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Txdvl0vwdwlf Pdfurhfrqrplf V|vwhpv

Mdpvkhhg VkrulvkW

Ghsduwphqw ri Hfrqrplfv
Vfkrro ri Hfrqrplfv dqg Pdqdjhphqw
Xqlyhuvlw| ri Ddukxv/ Ddukxv/ Ghqpdun

Pdufk 57/ 5333

Devwudfw

Wklv sdshu dssolhv txdvl0vwdwlf dqdo|vlv wr d vlpsoh forvhg pdfurhfrqrp|1 Lw lv vkrzq wkdw
li wkh hfrqrp| vdwlv�hv d frqvhuydwlrq ri lqfrph uhtxluhphqw/ dqg wkh uhtxluhphqw wkdw doo
htxlydohqw lqyhvwphqwv jhqhudwh wkh vdph udwh ri uhwxuq +qrq0duelwudjh,/ wkhq wkhuh h{lvwv
d vwdwh yduldeoh zklfk phdvxuhv wkh rssruwxqlw| frvw ri prylqj iurp rqh pdfurhfrqrplf
htxloleulxp wr dqrwkhu1 Wklv vwdwh yduldeoh lv dq hfrqrplf frqvwudlqw zklfk phdvxuhv wkh
h{shqglwxuh qhfhvvdu| wr fkdqjh htxloleuld1 Fhqwudo wr wklv dqdo|vlv lv d gh�qlwlrq ri hfrqrplf
wlph/ zklfk lv dq lqyduldqw txdqwlw| zlwk uhvshfw wr wkh vwdwh yduldeohv xvhg dv d iudph ri
uhihuhqfh1

4 Lqwurgxfwlrq

Wklv lv dq dssolfdwlrq ri wkh wkhru| ri txdvl0vwdwlf v|vwhpv wr pdfurhfrqrplf dqdo|vlv1 Txdvl0vwdwlf
v|vwhpv duh gh�qhg dv wkrvh zklfk fkdqjh vwdwh zkloh dozd|v uhpdlqlqj lq htxloleulxp1 Li wdnhq olwhudoo|
wkh| prvw forvho| dssur{lpdwh wkh Fodvvlfdo dqg Qhr0fodvvlfdo vfkrrov ri wkrxjkw rq pdfurhfrqrplf
g|qdplfv/ zkhuh sulfhv dqg txdqwlwlhv dgmxvw lqvwdqwdqhrxvo| dqg iulfwlrqohvvo| wr htxloleulxp lq wkh
devhqfh ri �vkrfnv�1 Glvhtxloleulxp dqdo|vlv/ zkhuh dq hfrqrp| pd| shuvlvw iru pdq| shulrgv zlwkrxw
pdunhw fohdulqj/ lv h{foxghg e| dvvxpswlrq1

Wklv sdshu lv ghflghgo| qrw/ krzhyhu/ dq dsshdo wr dgrsw wkh +Qhr,Fodvvlfdo dssurdfk wr pdfurh0
frqrplf dqdo|vlv= lq idfw/ lqvridu dv txdvl0vwdwlf v|vwhpv kdyh dq lpsruwdqfh lq dqg ri wkhpvhoyhv lw lv
vlpso| wkdw wkh| duh wkh iudphzrun zlwklq zklfk wr exlog d phwkrgrorj| ri h{dplqlqj wkh pryhphqwv
ri djjuhjdwh yduldeohv +ru dyhudjh yduldeohv/ li wkh qxpehu ri lqglylgxdo frpsrqhqwv ri wkh v|vwhp eh

3Nh|zrugv= txdvl0vwdwlf v|vwhpv/ wkhuprg|qdplfv/ qrq0duelwudjh/ rssruwxqlw| frvw/ frqvhuydwlyh v|vwhpv1
MHO Fodvvl�fdwlrq= E74/ H431

WFhqwuh iru G|qdplf Prghoolqj lq Hfrqrplfv/ vxssruwhg e| wkh Gdqlvk Vrfldo Vflhqfh Uhvhdufk Frxqflo/ dqg wkh Uhvhdufk
Irxqgdwlrq ri wkh Xqlyhuvlw| ri Ddukxv
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nqrzq,1 Txdvl0vwdwlf v|vwhpv duh xvhg lq wklv frqwh{w wr xqghuvfruh d ihdwxuh ri wkh pdfurhfrqrp|
zklfk lv riwhq ljqruhg lq prghuq pdfurhfrqrplf prgholqj= wkh pdfurhfrqrp| lv d froohfwlrq ri d kxjh
qxpehu ri hfrqrplf sduwlflsdqwv hqjdjlqj lq dq hqruprxv qxpehu ri wudghv/ doo ri zklfk fdqqrw srvvleo|
eh lghqwl�hg ru fdwdorjxhg lq sudfwlfh1 Zkloh lw lv fohdu wkdw vrph devwudfwlrq lv qhfhvvdu| iurp d prg0
holqj shuvshfwlyh/ pdfurhfrqrplf prgholqj xvxdoo| vzlqjv idu lq wkh rwkhu gluhfwlrq1 Fxuuhqw prghov
whqg wr sodfh vxfk uhvwulfwlrqv xsrq wkh dfwxdo ehkdylru ri wkh hfrqrplf sduwlflsdqwv wkdw wkh xqghuo|lqj
glyhuvlw| ri wkh plfurhfrqrp| ehfrphv luuhohydqw1 Djhqwv duh dvvxphg wr ehkdyh vr wkdw uhsuhvhqwdwlyh
djhqw wkhru| krogv/ wkh �fruuhfw� htxloleulxp lv d vwhdg|0vwdwh zlwk sxuho| h{rjhqrxv vkrfnv/ dqg vr rq1
E| dvvxplqj dzd| wkh glyhuvlw| ri wkh xqghuo|lqj plfurhfrqrp|/ wkh uhvxowlqj pdfurhfrqrp| lv riwhq
ehuhiw ri hlwkhu lqwhuhvwlqj g|qdplfv ru �uhdo0zruog� ehkdylru1

Wkh dssolfdwlrq ri txdvl0vwdwlf v|vwhpv rxwolqhg khuh lv/ lq wkh dxwkru*v rslqlrq/ d vwhsslqj0vwrqh dzd|
iurp wklv wuhqg dqg wrzdugv d pruh uhdolvwlf frpelqdwlrq ri wkh lqfuhgleoh glyhuvlw| ri wkh plfurhfrqrp|
zlwk wkhlu pdfurhfrqrplf dyhudjhv1 Lw lv d vwhsslqj0vwrqh ehfdxvh lw lv dq lqwurgxfwlrq wr wkh wrrov dqg
whfkqltxhv ri txdvl0vwdwlf dqdo|vlv/ lqfoxglqj qrq0h{dfw gl�huhqwldov ryhu d exvlqhvv f|foh/ wkh h{lvwhqfh
ri d phdvxuhphqw ri �frqvwudlqw� lq dq hfrqrplf v|vwhp +zklfk wxuqv rxw wr eh d irup ri rssruwxqlw|
frvw,/ dqg d vlpsoh fkdudfwhul}dwlrq ri wkh uhdo lqwhuhvw udwh dv wkh sulpdu| yhklfoh iru qrq0duelwudjh1
Xqghuo|lqj doo wkh uhvxowv lq wkh sdshu lv d plfurhfrqrplf lqwhusuhwdwlrq zklfk xvhv wkh glyhuvlw| ri
wkh plfurhfrqrp| wr lwv ixoohvw dgydqwdjh�sxw vlpso|/ wkh lqwhusuhwdwlrq xvhv wkh srzhu ri wkh Dyhudjh
lq ghvfulelqj pryhphqwv lq pdfurhfrqrplf yduldeohv1 Wklv lqwhusuhwdwlrq lv glvfxvvhg pruh ixoo| lq d
frpsdqlrq sdshu1

Wkh vlpsoh prgho rxwolqhg ehorz lv exlow xsrq wzr dvvxpswlrqv derxw dq| pdfurhfrqrp|=

41 Vshqglqj gxulqj d txdvl0vwdwlf fkdqjh iurp rqh htxloleulxp wr dqrwkhu pd| frph hlwkhu iurp
vdylqjv ru iurp lqfrph/

51 Wkh odz ri qrq0duelwudjh krogv= ixqgv zloo  rz ehwzhhq sruwirolr kroglqjv xqwlo wkhlu udwhv ri
uhwxuq duh htxdo1

Xqghu wkhvh dvvxpswlrqv zh pd| vwdwh wkh iroorzlqj= dq| htxloleulxp vwdwh ri wkh hfrqrp| pd|
eh fkdudfwhul}hg e| wkh rssruwxqlw| frvw ri duulylqj dw wkdw htxloleulxp iurp dqrwkhu1 Wkh pdjqlwxgh
ri wklv rssruwxqlw| frvw gh�qhv krz �frqvwudlqhg� wkh hfrqrp| lv uhodwlyh wr wkh lqlwldo htxloleulxp1
Pruhryhu/ wklv hfrqrplf frqvwudlqw lv d vwdwh yduldeoh ghvfulelqj wkh htxloleulxp/ vr wkdw frpsdudwlyh
vwdwlfv uhodwlqj h1j1 frqvxpswlrq/ lqfrph dqg wkh sulfh ohyho pd| eh ghulyhg1

Lq rughu wr duulyh dw wklv fkdudfwhul}dwlrq/ d gh�qlwlrq ri hfrqrplf wlph lv lqwurgxfhg zklfk olqnv
wkh uhdo udwh ri lqwhuhvw zlwk d +qrupdol}hg, sdwk ohqjwk ri dq htxloleulxp wudqvlwlrq1 Lw lv vkrzq wkdw
gh�qlqj dq lqwhuydo ri wlph lq wklv idvklrq lpsolhv wkdw iru vpdoohu dqg vpdoohu uhdo lqwhuhvw udwhv dqg
d �{hg ydoxh ri frqvxpswlrq/ hlwkhu kljk sulfhv duh dvvrfldwhg zlwk orz frqvxpswlrq +d kljk0lq dwlrq
uhjlph, ru orz sulfhv duh dvvrfldwhg zlwk kljk frqvxpswlrq +d orz0lq dwlrq uhjlph,1 Lq dgglwlrq/ wkhuh
lv d vlqjoh htxloleulxp iru zklfk wkh uhdo lqwhuhvw udwh lv pd{lpl}hg/ zkhuh wkh kljk0lq dwlrq dqg orz0
lq dwlrq uhjlphv frlqflgh1

Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv= Vhfwlrq 5 lqwurgxfhv txdvl0vwdwlf v|vwhpv dqdo|vlv iru d yhu|
vlpsoh hfrqrp|/ gh�qhv d exvlqhvv f|foh/ dqg vwdwhv wkh odz ri wkh frqvhuydwlrq ri lqfrph1 Vhfwlrq 6
vwdwhv wkh odz ri qrq0duelwudjh iru wklv hfrqrp|/ dqg lqwurgxfhv wkh hfrqrplf frqvwudlqw1 Vhfwlrq 7
gh�qhv hfrqrplf wlph dqg lghqwl�hv wkh uhdo lqwhuhvw udwh dv d vwdwh yduldeoh1 Vhfwlrq 8 irupdoo| ghulyhv
wkh hfrqrplf frqvwudlqw/ zkloh Vhfwlrq 9 sodfhv wkh hfrqrplf frqvwudlqw zlwklq wkh frqwh{w ri htxloleulxp
rssruwxqlw| frvw/ dqg ghulyhv wkh lqfrph htxdwlrq1 Vhfwlrq : frqfoxghv1

5



5 Txdvl0vwdwlf V|vwhpv dqg wkh Exvlqhvv F|foh

Htxloleulxp lv glfwdwhg e| frqvhuydwlrq +ru suhvhuydwlrq, ri vrph txdolw| ru txdolwlhv ryhu wlph1 Lq wkh
fdvh ri dq hfrqrplf v|vwhp/ lw fdq eh gl!fxow wr gh�qh mxvw zkdw lv frqvhuyhg1 Iru h{dpsoh/ lw lv riwhq d
gl!fxow sureohp wr vhsdudwh yduldeohv zklfk duh dfwxdoo| vwdwlrqdu| +ru *vwhdg| vwdwh*, iurp wkrvh zklfk
duh vorzo|0prylqj exw hyhu0fkdqjlqj1 Txdolwlhv ri dq hfrqrplf v|vwhp zklfk duh jhqhudoo| frqvlghuhg
qrq0vwdwlrqdu| lqfoxgh surgxfwlylw| dqg shu fdslwd lqfrph/ erwk ri zklfk pd| eh xvhg wr gh�qh hfr0
qrplf jurzwk1 Qrqhwkhohvv/ lw fdq eh dvvxphg wkdw fhuwdlq fkdudfwhulvwlfv ri dq hfrqrplf v|vwhp duh
vorzo|0ydu|lqj hqrxjk wkdw/ ryhu wkh vkruw uxq/ wkh| pd| eh frqvlghuhg dv vwdwlrqdu| txdqwlwlhv1 Vxfk
devwudfwlrq lv ri frxuvh txlwh qdwxudo lq hfrqrplf wkhru|/ zkhuh juhdw sdlqv duh wdnhq wr vhsdudwh wkh
wuxh +dvvxphg vwdwlrqdu|, olqnv ri fdxvdwlrq ehwzhhq yduldeohv iurp wkh +dvvxphg h{rjhqrxv, cedfn0
jurxqg qrlvh* ri wkh hfrqrp|1 Lqghhg/ rqh riwhq �qgv h{dpsohv lq wkh olwhudwxuh zkhuh qrq0vwdwlrqdu|
wlph vhulhv lv cghwuhqghg* lq rughu wr pdnh wkh uhvxowlqj uhvlgxdov vwdwlrqdu|1

Wklv sdshu lqyhvwljdwhv wkh lpsolfdwlrqv ri wkh dvvxpswlrq wkdw lq d forvhg hfrqrp|/ djjuhjdwh
lqfrph pd| eh d frqvhuyhg txdqwlw|1 Wkhuh lv qr lqfuhdvh lq surgxfwlylw| wr lqwurgxfh d wuhqg lq
lqfrph jurzwk�qru lv wkhuh dq lqwhuqdwlrqdo wudqvplvvlrq phfkdqlvp ri dq| nlqg wr dxjphqw ru glplqlvk
djjuhjdwh lqfrph iru wkh grphvwlf hfrqrp|1 Wklv lv dq hfrqrp| wkh zd| lw lv wdxjkw lq lqwurgxfwru|
Pdfurhfrqrplfv= d �{hg ohyho ri lqfrph zklfk lv glylghg lqwr h1j1 frqvxpswlrq/ vdylqjv/ wd{hv/ hwf1 dqg
zklfk lq wkh orqj uxq pd| dgrsw lwv Fodvvlfdoo| �{hg ydoxh ghwhuplqhg e| wkh xqghuo|lqj whfkqrorj|
ri wkh hfrqrp|1 Li lqfrph lv frqvhuyhg/ wkhq wkh hqwluh hfrqrplf v|vwhp lv lwvhoi d frqvhuydwlyh v|vwhp
zklfk srvvhvvhv vrph joredo vwuxfwxuh +lqkhulwhg iurp wkh xqghuo|lqj plfurhfrqrplf irxqgdwlrqv,1 Lw
lv wkh jrdo ri wkh sdshu wr lqwurgxfh d phwkrgrorj| e| zklfk wklv vwuxfwxuh pd| eh pruh wkrurxjko|
dqdo|}hg/ zkloh dw wkh vdph wlph surylglqj d phdvxuh ri krz hdv| ru gl!fxow dq hfrqrp| pd| pryh
iurp rqh vwdwh wr dqrwkhu1 Wklv phdvxuh lv lq d vhqvh xqlyhuvdo wr dq| frqvhuydwlyh hfrqrplf v|vwhp1

514 Lqfrph dv d Frqvhuyhg Txdqwlw|

Zh wdnh dv rxu vwduwlqj srlqw wkh lghd wkdw dq hfrqrp| pd| eh uhsuhvhqwhg e| d fhuwdlq froohfwlrq ri
vwdwh yduldeohv/ dqg wkdw wkhvh yduldeohv wrjhwkhu gh�qh wkh vwdwh ri wkh hfrqrp| dw dq| srlqw lq wlph1
Wr nhhs pdwwhuv dv vlpsoh dv srvvleoh/ zh vkdoo dvvxph wkdw wkh yduldeohv zklfk prvw riwhq +exw qrw
h{foxvlyho|, gh�qh dq hfrqrp|*v vwdwh duh 4, wkh uhdo ohyho ri djjuhjdwh lqfrph |> 5, wkh uhdo ohyho ri
djjuhjdwh frqvxpswlrq f> dqg 6, wkh sulfh ohyho s= Lw lv fohdu wkdw wklv lv d qrq0h{kdxvwlyh olvw vlqfh +iru
h{dpsoh, djjuhjdwh vdylqjv v pd| eh gh�qhg dv d vwdwh yduldeoh iurp wkh uhodwlrq

v @ | � f> +514,

lq d vlpsoh forvhg hfrqrp| zlwkrxw jryhuqphqw1 Exw zkdw lv phdqw e| vwdwh yduldeoh lv wkdw jlyhq/
vd|/ d vdylqjv ohyho v dqg d frqvxpswlrq ohyho f> wkhuh h{lvwv rqh +dqg rqo| rqh, lqfrph ohyho | zklfk lv
gh�qhg e| v dqg f= Lq rwkhu zrugv/ uhdo lqfrph lv d ixqfwlrq ri vwdwh=

| @ |+v> f,= +515,

Qrwlfh wkdw wklv lv vlpso| htxdwlrq +514, zkhuh |+v> f, =@ v . f= Iru wkh vlpsoh v|vwhp zklfk zh duh
lqyhvwljdwlqj/ doo ixqfwlrqv ri vwdwh duh h{suhvvleoh dv ixqfwlrqv ri wzr vwdwh yduldeohv +pruh frpsolfdwhg
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v|vwhpv pd|/ qdwxudoo|/ kdyh ixqfwlrqv ri vwdwh zklfk ghshqg xsrq pruh wkdq wzr vwdwh yduldeohv�zh
duh h{dplqlqj wkh vlpsohvw fdvh iru wkh vdnh ri h{srvlwlrq,1

Kdylqj gh�qhg wkh vwdwh yduldeohv/ zh zlvk wr dqdo|}h krz wkh| fkdqjh/ l1h1 zkdw wkh| ghshqg xsrq1
Lq rughu wr gr vr lw lv qhfhvvdu| wr gh�qh zkdw w|shv ri fkdqjhv zloo eh dgplvvleoh1 Wklv lv wkh nh| ihdwxuh
ri wkh txdvl0vwdwlf dqdo|vlv= wkh hfrqrplf v|vwhp lv dvvxphg wr eh vorzo|0ydu|lqj1 Wr sxw wklv dqrwkhu
zd|/ dq| vpdoo dprxqw ri frqvxpswlrq ru vdylqjv dgghg wr ru uhpryhg iurp wkh v|vwhp lv shuiruphg lq
vxfk d zd| dv wr suhvhuyh wkh +dfwxdoo| vwdwlf, htxloleulxp dw hyhu| srlqw lq wlph1 Wklv w|sh ri v|vwhp/
lq zklfk wkh g|qdplf wuhdwphqw lv frqvlghuhg wr eh vorzo|0ydu|lqj zlwk uhvshfw wr lwv lpsdfw xsrq wkh
vwdwh yduldeohv/ lv fdoohg d �txdvl0vwdwlf� v|vwhp1 Lw lv dv wkrxjk dq| fkdqjh lq wkh ihdwxuhv ri dq hfrqrp|
dfwxdoo| wudfhv rxw d vhtxhqfh ri htxloleulxp vwdwhv/ vwduwlqj iurp wkh htxloleulxp vwdwh ehiruh wkh fkdqjh
dqg duulylqj dw vrph �qdo htxloleulxp vwdwh1 Lqghhg/ zh pd| uhsuhvhqw wkh fkdqjhv lq d txdvl0vwdwlf
v|vwhp e| sdwkv lq wkh vwdwh vsdfh1 Lq Iljxuh +4,/ iru h{dpsoh/ wkh sdwk wudfhg ehwzhhq htxloleulxp
srlqw D dqg htxloleulxp srlqw E phdqv wkdw rq lwv zd| iurp D wr E> wkh hfrqrp| pd| dozd|v eh
uhsuhvhqwhg e| htxloleulxp vwdwh yduldeohv dorqj wkh zd|1 Wkh hfrqrp| lv qhyhu lq glvhtxloleulxp1

Qrwlfh wkdw lq jrlqj iurp srlqwv D wr E lq Iljxuh +4,/ wkh sulfh ohyho kdv gursshg iurp sD wr
sE> zkloh wkh frqvxpswlrq ohyho kdv ulvhq iurp fD wr fE= Wkh hfrqrp| kdv �grqh vrphwklqj� +ru kdv
kdg vrphwklqj grqh wr lw, zklfk kdv pryhg lw iurp rqh htxloleulxp vwdwh wr dqrwkhu1 Krz kdv wklv
ehhq dffrpsolvkhgB Zh qrwh wkdw lq prylqj iurp +fD> sD, wr +fE> sE, wkhuh pxvw eh vrph fkdqjh
lq vshqglqj ehkdylru�hlwkhu ohvv prqh| lv ehlqj vshqw rq wkh qhz frqvxpswlrq exqgoh +lq zklfk fdvh
dgglwlrqdo lqfrph kdv ehhq vdyhg,/ ru pruh prqh| kdv ehhq vshqw +lq zklfk fdvh dgglwlrqdo lqfrph kdv
ehhq vshqw,1 Lq idfw/ wklv sdwwhuq lv pruh jhqhudo= wkh fkdqjh lq vshqglqj ehkdylru zloo ghshqg xsrq
wkh sdwk zklfk lv wdnhq ehwzhhq srlqwv D dqg E= Lq rwkhu zrugv/ wkh dprxqw vshqw +ru vdyhg, zloo
ghshqg qrw rqo| xsrq wkh lqlwldo dqg �qdo htxloleulxp vwdwhv/ exw dovr xsrq wkh htxloleulxp vwdwhv wkdw
wkh hfrqrp| rffxslhv lq ehwzhhq1

Wklv pxvw eh wkh fdvh suhflvho| ehfdxvh wkh v|vwhp lv dvvxphg wr eh txdvl0vwdwlf�wkh hfrqrp|
fdqqrw pdjlfdoo| mxps iurp srlqw D wr srlqw E> zlwk d vlpsoh dgmxvwphqw wr vshqglqj jlyhq e|/
vd|/ sEfE � sDfD= Udwkhu/ wkh hfrqrp| pxvw surjuhvv wkurxjk doo wkh vwdjhv lq ehwzhhq/ uhvxowlqj
lq dgmxvwphqwv wr vshqglqj dorqj hyhu| srlqw lq wkh sdwk1 Zkdw duh wkhvh lqfuhphqwdo dgmxvwphqwv
dorqj wkh zd|B Wkh| duh vlpso| wkh ydoxh ri hdfk lqfuhphqwdo fkdqjh lq frqvxpswlrq/ l1h1 sgf iru
dq lqfuhphqwdo fkdqjh lq frqvxpswlrq gf= Wkxv/ zh pd| gh�qh wklv dgmxvwphqw wr vshqglqj +ru pruh
ghvfulswlyho|/ wkh dgmxvwphqw wr h{shqglwxuh, lq wkh iroorzlqj zd|=

Gh�qlwlrq 4 Wkh dgmxvwphqw wr h{shqglwxuh �H iurp dq lqlwldo htxloleulxp srlqw D wr d �qdo htxloleulxp
srlqw E lv jlyhq e|

�H =@

]
sdwk+D>E,

sgf> +516,

zkhuh wkh lqwhjudo lv wdnhq ryhu wkh sdwk lq wkh vwdwh vsdfh iurp D wr E=

Qrwh wkdw dffruglqj wr wklv gh�qlwlrq/ d fkdqjh lq wkh htxloleulxp vwdwh zklfk suhvhuyhv wkh ydoxh
ri frqvxpswlrq/ l1h1 d fkdqjh iru zklfk lw lv dozd|v wuxh wkdw sf @ Y iru vrph frqvwdqw Y> vwloo lpsolhv
dq dgmxvwphqw wr h{shqglwxuh �H zklfk pd| eh qrq0}hur$ Wklv djdlq uh hfwv wkh idfw wkdw lq rughu wr
pryh iurp rqh htxloleulxp wr dqrwkhu lw lv qrw vlpso| wkh ydoxh ri frqvxpswlrq zklfk pdwwhuv�lw lv krz
wkh hfrqrp| pryhv iurp rqh htxloleulxp wr dqrwkhu wkdw ghwhuplqhv krz �hdv|� ru �gl!fxow� vxfk d
pryh pd| eh1 Lq wklv fdvh/ dq hfrqrp| zklfk pryhv dorqj dq htxloleulxp sdwk ri frqvwdqw frqvxpswlrq
ydoxh pd| shukdsv eh vshqglqj ohvv wkdq dqrwkhu hfrqrp| zklfk fkrrvhv d gl�huhqw sdwk1 Exw wklv lv
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qrw wkh vdph wklqj dv vd|lqj wkdw wkh �uvw hfrqrp| vshqgv qrwklqj lq prylqj iurp rqh htxloleulxp wr
dqrwkhu1 Udwkhu/ doo hfrqrplhv dgmxvw vshqglqj zkhq wkh| fkdqjh wkhlu vwdwh1

Zkhuh gr wkhvh dgmxvwphqwv wr h{shqglwxuh frph iurp/ dqg zkhuh gr wkh| jrB Wkh dqvzhu wr wklv
txhvwlrq lv dfwxdoo| dq dvvxpswlrq derxw krz wkh hfrqrp| rshudwhv lq d vlpsoh v|vwhp/ dqg lw lv wkh idu0
uhdfklqj lpsolfdwlrqv ri wklv dvvxpswlrq +dqg rqh rwkhu, wkdw wkh uhpdlqghu ri wklv sdshu irfxvhv xsrq1
Lw lv dvvxphg wkdw qrplqdo lqfrph \ lv d frqvhuyhg txdqwlw|�lw pd| hlwkhu eh vshqw dv dq dgmxvwphqw
wr h{shqglwxuh/ ru lw pd| eh vdyhg/ lq zklfk fdvh lw lv dq dgmxvwphqw wr vdylqjv1 Wkdw lv/

D{lrp 4 +Frqvhuydwlrq ri Lqfrph, Qrplqdo lqfrph \ lv d frqvhuyhg txdqwlw|�iru d fkdqjh lq
qrplqdo lqfrph g\>

g\ @ �H . �V> +517,

zkhuh �H lv wkh dgmxvwphqw wr h{shqglwxuh/ dqg �V lv wkh dgmxvwphqw wr vdylqjv/ gh�qhg dv wkh uhvlgxdo
ri �H iurp g\=

Zk| qrplqdo lqfrph/ dqg qrw uhdo lqfrphB Wkh uhdvrq lv wkdw dgmxvwphqwv wr h{shqglwxuh wdnh sodfh
lq qrplqdo whupv/ dqg lw lv hdvlhu wr dqdo|}h wkh v|vwhp lq qrplqdo udwkhu wkdq uhdo whupv1 Krzhyhu/ zh
vkdoo dvvxph wkdw uhdo dqg qrplqdo lqfrph duh uhodwhg e|

\ @ s||> +518,

zkhuh s| lv d nlqg ri surgxfhu +ru rxwsxw, sulfh lqgh{1 Ixuwkhupruh/ wr hdvh h{srvlwlrq +dqg wr od|
wr rqh vlgh dq lqwhuhvwlqj lqyhvwljdwlrq lqwr wkh fruuhodwlrq ehwzhhq wkh frqvxphu sulfh lqgh{ dqg wkh
surgxfhu sulfh lqgh{, zh vkdoo dvvxph wkdw wkh surgxfhu sulfh lqgh{ lv frqvwdqw zlwk uhvshfw wr fkdqjh
lq vwdwh=

g\ @ s|g|> +519,

vr wkdw zh pd| vzlwfk edfn dqg iruwk ehwzhhq qrplqdo dqg uhdo lqfrph1 +Lqghhg/ qrqh ri wkh iruwkfrplqj
dqdo|vlv zrxog eh gl�huhqw li s| zhuh vlpso| qrupdol}hg wr 4/ exw zh uhiudlq iurp grlqj vr lq rughu
wr hpskdvl}h wkh idfw wkdw d pruh jhqhudo prgho pxvw lqfrusrudwh wkh ydoxh ri rxwsxw dv zhoo dv
frqvxpswlrq1,

515 D Exvlqhvv F|foh

Wkh txdvl0vwdwlf dssurdfk zh vkdoo dgrsw lq wklv sdshu eruurzv yhu| khdylo| iurp wkh v|vwhpdwlf dqdo|vlv
ri djjuhjdwh frqvhuydwlyh v|vwhpv shuiruphg lq wkh plg 4<wk0fhqwxu|/ e| Pd{zhoo/ Erow}pdqq/ Fodxvlxv/
Fduqrw dqg pdq| rwkhuv1 Wkhvh uhvhdufkhuv zhuh frqfhuqhg zlwk frqvhuydwlyh sk|vlfdo v|vwhpv lq zklfk
wkh lqwhuqdo hqhuj| ri wkh v|vwhp lv frqvhuyhg1 Zkdw lv vwulnlqj/ dqg sduwlfxoduo| xvhixo iurp wkh shu0
vshfwlyh ri hfrqrplf wkhru|/ lv wkdw wklv sk|vlfdo v|vwhp/ dqg wkh txdvl0vwdwlf hfrqrplf v|vwhp rxwolqhg
suhylrxvo|/ pd| eh dqdo|}hg xvlqj qhduo| lghqwlfdo whfkqltxhv1 Wklv sdshu lv rqh vxfk dssolfdwlrq ri
wkhvh whfkqltxhv dqg wkhlu lpsolfdwlrqv iru pdfurhfrqrplf prgholqj1 Wkh �uvw vxfk dssolfdwlrq zh vkdoo
lqyhvwljdwh lv d vlpsoh prgho ri d exvlqhvv f|foh1

Lq wklv vlpsoh h{srvlwlrq zh vkdoo dvvxph wkdw d exvlqhvv f|foh lv wuxo| d frpsohwh f|foh/ wkdw lv/ wkh
hfrqrp| hqgv xs dw wkh hqg ri wkh f|foh suhflvho| zkhuh lw ehjdq1 Vxssrvh wkdw wkh hfrqrp| ehjlqv dw dq
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htxloleulxp srlqw +fD> sD,/ dqg surfhhgv dv jlyhq e| wkh duurzv lq Iljxuh +5,1 Iluvw wkhuh lv dq xsvzlqj
lq wkh exvlqhvv f|foh +dq hfrqrplf h{sdqvlrq, ixqghg vroho| e| gudzlqj grzq vdylqjv +vr wkdw lqfrph
lv khog frqvwdqw,1 Sulfhv dqg frqvxpswlrq erwk ulvh wr +fE > sE,= Qh{w wkh ydoxh ri frqvxpswlrq lv khog
frqvwdqw dv sulfhv idoo exw frqvxpswlrq frqwlqxhv wr ulvh/ wr +fF > sF,�khuh wkh h{sdqvlrq lv ixqghg rqo|
e| lqfrph jurzwk/ dqg wkh dgmxvwphqw wr vdylqjv lv }hur1 Wklv frqfoxghv wkh h{sdqvlrqdu| skdvh ri wkh
exvlqhvv f|foh1 Iurp wklv srlqw wkh ohyho ri vdylqjv lv lqfuhdvhg/ kroglqj wkh qhz lqfrph ohyho frqvwdqw/
wr uhgxfh erwk frqvxpswlrq dqg wkh sulfh ohyho xqwlo wkh ydoxh ri frqvxpswlrq htxdov lwv ydoxh dw wkh
ehjlqqlqj ri wkh f|foh�wkh htxloleulxp pryhv wr +fG> sG,= Dqg odvwo|/ erwk wkh ydoxh ri frqvxpswlrq dqg
vdylqjv duh khog frqvwdqw zkloh lqfrph lv uhgxfhg1 Sulfhv ulvh dqg frqvxpswlrq idoov xqwlo wkh ruljlqdo
htxloleulxp +fD> sD, lv uhvwruhg1

Xvlqj rxu hduolhu gh�qlwlrqv ri dgmxvwphqwv wr h{shqglwxuh dqg vdylqjv zh fdq gh�qh wkh wrwdo
dgmxvwphqw wr h{shqglwxuh zklfk kdv rffxuuhg ryhu wklv exvlqhvv f|foh1 Wklv lv wkh dprxqw zklfk kdv
ehhq vshqw lq rughu wr gulyh wkh hfrqrp| wkurxjk wkh f|foh1 Rqfh djdlq/ wkh idfw wkdw wkh hfrqrp|
hqgv xs zkhuh lw ehjdq lv qrw wkh vdph wklqj dv vd|lqj wkdw �qrwklqj kdv kdsshqhg� ryhu wkh exvlqhvv
f|foh�dqg lw lv suhflvho| wkh dgmxvwphqw wr h{shqglwxuh zklfk phdvxuhv krz hdv| ru gl!fxow lw lv iru dq
hfrqrp| wr eh gulyhq wkurxjk d f|foh vxfk dv wkh rqh ghslfwhg1

Dv gh�qhg/ wkh wrwdo dgmxvwphqw wr vdylqjv dqg wkh wrwdo fkdqjh lq lqfrph pxvw eh vx!flhqw wr
fryhu wkh wrwdo dgmxvwphqw wr h{shqglwxuh ryhu wkh exvlqhvv f|foh=

�VD$E . g\E$F . �VF$G . g\G$D @ ��Hf|foh @ �
]
f|foh

sgf= +51:,

Vlqfh lqfrph lv d ixqfwlrq ri vwdwh/ lw lv xqfkdqjhg ryhu wkh exvlqhvv f|foh�wklv ohdgv wr wkh uhvxow wkdw

�Vf|foh @ �
]
f|foh

sgf= +51;,

Wkh dprxqw ri h{shqglwxuh qhfhvvdu| wr gulyh wkh hfrqrp| ryhu wkh exvlqhvv f|foh lv wkxv htxdo wr
wkh dgmxvwphqw wr vdylqjv ryhu wkh f|foh1 Vdylqjv lq wklv vhqvh fdq phdvxuh ru uh hfw krz kljk +ru orz,
dq dgmxvwphqw wr h{shqglwxuh qhhgv wr eh lq rughu iru wkh hfrqrp| wr pryh iurp rqh htxloleulxp vwdwh
wr dqrwkhu1 Lq wklv vlpsoh h{dpsoh/ zh vhh iurp wkh �jxuh wkdw wkh dgmxvwphqw wr h{shqglwxuh lv vlpso|
wkh duhd hqforvhg e| wkh f|foh1 Khqfh/ zh zrxog h{shfw wkdw vpdoohu f|fohv +orzhu shdnv dqg wurxjkv,
zrxog qhfhvvlwdwh ohvv h{shqglwxuh dgmxvwphqw1 Lq rwkhu zrugv/ d vpdoohu dgmxvwphqw wr vdylqjv zrxog
eh qhhghg1 Wklv lqglfdwhv wkh sdwk ghshqghqfh ri h{shqglwxuh dqg vdylqjv1

Krzhyhu/ wklv phdvxuhphqw ri wkh dgmxvwphqw wr h{shqglwxuh/ dqg wkh frqfrplwdqw dgmxvwphqw wr
vdylqjv/ fdq eh jhqhudol}hg�lq idfw/ zh fdq lghqwli| iru hdfk htxloleulxp srlqw krz hdv| ru gl!fxow lw lv
wr pryh iurp wkdw srlqw +l1h1/ zh fdq phdvxuh krz juhdw ru krz vpdoo wkh dgmxvwphqw wr h{shqglwxuh
ru vdylqjv pxvw eh iru d ghsduwxuh iurp htxloleulxp,1 Wklv lv dq h{wuhpho| ydoxdeoh txdqwlw| ehfdxvh
lw dvvrfldwhv zlwk dq| hfrqrplf htxloleulxp d phdvxuh ri krz pxfk �h�ruw� lv qhhghg wr pryh wkh
hfrqrp| ehwzhhq htxloleuld1 Iru h{dpsoh/ vxfk d phdvxuh pljkw eh xvhg wr hydoxdwh mxvw krz gl!fxow d
ghsduwxuh iurp d vwdwh ri fkurqlfdoo| kljk sryhuw| zloo eh/ lq whupv ri uhvrxufhv zklfk pxvw eh h{shqghg
e| wkh hfrqrp| dorqj wkh zd|1 Rq wkh rwkhu kdqg/ li rqo| fhuwdlq olplwhg uhvrxufhv duh dydlodeoh wr h�hfw
d fkdqjh lq wkh hfrqrp|/ wkhq wklv phdvxuh zrxog hqdeoh rqh wr ghvfuleh zkhuh wkh �ehvw� htxloleulxp
lv orfdwhg +h1j1/ wkh htxloleulxp zklfk kdv wkh kljkhvw lqfrph/ ru kljkhvw frqvxpswlrq/ ru orzhvw/ sulfh/
hwf1/ dwwdlqdeoh iurp wkh uhvrxufhv dydlodeoh,1
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Rq d frpsohwho| gl�huhqw ohyho wklv txdqwlw|/ zklfk zh vkdoo lqwhufkdqjhdeo| uhihu wr dv wkh hfr0
qrplf frqvwudlqw ru wkh hfrqrp|*v rssruwxqlw| frvw/ kdv d pxfk ixoohu lqwhusuhwdwlrq zlwk uhvshfw wr
wkh xqghuo|lqj plfurhfrqrplf dfwlylw|1 Dv ghwdlohg lq d frpsdqlrq sdshu/ wkh hfrqrplf frqvwudlqw lv
lwvhoi gh�qhg e| krz hdv| lw lv iru dq hfrqrp| wr dgmxvw lwv xqghuo|lqj plfurhfrqrplf vwdwhv1 Wkxv/
zkloh wkh hfrqrplf frqvwudlqw fdq rxwolqh krz dq hfrqrp| pljkw pryh iurp rqh vwdwh wr dqrwkhu/ lw
lv wkh frqqhfwlrq ri wkh frqvwudlqw wr wkh plfurhfrqrp| zklfk whoov xv krz vxfk d pryh fkdqjhv wkh
xqghuo|lqj plfurhfrqrp|/ dqg lw lghqwl�hv zk| vrph fkdqjhv pljkw eh pruh gl!fxow wkdq rwkhuv1 Wkh
nh| srlqw khuh lv wkdw fkdqjhv lq wkh pdfurhfrqrplf vwdwh fdqqrw eh vhsdudwhg iurp/ dqg duh lqghhg
gh�qhg e|/ wkrvh fkdqjhv lq wkh plfurhfrqrplf vwdwhv zklfk gh�qh lw1 Dqg dv pljkw eh h{shfwhg iurp
hfrqrplhv zklfk srvvhvv vxfk d pxowlwxgh ri glyhuvlw|/ wkhvh plfurhfrqrplf vwdwhv duh ehvw gh�qhg dv
dyhudjhv ri xqfhuwdlq hfrqrplf ehkdylru1

Wkxv/ wkh fxuuhqw h{srvlwlrq lq wklv sdshu lv uhdoo| dq lqwurgxfwlrq wr d suhoxgh1 Lw lqwurgxfhv d
phwkrgrorj| zklfk lv wrr vlpsoh iru wkh sureohp dw kdqg/ exw zklfk lv uhdglo| h{sdqghg wr 4, hqfrpsdvv
wkh juhdw khwhurjhqhlw| ri wkh xqghuo|lqj plfurhfrqrp|/ dqg 5, ghvfuleh fkdqjhv lq htxloleulxp zklfk
duh qrw txdvl0vwdwlf/ l1h1 qrq0frqvhuydwlyh/ lq d zd| zklfk fdq eh olqnhg wr wkh vlpsoh prgho1 Zh vkdoo
ghyhors wklv phwkrgrorj| ixuwkhu e| �qglqj d uhsuhvhqwdwlrq iru wkh hfrqrplf frqvwudlqw�qrwh wkdw
dgmxvwphqwv wr vdylqjv ru h{shqglwxuhv e| wkhpvhoyhv duh xqdeoh wr sod| wklv uroh/ dv wkh| duh sdwk
ghshqghqw1 Zkdw zh vhhn lv d phdvxuhphqw ri frqvwudlqw zklfk lv lqghshqghqw ri wkh sdwk wkh hfrqrp|
wdnhv�wkdw lv/ zh vhhn d ixqfwlrq ri vwdwh zklfk qrqhwkhohvv lv deoh wr phdvxuh krz pxfk pxvw eh vshqw
+ru vdyhg, lq rughu wr pryh wkh hfrqrp| iurp d jlyh htxloleulxp srlqw1 Lq rughu wr dffrpsolvk wklv jrdo
zh vkdoo qhhg dq dvvxpswlrq derxw wkh qdwxuh ri hfrqrplf htxloleulxp/ rqh zklfk lv shuydvlyh lq wkh
hfrqrplf dqg �qdqfldo hfrqrplf olwhudwxuh dqg zklfk krogv dq hvwhhphg srvlwlrq lq wkh fxuuhqw wkhru|1

6 Wkh Odz ri Qrq0duelwudjh

E| wkh �uvw d{lrp/ wkh fkdqjh lq qrplqdo lqfrph g\ pxvw eh htxdo wr wkh vxp ri wkh dgmxvwphqw wr
vdylqjv �V dqg wkh dgmxvwphqw wr h{shqglwxuh �H =

g\ @ �V . �H= +614,

Zh pd| h{suhvv uhdo lqfrph | dv d ixqfwlrq ri frqvxpswlrq f dqg wkh uhdo lqwhuhvw udwh u> lq zklfk fdvh
htxdwlrq +614, pd| eh h{suhvvhg lq gl�huhqwldo irup dv

�V @ s|

��
C|

Cf

�
u

gf.

�
C|

Cu

�
f

gu

�
� sgf> +615,

zkhuh h1j1
�
C|
Cf

�
u
uhsuhvhqwv wkh sduwldo ghulydwlyh ri | zlwk uhvshfw wr f> kroglqj u frqvwdqw1

Vxssrvh zh frqvlghu wzr hfrqrplhv zklfk duh lvrodwhg h{fhsw iru fdslwdo +l1h1 vdylqjv,  rzv1 Zh
vxssrvh wkdw wkhvh hfrqrplhv kdyh ehhq olqnhg iru vrph wlph/ dqg zh zrxog h{shfw wkdw wkh odz ri qrq0
duelwudjh zrxog krog ehwzhhq wkhp/ l1h1 wkhlu uhvshfwlyh uhdo lqwhuhvw udwhv pxvw eh htxdo1 Qrwh wkdw
zh duh dvvxplqj wkh txdvl0vwdwlf iudphzrun lq wklv vwdwhphqw/ ehfdxvh zh duh �zdlwlqj orqj hqrxjk�
iru dq| lqlwldo gl�huhqfhv lq wkh udwhv ri uhwxuq wr hyhq rxw1 Wklv lv d vwdqgdug dvvxpswlrq xvhg zkhq
glvfxvvlqj shuihfw fdslwdo pdunhwv�li duelwudjh rssruwxqlwlhv h{lvwhg/ wkhq lw zrxog eh srvvleoh wr sod|
rqh lqyhvwphqw djdlqvw wkh rwkhu dqg hduq vrphwklqj iurp qrwklqj1 Lq d zruog zlwk shuihfw fdslwdo
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pdunhwv dqg qr xqfhuwdlqw|/ vxfk rssruwxqlwlhv rxjkw qrw wr h{lvw1 Wklv lv wkh prwlydwlrq ehklqg
lqwurgxflqj wkh odz ri qrq0duelwudjh dv d vhfrqg ixqgdphqwdo dvvxpswlrq=

D{lrp 5 +Wkh Odz ri Qrq0duelwudjh, Wkh udwhv ri uhwxuq rq dq| wzr lqyhvwphqwv ghqrplqdwhg lq
wkh vdph xqlw ri dffrxqw duh htxdo1

Wkxv/ orrnlqj dw wkh wzr hfrqrplhv dv rqh hfrqrplf v|vwhp/ zh vhh wkdw wkh vwdwh ri wkh froohfwlyh
v|vwhp pd| eh ghvfulehg e| h1j1 f4> wkh frqvxpswlrq lq wkh �uvw hfrqrp|/ f5/ wkh frqvxpswlrq lq wkh
vhfrqg hfrqrp|/ dqg u @ u4 @ u5/ wkh +lghqwlfdo, uhdo lqwhuhvw udwh lq hdfk hfrqrp|1 Frqvlghu qrz dq
dgmxvwphqw wr vdylqjv lq hdfk frxqwu|/ �Vl> l @ 4> 5= Iru wkh frpsohwh v|vwhp lw lv fohdu wkdw vlqfh wkhvh
hfrqrplhv duh rwkhuzlvh lvrodwhg/ wkh wrwdo dgmxvwphqw wr vdylqjv iru wkh froohfwlyh v|vwhp pxvw eh

�V @ �V4 . �V5= +616,

E| vxevwlwxwlqj htxdwlrq +615, iru hdfk hfrqrp| lqwr +616, zh vhh wkdw

�V @
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Zh qrz kdyh wkh dgmxvwphqw wr vdylqjv/ zklfk lv dq lqh{dfw gl�huhqwldo/ h{suhvvhg dv d ixqfwlrq ri wkh
h{dfw gl�huhqwldov gf4> gf5 dqg gu= Lq rughu wr hydoxdwh wklv h{suhvvlrq zh xvh Fdudwkìrgru|*v sulqflsoh/
d yhuvlrq ri zklfk lv vwdwhg dv iroorzv14

Wkhruhp 4 +Fdudwkìrgru|*v sulqflsoh, Li dq lqh{dfw gl�huhqwldo h{suhvvhg dv

�D @ D4g{4 .D5g{5 . = = =.Dqg{q +619,

kdv wkh surshuw| wkdw/ lq dq| qhljkerukrrg ri d srlqw { @ +{4> {5> = = = {q, wkhuh h{lvwv dqrwkhu srlqw
{3 @ +{34> {

3

5> = = = > {
3

q, zklfk lv lqdffhvvleoh dorqj wkh vroxwlrq wudmhfwru| ri �D @ 3 wkurxjk {> wkhq wkhuh
h{lvwv dq lqwhjudwlqj idfwru j+{4>{5> = = = > {q, vxfk wkdw

j+{,g[ @ �D @ D4g{4 .D5g{5 . = = =.Dqg{q> +61:,

zkhuh g[ lv dq h{dfw gl�huhqwldo ri d ixqfwlrq ri vwdwh [+{4>{5> = = = > {q,=

4Wklv yhuvlrq ri Fdudwkìrgru|*v Sulqflsoh lv wdnhq iurp Uhlvv +4<98,/ s159/ dv lv wkh iroorzlqj h{srvlwlrq iru wkh
ghulydwlrq ri wkh ixqfwlrq ri vwdwh f7 � Lw pxvw dovr eh vdlg khuh wkdw wkh lqwhusuhwdwlrq ri wkh rssruwxqlw| frvw +wr eh
gh�qhg odwhu, dv dq hfrqrplf frqvwudlqw rzhv d juhdw ghew wr Uhlvv* lqwhusuhwdwlrq ri hqwurs| dv d cghjuhh ri frqvwudlqw* lq
txdvl0vwdwlf wkhuprg|qdplf v|vwhpv1

;



Fdudwkìrgru|*v sulqflsoh whoov xv wkdw li vroxwlrqv wr �V @ 3 vrphkrz uhvwulfw wkh doorzdeoh vwdwhv
ri wkh v|vwhp/ wkhq zh pd| �qg dq lqwhjudwlqj idfwru j+f4> f5> u, vxfk wkdw jg[ @ �V= Zh zloo wkhq
kdyh irxqg wkh ixqfwlrq ri vwdwh [ zklfk gh�qhv/ iru hyhu| htxloleulxp/ d ohyho ri frqvwudlqw ihow e| wkh
hfrqrp| dw wkdw htxloleulxp +dv glvfxvvhg eulh | lq Vhfwlrq 5 dqg lq ixuwkhu ghwdlo lq Vhfwlrq 9,1 Lv
Fdudwkìrgru|*v sulqflsoh dssolfdeoh wr wklv hfrqrp|B Frqvlghu djdlq wkh surwrw|slfdo exvlqhvv f|foh lq
Iljxuh +5,/ zkhuh wkh hfrqrp| sdvvhv wkurxjk wzr vwdjhv ri lvrlqfrph jurzwk dqg frqwudfwlrq/ dqg wzr
vwdjhv ri lvrydoxh jurzwk dqg frqwudfwlrq1 Lw lv suhflvho| dorqj wkh lvrydoxh sdwkv wkdw �V @ 3> vr wkdw
dgmxvwphqwv wr h{shqglwxuh duh dssolhg vroho| iurp fkdqjhv lq lqfrph g\= Fohduo|/ dq| ghyldwlrq r� wkh
lvrydoxh sdwk zloo e| D{lrp +4, uhtxluh dq dgmxvwphqw wr vdylqjv vr wkdw �V 9@ 3= Lq rwkhu zrugv lw lv
qrw srvvleoh wr uhdfk dq| rwkhu srlqw lq wkh vwdwh vsdfh zlwk �V @ 3 zkloh dw wkh vdph wlph doorzlqj
sf wr ydu|1 Wkxv/ wkhuh duh srlqwv lq dq| duelwudu| qhljkerukrrg durxqg sf @ Y> Y d srvlwlyh frqvwdqw/
zklfk duh lqdffhvvleoh wr vroxwlrqv zkhuh �V uhpdlqv htxdo wr }hur1

Iurp wklv dujxphqw zh pd| dsso| Fdudwkìrgru|*v sulqflsoh dqg frqfoxgh wkdw wkhuh pxvw h{lvw dq
lqwhjudwlqj idfwru j+f4> f5> u, vxfk wkdw

�V @ j+f4> f5> u,g[> +61;,

iru wkh frpsrvlwh v|vwhp/ dqg

�V4 @ j4+f4> u,g[4> +61<,

�V5 @ j5+f5> u,g[5= +6143,

iru hdfk lqglylgxdo v|vwhp1 Qrwh wkdw hdfk dgmxvwphqw wr vdylqjv lv rqo| ghshqghqw xsrq wkh vwdwhv ri
wkdw v|vwhp/ vr wkdw j4 dqg j5 rqo| ghshqg xsrq f4 dqg u dqg f5 dqg u/ uhvshfwlyho|1

Vxevwlwxwlrq ri htxdwlrq +61;,/ +61<, dqg +6143, lqwr +616, |lhogv

j+f4> f5> u,g[ @ j4+f4> u,g[4 . j5+f5> u,g[5= +6144,

Vlqfh[> j> j4 dqg j5 duh doo ixqfwlrqv ri vwdwh wkh| duh h{suhvvleoh dv[+[4> [5> u,> j+[4> [5> u,> j4+[4> u,
dqg j5+[5> u,> uhvshfwlyho|1 Dqg vlqfh g[ lv dq h{dfw gl�huhqwldo/ lw pxvw eh wuxh wkdw

C

Cu

�
j4+[4> u,

j+[4> [5> u,

�
[4>[5

@
C

C[4
+3,u>[5

@ 3> +6145,

C

Cu

�
j5+[5> u,

j+[4> [5> u,

�
[5>[4

@
C

C[5
+3,u>[4

@ 3= +6146,

Frpelqlqj wkhvh h{suhvvlrqv |lhogv

Cj4+[4> u,@Cu

j4+[4> u,
@

Cj5+[5> u,@Cu

j5+[5> u,
@

Cj+[4> [5> u,@Cu

j+[4> [5> u,
= +6147,

<



Lw lv fohdu iurp wkh deryh h{suhvvlrq wkdw wkh ixqfwlrqv Cj4+[4>u,@Cu
j4+[4>u,

> Cj5+[5>u,@Cu
j5+[5>u,

dqg Cj+[4>[5>u,@Cu
j+[4>[5>u,

fdqqrw/ lq idfw/ ghshqg xsrq hlwkhu [4 ru [5�lq idfw zh fdq vd| pruh ehfdxvh wkh rqo| wklqj zklfk
kdv ixqfwlrqdoo| glvwlqjxlvkhg j4 dqg j5 iurp j +dqg khqfh/ iurp hdfk rwkhu, kdv ehhq wklv ghshqghqfh
xsrq [4 ru [5=

Zkdw lv wkh uhvxowlqj h{suhvvlrq iru wkh dgmxvwphqw wr vdylqjv �VB Zh qrwlfh iurp uhodwlrq +6147,
deryh wkdw

Cj@Cu

j
@ �+u, @, +6148,

oq+j, @

]
�+u,gu . �+[, @, +6149,

j @ h
U
�+u,guh�+[,> +614:,

zkhuh �+[, lv dq duelwudu| ixqfwlrq ri vwdwh1 Ohw �� =@ h�+[, dqg i+u, =@ h
U
�+u,gu= Wkhq zh pd| h{suhvv

wkh lqwhjudwlqj idfwru dv

j+[> u, @ i+u,��= +614;,

Lq vxppdu|/ wkhq/ zh pd| h{suhvv �V dv

�V @ i+u,��g[= +614<,

Li zh qrz gh�qh wkh ixqfwlrq ri vwdwh zklfk uhsuhvhqwv wkh ghjuhh ri frqvwudlqw iru dq hfrqrp| dv

[V =@

]
��g[> +6153,

wkhq zh pd| uhodwh wklv ixqfwlrq ri vwdwh wr wkh dgmxvwphqw wr vdylqjv e|

�V @ i+u,g[V = +6154,

Rxu wdvn lv qhduo| frpsohwh�zkdw zh kdyh vkrzq vr idu lv wkdw wkhuh h{lvwv d ixqfwlrq ri vwdwh zklfk
dw d jlyhq htxloleulxp phdvxuhv/ lqghshqghqw ri sdwk/ wkh dgmxvwphqw wr h{shqglwxuh +ru dgmxvwphqw wr
vdylqjv, zklfk rffxuv iroorzlqj d fkdqjh iurp rqh htxloleulxp wr dqrwkhu1 Dv wklv phdvxuhphqw lv d
ixqfwlrq ri vwdwh/ lw lv lqwlpdwho| uhodwhg wr rwkhu ixqfwlrqv ri vwdwh vxfk dv lqfrph/ frqvxpswlrq/ wkh
sulfh ohyho/ hwf1 wkurxjk ydulrxv wudqvirupdwlrqv zklfk zloo eh h{dplqhg lq Vhfwlrq 91 Wkh rqo| sduw ri
wkh jrdo ohiw xqgrqh lv wr lghqwli| krz wkh lqwhjudwlqj idfwru i+u, ghshqgv xsrq wkh uhdo lqwhuhvw udwh1

Lq rughu wr gr wklv ohw xv uhlqwurgxfh htxdwlrq +615,/ zklfk wlhv wrjhwkhu fkdqjhv lq lqfrph zlwk
dgmxvwphqwv wr vdylqjv dqg h{shqglwxuh=
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�V @ s|

��
C|

Cf

�
u

gf.

�
C|

Cu

�
f

gu

�
� sgf= +6155,

Zh qrz nqrz wkdw �V @ i+u,g[V > vr wkdw

g[V @

k
s|

�
C|
Cf

�
u
� s

l
i+u,

gf.
s|

�
C|
Cu

�
f

i+u,
gu= +6156,

Rqfh djdlq zh kdyh dq h{dfw gl�huhqwldo/ vr lw pxvw eh wuxh wkdw

C

Cu

3
C
k
s|

�
C|
Cf

�
u
� s

l
i+u,

4
D

f

@
C

Cf

3
Cs|

�
C|
Cu

�
f

i+u,

4
D

u

@, +6157,

� i 3+u,

i+u,5

�
s|

�
C|

Cf

�
u

� s

�
.

4

i+u,

%
s|

�
C5|

CfCu

�
u>f

�
�
Cs

Cu

�
f

&
@

4

i+u,
s|

�
C5|

CuCf

�
f>u

+6158,

ru +vlqfh g| lv dq h{dfw gl�huhqwldo,

�i 3+u,

�
s|

�
C|

Cf

�
u

� s

�
� i+u,

�
Cs

Cu

�
f

@ 3= +6159,

Lq rughu wr hydoxdwh wklv h{suhvvlrq wkhuh pxvw eh d uhodwlrqvkls ehwzhhq wkh uhdo lqwhuhvw udwh u/ dqg
wkh vwdwh yduldeohv |> f> dqg s= Gh�qlqj wklv uhodwlrqvkls kljkoljkwv wkh qdwxuh ri hfrqrplf wlph lq wklv
v|vwhp/ vr zh vkdoo ghyrwh d vhsdudwh vhfwlrq wr lw hq urxwh wr wkh �qdo vshfl�fdwlrq ri wkh lqwhjudwlqj
idfwru1

7 Hfrqrplf Wlph dqg wkh Lqwhuhvw Udwh

Wkh uroh ri wkh lqwhuhvw udwh lq dq hfrqrp| lv vlpso| wr uhsuhvhqw wkh srvvleoh rssruwxqlwlhv irujrqh
zkhq rqh lqyhvwphqw lv pdgh dw wkh h{shqvh ri dqrwkhu1 Lq rwkhu zrugv/ lqwhuhvw lv wkh rssruwxqlw| frvw
ri lqyhvwphqw phdvxuhg dv dq lqfuhphqwdo +ru lqvwdqwdqhrxv, uhwxuq ryhu wlph1 Wkxv zkdw lv qhhghg lv
d uhodwlrqvkls ehwzhhq wkh wlph vwdwh ri wkh v|vwhp/ zklfk lv qrw prghohg h{solflwo|/ dqg wkh hfrqrplf
vwdwh ri wkh v|vwhp1 Wkh nh| dvvxpswlrq khuh lv wkdw orqjhu sdwkv lq vwdwh vsdfh wdnh d orqjhu dprxqw
ri wlph wr wudyhuvh1 Xqghu wklv dvvxpswlrq zh pd| olqn wlph fkdqjhv zlwk fkdqjhv lq vwdwh yduldeohv
dqg khqfh wkh ohyho ri wkh lqwhuhvw udwh zlwk fkdqjhv lq vwdwh yduldeohv1

Frqvlghu wkh vpdoo fkdqjh ri vwdwh iurp srlqw D wr srlqw E lq Iljxuh +6,1 Dorqj wklv sdwk zh pd|
gh�qh wkh uhdo lqwhuhvw udwh wr eh

ugwsdwk+D>E, @
gf

f
> +714,
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zkhuh gwsdwk+D>E, lv wkh lqwhuydo ri wlph wdnhq wr wudyhuvh wkh sdwk ehwzhhq D dqg E> l1h1 wkh dprxqw ri
wlph wr dffxpxodwh d uhdo uhwxuq gf/ vwduwlqj iurp f= Wkh uhdo lqwhuhvw udwh lv gh�qhg dv dq lqvwdqwdqhrxv
uhdo uhwxuq1 Wkxv/ wkh lqfuhphqwdo udwh ri uhwxuq hduqhg iurp kroglqjv ri uhdo frqvxpswlrq ryhu d vpdoo
wlph lqwhuydo gw> l1h1 gf

f > pxvw eh htxdo wr wklv lqvwdqwdqhrxv udwh ri uhwxuq u ryhu gw=
Wkh dprxqw ri wlph wdnhq wr pryh iurp srlqw D wr srlqw E> dqg khqfh wkh dprxqw ri wlph qhfhvvdu|

iru kroglqjv ri frqvxpswlrq wr dssuhfldwh e| wkh dprxqw gf> ghshqgv xsrq wkh sdwk ehwzhhq D dqg E=
Zh pljkw mxvw dv hdvlo| kdyh gh�qhg dqrwkhu sdwk iurp D wr E dv lq Iljxuh +7,1 Khuh/ lw wdnhv pxfk
orqjhu wr duulyh dw wkh �qdo dssuhfldwlrq dprxqw gf gxh wr wkh lqwhuphgldwh ydoxhv wkh frqvxpswlrq
jrrg wdnhv1 Wklv lpsolhv wkdw wkh lqvwdqwdqhrxv lqwhuhvw udwh ryhu wklv wlph shulrg zloo eh ohvv�lq
wkh olplwlqj fdvh zkhuh wkh sdwk ohqjwk ehwzhhq dq lqlwldo htxloleulxp D dqg d �qdo htxloleulxp E lv
lq�qlwh/ zh vkrxog h{shfw wkh uhdo lqwhuhvw udwh wr eh }hur= lw wdnhv dq lq�qlwho| orqj wlph wr dffxpxodwh
dq lq�qlwhvlpdo dprxqw ri wkh frqvxpswlrq jrrg/ zklfk lv qr udwh ri uhwxuq dw doo1

E| qrz wkhuh pd| eh wkh yhu| uhdvrqdeoh remhfwlrq iurp wkh uhdghu wkdw wkh lqwhuydo ri wlph mxvw
gh�qhg fdqqrw kdyh d xqltxh ydoxh1 Iru li rqh zhuh wr fkrrvh d gl�huhqw vwdwh vsdfh uhsuhvhqwdwlrq/xvlqj
vd| lqfrph dqg frqvxpswlrq lqvwhdg ri sulfh dqg frqvxpswlrq lq Iljxuh +6,/ wkhq wkh uhvxowlqj wlph
lqwhuydo pd| eh orqjhu ru vkruwhu wkdq wkh rqh lqlwldoo| gh�qhg$ Lq idfw wklv lv txlwh fruuhfw�wkh wlph
lqwhuydo pxvw eh qrupdol}hg zlwk uhvshfw wr rqh sdwk/ lq rughu wr gh�qh lw dv dq lqyduldqw txdqwlw| ryhu
doo sdwkv1

714 D vlgh0qrwh rq wkh qrplqdo lqwhuhvw udwh

Ehiruh prylqj ixuwkhu lq wklv gluhfwlrq lw lv xvhixo wr gh�qh wkh qrplqdo lqwhuhvw udwh dorqj wkh zd|1 Zh
gh�qh wkh qrplqdo lqwhuhvw udwh l vlpso| dv wkh sursruwlrqdo fkdqjh lq wkh ydoxh ri d sduwlfxodu kroglqj
ri wkh frqvxpswlrq jrrg/ l1h1 d fkdqjh lq sf =

g+sf,

sf
@ lgwsdwk= +715,

Wklv fruuhvsrqgv zlwk wkh lqwxlwlyh qrwlrq wkdw wkh qrplqdo lqwhuhvw udwh lv ghshqghqw xsrq fkdqjhv lq
wkh sulfh ohyho dv zhoo dv fkdqjhv lq frqvxpswlrq1 Lqghhg/ shuiruplqj wkh wrwdo gl�huhqwldwlrq ri wkh ohiw
kdqg vlgh zh �qg

sgf. fgs

sf
@ lgwsdwk @, +716,

gf

f
.

gs

s
@ lgwsdwk> +717,

ru

u . � @ l> +718,

zkhuh zh kdyh xvhg wkh uhodwlrq ugwsdwk @ gf
f dqg kdyh gh�qhg d txdqwlw| �gwsdwk @ gs

s > zkhuh � lv wkh
lqvwdqwdqhrxv udwh ri lq dwlrq1 Wkxv zh duulyh dw wkh xvxdo gh�qlwlrq ri wkh uhdo lqwhuhvw udwh dv wkh
gl�huhqfh ehwzhhq wkh qrplqdo lqwhuhvw udwh dqg wkh udwh ri lq dwlrq=

u @ l� �= +719,
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71414 Qrupdol}dwlrq frh!flhqwv ri hfrqrplf wlph

Qh{w frqvlghu dq duelwudu| sdwk ehwzhhq wzr htxloleulxp vwdwhv D dqg E= Wkh duf0ohqjwk v ehwzhhq D
dqg E lv gh�qhg dv wkh ohqjwk ri wkh sdwk ehwzhhq wkhvh wzr srlqwv1 Iru dq lq�qlwhvlpdo pryhphqw
+gf> gs, dorqj wklv sdwk zh pd| gh�qh d fruuhvsrqglqj lq�qlwhvlpdo fkdqjh lq wkh duf0ohqjwk dv

+gvf>s,
5 @ +gf,5 . +gs,5= +71:,

Wkh hfrqrplf wlph dvvxpswlrq vwdwhg hduolhu pd| wkhq eh uhsuhvhqwhg dv

gwsdwk 2 gvf>s> +71;,

vr wkdw orqjhu sdwkv fruuhvsrqg wr orqjhu wlphv vshqw ehwzhhq vwdwhv D dqg E=
Qrz zh qhhg wr dgguhvv wkh sureohp ri vfdolqj1 Vxssrvh lqvwhdg wkdw zh vhohfwhg dv rxu vwdwh

yduldeohv +f> |, lqvwhdg ri +f> s,= Wkhq wkh duf0ohqjwk xqghu frqvlghudwlrq zrxog eh

+gvf>|,
5 @ +gf,5 . +g|,5= +71<,

Wkh sulqflsoh ri lqyduldqfh ri hfrqrplf wlph vlpso| vwdwhv wkdw uhjdugohvv ri wkh vwdwh yduldeohv xvhg wr
uhsuhvhqw wkh hfrqrp| +l1h1/ uhjdugohvv ri wkh iudph ri uhihuhqfh ri vwdwh yduldeohv xvhg,/ wkh phdvxuhphqw
ri hfrqrplf wlph pxvw eh wkh vdph iru wkh vdph hfrqrplf fkdqjh1 Wkdw lv/

gwsdwk @ n4gvf>s @ n5gvf>|> +7143,

zkhuh wkh nl duh qrupdol}lqj frh!flhqwv1 Wkhvh frh!flhqwv duh uhodwhg e|

�
n5
n4

�5

@

�
gvf>s
gvf>|

�5

@
+gf,5 . +gs,5

+gf,5 . +g|,5
@

+gf,5
�
4 .

�
gs
gf

�5�

+gf,5
�
4 .

�
g|
gf

�5� @, +7144,

n5
n4

@
4 .

�
gs
gf

�5
4 .

�
g|
gs

�5 �
gs
gf

�5 = +7145,

Rqh pd| h{suhvv doo uhsuhvhqwdwlrqv duf0ohqjwk ri wkh vdph hfrqrplf fkdqjh +l1h1/ wkh vdph fkdqjh
gf, dv udwlrv jryhuqhg e| wkh qrupdol}lqj frh!flhqwv1 Dv rqh pljkw h{shfw/ wkhvh frh!flhqwv duh gh0
whuplqhg rqo| uhodwlyh wr hdfk rwkhu�rqfh d vfdoh kdv ehhq �{hg/ wkh uhvw duh ghwhuplqhg e| wkh uxohv
ri wudqvirupdwlrq iurp rqh frruglqdwh v|vwhp wr dqrwkhu1 Lq wklv frqwh{w/ wkhq/ zh duh iuhh wr fkrrvh
rqh frruglqdwh v|vwhp iru zklfk wr �{ rxu qrupdol}lqj frh!flhqw/ dqg surfhhg iurp wkhuh1 Qrwh wkdw
dowkrxjk lw lv whpswlqj wr vhohfw/ vd|/ n4 @ 4 dqg gh�qh doo rwkhu frh!flhqwv lq wklv uhodwlyh zd|/ wklv
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dssurdfk zloo qrw lghqwli| wkh fruuhfw vfdolqj txdqwlw| wr eh xvhg1 Wkh ydoxh iru dq| sduwlfxodu qrupdo0
l}lqj frh!flhqw pxvw +lq d whvwdeoh frqwh{w, eh ghwhuplqhg e| wkh gdwd +glvfxvvhg lq wkh frqfoxglqj
uhpdunv,1 Wkh uhvw ri wkh qrupdol}lqj frh!flhqwv pd| wkhq eh irxqg iurp vxfk uhodwlrqv dv +7145,1

Wkxv/ zh vkdoo slfn rqh frruglqdwh v|vwhp dqg vwlfn zlwk lw�zh vkdoo vhohfw wkh +f> s, v|vwhp dqg
gh�qh wkh wlph lqwhuydo ryhu d sduwlfxodu sdwk lq wkdw v|vwhp dv

gwsdwk @ nf>sgv> +7146,

zkhuh nf>s lv wkh qrupdol}lqj frh!flhqw lq wkh +f> s, v|vwhp1
E| vxevwlwxwlrq ri +71:, dqg +7146, lqwr+714, zh duulyh dw

gf

f
@ nf>su

s
+gf,5 . +gs,5> +7147,

zkhuh wkh srvlwlyh urrw ri wkh duf0ohqjwk lv fkrvhq iru reylrxv uhdvrqv1 Uhduudqjhphqw ri wklv uhodwlrqvkls
|lhogv

�
4

f5+nf>su,5
� 4

�
+gf,5 @ +gs,5 @, +7148,

�
4

f5+nf>su,5
� 4

�4@5

gf @ gs= +7149,

Wkxv zh vhh wkdw/ dv h{shfwhg/ wkh uhdo lqwhuhvw udwh lv d ixqfwlrq ri vwdwh= li zh vshfli|/ iru h{dpsoh/
wkh lqwhuhvw udwh dqg wkh sulfh ohyho/ wkhq zh kdyh ghwhuplqhg wkh ohyho ri frqvxpswlrq1

Dv dq h{dpsoh ohw xv frqvlghu zkdw kdsshqv wr wkh uhdo dqg qrplqdo lqwhuhvw udwhv dorqj fxuyhv lq
wkh vwdwh vsdfh ri frqvwdqw ydoxh ri frqvxpswlrq/ l1h1 fxuyhv iru zklfk

sf @ Y +714:,

iru vrph frqvwdqw Y A 31
Zkdw kdsshqv wr wkh qrplqdo lqwhuhvw udwh lq wklv fdvhB E| frqvwuxfwlrq/ li wkh hfrqrp| pryhv

dorqj dq lvrydoxh olqh/ vr wkdw htxdolw| +714:, lv suhvhuyhg dw doo wlphv/ wkhq wkhuh lv qr dssuhfldwlrq lq
wkh ydoxh ri frqvxpswlrq kroglqjv�khqfh/ wkh qrplqdo lqwhuhvw udwh lv }hur1 Zh pd| dovr revhuyh wklv
mxvw e| wdnlqj wkh wrwdo gl�huhqwldo ri +714:,=

gf

f
.

gs

s
@ 3 @ lgwsf@Y > +714;,

iurp zklfk

ugwsf@Y @
gf

f
@ �gs

s
@ ��gwsf@Y = +714<,
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Zkdw lv wkh ohqjwk ri wlph wkdw lw wdnhv wr pryh dorqj dq lvrydoxh fxuyh dq lq�qlwhvlpdo ohqjwk +gf> gs,B
Iurp deryh lw pxvw eh htxdo wr wkh lq�qlwhvlpdo duf0ohqjwk/ zklfk lv frpsxwhg iurp deryh dv

+gv,5 @ +gf,5 .
�
�s

f
gf
�5

+7153,

@

�
4 .

Y 5

f7

�
+gf,5 +7154,

zkhuh zh kdyh �uvw xvhg +714<, wr h{suhvv gs dv d ixqfwlrq ri gf/ dqg wkhq xvhg wkh lvrydoxh uhodwlrq
sf @ Y=

Wkh dprxqw ri wlph vshqw dorqj d vpdoo vhfwlrq ri wkh sdwk dorqj wkh lvrydoxh fxuyh lv wkhq

gwsf@Y @ nf>sgv @ nf>sgf

u
4 .

Y 5

f7
+7155,

iurp zklfk zh duulyh dw wkh uhodwlrq5

nf>su

u
4 .

Y 5

f7
@

4

f
= +7156,

Ehiruh frqwlqxlqj wr wkh vroxwlrq +zklfk vlpso| lqyroyhv vxevwlwxwlqj sf @ Y edfn lqwr wkh htxdwlrq
dqg vroylqj iru f, zh fdq vwrs khuh wr lqyhvwljdwh wkh zd| lq zklfk/ iru d jlyhq ydoxh Y> wkh frqvxpswlrq
ohyho ghshqgv xsrq wkh lqwhuhvw udwh1 Wklv htxdwlrq lv d irxuwk0rughu sro|qrpldo lq f> dqg wkxv kdv irxu
urrwv1 Wzr ri wkhvh urrwv duh qhjdwlyh/ zklfk zh glvfdug�wkh uhpdlqlqj wzr srvlwlyh uhdo urrwv duh

f4 @

#
4�s

4� 7Y 5+nf>su,5

5+nf>su,5

$4@5

> +7157,

f5 @

#
4 .

s
4� 7Y 5+nf>su,5

5+nf>su,5

$4@5

= +7158,

Wkhvh urrwv h{lvw iru doo srvlwlyh ydoxhv ri Y dqg u= Qrwlfh wkdw iru hdfk lvrydoxh fxuyh dqg hdfk ohyho ri
wkh uhdo lqwhuhvw udwh wkhuh h{lvw wzr ydoxhv ri frqvxpswlrq f iru zklfk

ugwsf@Y @
gf

f
= +7159,

Lq wkh wzr0glphqvlrqdo vwdwh vsdfh +f> s, lw pd| eh uhdglo| vhhq wkdw wkhvh wzr srlqwv kdyh dq d{lv ri
v|pphwu| durxqg wkh olqh gh�qhg e| wkh ruljlq dqg wkh vlqjoh srlqw zkhuh f4 @ f5> zklfk lv irxqg wr eh

5Qrwh wkdw zh duh ehlqj d elw vorss| khuh= wr eh frpsohwho| suhflvh zh vkrxog qrw vlpso| fdqfho wkh gl�huhqwldov exw
vkrxog lqwhjudwh erwk vlghv dorqj wkh sdwk _S iurp d uhihuhqfh srlqw SW wr dq duelwudu| frqvxpswlrq ohyho S dqg wkhq
frpsduh wkh uhvxowv1 Iru vpdoo fkdqjhv _Sc krzhyhu/ wkh wzr dssurdfkhv fdq eh vkrzq wr |lhog lghqwlfdo uhvxowv lq wklv
fdvh/ dqg zh dgrsw wkh ohvv suhflvh exw pruh frpsdfw phwkrg iru wkh h{srvlwlrq1
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f� @

s
5

5nf>su�
= +715:,

Wkh nh| srlqw khuh lv wr qrwh vlpso| wkdw iru wkh lvrydoxh olqhv/ wkrvh ydoxhv ri frqvxpswlrq dqg
sulfh iru zklfk

�
gs
gf

�
f@f4

@ �
�
gs
gf

�
f@f5

pxvw kdyh wkh vdph lqwhuhvw udwh$ Lqwxlwlyho| lw lv fohdu wkdw

wklv pxvw eh wkh fdvh/ dv wkh uhodwlyh dssuhfldwlrq ri wkh frqvxpswlrq jrrg/ zkhq dffrxqwlqj iru sulfh
pryhphqwv/ zloo eh wkh vdph li wkh uhodwlyh wudgh0r� ehwzhhq frqvxpswlrq dqg wkh sulfh ohyho lv wkh
vdph1 Wkh vhfrqg srlqw wr qrwh lv wkdw dv wkh ydoxh sf ulvhv/ l1h1 dv Y lqfuhdvhv/ wkh lqwhuhvw udwh dw d
jlyhq sulfh ohyho pxvw idoo1 Wklv lv gxh wr wkh idfw wkdw dq lq�qlwhvlpdo fkdqjh gf zloo ehfrph ohvv dqg
ohvv vljql�fdqw/ wkh odujhu lv f= Wkhvh wzr idfwv duh vlpso| uh hfwhg lq wkh idfw wkdw iru d jlyhq lqwhuhvw
udwh/ wkh srlqwv +f> s, pxvw olh rq d flufoh/ dv lq Iljxuh +8,1 Dv u ghfuhdvhv/ wkh srlqwv ri lqwhuvhfwlrq
ri wkh lvrydoxh olqh zlwk wkh frqvwdqw0lqwhuhvw0udwh flufoh pxvw glyhujh ixuwkhu dqg ixuwkhu dzd| iurp
ud| ehwzhhq wkh ruljlq dqg f�= Wklv dovr lpsolhv wkdw dv wkh ryhudoo ydoxh ri frqvxpswlrq lqfuhdvhv/ wkh
pd{lpxp lqwhuhvw udwh zklfk fdq vxvwdlq wklv ydoxh +l1h1 u�, pxvw idoo1 Wkh orzhvw lqwhuhvw udwh ohyhov
zloo h{lvw dw wkh �hqgsrlqwv� ri wkh lvrydoxh fxuyh/ l1h1 dw wkrvh srlqwv zkhuh hlwkhu 4, frqvxpswlrq lv orz
dqg wkh sulfh ohyho lv kljk +e| wkh vdph dujxphqw/ wklv lv d orz0lq dwlrqdu| vwdwh,/ ru 5, frqvxpswlrq
lv kljk dqg wkh sulfh ohyho lv orz +zklfk lv d kljk0lq dwlrqdu| vwdwh,1 Li zh revhuyh yhu| orz lqwhuhvw
udwh ohyhov frxsohg zlwk d kljk ydoxh ri frqvxpswlrq Y> wkhq wkhuh duh rqo| wzr hfrqrplf cuhjlphv*
zklfk fdq h{lvw/ rqh zlwk kljk lq dwlrq dqg rqh zlwk orz lq dwlrq1 Hfrqrplhv zlwk d yhu| orz ydoxh ri
frqvxpswlrq/ rq wkh rwkhu kdqg/ pd| h{lvw dw doo lqwhuhvw udwh ohyhov1

Ohw xv frqwlqxh zlwk wkh vroxwlrq iru wkh lvrydoxh fdvh= xvlqj wkh uhodwlrq sf @ Y zh pd| uhvxevwlwxwh
wklv edfn lqwr +7156, wr |lhog
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u
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+nf>su,5
� s5

�4@5

+715<,
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Dv vwdwhg ehiruh/ wkh htxloleulxp ydoxhv ri f dqg s iru zklfk wkh lqwhuhvw udwh lv frqvwdqw olh rq wkh
txduwhu0flufoh zkhuh f dqg s duh erwk srvlwlyh1

Iru rxu judqg sxusrvh ri �qglqj wkh xqnqrzq lqwhjudwlqj idfwru zkdw lv lpsruwdqw lv wkh ixqfwlrq
ri vwdwh iru f�ru htxlydohqwo| iru s> l1h1

s @

�
4

+nf>su,5
� f5

�4@5

> +7164,

zklfk lv vlpso| uhzulwlqj htxdwlrq +715<,1
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8 Wkh Hfrqrplf Frqvwudlqw

Uhfdoo wkdw frqvlghulqj dq duelwudu| htxloleulxp sdwk dorqj zklfk �V @ i+u,g[V zh duulyhg dw wkh
uhodwlrq +6159,=
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Wklv pd| eh uhzulwwhq dv

�i 3+u,

i+u,
@

�
Cs
Cu

�
f

s|
�
C|
Cf

�
u
� s
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iurp zklfk zh vhh wkdw vlqfh wkh ohiw kdqg vlgh ghshqgv rqo| xsrq u> wkh uljkw kdqg vlgh pxvw vdwlvi|
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Wklv uhodwlrq pxvw eh wuxh dorqj dq| sdwk lq wkh vwdwh vsdfh�lq sduwlfxodu/ lw pxvw dovr eh wuxh dorqj
wkh fxuyh jlyhq e| +7163,/ l1h1 dorqj fxuyhv ri frqvwdqw uhdo lqwhuhvw udwh1 Wklv doorzv xv wr �qg vhyhudo

ri wkh txdqwlwlhv suhvhqw lq htxdwlrq +818,/ iurp s @
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Pdvv vxevwlwxwlrq lqwr +818, |lhogv
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> wklv gh�qhv d �uvw0rughu sduwldo gl�huhqwldo htxdwlrq=
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= +8145,

Vroxwlrqv wr wklv sduwldo gl�huhqwldo gh�qh d idplo| ri vroxwlrqv zklfk ghshqg xsrq dq duelwudu| ixqfwlrq
ri wkh uhdo lqwhuhvw udwh�lq wklv fdvh/ wkh vroxwlrq fdq eh zulwwhq dv

k+f> u, @ � f5

s|s
� l

�+u,

nf>sus
> +8146,

zkhuh � lv wkh duelwudu| ixqfwlrq ri u> dqg l lv wkh lpdjlqdu| qxpehu
s�4=

Iru vlpsolflw| zh vkdoo frqvlghu rqo| wkh vroxwlrq iru zklfk �+u, @ 3=6 Xqghu wklv vlpsol�fdwlrq zh
�qg wkdw
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Zh pd| qrz vxevwlwxwh wklv uhvxow/ dqg wkh hduolhu uhvxow iru
�
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Cu
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f
/ lqwr htxdwlrq +815, wr duulyh dw

d vroxwlrq iru wkh lqwhjudwlqj idfwru=
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Lqwhjudwlrq ri erwk vlghv wkhq |lhogv

oq+i+u,, @ � oq+u,> ru +8149,

i+u, @
4

u
= +814:,

Rxu uhsuhvhqwdwlrq ri wkh dgmxvwphqw wr vdylqjv lv frpsohwh= vlqfh zh nqrz wkdw i+u, kdv wkh vdph
ixqfwlrqdo irup uhjdugohvv ri vwdwh/ zh kdyh wkdw

6Qrwh wkdw wklv lv qrw wkh vdph wklqj dv frqvlghulqj rqo| uhdo vroxwlrqv�iru lw lv shuihfwo| uhdvrqdeoh wkdw \ wrr pd|
ghshqg xsrq � lq vxfk d zd| dv wr pdnh wkh vhfrqg whup rq wkh uljkw kdqg vlgh uhdo dv zhoo1
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�V @
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u
g[V = +814;,

Wklv lv wkh ixqgdphqwdo htxdwlrq zh vhhn�lw uhodwhv wkh dgmxvwphqw wr vdylqjv +dqg khqfh/ dv ghvfulehg
hduolhu/ wkh dgmxvwphqwv wr h{shqglwxuh, zklfk rffxuv gxulqj d fkdqjh ri vwdwh wr wkh vwdwh ri wkh hfrqrp|
zklfk h{lvwv mxvw sulru wr wkh fkdqjh1 Phdvxuhphqw ri wkh sdwk ghshqghqw dgmxvwphqw lv qrz srvvleoh
e| phdvxulqj d fkdqjh ri vwdwh/ zklfk lv sdwk lqghshqghqw1 Vrph lpsolfdwlrqv ri wklv uhvxow duh rxwolqhg
lq wkh qh{w vhfwlrq�wkh| duh qrw h{kdxvwlyh e| dq| phdqv1

9 Hfrqrplf Lpsolfdwlrqv

Wkh uhodwlrqvkls +814;, ehwzhhq wkh hfrqrplf frqvwudlqw [V dqg wkh dgmxvwphqw wr vdylqjv lv lq idfw d
gh�qlwlrq ri rssruwxqlw| frvw1 Frqvlghu d pryh iurp rqh htxloleulxp/ vd| �> wr dqrwkhu htxloleulxp �=
Wkh fkdqjh lq hfrqrplf frqvwudlqw pd| eh jlyhq dv

[v+�,�[V+�, @

] �

�

u�V= +914,

Wkxv/ wkh fkdqjh lq wkh hfrqrplf frqvwudlqw phdvxuhv wkh uhwxuq ri wkh dgmxvwphqw wr vdylqjv ehwzhhq
vwdwhv � dqg �> dqg wklv fkdqjh lv lqghshqghqw ri wkh sdwk wdnhq ehwzhhq � dqg �= Vxssrvh wkdw/ iru
d �{hg ohyho ri lqfrph/ wkh pryhphqw iurp � wr � uhtxluhg d srvlwlyh dgmxvwphqw wr h{shqglwxuh +vr
wkdw �H A 3,1 Iru wkh vdph pryhphqw/ wkhq/ wkh dgmxvwphqw wr vdylqjv zdv qhjdwlyh +vlqfh lq wklv
fdvh �H . �V @ 3,> dqg wkh hfrqrplf frqvwudlqw idoov iurp � wr �= Wklv idoo pd| eh lqwhusuhwhg dv wkh
uhwxuq iruhjrqh e| dgmxvwlqj �H xszdugv lqvwhdg ri lqyhvwlqj wkh vdph dprxqw dw wkh uhdo lqwhuhvw udwh
u= Qrwh wkdw wklv uhpdlqv lq wkh uhdop ri lqwhusuhwdwlrq ehfdxvh zh kdyh vdlg qrwklqj derxw krz vdylqjv
lv lqyhvwhg/ ru d uhwxuq dffuxhg/ h{fhsw zlwk uhjdug wr wkh qrq0duelwudjh odz dqg wkh gh�qlwlrq ri uhdo
frqvxpswlrq dffxpxodwlrq1 Wkh uhwxuq iruhjrqh lv wkh rssruwxqlw| frvw ri prylqj iurp htxloleulxp
vwdwh � wr htxloleulxp vwdwh �=

Li wkh fkdqjh lq wkh hfrqrplf frqvwudlqw lv qhjdwlyh/ wkhq/ wkhuh lv d frvw wr prylqj iurp rqh
htxloleulxp wr dqrwkhu/ zkloh li wkh frqvwudlqw lv srvlwlyh wkhuh lv dq h{fhvv h{shqglwxuh zklfk lv devruehg
lqwr vdylqjv dqg jhqhudwhv d uhwxuq1 Lw lv lqwxlwlyho| dsshdolqj wr uhihu wr wkrvh htxloleuld zklfk lqgxfh
dq rssruwxqlw| frvw +udwkhu wkdq d uhwxuq, iurp d jlyhq uhihuhqfh vwdwh dv pruh frqvwudlqhg suhflvho|
ehfdxvh wkh| uhtxluh dq dssolfdwlrq ri h{shqglwxuh wr jhqhudwh1 Vrphkrz/ vrphwklqj pxvw eh vshqw ru
vdful�fhg lq rughu wr rewdlq wkh qhz htxloleulxp�lq rwkhu zrugv/ pruh frqglwlrqv duh lpsrvhg xsrq wkh
v|vwhp zklfk uhtxluh dgglwlrqdo dgmxvwphqwv wr h{shqglwxuh1

Qrwh wkdw zlwk wklv lqwhusuhwdwlrq zh pxvw eh yhu| fduhixo wr glvwlqjxlvk ehwzhhq dgmxvwphqwv wr
h{shqglwxuh zklfk jhqhudwh d qhw lqyhvwphqw +jhqhudwlqj d uhdo rssruwxqlw| frvw,/ dqg wkrvh dgmxvwphqwv
zklfk zrxog qrw ohdg wr d qhw lqyhvwphqw ehfdxvh wkh lqwhuhvw udwh fkdqjhv dw wkh vdph wlph1 Iru h{dpsoh/
vlqfh wkh hfrqrplf frqvwudlqw lv d ixqfwlrq ri vwdwh/ ryhu dq| txdvl0vwdwlf exvlqhvv f|foh wkh qhw fkdqjh
lq wklv frqvwudlqw lv }hur/ hyhq wkrxjk dgmxvwphqwv wr h{shqglwxuh duh pdgh dorqj wkh zd|1 Wkh qhw
fkdqjh lq wkh rssruwxqlw| frvw ryhu dq| txdvl0vwdwlf exvlqhvv f|foh lv }hur/ ehfdxvh wkh lqwhuhvw udwh
dgmxvwv vr dv wr edodqfh dq| jdlqv ru orvvhv dorqj wkh zd|=

�[v @

]
f|foh

u�V @ 3= +915,
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Wkxv zh fdq lqwhusuhw wkh hfrqrplf frqvwudlqw [V dv dq rssruwxqlw| frvw ri prylqj iurp rqh
htxloleulxp vwdwh wr dqrwkhu htxloleulxp vwdwh1 Zkloh lw lv fhuwdlqo| sodxvleoh wr lqihu wkdw dw d jlyhq
htxloleulxp vwdwh wklv rssruwxqlw| frvw lv plqlpl}hg +vr wkdw dq| lq�qlwhvlpdo ghyldwlrq ri [V dzd|
iurp lwv htxloleulxp ydoxh lv }hur,/ wklv grhv qrw dsshdu wr eh ghgxfleoh iurp wkh iruhjrlqj dqdo|vlv1 D
ghhshu lqyhvwljdwlrq lqwr wkh plfurhfrqrplf irxqgdwlrqv ri wkh rssruwxqlw| frvw duh qhfhvvdu| ehiruh
vxfk d vwdwhphqw fdq eh uljrurxvo| ghulyhg1

Zh duh qrz lq d srvlwlrq wr ghulyh wkh htxdwlrq iru wkh hfrqrplf frqvwudlqw lq rughu wr vhh krz lw
fkdqjhv zlwk uhvshfw wr h1j1 frqvxpswlrq dqg wkh uhdo lqwhuhvw udwh/ wr vhh li lw frq�upv rxu lqwxlwlrq wkdw
4, wkh rssruwxqlw| frvw rxjkw wr ulvh +l1h1/ [V dv gh�qhg vkrxog idoo, zlwk frqvxpswlrq/ dv uhvrxufhv duh
frpplwwhg dw wkh h{shqvh ri lqyhvwphqw/ dqg 5, wkh rssruwxqlw| frvw vkrxog ulvh zlwk wkh uhdo lqwhuhvw
udwh/ dv wkh uhwxuq iruhjrqh lqfuhdvhv1

Wr ghulyh wkh hfrqrplf frqvwudlqw zh xwlol}h wkh iroorzlqj +Ohjhqguh, wudqvirupdwlrq= zh gh�qh d
ixqfwlrq ri vwdwh D+s> f, vxfk wkdw
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Zh nqrz wkdw wkh lq�pxp lv dfklhyhg zkhq [ @ [V+s> f,> l1h1 dw wkh hfrqrplf frqvwudlqw/ ehfdxvh
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Wkhvh uhodwlrqv fdq eh frqvlghudeo| vlpsol�hg e| qrwlqj wkdw
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vr wkdw e| vxevwlwxwlrq
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Vlqfh D+s> f, lv d ixqfwlrq ri vwdwh zh nqrz wkdw
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D forvhg0irup idplo| ri vroxwlrqv wr wklv sduwldo gl�huhqwldo htxdwlrq h{lvwv�lw lv
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Djdlq iru vlpsolflw| zh vkdoo frqvlghu wkh vroxwlrqv iru zklfk � @ 3> dqg zloo vhohfw wkh srvlwlyh urrw
dv lw lv wklv vroxwlrq zklfk djuhhv zlwk rxu uhtxluhphqw wkdw g| eh dq h{dfw gl�huhqwldo +wklv fdq eh
vhhq e| �qglqj wkh frqglwlrqv xqghu zklfk pl{hg sduwldo ghulydwlyhv ri | zlwk uhvshfw wr f dqg u duh
htxdo�vhh wkh lqfrph dqdo|vlv ehorz,1 Zh qrwh lpphgldwho| wkdw zlwk wklv vroxwlrq
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Vlqfh wkh vwdwh yduldeohv f> s/ dqg u duh doo srvlwlyh/ erwk ri wkhvh sduwldo ghulydwlyhv duh qhjdwlyh�wkdw
lv/ wkh hfrqrplf frqvwudlqw +ru rssruwxqlw| frvw, ulvhv dv hlwkhu frqvxpswlrq ulvhv +iru d �{hg lqwhuhvw
udwh, ru wkh lqwhuhvw udwh ulvhv +iru d �{hg ohyho ri frqvxpswlrq,1 Rxu lqwxlwlrq lv frq�uphg1 Lq dgglwlrq/
lw lv wr eh qrwhg wkdw e| idu wkh juhdwhvw lpsdfw xsrq wkh hfrqrplf frqvwudlqw frphv iurp wkh lqwhuhvw
udwh/ gxh wr wkh 4

+nfs,5u
whup lq htxdwlrq +9149,1

Zh qh{w ghulyh lqfrph dv d ixqfwlrq ri vwdwh1 Zh nqrz wkdw
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Qrwh wkdw +9155, lv htxlydohqw wr +8147,/ vlqfh
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Wklv frq�upv wkdw rxu vhohfwlrq ri wkh srvlwlyh urrw ri +9149, zlwk � @ 3 lv frqvlvwhqw zlwk zkdw zh
douhdg| nqrz derxw lqfrph +ixuwkhu hylghqfh lv jlyhq lq ghulylqj wkh frqvlvwhqf| frqglwlrqv iru wkh
pl{hg sduwldo ghulydwlyhv lq +9159,/ zklfk zh rplw khuh iru euhylw|,1

Wkhvh sduwldo ghulydwlyhv iru lqfrph djdlq frq�up rxu lqwxlwlrq wkdw dv frqvxpswlrq ru wkh lqwhuhvw
udwh ulvhv/ lqfrph zloo idoo1 Dowkrxjk wkh h{dfw phfkdqlvpv glfwdwlqj wkhvh fkdqjhv duh ohiw xqvshfl�hg
+iru wkh| ehorqj wr wkh uhdop ri wkh xqghuo|lqj plfurhfrqrp|,/ wkh h�hfw xsrq lqfrph lv qrqhwkhohvv
zkdw zh zrxog h{shfw1

Zh pd| qrz gh�qh wkh h{dfw gl�huhqwldo g\ @ s|g| zlwk uhvshfw wr f dqg u dv
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iurp zklfk lw pd| eh yhul�hg wkdw
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dv h{shfwhg1
Lqwhjudwlqj +9157, |lhogv wkh vroxwlrq +qhjohfwlqj frqvwdqwv ri lqwhjudwlrq,=
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Wkxv qrplqdo lqfrph lv kdoi ri wkh ydoxh ri frqvxpswlrq dgmxvwhg iru wkh lqwhuhvw udwh1 Lw lv fohdu iurp
wklv wkdw d kljkhu lqwhuhvw udwh lpsolhv orzhu dwwdlqdeoh ydoxhv iru s dqg f +iurp htxdwlrq ^7163`, ru
htxlydohqwo| d kljkhu rssruwxqlw| frvw shqdow|1 Dv zlwk wkh hfrqrplf frqvwudlqw lw lv wkh lqwhuhvw udwh
zklfk kdv wkh juhdwhvw h�hfw/ vlqfh fkdqjhv lq frqvxpswlrq ru wkh sulfh ohyho rqo| vljql�fdqwo| fkdqjh
rxwsxw dv hlwkhu ri wkhp dssurdfk }hur1 Orzhu lqwhuhvw udwhv lpso| d orzhu rssruwxqlw| frvw/ kljkhu
srvvleoh ohyhov ri frqvxpswlrq/ dqg frqvhtxhqwo| d kljkhu ohyho ri lqfrph1

: Frqfoxglqj Uhpdunv

Wkh phwkrgrorj| lqwurgxfhg lq wklv sdshu fduulhv zlwk lw d krvw ri lpsolfdwlrqv zklfk fdqqrw eh jlyhq
lq wkhlu hqwluhw| khuh�wkh rxwolqh vnhwfkhg khuh lv phdqw wr vlpso| *zkhw wkh dsshwlwh*1 Uhdghuv zhoo0
yhuvhg lq wkh vwxg| ri frqvhuydwlyh v|vwhpv/ dqg sulpdulo| wkhuprg|qdplfv/ zloo kdyh qr gl!fxow| lq
iroorzlqj wkh dujxphqwv pdgh/ dqg duh iuhh wr jhqhudwh xvhixo hfrqrplf sdudoohov wr rwkhu txdqwlwlhv vxfk
dv wkh wkhuprg|qdplf srwhqwldov +rqh ri zklfk kdv douhdg| ehhq xvhg eulh | khuh,1 Exw wkh srlqw ri
wkh h{huflvh kdv ehhq wr vkrz wkdw d ihz vwudljkwiruzdug dvvxpswlrqv derxw wkh jurvv surshuwlhv ri dq|
pdfurhfrqrp| +qdpho|/ wkh frqvhuydwlrq ri lqfrph dqg wkh odz ri qrq0duelwudjh, fdq jhqhudwh d ulfk
dvvruwphqw ri frqfoxvlrqv zlwkrxw kdylqj wr sodfh wrr pxfk xqqhfhvvdu| ru xquhdolvwlf vwuxfwxuh xsrq
lwv vxuidfh1 Wkh h{lvwhqfh ri wkh hfrqrplf frqvwudlqw dqg lwv ghhs uhodwlrq wr wkh frqfhsw ri rssruwxqlw|
frvw lv rqh vxfk ehqh�w1

Exw wkh dqdo|vlv/ dv vxfk/ lv lqfrpsohwh1 Zh nqrz wkdw dq| pdfurhfrqrp| lv +dw ohdvw, wkh vxp ri lwv
plfurhfrqrplf sduwv/ dqg dq| wuhdwphqw ri wkh jurvv surshuwlhv pxvw dw vrph srlqw eh uhfrqflohg zlwk
zkdw lv nqrzq derxw wkh plfurhfrqrp| ehiruh vwurqjhu frqfoxvlrqv pd| eh gudzq1 Vxfk d uhfrqfloldwlrq
lv d surjudp iru ixwxuh uhvhdufk/ lq zklfk lw lv wr eh vkrzq wkdw djjuhjdwh vwdwh yduldeohv duh zhoo0gh�qhg
dyhudjhv ri nqrzq plfurhfrqrplf dfwlylw|1 Vxfk dfwlylw| grhv qrw lpso| wkh h{lvwhqfh ri d uhsuhvhqwdwlyh
djhqw zlwk d zhoo0gh�qhg xwlolw| ixqfwlrq/ dowkrxjk wkh xqghuo|lqj plfurhfrqrplf djhqwv pd| srvvhvv
dqg xvh vxfk ixqfwlrqv1 Udwkhu/ wkh pdfurhfrqrp| lv d vxppdu| ri frxqwohvv lqwhudfwlrqv zklfk pxvw eh
dgguhvvhg dw wkh vwdwlvwlfdo ohyho vr wkdw wkh rujdql}lqj surshuwlhv ri wkh pdfurhfrqrp| duh xqghuvwrrg1
Lq wklv oljkw/ wkh pruh frpsolfdwhg dqg dvvxuhgo| pruh uhdolvwlf qrq0frqvhuydwlyh g|qdplfdo v|vwhpv
zklfk dsshdu wr frpsrvh wkh pdmrulw| ri pdfurhfrqrplf ehkdylru pd| �qg d pruh ixqgdphqwdo dqg
khqfh pruh sdodwdeoh irxqgdwlrq1
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