D dqg j ' f��

frqvxpswlrq/ wkh ohqjwk ri wkh lqyhvwphqw f|foh/ hwf1 Hyhq wkrxjk vkrfnv
dyhudjh rxw/ wkhlu g|qdplf h�hfwv duh qrw olnho| wr gr vr1

Dqdo|vlqj xqfhuwdlqw| e| xvh ri rqo| rqh ri wkh dssurdfkhv phqwlrqhg lv
olnho| wr |lhog dq lqfrpsohwh slfwxuh1 D sulrul/ lw fdqqrw eh suhfoxghg wkdw
wkh wzr dssurdfkhv zloo |lhog gl�huhqw frqfoxvlrqv uhjduglqj wkh lpsolfdwlrqv
ri xqfhuwdlqw|1 Wkxv/ iru wkh vdnh ri frpsohwhqhvv/ wkh vhfrqg dssurdfk zloo
eh frqvlghuhg ehorz1

Iljxuhv 49 dqg 4: suhvhqw vlpxodwhg sdwkv ri +qrupdolvhg, lqfrph/ frq0
vxpswlrq/ dqg vdylqjv1 Wkh �nlqnhg� qdwxuh ri wkh fruuhvsrqglqj srolf|
ixqfwlrqv lq Iljxuhv 43 dqg 45 lpsolhv wkdw iru wkh prvw uhohydqw fdvk rq
kdqg ohyhov/ rqo| qhjdwlyh vkrfnv wr lqfrph zloo kdyh d vljql�fdqw h�hfw rq

6:



frqvxpswlrq1 Srvlwlyh vkrfnv zloo lqvwhdg ohdg wr kljkhu vdylqjv dqg idvwhu
lqyhvwphqw1 Wklv dv|pphwu| lv looxvwudwhg e| wkh gursv lq frqvxpswlrq lq
Iljxuh 49 durxqg shulrgv 54 dqg 86/ dqg durxqg shulrg 76 lq Iljxuh 4:1 Dw
wkh f|foh ohyho/ d pxfk vprrwkhu frqvxpswlrq sdwwhuq lv revhuyhg iru # ' ��D

wkdq iru # ' f�D1 Wklv lq vslwh ri lghqwlfdo yduldqfh ri lqfrph1
Wdeoh Y frqwdlqv dyhudjh vwdwlvwlfv iru gl�huhqw frpelqdwlrqv ri sdudph0

whu ydoxhv1 7R dqg 7S duh gh�qhg dv lq wkh ghwhuplqlvwlf fdvh/ qrz mxvw vxpplqj
ryhu d pxfk odujhu qxpehu ri revhuydwlrqv1 7rn� lv wkh dyhudjh ohyho ri qru0
pdolvhg vdylqjv khog lq wkh shulrg iroorzlqj dq lqyhvwphqw1

Wdeoh Y
Vhqvlwlylw| ri Shulrg Ohqjwk/ Frqvxpswlrq/ dqg Vdylqj zlwk uhvshfw wr j dqg o

j

o

f

f�f�

f

f�fD

f

f�f.

f�2

f�f�

f�2

f�fD

f�2

f�f.

7R �e �e �D �D��� �e�.e �e�DS

7S f�.b f�H� f�HD f�H� f�HD f�HH

7rn� f�feD f�fH� f��D. f��2H f��.D f�222
Qrwh= #'f�bD dqg >'�/ uhpdlq lqj sdudphwhu yd oxhv dv lq Wdeoh L1 7R/ 7S/ dqg 7rn� dv gh�qhg lq wh{w1

Wkh Wdeoh vkrzv wkdw dv wkh lqwhuhvw udwh lqfuhdvhv/ dyhudjh frqvxpswlrq/
7S/ lqfuhdvhv1 Wklv lv gxh wr wkh h{wud lqfrph iurp kroglqj vdylqjv1 Krzhyhu/
wkh h�hfw rq wkh shulrg ohqjwk lv ohvv fohdu1 Lq wkh ghwhuplqlvwlf fdvh/ kljkhu
lqwhuhvw udwhv lpso| wkdw kroglqj vdylqjv ehfrph d uhodwlyho| ehwwhu wrro iru
jhqhudwlqj lqfrph/ wkhuhe| lqfuhdvlqj wkh shulrg ohqjwk1 Lq wkh vwrfkdv0
wlf fdvh/ wkh kljkhu lqwhuhvw udwhv doorz wkh djhqw wr uhsodfh klv vwudwhj| ri
suhfdxwlrqdu| vdylqj lq sduw zlwk d vwudwhj| ri suhfdxwlrqdu| lqyhvwphqw1

Pruh vxusulvlqjo|/ kljkhu xqfhuwdlqw| kdv d srvlwlyh h�hfw rq dyhudjh
frqvxpswlrq/ zkhuhdv wkh h�hfw rq wkh shulrg ohqjwk ghshqgv fuxfldoo| rq
wkh lqwhuhvw udwh1 Wkh h{sodqdwlrq kdv wr eh irxqg lq wkh idfw wkdw xqghu
kljkhu ohyhov ri xqfhuwdlqw|/ wkh djhqw lv vdylqj uhodwlyho| pruh lq wkh �uvw
shulrgv ri d f|foh/ dv lqglfdwhg e| wkh odvw urz lq Wdeoh Y/ wkhuhe| jhqhudwlqj
d kljkhu vwrfn ri vdylqjv1 Wklv doorzv iru erwk idvwhu lqyhvwphqw dqg kljkhu
dyhudjh frqvxpswlrq dv o lv lqfuhdvhg1

D vhulhv ri vroxwlrqv zdv rewdlqhg iru ydulrxv ohyhov ri jurzwk lq whfk0
qrorj|/ l1h1 iru ydulrxv ohyhov ri k1 Wkh uhvxowv duh uhsruwhg lq Wdeoh YL1
Hylghqwo|/ wkh dyhudjh lqyhvwphqw f|foh/ 7R/ ghfuhdvhv dv jurzwk lq whfkqrorj|
lqfuhdvhv1 Wkh h{sodqdwlrq lv wzr0vlghg1 Whfkqrorj| jurzwk pdnhv lqyhvwlqj
pruh dwwudfwlyh/ exw dw wkh vdph wlph dovr pruh h{shqvlyh1 Wkh h�hfw ri wkh
odwwhu lv yhu| hylghqw zkhq hydoxdwlqj wkh h{whqw ri wkh sryhuw| wuds lq wkh
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Iljxuh 4;= Vlpxodwlrqv ri +*X dqg S*X/ # ' f�D dqg j ' f��

prgho1 Iru djhqwv zlwk d srru whfkqrorj|/ lqfuhdvhg whfkqrorj| jurzwk rqo|
lpsolhv wkdw wkh frvw ri lqyhvwphqw lv vrrqhu eh|rqg wkhlu uhdfk1 Wkxv/ iru
wkh shdvdqw hyhu wr eh deoh wr lqyhvw/ hlwkhu klv lqlwldo vdylqjv ru whfkqro0
rj| pxvw eh kljkhu1 D vkruwhu lqyhvwphqw f|foh uhtxluhv d idvwhu exlog xs
ri vdylqjv1 Wklv lv uh hfwhg lq 7S1 Qrwh wkdw wkh orzhu dyhudjh qrupdolvhg
frqvxpswlrq grhv qrw lpso| d orzhu qrq0qrupdolvhg frqvxpswlrq1 Idvwhu
whfkqrorj| jurzwk dqg pruh iuhtxhqw lqyhvwphqwv zloo lpso| kljkhu dyhudjh
lqfrph1

Wdeoh YL
Vhqvlwlylw| ri Shulrg Ohqjwk dqg Frqvxpswlrq zlwk uhvshfw wr k

k f�f� f�fe f�fD f�fS

7R �e�.e �2�22 �f�.� b�SD

7S f�HD f�.. f�.2 f�S.
Qrwh = #'f�bD/ >'�/ dqg j'f�21 U hpdlq lqj sdudphwhu yd oxhv dv lq Wdeoh L1 7R dqg 7S dv gh�qhg lq wh{w1

Iljxuhv 4; dqg 4< suhvhqw vlpxodwhg sdwkv ri S*X ' �S*�X dqg +*X ' �+*�X

iru # ' f�D dqg # ' ��D1 Fohduo|/ frqvxpswlrq lv vrphzkdw vprrwkhu wkdq
lqfrph/ dqg vprrwkhvw zkhq # lv kljk1 Dv phqwlrqhg deryh/ frqvxpswlrq lv
dv|pphwulf lq wkh vhqvh wkdw prvwo| qhjdwlyh vkrfnv wr lqfrph duh wudqvplw0
whg wr frqvxpswlrq1 Wklv kdsshqv ehfdxvh vdylqjv duh xvhg wr vprrwk rxw
srvlwlyh vkrfnv1 Wkxv/ fr0pryhphqw ri lqfrph dqg frqvxpswlrq lv sulpdu0
lo| revhuyhg zkhq lqfrph lv orz1 Krzhyhu/ srvlwlyh vkrfnv wr lqfrph pljkw
d�hfw frqvxpswlrq wrzdugv wkh hqg ri d f|foh1
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Iljxuh 4<= Vlpxodwlrqv ri +*X dqg S*X/ # ' ��D dqg j ' f��

Wdeoh YLL suhvhqwv wkh vwdqgdug ghyldwlrq ri S*X iru ydulrxv frpelqdwlrqv
ri j dqg #1 Lw dsshduv/ wkdw wkh vwdqgdug ghyldwlrq ri ghwuhqghg frqvxpswlrq
ghfuhdvhv dv # lv lqfuhdvhg dqg j ghfuhdvhg1 Pruh lqwhuhvwlqjo|/ wkh lqfuhdvhv
lq vwdqgdug ghyldwlrq dv j lqfuhdvhv duh uhodwlyho| vpdoo/ uh hfwlqj wkh idfw
wkh srolf| ixqfwlrqv jhw vprrwkhu dv j lv lqfuhdvhg/ fi1 wkh glvfxvvlrq deryh1
Wkxv/ wkh lqfuhdvh lq wkh yduldqfh ri frqvxpswlrq lv ohvv wkdq zrxog shukdsv
eh h{shfwhg d sulrul1

Wdeoh YLL
Vwdqgdug Ghyldwlrq ri Lqfrph dqg Frqvxpswlrq

# q j f�� f�2 f��

f�D f��2 f��� f��D

f�bD f�f. f�fb f���

��fD f�f. f�fb f���

��D f�fD f�f. f��f
Qrwh = >'�/ uhpdlq lqj sdudphwhu ydoxhv dv lq Wdeoh L1

817 Dowhuqdwlyh Vroxwlrq Phwkrgv

Wkh qxphulfdo vroxwlrq dssurdfk xvhg lq wklv sdshu lv d udwkhu vlpsoh dqg/
rqh pd| vd|/ sulplwlyh rqh1 Shuiruplqj wkh pd{lplvdwlrq vwhs ri wkh do0
jrulwkp lq d qxpehu ri vwdwhv/ ydu|lqj ehwzhhq 83/333 dqg ;3/333 lq hdfk
lwhudwlrq/ dvvxuhv d yhu| jrrg dssur{lpdwlrq ri wkh ydoxh dqg srolf| ixqf0
wlrqv/ exw lv vrphzkdw fxpehuvrph lq whupv ri frpsxwdwlrq wlph1 D qxpehu
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ri dowhuqdwlyh phwkrgv duh riwhq uhfrpphqghg/ vhh h1j1 Mxgg +4<<;,1 Wkhvh
lqfoxgh ixqfwlrqdo dssur{lpdwlrqv ri wkh ydoxh ixqfwlrq xvlqj sro|qrpldov/
Irxulhu dssur{lpdwlrqv/ ru qhxudo qhwzrunv1 Xvlqj vxfk dssur{lpdwlrqv/ lw
lv riwhq srvvleoh wr uhgxfh wkh qxpehu ri pd{lplvdwlrq vwhsv shuiruphg dqg
vwloo jhqhudwh jrrg vroxwlrqv1 Wkh| gr/ krzhyhu/ uhtxluh idluo| zhoo0ehkdyhg
ydoxh ixqfwlrqv/ l1h1 ydoxh ixqfwlrqv vkrxog eh vprrwk dqg suhihudeo| frq0
fdyh1 Wkh ohvv zhoo ehkdyhg wkh ydoxh ixqfwlrqv duh/ wkh pruh sdudphwhuv
pxvw eh xvhg lq dq| vruw ri dssur{lpdwlrq1 Wklv lqfuhdvhv frpsxwdwlrq wlph
dqg uhgxfhv dffxudf|1

Lq wkh lqlwldo skdvhv ri wklv zrun/ sro|qrpldo uhsuhvhqwdwlrqv ri wkh ydoxh
ixqfwlrq zhuh xvhg1 Zkloh frqyhujhqfh ri wkh sro|qrpldov zdv udwkhu idvw/
wkh dssur{lpdwlrq wxuqhg rxw wr eh edg1 Lw ehfdph fohdu wkdw wkh ydoxh
ixqfwlrq lq wklv fdvh lv vrphwlphv glvfrqwlqxrxv/ dqg qhyhu zhoo ehkdyhg/ lq
wkh uhjlrqv ri lqwhuhvw1 Dv d uhvxow/ wklv dssurdfk zdv dedqgrqhg1

Dqrwkhu dowhuqdwlyh wr wkh suhvhqw ydoxh ixqfwlrq lwhudwlrq lv wr lwhudwh rq
wkh srolf| ixqfwlrq e| xvh ri d vwdwh wudqvlwlrq pdwul{ dqg d sd|r� ixqfwlrq1
Wklv lv lq pdq| fdvhv d pxfk pruh udslg dssurdfk/ dqg lw w|slfdoo| jhqhudwhv
dffxudwh vroxwlrqv1 Krzhyhu/ wr eh deoh wr looxvwudwh dqg dffxudwho| fdwfk wkh
h�hfw ri glvfrqwlqxlwlhv lq wkh ydoxh dqg srolf| ixqfwlrqv/ d yhu| �qh julg/
l1h1 d odujh qxpehu ri vwdwhv/ lv qhhghg1 Wklv uhvxowv lq d vwdwh wudqvlwlrq
pdwul{ ri jurvv glphqvlrqv ehwzhhq 5/833/333/333 dqg 9/733/333/333 fhoov1
Ehfdxvh wkh sureohp lv vwrfkdvwlf/ wklv pdwul{ kdv qrq0}hur hqwulhv lq d odujh
sduw ri wkhvh fhoov1 Khqfh lw lv gl!fxow wr frqghqvh wkh pdwul{ vljql�fdqwo|1
Ixuwkhupruh/ lw lv olnho| wr eh frpsxwdwlrqdo fxpehuvrph ehfdxvh wkh vl}h
ri wkh vwuxfwxuh irufhv wkh frpsxwhu wr xvh sduw ri wkh kdug glvn dv phpru|1
Wklv zloo dovr eh wkh fdvh gxulqj wkh lwhudwlrqv1 Xvlqj wkh kdug glvn dv
phpru| juhdwo| uhgxfhv wkh vshhg ri fdofxodwlrqv1 Khqfh wkh ehqh�wv ri
srolf| lwhudwlrq ehfrph txhvwlrqdeoh1

9 Glvfxvvlrq

Wklv vhfwlrq frqwdlqv d glvfxvvlrq ri vrph ri wkh dvvxpswlrqv lq wkh prgho
dqg d frpsdulvrq ri wkh prgho dqg lwv lpsolfdwlrqv zlwk uhodwhg prghov lq
wkh olwhudwxuh1 Lw dovr surylghv vhyhudo vxjjhvwlrqv iru ixwxuh uhvhdufk1

914 D Zrug rq Whfkqrorj| dqg Vdylqjv

Wkh shdvdqw frqvlghuhg lq wklv prgho zloo lq jhqhudo qrw krog vdylqjv lq d
edqn dffrxqw ru lq whupv ri �qdqfldo dvvhwv1 Lqvwhdg/ kh zloo dffxpxodwh
oltxlg zhdowk lq dvvhwv olnh fdwwoh/ sljv/ jrdwv/ ru rwkhu dvvhwv hdvlo| pdqdjhg
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dqg frqyhuwhg lqwr fdvk1 Wkxv/ wkh lqwhuhvw udwh o lq wkh sdshu uh hfwv
wkh sd|0r� iurp zhdowk doorfdwhg wr wklv xvh1 Qrwh wkdw zlwk wklv nlqg ri
vdylqj wkhuh lv dq lpsolflw uhsodfhphqw sureohp/ zklfk lw lv dvvxphg wkdw
wkh shdvdqw vroyhv rswlpdoo|/ l1h1 wkh lqwhuhvw udwh o lv wkh lqwhuhvw hduqhg rq/
vd|/ fdwwoh iru phdw surgxfwlrq zkhq euhhglqj dqg vodxjkwhulqj lv shuiruphg
rswlpdoo| dqg wkh fdvk uhdolvhg lv uhlqyhvwhg lq wkh vdph dfwlylw| ru sruwirolr
ri dfwlylwlhv148

Wkh ghyhorsphqw ri whfkqrorj| lq zklfk wkh shdvdqw fdq lqyhvw lv prg0
hoohg lq d yhu| vlpsoh idvklrq dv d vlqjoh h{srqhqwldo surfhvv1 Dv fuxgh dv
wklv irupxodwlrq lv/ lw fdq vwloo fdswxuh hvvhqwldo sduwv dqg g|qdplfv ri uhdolw|1
Rqh frxog dujxh wkdw d wklug0zruog shdvdqw zrxog vlpso| qrw kdyh wkh nqrz0
krz wr pdnh xvh ri wkh qhzhvw whfkqrorj|/ dqg khqfh zloo dozd|v qhhg wr ex|
dq roghu dqg ohvv surgxfwlyh whfkqrorj| wkdq wkh qhzhvw dydlodeoh1 Wklv fulw0
lflvp/ krzhyhu/ uholhv rq d pxfk wrr uljlg lqwhusuhwdwlrq ri wkh whfkqrorj|
surfhvv1 D pruh  h{leoh dqg uhohydqw lqwhusuhwdwlrq lv wkdw wkh whfkqrorj|
surfhvv uhsuhvhqwv wkh whfkqrorj| wkdw wkh shdvdqw fdq ex| jlyhq klv fxuuhqw
fdsdflw|149 Dv wlph jrhv e|/ kh ohduqv pruh dqg pruh iurp xvlqj klv rzq
whfkqrorj| dqg iurp revhuylqj rwkhuv zlwk vlplodu dqg ehwwhu whfkqrorjlhv1
Wkhuhiruh/ wkh whfkqrorj| wkdw kh srwhqwldoo| fdq pdnh xvh ri ehfrphv pruh
dqg pruh dgydqfhg dqg sur�wdeoh1 Wkh frvw ixqfwlrq/ krzhyhu/ uh hfwv wkdw
wkhuh zloo vwloo eh d frvw uhodwhg wr ex|lqj dqg lqvwdoolqj wkh qhz whfkqrorj|>
d frvw zklfk pd| ghshqg rq wkh gl�huhqfh ehwzhhq fxuuhqwo| lqvwdoohg dqg
qhz whfkqrorj|1

Wkh idfw wkdw wkh shdvdqw fdqqrw ex| whfkqrorjlhv dw d orzhu ohyho wkdq
wkh pd{lpxp lv ri frxuvh d vlpsol�fdwlrq1 D qdwxudo h{whqvlrq ri wkh prgho
zrxog eh wr doorz wkh djhqw wr dftxluh dq| whfkqrorj| ohyho ehwzhhq X|

dqg w|1 Krzhyhu/ lq vrph vhqvh lw vhhpv uhdvrqdeoh wr dvvxph wkdw qrw doo
lqwhuphgldwh ohyhov ri whfkqrorj| duh dydlodeoh/ ru dw ohdvw qrw uhohydqw1

Dqrwkhu fulwltxh frxog eh wkdw wkh prgho zrunv zlwk rqo| rqh w|sh ri
whfkqrorj|1 Djdlq/ wklv lv d yhu| uljlg lqwhusuhwdwlrq1 Lq idfw/ wkh rqo| lpsol0
fdwlrq ri wkh prgho lq wkdw uhvshfw lv wkdw wkh lqyhvwphqw dggv d qhz whfk0
qrorj| frpsrqhqw wr wkh h{lvwlqj vwrfn ri fdslwdo> d frpsrqhqw zklfk doorzv
iru d fhuwdlq surgxfwlylw| lqfuhdvh1 H{dpsohv duh lq sohqw|= Dq lpsuryhg
luuljdwlrq v|vwhp/ htxlsphqw iru vrlo suhsdudwlrq ru zhhg frqwuro/ jhqhwlfdoo|
lpsuryhg vhhgv ru dqlpdov/ lpsuryhg wudqvsruwdwlrq yhklfohv zklfk lpsuryhv
klv frqwdfw wr pdunhwv/ dqg pdq| rwkhu srvvleoh lqyhvwphqwv1

48D vlplodu dssurdfk lv xvhg lq Idifkdpsv dqg Shqghu +4<<:,/ zkhuh fdvk +ru oltxlg

zhdowk, hqwhuv wkh fxuuhqw lqfrph ixqfwlrq dgglwlyho|1
49Wklv dovr lpsolhv wkdw wkh whfkqrorj| surfhvv lv lq vrph vhqvh �djhqw0vshfl�f� dqg

fdq eh lqwhusuhwhg dv d uhgxfhg irup ri d pruh vwuxfwxudo vhwxs1 Lw frxog wkxv eh sduwo|

hqgrjhqlvhg lq d ulfkhu +dqg pruh frpsolfdwhg, prgho1
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915 Wkh Vdylqjv0Jurzwk Qh{xv

Wkh hpslulfdo olwhudwxuh jhqhudoo| vxssruwv d +zhdn, srvlwlyh uhodwlrqvkls
ehwzhhq vdylqj udwhv dqg jurzwk udwhv dw wkh djjuhjdwh ohyho/ vhh h1j1 Jhuvr0
ylw} +4<;;, ru Ghdwrq +4<<3,1 Qhlwkhu wkh vwdqgdug olih0f|foh wkhru| qru wkh
ex�hu0vwrfn prghov ri frqvxpswlrq duh deoh wr h{sodlq wklv uhodwlrqvkls dw
wkh plfurhfrqrplf ohyho1

Lq d vwdqgdug olih0f|foh prgho ri frqvxpswlrq/ jurzwk lq lqfrph dw wkh
lqglylgxdo ohyho fuhdwhv d prwlyh iru glvvdylqj +wkh olih0f|foh prwlyh,/ dqg
wkxv fdqqrw h{sodlq wkh hpslulfdo �qglqjv1 Dw wkh djjuhjdwh ohyho/ wkhvh fdq
eh h{sodlqhg li jurzwk wdnhv sodfh ehwzhhq/ lqvwhdg ri zlwklq/ jhqhudwlrqv/
wkhuhe| fdxvlqj wkh |rxqjhu jhqhudwlrqv wr vdyh pruh14:

Frpsduhg wr wkh olih0f|foh prgho/ wkh ex�hu vwrfn prghov lq/ h1j1/ Ghdwrq
+4<<4, dqg Fduuroo +4<<:, lqwurgxfh dq h{wud prwlyh iru vdylqj/ qdpho| wkh
suhfdxwlrqdu| prwlyh/ dulvlqj iurp wkh xqfhuwdlq lqfrph lq frpelqdwlrq zlwk
frqyh{ pdujlqdo xwlolw| dqg2ru fuhglw frqvwudlqwv1 Ghdwrq +4<<4, dqdo|vhv
frqvxpswlrq vprrwklqj lq wkh fdvh ri qrq0vwdwlrqdu| +jurzlqj, lqfrph1 Kh
�qgv wkdw vdylqjv whqg wr froodsvh dw }hur dqg wkdw qr dffxpxodwlrq wdnhv
sodfh gxulqj errpv1 Wkh prwlyh iru glvvdylqj dulvlqj iurp frqvxpswlrq
vprrwklqj whqgv wr rxwzhljk wkh qhhg iru suhfdxwlrqdu| vdylqj dulvlqj iurp
xqfhuwdlqw| lq lqfrph1 Krzhyhu/ wkh prgho lq Ghdwrq +4<<4, grhv qrw lqfoxgh
surgxfwlrq dqg wkxv odfnv dq lqyhvwphqw prwlyh iru vdylqj1 Wkh fdxvdolw|
uxqv vroho| iurp jurzwk wr vdylqj1

Wkh prgho lq wklv sdshu lqfrusrudwhv wkh dffxpxodwlrq prwlyh h{solflwo|
dqg wkhuhe| lqwurgxfhv d fdxvdolw| iurp vdylqjv wr lqyhvwphqwv> d olqn zklfk
lv deoh wr jhqhudwh d srvlwlyh ohyho ri vdylqjv hyhq zkhq jurzwk lq lqfrph
lv h{shfwhg1 Wkh idfw wkdw lqyhvwphqwv kdyh wr eh �qdqfhg rxw ri vdylqjv
fuhdwhv d prwlyh iru vdylqj zklfk lv frxqwhudfwhg e| wkh prwlyh iru glvvdylqj
dulvlqj iurp wkh jurzwk lq lqfrph ryhu wlph1 Dfwxdoo|/ wkh prgho lv frqvlvwhqw
zlwk wkh hpslulfdo �qglqjv> dq lqfuhdvh lq k +wkh jurzwk udwh, lv olnho| wr eh
dvvrfldwhg zlwk dq lqfuhdvh lq wkh dyhudjh surshqvlw| wr vdyh1

Wkxv/ e| lqfoxglqj wkh dffxpxodwlrq prwlyh lq dgglwlrq wr wkh olih0f|foh
dqg suhfdxwlrqdu| prwlyhv/ wkh prgho ri wklv sdshu lv eholhyhg wr |lhog d
ulfkhu prgho ri vdylqj +dqg frqvxpswlrq, ehkdylrxu dw wkh plfurhfrqrplf
ohyho wkdq wkh suhylrxv frqvxpswlrq prghov1 Wkh lpsolfdwlrqv ri wkh wkuhh
gl�huhqw vdylqj prwlyhv duh fohduo| ylvleoh lq wkh rewdlqhg uhvxowv1 Iluvw/ wkh
dffxpxodwlrq prwlyh lv ylvleoh lq wkh lqfuhdvlqj dyhudjh edodqfhv ri vdylqjv
khog gxulqj dq lqyhvwphqw f|foh1 Vhfrqgo|/ wkh olih f|foh prwlyh lv uh hfwhg
lq wkh frqyh{ vkdshv ri vdylqjv zlwklq d f|foh1 Gxh wr lpsdwlhqfh/ vdylqj
lv sulpdulo| xqghuwdnhq lq wkh shulrgv lpphgldwho| ehiruh dq lqyhvwphqw1

4:Vhh Ghdwrq +4<<5, iru d frpsuhkhqvlyh wuhdwphqw ri wklv dvshfw ri wkh olih0f|foh wkhru|1
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Wklv |lhogv d f|folfdo sdwwhuq ri erwk frqvxpswlrq dqg vdylqjv1 Wklugo|/ wkh
suhfdxwlrqdu| prwlyh zrunv wr |lhog d srvlwlyh ohyho ri vdylqjv dw wkh hqg
ri d f|foh/ dv zhoo dv kljkhu lqlwldo vdylqjv dw wkh ehjlqqlqj ri d f|foh zkhq
lqfrph xqfhuwdlqw| lv kljk1

Qrwh wkh uroh sod|hg e| wkh fuhglw frqvwudlqw1 Lw qhyhu fhdvhv wr d�hfw wkh
ehkdylrxu ri djhqwv/ hyhq wkrxjk lqfrph lv frqvwdqwo| jurzlqj1 Dfwxdoo|/
wkh jurzwk fdxvhv wkh fuhglw frqvwudlqw wr elqg/ vlqfh wkh lpsdwlhqfh ri wkh
djhqw lpsolhv wkdw kh zlvkhv wr vshqg ixwxuh lqfrph wrgd| exw lv suhyhqwhg
iurp grlqj vr e| wkh fuhglw frqvwudlqw1

916 Wkh Uroh ri Xqfhuwdlqw|

Lw lv lqvwuxfwlyh wr frpsduh wkh uroh sod|hg e| xqfhuwdlqw| lq wkh suhvhqw
prgho zlwk wkdw ri xqfhuwdlqw| lq �sxuh� frqvxpswlrq prghov dqg �sxuh�
lqyhvwphqw prghov1

Lq wkh olwhudwxuh rq lqyhvwphqw xqghu xqfhuwdlqw|/ dv ghyhorshg e| Gl{lw
dqg Slqg|fn +4<<7, dqg dssolhg wr ohvv ghyhorshg frxqwulhv e| h1j1 Vhuyìq
+4<<:,/ lw lv hpskdvlvhg wkurxjkrxw wkdw xqfhuwdlqw| zrunv wr ghfuhdvh lq0
yhvwphqw dfwlylw| zkhq lqyhvwphqwv duh luuhyhuvleoh1 Wkh dujxphqw lv wkh
iroorzlqj= Zkhq lqyhvwphqwv duh lpsrvvleoh wr uhyhuvh dqg wkh +h{shfwhg,
ydoxh ri dq lqyhvwphqw fkdqjhv ryhu wlph/ wkhuh h{lvwv d �ydoxh ri zdlwlqj�1
Wkh frvw lq whupv ri iruhjrqh fxuuhqw lqfrph iurp wkh lqyhvwphqw lv w|slfdoo|
rxwzhljkhg e| wkh ydoxh iurp ehlqj deoh wr dyrlg surmhfwv wkdw wxuq rxw wr eh
xqsur�wdeoh1 Lq dgglwlrq/ wkhuh pljkw eh dq h{shfwhg lqfuhdvh lq wkh ydoxh ri
wkh lqyhvwphqw1 Wkxv/ �zdlwlqj� uhgxfhv xqfhuwdlqw| dqg lqfuhdvhv h{shfwhg
sd|0r� iurp wkh lqyhvwphqw rswlrq1

Krzhyhu/ wkh deryh vhw0xs grhv qrw ixoo| fdswxuh wkh lpsruwdqfh ri xqfhu0
wdlqw| wr dq djulfxowxudo krxvhkrog1 Iduphuv duh lqghhg olnho| wr idfh gl�hu0
hqw lqyhvwphqw rswlrqv/ h1j1 pdfklqhu|/ hgxfdwlrq/ qhz surgxfwlrq phwkrgv/
hwf1/ zklfk duh +sduwo|, luuhyhuvleoh1 Dqg wkh ydoxhv ri wkhvh lqyhvwphqwv duh
dovr olnho| wr fkdqjh ryhu wlph/ zkhuh �ydoxh� fdswxuhv wkh qhw suhvhqw ydoxh
dulvlqj iurp wkhlu dgglwlrq wr wkh surgxfwlyh fdsdflw| ri wkh idup/ l1h1 wr wkh
kxpdq dqg2ru sk|vlfdo fdslwdo vwrfn1 Exw wklv lv qrw wkh zkroh vwru| � wkhuh
lv dq dgglwlrqdo vrxufh ri xqfhuwdlqw|1 Iduphuv kdyh d fxuuhqw lqfrph zklfk
lv kljko| vwrfkdvwlf1 Dqg zdlwlqj lv qrw olnho| wr uhgxfh wklv w|sh ri xqfhu0
wdlqw|> dq xqfhuwdlqw| zklfk lv fdxvhg e| zhdwkhu/ sulfhv/ ru rwkhu idfwruv
rxwvlgh wkh frqwuro ri wkh iduphu1 Krzhyhu/ lqyhvwphqwv pljkw d�hfw wkh glv0
wulexwlrq ri fxuuhqw lqfrph/ dqg wkxv pljkw vhuyh wr uhgxfh wklv xqfhuwdlqw|>
li qrw lq d vwulfw yduldqfh vhqvh/ wkhq e| uhgxflqj wkh ulvn ri orz rxwfrphv/
zklfk duh sduwlfxoduo| kdupixo lq wkh fdvh ri fuhglw frqvwudlqwv1 Wklv dvshfw
lv qrw fdswxuhg e| wkh sxuh lqyhvwphqw prghov1 Wkh| w|slfdoo| dvvxph ulvn
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qhxwudolw| dqg wkxv dwwdfk qr ydoxh wr d uhgxfwlrq ri wklv vruw ri ulvn1 Exw lw
lv lqghhg d uhohydqw dvshfw lq d prgho ri dq djulfxowxudo krxvhkrog1

Lq g|qdplf frqvxpswlrq prghov/ rq wkh rwkhu kdqg/ wkh uroh ri xqfhu0
wdlqw| lv edvlfdoo| wr fdxvh ex�hu0vwrfn vdylqj zkhq suhfdxwlrqdu| prwlyhv
duh suhvhqw1 Wkxv/ rqo| h{0srvw phfkdqlvpv duh xvhg wr vprrwk frqvxps0
wlrq1 Wkh djhqw kdv qr rswlrq wr d�hfw wkh glvwulexwlrq ri lqfrph1 Wklv
vhhpv d udwkhu xquhdvrqdeoh dvvxpswlrq lq dq djulfxowxudo vhw0xs1

Frqwudu| wr wklv/ wkh rswlrq wr lqyhvw lq wkh suhvhqw prgho pljkw eh
frqvlghuhg dv dq h{0dqwh phfkdqlvp wr vprrwk frqvxpswlrq1 Khqfh wkh
rswlrq lqwurgxfhv wkh ulvn uhgxflqj dvshfw ri lqyhvwphqwv riwhq qhjohfwhg lq
wkh lqyhvwphqw olwhudwxuh1

Urvhq}zhlj dqg Zroslq +4<<6, dqg Idifkdpsv dqg Shqghu +4<<:, duh
suredeo| wkh prvw vxffhvvixo dprqj wkh yhu| ihz suhylrxv dwwhpswv wr h{0
whqg wkh g|qdplf frqvxpswlrq prgho zlwk dvshfwv iurp g|qdplf lqyhvwphqw
wkhru|1 Krzhyhu/ wkhlu +hpslulfdo, g|qdplf krxvhkrog prghov erwk dvvxph
d vlqjoh/ frqvwdqw lqyhvwphqw rswlrq/ wkhuhe| rplwwlqj d ydoxh ri zdlwlqj14;

Hyhq wkrxjk wkhuh lv qr xqfhuwdlqw| gluhfwo| dwwdfkhg wr wkh lqyhvwphqw
lq wkh prgho lq wklv sdshu/ wkhuh lv vwloo d ydoxh ri zdlwlqj dulvlqj iurp
wkh jurzwk lq whfkqrorj|14< Ixuwkhupruh/ e| doorzlqj iru uhshdwhg lqyhvw0
phqwv/ wkh suhvhqw prgho h{whqgv wkh vhw0xs ri erwk Urvhq}zhlj dqg Zroslq
+4<<6, dqg Idifkdpsv dqg Shqghu +4<<:,/ dv zhoo dv wkh jhqhudo vhw0xs lq
wkh lqyhvwphqw0xqghu0xqfhuwdlqw| olwhudwxuh1 Wklv h{whqvlrq lv uhdvrqdeoh lq
wkh fdvh ri djulfxowxudo krxvhkrogv dqg surylghv d ixoohu g|qdplf lqfhqwlyh
vwuxfwxuh wkdq wkh fdvh ri d vlpsoh qrq0uhshdwhg lqyhvwphqw rswlrq1

Vhuyìq +4<<:, grfxphqwv d qhjdwlyh fruuhodwlrq ehwzhhq xqfhuwdlqw| dqg
lqyhvwphqw dfwlylw| iru Diulfd1 Kh h{sodlqv lw lq whupv ri wkh �wudglwlrqdo�
dujxphqw iurp wkh lqyhvwphqw0xqghu0xqfhuwdlqw| olwhudwxuh wkdw kljkhu xq0
fhuwdlqw| fdxvhv orzhu lqyhvwphqw dfwlylw|1 Krzhyhu/ dv d uhvxow ri wkh deryh
glvfxvvlrq/ lw vhhpv pruh olnho| wkdw fuhglw frqvwudlqwv duh wr eodph iru wkh
orz lqyhvwphqw dfwlylw|/ zklfk wkhq nhhsv djhqwv lq d sryhuw| wuds zkhuh
grzqvlgh ulvn lv kljk dqg �qdqfldo lqvwlwxwlrqv wkhuhiruh xqzloolqj wr vxsso|
fuhglw1

Dfwxdoo|/ wkh vwdqgdug lqyhvwphqw0xqghu0xqfhuwdlqw| vhw0xs fdqqrw h{0
sodlq d orqj0uxq olqn ehwzhhq kljk xqfhuwdlqw| dqg orz lqyhvwphqw dfwlylw|1
Lw rqo| h{sodlqv zk|/ lq wkh vkruw uxq/ xqfhuwdlqw| whqgv wr srvwsrqh lqyhvw0
phqwv1 Lq wkh orqj uxq/ xqfhuwdlqw| vkrxog dfwxdoo| lpso| d kljkhu ohyho ri

4;Wkh rqo| ydoxh ri zdlwlqj lq wkhvh prghov frphv iurp wkh hphujhqfh ri h{wud fdvk

kroglqjv> d suhfdxwlrqdu| prwlyh zklfk lv w|slfdoo| yhu| vpdoo/ vlqfh wkh lqyhvwphqwv whqg

wr uhgxfh wkh ulvn ri orz lqfrph uhdolvdwlrqv1
4<Lq fdvh ri $5 @ 3/ wkh qhw suhvhqw ydoxh ri wkh lqyhvwphqw lv jlyhq e|

+4 . u,
�w

^+4 . �,
w
+u�4 � $4,� u�4`�/ zklfk lv/ dw ohdvw lqlwldoo|/ jurzlqj lq w1
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djjuhjdwh lqyhvwphqw vlqfh xqfhuwdlqw| whqgv wr lqfuhdvh wkh ydoxh ri lqyhvw0
phqw rswlrqv1 Wkh prgho ri wklv sdshu/ rq wkh rwkhu kdqg/ lv frqvlvwhqw zlwk
d orqj0uxq qhjdwlyh fruuhodwlrq ehwzhhq lqyhvwphqw dfwlylw| dqg xqfhuwdlqw|1

D pruh hoderudwh prgho frxog lqfuhdvh wkh ydoxh0ri0zdlwlqj dvshfw e|
lqwurgxflqj xqfhuwdlqw| lqwr wkh jurzwk surfhvv ri whfkqrorj|1 Wklv frxog
dovr eh dfklhyhg e| prghoolqj lqfrph dv dq dxwruhjuhvvlyh surfhvv= D orz
fxuuhqw uhdolvdwlrq ri lqfrph wkhq lpsolhv wkdw lqfrph lv olnho| wr eh orzhu
lq wkh qhdu ixwxuh1 Wklv pdnhv fxuuhqw lqyhvwphqwv uhodwlyho| ohvv dwwudfwlyh1
Krzhyhu/ wkh lqfuhdvhg prgho frpsoh{lw| fdxvhg e| vxfk h{whqvlrqv zrxog
ixuwkhu frpsolfdwh wkh lqwhusuhwdwlrq ri wkh g|qdplf phfkdqlvpv/ zlwkrxw
dgglqj pxfk dgglwlrqdo lqvljkw1 Lq dgglwlrq/ dxwrfruuhodwlrq lq lqfrph lp0
solhv dq dgglwlrqdo glphqvlrq lq wkh vwdwh vsdfh dqg khqfh vwurqjo| lqfuhdvlqj
sureohpv ri glphqvlrqdolw| lq wkh qxphulfdo vroxwlrqv1

917 Srolf| Lpsolfdwlrqv

Ehlqj dq dwwhpsw wr surylgh d qhz g|qdplf iudphzrun iru prghoolqj djul0
fxowxudo krxvhkrogv/ wkh prgho ri wklv sdshu lv qrw lqwhqghg wr surylgh lpph0
gldwh srolf| lpsolfdwlrqv1 Krzhyhu/ dw ohdvw wkuhh srlqwv ghvhuyh frpphqwv
khuh1

Iluvw/ wkh ghulyhg srolf| ixqfwlrqv iru frqvxpswlrq dqg vdylqj vhhp wr
kdyh lpphgldwh lpsolfdwlrqv iru wkh hvwlpdwlrq ri krxvhkrog srolf| ixqf0
wlrqv1 Li wkh xqghuo|lqj phfkdqlvpv ri wklv prgho kdyh dq| hpslulfdo uho0
hydqfh/ wkhq d vlpsoh uhodwlrqvkls ehwzhhq frqvxpswlrq dqg/ h1j1/ zhdowk/
lqfrph/ dqg whfkqrorj| fdqqrw eh h{shfwhg wr hphujh iurp d plfurhfrqr0
phwulf dqdo|vlv1 Wkh pdujlqdo surshqvlw| wr frqvxph rxw ri lqfrph pljkw
hyhq eh qhjdwlyh lq vrph vwdwhv1 Wklv lv frqwudu| wr wkh �qglqjv lq vwdqgdug
frqvxpswlrq wkhrulhv vxfk dv wkh olih0f|foh wkhru|/ wkh shupdqhqw lqfrph
k|srwkhvlv/ dqg wkh ex�hu0vwrfn prgho1 Wkh kljko| qrq0olqhdu dqg vwdwh0
ghshqghqw srolf| ixqfwlrqv vhhp wr idyrxu gluhfw hvwlpdwlrq ri wkh vwuxfwxudo
prgho/ dv grqh lq Urvhq}zhlj dqg Zroslq +4<<6, dqg Idifkdpsv dqg Shq0
ghu +4<<:,1 Wkhvh phwkrgv gr qrw uho| rq frqvxpswlrq ehlqj prqrwrqh lq
lqfrph dqg2ru fdvk1 Wklv lv lqghhg d uhohydqw frqfhuq wr srolwlfldqv dlplqj
dw lq xhqflqj frqvxpswlrq dqg vdylqj wkurxjk ydulrxv srolf| phdvxuhv1

Vhfrqgo|/ dq lpsolfdwlrq ri wkh prgho lv wkdw dq hvwlpdwlrq ri xwlolw|
ixqfwlrq sdudphwhuv vkrxog surfhhg zlwk fdxwlrq vlqfh vdylqj iru lqyhvwphqw
pljkw eh frqixvhg zlwk suhfdxwlrqdu| vdylqj1 Wkxv/ li wkh lqyhvwphqw prwlyh
lv qrw wdnhq lqwr dffrxqw zkhq hvwlpdwlqj d prgho ri frqvxpswlrq dqg vdylqj/
d kljk ydoxh ri # dqg2ru d orz ydoxh ri B +kljk q, duh olnho| wr eh rewdlqhg1

Wklugo|/ wkh prgho vxjjhvwv wkdw lw lv srvvleoh wr khos srru krxvhkrogv
rxw ri wkh sryhuw| wuds e| vlpsoh fdvk wudqvihuv1 Wkh wudqvihu kdv wr eh ri d
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vx!flhqw vl}h/ rwkhuzlvh lw lv vlpso| frqvxphg1 Srolflhv dlplqj dw uhgxflqj
xqfhuwdlqw| duh qrw olnho| wr kdyh vljql�fdqw h�hfwv lq wkh vkruw uxq/ exw
pd| vshhg xs lqyhvwphqwv lq wkh orqj uxq1 Wkxv/ uhgxflqj xqfhuwdlqw| grhv
uhgxfh wkh sryhuw| wuds vljql�fdqwo|1 H{whqvlrq ri djulfxowxudo uhvhdufk dqg
whdfklqj pd| khos wr uhgxfh lqyhvwphqw frvw dqg wkhuhe| lqfuhdvh wkh vshhg
zlwk zklfk wkh krxvhkrogv fdq dftxluh qhz whfkqrorj|1

918 H{whqvlrqv dqg Ixwxuh Uhvhdufk

Vlqfh wkh suhvhqw sdshu lv wr eh ylhzhg dv d �uvw dwwhpsw wr surylgh d pruh
iuxlwixo g|qdplf iudphzrun iru wkh prghoolqj ri djulfxowxudo krxvhkrogv/ dq
lpsruwdqw remhfwlyh lv wr vnhwfk krz ixuwkhu uhvhdufk pljkw surfhhg iurp
khuh1

Urvhq}zhlj dqg Zroslq +4<<6, dujxh wkdw wkh gxdo uroh ri dvvhwv dv sur0
gxfwlrq idfwruv dqg dv d phdqv ri lqwhuwhpsrudo frqvxpswlrq vprrwklqj lv
riwhq ljqruhg lq wkh olwhudwxuh1 Wkh suhvhqw prgho lqfrusrudwhv wzr w|shv ri
dvvhwv= d, wkh lqvwdoohg whfkqrorj|/ zklfk fdq rqo| eh xvhg iru surgxfwlrq>
dqg e, vdylqjv/ zklfk duh xvhg iru erwk frqvxpswlrq vprrwklqj/ lqyhvwphqw/
dqg surgxfwlrq wkurxjk wkh jhqhudwlrq ri lqwhuhvw1 Wkrxjk vdylqjv vhhp wr
ixo�o d gxdo uroh/ wklv frxog eh pdgh pruh h{solflw e| hlwkhu= l, lqwurgxf0
lqj dq h{wud dvvhw zklfk lv pruh glylvleoh dqg oltxlg wkdq whfkqrorj| dqg
frqwulexwhv gluhfwo| wr surgxfwlrq> ll, pdnlqj wkh lqwhuhvw hduqlqjv d vwulfwo|
frqfdyh ixqfwlrq ri wkh dprxqw vdyhg/ fruuhvsrqglqj wr ghfuhdvlqj uhwxuqv wr
vfdoh lq wklv dvvhw> ru lll, pdnlqj vdylqjv d gluhfw dujxphqw lq wkh surgxfwlrq
ixqfwlrq/ dq dssurdfk iroorzhg e| Idifkdpsv dqg Shqghu +4<<:,1

Wkhvh h{whqvlrqv vkrxog eh uhodwlyho| vwudljkwiruzdug1 Krzhyhu/ lw lv xq0
fohdu zkdw dgglwlrqdo lqvljkw lv wr eh jdlqhg iurp wkhp1 Shukdsv/ lqglylgxdov
zloo eh ohvv zloolqj wr vprrwk frqvxpswlrq e| xvh ri vdylqjv dqg zloo kdyh
ohvv lqfhqwlyh wr lqyhvw1 Exw wklv h�hfw frxog shukdsv dovr eh fdswxuhg e|
d kljkhu udwh ri lqwhuhvw1 Ri frxuvh/ pruh ghwdlohg h�hfwv frxog eh rewdlqhg
zlwk wkuhh gl�huhqw dvvhwv1

Dowhuqdwlyho|/ vkrfnv wr wkh surgxfwlyh fdsdflw| ri wkh idup frxog eh
lqwurgxfhg1 Kxuulfdqhv/ hduwktxdnhv/ hwf1 duh qrw xqfrpprq skhqrphqd lq
pdq| ohvv ghyhorshg frxqwulhv/ dqg wkh| pljkw hurgh wkh surgxfwlyh edvh ri
dq djulfxowxudo krxvhkrog1 D vlpxowdqhrxv vkrfn wr fdslwdo dqg lqfrph lv
pxfk zruvh wkdq d �vlpsoh� vkrfn wr lqfrph1 Li lqfrph ghshqgv fuxfldoo| rq
d yxoqhudeoh vwrfn ri fdslwdo/ vkrfnv kdyh d pxfk pruh shuvlvwhqw h�hfw1 Dv
dq h{dpsoh/ frqvlghu wkh Diulfdq Pdvdl zlwk klv khug ri fdwwoh1 D vkrfn wr
klv lqfrph zloo w|slfdoo| eh gxh wr d vkrfn wr klv fdslwdo vwrfn/ h1j1 glvhdvh
dqg ghdwk ri fdwwoh1 Wkh h�hfw lv ri orqj udqjh dqg shukdsv ghydvwdwlqj1
D shdvdqw zlwk d pdmru lqfrph frpsrqhqw iurp odqg pd| dovr vx�hu iurp
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lqfrph yduldelolw|/ exw vlqfh odqg grhv qrw vxgghqo| glvdsshdu/ ljqrulqj d
ihz h{wuhph hyhqwv/ klv vrxufh ri zhdowk lv d pxfk ohvv ulvn| rqh1

Wkh surgxfwlrq vlgh ri wkh prgho fdq dovr eh h{whqghg e| d voljkwo| pruh
jhqhudo surgxfwlrq ixqfwlrq/ shukdsv doorzlqj iru wkh xvh ri rwkhu lqsxwv
lq surgxfwlrq1 Krzhyhu/ li wkhvh lqsxw ghflvlrqv duh qrw ri dq h{solflwo|
lqwhuwhpsrudo qdwxuh/ wkh fhqwudo phfkdqlvpv ri wkh suhvhqw prgho duh olnho|
wr jr wkurxjk zlwkrxw pdmru fkdqjhv1

Ixuwkhupruh/ dv glvfxvvhg deryh/ lw zrxog eh d qdwxudo h{whqvlrq ri wkh
prgho wr doorz wkh djhqw wr fkrrvh lqyhvwphqwv iurp wkh zkroh vshfwuxp
ehwzhhq klv fxuuhqw lqvwdoohg whfkqrorj| ohyho dqg wkh suhydlolqj h{rjhqrxv
vwdwh ri whfkqrorj|1

D frvw ixqfwlrq zklfk kdv d kljkhu dgmxvwphqw frvw frxog dovr eh d yl0
deoh h{whqvlrq ri wkh prgho1 Krzhyhu/ li wkh qrupdolvdwlrq ri wkh prgho lv
wr jr wkurxjk/ lw sxwv vrph uhvwulfwlrqv rq ihdvleoh ixqfwlrqdo irupv1 Rqh
dowhuqdwlyh frxog eh=

/ EX|cX|3�� ' /�w|3� n
/2

X|

Ew|3� �X|3��
2

�s X| ' w|3�

Hvwlpdwlqj wkh prgho xvlqj wkh phwkrgrorj| iurpUrvhq}zhlj dqgZroslq
+4<<6, dqg Idifkdpsv dqg Shqghu +4<<:, lv dq reylrxv hpslulfdo h{whqvlrq/
wkrxjk lw grhv uhtxluh d vxlwdeoh gdwd vhw1

: Frqfoxvlrq

Lq wklv sdshu/ dq lqwhuwhpsrudo djulfxowxudo krxvhkrog prgho lv frqvwuxfwhg
e| frpelqlqj wkh vwdqgdug lqwhuwhpsrudo frqvxpswlrq prgho zlwk h{whqghg
ihdwxuhv iurp wkh olwhudwxuh rq lqyhvwphqw xqghu xqfhuwdlqw|/ wkhuhe| sur0
ylglqj d g|qdplf dowhuqdwlyh wr wkh h{lvwlqj vwdwlf krxvhkrog prghov/ dqg
h{whqglqj wkh wkhruhwlfdo irxqgdwlrqv xqghuo|lqj wkh hpslulfdo zrun rq lq0
whuwhpsrudo krxvhkrog ehkdylrxu1 Wkh prgho wdnhv wkh �uvw vwhs wr surylgh
dq dowhuqdwlyh iudphzrun iru dqdo|vlqj wkh lqwhuwhpsrudo lpsolfdwlrqv ri xq0
fhuwdlqw| dqg fuhglw frqvwudlqwv iru frqvxpswlrq/ vdylqj/ dqg lqyhvwphqw eh0
kdylrxu1 Lw lv dujxhg/ e| xvh ri Qlfdudjxdq gdwd/ wkdw vxfk lqwhuwhpsrudo
dvshfwv duh lqghhg uhohydqw wr djulfxowxudo krxvhkrogv lq ohvv ghyhorshg frxq0
wulhv1

E| frqvlghulqj d qrupdolvhg yhuvlrq ri wkh prgho dqg vkrzlqj wkdw wkh
vwdwh vsdfh fdq eh erxqghg dssursuldwho|/ lw lv vkrzq krz d vroxwlrq fdq eh
rewdlqhg e| xvh ri g|qdplf surjudpplqj whfkqltxhv1 Plqru prgl�fdwlrqv ri
wkh vwdqgdug Frqwudfwlrq Pdsslqj Wkhruhp duh qhhghg wr dffrpsolvk wklv
vwhs/ gxh wr d odfn ri orzhu khplfrqwlqxlw| ri wkh ihdvleoh fruuhvsrqghqfh1
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Wklv lpsolhv d glvfrqwlqxrxv ydoxh ixqfwlrq iru vrph sdudphwhu ydoxhv1 Ixu0
wkhupruh/ wkh rswlpdo0vwrsslqj qdwxuh ri wkh lqyhvwphqw ghflvlrq ohdyhv ydoxh
ixqfwlrq lwhudwlrq dv wkh rqo| ihdvleoh vroxwlrq phwkrg/ exw fdq/ rq wkh rwkhu
kdqg/ eh xvhg wr surylgh d sulrul fkdudfwhulvdwlrqv ri wkh ydoxh ixqfwlrqv lq
vrph vshfldo lqvwdqfhv1 Dv lq wkh vwdqgdug g|qdplf frqvxpswlrq prghov
xqghu fuhglw frqvwudlqwv/ pdujlqdo xwlolw| iroorzv d pduwlqjdoh surfhvv zklfk
orvhv lwv phpru| zkhqhyhu dvvhwv duh uxq grzq1

Wkh qxphulfdo vlpxodwlrqv uhyhdo kljko| vdzwrrwkhg frqvxpswlrq ixqf0
wlrqv1 Wklv uh hfwv krz fkdqjhv lq zhdowk d�hfw wkh lqyhvwphqw krul}rq dqg
wkhuhe| fxuuhqw frqvxpswlrq1 Wkh vdzwrrwkhg sdwwhuq lv sduwo| uhpryhg dv
hlwkhu wkh yduldqfh ri lqfrph lv lqfuhdvhg ru wkh hodvwlflw| ri lqwhuwhpsrudo
vxevwlwxwlrq ghfuhdvhg/ uh hfwlqj wkdw wkh delolw| wr sodq ixwxuh lqyhvwphqwv
dqg wkh zloolqjqhvv wr uhvsrqg wr lqwhuwhpsrudo lqfhqwlyhv duh ghfuhdvhg/ uh0
vshfwlyho|1 Wklv lpsolhv wkdw lqfuhdvhg yduldwlrq ri lqfrph lv rqo| wr d olplwhg
h{whqw sdvvhg rq wr frqvxpswlrq1 Rwkhu uhvxowv lqfoxgh= l, wkh suhfdxwlrqdu|
vdylqj prwlyh dsshduv wr eh vpdoo/ shukdsv uh hfwlqj wkdw lqyhvwphqw vdylqjv
vhuyh dq dgglwlrqdo uroh dv ex�hu0vwrfn vdylqjv> ll, frqvxpswlrq rxw ri fdvk
rq kdqg whqgv wr eh kljkhu iru orz hodvwlflwlhv ri lqwhuwhpsrudo vxevwlwxwlrq/
vlqfh vxfk djhqwv duh ohvv vxvfhswleoh wr wkh ehqh�wv ri idvwhu lqyhvwphqwv>
lll, frqvxpswlrq ixqfwlrqv dsshdu wr kdyh pxfk  dwwhu sduwv wkdq lq vwdq0
gdug frqvxpswlrq prghov/ uh hfwlqj wkh suhihuhqfh iru xvlqj lqyhvwphqwv
wr lqfuhdvh ixwxuh frqvxpswlrq dw wkh h{shqvh ri fxuuhqw frqvxpswlrq> ly,
xqfhuwdlqw| fdq lqfuhdvh wkh dyhudjh surshqvlw| wr frqvxph dqg vshhg xs
lqyhvwphqwv/ vlqfh wkh hdjhuqhvv wr exlog xs suhfdxwlrqdu| edodqfhv |lhogv
kljkhu lqwhuhvw lqfrph/ dqg ehfdxvh lqyhvwphqwv wkhpvhoyhv pljkw vhuyh d
suhfdxwlrqdu| uroh> dqg y, wkh h�hfwv ri vkrfnv wr lqfrph rq frqvxpswlrq
dqg vdylqj ghshqg fuxfldoo| rq wkh wlplqj ri wkh vkrfnv1

E| h{solflwo| lqfrusrudwlqj wkuhh prwlyhv iru vdylqj/ wkh prgho lv deoh wr
|lhog ulfkhu g|qdplfv wkdq vwdqgdug ex�hu0vwrfn frqvxpswlrq prghov zlwk
rqo| wzr prwlyhv1 Wkh prgho lv deoh wr h{sodlq erwk wkh h{lvwhqfh ri vdylqjv
lq fdvh ri qrq0vwdwlrqdu| lqfrph dqg d srvlwlyh fruuhodwlrq ehwzhhq jurzwk
udwhv dqg vdylqj udwhv1 Khqfh wklv prgho vhhpv ehwwhu vxlwhg iru dqdo|vlqj
wkh vwloo sx}}olqj uhodwlrqvkls ehwzhhq vdylqj dqg jurzwk1 Ixuwkhupruh/ wkh
uroh ri xqfhuwdlqw| lv pruh dssursuldwho| frqvlghuhg wkdq lq erwk wkh g|0
qdplf frqvxpswlrq prghov zlwk h{rjhqrxv lqfrph/ zklfk gr qrw doorz iru
h{0dqwh dfwlrqv wr d�hfw wkh xqfhuwdlqw|/ dqg wkh prghov ri lqyhvwphqw xqghu
xqfhuwdlqw|/ zkhuh wkh uroh ri xqfhuwdlqw| lv phuho| wr srvwsrqh lqyhvwphqwv1
Ilqdoo|/ e| lqfrusrudwlqj d wuxh ydoxh ri zdlwlqj dqg uhshdwhg lqyhvwphqw
rswlrqv/ wkh prgho vhhpv pruh dssursuldwho| vshfl�hg wkdq wkh ihz h{lvwlqj
+hpslulfdo, dowhuqdwlyhv lq wkh olwhudwxuh/ lq dgglwlrq wr surylglqj lqvljkwv
lqwr wkh phfkdqlvpv ri wkhvh prghov1 Wkrxjk wkh prgho pljkw dsshdu wrr
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vlpsoh lq vhyhudo uhvshfwv/ lw lv vwloo d yhu| xvhixo �uvw dwwhpsw wr vlpxowd0
qhrxvo| prgho wkh lqwhuwhpsrudo frqvxpswlrq dqg surgxfwlrq dvshfwv ri dq
djulfxowxudo krxvhkrog1

Hyhq wkrxjk ghulylqj srolf| lpsolfdwlrqv lv qrw d vshfl�f dlp ri wkh
suhvhqw sdshu/ wkh uhvxowlqj srolf| ixqfwlrqv gr ehdu lpphgldwh uhohydqfh
iru wkh hvwlpdwlrq ri frqvxpswlrq ixqfwlrqv dqg sdudphwhuv ri krxvhkrog
prghov1 E| vxjjhvwlqj vhyhudo urdgv iru ixwxuh uhvhdufk/ lw lv ixuwkhupruh
krshg wkdw wkh phwkrgrorj| odlg rxw lq wklv sdshu fdq eh d xvhixo srlqw ri
ghsduwxuh iru pruh wkhruhwlfdo dqg hpslulfdo uhvhdufk rq wkh lqwhuwhpsrudo
dvshfwv ri djulfxowxudo krxvhkrog ehkdylrxu/ dqg wkhuhe| frqwulexwh wr pruh
vxffhvvixo ixwxuh srolf| lpsohphqwdwlrq1

Dsshqgl{

Surri ri Sursrvlwlrq 41 Lw pxvw eh vkrzq wkdw= l, iru dq| �r| �

E� n k�
3�

E/� n /2� wf/ lw zloo eh vxerswlpdo wr fkrrvh �r|n� : �r|> dqg ll,
iru dq| �r| 	 E� n k�

3�
E/� n /2� wf/ lw zloo eh vxerswlpdo wr fkrrvh �r|n� :

E� n k�
3�

E/� n /2� wf1
Dg l,1 Dvvxph wkdw �r|n� : �r| � E� n k�

3�
E/� n /2� wf1 Wr vkrz wkdw

wklv fkrlfh ri �r|n� fdqqrw eh sduw ri dq rswlpdo vwudwhj|/ wkh lpsolfdwlrqv ri
wklv lqlwldo fkrlfh zloo eh ghulyhg/ dqg lw zloo eh vkrzq wkdw wkhuh h{lvwv dq
dowhuqdwlyh vwudwhj| zlwk �r|n� � �r| zklfk |lhogv vwulfwo| kljkhu xwlolw|1

�r|n� : �r| lpsolhv �S|n� 	 E� n k�
3�

dEo � k� �r| n + �X|o/ dqg wzr ixwxuh vfh0
qdulrv duh wkhq srvvleoh= d, �r|n� : f iru doo � � 2> dqg e, �r|n� : f iru
� ' 2c �c ���c � � � � dqg �r|n� � ' f iru vrph � � : �1

Lq fdvh ri wkh �uvw vfhqdulr/ wkh �uvw rughu frqglwlrqv ri wkh sureohp lpso|
wkdw frqvxpswlrq pxvw vdwlvi|=

�S|n� '
�

� n k

�
� n o

� n B

� �
#

�S|n�3� �
�

� n k
�S|n�3� +63,

iru doo � � �1 Krzhyhu/ vwulfwo| kljkhu frqvxpswlrq lq doo shulrgv fdq wkhq
eh rewdlqhg e| fkrrvlqj �r|n� ' �r| dqg �X|n� ' E� n k�

3� �X|n�3� iru doo � : f1
Lq wklv fdvh=

�S|n� '
o � k

� n k
�r| n

+ �X|

E� n k�
�
�

�S|n�3�

E� n k�
+64,

iru � � 21 Wklv vkrzv wkh vxerswlpdolw| ri wkh �uvw vfhqdulr1
Lq fdvh ri wkh vhfrqg vfhqdulr/ frqvxpswlrq pxvw vdwlvi| +63, iru � '

2c �c ���c � �1 Lq wklv fdvh/ wkh vwudwhj| ri �r|n� ' �r| dqg �X|n� ' E� n k�
3� �X|n�3�
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iru � ' �c ��c � � � �/ dqg �X|n� � ' E� n k�
3�
wf lv ihdvleoh dqg fdq vxvwdlq d

vwulfwo| kljkhu sdwk ri frqvxpswlrq/ jlyhq e| +64,/ iru wkh shulrgv | n �

wkurxjk | n � �1 Ixuwkhupruh/ wkh djhqw zloo hqwhu shulrg | n � � n � zlwk
pd{lpxp whfkqrorj| dqg zlwk qr ohvv vdylqjv wkdq li kh zdv wr iroorz wkh
vwudwhj| ri wkh vhfrqg vfhqdulr1 Wkxv/ wkh vhfrqg vfhqdulr fdqqrw eh rswlpdo
hlwkhu1 Wklv lpsolhv wkdw �r|n� : �r| � E� n k�

3�
E/� n /2� wf fdqqrw eh sduw

ri dq rswlpdo vwudwhj|1
Dg ll,1 Wklv vwhs lv dffrpsolvkhg lq d vlplodu idvklrq1 Fkrrvlqj �r|n� :

E� n k�
3�

E/� n /2� wf lpsolhv �S|n� 	 E� n k�
3�

dE� n o� �r|n+ �X|�E/� n /2� wfo

dqg d vxevhtxhqw frqvxpswlrq sdwwhuq jlyhq e| rqh ri wkh wzr vfhqdulrv
deryh1 Krzhyhu/ fkrrvlqj �r|n� ' E� n k�

3�
E/� n /2� wf/ lpso|lqj �S|n� '

E� n k�
3�

dE� n o� �r| n + �X| � E/� n /2� wfo/ dqg rwkhuzlvh iroorzlqj wkh do0
whuqdwlyh vwudwhjlhv iurp deryh zloo djdlq |lhog vwulfwo| kljkhu xwlolw|1 Wklv
frpsohwhv wkh vhfrqg sduw ri wkh surri1

Surri ri Sursrvlwlrq 51 Ohw �] eh d frpsdfw vhw jlyhq e| +<, iru vrph
�r6@% � E� n k�

3�
E/� n /2� wf/ dqg ohw �E�]� eh wkh vsdfh ri erxqghg ixqf0

wlrqv �� G �]$ U zlwk wkh phwulf 4 E���c ��2� ' n��� � ��2n ' t�T�5M�] m��� E�5�� ��2 E�5�m

iru doo ���c ��2 5 �E�]�1 Wkh vwuxfwxuh ri wkh surri lv wkh iroorzlqj= Iluvw/ lw
lv vkrzq wkdw �E�]� lv d frpsohwh phwulf vsdfh1 Vhfrqgo|/ lw lv vkrzq wkdw
wkh pdsslqj A gh�qhg e| +44, lv d frqwudfwlrq pdsslqj/ wdnlqj wkh vsdfh
ri erxqghg ixqfwlrqv lqwr lwvhoi1 Wrjhwkhu zlwk wkh frpsohwhqhvv ri �E�]�/
wklv hqvxuhv wkdw A kdv wkh ghvluhg surshuwlhv1 Ilqdoo|/ lw lv vkrzq wkdw ���

fruuhvsrqgv wr wkh xqltxh vroxwlrq ri wkh vhtxhqfh sureohp/ ��W1
Wr vkrz wkdw �E�]� lv d phwulf vsdfh/ lw pxvw eh vkrzq wkdw wkh vxs qrup

lv d phwulf rq wkh vhw ri erxqghg ixqfwlrqv1 Wkdw lv/ iru doo ���c ��2c ��� 5 �E�]�/
wkh iroorzlqj frqglwlrqv pxvw krog=

� n��� � ��2n � f/ dqg n��� � ��2n ' f li dqg rqo| li ��� ' ��2>

� n��� � ��2n ' n��2 � ���n> dqg

� n��� � ���n � n��� � ��2nn n��2 � ���n>

Wkh �uvw wzr frqglwlrqv duh vdwlv�hg e| lqvshfwlrq/ dqg wkh wklug rqh fdq
eh yhul�hg e| qrwlqj wkdw iru dq| �5 5 �]=

m��� E�5�� ��� E�5�m � m��� E�5�� ��2 E�5�mn m��2 E�5�� ��� E�5�m

� n��� � ��2nn n��2 � ���n +65,

dqg vlqfh +65, krogv iru doo �5/ lw iroorzv wkdw=

n��� � ���n � n��� � ��2nn n��2 � ���n
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Wkxv/ �E�]� lv d phwulf vsdfh1
Wr vkrz wkdw �E�]� lv dovr frpsohwh/ lw pxvw eh vkrzq wkdw dq| Fdxfk|

vhtxhqfh i��?j lq �E�]� frqyhujhv wr dq hohphqw �� lq �E�]�1 Wklv lqyroyhv
wkuhh vwhsv= l, wr �qg d fdqglgdwh ixqfwlrq ��> ll, wr vkrz wkdw i��?j frqyhujhv
wr �� lq wkh vxs qrup> dqg lll, wr vkrz wkdw �� 5 �E�]�1 Iluvw/ vlqfh i��?j lv d
Fdxfk| vhtxhqfh/ wkhq iru dq| �5 5 �] dqg iru hdfk 0 : f/ wkhuh h{lvwv dq �0

vxfk wkdw iru ?c6 ��0=

m��? E�5�� ��6 E�5�m � n��? � ��6n 	 0

Wkxv/ wkh vhtxhqfh i��? E�5�j ri uhdo qxpehuv lv d Fdxfk| vhtxhqfh/ dqg e|
frpsohwhqhvv ri wkh uhdo qxpehuv/ lw kdv d olplw srlqw �� E�5�1 Ohw wkh fdqglgdwh
ixqfwlrq eh jlyhq e| wkhvh olplw srlqwv1 Vhfrqgo|/ �{ 0 : f dqg xvh wkh idfw
wkdw i��?j lv d Fdxfk| vhtxhqfh wr fkrrvh �0 vxfk wkdw n��? � ��6n 	 0*2 iru
doo ?c6 � �01 Qrz/ iru duelwudu| �5 5 �] dqg doo 6 � ? � �0/ wkh iroorzlqj
pxvw krog=

m��? E�5�� �� E�5�m � m��? E�5�� ��6 E�5�mn m��6 E�5�� �� E�5�m

� n��? � ��6nn m��6 E�5�� �� E�5�m

� 0*2 n m��6 E�5�� �� E�5�m +66,

Dqg vlqfh ��6 E�5� frqyhujhv wr �� E�5�/ wkhq iru hdfk �5/ 6 fdq eh fkrvhq vxfk
wkdw wkh odvw whup lq +66, lv ohvv wkdq 0*21 Wkxv/ n��? � ��n � 0 iru doo ? � �01
Dqg vlqfh wkh fkrlfh ri 0 zdv duelwudu|/ lw iroorzv wkdw i��?j frqyhujhv wr �� lq
wkh vxs qrup1 Wklugo|/ wkh erxqghgqhvv ri ��?/ wrjhwkhu zlwk n��? � ��n � 0

iru doo ? � �0/ lpsolhv wkdw �� lv erxqghg1 Wkxv/ �E�]� lv d frpsohwh phwulf
vsdfh153

Qrz/ vlqfh �� lv erxqghg rq �]/ wkh rshudwru A gh�qhg e|=

EA ��� E�5� ' t�T
�5�M�KE�5�

d�� E�5c �5�� n q�� E�5��o

wdnhv wkh vsdfh ri erxqghg ixqfwlrqv rq �] lqwr lwvhoi= A G �E�]�$�E�]�1
Ixuwkhupruh/ li h�c �� 5 �E�]� dqg �� E�5� � h� E�5� iru doo �5 5 �]/ wkhq iru dq|
�5 5 �]=

�� E�5c �5�� n q�� E�5�� � �� E�5c �5�� n q h� E�5��

iru doo �5� 5 �K E�5�1 Wkhuhiruh=

t�T
�5�M�KE�5�

d�� E�5c �5�� n q�� E�5��o � t�T
�5�M�KE�5�

d�� E�5c �5�� n q h� E�5��o

53D voljkwo| pruh jhqhudo uhvxow lv suryhg lq Gxqirug dqg Vfkzduw} +4<8;,/ zkhuhdv wkh

surri deryh uhvhpeohv wkh rqh irxqg lq Vwrnh| dqg Oxfdv +4<;<, iru wkh vsdfh ri erxqghg

dqg frqwlqxrxv ixqfwlrqv1
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iru dq| �5 5 �]1 Wklv lpsolhv wkdw EA ��� E�5� � EA h�� E�5� iru doo �5 5 �]1 Wkxv/
vlqfh iru dq| ���c ��2 5 �E�]�=

��� E�5� � ��2E�5� n n��� � ��2n

iru doo �5 5 �]/ lw iroorzv wkdw iru doo �5 5 �]=

EA ���� E�5� � A E��2 n n��� � ��2n� E�5�

zkhuh E��2 n n��� � ��2n� E�5� lv wkh ixqfwlrq gh�qhg e|= ��2 E�5�nn��� � ��2n1 Wkxv/
iru doo �5 5 �]=

EA ���� E�5� � t�T
�5�M�KE�5�

d�� E�5c �5�� n q Eh�2 E�5�� n n��� � ��2n�o

' t�T
�5�M�KE�5�

d�� E�5c �5�� n qh�2 E�5��o n q n��� � ��2n

' EA ��2� E�5� n q n��� � ��2n +67,

Dqg vlploduo|=

EA ��2� E�5� � EA ���� E�5� n q n��� � ��2n +68,

iru doo �5 5 �]1 Qrz/ +67, dqg +68, lpso| wkdw iru dq| ���c ��2 5 �E�]�=

nA ��2 � A ���n � q n��� � ��2n

Wkxv/ A lv d frqwudfwlrq pdsslqj zlwk prgxoxv q/ wdnlqj �E�]� lqwr lwvhoi1
Qrz/ vlqfh �E�]� lv d frpsohwh phwulf vsdfh/ lw iroorzv iurp wkh Frqwudf0

wlrq Pdsslqj Wkhruhp/ vhh Nroprjrury dqg Irplq +4<:3, ru Vwrnh| dqg
Oxfdv +4<;<,/ wkdw A kdv d xqltxh �{hg srlqw/ ��� 5 �E�]�/ dqg wkdw iru dq|
��f 5 �E�]�=

nA ?��f � ���n � q? n��f � ���n c ? ' fc �c 2c ���

Ilqdoo|/ lw pxvw eh vkrzq wkdw ��� fruuhvsrqgv wr ��W/ wkh xqltxh vroxwlrq wr
wkh vhtxhqfh sureohp lq +7,0+;,154 Iluvw/ dq| vhtxhqfh i�5|j

"

|'f
lq �] lv fdoohg

d sodq1 Iru dq| �5f 5 �]/ ohw=

�� E�5f� '
q
i�5|j

"

|'f

����5|n� 5 �K E�5|� c | ' fc �c ���
r

eh wkh vhw ri ihdvleoh sodqv iurp �5f1 Ohw i�5j ' i�5fc �5�c �52c ���j ghqrwh dq
hohphqw lq �� E�5f�1

54Wkh iroorzlqj surri lv d vwdqgdug rqh1 Vlplodu surriv fdq eh irxqg lq/ h1j1/ Vwrnh|

dqg Oxfdv +4<;<,1
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Wkh vxsuhpxp ixqfwlrq ��W/ zklfk pxvw eh �qlwh iru dq| �5f 5 �]/ lv wkh
xqltxh ixqfwlrq vdwlvi|lqj=

��W E�5f� � *�4
?<"

?3�[
�'f

q��� E�5�c �5�n�� c @,, i�5j 5 �� E�5f� +69,

��W E�5f� � *�4
?<"

?3�[
�'f

q��� E�5�c �5�n�� n 0c rJ6e i�5j 5 �� E�5f� +6:,

iru doo �5f 5 �] dqg dq| 0 : f1
Li �� G �] $ U/ zkhuh m�� E�5�m 	 4 iru doo �5 5 �]/ vdwlv�hv +43,/ wkhq iru

hyhu| �5 5 �]/ �� vdwlv�hv wkh iroorzlqj surshuwlhv iru doo �5� 5 �K E�5� dqg iru vrph
�5�� 5 �K E�5� dqg dq| 0 : f=

�� E�5� � �� E�5c �5�� n q�� E�5�� +6;,

�� E�5� � �� E�5c �5��� n q�� E�5��� n 0 +6<,

Lw uhpdlqv wr vkrz wkdw �� vdwlv�hv +69, dqg +6:,1 Qrz/ iru dq| �5f 5 �]/ wkh
ixqfwlrq �� vdwlv�hv=

�� E�5f� � �� E�5fc �5�� n q�� E�5��

�

?3�[
�'f

q��� E�5�c �5�n�� n q?�� E�5?�

iru doo i�5j 5 �� E�5f�1 Dqg vlqfh f 	 q 	 � dqg m�� E�5�m 	 4 iru doo �5 5 �]/ wkh
odwwhu whup zloo frqyhujh wr }hur dv ? dssurdfkhv lq�qlw|1 Wkdw lv=

�� E�5f� � *�4
?<"

?3�[
�'f

q��� E�5�c �5�n��

iru doo i�5j 5 �� E�5f�1 Wkxv/ �� vdwlv�hv +69,1
Vlqfh �� vdwlv�hv +6<,/ wkhq iru dq| �5f 5 �] dqg dq| vhtxhqfh i>|j

"

|'� zkhuh
>| : f/ wkhuh h{lvwv vrph i�5j 5 �� E�5f� vxfk wkdw=

�� E�5|� � �� E�5|c �5|n�� n q�� E�5|n�� n >|n�c | ' fc�c ���

dqg wkhuhiruh=

�� E�5f� �

?3�[
�'f

q��� E�5�c �5�n�� n q?�� E�5?� n
�
>� n q>2 n ���n q?3�>?

�
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Qrz/ iru dq| duelwudu| 0 : f/ ohw >| '
�
2
E�� q� 01 Wkhq

S?3�

�'f
q�>�n� � 0*2

iru doo ? � f/ l1h1=

�� E�5f� �

?3�[
�'f

q��� E�5�c �5�n�� n q?�� E�5?� n
0

2

Dqg iru vx!flhqwo| odujh ?= q?�� E�5?� 	
0

2
� Wkxv=

�� E�5f� �

?3�[
�'f

q��� E�5�c �5�n�� n 0

iru vrph vx!flhqwo| odujh ?/ zklfk phdqv wkdw �� vdwlv�hv +6:,1 Wkxv/ ���

fruuhvsrqgv wr ��W1 Wklv frpsohwhv wkh surri ri Sursrvlwlrq 51

Surri ri Sursrvlwlrq 61 Wkh vwuxfwxuh ri wkh surri lv wkh iroorzlqj=
Iluvw/ lw lv vkrzq wkdw wkh pdsslqj A wdnhv wkh vsdfh ri erxqghg ixqfwlrqv
rq �]K lqwr lwvhoi1 Vhfrqgo|/ lw lv suryhq wkdw wkh srolf| fruuhvsrqghqfh lv
xsshu khplfrqwlqxrxv> d uhvxow zklfk lv xvhg wr vkrz wkdw A wdnhv wkh vsdfh
ri erxqghg dqg frqwlqxrxv ixqfwlrqv lqwr lwvhoi1 Ilqdoo|/ lw lv yhul�hg wkdw wkh
Frqwudfwlrq Pdsslqj Wkhruhp dssolhv wr A 1 Wklv |lhogv wkh ghvluhg uhvxowv1

Wkh pdsslqj A zdv gh�qhg e|=

EA ��� E�5� ' t�T
�5�M�KE�5�

d�� E�5c �5�� n q�� E�5��o +73,

zkhuh �K E�5� lv qrq0hpsw| dqg frpsdfw iru dq| �5 5 �]K1 Iluvw/ li �r6�? : fc

wkhq/ vlqfh o : k/ �S� ' E� n k�
3�

Eo � k� �r6�? : f lv d ihdvleoh vwudwhj| iru doo
�X � f dqg �r � �r6�?1 Vhfrqgo|/ li �X6�? : f/ wkhq �S� ' E� n k�

3�
+ �X6�? : f

lv ihdvleoh iru doo �X � �X6�? dqg �r � f1 Wklv lpsolhv wkdw wkh ydoxh ixqfwlrq
lv erxqghg iurp ehorz1 Vlqfh lw lv dovr erxqghg iurp deryh/ wkhq/ iru dq|
�� 5 �E�]K�/ wkh pdsslqj A lq +73, |lhogv dqrwkhu erxqghg ixqfwlrq/ A G

�E�]K�$ �E�]K�1 Khqfh �S ' f fdq qhyhu eh dq rswlpdo fkrlfh1
Wkxv/ wkh surri ri Sursrvlwlrq 5 dssolhv lq wklv fdvh dv zhoo1 Krzhyhu/ lq

wkh iroorzlqj lw zloo eh vkrzq wkdw zkhq # � �/ wkh pdsslqj A rshudwhv rq
wkh vsdfh ri erxqghg dqg frqwlqxrxv ixqfwlrqv/ �E�]K�1

Li �� 5 �E�]K�/ wkhq �� E�5c �5�� nq�� E�5�� lv frqwlqxrxv lq �5�1 Wklv lpsolhv wkdw
wkh pd{lpxp lq +73, lv dwwdlqhg/ dqg wkhuhiruh wkh srolf| fruuhvsrqghqfh=

�C E�5� '
q
�5� 5 �K E�5� G EA ��� E�5� ' �� E�5c �5�� n q�� E�5��

r
+74,

lv qrq0hpsw|1 Qrz/ vlqfh �C E�5� � �K E�5� dqg �K E�5� lv frpsdfw/ wkhq �C E�5�pxvw
eh erxqghg1 Dqg vxssrvh wkdw 5�? $ 5� dqg �5�? 5

�C E�5� iru doo ?1 Wklv lpsolhv
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wkdw �5�? 5
�K E�5� doo ?/ dqg vlqfh �K E�5� lv forvhg/ wkhq �5� 5 �K E�5�1 Ixuwkhupruh/

vlqfh �� E�5c �5�?� n q�� E�5�?� lv frqvwdqw iru doo ?/ lw pxvw htxdo �� E�5c �5
�� n q�� E�5��

gxh wr frqwlqxlw|1 Wklv lpsolhv wkdw �5� 5 �C E�5�1 Wkxv/ �C E�5� lv forvhg1 Qrz/
vlqfh �C E�5� lv erwk erxqghg dqg forvhg/ lw lv frpsdfw1 Wklv krogv iru doo �5 lq
�]K/ lpso|lqj wkdw �C lv qrq0hpsw| dqg frpsdfw1

Wr vkrz wkdw �C lv dovr xsshu khplfrqwlqxrxv/ lw pxvw eh vkrzq wkdw dw
dq| �5 5 �]K/ iru hyhu| vhtxhqfh i�5?j frqyhujlqj wr �5/ dqg hyhu| vhtxhqfh
i�5�?j vxfk wkdw �5�? 5

�C E�5?� iru doo ?/ wkhuh h{lvwv d vxevhtxhqfh ri i�5
�

?j/ fdoo
lw
�
�5�?&
�
/ zklfk frqyhujhv wr �5� 5 �C E�5�1

Iluvw/ frqvlghu dq| �5 5 �]K vxfk wkdw E� n o� �r n + �X � E� n k� �r6�? 9'

/�wfn/2Ewf� �X�1 Dqg ohw i�5?j eh dq| vhtxhqfh frqyhujlqj wr �51 Wkhq fkrrvh
�5�? 5

�C E�5?� iru doo ?/ l1h1 wkh �5�?*v duh pd{lplvhuv1 Qrz/ vlqfh
�K E�5� lv xsshu

khplfrqwlqxrxv/ wkhuh h{lvwv d vxevhtxhqfh
�
�5�?&

�
frqyhujlqj wr �5� zlwk �5� 5

�K E�5�1 Lq wkh fdvh ri d �5 zkhuh E� n o� �rn+ �X�E� n k� �r6�? 9' /�wfn/2Ewf��X�/
�K E�5� lv dovr orzhu khplfrqwlqxrxv dw �51 Wklv lpsolhv wkdw iru dq| �5

��

5 �K E�5�/
wkhuh h{lvwv d vxevhtxhqfh

�
�5
��

?&

�
vxfk wkdw �5��?& $ �5�� zlwk �5��?& 5

�K E�5?&� iru

doo &1 Qrz/ vlqfh ��
�
�5?&c �5

�

?&

�
n q��

�
�5�?&

�
� ��

�
�5?&c �5

��

?&

�
n q��

�
�5��?&

�
iru doo &c

wkhq �� E�5c �5��nq�� E�5�� � �� E�5c �5���nq�� E�5��� gxh wr frqwlqxlw| ri wkh ixqfwlrqv1
Wklv krogv iru doo �5�� 5 �K E�5�/ zklfk lpsolhv wkdw �5� 5 �C E�5�1

Wkhq frqvlghu wkh fdvh ri d �5 5 �]K zkhuh E� n o� �rn + �X� E� n k� �r6�? '

/�wf n /2Ewf � �X�1 Dqg ohw �5�?� eh d ihdvleoh fkrlfh ri �5� dw �5 zkhuh dq

lqyhvwphqw lv pdgh/ l1h1 �5�?� 5 hK E�5�1 Exw vlqfh �5�?� lpsolhv �S ' f/ lw
iroorzv iurp deryh wkdw �5�?� *5 �C E�5�1 Wkxv/ zlwkrxw orvv ri jhqhudolw|/ vxfk
srlqwv fdq eh h{foxghg iurp wkh ihdvleoh vhw1 Wkhq iru doo rwkhu �5

��

5 �K E�5�/
wkhuh h{lvwv d vxevhtxhqfh

�
�5
��

?&

�
vxfk wkdw �5��?& $ �5�� zlwk �5��?& 5

�K E�5?&� iru
doo &1 Djdlq/ frqwlqxlw| fdq eh xvhg wr hvwdeolvk wkdw �� E�5c �5�� n q�� E�5�� �

�� E�5c �5���nq�� E�5��� iru doo wkhvh �5�� 5 �K E�5�1 Wklv lpsolhv wkdw �5� 5 �C E�5�1 Wkxv/
�C lv xsshu khplfrqwlqxrxv1

Wkh idfw wkdw �C lv xsshu khplfrqwlqxrxv fdq wkhq eh xvhg wr vkrz wkdw
wkh pdsslqj A |lhogv d frqwlqxrxv ixqfwlrq1 Frqvlghu dq| �5 5 �]K dqg dq| vh0
txhqfh i�5?j frqyhujlqj wr �51 Lw kdv wr eh vkrzq wkdw EA ��� E�5?� $ EA ��� E�5�1
Dvvxph wkdw wklv lv qrw wkh fdvh1 Wkxv/ wkhuh h{lvwv 0 : f dqg d vxevh0
txhqfh i�5?&j vxfk wkdw= mEA ��� E�5?&�� EA ��� E�5�m : 0 iru doo &1 Ixuwkhupruh/
wkhuh h{lvwv �5�?& 5

�C E�5?&� vxfk wkdw EA ��� E�5?&� ' ��
�
�5?&c �5

�

?&

�
n q��

�
�5�?&
�
iru

doo &1 Wkh idfw wkdw �C lv xsshu khplfrqwlqxrxv lpsolhv wkdw wkhuh h{lvwv
d vxevhtxhqfh ri

�
�5�?&
�
zklfk frqyhujhv wr �5� 5 �C E�5�1 Wklv lpsolhv wkdw

EA ��� E�5� ' �� E�5c �5�� nq�� E�5��/ dqg frqwlqxlw| ri ��
�
�5?&c �5

�

?&

�
n q��

�
�5�?&
�
lpsolhv
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wkdw=

*�4
?<"

EA ��� E�5?&� ' *�4
?<"

�
��
�
�5?&c �5

�

?&

�
n q��

�
�5�?&

��
' �� E�5c �5�� n q�� E�5��

' EA ��� E�5�

zklfk frqwudglfwv wkh lqlwldo dvvxpswlrq1 Wkxv/ EA ��� E�5� pxvw eh frqwlqxrxv/
dqg wkh pdsslqj A wkhuhiruh wdnhv wkh vsdfh ri erxqghg dqg frqwlqxrxv
ixqfwlrqv lqwr lwvhoi1

Ilqdoo|/ e| wkh surri ri Sursrvlwlrq 5/ A lv d frqwudfwlrq pdsslqj zlwk
prgxoxv q1 Dqg vlqfh �E�]K� lv d frpsohwh phwulf vsdfh/ vhh Vwrnh| dqg
Oxfdv +4<;<,/ A vdwlv�hv wkh Frqwudfwlrq Pdsslqj Wkhruhp1 Wkxv/ A kdv d
xqltxh �{hg srlqw/ ��� 5 �E�]K�/ dqg iru dq| ��f 5 �E�]K�=

nA ?��f � ���n � q?
n��f � ���n c ? ' fc �c 2���

zklfk frpsohwhv wkh surri1

Surri ri Sursrvlwlrq 81 Iluvw/ zkhq /2 ' f/ wkh ydoxh ri vwrsslqj/
��r|JRE�%c �X�/ lv frqvwdqw iru doo �X 5 d �X6�?c E� n k�

3�
wfo1 Vhfrqgo|/ wkh ydoxh ri

frqwlqxlqj/ ��SJ?|E�%c �X�/ pxvw eh vwulfwo| lqfuhdvlqj lq �X/ vlqfh vwulfwo| kljkhu
�X lpsolhv vwulfwo| kljkhu lqfrph qh{w shulrg dqg wkhuhe| vwulfwo| kljkhu frq0
vxpswlrq srvvlelolwlhv1 Wkxv/ jlyhq �%/ wkhuh h{lvwv d �X� 5 d �X6�?c E� n k�

3�
wfo

zklfk vhsdudwhv wkh vwrsslqj uhjlrq iurp wkh frqwlqxdwlrq uhjlrq/ xqohvv frq0
wlqxlqj ru vwrsslqj lv rswlpdo iru doo �X 5 d �X6�?c E� n k�

3�
wfo/ l1h1 fdvh l, ru

ll, lq wkh Sursrvlwlrq1 Ixuwkhupruh/ wr vkrz wkdw ��SJ?|E�%c �X�� ' ��r|JRE�%c �X��

zkhq qhlwkhu l, qru ll, dssolhv/ lw lv vx!flhqw wr vkrz wkdw ��SJ?|E�%c �X� lv dovr
frqwlqxrxv lq �X 5 d �X6�?c E� n k�

3�
wfo1

Frqwlqxlw| ri ��SJ?|E�%c �X� lq �X 5 d �X6�?c E� n k�
3�
wfo uhtxluhv wkdw iru

hdfk �X@ 5 d �X6�?c E� n k�
3�
wfo dqg dq| 0 : f/ wkhuh h{lvwv B : f vxfk wkdw

m��SJ?|E�%c �X@� � ��SJ?|E�%c �XK�m 	 0 iru dq| �XK 5 d �X6�?c E� n k�
3�

wfo vxfk wkdw
m�X@ � �XKm 	 B1

Wr vhh wkdw frqwlqxlw| krogv/ qrwh wkdw vwulfwo| srvlwlyh frqvxpswlrq pxvw
eh sduw ri dq rswlpdo frqwlqxdwlrq vwudwhj| iru dq| �X 5 d �X6�?c E� n k�

3�
wfo

zkhq �% � /�wf n E� n k� �r6�?/ vlqfh ��� E�S|� $4 dv �S $ f dqg srvlwlyh frq0
vxpswlrq lv ihdvleoh zlwkrxw uhvwulfwlrqv rq ixwxuh lqyhvwphqw rswlrqv1 Qrz/
jlyhq B : f/ frqvlghu dq| �X@c �XK 5 d �X6�?c E� n k�

3�
wfo vxfk wkdw �X@ 	 �XK

dqg m�X@� �XKm 	 B1 Zkhq B lv fkrvhq vx!flhqwo| vpdoo/ fxuuhqw frqvxpswlrq
xqghu dq| �X@ fdq eh ghfuhdvhg e| o3�B+ frpsduhg wr frqvxpswlrq xqghu
�XK1 Wklv pdnhv wkh ydoxh ixqfwlrq qh{w shulrg qr ohvv xqghu �X@ wkdq xqghu
�XK1 Wklv lv ehfdxvh wkh h{wud lqwhuhvw lqfrph qh{w shulrg/ B+/ frpshqvdwhv
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vx!flhqwo| iru wkh lqfrph gl�huhqwldo gxh wr �X@ ehlqj vpdoohu wkdq �XK1 Dqg
wkh fxuuhqw orvv lq xwlolw| fdq eh pdgh duelwudulo| vpdoo e| dssursuldwh fkrlfh
ri B1 Wkxv/ iru dq| 0 : f/ wkhuh h{lvwv B : f vxfk wkdw=�����SJ?|E�%c �X@�� ��SJ?|E�%c �XK�

��� 	�����E�SSJ?|E�%c �XK��� ��E�SSJ?|E�%c �XK�� o3�B+�
��� 	 0

zkhuh �SSJ?|E�%c �XK� lv rswlpdo frqvxpswlrq xqghu d frqwlqxdwlrq vwudwhj| jlyhq
�% dqg �XK1 Wklv hvwdeolvkhv frqwlqxlw| ri ��SJ?|E�%c �X�1

Surri ri Sursrvlwlrq 91 Lw pxvw eh vkrzq wkdw wkhuh h{lvwv d �r��}� 	

4 vxfk wkdw li �rf � �r6@% � �r��}�c wkhq �r| � �r6@% iru doo | : f1 Wr gr wklv/ lw lv
vx!flhqw wr vkrz wkdw wkhuh h{lvwv �rW 	4 vxfk wkdw li �r| � �rW/ wkhq �r|n� � �r|1
Wkhq �r��}� fdq eh gh�qhg e| �r��}� ' E� n k�

3�
dE� n o� �rW n6 E� n k�

3�
wfo1

Wr vkrz wkdw �rW h{lvwv/ lw lv vx!flhqw wr vkrz wkdw wkhuh h{lvwv d �rW vxfk wkdw=

�S|n� �
Eo � k� �r| n �+6@%

� n k
+75,

iru doo �r| � �rW/ zkhuh �+6@% ' 6 E� n k�
3�

wf1
Iluvw/ frqvlghu d fruuhvsrqglqj ghwhuplqlvwlf sureohp zkhuh wkh djhqw lv

hqgrzhg zlwk lqlwldo zhdowk=

��| ' E� n k�
3�

�%| ' E� n k�
3�

E� n o� �r| � Eo � k�
3�

E� n o� �/6@%c

zkhuh �/6@% ' E/� n /2� E� n k�
3�

wf/ wkh pd{lpxp frvw ri lqyhvwphqw1 Wkdw
lv/ wkh whup Eo � k�

3�
E� n o� �/6@% lv wkh suhvhqw ydoxh ri sd|lqj iru dq lqyhvw0

phqw hdfk shulrg1 Wkh djhqw uhfhlyhv }hur lqfrph hdfk shulrg dqg zhdowk/ ��|/
lv glylghg ehwzhhq frqvxpswlrq dqg vdylqjv1 Wkxv/ zhdowk hyroyhv dffruglqj
wr=

��|n� ' E� n k�
3�

E� n o� d ��| � �S|n�o

Lq vxfk d prgho/ fxuuhqw frqvxpswlrq lv jlyhq e|=

�S|n� '

#
� �

q
�
# E� n k�

3
�
# E� n o�

�
#

E� n k�
3�

E� n o�

$
��|

'

#
� �

q
�
# E� n k�

3
�
# E� n o�

�
#

E� n k�
3�

E� n o�

$�
� n o

� n k
�r| �

� n o

o � k
�/6@%

�
+76,

vhh h1j1 Fduuroo +4<<:,1

8;



Fohduo|/ frqvxpswlrq lq wkh vwrfkdvwlf prgho zloo eh qr ohvv wkdq lq wklv
ghwhuplqlvwlf prgho vlqfh vwrfkdvwlf lqfrph lv erxqghg iurp ehorz e| }hur/
dqg wrwdo lqyhvwphqw frvw zloo dozd|v eh vpdoohu wkdq Eo � k�

3�
E� n o� �/6@%1

Lw rqo| uhpdlqv wr vkrz wkdw wkhuh h{lvwv d ydoxh �rW vxfk wkdw wkh uljkw
kdqg vlgh lq +76, h{fhhgv wkh uljkw kdqg vlgh lq +75, iru doo ydoxhv ri �r| � �rW1
Wkhvh ydoxhv ri �r| vkrxog wkxv vdwlvi|=

� n o

� n k
�r| � q

�
# E� n k�

3
�
# E� n o�

�
# �r| �

Eo � k� �r|

� n k
� g

zkhuh g lv vrph frqvwdqw ghshqglqj rq wkh sdudphwhuv1 Xvlqj wkh idfw wkdw
q ' E� n B�

3�
E� n k�

�3#/ wkh lqhtxdolw| vlpsol�hv wr=%
� n k �

�
� n o

� n B

� �
#

&
�r| � g E� n k�

zklfk lv reylrxvo| vdwlv�hg iru doo �r| odujhu wkdq vrph �rW1

Surri ri Sursrvlwlrq :1 Ohw �[ ' �] �P eh wkh frpsdfw vsdfh zkhuh
�] lv jlyhq e| +<, iru vrph �r6@% vdwlvi|lqj Sursrvlwlrq 9/ dqg ohw �E�[� eh
wkh vsdfh ri erxqghg ixqfwlrqv �� G �[$ U zlwk wkh phwulf 4 E���c ��2� '

n��� � ��2n ' t�T�%M�[ m��� E�%�� ��2 E�%�m iru doo ���c ��2 5 �E�[�1 Wkhq �E�[� lv d
frpsohwh phwulf vsdfh e| dujxphqwv dqdorjrxv wr wkrvh xvhg lq wkh surri ri
Sursrvlwlrq 51 Wkh uhvw ri wkh surri lv dovr vlplodu lq vwuxfwxuh wr wkdw ri
Sursrvlwlrq 51 Iluvw/ lw lv vkrzq wkdw wkh pdsslqj A gh�qhg e| +57, lv d
frqwudfwlrq pdsslqj/ wdnlqj wkh vsdfh ri erxqghg ixqfwlrqv lqwr lwvhoi1 Wklv
lpsolhv wkdw A lv d frqwudfwlrq pdsslqj zlwk wkh ghvluhg surshuwlhv1 Il0
qdoo|/ lw lv dujxhg wkdw ��� fruuhvsrqgv wr wkh xqltxh vroxwlrq ri wkh vhtxhqfh
sureohp/ ��W1

Qrz/ vlqfh �� dqg �� duh erxqghg/ wkh pdsslqj A gh�qhg e|=

EA ��� E�5c6� ' t�T
�5�M�KE�5c6�

�
�� E�5c �5�c6� n q

] 6

6

�� E�5�c6�� _8 E6��

�
wdnhv �E�[� lqwr lwvhoi155 Ixuwkhupruh/ li �� E�5c6� � �� E�5c6� iru doo E�5c6� 5

55Wkurxjkrxw/ lw lv lpsolflwo| dvvxphg wkdw wkh lqwhjudo lv zhoo gh�qhg/ dqg wkdw wkh

pdsslqj |lhogv dq lqwhjudeoh ixqfwlrq1 Rqh zd| wr hqvxuh wklv lv wr xvh wkh dssurdfk

rxwolqhg e| Ghqdugr +4<:9,1 Kh gh�qhv dq rshudwru/ lqvwhdg ri dq lqwhjudo/ zklfk lv wkh

vdph dv wkh lqwhjudo li wkh odwwhu h{lvwv/ dqg rwkhuzlvh vxevwlwxwhv �y zlwk wkh lqwhjudeoh

ixqfwlrq �$ +� �y, zklfk |lhogv wkh vpdoohvw srvvleoh ydoxh ri wkh lqwhjudo1 Vlqfh vxfk

sureohpv ri phdvxudelolw| duh prvwo| wkhruhwlfdo fxulrvlwlhv/ dqg ri qr sudfwlfdo uhohydqfh/

wkh| duh qrw wuhdwhg ixuwkhu lq wklv sdshu1 Iru dq| uhdvrqdeo| vshfl�hg ydoxh ixqfwlrq/

wkh lqwhjudo lv zhoo gh�qhg dqg wkh pdsslqj zloo |lhog dqrwkhu lqwhjudeoh ixqfwlrq1

8<



�]�P/ lw iroorzv wkdw=] 6

6

�� E�5c6� _8 E6� �

] 6

6

�� E�5c6� _8 E6�

iru doo �5 5 �]1 Dqg iru dq| E�5c6� 5 �]�P=

�� E�5c �5�c6� n q

] 6

6

�� E�5�c6�� _8 E6�� � �� E�5c �5�c6� n q

] 6

6

�� E�5�c6�� _8 E6��

iru doo �5� 5 �K E�5c6�1 Wklv lpsolhv=

t�T
�5�M�KE�5c6�

�
�� E�5c �5�c6� n q

] 6

6

�� E�5�c6�� _8 E6��

�
�

t�T
�5�M�KE�5c6�

�
�� E�5c �5�c6� n q

] 6

6

�� E�5�c6�� _8 E6��

�

zklfk djdlq lpsolhv wkdw EA ��� E�5c6� � EA ��� E�5c6� iru doo E�5c6� 5 �]�P1
Dqg/ vlqfh iru dq| ���c ��2 5 �E�[�=

��� E�5c6� � ��2E�5c6� n n��� � ��2n

iru doo E�5c6� 5 �]�P/ lw iroorzv wkdw iru doo E�5c6� 5 �]�P=

EA ���� E�5c6� � A E��2 n n��� � ��2n� E�5c6�

zkhuh E��2 n n��� � ��2n� E�5c6� lv d ixqfwlrq gh�qhg e| ��2E�5c6� n n��� � ��2n1
Wkxv/ iru doo E�5c6� 5 �]�P=

EA ���� E�5c6�

� t�T
�5�M�KE�5c6�

�
�� E�5c �5�c6� n q

] 6

6

E��2 E�5
�c6�� n n��� � ��2n� _8 E6��

�
' t�T

�5�M�KE�5c6�

�
�� E�5c �5�c6� n q

] 6

6

��2 E�5
�c6�� _8 E6��

�
n q n��� � ��2n

' EA ��2� E�5c6� n q n��� � ��2n +77,

Dqg vlploduo|=

EA ��2� E�5c6� � EA ���� E�5c6� n q n��� � ��2n +78,
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iru doo E�5c6� 5 �] �P1 Qrz/ +77, dqg +78, lpso| wkdw iru dq| ���c ��2 5 �E�[�=

nA ��2 � A ���n � q n��� � ��2n

Wkxv/ A lv d frqwudfwlrq pdsslqj zlwk prgxoxv q/ wdnlqj �E�[� lqwr lwvhoi1
Qrz/ vlqfh �E�[� lv d frpsohwh phwulf vsdfh/ lw djdlq iroorzv iurp wkh

Frqwudfwlrq Pdsslqj Wkhruhp wkdw A kdv d xqltxh �{hg srlqw/ ��� 5 �E�[�1
Ixuwkhupruh/ iru dq| ��f 5 �E�[�=

nA ?��f � ���n � q?
n��f � ���n c ? ' fc �c 2c ���

Lw uhpdlqv wr eh vkrzq wkdw ��� fruuhvsrqgv wr wkh vxsuhpxp ixqfwlrq/
��W/ iurp wkh fruuhvsrqglqj vhtxhqfh sureohp1 Vlqfh wklv surri uhtxluhv d
orw ri h{wud qrwdwlrq/ zlwkrxw surylglqj pxfk dgglwlrqdo lqvljkw/ wkh uhdghu
lv uhihuuhg wr Fkdswhu < lq Vwrnh| dqg Oxfdv +4<;<,/ zkhuh d pruh jhqhudo
surri ri wklv lv surylghg1

Surri ri Sursrvlwlrq ;1 Iluvw/ lw lv dujxhg wkdw wkh pdsslqj A wdnhv
wkh vsdfh ri erxqghg ixqfwlrqv rq �[ ' �]K�P lqwr lwvhoi1 Vhfrqgo|/ wklv uhvxow
lv h{whqghg wr wkh vsdfh ri erxqghg dqg frqwlqxrxv ixqfwlrqv1 Ilqdoo|/ wkh
Frqwudfwlrq Pdsslqj Wkhruhp lv dssolhg wr vkrz wkh uhpdlqlqj uhvxowv ri
wkh Sursrvlwlrq1

Wkh pdsslqj A zdv gh�qhg e|=

EA ��� E�5c6� ' t�T
�5�M�KE�5c6�

�
�� E�5c �5�c6� n q

] 6

6

�� E�5�c6�� _8 E6��

�
+79,

zkhuh �K E�5c6� lv qrq0hpsw| dqg frpsdfw iru dq| �5 5 �]K1 Li �r6�? : f dqg
o : k/ wkhq �S� ' E� n k�

3�
Eo � k� �r6�? : f lv d ihdvleoh vwudwhj| iru doo �X � f

dqg �r � �r6�?1 Dowhuqdwlyho|/ li �X6�? : f/ wkhq �S� ' E� n k�
3�
6�X6�? : f lv

ihdvleoh iru doo �X � �X6�? dqg �r � f1 Vlqfh lw lv dovr erxqghg iurp deryh/
wkhq/ iru dq| �� 5 �E�[�/ wkh pdsslqj A lq +79, |lhogv dqrwkhu erxqghg
ixqfwlrq/ A G �E�[�$ �E�[�1 Fkrrvlqj �S ' f fdq wkhuhiruh qhyhu eh rswlpdo1

Wr vkrz wkdw EA ��� E�5c6� lv dovr frqwlqxrxv li �� E�5c6� 5 �E�[�/ rqh fdq

surfhhg dv lq wkh surri ri Sursrvlwlrq 6 e| qrwlqj wkdw
U6

6
�� E�5�c6�� _8 E6��

lv lqghshqghqw ri 6 dqg frqwlqxrxv lq �5� zkhq �� E�5�c6�� 5 �E�[�1
Wklv odwwhu surshuw| lv vkrzq e| frqvlghulqj d vhtxhqfh �5�? $ �5�1 Lw

iroorzv/ wkdw����] 6

6

�� E�5�?c6
�� _8 E6���

] 6

6

�� E�5�c6�� _8 E6��

���� �] 6

6

m�� E�5�?c6
��� �� E�5�c6��m _8 E6��
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Dqg vlqfh �5�? $ �5�/ d frpsdfw vhw 7[ ' G�P fdq eh frqvwuxfwhg vxfk wkdw
�5�? 5 G/ �5� 5 G/ dqg G � �]K1 Qrz/ vlqfh �� E�5�?c6

�� lv frqwlqxrxv rq 7[/ lw
pxvw dovr eh xqlirupo| frqwlqxrxv rq 7[/ vlqfh 7[ lv frpsdfw1 Wklv lpsolhv
wkdw iru hyhu| 0 : f/ wkhuh h{lvwv dq �0 vxfk wkdw=

m�� E�5�?c6
��� �� E�5�c6��m 	 0

iru doo ? � �0 dqg doo 6� 5P1 Wkxv/
U6

6
�� E�5�c6�� _8 E6�� pxvw eh frqwlqx0

rxv lq �5� zkhq �� E�5�c6�� 5 �E�[�1
Ilqdoo|/ lw iroorzv iurp wkh surri ri Sursrvlwlrq : wkdw A lv d frqwudfwlrq

pdsslqj zlwk prgxoxv q1 Wkxv/ wkh Frqwudfwlrq Pdsslqj Wkhruhp fdq eh
dssolhg wr frpsohwh wkh surri1

Surri ri Sursrvlwlrq <1

Wklv surri lv frpsohwho| dqdorjrxv wr wkh surri ri Sursrvlwlrq 81 Wkh
rqo| fkdqjh lv wkdw wkh ghwhuplqlvwlf ydoxh ixqfwlrqv duh qrz uhsodfhg e|
h{shfwhg ydoxh ixqfwlrqv1

Uhihuhqfhv

Eduur/ U1 M1/ dqg[1 Vdod0L0Pduwlq +4<<8,= Hfrqrplf Jurzwk1 PfJudz0
Kloo/ Qhz \run1

Fduuroo/ F1 G1 +4<<:,= �Ex�hu0Vwrfn Vdylqj dqg wkh Olih F|0
foh2Shupdqhqw Lqfrph K|srwkhvlv/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 445/
4�881

Gdylv/ E1/ F1 Fduohwwr/ dqg M1 Vlo +4<<:,= �Orv Krjduhv Djurshfxdulrv
Hq Qlfdudjxd= Xq Dqäolvlv gh Wlsrorjðd/� Surmhfw JFS2UOD24482LWD/
IDR1

Ghdwrq/ D1 +4<<3,= �Vdylqj lq Ghyhorslqj Frxqwulhv= Wkhru| dqg Uhylhz/�
lq Surfhhglqjv ri wkh Zruog Edqn Dqqxdo Frqihuhqfh rq Ghyhorsphqw Hfr0

qrplfv 4<;</ hg1 e| V1 Ilvfkhu/ dqg G1 gh Wud|/ ss1 94�<91 Zruog Edqn/
Zdvklqjwrq GF1

+4<<4,= �Vdylqj dqg Oltxlglw| Frqvwudlqwv/� Hfrqrphwulfd/ 8</
4554�457;1

+4<<5,= Xqghuvwdqglqj Frqvxpswlrq1 R{irug Xqlyhuvlw| Suhvv/ Qhz
\run1
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Ghqdugr/ H1 Y1 +4<:9,= �Frqwudfwlrq Pdsslqjv lq wkh Wkhru| Xqghuo|lqj
G|qdplf Surjudpplqj/� VLDP Uhylhz/ </ 498�4::1

Gl{lw/ D1 N1/ dqg U1 V1 Slqg|fn +4<<7,= Lqyhvwphqw xqghu Xqfhuwdlqw|1
Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq/ Qhz Mhuvh|1

Gxqirug/ Q1/ dqg M1 W1 Vfkzduw} +4<8;,= Olqhdu Rshudwruv1 Lqwhuvflhqfh
Sxeolvkhuv/ Qhz \run1

Idifkdpsv/ P1/ dqg M1 Shqghu +4<<:,= �Suhfdxwlrqdu| Vdylqj/ Fuhglw
Frqvwudlqwv/ dqg Luuhyhuvleoh Lqyhvwphqw= Wkhru| dqg Hylghqfh iurp Vhpl0
dulg Lqgld/� Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 48/ 4;3�4<71

Jdoru/ R1/ dqg M1 ]hlud +4<<6,= �Lqfrph Glvwulexwlrq dqg Pdfurhfr0
qrplfv/� Uhylhz ri Hfrqrplf Vwxglhv/ 93/ 68�851

Jhuvrylw}/ P1 +4<;;,= �Vdylqj dqg Ghyhorsphqw/� lq Kdqgerrn ri Ghyho0

rsphqw Hfrqrplfv/ Yroxph 41/ hg1 e| K1 Fkhqhu|/ dqg W1 Q1 Vulqlydvdq/
ss1 6;4�7571 Hovhylhu/ Dpvwhugdp1

Mxgg/ N1 O1 +4<<;,= Qxphulfdo Phwkrgv lq Hfrqrplfv1 PLW Suhvv/ Fdp0
eulgjh/ PD1

Nroprjrury/ D1 Q1/ dqg V1 Y1 Irplq +4<:3,= Lqwurgxfwru| Uhdo Dqdo|vlv1
Gryhu Sxeolfdwlrqv/ Qhz \run1

Oxvdugl/ D1 +4<<;,= �Rq wkh Lpsruwdqfh ri wkh Suhfdxwlrqdu| Vdylqj Pr0
wlyh/� Dphulfdq Hfrqrplf Uhylhz/ ;;/ 77<�7861

Phqghovrq/ K1/ dqg \1 Dplkxg +4<;5,= �Rswlpdo Frqvxpswlrq Srolf|
xqghu Xqfhuwdlq Lqfrph/� Pdqdjhphqw Vflhqfh/ 5;/ 9;6�9<:1

Ploohu/ E1 O1 +4<:7,= �Rswlpdo Frqvxpswlrq zlwk d Vwrfkdvwlf Lqfrph
Vwuhdp/� Hfrqrphwulfd/ 75/ 586�5991

Urvhq}zhlj/ P1 U1/ dqg N1 L1 Zroslq +4<<6,= �Fuhglw Pdunhw Frq0
vwudlqwv/ Frqvxpswlrq Vprrwklqj/ dqg wkh Dffxpxodwlrq ri Gxudeoh Sur0
gxfwlrq Dvvhwv lq Orz0Lqfrph Frxqwulhv= Lqyhvwphqw lq Exoorfnv lq Lqgld/�
Mrxuqdo ri Srolwlfdo Hfrqrp|/ 434/ 556�5771

Vdgrxohw/ H1/ dqg D1 gh Mdqyu| +4<<8,= Txdqwlwdwlyh Ghyhorsphqw Sro0
lf| Dqdo|vlv1 Mrkqv Krsnlqv Xqlyhuvlw| Suhvv/ Edowlpruh1

Vhuyìq/ O1 +4<<:,= �Luuhyhuvlelolw|/ Xqfhuwdlqw| dqg Sulydwh Lqyhvwphqw=
Dqdo|wlfdo Lvvxhv dqg vrph Ohvvrqv iru Diulfd/� Mrxuqdo ri Diulfdq

Hfrqrplhv/ 9/ Vxssohphqw/ 55<�59;1
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Vlqjk/ L1/ O1 Vtxluh/ dqg M1 Vwudxvv +hgv1, +4<;9,= Djulfxowxudo Krxvh0
krog Prghov1 Mrkqv Krsnlqv Xqlyhuvlw| Suhvv/ Edowlpruh1

Vwrnh|/ Q1 O1/ dqg U1 H1 Oxfdv/ Mu1 +4<;<,= Uhfxuvlyh Phwkrgv lq Hfr0

qrplf G|qdplfv1 Kduydug Xqlyhuvlw| Suhvv/ Fdpeulgjh/ PD dqg Orqgrq1

]hoghv/ V1 S1 +4<;<,= �Rswlpdo Frqvxpswlrq zlwk Vwrfkdvwlf Lqfrph= Gh0
yldwlrqv iurp Fhuwdlqw| Htxlydohqfh/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/
437/ 5:8�5<;1
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