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Devwudfw

Wkh sdshu lqwurgxfhv d qrqolqhdu prgho wkdw ehorqjv wr wkh VWDU idp0

lo| ri prghov1 Wkh pdlq ihdwxuh ri wkh vxjjhvwhg El0sdudphwhu Vprrwk

Wudqvlwlrq Dxwruhjuhvvlyh EEVWDU� prgho lv wkdw lw doorzv iru gl�huhqw

vshhgv ri wudqvlwlrq ehwzhhq wkh plggoh uhjlph dqg hdfk ri wkh lghqwlfdo

rxwhu uhjlphv1 Wkxv/ wkh EVWDU prgho fdq eh frqvlghuhg dv d jhqhudol}d0

wlrq ri wkh OVWU5 prgho lqwurgxfhg lq Whuçvyluwd +4<<;, zklfk lpsrvhv

v|pphwulf vshhg ri dgmxvwphqw ehwzhhq wkh plggoh dqg hdfk ri wkh lghq0

wlfdo rxwhu uhjlphv1

Nh| zrugv= VWDU prghov> Qrqolqhdu wlph vhulhv> Lqgh{ ri Lqgxvwuldo

Surgxfwlrq1

MHO Fodvvl�fdwlrq Frgh = F55/ F83/ H56

WWklv sdshu lv zulwwhq iroorzlqj wkh SkG frxuvh lq Qrqolqhdu Hfrqrphwulfv wdxjkw e| Wlpr

Whuçvyluwd lq Vwrfnkrop dqg Èer iurp wkh 5<wk ri Pd| wloo wkh 5qg ri Mxqh/ 53331 L zrxog olnh

wr wkdqn Wlpr Whuçvyluwd iru gholyhulqj wkh frxuvh/ dqg klv whdfklqj dvvlvwdqw Kdqv Pdopvwhq

iru wkh khos kh surylghg erwk gxulqj dqg diwhu wkh frxuvh1 Wkh sdshu kdv ehqh�whg iurp wkh

fulwlfdo frpphqw ri Glfn ydq Glmn/ Qlhov Kdoguxs/ dqg Wlpr Whuçvyluwd1
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Zkloh olqhdu prghov kdyh suryhg wr eh txlwh xvhixo dv d prghoolqj ghylfh lq

erwk dssolhg dqg wkhruhwlfdo vflhqfhv/ vxfk prghov kdyh wkhlu olplwdwlrqv1 Sr0

whqwldoo|/ qrqolqhdu prghov duh qdwxudoo| fdoohg iru wr ryhufrph wkhvh lqkhuhqw

olplwdwlrqv1 Krzhyhu/ wkh sulfh wr eh sdlg lv lqfuhdvlqj frpsoh{lw| ri hvwlpdwlrq

dqg lqihuhqfh lq qrqolqhdu prghov dqg dovr vxfk prghov fdq eh wrr  h{leoh wr

eh srzhuixoo| uhmhfwhg djdlqvw dowhuqdwlyh prghov1 Qhyhuwkhohvv/ wkh uhfhqw dg0

ydqfhv lq frpsxwhu whfkqrorj| pdnhv wkh olih ri dq dssolhg vflhqwlvw vrphzkdw

hdvlhu dv uhjduglqj lpsohphqwdwlrq dqg hvwlpdwlrq ri qrqolqhdu prghov1 Wklv

lq wxuq jlyhv ulvh wr dq lqfuhdvlqj qxpehu ri dssolfdwlrqv ri qrqolqhdu prghov

lq vflhqfh pruh jhqhudoo| dqg lq hfrqrplfv lq sduwlfxodu/ h1j1 vhh Wrqj +4<<3,

dqg Judqjhu dqg Whudvyluwd +4<<6, iru lqwurgxfwlrq wr wkh idvflqdwlqj zruog ri

qrq0olqhdu wlph vhulhv prghov1

Vhyhudo qrq0olqhdu prghov kdyh ehhq vxjjhvwhg lq wkh olwhudwxuh1 Wkh suhvhqw

sdshu frq�qhv lwvhoi wr wkh fodvv ri qrq0olqhdu prghov srsxodul}hg e| Wlpr

Whuçvyluwd dqg fr0dxwkruv lq d vhulhv ri duwlfohv ryhu wkh uhfhqw ghfdgh1 Wklv

uhvhdufk djhqgd lv vxppdul}hg lq Whuçvyluwd +4<<7d,/ Whuçvyluwd +4<<;,/ dqg

ydq Glmn/ Whuçvyluwd/ dqg Iudqvhv +5333,1

Lq wkhvh duwlfohv wkh dxwkruv vxjjhvw wkh vr0fdoohg Vprrwk Wudqvlwlrq Wkuhvk0

rog Dxwruhjuhvvlyh +VWDU, prghov1 Wkh VWDU w|sh ri prghov lqyroyh wzr/

wkuhh ru/ srvvleo|/ pruh uhjlphv vxfk wkdw wkh wudqvlwlrq ehwzhhq wkh gl�huhqw

uhjlphv fdq rffxu udwkhu vprrwko|1 Wkh VWDU prgho idplo| fdq eh frqvlghuhg

wkh jhqhudol}dwlrq ri wkh pxowlsoh uhjlph Vhoi0H{flwlqj Wkuhvkrog Dxwruhjuhv0

vlyh +VHWDU, fodvv ri prghov zkhuh wkh wudqvlwlrq ehwzhhq wkh gl�huhqw uhjlphv
wdnhv sodfh udwkhu deuxswo|1 Wkh odwwhu w|sh ri prghov dssur{lpdwh wkh xqghu0

o|lqj qrqolqhdu surfhvv slhfhzlvh olqhduo| vxfk wkdw wkh surfhvv lv olqhdu lq hdfk

uhjlph/ vhh Wrqj +4<<3, iru d suhvhqwdwlrq ri wkh VHWDU prghov1

Wkh wudqvlwlrq ixqfwlrq lq wkh VWDU w|sh ri prghov sod|v wkh fhqwudo uroh1

Dv d uxoh wkh wudqvlwlrq ixqfwlrq kdv wzr w|shv ri sdudphwhuv/ qdpho|/ wkh vorsh

dqg wkh wkuhvkrog sdudphwhuv1 Wkh iruphu sdudphwhu ghqrwhv wkh vshhg ri wkh

wudqvlwlrq ehwzhhq wkh gl�huhqw uhjlphv zkhuhdv wkh odwwhu ghqrwhv wkh orfdwlrq

ri wkh wudqvlwlrq iurp rqh uhjlph wr dqrwkhu1

Whuçvyluwd +4<<7e, sursrvhg wzr w|shv ri VWDUprghov ghshqglqj rq zkhwkhu

d orjlvwlf ru dq h{srqhqwldo wudqvlwlrq ixqfwlrq lv xvhg1 Qrwh wkdw erwk wkhvh

wudqvlwlrq ixqfwlrqv srvvhv rqo| rqh vorsh dqg wkuhvkrog sdudphwhu1 Wkh iru0

phu fruuhvsrqgv wr wkh vr0fdoohg OVWU4 prgho zlwk wzr uhjlphv dqg wkh odwwhu

irupv wkh HVWDU prgho zlwk wkuhh uhjlphv lq vxfk d zd| wkdw wkh wzr rxwhu

uhjlphv ehfrphv lghqwlfdo1 Wkh gudzedfn ri wkh odwwhu wudqvlwlrq ixqfwlrq lv

wkdw erwk iru vpdoo dqg odujh vorsh sdudphwhu ydoxhv wkh qrqolqhdulw| sudfwl0

fdoo| glvdsshduv1 Wr fruuhfw iru wklv xqiruwxqdwh idfw Whuçvyluwd +4<<;, vxjjhvwv

wr uhsodfh wkh wudqvlwlrq ixqfwlrq ri wkh HVWDU prgho zlwk dqrwkhu wudqvlwlrq

ixqfwlrq zkhuhe| iru odujh ydoxhv ri wkh vorsh sdudphwhu wkh qrqolqhdu prgho lv

qr orqjhu lqglvwlqjxlvkdeoh iurp wkh olqhdu prgho1 Wklv lv dfklhyhg e| lqwurgxf0

lqj wkh vhfrqg wkuhvkrog sdudphwhu1 Wkh uhvxowlqj prgho zlwk d qhz wudqvlwlrq

ixqfwlrq kdv ehhq ghqrwhg wkh OVWU5 prgho1
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Wkh HVWDUprgho ri Whuçvyluwd +4<<7e, lqyroyhv d wudqvlwlrq ixqfwlrq wkdw lv

v|pphwulf durxqg wkh wkuhvkrog ydoxh1 Dqghuvrq +4<<:, h{whqgv wkh h{srqhqwldo

wudqvlwlrq ixqfwlrq wr eh dv|pphwulf durxqg wkh wkuhvkrog ydoxh/ khqfhiruwk

uhihuuhg dv wkh DHVWDU prgho1 Krzhyhu/ wklv dv|pphwulf wudqvlwlrq ixqfwlrq

vx�huv iurp wkh vdph gudzedfn dv wkh v|pphwulf rqh lq wkh HVWDU prgho1 Vr

idu qr fruuhvsrqglqj frxqwhusduw ri wkh OVWU5 prgho kdv ehhq vxjjhvwhg zklfk

doorzv iru gl�huhqw vshhgv ri wudqvlwlrq ehwzhhq wkh rxwhu dqg plggoh uhjlphv1

Wkh frqwulexwlrq ri wkh suhvhqw sdshu lv wr �oo wklv jds lq wkh olwhudwxuh/

dqg lq vr grlqj lw sursrvhv d VWDU idplo| prgho zlwk d wudqvlwlrq ixqfwlrq

wkdw doorzv iru gl�huhqw wudqvlwlrq vshhgv ehwzhhq wkh plggoh dqg rxwhu uhjlphv1

Wklv lv dfklhyhg e| lqfrusrudwlqj dq dgglwlrqdo vorsh sdudphwhu lq wkh wudqvlwlrq

ixqfwlrq1 Wkxv/ wkh vxjjhvwhg wudqvlwlrq ixqfwlrq kdv wzr wkuhvkrog sdudphwhuv

dqg wzr vorsh sdudphwhuv1 Khqfhiruwk/ wkh prgho lq txhvwlrq lv uhihuuhg wr dv

wkh El0sdudphwhu Vprrwk Wudqvlwlrq Dxwruhjuhvvlyh prgho +EVWDU lq vkruw,1
Wkh sdshu surfhhgv dv iroorzv1 Vhfwlrq 5 surylghv dq ryhuylhz ri wkh VWDU

idplo| ri prghov dqg Vhfwlrq 6 lqwurgxfhv wkh EVWDU prgho1 Wkh hvwlpdwlrq ri

wkh EVWDU prgho e| phdqv ri wkh pd{lpxp olnholkrrg phwkrg lv glvfxvvhg lq

Vhfwlrq 71 Vhfwlrq 8 ghulyhv wkh Odjudqjh Pxowlsolhu whvw iru olqhdulw| djdlqvw wkh

EVWDU prgho1 Dssolfdwlrq ri wkh plvvshfl�fdwlrq whvwv vxjjhvwhg lq Hluwkhlp

dqg Whuçvyluwd +4<<9, wr wkh EVWDU prgho lv glvfxvvhg lq Vhfwlrq 91 Vhfwlrq :

frqwdlqv dq hpslulfdo h{dpsoh1 Wkh �qdo vhfwlrq frqfoxghv1

Doo frpsxwdwlrqv zhuh shuiruphg xvlqj wkh remhfw0rulhqwhg surjudpplqj

odqjxdjh R{ 5153 Surihvvlrqdo/ vhh Grruqln +4<<<,/ dqg wkh hpslulfdo prghoolqj

surjudp sdfndjh SfJlyh <14/ vhh Khqgu| dqg Grruqln +4<<<,1

� 

�������� ���
���

Lq jhqhudo/ wkh vfdodu xqlyduldwh VWDU+s, idplo| ri prghov orrnv olnh

|w @ !3
{w . �3{wIw +|w�g, . xw / +4,

zkhuh {w @ i4> |w�4> ===> |w�sj
3 lv d yhfwru ri wkh odjv ri wkh ghshqghqw yduldeoh

lqfoxglqj wkh frqvwdqw whup1 Wkh yhfwruv ri wkh dxwruhjuhvvlyh sdudphwhuv duh

! @
�
!
3
> !

4
> ===> !s

�
3

dqg � @ +�3> �4> ===> �s,
3

= Wkh huuru whup xw lv xvxdoo| dv0

vxphg wr eh wkh QLG udqgrp yduldeoh zlwk phdq }hur dqg yduldqfh �
5
= Wkh

wudqvlwlrq ixqfwlrq Iw +|w�g, fdq wdnh gl�huhqw irupv glvfxvvhg ehorz lq pruh

ghwdlo1

Wkh qdwxudo vwduwlqj srlqw lq ghvfulelqj wkh VWDU prgho idplo| lv wkh wzr0

uhjlph OVWU4 prgho zlwk wkh iroorzlqj orjlvwlf wudqvlwlrq ixqfwlrq/ zklfk wdnhv

ydoxhv lq wkh lqwhuydo ehwzhhq }hur dqg rqh=

Iw +�> f> |w�g, @
4

4 . h{s +�� +|w�g � f,,
> � A 3= +5,

Dw wklv vwdjh/ lw lv frqyhqlhqw wr lqwurgxfh vrph whuplqrorj| iru ixuwkhu uhi0

huhqfh1 Wkh wudqvlwlrq ixqfwlrq +5, kdv vhyhudo sdudphwhuv vxfk dv wkh vorsh
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Iljxuh 4= OVWU4 prgho> wudqvlwlrq ixqfwlrq +5,zlwk vorsh sdudphwhu � @ ^3=4> 8`
dqg vwhs 314/ dqg zlwk orfdwlrq sdudphwhu f @ 3=

sdudphwhu �/ wkh wkuhvkrog sdudphwhu f> dqg wkh ghod| sdudphwhu g1 Wkh pdj0

qlwxgh ri wkh vorsh sdudphwhu phdvxuhv wkh vshhg ri wudqvlwlrq ehwzhhq wkh wzr

uhjlphv zkloh wkh ydoxh ri wkh wkuhvkrog sdudphwhu lqglfdwhv wkh orfdwlrq ri wkh

wudqvlwlrq1 Wkh ghod| sdudphwhu/ zklfk dsshduv lq frqqhfwlrq zlwk wkh wudqvl0

wlrq yduldeoh |w�g/ fdq wdnh ydoxhv wkdw duh hlwkhu ohvv ru htxdo/ 3 ? g � s> ru

juhdwhu/ s ? g> wkdq wkh rughu ri wkh VWDU prgho1
4

Iljxuh 4 suhvhqwv dq h{dpsoh ri wkh OVWU4 wudqvlwlrq ixqfwlrq iru gl�hu0

hqw vorsh sdudphwhu ydoxhv/ � @ ^3=4> 8`= Qrwh wkdw dv � $ 3> wkh wudqvlwlrq

ixqfwlrq whqgv wr d frqvwdqw ydoxh ri 318 vxfk wkdw wkh OVWU4 prgho ehfrphv

olqhdu1 Rq wkh rwkhu kdqg/ wkh odujhu wkh ydoxh ri �/ wkh vwhhshu lv wkh vorsh

ri wkh wudqvlwlrq ixqfwlrq +5, dw wkh srlqw |w�g @ f1 Dv � $ 4 wkh OVWU4

wudqvlwlrq ixqfwlrq dssurdfkhv wkh vwhs ixqfwlrq1 Wkhuhiruh/ lq wkh olplw OVWU4

wxuqv lqwr d wzr0uhjlph Vhoi0H{flwlqj Wkuhvkrog Dxwruhjuhvvlyh +VHWDU,prgho/

+vhh Wrqj +4<<3, s=434,1
Wkh rwkhu srvvleoh fkrlfh ri wkh wudqvlwlrq ixqfwlrq lv jlyhq e| wkh h{srqhq0

wldo wudqvlwlrq ixqfwlrq=

Iw +�> f> |w�g, @ 4� h{s
�
�� +|w�g � f,

5

�
> � A 3= +6,

Wkh HVWDUprgho lv d wkuhh0uhjlph prgho wkdw frpsulvhv rqh plggoh uhjlph

dqg wzr htxlydohqw rxwhu uhjlphv1 Wkh wudqvlwlrq ixqfwlrq ri wkh HVWDU prgho

lv ghslfwhg lq Iljxuh 5 zlwk wkh vorsh sdudphwhu � wdnlqj ydoxhv lq wkh lqwhuydo

^3=4> 8` = Qrwlfh wkdw rq wkh rqh kdqg wkh HVWDU prgho lv sudfwlfdoo| olqhdu

zkhq � $ 3= Rq wkh rwkhu kdqg/ dv � $4> wkh wudqvlwlrq ixqfwlrq lv htxdo wr

xqlw| hovhzkhuh h{fhsw dw wkh wkuhvkrog srlqw f/ zkhuh lw htxdov }hur1 Wkxv iru

odujh ydoxhv ri � wkh HVWDU prgho ehfrphv sudfwlfdoo| lqglvwlqjxlvkdeoh iurp

wkh olqhdu prgho dv zhoo1 Wklv dovr lpsolhv wkdw wkh wkuhh0uhjlph VHWDU prgho

grhv qrw frqvwlwxwh d vshfldo fdvh ri wkh HVWDU prgho1

4Pruhryhu/ wkh wudqvlwlrq yduldeoh fdq eh dq| rwkhu yduldeoh ru hyhq d olqhdu frpelqdwlrq

ri vhyhudo yduldeohv udwkhu wkdq rzq odjv ri wkh hqgrjhqrxv yduldeoh/ +|3_1 Vlploduo|/ rwkhu

h{rjhqrxv yduldeohv fdq eh xvhg lq E4� dv wkh h{sodqdwru| yduldeohv1
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Iljxuh 5= HVWDU prgho> wudqvlwlrq ixqfwlrq +6, zlwk vorsh sdudphwhu � @
^3=4> 8` dqg vwhs 314/ dqg zlwk orfdwlrq sdudphwhu f @ 31

-20 -15 -10 -5 0 5 10 15 20 25 30

.1

.2

.3

.4

.5

.6

.7

.8

.9

1

Iljxuh 6= OVWU5 prgho> wudqvlwlrq ixqfwlrq +7, zlwk vorsh sdudphwhu � @
^3=34> 4` dqg vwhs 3134/ dqg zlwk orfdwlrq sdudphwhuv f4 @ 3 dqg f5 @ 43=

Li vxfk d olplwlqj ehkdylru ri wkh HVWDU prgho lv xqghvludeoh/ l1h1 iru

� $4> wkhq rqh fdq uhvruw wr wkh OVWU5 prgho vxjjhvwhg lq Whuçvyluwd +4<<;,1

Wkh wudqvlwlrq ixqfwlrq ri wkh OVWU5 prgho lv wkh vhfrqg0rughu orjlvwlf ixqfwlrq=

Iw +�> f4> f5> |w�g, @
4

4 . h{s +�� +|w�g � f4, +|w�g � f5,,
> � A 3= +7,

Iljxuh 6 ghslfwv wklv wudqvlwlrq ixqfwlrq iru gl�huhqw ydoxhv ri wkh vorsh sd0
udphwhu � @ ^3=34> 4` = Wkh OVWU5 wudqvlwlrq ixqfwlrq uhvhpeohv wkh wudqvlwlrq
ixqfwlrq ri wkh OVWU4 prgho exw lw lqyroyhv wzr wkuhvkrog sdudphwhuv f4 dqg
f5= Iurp Iljxuh 6 lw lv vhhq wkdw dv � $ 4 wkh wudqvlwlrq ixqfwlrq qr orqjhu
froodsvhv wr d srlqw exw ehfrphv d wkuhh0uhjlph VHWDU prgho1 Wkhuhiruh/ wkh
OVWU5 prgho lv iuhh iurp wkh gudzedfn ri wkh HVWDU prgho dv � $ 41 Dw
wkh vdph wlph/ krzhyhu/ wkh udqjh ri wkh wudqvlwlrq ixqfwlrq ghshqgv rq wkh
ydoxh ri wkh vorsh sdudphwhu1

Wkh wkuhh0uhjlph HVWDU dqg OVWDU5 prghov frqvlghuhg deryh duh fkdu0

VE
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Iljxuh 7= DHVWDU prgho> wudqvlwlrq ixqfwlrq +8, zlwk vorsh sdudphwhu � @

^3=4> 8` dqg 314 vwhs/ dqg zlwk dv|pphwu| sdudphwhu � @ �4:> dqg zlwk orfdwlrq
sdudphwhu f @ 31

dfwhul}hg e| wkhlu uhvshfwlyh v|pphwulf wudqvlwlrq ixqfwlrqv zklfk doorz iru wkh
vdph wudqvlwlrq vshhg ehwzhhq wkh rxwhu0orzhu dqg plggoh uhjlph rq wkh rqh
kdqg/ dqg rq wkh rwkhu kdqg ehwzhhq wkh plggoh dqg rxwhu0kljkhu uhjlph/ dv
vhhq lq Iljxuhv 5 dqg 61 Lq vrph fdvhv/ wklv pljkw eh wrr uhvwulfwlyh dq dvvxps0
wlrq1

Wr flufxpyhqw wklv surshuw| Dqghuvrq +4<<:, prgl�hv wkh HVWDU wudqvlwlrq
ixqfwlrq +6, lq vxfk d zd| wkdw lw ehfrphv dv|pphwulf durxqg wkh orfdwlrq sd0
udphwhu ydoxh f= Khqfhiruwk wkh prgho zlwk wkh dv|pphwulf wudqvlwlrq ixqfwlrq
jlyhq ehorz lv fruuhvsrqglqjo| uhihuuhg dv wr wkh Dv|pphwulf HVWDU prgho
+DHVWDU lq vkruw,=

Iw +�> f> �> |w�g, @ 4� h{si�� ^|w�g � f`
5
� k +|w�g,j > � A 3> +8,

kw +f> �> |w�g, @ i3=8 . +4 . h{si�� ^|w�g � f`,
�4
j > � 9@ 3=

Qrwlfh wkdw srvlwlyh ru qhjdwlyh ydoxhv ri wkh sdudphwhu � lqwurgxfh dv|pphwu|
lq wkh wudqvlwlrq ixqfwlrq jlyhq lq +8,/ vhh Iljxuhv 7 dqg 81 Khqfh wkh DHVWDU
prgho doorzv iru gl�huhqw vshhgv ri wudqvlwlrq ehwzhhq wkh plggoh uhjlph dqg
hdfk ri lwv rxwhu uhjlphv1

Iljxuhv 7 dqg 8 uhyhdo wkh idfw wkdw wkh DHVWDU prgho hqwdlov wkh vdph
sureohp dv wkh HVWDU prgho/ l1h1 iru odujh ydoxhv ri � lw ehfrphv gl!fxow wr
glvwlqjxlvk lw iurp d olqhdu prgho1 Khqfh wkh wkuhh0uhjlph VHWDU prgho lv qrw
qhvwhg zlwklq wkh DHVWDU prgho hlwkhu1

Wkh qh{w vhfwlrq lqwurgxfhv wkh EVWDU prgho zklfk h{whqgv wkh OVWU5
prgho wr doorz iru dv|pphwulf vshhg ri wudqvlwlrq ehwzhhq wkh rxwhu dqg plggoh
uhjlphv/ vlploduo| dv wkh prgho ri Dqghuvrq +4<<:, h{whqgv wkh HVWDU prgho1

VE



:

-10 -8 -6 -4 -2 0 2 4 6 8 10

.1

.2

.3

.4

.5

.6

.7

.8

.9

1

Iljxuh 8= DHVWDU prgho> wudqvlwlrq ixqfwlrq +8, zlwk vorsh sdudphwhu � @

^3=4> 8` dqg 314 vwhs/ dqg zlwk wkh dv|pphwu| sdudphwhu � @ 4:> dqg zlwk
orfdwlrq sdudphwhu f @ 3=

� ����� ������

Lw zdv vwdwhg hduolhu wkdw wkh dv|pphwulf wudqvlwlrq ixqfwlrq ri Dqghuvrq +4<<:,
surylghv dq h{whqvlrq ri wkh wudqvlwlrq ixqfwlrq ri wkh HVWDU prgho1 Wkhuhiruh
lw kdv d vlplodu lqkhuhqw sureohp zkhq wkh vorsh sdudphwhu whqgv wr lq�qlw|= lw
lv sureohpdwlf wr glvwlqjxlvk wklv qrq0olqhdu prgho iurp d olqhdu rqh1

Lq wklv vhfwlrq/ wkh iroorzlqj wudqvlwlrq ixqfwlrq lv lqwurgxfhg=

Iw +�4> f4> �5> f5> |w�g, @
h{s ^��

4
+|w�g � f4,` . h{s ^�

5
+|w�g � f5,`

4 . h{s ^��
4
+|w�g � f4,` . h{s ^�

5
+|w�g � f5,`

+9,

�
4

A 3/ �
5
A 3/ f4 ? f5=

Wklv wudqvlwlrq ixqfwlrq kdv wzr wkuhvkrog sdudphwhuv f4 dqg f5/ dqg wzr
vorsh sdudphwhuv �

4
dqg �

5
1 Wkh odwwhu sdudphwhuv duh/ lq jhqhudo/ gl�huhqw dqg

wkhuhiruh wkh vorshv ri wkh wudqvlwlrq ixqfwlrq dw wkh wzr wkuhvkrog sdudphwhuv f4
dqg f5 duh/ lq jhqhudo/ gl�huhqw lq wkh EVWDUprgho1 Wklv doorzv iru dv|pphwulf
vshhg ri wudqvlwlrq iurp wkh rxwhu0orzhu uhjlph wr wkh plggoh rqh dqg iurp wkh
plggoh rqh wr wkh rxwhu0kljkhu rqh1 Wkxv lw vhuyhv dv d qdwxudo h{whqvlrq ri
wkh OVWU5 prgho wr doorz iru dv|pphwulf wudqvlwlrq vlplodu wr wkh DHVWDU
prgho ri Dqghuvrq +4<<:,/ zklfk lwvhoi lv dq h{whqvlrq ri wkh HVWDU prgho1 Lq
wklv zd| wkh sureohpv dvvrfldwhg zlwk yhu| odujh vorsh sdudphwhu ydoxhv lq wkh
+D,HVWDU prghov duh dyrlghg1

Qrwlfh wkdw wkh wudqvlwlrq ixqfwlrq +9, r�huv d pruh h{srvlwru| zd| wr fds0
wxuh wkh dv|pphwu| lq wkh vshhg ri wudqvlwlrq zkhq lw lv frpsduhg wr wkh
dssurdfk ri Dqghuvrq +4<<:, dqg hperglhg lq wkh wudqvlwlrq ixqfwlrq ri wkh
DHVWDU prgho1 Lq wkh wudqvlwlrq ixqfwlrq ri wkh EVWDU prgho hdfk vorsh sd0
udphwhu ghwhuplqhv wkh vwhhsqhvv ri wkh wudqvlwlrq ixqfwlrq dw wkh fruuhvsrqglqj
wudqvlwlrq orfdwlrq1 Zkhuhdv lq wkh DHVWDU wudqvlwlrq ixqfwlrq +8, wkh rqo|
vorsh sdudphwhu ghwhuplqhv wkh ryhudoo vwhhsqhvv ri wkh wudqvlwlrq ixqfwlrq vxfk

VE



;

-20 -15 -10 -5 0 5 10 15 20 25 30

.1

.2

.3

.4

.5

.6

.7

.8

.9

1

Iljxuh 9= EVWDU prgho> wudqvlwlrq ixqfwlrq +9, zlwk vorsh sdudphwhuv �
4
@

^3=4> 43`/ �
5
@ ^3=4> 43` zlwk vwhs 314/ uhvwulfwlrq �

4
@ �

5
> dqg zlwk orfdwlrq

sdudphwhuv f4 @ 3> f5 @ 43=

wkdw wkh dv|pphwu| ri wkh DHVWDU wudqvlwlrq ixqfwlrq lv wkh uhvxow ri wkh
lqwhusod| ehwzhhq wkh vorsh sdudphwhu � dqg wkh dv|pphwu| sdudphwhu �1

Iljxuhv 9/ :/ dqg ; looxvwudwh wkh srvvleoh vkdshv ri wkh wudqvlwlrq ixqfwlrq1
Lw lv vhhq wkdw dv orqj dv wkh wzr wkuhvkrog sdudphwhuv f4 dqg f5 duh gl�huhqw/
wkh EVWDU wudqvlwlrq ixqfwlrq qr orqjhu froodsvhv wr d srlqw1 Rq wkh frqwudu|/
wkh pdjqlwxgh ri hdfk vorsh sdudphwhu ghwhuplqhv wkh vwhhsqhvv ri wkh fruuh0
vsrqglqj vorsh ri wkh wudqvlwlrq ixqfwlrq dqg wkxv wkh fruuhvsrqglqj vshhg ri
wudqvlwlrq ehwzhhq wkh rxwhu dqg plggoh uhjlphv1 Dovr qrwlfh wkdw wkh EVWDU
wudqvlwlrq ixqfwlrq r�huv juhdwhu vkdsh ydulhw| wkdq wkh DHVWDU wudqvlwlrq
ixqfwlrq1 Wr vhh wklv/ frpsduh Iljxuhv :/ ; dqg 7/ 81

Qrwh wkdw zkhq wkh uhvwulfwlrq ri htxdolw| ri wkh vorsh sdudphwhuv lv lpsrvhg/
l1h1 �

4
@ �

5
@ �/ wkh EVWDU wudqvlwlrq ixqfwlrq forvho| dssur{lpdwhv wkh

OVWU5 wudqvlwlrq ixqfwlrq/ hvshfldoo| iru odujh ydoxhv ri wkh vorsh sdudphwhu dv
vhhq dw Iljxuh 91

Jlyhq vxfk d odujh ydulhw| ri vkdshv ri wkh wudqvlwlrq ixqfwlrq ri wkh EVWDU
prgho dqg lwv forvh uhvhpeodqfh wr wkh wudqvlwlrq ixqfwlrqv ri wkh rwkhu prghov
vxjjhvwhg lq wkh olwhudwxuh/ lw vhhpv wkdw wkh EVWDU prgho frxog vhuyh dv dq
lqwhuhvwlqj dowhuqdwlyh wr wkhvh prghov1

Rqh uhpdun ghvhuylqj dwwhqwlrq uhjdugv wkh uhodwlrqvkls ehwzhhq wkh EVWDU
prgho dqg wkh Pxowlsoh Uhjlph VWDU +PUVWDU, prgho vxjjhvwhg lq ydq Glmn
+4<<<,1 Wkh PUVWDU prgho fdq srwhqwldoo| frpsulvh pruh wkdq wzr uhjlphv1
Wklv lv dfklhyhg e| dgglqj wkh orjlvwlf wudqvlwlrq ixqfwlrqv/ hdfk ri zklfk kdv
lwv rzq orfdwlrq dqg vorsh sdudphwhuv/ vxfk wkdw/ iru h{dpsoh/ wkh PUVWDU
prgho fdq eh zulwwhq dv

|w @ !
3

{w .

p[

l@4

�
3

l
{wJl +�l> fl> |w�g, . %w>

zkhuh lw lv dvvxphg wkdw doo wkh p wudqvlwlrq ixqfwlrqv ghshqg rq wkh vdph
wudqvlwlrq yduldeoh |w�g1
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Iljxuh ;= EVWDU prgho> wudqvlwlrq ixqfwlrq +9, zlwk vorsh sdudphwhuv �
4
@

^3=4> 43` dqg vwhs 314/ �
5
@ 4> dqg zlwk orfdwlrq sdudphwhuv f4 @ 3> f5 @ 43=
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Iljxuh <= PUVWDU prgho +;,1 Wudqvlwlrq ixqfwlrq zlwk orfdwlrq sdudphwhuv
f4 @ 3 dqg f5 @ 5=8= Xsshu sdqho= vorsh sdudphwhuv �

4
@ �

5
@ ^3=4> 43` dqg

zlwk vwhs 3=4= Orzhu sdqho= vorsh sdudphwhuv �
4
@ 4> �

5
@ ^3=4> 43` dqg zlwk

vwhs 3=4=

Wklv dssurdfk r�huv juhdw  h{lelolw| ri wkh uhvxowlqj wudqvlwlrq ixqfwlrq1 Lq
idfw/ L zrxog dujxh/ wrr pxfk  h{lelolw| iru wkh vshfl�f fdvh ri wkh wkuhh0uhjlph

OVWU5/ HVWDU/ dqg EVWDU prghov zlwk rqh plggoh dqg wzr htxlydohqw rxwhu
uhjlphv dv frqvlghuhg khuh1 Wr looxvwudwh wklv srlqw/ frqvlghu wkh fdvh zkhq

p @ 5> vxfk wkdw wkh PUVWDU prgho lqyroyhv wkuhh uhjlphv=

|w @ !
3
{w . �

3

4
{wJ4 +�4> f4> |w�g, . �

3

5
{wJ5 +�5> f5> |w�g, . %w= +:,

Ixuwkhupruh/ dvvxph wkdw wkh sdudphwhu yhfwru lv vxfk wkdw �4 @ �5 @ �
�
= Wkh

wudqvlwlrq ixqfwlrqv J4 +�4> f4> |w�g, dqg J5 +�5> f5> |w�g, duh dv iroorzv

J4 +�4> f4> |w�g, @
4

4 . h{s + �
4
+|w�g � f4,,

/

J5 +�5> f5> |w�g, @
4

4 . h{s +��
5
+|w�g � f5,,

>

zkhuh �
4
A 3/ �

5
A 3> dqg f4 ? f5= Wkhq prgho +:, vlpsol�hv wr

|w @ !
3
{w . �

�3
{w ^J4 +�4> f4> |w�g, .J5 +�5> f5> |w�g,` . %w= +;,

Wkh xsshu sdqho ri Iljxuh < glvsod|v srvvleoh vkdshv ri wkh wudqvlwlrq ixqf0

wlrq xqghu wkh uhvwulfwlrq ri htxdo vorsh frh!flhqwv1 Qrwh wkdw zkhq wkh vorshv
sdudphwhuv �

4
dqg �

5
duh htxdo/ wkh uhvxowlqj wudqvlwlrq ixqfwlrq uhvhpeohv wkh

wudqvlwlrq ixqfwlrq ri hlwkhu wkh EVWDU zlwk htxdo vorsh frh!flhqwv ru wkh

OVWU5 prgho1
Wkh orzhu sdqho ri Iljxuh < glvsod|v wkh uhvxowlqj wudqvlwlrq ixqfwlrq zkhq

wkh vorsh frh!flhqwv duh doorzhg wr gl�hu1 Srwhqwldoo|/ wklv wudqvlwlrq ixqfwlrq lv

h{shfwhg wr uh hfw d wkuhh0uhjlph prgho zlwk gl�huhqw wudqvlwlrq vshhgv ehwzhhq
wkh plggoh dqg hdfk ri wkh htxlydohqw rxwhu uhjlphv1 Dv lv vhhq/ wklv lv qrw txlwh
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wkh fdvh/ dv wkh udqjh ri wkh wudqvlwlrq ixqfwlrq lv qr orqjhu erxqghg wr eh

lq wkh lqwhuydo ehwzhhq }hur dqg rqh dv d uhvxow ri kxpsv wkdw dsshdu durxqg
wkh orfdwlrq sdudphwhuv f4 dqg f5= Wkxv/ lq wklv vshfl�f fdvh ri d wkuhh0uhjlph

prgho zlwk wzr lghqwlfdo rxwhu uhjlphv dqg zlwk dv|pphwulf vshhg ri wudqvlwlrq/

wkh juhdwhu  h{lelolw| ri wkh PUVWDU wudqvlwlrq ixqfwlrq frqvwlwxwhv lwv voljkw
gudzedfn1 Wklv lpsolhv wkdw lq wklv vlwxdwlrq wkh EVWDU prghov vkrxog eh

suhihuuhg wr wkh PUVWDU prgho1

� �
 ���
���
���

Lq wklv vhfwlrq wkh txhvwlrq ri hvwlpdwlrq ri wkh EVWDU prgho xvlqj wkh pd{0

lpxp olnholkrrg phwkrg lv dgguhvvhg1 Ehorz wkh judglhqw yhfwru xqghu wkh
dvvxpswlrq ri d qrupdoo| glvwulexwhg huuru whup lv ghulyhg1 Wklv lv xvhg wr

fdofxodwh wkh EKKK dssur{lpdwlrq wr wkh lqirupdwlrq pdwul{1 Wkh yduldqfh0
fryduldqfh pdwul{ ri wkh sdudphwhu hvwlpdwruv lv fdofxodwhg lq wkh xvxdo zd|

xvlqj wkh lqyhuwhg lqirupdwlrq pdwul{1

Wr uhfdoo/ wkh EVWDU+s, prgho lv gh�qhg dv

|w @ !3
{w .

�
�3{w

�
Iw +|w�g, . xw xw � QLG

�
3> �5

�
>

Iw +|w�g, @
h{s

�
��

4
^|w�g�f4`

vf

�
. h{s

�
�
5
^|w�g�f5`

vf

�

4 . h{s
�
��

4
^|w�g�f4`

vf

�
. h{s

�
�
5
^|w�g�f5`

vf

� >

�4 A 3/ �5 A 3/ f4 ? f5>

zkhuh {w @ i4> |w�4> ===> |w�sj3 lv d yhfwru ri wkh odjv ri wkh ghshqghqw yduldeoh

lqfoxglqj wkh frqvwdqw whup1 Wkh yhfwruv ri wkh dxwruhjuhvvlyh sdudphwhuv duh

! @
�
!3> !4> ===> !s

�
3

dqg � @ +�3> �4> ===> �s,
3

=

Qrwlfh wkdw wkh ydoxhv ri wkh vorsh sdudphwhuv �4 dqg �5 duh qrw lqghshq0

ghqw ri wkh ydoxhv wkdw duh wdnhq e| wkh wudqvlwlrq yduldeoh |w�g1 Whuçvyluwd

+4<<7d, vxjjhvwv wr vwdqgdugl}h wkh wudqvlwlrq yduldeoh lq wkh xvxdo zd| e| gl0

ylglqj lw e| vfdolqj idfwru vf> zklfk lv htxdo wr wkh vdpsoh vwdqgdug ghyldwlrq

ri wkh wudqvlwlrq yduldeoh1 Vxfk vfdolqj lv qhfhvvdu| lq rughu wr pdnh wkh vorsh

sdudphwhu vfdoh iuhh iurp wkh yduldqfh ri wkh wudqvlwlrq yduldeoh1 Whuçvyluwd

+4<<;, phqwlrqv wzr dgydqwdjhv ri vxfk vfdolqj1 Iluvw/ wkhuh lv dq dgydqwdjh lq

qxphulfdo hvwlpdwlrq/ dv vfdolqj pd| eulqj wkh vorsh sdudphwhuv wr wkh vlplodu

pdjqlwxgh ri wkh rwkhu sdudphwhuv lq wkh prgho 0 xqohvv wkh vorsh sdudphwhuv

duh yhu| odujh1 Vhfrqg/ vxfk vfdolqj pd| idflolwdwh wkh vhdufk iru lqlwldo ydoxhv

ri wkh vorsh sdudphwhuv1

Wkh olnholkrrg ixqfwlrq ri wkh prgho/ dvvxplqj wkh QLG qdwxuh ri wkh huuru

whup/ lv

O @

W\
w@4

4s
5��5

h{s

�
� h5

w

5�5

�
=
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Wkh orj0olnholkrrg ri rqh revhuydwlrq/ oq ow> iru w @ 4> ===W lv

oq ow @ �4

5
oq 5� � 4

5
oq�5 � 4

5�5

�
|w � !3

{w �
�
�3{w

�
Iw +|w�g,

�
5

=

Wkh sduwldo ghulydwlyhv ri oq ow zlwk uhvshfw wr wkh prgho sdudphwhuv duh

C oq ow

C!
@

4

�5
hw{w

C oq ow

C�
@

4

�5
hw{wIw +|w�g,

C oq ow

C�
4

@ � 4

�5
hw
�
�3{w

� +|w�g � f
4
,

vf
h{s

�
��

4
^|w�g � f

4
`

vf

�
^4� Iw +|w�g,`

5

C oq ow

Cf
4

@
4

�5
hw
�
�3{w

� �
4

vf
h{s

�
��

4
^|w�g � f

4
`

vf

�
^4� Iw +|w�g,`

5

C oq ow

C�
5

@
4

�5
hw
�
�3{w

� +|w�g � f
5
,

vf
h{s

�
�
5
^|w�g � f

5
`

vf

�
^4� Iw +|w�g,`

5

C oq ow

Cf
5

@ � 4

�5
hw
�
�3{w

� �
5

vf
h{s

�
�
5
^|w�g � f

5
`

vf

�
^4� Iw +|w�g,`

5

=

Qrwlfh wkdw lq ghulylqj wkh vfruh yhfwru wkh yduldqfh ri wkh huuru whup �5

lv dvvxphg �{hg1 Wklv lv ehfdxvh wkh vhfrqg sduwldo ghulydwlyh zlwk uhvshfw

wr wkh sdudphwhu �5 irupv lwv rzq eorfn vxfk wkdw wkh uhvxowlqj lqirupdwlrq

pdwul{ lv eorfn0gldjrqdo1 Wkh dvvxpswlrq ri wuhdwlqj wkh sdudphwhu �5 �{hg

lq ghulylqj wkh vfruh yhfwru lv vlploduo| pdgh/ iru h{dpsoh/ lq Hluwkhlp dqg

Whuçvyluwd +4<<9,1

Wkh pd{lpxp olnholkrrg sdudphwhu ydoxhv duh rewdlqhg lq wkh xvxdo zd| dv d

vroxwlrq wr wkh olnholkrrg htxdwlrqv xvlqj qxphulfdo rswlpl}dwlrq phwkrgv1 Wkh

vwdqgdug huuruv duh frpsxwhg e| lqyhuwlqj wkh EKKK dssur{lpdwlrq5 wr wkh

lqirupdwlrq pdwul{ hydoxdwhg dw wkh pd{lpxp olnholkrrg sdudphwhu hvwlpdwhv

L�4
�e!>e�> e�

4
>ef4> e�5>ef5� @

%
W[
w@4

ejwej3w
&
�4

>

zkhuh ejw @ iC oqeow
C!3 > C oq

eow
C� 3 > C oq

eow
C�

4

> C oq
eow

Cf4
> C oq

eow
C�

5

> C oq
eow

Cf5
j3 lv d yhfwru ri glphqvlrq frq0

irupdeoh zlwk wkh qxpehu ri wkh hvwlpdwhg sdudphwhuv lq wkh prgho1

Lq vpdoo vdpsohv/ zkhq wkh hvwlpdwhg wudqvlwlrq ixqfwlrq lv forvh wr ehlqj

d vwhs ixqfwlrq/ wkh hvwlpdwhg lqirupdwlrq pdwul{ pd| dsshdu vlqjxodu dqg

khqfh qrqlqyhuwleoh1 Wr xqghuvwdqg zk| wklv pljkw kdsshq frqvlghu wkh sduwldo

5Dowhuqdwlyho|/ rqh fdq dssur{lpdwh wkh lqirupdwlrq pdwul{ zlwk hlwkhu dqdo|wlfdo ru qx0

phulfdo Khvvldq hydoxdwhg dw wkh PO hvwlpdwhv1 Krzhyhu/ dv suhvhqwhg ehorz wkh EKKK

dssur{lpdwlrq qlfho| looxvwudwhv zkdw fdxvhv wkh fdofxodwhg lqirupdwlrq pdwul{ wr eh uhsruwhg

dv ehlqj vlqjxodu1
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Iljxuh 43= EVWDU prgho1 Xsshu sdqhov= whupv ^4� Iw +|w�g,` >

orzhu sdqhov= whupv

�
h{s

�
�

�
4
^|w�g�f4`

vf

�
^4� Iw +|w�g,`

�
> dqg�

h{s
�
�
5
^|w�g�f5`

vf

�
^4� Iw +|w�g,`

�
> g @ 4/ �4 @ 433> f4 @ �3=8> �

5
@ 43>

f5 @ 3=8> W @ 5333=

ghulydwlyhv ri wkh orj0olnholkrrg ri rqh revhuydwlrq zlwk uhvshfw wr �l dqg fl1 Lq

wkhvh h{suhvvlrqv/ wkh iroorzlqj whupv duh ri lqwhuhvw=

h{s

�
�

�
4
^|w�g � f4`

vf

�
^4� Iw +|w�g,`

5
+<,

iru �
4
dqg f4> dqg

h{s

�
�
5
^|w�g � f5`

vf

�
^4� Iw +|w�g,`

5
+43,

iru �
5
dqg f5=

Iljxuhv 43 dqg 44 glvsod| wkhvh whupv1 Iljxuhv 43 dqg 44 zhuh jhqhudwhg

xvlqj duwl�fldo gdwd zlwk wkh iroorzlqj sdudphwhuv ri wkh wudqvlwlrq ixqfwlrq=

�
4
@ 433> f4 @ �3=8> �5 @ 43> f5 @ 3=8 iru wkh vdpsoh vl}h ri 5333 revhuydwlrqv1

Qrwlfh wkdw wkh vorsh sdudphwhuv duh doorzhg wr gl�hu vxfk wkdw wkh wudqvlwlrq

ixqfwlrq kdv udwkhu vwhhs vorsh dw wkh �uvw orfdwlrq sdudphwhu ydoxh f4 @ �3=8

dqg vrphzkdw ohvvhu vorsh dw wkh vhfrqg orfdwlrq sdudphwhu ydoxh f5 @ 3=81

Wkh whupv jlyhq lq +<, dqg +43, duh wkh pxowlsolfdwlrq surgxfw ri wkh whupv

ghslfwhg dw wkh fruuhvsrqglqj xsshu dqg orzhu sdqhov lq Iljxuh 431 Wkh orzhu

sdqhov ri Iljxuh 44 ghslfw wkh uhvxowv ri vxfk pxowlsolfdwlrq1 Revhuyh wkdw

wkh rqo| qrq}hur ydoxhv ri h{suhvvlrq +<, duh wkrvh wkdw olh lq wkh xowlpdwh

qhljkerukrrg ri wkh �uvw orfdwlrq sdudphwhu ydoxh1 E| frqwudvw/ wkh qrq}hur

ydoxhv ri h{suhvvlrq +43, duh pruh vsuhdg rxw lq wkh qhljkerukrrg ri wkh vhfrqg

orfdwlrq sdudphwhu1

Wkxv/ iru d vpdoo vdpsoh vl}h dqg odujh ydoxhv ri wkh vorsh sdudphwhu �l

l @ 4> 5> wkhuh pljkw rqo| eh d ihz revhuydwlrqv wkdw olh lq wkh xowlpdwh qhljk0

erukrrg ri wkh wkuhvkrog1 Frqvhtxhqwo|/ lq vxfk d vlwxdwlrq wkhuh pljkw eh
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Iljxuh 44= EVWDU prgho1 Xsshu sdqhov= whupv ^4� Iw +|w�g,`/ Orzhu sdqhov=

whupv +<, dqg +43, = g @ 4/ �
4
@ 433> f4 @ �3=8> �5 @ 43> f5 @ 3=8> W @ 5333=

udwkhu ihz revhuydwlrqv wkdw kdyh d fruuhvsrqglqj qrq}hur ydoxh iru wkh uhvshf0

wlyh sduwldo ghulydwlyh h{suhvvlrq1 Wklv/ lq wxuq/ lpsolhv wkdw wkh fdofxodwhg

lqirupdwlrq pdwul{ pljkw eh uhsruwhg dv ehlqj vlqjxodu dqg wkhuhiruh lpsrvvl0

eoh wr lqyhuw gxh wr dq lqvx!flhqw qxpehu ri revhuydwlrqv lq wkh qhljkerukrrg

ri wkh wkuhvkrog sdudphwhuv1 Wr vroyh wkh sureohp ri d vlqjxodu lqirupdwlrq

pdwul{ Whuçvyluwd +4<<;, vxjjhvwv wkdw rqh rplwv wkh sduwldo ghulydwlyhv ri wkh

lqglylgxdo orj0olnholkrrgv zlwk uhvshfw wr wkrvh vorsh dqg orfdwlrq sdudphwhuv

wkdw fdxvh wkh sureohp1

� 
���� � ���� �!�
��� ����� ������

Hvwlpdwlrq ri qrqolqhdu prghov lv pruh frpsoh{ zkhq frpsduhg wr hvwlpdwlrq

ri olqhdu prghov1 Dv d uhvxow rqh qhhgv wr dvvhvv zkhwkhu lw lv zruwk vshqglqj

h{wud wlph dqg h�ruwv wr �w d qrqolqhdu prgho zkhq pxfk vlpsohu olqhdu prg0

hov duh dydlodeoh1 Wklv vhfwlrq ghulyhv wkh OP0w|sh olqhdulw| whvw djdlqvw wkh

EVWDU prgho/ erwk zkhq wkh vorsh sdudphwhuv duh gl�huhqw dqg zkhq wkh|

duh htxlydohqw1 Wkh dssurdfk xqghuwdnhq khuh lv vlplodu wr wkh ghulydwlrq ri

olqhdulw| whvwv djdlqvw wkh rwkhu VWDU idplo| prghov vxjjhvwhg lq Whuçvyluwd

+4<<7d,/ iru h{dpsoh1

Wkh EVWDU+s, prgho lv

|w @ !3

{w . �3{wIw +|w�g, . xw / +44,

zkhuh {w @ i4> |w�4> ===> |w�sj
3 lv d yhfwru ri wkh odjv ri wkh ghshqghqw yduldeoh

lqfoxglqj wkh frqvwdqw whup1 Iru odwhu xvh/ gh�qh h{w @ i|w�4> ===> |w�sj
3 dv d

yhfwru ri wkh odjv ri wkh ghshqghqw yduldeoh1 Wkh yhfwruv ri wkh dxwruhjuhvvlyh

sdudphwhuv duh ! @
�
!
3
> !

4
> ===> !s

�
3

dqg � @ +�3> �4> ===> �s,
3

= Wkh huuru whup xw

lv dvvxphg wr eh dq QLG udqgrp yduldeoh zlwk yduldqfh �5= Wkh fruuhvsrqglqj

VE
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wudqvlwlrq ixqfwlrq lv

Iw +�4> f4> �5> f5> |w�g, @
h{s ^��4 +|w�g � f4,` . h{s ^�

5
+|w�g � f5,`

4 . h{s ^��4 +|w�g � f4,` . h{s ^�
5
+|w�g � f5,`

�
4

A 3> �
5
A 3> f4 ? f5=

Iluvw/ frqvlghu wkh EVWDU prgho zkhq wkh vorsh sdudphwhuv duh doorzhg wr

gl�hu1 Wkh prgho jlyhq lq +44, lv olqhdu zkhq erwk wkh vorsh sdudphwhuv duh

htxdo wr }hur �
4
@ �

5
@ 3 dqg2ru zkhq wkh sdudphwhu yhfwru � lv htxdo wr }hur

� @ 31 Wklv phdqv wkdw xqghu wkh qxoo k|srwkhvlv ri olqhdulw| wkh prgho lv qrw

lghqwl�hg1 Wklv lghqwl�fdwlrq sureohp lv vlploduo| uhohydqw wr wkh rwkhu VWDU

idplo| prghov1 Wkhuhiruh/ wkh phwkrg iru flufxpyhqwlqj wklv sureohp lv wkh

vdph dv zkhq whvwlqj iru olqhdulw| djdlqvw wkh rwkhu VWDU idplo| prghov 0 vhh/

iru h{dpsoh/ Vdlnnrqhq dqg Oxxnnrqhq +4<;;, dqg Oxxnnrqhq/ Vdlnnrqhq/ dqg

Whudvyluwd +4<;;,1 Wkdw lv/ rqh vkrxog frqvlghu d Wd|oru vhulhv h{sdqvlrq ri wkh

wudqvlwlrq ixqfwlrq durxqg wkh srlqw �
4
@ �

5
@ 31

Lq wkh iroorzlqj L zloo zrun zlwk wkh uhgh�qhg wudqvlwlrq ixqfwlrq I
�

w +�, @
Iw +�, � 5@6> vxfk wkdw lw wdnhv d ydoxh ri }hur xqghu wkh qxoo k|srwkhvlv ri

olqhdulw|/ vxfk wkdw wkh uhvxowlqj olqhdu prgho uhdgv

|w @ !3
{w . xw=

Wkh �uvw0rughu Wd|oru vhulhv h{sdqvlrq ri wkh wudqvlwlrq ixqfwlrq durxqg wkh

srlqw �
4
@ �

5
@ 3 |lhogv

W4 @ I
�

w +�, m�
4
@�

5
@3

.
CI �

w
+�,

C�
4

m�
4
@�

5
@3

� �
4
.

.
CI �

w
+�,

C�
5

m�
4
@�

5
@3

� �
5
.U

4
+�

4
> �

5
> f
4
> f
5
> |w�g,

@ +�
4

<
� |w�g .

4

<
� f

4
, � �

4
. +

4

<
� |w�g �

4

<
� f

5
, � �

5

.U
4
+�

4
> �

5
> f
4
> f
5
> |w�g, =

Diwhu vxevwlwxwlqj wkh Wd|oru vhulhv dssur{lpdwlrq lqwr wkh uhjuhvvlrq htxd0
wlrq +44, dqg uhduudqjlqj wkh whupv zh jhw

|w @ �3
4
{w . �3

5
{w � |w�g . hw> +45,

zkhuh hw @ �3{wU4
. xw dqg

�
4

@ !.
4

<
�
4
f
4
� �

4

<
�
5
f
5
�

�
5

@
4

<
� +�

5
� �

4
, =

Htxdwlrq +45, uhsuhvhqwv wkh dx{loldu| whvw uhjuhvvlrq iru wkh fdvh zkhq wkh
wudqvlwlrq yduldeoh |w�g lv qrw dq hohphqw ri wkh yhfwru h{w @ i|w�4> ===> |w�sj

3=

Wklv kdsshqv zkhq wkh rughu ri wkh EVWDU prgho lv ohvv wkdq wkh ghod| sd0
udphwhu ydoxh/ l1h1 s ? g1
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Iurp wkh frh!flhqw h{suhvvlrqv lw lv vhhq wkdw wkh qxoo k|srwkhvlv ri olqhdulw|
�
4
@ �

5
@ 3 fruuhvsrqgv wr wkh frqglwlrq wkdw wkh sdudphwhu yhfwru �

5
htxdov

}hur/ l1h1 �
5
@ 3= Dovr qrwlfh wkdw xqghu wkh qxoo k|srwkhvlv zh kdyh hw @ xw> dv

wkh uhpdlqlqj whup lq wkh Wd|oru h{sdqvlrq U
4
+�

4
> �

5
> f
4
> f
5
> |w�g, htxdov }hur1

Jlyhq wklv wkhq/ olqhdulw| whvwlqj dprxqwv wr whvwlqj iru lqvljql�fdqfh ri wkh
sdudphwhu yhfwru �

5
> d surfhgxuh zklfk fdq eh fduulhg rxw lq d vwudljkwiruzdug

pdqqhu e| phdqv ri d OP0w|sh whvw xqghu wkh dvvxpswlrq ri qrupdolw| ri wkh
huuru whup1 Xqghu wkh uhjxodulw| frqglwlrqv glvfxvvhg lq Oxxnnrqhq/ Vdlnnrqhq/
dqg Whudvyluwd +4<;;,/ wkh whvw vwdwlvwlf lv "5 +s. 4, 0 glvwulexwhg xqghu wkh qxoo
k|srwkhvlv1

Lq wkh fdvh wkh wudqvlwlrq yduldeoh |w�g fruuhvsrqgv wr dq hohphqw ri wkh
yhfwru h{w wkh dx{loldu| uhjuhvvlrq +45, qhhgv eh uhduudqjhg dv

|w @ �
4>3

. h�
3

4
h{w . �

5>3
|w�g . h�

3

5
h{w � |w�g . hw /

vxfk wkdw wkh dx{loldu| uhjuhvvlrq wdnhv wkh irup

|w @ �
4>3

.
h

h�
3

4
h{w .

h�
3

5
h{w � |w�g . hw> +46,

zlwk h�
m
@ i�

m>4
> ===> �

m>s
j
3 iru m @ 4> 5> dqg

h

h�
4>l @

+ h�
4>l li l 9@ gh�

4>l . �
5>3 li l @ g

,
l @ 4> ===> s=

Wkhuh lv rqh pruh uhpdun uhjduglqj wkh xvh ri uhjuhvvlrq htxdwlrq +46,

iru olqhdulw| whvwlqj1 Wkh sdudphwhu �3 grhv qrw hqwhu lqwr wkh h{suhvvlrqv

iru wkh sdudphwhu yhfwru ri lqwhuhvw h�
5
1 Wklv lpsolhv wkdw wkh whvw edvhg rq

wkh uhjuhvvlrq htxdwlrq lv olnho| wr kdyh udwkhu orz srzhu zkhq wkh lqwhufhsw

lv wkh rqo| sdudphwhu wkdw lv fkdqjlqj dfurvv wkh gl�huhqw uhjlphv1 Vhh wkh

glvfxvvlrq lq Whuçvyluwd +4<<7d, ri wkh vlplodu sureohp wkdw dulvhv lq wkh OVWU4

prgho zkhq wkh dx{loldu| whvw htxdwlrq lv edvhg rq wkh �uvw0rughu Wd|oru vhulhv

h{sdqvlrq ri wkh orjlvwlf wudqvlwlrq ixqfwlrq1

Lw lv lqwhuhvwlqj wr qrwh wkdw wkh frqglwlrq ri wkh vorsh frh!flhqw htxdolw|/

�
4
@ �

5
/ dovr lpsolhv �

5
@ 3 lq htxdwlrq +45, dqg h�

5
@ 3 lq htxdwlrq +46, = Wklv

lq wxuq lpsolhv wkdw wkh olqhdulw| whvw edvhg rq uhjuhvvlrqv +45, dqg +46, idlov

wr glvwlqjxlvk ehwzhhq d olqhdu xqghuo|lqj prgho dqg d qrqolqhdu xqghuo|lqj

prgho zklfk lv fkdudfwhul}hg e| d EVWDU wudqvlwlrq ixqfwlrq zlwk htxdo vorsh

sdudphwhuv1 Khqfh/ lw zrxog eh qrw dgylvdeoh wr xvh uhjuhvvlrq htxdwlrqv +45,

dqg +46, iru olqhdulw| whvwlqj zkhq rqh eholhyhv wkdw wkh xqghuo|lqj prgho lv wkh

EVWDU prgho zlwk htxdo vorsh frh!flhqwv1

Wklv uhvxow lv lqwhuhvwlqj wr frpsduh zlwk wkh dx{loldu| uhjuhvvlrq wkdw lv

xvhg wr whvw iru olqhdulw| djdlqvw wkh HVWDU dqg OVWU5 prghov ehfdxvh wkhvh

prghov forvho| uhvhpeoh wkh EVWDU prgho zlwk htxdo vorsh frh!flhqwv1 Lqghhg/

zkhq whvwlqj olqhdulw| djdlqvw wkh HVWDU ru OVWU5 prghov/ wkh fruuhvsrqglqj

dx{loldu| whvw uhjuhvvlrqv kdyh dgglwlrqdo uhjuhvvruv vxfk dv {w �|
5

w�g dqg {w �|
6

w�g/

+vhh Whuçvyluwd +4<<;, s=849,1

VE
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Rqh fdq wkxv frqfoxgh wkdw d kljkhu0rughu Wd|oru vhulhv h{sdqvlrq ri wkh

wudqvlwlrq ixqfwlrq lv qhhghg lq rughu wr ghylvh d olqhdulw| whvw wkdw lv iuhh iurp

wkh gh�flhqflhv looxvwudwhg deryh1 Qrz/ frqvlghu wkh vhfrqg0rughu Wd|oru vhulhv

h{sdqvlrq ri wkh wudqvlwlrq ixqfwlrq I �w +�, durxqg wkh srlqw �
4
@ �

5
@ 3=

W5 @ I �w +�, m�
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.U4 +�4> �5> f4> f5> |w�g, =

Vxevwlwxwlrq ri wkh Wd|oru vhulhv h{sdqvlrq h{suhvvlrq iru wkh wudqvlwlrq ixqf0
wlrq lq +44, |lhogv wkh iroorzlqj dx{loldu| uhjuhvvlrq prgho

|w @ �3
4
{w . �3

5
{w � |w�g . �3

6
{w � |

5

w�g . hw> +47,

zkhuh hw @ �3{wU5 . xw dqg
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Wkh qxoo k|srwkhvlv ri olqhdulw| �
5
@ �

4
@ 3 lpsolhv wkdw wkh sdudphwhu

yhfwruv �
5
dqg �

6
duh htxdo wr }hur iru wkh fdvh zkhq s ? g1 Wkh whvw vwdwlvwlf

kdv d vwdqgdug "
5 glvwulexwlrq zlwk 5 +s. 4, ghjuhhv ri iuhhgrp1

Zkhq lw lv wkh fdvh wkdw 4 � g � s wkh dx{loldu| whvw uhjuhvvlrq lv uhsruwhg

dv lq htxdwlrq +48, ehorz=

|w @ �
4>3 .

h�
3

4
h{w . �

5>3|w�g . h�
3

5
h{w|w�g . �

6>3|
5

w�g .
h�
3

6
h{w|

5

w�g . hw

zkhuh h�m @ i�m>4> ===> �m>sj
3 iru m @ 4> 5> 6=

|w @ �
4>3 .

h

h�
3

4
h{w .

h
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3

5
h{w|w�g . h�

3

6
h{w|

5

w�g . hw> +48,
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zkhuh

h

h�
4>l @

+ h�
4>l li l 9@ gh�

4>l . �
5>3 li l @ g

,
l @ 4> ===> s

dqg

hh�
5>l

@

+ h�
5>l

li l 9@ gh�
5>l

. �6>3 li l @ g

,
l @ 4> ===> s=

Khqfh/ zkhq wkh wudqvlwlrq yduldeoh |
w�g

lv dq hohphqw ri wkh yhfwru h{
w
@

i|
w�4> ===> |w�s

j3 wkh olqhdulw| whvw djdlqvw wkh EVWDU prgho zlwk gl�huhqw vorsh

frh!flhqwv uhgxfhv wr whvwlqj iru wkh mrlqw lqvljql�fdqfh ri wkh dx{loldu| uhjuhv0

vlrq sdudphwhuv
hh�5 dqg h�6= Wkh fruuhvsrqglqj whvw vwdwlvwlfv kdyh wkh vwdqgdug

"5 glvwulexwlrq zlwk 5s ghjuhhv ri iuhhgrp xqghu wkh qxoo k|srwkhvlv1

Wkh olqhdulw| whvw edvhg rq whvw wkh uhjuhvvlrq +48, dovr kdv srzhu lq d

vlwxdwlrq zkhq wkh lqwhufhsw lv wkh rqo| sdudphwhu wkdw wdnhv gl�huhqw ydoxhv lq

gl�huhqw uhjlphv1 Wklv lv revhuyhg vlqfh wkh sdudphwhu yhfwru
hh�
5
rqo| htxdov

}hur zkhq doo wkh hohphqwv ri wkh sdudphwhu yhfwru � duh htxdo wr }hur wrr/ l1h1

zkhq �3 @ �4 @ �5=

Djdlq/ qrwlfh wkdw wkh whvw uhjuhvvlrq +48, lv h{dfwo| wkh vdph dv wkh whvw

uhjuhvvlrqv xvhg wr fduu| rxw wkh olqhdulw| whvwv djdlqvw wkh HVWDU dqg OVWU5

prghov/ vhh htxdwlrq +6=49, lq Whuçvyluwd +4<<7d, dqg Whuçvyluwd +4<<;, +s=849,1

Lq wkh fdvh zkhq erwk vorshv sdudphwhuv lq wkh wudqvlwlrq ixqfwlrq duh htxdo/

wkh qxoo k|srwkhvlv ri olqhdulw| lv

K3 = � @ 3=

Wkhq wkh wudqvlwlrq ixqfwlrq lv

I
w
+�> f4> f5> |w�g

, @
h{s ^�� +|

w�g
� f4,` . h{s ^� +|

w�g
� f5,`

4 . h{s ^�� +|
w�g

� f4,` . h{s ^� +|
w�g

� f5,`

� A 3> f4 A f5=

Wkh olqhdulw| whvw fdq eh vlploduo| ghulyhg xvlqj d vhfrqg0rughu Wd|oru vhulhv

h{sdqvlrq ri wkh EVWDU wudqvlwlrq ixqfwlrq durxqg wkh srlqw � @ 3 =

W5 @ I
w
+�, m

�@3 .
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w
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m
�@3 � � .

C
5
Iw +�,

C5�
m�@3 � �

5 .U5 +�> f4> f5> |w�g, =

Vxevwlwxwlqj lw lqwr wkh EVWDU prgho dqg uhduudqjlqj whupv uhvxowv lq dx{0
loldu| uhjuhvvlrq +49, ehorz zkhq wkh ydoxh ri wkh ghod| sdudphwhu g lv juhdwhu

wkdq wkh rughu ri wkh EVWDU prgho=

|w @ �34{w . �35{w � |w�g . �36{w � |
5

w�g . hw> +49,
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Revhuyh wkdw/ wkh qxoo k|srwkhvlv ri olqhdulw| � @ 3 lpsolhv wkdw wkh uhjuhvvlrq

frh!flhqw yhfwruv �5 dqg �6 duh htxdo wr }hur zkhq wkh wudqvlwlrq yduldeoh lv
qrw dq hohphqw ri wkh yhfwru h{w @ i|w�4> ===> |w�sj

31

Lq fdvh wkh wudqvlwlrq yduldeoh lv dq hohphqw ri wkh yhfwru h{w @ i|w�4> ===> |w�sj
3

wkh fruuhvsrqglqj dx{loldu| whvw uhjuhvvlrq lv jlyhq lq +4:, = Wr vhh wklv/ zh qhhg
wr froohfw vlplodu whupv lq htxdwlrq +49, > dv iroorzv=

|w @ �4>3 .
h�3
4
h{w . �5>3|w�g . h�3

5
h{w � |w�g . �6>3|

5

w�g .
h�3
6
h{w � |

5

w�g . hw

dqg h�m @ i�m>4> ===> �m>sj
3 iru m @ 4> 5> 6=

|w @ �4>3 .
hh�34h{w .

hh�35h{w � |w�g . h�36h{w � |
5

w�g . hw> +4:,

zkhuh

hh�4>l @
+ h�

4>l li l 9@ g
h�
4>l

. �
5>3

li l @ g

,
l @ 4> ===> s

dqg

hh�
5>l

@

+ h�
5>l

li l 9@ gh�
5>l

. �
6>3

li l @ g

,
l @ 4> ===> s=

Qh{w/ qrwh wkdw wkh qxoo k|srwkhvlv ri olqhdulw| � @ 3 lpsolhv wkdw wkh frhi0

�flhqwv
hh�
5
dqg h�

6
lq htxdwlrq +4:, duh htxdo wr }hur1 Khqfh/ wkh olqhdulw| whvw

djdlqvw wkh EVWDU prgho zlwk htxdo vorsh frh!flhqwv uhgxfhv wr whvwlqj iru

wkh mrlqw vljql�fdqfh ri wkh dx{loldu| uhjuhvvlrq sdudphwhuv
hh�
5
dqg h�

6
= Wkh whvw

vwdwlvwlf kdv d vwdqgdug "5 glvwulexwlrq zlwk 5s ghjuhhv ri iuhhgrp xqghu wkh

qxoo k|srwkhvlv1

Lq vpdoo vdpsohv wkh dv|pswrwlf "5 glvwulexwlrq pljkw eh d udwkhu srru

dssur{lpdwlrq wr wkh glvwulexwlrq ri wkh whvw vwdwlvwlfv1 Wkhuhiruh Whuçvyluwd

+4<<;, vxjjhvwv xvlqj wkh I�whvw lqvwhdg/ zklfk lv fduulhg rxw lq wkh iroorzlqj

wkuhh vwhsv=

41 fdofxodwh wkh uhvwulfwhg uhvlgxdo vxp ri vtxduhv VVU3 @
S

W

w@4
+ex

w
,
5
diwhu

uhjuhvvlqj |
w
rq {

w
>
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51 fdofxodwh wkh xquhvwulfwhg uhvlgxdo vxp ri vtxduhv VVU4 @
S

W

w@4
+eh

w
,
5

diwhu uhjuhvvlqj |
w
rq {

w
> {

w
� |

w�g
> dqg {

w
� |5

w�g

lq wkh fdvh zkhq s ? g>

dqg |
w
rq {

w
> h{

w
� |

w�g
> dqg h{

w
� |5

w�g

lq wkh fdvh zkhq 4 � g � s=

61 fdofxodwh

I @
+VVU3 � VVU4, @gi4

VVU4@gi5
/

zkhuh gi4 @ 5 +s. 4, dqg gi5 @ W � 6s� 6 lq wkh fdvh zkhq s ? g> dqg

gi4 @ 5s dqg gi5 @ W �6s�4 lq wkh fdvh zkhq 4 � g � s= Xqghu wkh qxoo

k|srwkhvhv K3 = �5 @ �6 @ 3 dqg K3 =
h

h�5 @ h�6 @ 3 wkh uhvshfwlyh whvw

vwdwlvwlfv kdyh dssur{lpdwh glvwulexwlrqv I +5 +s. 4, > W � 6s� 6, dqg

I +5s> W � 6s� 4,1

" �
�� �	
#	��
�� ����
�!�

Wkh plvvshfl�fdwlrq whvwv wkdw fkhfn wkh dghtxdf| ri wkh hvwlpdwhg VWDU idp0

lo| prghov frpsulvh dq lpsruwdqw sduw ri wkh prghoolqj f|foh1 Ri lqwhuhvw duh

wkh whvw ri qr dxwrfruuhodwlrq/ wkh whvw ri sdudphwhu frqvwdqf| dqg wkh whvw ri

qr uhpdlqlqj qrqolqhdulw|1 Doo wkhvh whvwv zhuh �uvw vxjjhvwhg lq Hluwkhlp dqg

Whuçvyluwd +4<<9, iru wkh OVWU4 dqg HVWDU prghov1 Lq wklv sdshu wkh| duh

dgdswhg wr wkh EVWDU prghov hlwkhu zlwk ru zlwkrxw wkh uhvwulfwlrq ri htxdo

vorsh sdudphwhuv1 Dv doo ghwdlov ri wkh whvwv fdq eh irxqg lq wkh uhihuhqfh deryh/

L zloo rqo| eulh | rxwolqh zkdw vkrxog eh fkdqjhg lq rughu wr dgdsw wkhp wr wkh

EVWDU prgho1

Lq idfw/ rqo| wkh h{suhvvlrqv iru wkh �uvw sduwldo ghulydwlyhv ri wkh EVWDU

wudqvlwlrq ixqfwlrq zlwk uhvshfw wr wkh sdudphwhuv ri wkh uhvshfwlyh wudqvlwlrq

ixqfwlrqv qhhg wr eh ghulyhg1 Iluvw/ frqvlghu wkh EVWDU prgho zlwkrxw lp0

srvlqj wkh uhvwulfwlrq ri htxdo vorsh sdudphwhuv �4 dqg �51 Wkh qhhghg sduwldo

ghulydwlyhv duh

CIw

C�4
@ �

�
�3{w

� +|w�g � f4,

vf
h{s

�
��4

^|w�g � f4`

vf

�
^4� Iw +|w�g,`

5

CIw

Cf4
@

�
�
3

{w

� �
4

vf
h{s

�
��

4

^|w�g � f4`

vf

�
^4� Iw +|w�g,`

5

CIw

C�
5

@
�
�
3

{w

� +|w�g � f5,

vf
h{s

�
�
5

^|w�g � f5`

vf

�
^4� Iw +|w�g,`

5

CIw

Cf5
@ �

�
�
3

{w

� �
5

vf
h{s

�
�
5

^|w�g � f5`

vf

�
^4� Iw +|w�g,`

5
=

Vhfrqg/ frqvlghu wkh EVWDU prgho zlwk wkh htxdo vorsh sdudphwhu uhvwulf0

wlrq lpsrvhg1 Lq wklv fdvh/ wkh yhfwru ri wkh �uvw ghulydwlyhv ri wkh fruuhvsrqglqj
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Iljxuh 45= LLS Fdqdgd/ jurzwk udwh/ �4351

wudqvlwlrq ixqfwlrq uhdgv=

CIw

C�
4

@ �

�
�
3

{w

� +|w�g � f4,

vf
h{s

�
��

4

^|w�g � f4`

vf

�
^4� Iw +|w�g,`

5

.
�
�
3

{w

� +|w�g � f5,

vf
h{s

�
�
4

^|w�g � f5`

vf

�
^4� Iw +|w�g,`

5

CIw

Cf4
@

�
�
3

{w

� �
4

vf
h{s

�
��

4

^|w�g � f4`

vf

�
^4� Iw +|w�g,`

5

CIw

Cf5
@ �

�
�
3

{w

� �
4

vf
h{s

�
�
4

^|w�g � f5`

vf

�
^4� Iw +|w�g,`

5
=

$ %� 
�
	�� �&�� ���

Dv dq looxvwudwlrq ri wkh hpslulfdo uhohydqfh ri wkh vxjjhvwhg prgho/ wkh prgholqj

vwudwhj| vxjjhvwhg lq Whuçvyluwd +4<<;, lv dssolhg wr wkh lqgxvwuldo surgxfwlrq
lqgh{ ri Fdqdgd6 wdnhq iurp wkh RHFG gdwdedvh1 Wkh vhdvrqdoo| xqdgmxvwhg

txduwhuo| gdwd vsdq wkh shulrg iurp 4<93=4 xqwlo 4<<;=51 Wkh vdpsoh vl}h lv 487

revhuydwlrqv1

Wkh �uvw gl�huhqfh ri wkh orjdulwkplf wudqvirupdwlrq ri wkh wlph vhulhv lv

glvsod|hg lq Iljxuh 451 Qrwh wkdw lq rughu wr dyrlg kdylqj wr ghdo zlwk vpdoo

qxpehuv wkh wudqviruphg wlph vhulhv zdv pxowlsolhg e| 4331

Lq wkh �uvw vwhs d olqhdu dxwruhjuhvvlyh prgho lv �wwhg wr wkh gdwd dw kdqg=

|w @ 3=63:
+3=3;3,

|w�4 . 3=45:
+3=3;5,

|w�5 � 3=364
+3=3:<,

|w�6 . 3=65:
+3=3:8,

|w�7

�3=5;<|w�8
+3=3:5,

� 3=4:3
+3=3:9,

|w�9 � 3=3:4
+3=3::,

|w�: . 3=578
+3=3:7,

|w�;

.3=75<V4
+3=955,

�3=53:
+3=8;7,

V5 �4=5;7
+3=8;3,

V6 .5=<89
+3=8;6,

V7

6Wklv gdwd zhuh nlqgo| surylghg e| Elujlw Vwulnkrop1
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Wdeoh 4= Olqhdulw| whvw1

I0whvw s0ydoxh gi4 gi5

d,
4 4137:: 317438 45 454

e,
5 41<873 313439 57 43<

� edvhg rq d �uvw0rughu ri Wd|oru vhulhv h{sdqvlrq ri wkh wudqvlwlrq ixqfwlrq1
2 edvhg rq d vhfrqg0rughu ri Wd|oru vhulhv h{sdqvlrq ri wkh wudqvlwlrq ixqfwlrq1

W @ 478/ U5
@ 3=;7:> e�ROVDU+;,

@ 4=9:4> IDU4�8+8> 45;, @ 3=9:8^3=976`>

IDUFK7+7> 458, @ 3=86:^3=:3;`> "5qrupdolw| +5, @ 7=9:5^3=3<:`>

I{5
l
+4<> 446, @ 3=<44^3=8:4`> IUHVHW +4> 465, @ 3=984^3=754`=

Xqghu wkh hvwlpdwhg uhjuhvvlrq wkh iroorzlqj xvhixo lqirupdwlrq lv surylghg=

W� d vdpsoh vl}h> U5
� d vtxduhg pxowlsoh fruuhodwlrq frh!flhqw> e�ROVDU+;,

� d

vwdqgdug ghyldwlrq ri uhvlgxdov> IDU4�8� d I 0whvw iru 8
wk

rughu ri uhvlgxdo dx0

wrfruuhodwlrq/ Jrgiuh| +4<:;,> IDUFK7� d I 0whvw iru 7wk rughu ri DUFK/ Hqjoh

+4<;5,> "5qrupdolw|� d fkl0vtxduh whvw iru qrupdoo| glvwulexwhg uhvlgxdov/ Grruqln

dqg Kdqvhq +4<<7,> I{5
l

� d I 0whvw iru khwhurvfhgdvwlflw| xvlqj vtxduhv ri uh0

juhvvruv/ Zklwh +4<;3,> IUHVHW� d I 0whvw iru ixqfwlrqdo irup plv0vshfl�fdwlrq/

Udpvh| +4<9<,1 Doo wkh whvwv zhuh fdofxodwhg xvlqj SfJlyh <14/ vhh Khqgu| dqg

Grruqln +4<<<,1 Qrwlfh wkdw wkh vwdqgdug huuruv duh uhsruwhg lq sduhqwkhvhv

xqghu wkh sdudphwhu hvwlpdwhv1

Wkh DU+;, prgho deryh zdv xvhg dv d edvlv iru wkh olqhdulw| whvw dv lw

vhhpv wr uhpryh dxwrfruuhodwlrq lq uhvlgxdov dqg vdwlvi| wkh rwkhu prgho ghvljq

fulwhuld1 Wkh uhvxowv ri wkh whvw xvlqj wkh wuhqg dv d wudqvlwlrq yduldeoh/ duh

vkrzq lq Wdeoh 41 Wkh whvw vwdwlvwlf zdv fdofxodwhg xvlqj �uvw0 dqg vhfrqg0rughu

Wd|oru vhulhv h{sdqvlrqv ri wkh EVWDU wudqvlwlrq ixqfwlrq1

Qrwh wkdw wkh olqhdulw| whvw edvhg rq wkh �uvw0rughu Wd|oru h{sdqvlrq dffhswv

wkh qxoo ri olqhdulw|1 Krzhyhu/ wkh whvw edvhg rq wkh vhfrqg0rughu h{sdqvlrq

uhmhfwv wkh qxoo k|srwkhvlv ri olqhdulw| dw wkh 8( vljql�fdqfh ohyho1 Khqfh/ wkh

qh{w vwhs lv qrqolqhdu prgholqj ri wkh wlph vhulhv lq txhvwlrq1 Wkh hvwlpdwhg

qrq0olqhdu prgho kdv wkh jhqhudo irup=

|w @ !
3
h{w . V

!3
Gw .

�
�
3h{w . V� 3Gw

�
Iw +w@W , . xw /

zkhuh h{w @ +|w�4> ===> |w�s,
3

dqg Gw lv d yhfwru ri wkh vhdvrqdo gxpplhv1 V! @

+V
!
4
> ===> V

!
7
,
3 dqg V� @ +V�

4
> ===> V�

7
,
3 duh vhdvrqdo sdudphwhu yhfwruv/ zkhuhdv !

dqg � duh dxwruhjuhvvlyh sdudphwhu yhfwruv1 Iw +w@W , lv wkh EVWDU wudqvlwlrq

ixqfwlrq +9, > zkhuh wkh wuhqg yduldeoh w> glylghg e| wkh wrwdo qxpehu ri dydlodeoh

revhuydwlrqv W / lv xvhg dv wkh wudqvlwlrq yduldeoh1 Khqfh/ wkh wudqvlwlrq yduldeoh

lv qrupdol}hg wr wdnh ydoxhv lq wkh lqwhuydo +3> 4`1

Iluvw/ wkh EVWDU prgho zdv hvwlpdwhg xvlqj d pd{lpxp ri hljkw odjv ri wkh

ghshqghqw yduldeoh erwk lq wkh olqhdu dv zhoo dv qrqolqhdu sduwv ri wkh prgho1
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Wkh hvwlpdwlrq uhvxowv +qrw uhsruwhg lq rughu wr vdyh wkh vsdfh, zhuh xqvdwlvidf0

wru| dv wkh ydulrxv prgho vshfl�fdwlrq dvvxpswlrqv zhuh ylrodwhg1 Wkh prgho

wkdw sdvvhv doo wkh plvvshfl�fdwlrq whvwv lv jlyhq lq +4;, ehorz1 Revhuyh wkdw

wrjhwkhu zlwk wkh xvxdo h{foxvlrq uhvwulfwlrqv !
l
@ 3 dqg �l @ 3/ uhvwulfwlrqv

ri wkh w|sh *
l
@ ��l zhuh lpsrvhg rq wkh frh!flhqwv wkdw fruuhvsrqg wr <wk/

43wk/ dqg 44wk odjv dv zhoo dv rq wkh frh!flhqw wkdw fruuhvsrqgv wr wkh �uvw

vhdvrqdo gxpp| V4=

|w @ 3=6<:
+3=388,

|w�4 .3=5:7
+3=397,

|w�5 �3=595
+3=44;,

|w�7 �3=4;8
+3=399,

|w�8 +4;,

�3=474
+3=446,

|w�< .3=637
+3=438,

|w�43 �3=66;
+3=43:,

|w�44

.9=6:5
+4=675,

V4 �;=;<3
+4=75<,

V5 �8=;43
+4=477,

V6 .43=953
+4=66,

V7 .

^�3=594
+3=3;9,

|w�6 .3=884
+3=483,

|w�7 .3=474
+3=446,

|w�<

�3=637
+3=438,

|w�43 .3=66;
+3=43:,

|w�44 .3=663
+3=3:8,

|w�49 .

�9=6:5
+4=675,

V4 .9=<75
+4=694,

V5 .7=<9:
+4=639,

V6 �:=894
+4=6:8,

V7` � e

Iw +w@W , >

e

Iw +w@W , @

h{s

�
�

:=45<
+5=:7<,

e�
w@W

�
w@W � 3=66<

+3=34<,

��
. h{s

�
985=39

+,

e�w@W

�
w@W�3=:3:

+3=33355,

��

4 . h{s

�
�

:=45<
+5=:7<,

e�w@W

�
w@W � 3=66<

+3=34<,

��
. h{s

�
985=39

+,

e�w@W

�
w@W �3=:3:

+3=33355,

�� /

W @ 46:/ e�
EVWDU

@ 4=688/ e�
w@W

@ 3=5;<> "5
DUFK7 +7, @ 5=;49 ^3=8;;` >

"5
qrupdolw|

+5, @ 5=668^3=644`> e�
EVWDU

@e�
ROVDU+49,

@ 4=688@4=8<: @ 3=;8=

Vwdqgdug huuruv duh uhsruwhg lq sduhqwkhvhv xqghu wkh sdudphwhu hvwlpdwhv1

Dovr qrwlfh wkdw wkh vwdqgdug huuru lv qrw uhsruwhg iru wkh vhfrqg wkuhvkrog

sdudphwhu hvwlpdwh e�51 Wklv lv ehfdxvh wkh hvwlpdwhg vorsh sdudphwhu lv vr

vwhhs wkdw iru wkh jlyhq vdpsoh vl}h wkh qxpehu ri revhuydwlrqv wkdw olh lq wkh

yhu| qhljkerukrrg ri wkh fruuhvsrqglqj orfdwlrq sdudphwhu hvwlpdwh ef5 lv qrw

vx!flhqw wr hqvxuh wkh ixoo udqn ri wkh uhsruwhg lqirupdwlrq pdul{/ vhh Iljxuh

47 dqg Vhfwlrq 7 iru dq h{sodqdwlrq ri wkh sureohp1

Wkh hvwlpdwhg uhvlgxdo ydoxhv/ fruuhorjudp/ dqg ghqvlw| duh uhsruwhg lq Ilj0

xuh 461 Dfwxdo dqg �wwhg ydoxhv dorqj zlwk wkh hvwlpdwhg wudqvlwlrq ixqfwlrq duh

ghslfwhg lq Iljxuh 471 Wkh udwlr ri vwdqgdug ghyldwlrqv ri wkh uhvlgxdov ri wkh

EVWDU dqg olqhdu DU+49, prghov lv e�
EVWDU

@e�
ROVDU+49,

@ 4=688@4=8<: @ 3=;8/

vxfk wkdw wkh yduldqfh ri wkh EVWDU uhvlgxdov lv rqo| derxw :5( ri wkdw ri wkh

olqhdu DU+49, prgho= Iljxuh 48 glvsod|v hvwlpdwhg uhvlgxdov iurp wkh qrqolqhdu

EVWDU dqg olqhdu DU+49, prghov1
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Wdeoh 5= OP whvw ri qr vhuldo fruuhodwlrq1

I � whvw s� ydoxh gi4 gi5 I � whvw s� ydoxh gi4 gi5
31344 31<49 4 447 4155< 315;< ; 433

3137: 31<86 5 445 41444 31695 < <;

31858 31998 6 443 31<;8 31794 43 <9

31:83 3188< 7 43; 31;:4 318:3 44 <7

31:<7 31889 8 439 31;54 3195; 45 <5

31:57 31963 9 437 41396 31733 46 <3

3197< 31:46 : 435

Wdeoh 6= OP whvw ri sdudphwhu frqvwdqf|1

I0whvw s0ydoxh gi4 gi5

Doo 31;44 31:;3 84 98

Doo olqhdu 414:< 315;9 54 <8

Doo qrqolqhdu 31:87 31;39 63 ;9

DU olqhdu 31:89 319<6 45 437

Gxpplhv olqhdu 318<6 31;33 < 43:

DU qrqolqhdu 31;:; 31938 4; <;

Gxpplhv qrqolqhdu 318:4 31;93 45 437

Wdeoh 7= OP whvw ri qr uhpdlqlqj qrqolqhdulw|1

WY4 I0whvw s0ydoxh gi4 gi5 WY I0whvw s0ydoxh gi4 gi5

|w�4 41754 313<3 7; 9; |w�43 31<56 31944 7; 9;

|w�5 41673 31464 7; 9; |w�44 41597 314;8 7; 9;

|w�6 31<8< 31888 7; 9; |w�45 3199; 31<5< 7; 9;

|w�7 31;53 31:96 7; 9; |w�46 31:49 31;;; 7; 9;

|w�8 4175: 313;: 7; 9; |w�47 31:5; 31;:9 7; 9;

|w�9 41467 31645 7; 9; |w�48 31::: 31;4< 7; 9;

|w�: 4139; 316<8 7; 9; |w�49 31;36 31:;9 7; 9;

|w�; 31:47 31;<3 7; 9; wuhqg 41568 31546 93 9;

|w�< 31<;5 31853 7; 9;

4 WY 0 wudqvlwlrq yduldeoh1
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Iljxuh 46= LLS Fdqdgd/ jurzwk udwh1 EVWDU prgho +4;,1 Uhvlgxdov/ lwv fruuho0
rjudp/ klvwrjudp/ dqg hvwlpdwhg ghqvlw|1

1965 1970 1975 1980 1985 1990 1995

-5

0

5

10
Actual and Fitted

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1

.25

.5

.75

1
Transition Function

Iljxuh 47= LLS Fdqdgd/ jurzwk udwh1 Dfwxdo dqg �wwhg ydoxhv ri d EVWDU

prgho +4;,1 Wudqvlwlrq ixqfwlrq1
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Iljxuh 48= LLS Fdqdgd/ jurzwk udwh1 Hvwlpdwhg uhvlgxdov ri d EVWDU prgho

+4;, dqg d olqhdu DU+49, prgho1

' (��	���
���

Wkh suhvhqw sdshu kdv lqwurgxfhg d qrqolqhdu prgho wkdw lv uhodwhg wr wkh VWDU

fodvv ri prghov1 Wkh vr0fdoohg EVWDU prgho/ zklfk khuh lv �wwhg wr wkh jurzwk

udwh ri wkh Fdqdgldq Lqgh{ ri Lqgxvwuldo Surgxfwlrq wlph vhulhv/ lv d jhqhudol}d0

wlrq ri wkh wkuhh uhjlph OVWU5 prgho vxjjhvwhg hduolhu lq Whuçvyluwd +4<<;,1

Wkh OVWU5 prgho kdv rqh vorsh sdudphwhu dqg wzr wkuhvkrog sdudphwhuv/ vxfk

wkdw wkh vshhg ri wudqvlwlrq ehwzhhq wkh rxwhu dqg wkh plggoh uhjlphv 0 phd0

vxuhg e| wkh vorsh sdudphwhu 0 lv wkh vdph1 Lq frqwudvw/ wkh vxjjhvwhg EVWDU

prgho srvvhvvhv wzr vorsh dqg wzr wkuhvkrog sdudphwhuv/ vxfk wkdw zkhq wkh

vorsh sdudphwhuv gl�hu iurp hdfk rwkhu/ gl�huhqw vshhgv ri wudqvlwlrq ehwzhhq

wkh rxwhu0orzhu dqg wkh plggoh uhjlphv/ dv zhoo dv ehwzhhq wkh plggoh uhjlph

dqg wkh rxwhu0xsshu uhjlphv/ lv doorzhg iru1 Lq wkh fdvh zlwk htxdo vorsh sd0

udphwhuv/ wkh EVWDU prgho forvho| vxevwlwxwhv wkh OVWU5 prgho1

Lq dgglwlrq/ wkh idfw wkdw wkh wkuhh0uhjlph EVWDU prgho kdv wzr jhqhudoo|

gl�huhqw wkuhvkrog sdudphwhuv khosv dyrlg wkh xqiruwxqdwh surshuwlhv ri wkh

HVWDU dqg DHVWDU prghov lq d vlwxdwlrq zkhq wkh rqo| vorsh sdudphwhu lq

wkhvh prghov lv udwkhu odujh1

��)����	��

Dqghuvrq/ K1 P1 +4<<:,= �Wudqvdfwlrq Frvwv dqg Qrq0Olqhdu Dgmxvwphqw

Wrzdugv Htxloleulxp lq wkh XV Wuhdvxu| Eloo Pdunhw/� R{irug Exoohwlq ri

Hfrqrplfv dqg Vwdwlvwlfv/ 8<+7,/ 798�7;71

Grruqln/ M1 D1 +4<<<,= Remhfw0Rulhqwhg Pdwul{ Surjudpplqj Xvlqj R{ Yhu0

vlrq 5141 Orqgrq= Wlpehuodnh Frqvxowdqwv Suhvv/ 6ug hgq1

Grruqln/ M1 D1/ dqg K1 Kdqvhq +4<<7,= �D Sudfwlfdo Whvw iru Xqlyduldwh dqg

Pxowlyduldwh Qrupdolw|/� Glvfxvvlrq Sdshu/ Qx!hog Froohjh/ R{irug1

VE
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Hluwkhlp/ Û1/ dqg W1 Whuçvyluwd +4<<9,= �Whvwlqj wkh Dghtxdf| ri Vprrwk

Wudqvlwlrq Dxwruhjuhvvlyh Prghov/� Mrxuqdo ri Hfrqrphwulfv/ :7/ 89�:81

Hqjoh/ U1 I1 +4<;5,= �Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvfhgdvwlflw| zlwk Hv0

wlpdwhv ri wkh Yduldqfh ri Xqlwhg Nlqjgrp Lq dwlrq/� Hfrqrphwulfd/ 83/

<;:�433:1

Jrgiuh|/ O1 J1 +4<:;,= �Whvwlqj iru Kljkhu Rughu Vhuldo Fruuhodwlrq lq Uh0

juhvvlrq Htxdwlrqv Zkhq wkh Uhjuhvvruv Lqfoxgh Odjjhg Ghshqghqw Ydul0

deohv/� Hfrqrphwulfd/ 79/ 4636�46461

Judqjhu/ F1 Z1 M1/ dqg W1 Whudvyluwd +4<<6,= Prgholqj Qrqolqhdu Hfr0

qrplf Uhodwlrqvklsv/ Dgydqfhg Wh{wv lq Hfrqrphwulfv1 R{irug Xqlyhuvlw|

Suhvv1

Khqgu|/ G1 I1/ dqg M1 D1 Grruqln +4<<<,= Hpslulfdo Hfrqrphwulf Prghoolqj

Xvlqj SfJlyh <13 iru Zlqgrzv1 Orqgrq= Wlpehuodnh Frqvxowdqwv Suhvv/ 5qg

hgq1

Oxxnnrqhq/ U1/ S1 Vdlnnrqhq/ dqg W1 Whudvyluwd +4<;;,= �Whvwlqj Olq0

hdulw| Djdlqvw Vprrwk Wudqvlwlrq Dxwruhjuhvvlyh Prghov/� Elrphwulnd/ :8/

7<4�7<<1

Udpvh|/ M1 E1 +4<9<,= �Whvwv iru Vshfl�fdwlrq Huuruv lq Fodvvlfdo Olqhdu Ohdw0

Vtxduhv Uhjuhvvlrq Dqdo|vlv/� Mrxuqdo ri wkh Ur|do Vwdwlvlwlfdo Vrflhw|/ Vhulhv

E/ 64/ 683�6:41

Vdlnnrqhq/ S1/ dqg U1 Oxxnnrqhq +4<;;,= �Odjudqjh Pxowlsolhu Whvwv iru

Whvwlqj Qrq0Olqhdulwlhv lq Wlph Vhulhv Prghov/� Vfdqglqdyldq Mrxuqdo ri

Vwdwlvwlfv/ 48/ 88�9;1

Whuçvyluwd/ W1 +4<<7d,= �Vshfl�fdwlrq/ Hvwlpdwlrq dqg Hydoxdwlrq ri Vprrwk

Wudqvlwlrq Dxwruhjuhvvlyh Prghov/� Mrxuqdo ri Dphulfdq Vwdwlvwlfdo Dvvrfld0

wlrq/ ;<+758,/ 53;�54;1

+4<<7e,= �Whvwlqj Olqhdulw| dqg Prghoolqj Qrqolqhdu Wlph Vhulhv/�

N|ehuqhwlnd/ 63/ 64<�6631

+4<<;,= �Prgholqj Hfrqrplf Uhodwlrqvklsv zlwk Vprrwk Wudqvlwlrq

Uhjuhvvlrqv/� lq Kdqgerrn ri Dssolhg Hfrqrplf Vwdwlvwlfv/ hg1 e| D1 Xoodk/

dqg G1 H1 D1 Jlohv/ fkds1 48/ ss1 83:�8851 Pdufho Ghnnhu/ Lqf1

Wrqj/ K1 +4<<3,= Qrq0Olqhdu Wlph Vhulhv= D G|qdplf V|vwhp Dssurdfk/

R{irug Vwdwlvwlfdo Vflhqfh Vhulhv1 Foduhqgrq Suhvv R{irug1

ydq Glmn/ G1 +4<<<,= �Vprrwk Wudqvlwlrq Prghov= H{whqvlrqv dqg Rxwolhu

Urexvw Lqihuhqfh/� Sk1G1 wkhvlv/ Hfrqrphwulf Lqvwlwxwh/ Hudvpxv Xqlyhuvlw|

Urwwhugdp1

VE
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ydq Glmn/ G1/ W1 Whuçvyluwd/ dqg S1 K1 Iudqvhv +5333,= �Vprrwk Wudq0

vlwlrq Dxwruhjuhvvlyh Prghov 0 d Vxuyh| ri Uhfhqw Ghyhorsphqwv/� VVH2HIL

Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh/ Qr1 6;31

Zklwh/ K1 +4<;3,= �D Khwhurvfhgdvwlf0Frqvlvwhqw Fryduldqfh Pdwul{ Hvwlpd0

wru dqg d Gluhfw Whvw iru Khwhurvfhgdvwlflw|/� Hfrqrphwulfd/ 7;/ ;4:�;6;1

VE
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